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Abstract

Let S be the sphere of dimension n — 1,n > 4. Let (m)xec be
the scalar principal series of representations of the conformal group
SOy(1,n), realized on C*(S). For A = (A1, A2, A3) € C3, let Tri(N)
be the space of continuous trilinear forms on C*°(S) x C*°(S) x C>°(5)
which are invariant under 7y, ® 7y, ® my,. For each value of A, the
dimension of Tri(A) is computed and a basis of Tri(A) is described.
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Key words : conformal covariance, trilinear form, meromorphic family of dis-
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Introduction

This article continues the study of conformally invariant trilinear forms on
the sphere S = S"" 1 n > 4 (see [4, 1]), and more specifically achieves the
work begun in [3]. Notation is same as in [3] and sections of the present
paper are numbered in continuity with those of [3].

For A = (A1, A2, A3) € C3 let Tri(A) be the space of continuous trilinear
forms on C*°(S) x C>°(S) x C*°(.S) which are invariant under the action of the
conformal group G = SOg(1,n) by (the tensor product of) three representa-
tions of the scalar principal series (7, Tx,, Tas)- Such trilinear forms, when
viewed as distributions on S x S x S are said to be A-invariant. In [4] was
constructed (by analytic continuation) a family K* of A-invariant trilinear
forms, depending meromorphically on A. Later, in [3], a holomorphic family
KA was introduced by renormalizing the family K*. The zero set Z of the



function A — K was computed, and a generic multiplicity 1 theorem was
proved, namely

A¢Z < dimTriA)=1 <= Tri(A)=CK>.

The main purpose of this article is to compute dim 7Tri(A) when A € Z, and
to give a basis of Tri(A).

The fine structure of Z is studied in section 8. The set Z is a denumerable
union of affine lines in C3, which come in six families, each family being made
of parallel lines. There is a natural partition of Z, namely

7 = Z1UZ9\UZ3

where Z; is the subset of points of Z which belong to exactly d lines of Z
(compare [9]). Notice that Zs and Z3 are denumerable sets of isolated points
in C3.

The main result of the article is the following.

Theorem 1. Let A € Z.
for A e Z; dimTri(A) =2

for A€ Z dimTri(A) = 2
for A€ Zs dimT7ri(A) =3 .

These results may be heuristically anticipated as follows. Let Ag € Z.
Let A(s) be a holomorphic curve in C3 such that A(0) = Ag. Then s
K2 is a distribution-valued holomorphic function. The first non vanishing
term of its Taylor expansion at s = 0 clearly is a Ag-invariant distribution.
Variations on this idea lead to the following considerations.

When g is in Z1, hence belongs to a unique affine line d; C Z, then
Vﬂ%A(AO) = 0, where V1 stands for the derivative in the direction of d;. Let
ds and d_>3 be two complementary directions to z in C3. Then VQIEA(AO)
and V3K*(Ag) are “natural” candidates to generate Tri(Xg).

When Ay is in Z3, hence beg)ngs to_)two distinctNIines d; and c~l2, let d_3> be
a complementary direction to di and dz. Then V1K (Ag) = VoK (Ag) = 0.
In this case, the second mixed derivative V1V2i€>‘()\0) is easily seen to be a
Ao-invariant distribution. Then V3K*(Ag) and V1 VoKX (Ag) are “natural”
candidates to generate Tri(Ao).

When g is in Z3, hence belong to three lines dy, dg, ds (it turns out that
z, dz, d_>3 form a basis of C?), then all partial derivatives of K vanish at Ao



and any second order partial derivative of IEA(/\) at Ag is Ag-invariant. Then
vjvjié*(xo) =0 for j = 1,2,3, so that the three second mixed derivatives
Vile%A()\o) =0, (1 <i<j<3) are “natural” candidates to generate
T’I"i()\()).

When going to the actual construction of these invariant distributions
and proof that they indeed generate Tri(A), a more refined (and more tech-
nical) partition of Z is needed, essentially related to the type of the poles
(see details in section 8).

An important ingredient of this article is the connection with the results
obtained in [1], were residues (in a generic sense) of the meromorphic func-
tion A — K> were computed. The normalization (passage from K* to K*)
involves four I' factors. At a generic pole Ag (i.e. belonging to a unique
plane of poles) exactly one I' factor becomes singular at Ao, and K0 is
easily seen to be a multiple of the residue of K* at Ag. For more singular
poles, some variation of this relation does make sense. For each plane of
poles, the residues at generic poles form a meromorphic family, which can
be renormalized to get a holomorphic family. If Ay is a non generic pole (i.e.
beings to several planes of poles, so that several I' factors of the renormal-
ization vanish at Ag), then the values at Ag of the renormalized families of
residues corresponding to the planes of poles containing Ag are equal (up to
constants) to partial derivatives of K* at Ag.

To each plane of poles, a holomorphic family of invariant distributions
is constructed, which generically coincides (up to a scalar) with the residue.
Recall that planes of poles come in two types called type I and type II (see
4. 3)). i

For a plane of poles of type I, the family (generically denoted by T)
constructed in section 9 is obtained by renormalizing the meromorphic fam-
ily constructed in [1]. The distributions are supported on a submanifold of
codimension n — 1 and their expression involve covariant differential opera-
tors.

For a plane of poles of type II, the family (generically denoted by S) is
constructed in section 11. Although based on computations done in [1], the
construction as done in this article use new arguments and in particular a
more satisfactory determination of the (partial) Bernstein-Sato polynomial
for the kernel ko (Proposition 11.3), which has its own interest. The distri-
butions are supported on the diagonal of S x § x .S and their expressions
involve covariant bi-differential operators.

A last family (generically denoted by R) is constructed in section 12
and has a different nature. The planes in C3 to which they are attached



are not planes of poles. I was led to introduce this family by the heuristic
consideration above about derivatives of IE)‘, when dealing with poles of
type II which are in Z;. The corresponding distributions generically have
full support in § x § x S.

These holomorphic families will be almost sufficient for describing bases
of Tri(X). However, when X belongs to Z;, some exceptional distributions,
denoted by 9y, 1, m, are needed. They are obtained as second order deriva-
tives of the function KC*.

Let us observe that all the distributions involved in the description of
the invariant trilinear forms are in the closure of the meromorphic family
K in the sense of Oshima (see [10] section 6).

Having constructed candidates for a basis of Tri(A), a proof of their
linear independence is required. This is usually obtained by using their K-
coefficients!. In [3] was introduced the family (pal,%%)ah%a3 ey Of poly-
nomial functions on S x S x S which have the property that a K-invariant
distribution 7" is equal to 0 if and only if all its K-coefficients T'(pa,,a9.a5)
are equal to 0. It turns out that it is possible to explicitly compute the
K-coefficients of all the distributions we are concerned with, which allows
to answer the questions of independence. The main ingredient is the eval-
uation of an integral (Proposition 3.2 in [3]), related to the computation
of so-called Bernstein-Reznikov integrals (see [5] for more examples), and
which is recalled for convenience in appendix Al.

On the other hand, the verification that the candidates indeed gener-
ate T'ri(X) is more difficult and involve some delicate analysis dealing with
singular distributions. This sort of problem was already encountered in es-
tablishing the multiplicity 1 theorem for A ¢ Z. We refer to the presentation
of the main ideas in section 5 and 6 of [3]. The proofs are based on two tech-
niques. The first one consists in non-extension results, obtained in [3] and
presented (slightly reformulated) in appendix A2. The second technique
concerns the determination of the dimension of the space Tri(A, diag) of A-
invariant distributions which are supported on the diagonal of S x5 x.S. The
usual technique of Bruhat (see [2]) is not powerful enough to give a sharp
bound for this dimension, due to the fact that the stabilizer of a generic
point in the diagonal is a parabolic subgroup of G, hence not reductive in G.
So it is necessary to make a specific study. Those singular distributions are
in 1-1 correspondence with covariant bi-differential operators. In turn those
have been studied in [11] and their determination is reduced to solving an
explicit system of linear homogeneous equations. A systematic study of this

'Recall that K ~ SO(n) is a maximal compact subgroup of G



system is presented in appendix A3. However a better understanding (i.e.
based on geometry and/or harmonic analysis) of these results is desirable.
As it is well-known, the determination of the covariant bi-differential oper-
ators is linked to problems about tensor product of two generalized Verma
modules (see [12] for some insight in this question).

Let us finally mention two connected problems which are not treated in
this (already long) article. First, when one (or several) of the representations
T\, 1 < j < 3 are reducible, the question arises wether a (or which) A-
invariant trilinear distribution(s) do generate (by restriction and/or passage
to quotients) non trivial invariant trilinear forms on the subspaces/quotients.
Only one such situation is treated in this article, namely a case where it
leads to trilinear forms on three finite dimensional representations (see 15.3).
Secondly let mention that it is possible to prove factorization results for
covariant bi-differential operators, similar to the results obtained by A. Juhl
for conformally covariant differential operators from S+ to S? (see [7, 8]).
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8 Refined description of Z

For e € {+,—},7 € {1,2,3}, l € N and m € Z, define
Dl ={AeC® XN=-p—1, Nu+edj=m} (1)

with the convention that j 4+ 1 and j + 2 are interpreted modulo 3. For

each quadruple (e, 7, I, m), Dlefn is a complex affine line in C3. A quadruple

(€,7,1,m) is said to be admissible if
m=1[0 mod (2), |m|<I.
Theorem 4.2 of [3] can be rewritten as
z= |J oo (2)

(6’ j’ l? m)
admissible

The description of these lines can also be made in terms of the geometric?
parameter a. The line Dl_nlf admits the equations

ajp1=—(n—1)=2kjy1, ajpo=—(n—1)—2kjs (3)
where kj 1 = H'Tm, kjyo = I_Tm € N. The line D;rr}l’j admits the equations
artas+az=-2n—-1)-2k, «a;=2p (4)
- I+

where k = 5", p = =57 € N. This justifies the following terminology.

2for the correspondance between the spectral parameter X and the geometric parameter
a, see [3] 2.1



Definition 8.1. A line D contained in Z will be called

i) of type I (or more precisely of typel;) if D = Dl_nz for some admissible
quadruplet (—, 7,1, m) ‘

i1) of type II (or more precisely of type II;) if D = D;rnz for some
admissible quadruplet (4, 7,1, m).
Proposition 8.1.

i) if a line of type I; and a line of type Iy intersect, then j = j'

i1) if a line of type I; and a (distinct) line of type Ij; intersect, then
i#J

i11) if a line of type II; and a (distinct) line of type Iy intersect, then
j# 7.
Proof. For i),let D=D"! and D = Dl;fnz Then we need to show that

l1,m1

Dlt:iu N Dl;’gm = (). The intersection is given by the set of equations

M=—p—1li, d+AX3=my, d=-p—1I M-I =ma.
The equations imply
A+ X+ A3=p+li+m=—-p—Ir+mo.
Hence a necessary condition for a nonvoid intersection is that
Lhi+m=—-(n—-1)—Ila+ma.

As |mq| < [; and |mg| < lz, the LHS is nonnegative, whereas the RHS is
< —(n —1). Hence 1) is proved.

For i) observe that two distinct lines Dl_’ni and D;ﬁu necessarily belong
to two distinct parallel planes, hence cannot intersect. A similar observation
for D;an and D;%,, thus proving 4i). O

As a consequence, to determine all possible cases where two distinct lines
in Z intersect, it suffices to examine the cases where ¢ = —e and j = 5/, and
the cases where € = ¢’ and j # j'.

Lemma 8.1. Let (+,1,1,m) and (—,1,I';m’) be admissible quadruples.
i) if L £, then
D;:,;,ll N D;;,ill == @ .

it) if L =1, then

m+m/ m—m')}

+71 771 —
DmeDl’m,—{(—p—l, 2 s 9



Proof. An element A in D;LW} NnD, ’51, has to satisfy the equations
AM=—p—1I, Ao+ A3=m, )\1:—[)—[/, )\2—)\3:m/

The intersection is clearly empty if | # I’. 1f [ = I/, then the two lines

intersect and the intersection point is equal to (—p — I, mng/, m—2m’ ). O

Lemma 8.2. Let (+,1,13,m1) and (+,2,1l3,m2) be admissible quadruples.
Z) ifll —ma 75 12 — ma, then

pHl Aph2 o —¢ .

l1,my la, m2

ZZ) if ll —mi = lQ — ma, then

phl Aph? :{(—p—ll,—p—ZQ,p-i-ml—f-lg)}. (6)

l1,m1 l2, m2

Proof. An element A belongs to the intersection D;l“inl N D;g’fnz if and only
if the following equations are satisfied

M=-p—li, At+Az=m1, l=-p—1Ily M+Az=m2.
A combination of these equations yields
M+Xt+Xs=—p—-—lL+m=—p—Il+my.
Hence a necessary condition for a non empty intersection is
li1—mp=1ls—mgo

Assume that this condition is satisfied, then the intersection point of the two
lines is equal to (—p—I1, —p—Il2, p+m1+1l2). For later reference, observe that
the last coordinate can be written as p + mgs, with mg = mo 4+ 11 = my + ls.
Then

m3=11+lp mod2, |lj—1Il<mg<Ili+ls.

O]

Lemma 8.3. Let (—, 1,13, m1) and (—, 2,13, ma) be admissible quadruples.
Z) Zf =1 75 mq + ma, then Di’l N Di’Q = 0.

l1,m1 l2,m2

ZZ) if l1 — lo = m1 + mao, then

Di’l ﬂDi’Q :(—p—ll,—p—lg,—p—l1+m2).

l1,m1 l2,m2



Moreover, setls =11 —ma,mg = —l1 +1la. Then mg =13 mod 2,|mg| <3,
so that (—, 3,13, m3) is an admissible quadruple. The three lines Dt 7

l1,m17 Tl2,ma
-3 .
and Dl37m3 satisfy

_71 _72 _13 —
Dll,ml n Dl2,m2 n Dls,ms - {( —p—l,—p—lp—p— l3)} :

Proof. An element X\ belongs to the intersection D, ’}m NnD, ’72”2 if and only

if the following equations are satisfied :

AM=—p—li, X—=A3=m1, A=-p—Ily, A3—A=m2.

These equations imply Ao — A1 = (Aa = A3) + (A3 — A1) =11 —lo = mq +ma,
and hence the intersection is empty unless {1 — lo = mq + ms. Assume that
this condition is satisfied. Let

I3 =11 —mg =l + may, ms = —l1 + 12 .
Then I3 +m3 =l — mo =0 mod 2 and hence mg = I3 mod 2. Moreover,
mg=—li+lpo<mi+la=l3,—mg=0L —lo<l1 —ma=13.

so that |ms| < I3, showing that (—, 3,13, m3) is an admissible quadruplet.
Now
Dt nD R = (—p—li,—p—la—p—1l1+my) .

l1,my l2,m2

Observe that the third coordinate can be written as —p — I3, whereas —p —
l1 — (p—la) = —l1 + lo = ma, so that the intersection point also belongs to
D, O

l3,ms"

For later reference, observe that in the last situation,
li +1la+13=0 mod 2, =l <l3 <l +1a, (7)

and observe that these conditions are invariant under permutation of 1, 2, 3.

Conversely, let 11,1, I3 satisfy (7). Then the three lines Dl_ljl—l2+l3 D7,

and ,Dl_373—l1+l2 have a common point, namely (—p —l1,—p — la, —p — I3).
Proposition 8.2.

i) The intersection of three distinct lines D, D', D" contained in Z is non
empty, if and only if, up to a permutation of {1,2,3} there exist l1,ls,l3 € N
satisfying (7) such that

_ sl I 2 "o oN—3
D= ,Dllﬁl2+13’ D= ,Dl2ﬁls+ll’ D" = Dls,*l1+l2 ’

9



If this is the case, then
DND'ND" ={(—p—l,~p—1l2,—p—13)} .
i1) The intersection of four distinct lines contained in Z is always empty.

Proof. Suppose first the lines are of type I;I;; and IIx. If they have a
non empty intersection, by Proposition 8.1, k = j and k = j/, but j #
j', a contradiction. A similar argument shows that three distinct lines of
type L II;, 11, have an empty intersection. If the three lines are of type
I1;,1L;: 1L, by Proposition 8.1 j, j/, j” have to be mutually distinct, hence
up to a permutation, we may assume that 7 = 1,7/ = 2 and j” = 3. The
equations of the lines are

AM==p—=l, A+Az=m,
Ao =—p—lz, A3+ A =mp
A3 =—p—l3, A1+ A=m3
so that the coordinates of the intersection have to satisfy
2(A01 + A2+ A3) = =3(n— 1) = 2(l1 +l2 + I3) = m1 +ma +m3

which contradicts the conditions |m;| < ; for j =1,2,3.
Hence it remains to examine the case where the three lines are of type I;,
I and Lj». Again by Proposition 8.1, j,j’, j” have to be mutually distinct,
hence, up to a permutation of {1,2,3}, we may assume j = 1,5 =2, = 3.
But then it is just the situation observed in Lemma 8.3. Hence i) follows.
Now i7) is a consequence of i) and Proposition 8.1. O

Definition 8.2. Ford=1,2,3 let
Zg={X € C3, X belongs to exactly d lines contained in Z} .
Ford=1, let
Z11 = {X € Z1, X belongs to a line of type I}

Zi,i1 = {X € Z1, X belongs to a line of type II}
Ford =2, let

Zo,1 = {X € Za, X belongs to a line of type I and to a line of type II }

Zo i1 = {X € Za, X belongs to two lines of type II }

10



To these definitions correspond the following partitions

7 = Z1\UZy\JZ3, Z1 = Z1, 1Y 2 11, Zy = Zo U211 .

The next propositions describe (up to a permutation of the indices 1,2, 3)
the different subsets of Z just introduced, in terms of the spectral parameter
and in terms of the geometric parameter. They are easily obtained form the
previous study of the intersections of the lines contained in Z.

Proposition 8.3. Let D = Dl_ml be a line of type 1. Let A € D. Then A
belongs to Z1 if and only if

o & {Z_Tml_TmHHTm}u (—p—l_Tm—N) .
Proposition 8.4. Let D be the line of type I defined by the equations
ag=—(n—1)—2ky, az=—(n—1)—2ks,
where ko, kg € N. Let o« € D. Then
acZy = a1 ¢{0,2,...,2(kn+ks)}U (—(n—1)—2N) .

Proposition 8.5. Let X belong to the line D;rni Then XA € Z1 if and only
if

3

A2 ¢ {Tg—i m—£+1,...,%—i—é}U(—p—l-?—é—N)U(p—i—%—i-%—l-N)

Proposition 8.6. Let a satisfy
o t+ay+as=-2n—-1)—2k, a1 =2p,
where k,p € N. Then a € Z7 if and only if
as ¢ {—(n—l), —(n-1)-2,..., —(n—l)—2k—2p} U2NU (—2(n—1)—2k—2p—2N)

Proposition 8.7. Let A € C3.
i) A belongs to Zy 1 if and only if , up to a cyclic permutation of 1,2,3,

mo +ms =1 mod (2),
A= (=p—l1,mz,m3), (8)
|m2 + m3] § ll

11



i1) X belongs to Zy 11 if and only if, up to a permutation of 1,2, 3

m3 = ll + l2 mod (2)

A= (=p—l1,—p—la,p+m3), (9)

i —lol <m3 <l +1o
ii1) X belongs to Zs if and only

li+la+13=0 mod (2)
A=(=p—li,p—la,—p—13), . (10)
llh—l2| <13 <11 +12

Remark. The conditions (10) are symmetric in the three variables (11, l2, l3).

Proposition 8.8. Let o € C>. Then

i) a belongs to Zo 1 if and only if, up to a cyclic permutation of {1,2,3},
there exists ki, ko, ks € N such that

o= (2ki,—(n—1) = 2ky, —(n — 1) — 2k3), ki <ky+ks (11

i1) o belongs to Zs 11 if and only if, up to a cyclic permutation of {1,2, 3},
there exists ki, ko, ks € N such that

o = (2k1,2ks, —2(n — 1) — 2k3), k1 + ko < k3 (12)
ii1) a belongs to Zs if and only if
a=(—(n—1)—2k,—(n—1) = 2ky, —(n — 1) — 2k3) (13)
for some ki, ks, ks € N,

The set Z is contained in the set of poles of the meromorphic function
K«. The precise nature of the pole requires some further refinement in the
description of Z.

Proposition 8.9. Let a satisfy
Ozgz—(n—l)—2]€2, agz—(n—l)—ng

and assume that o € Zy 1. Then o belongs to exactly two planes of poles
(namely Bo = —(n — 1) — 2ky and B3 = —(n — 1) — 2ks), except if a1 = —2p
for some p € {1,2,...,}, in which case a belongs moreover to the plane of
poles

Br+ B2+ ps=—-2(n—1)—2(ka+ ks +p) .

12



Proposition 8.10. Let o satisfy
a1 t+ay+as=-2n—1)—2k, a3 =2p

where k,p € N and assume that o belongs to Z1 1. Then a belongs to a
exactly one plane of poles (namely p1 + P2 + B3 = —2(n — 1) — 2k), except
if @ is (up to a permutation of the indices 2 and 3) of the form

a;=2p, ap=—(n—-1)—-2ky, a3=—(n—1)+2q,

where p,ke,q € N;q > 1,ky —p — q > 0, in which case o belongs moreover
to the plane of poles o = —(n — 1) — 2ks.

Proposition 8.11. Let o € Zy 1, i.e. (up to a permutation of 1,2, 3) satisfy
o] = 2]€1,042 = —(n — 1) — 2]?2,053 = —(n — 1) — 2k3

where ki,ko, ks € N, ko + k3 — k1 > 0. Then a belongs to three planes of
poles, namely 1 = —(n—1) —2k1, fo = —(n—1) — 2k and B1 + P2+ B3 =
—2(n — 1) — 2(]432 + k3 — k‘l)

Proposition 8.12. Let o € Zy 11, i.e. up to a permutation of 1,2,3 satisfy
o] = 2]{21, a9 — 2]{?2, a3 = —2(n — 1) — 2]{3

where ki, ko, ks € N and ki + ko < k3.

i) if n — 1 is odd, then a belongs to the unique plane of poles

a1+a2—|—a3:—Z(n—l)—2(—k1—k2+k3) .

i1) if n—1 is even, then a belongs to two planes of poles, given respectively
by the equations

ag =—(n—1)—2(p+ks) and oai1t+astaz=—-2(n—1)—2(—ki—ko+ks).
Proposition 8.13. Let o € Z3, i.e.
ar=—(n—-1)—2kj,aa=—(n—1) —2ko,a3 = —(n — 1) — 2k3

where ki, ko, k3 € N.

i) if n — 1 is odd, then a belongs to exactly three planes of poles.

i1) if n — 1 is even, then a belongs to three planes of poles of type I and
moreover to the plane of poles of type II given by the equation

a1+a2+a3:—2(n—1)—2(p+k:1+k:2+k:3).

13



9 The holomorphic families 7~'W€>

The first holomorphic families to be introduced are related to the residues
of the meromorphic distribution-valued function a — K4 at poles of type
I (see [1] section 2). Let k € N and consider the plane of poles of type (say)?
I3 given by the equation a3 = —(n — 1) — 2k. Use aq, ag as coordinates in
this plane.

Introduce the differential operator on S given by

k
H —(p+i—Dlp—4),

where A is the usual Laplacian on S. Recall that Ag is a conformally
covariant differential operator on .S, in the sense that, for any g € G,

Apom_(g) = mi(g) o Ay .

Let ay, a0 € C. For fi, fa, f3 € C*°(S), consider the expression defined by

TN (11, o, f5) / L) DA — 22y — 2| dydz (14)

or equivalently, for ¢ € C*(S x S x S)

- // AL (p(y. )]z — 1))y — 2| dydz . (15)
SxS

where A,(Cl) is the covariant differential operator Ay acting on x.

Proposition 9.1.
i) for o € C®(S x S x S) with Supp(p) C OF, the integral (15) defines
a A-invariant distribution 'T a ai os 0N O5.

i1) for Koy and Ray large enough, the integral (14) converges and defines
a continuous trilinear form on COO(S).

ii1) the trilinear form ’7;1 as can be continued meromorphically (in the
parameters ay, as) to C2, with simple poles along the complex lines

ar+ay=—(n—-1)+2k—-2l, 1=0,1,2,...

3Needless to say, a similar construction can be made when « is a pole of type I; or I
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Proof. For i), let Supp(p) C OFf. The function

Oy, 2) = AV (0( 9, 2)|2 — 7)) ()

is in C*(S x S) and Supp(®) N {y = 2z} = (. Hence the integral (15)
converges and defines a distribution on Of. The open set Of is invariant
by G and the distribution 72331’%’2702 is verified to be A-invariant as in [1]
Proposition 2.1.

The convergence result i7) and the meromorphic extension #ii) are es-
tablished in [1] Theorem 2.2. The fact that the poles are simple (although
not explicitly stated) is an easy consequence of the proof. O

Remark. If a satisfies a3 = —(n—1) =2k and a1 +as = —(n—1)+2k—2[
for some [ € N, then ag + a3 + a3 = —2(n — 1) — 2[, so that « is a pole of
type I + II.

Now renormalize 7;(13 ,’,3)2 by setting

~ 1
3,k) __ 3,k
7:1(1,04)2 - F(OLI;OQ + p — ]{j) To(gl,ozg 9 (16)

and use Hartog’s theorem to extend (ay, ag) — ’7;(13 7’12)2 holomorphically to
all of C2.

Recall that a pole « is said to be generic if a belongs to a unique plane
of poles. For o a generic pole (say) of type I3, the residue Res(KCq,) is defined
as

ReS(ICa) = il—I}(l)S ]Cal,az,ocg—i—Zs )

and was computed in [1].

Proposition 9.2. Let a satisfy ag = —(n — 1) — 2k and assume that o is
a generic pole. The residue of Ko at a is equal to

27 3

o) = ———— . 1
Proposition 9.3. Let k € N. Then
= (—1)k 22k gr ~(3.,%)
Kot oo (ne1)oh = _ m— 18
hen 0D = TG oG ) vt (19

Proof. First assume that a is a generic pole. For s € C, let

a(s) = (a,ag,—(n — 1 —2k 4+ 2s) .
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For s # 0, a(s) is not a pole, hence

Kefs) = ! K
“O TG AT(F ATk D52 4 p =kt )
1
AS S — 0, m ~ (—1)kk'3, SO that

~ (—1)F k!

Kot o —(ne1)—ok = Res (K
1, a2, —(n—1)—2k P(%_i_p)r(%_i_p)r(al;ag —l—p—k) ( Ot)

and (18) follows from (16) and (17).
As both sides of (18) depend holomorphically on (a1, as), the equality
is valid on all of C? by analytic continuation. O

The K-coefficients of ’7;(? 7’@2 can be computed from (18) and the evalu-
ation of the K-coefficients of g (see (63) in Appendix).

Proposition 9.4. Let a1, as € C, and let k € N. Then
ﬁi’@ (Pa1,az,a3) =0 forasz >k
and for az < k

77:(3,k) (pal,ag,ag) _ 2—%(71—1)—1 7_[_n—l (_1)k F(,O + k‘) g1 taz 22(a1+a2+a3)

1,02
a1 + as
X (_k)% ( 9 +tp- k)a1+a2+a3
o a2
x(FHrta—(k—a),_, (5 +rta—(k-a))_,
1

X
(2492 + 2p + a; + ag)

(19)

Proposition 9.5. Let o = (a1, a0, —(n — 1) — 2k).
i) assume that a is not a pole of type II. Then

Supp(T3K)) = O3

1,002

i1) assume that o is moreover a pole of type II. Then

Supp(T 3Ky c 0 .

1,002
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Proof. In general, as a is a pole of type I3, Supp(l%a) C O3 (see Proposition
3.3 in [3]), from which follows easily Supp(’ﬁ(?j@) C O3. As Supp(%oé(f’ﬁl)
has to be invariant by G, either Supp(ﬂf’gg) = 053 or Supp(ﬁf’gl) C Oy.

For i), assume that a is not a pole of type II, which is equivalent to as-
suming that % +p—k ¢ —N. Hence the factor (% +p— k) a1 tantas

n (19) never vanishes. Now let a3 = k and choose aj,as large enough.
Then 7;(? 22 (Pay,az,a5) 7 0. But the function pg, 44,45 vanishes on Oy at an
arbitrary large order for an appropriate choice of a1 and as. This is incom-
patible with the possibility that Supp(ﬁ?gl) C Oy (see similar argument
in the proof of Lemma 6.5 in [3]).

For i), assume that a is a pole of type II. By Proposition 3.3 in [3]
Supp(Ka) C O4. If ay, as ¢ —(n—1)—2N, then (18) shows that Supp(?N‘a(i’Q%) C
Q4. The result follows by continuity. O

10 The multiplicity 2 theorem for o« € 7 ;

Let o = (a1, a2, 03) belongs to Z7 ;. Up to a permutation of {1,2,3}, o
satisfies (see Proposition 8.4)

ag = —(n — 1) — 2ko, ag = —(n—1) — 2ks,

o1 ¢40,2,...,2(ka +k3)} U (— (n—1) —2N) . (20)

The next proposition is a preparation for the main results. The domain
of a’s to which it applies is larger than Z; ;.

Proposition 10.1. Let o satisfy
a2:—(n—1)—2/€2, 053:—(71—1)—2/{3, a1 ¢{0,2,...,2(k2—|—k‘3)} .

ghenl;T @ kQ(n 1)—2ks and 7;?53@ 1)—2k, @T€ two linearly independant A-invariant
istributions.

Proof. For ag = k3, the value of the K-coefficient 7&?2‘; (Pai,a2,a3) given by

(19) takes the particular form*

(-

5 ko +p+a+a)™!

NVT x (7 — ]{32 kg)a1+a2+k3

Assume first that ay ¢ 2ks + 2ks — 2N. Then the first factor is always
= 0. The second factor, for a given value of as, does not vanish for a; large

4Recall that the symbol NVT is used for a non vanishing term

17



enough. Hence for a3 = k3, as = k2 + 1 and ay large enough,

3,k
T 3(21 1)— ka(pa1,k2+1 ks) ?50

whereas @k2)
~.
7;1’_2(71_1)_%3 (Pay, kat1,k5) = 0,
because ags = kg + 1 > ko, and the statement follows in this case.

Next, assume that a; = —2l; for some integer [y > 1. Let
a3 =ks, ar=ko+1, ar=10—-1.

Then ( ll - kg kg)a1+a2+a3 = ( ll - kg - k3)11+k2+k3 75 0. MOI‘GOVGI",
— ko 4+ p+ a1 +ay = p. Hence TSkB)n 1)- 2k2(pa1,a2,a3) # 0, whereas

2,k
7;(1 _2(31 1) 2ks (Par,azas) = 0 as ag > ky.

Permutmg the indices 2 and 3, the independence of the two trilinear
forms follows. ]

Remark. Let a € C3 such that

agz—(n—l)—ng, agz—(n—l)—ng, OélE{O,Q,...,QkQ—I-Qng}.

Then the two trilinear forms 7'(3 k?’() )2k, and 7;12 kz(n 1)—2k, AT€ propor-
tional, as will be proved later (see Proposition 14.1).

The main result of this section can now be formulated.

Theorem 10.1. Let a € Z1 1 and let X be its associated spectral parameter.
Then dim Tri(X) = 2 . More precisely, assume that o satisfies (20). Then

Tri(A) = CT k) o CT3h)

1,03 al,a2  C

Because of Proposition 10.1, it suffices to prove that dimTri(A) < 2.
The proof of this inequality strongly depends on the nature of o as a pole
(see Proposition 8.9), hence will be divided in two subsections : one for the
general case (a is not a pole of type II) and one for the special case (« is
moreover a pole of type II).

10.1 The general case

Let a satisfy conditions (20), and in this subsection, assume moreover that
« is not a pole of type II. This amounts to

ag = —(n—1) — 2ky, ag=—(n—1) — 2ks

ar ¢ (2]{?2 + 2k3 — 2N) U ( —(n—-1)— QN) (21)
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for some ko, k3 € N.

In this case, Supp(lgi’gé)) = Oy and Supp(iﬁji?) = O3 (Proposition
9.5), which gives in this case another proof of the linear independence of the
two distributions (Proposition 10.1).

As suggested in the introduction, 7-04(1 §§ and 7}11’ k) are related to partial
derivatives of 3 — l%g at a.

Lemma 10.1.
d [~ —1)k39—2ks o (_1Vk2 o)
o (Bavcasanas) _ = St )
ds =0 Tlp+h)l(p+9)

Proof. For s € C, let a(s) = (a1, a0 + 2s,a3) and use (18) to relate Ea(s)

(3,k3)
and T1a2+2s As s — 0,

1 1
= ~ (—1)"2ky!
T+ Gt ks )Y

and pass to the limit to obtain the lemma. O

Proposition 10.2. Let a satisfy (21). Let X be its associated spectral pa-
rameter. The distribution Kq,0, cannot be extended to a A-invariant distri-
bution on S x S x S.

Proof. At a, exactly two I'-factors in the normalization of g become sin-
gular, namely F(% + p) and F(% +p). For s € C, let

a(s) = (a1, ag + 28, a3 + 2s), A(s) = (M +2s8, A2+ 5,\3+5) .

Observe that a(0) = a, that for s # 0, |s| small, a(s) is not a pole. More-
over, a(s) is transverse to both planes of poles 8o = —(n — 1) — 2ky and
fs = —(n—1) —2ks. For s # 0 and |s| small, consider the distribution F(s)
defined by

1 ~
+p)1“(ﬂ—k2—k3+25)§l€a(s) .

ko! k3! 2 2

As a € Z, the (distribution-valued) function s — F(s) can be extended
analytically near 0 and its Taylor expansion of order 2 reads

F(s)=Fy+sF +0(s%) ,
where Fy, F} are distributions on S x S x S. Notice further that F(s) is

A(s)-invariant.
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Lemma 10.2. The distributions Fy and Fy satisfy
i) Fy is A-invariant and Supp(Fp) = O2 U Os
i1) the restriction of F1 to Oy is equal to Kq, 0,

Proof. For i),

d (= d  ~ d ~
Fy = NVT% (lCa(S)> o NVT<£ (Ka17a2+25,a3)810+£ (Ka1,a2,a3+28)5:0>
and i) follows from Lemma 10.1 and Proposition 10.1.
For ii), let ¢ € C2°(Op). Then, for s # 0, Kqo(s)(¢) is well defined and
satisfies

’Ca(s)(tp) = (—1)k2 ko! F(—kQ + S) (—1)k3 ks! F(—kg + S)S .F(s)(go)

= “Fo(p) + Fa(0) + O(s) .

As s — 0, the left hand side converges to Kq 0,(¢). Hence,

FO(QD):Oa Fl(QO):,Ca(QD),
thus proving ). O

Let O = Oy U Oy. The open subset O is G-invariant, contains Oy as a
(relatively) closed submanifold. Now restrict F(s) to O, and similarly for
Fy and Fy. Then, F(s)o is A(s)-invariant, F(s)j0 = Fojo + s Fijo + O(s?),
and Supp(Fpj0) = O2. By Proposition Al, K4 0, cannnot be extended to
a A-invariant distribution on O, a fortiori to S x S x S, which finishes the
proof of Proposition 10.2. O

After this preparation, we are in condition to prove Theorem 10.1 in the
general case. Let T be a A-invariant distribution. The restriction of T' to
Op has to be proportional to Kq,0,, hence has to be 0 by Proposition 10.2.
Next, as ag ¢ —(n—1) — 2N, the restriction of T" to OpUO; has to be 0 (use
Lemma 4.1 in [3]). So, T is supported on O UO3UO4. Now we first restrict
T to the G-invariant open set Op U O1 U Oz. The restriction Tjo,u0,u0, 18

A-invariant and supported on Oz. By Lemma 4.1 in [3], Tio,u0,u0, has to

be proportional to (the restriction to Oy U O1 U Oz of) 7~;(122§) A similar

argument applies for the restriction of T' to OgU O U O3. Hence, there exist
two constants C'y and C'3 such that

T - CyF) oy Tk

1,03 1,02
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is supported on Oy, and still A-invariant. By Lemma 4.2 in [3], as a; + ag +
as ¢ —2(n—1)—2N, T — CQT(?,% C 7;(?@ = 0. Hence any A-invariant

distribution is a linear combination of 7;(1 f.ig nd ’7;(13 23) Q.E.D.

10.2 The special case

In this subsection, assume « satisfies (20) and is moreover a pole of type II,
i.e. ar is assumed to satisfy the conditions

ag=—(n—1)—2ky, az3=—-(n—1)—2ks, a1 =-2p

22
ko, k3 € N, p1€{1,2,...}, p1¢p+N. ( )

Notice in particular that a1 +ag+ag = —2(n—1)—2k, where k = p1 +kao+k3
so that «a is indeed a pole of type II.

Let A be the associated spectral parameter. In this case, the two A-

invariant d1st1r1but1ons7'o[1 as and Tal’ag) are now supported on Oy, but

still linearly independent (see Proposition 9.5 and Proposition 10.1). Some
preparatory results are needed.

Proposition 10.3. Let Ay and Asz be two complex numbers, (Aa, A3) #
(0,0). The distribution on Of

A szi)oc + A3 Tf’ﬁi og
cannot be extended to a A-invariant distribution on S x S x S.
Proof. For s € C let
a(s) = (a1 + 2s, a2, a3), A(s) = (M, A2+ 8, A3+ 5)

and notice that a(s) is transverse to the plane 51+ 2+ 83 = —2(n—1) — 2k
at o = a(0). Let

(=1 2k 3.ks)
‘F(S) = k' (AQT 1—}—22; a3 + A T(1+§S Ot2) .

Notice that the distribution F(s) is A(s)-invariant. Let

F(s)=Fo+ sk + O(]s]Q)

be the Taylor expansion of F at 0.
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Lemma 10.3.
i) Supp(Fp) = O4
i1) on Of
Fijog = AT oo + AT o

Proof. For i), note that Fy = ( (AgToffj + Aﬂ;iljg ) hence Fy # 0
and Supp(Fy) = Oy.

For ii), Let ¢ € C2°(OF). Then, using (16)
-1k 1
F60) = gy T (0 + ATED L 0) @9

Let s — 0 to obtain
2,k2) (3,k
( ) A 7;(1+§s as, OC( ) +A T1+232 a2’oc(90)
proving ii). m

Now apply Proposition A2 to conclude that AgTazsi) os AsT fsz) s
cannot be extended to S x S x S as a A-invariant dlstrlbutlon. D

We are ready to start the proof of Theorem 10.1 for the special case. As
in the general case, the following proposition holds.

Proposition 10.4. Let o satisfy conditions (20). The distribution Kq, o,
cannot be extended to a A-invariant distribution on S x S x S.

Proof. Three I' factors used in the renormalization of Kg are singular at o
namely F(%2 + p),F(’%3 + p) and I‘(M;Jrﬁ?’ +2p). For s € C, |s], let

a(s) = (a1, as+2s, az+2s), A(s) = (A1 +2s, 2+ s,A3+ 3) .

Notice that «(s) is transverse to the three planes of poles S = —(n — 1) —
2ko, B3 = —(n —1) —2kg and 51 + B2 + B3 = —2(n — 1) — 2k. For s # 0 let
L(=DF (=1F (=1* 1=
= (- - .
‘F(S) 2 k! ko! ks! ( p1+ p) s ]Ca(s)

As acis in Z, F(s) can be extended as a distribution-valued holomorphic
function near 0. Its Taylor expansion at 0 reads

.7:(3) = Fy+sFy + 82F2 + 0(83) , (24)

where Fy, F1, F5 are distributions on § x S x S.
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Lemma 10.4. The distributions Fy, F1, F5 satisfy
i) Fy is A-invariant and Supp(Fp) = Oy
i) Supp(Fy) = Oy U O3 and the restriction of Fy to Of is A-invariant.
i11) the restriction of Fa to Op coincides with Kq,0, -

Proof. The proof of i) is similar to what was done in the general case (see

Lemma 10.1 and Lemma 10.2), except that the distributions N(gﬁi) and

'i(f fg) are now supported in Q4 but still linearly independent by Proposition
10.1.

For ii), let ¢ € C2°(Op). Then, for s # 0,

(‘F(S)7 SO) =

1(=1* 1 (—1)F2 1 (—1)ks 1 1
2 kI T(—k+2s) k! T(—ka+s) ksl D(—kz+s)s

(¢)

= SQICa,(’)o ((10) + 0(83)

As s — 0, Fo(p) = Fi(p) = 0 and Fa(p) = Ka,0,(¢), proving iii) and the
fact that Supp(F1) C O1 U Oz U Os.
It remains to prove that Supp(Fi) = Oz U Os. As

o1
Fy o5 = lim — F(s) 05,

s—0 8

Fi|o¢ is A-invariant. In particular Fj|o,ue, is A-invariant and supported
on O1. But a1 ¢ (— (n—1) —2N), so that F} p,u0, = 0 (use Lemma 4.1
in [3]). Hence Supp(Fi|o: C Oz U O3. There are only three possibilities :

Supp(F1|0¢) = Oz, Supp(Fy|0s) = O3 or Supp(Fyjps) = O2U O3 .

Assume Supp(F; \Oi) = 3. Then Supp(F;) = Os. To see a contradiction,

use again the evaluation of the K-coefficients of Kg (Da;.ap.a5) (see (63)) and
choose a1, as, ag such that ao =0, ag > ko + ks, a1+asz > k. For such a
choice,

Kas) Pas,asas) = NVT(5) X (—k + 8)ay+agtas (—k3 + 8)ag

where NVT(s) stands for a function which does not vanish at s = 0. Now
both (—k + $)a;+as+as and (—ks + s)a, have a simple zero for s = 0, so that

ICa(S) (pal7a27a3) =Cs* + 0(53)
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with C' # 0. Hence Fi(pa,,a9.05) 7 0. But for an appropriate choice of as,
the function pg, 4,.q; vanishes on the submanifold O3 at an arbitrary large
order. Hence Fi(pay,a0,a5) # 0 for as arbitrary large is incompatible with
Supp(F1) C O3. Exchanging the role of 2 and 3, we also get that Supp(F})
cannot be contained in O,. Hence ii) follows. O

Proposition 10.4 can now be proved. Restrict the situation to the G-
invariant open subset O = Oy U Oz, in which O3 is a (relatively) closed
submanifold. The distribution 1 7 (8)jo can be extended analytically in a
neighborhood of s = 0 and has Taylor expansion

1
LTG0 =Filo+sFo+ O(s%) .

and Supp(F|p) = O whereas Fy|p, coincides with Kq 0,. Now apply
Proposition Al to obtain that Kq 0, cannot be extended to a A-invariant
distribution on O, a fortiori to a A-invariant distribution on S x S x §. [

We now proceed to the proof of Theorem 10.1 for the special case. Let
T be a A-invariant distribution. As in the general case, the restriction of T’
to Op has to be proportional to Kq 0,, 5o must be 0 thanks to Proposition
10.4. Hence Supp(T) C O1 U023 UO3U O4. As oy ¢ —(n — 1) — 2N, using
Lemma 4.1 in (3], Supp(T) C O U O3 U O4. Now let O = Og U O1 U Os.

The restriction Tjp of T' to O is supported in the closed submanifold Oz
and is A-invariant. Now the restriction of 7;(12’2)03
distribution on O which is supported in Q2. By the uniqueness result (see

Lemma 4.1 in [3]), Tjp has to be proportional to ’7;(12’2?'0. Permuting the

indices 2 and 3, a similar result holds on the open set Oy U0 UO3. The two

distributions 7;(122?02 and 7;(:13(];;’)02 have disjoint supports, so that there

exists two constants As and As such that

to O is a A-invariant

ai,03, a1,02,0§ °

But this contradicts Proposition 10.3, unless A5 = A3 = 0. Hence necessar-
ily Supp(T) C O4. In other words, a A-invariant distribution is supported
in the diagonal. Now dim Tri(\, diag) = dim S(A1, A\2; k) (see Appendix).

Lemma 10.5. Let « satisfy conditions (22). Then

dimS(/\l,)\Q;k> =2.
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Proof. Conditions (22) imply
M =-—p—ky—ks, Ao=-—-p1—ks

Now A\ € {—p,—p—1,...,—p—(k—1)} as ko + ks = k —p; and p; > 1,
but A\ ¢ {—1,—2,...,—k}. This is obvious in case n — 1 is odd, and when
n — 1 is even, the condition p ¢ p + N implies p < p, so that p + ko + k3 >
p+ko+ ks = k and hence A\; < —k. Moreover ko +ks+p+ks = k+ks > ks.
These conditions guarantee that dim S(Aq, A2; k) < 2 (see Appendix 2). As
dim Tri(A, diag) = dim Tri(X) > 2 by Proposition 10.1, dim S(A1, A2; k) > 2
and the equality follows. O

This achieves the proof of Theorem 10.1 in the exceptional case.

11 The holomorphic families S/(\IT?AQ

The next holomorphic family of distributions to be constructed is related to
the residue of K at poles of type II. The determination of the residue (at
least for a Zariski open set in each plane of poles of type II) was done in in
[1] in the non compact picture. The present exposition is its counterpart in
the compact picture, which is more suited to the present purposes.

11.1 The family E,\l,)\Q

Recall the definition of the normalized Knapp-Stein intertwining operator
Jy, where A € C

Tfla) = F(a) /S F@le -y~ (dy

For R(\) > 0, the expression makes sense for any f € C°°(S) and defines a
continuous operator on C*(S). It is then extended by analytic continuation
to a holomorphic family of operators on C*°(S). The main property of this
family of operators is

j)\ omx(g) =m_x(g) 0 j)\

for any g € G.

The operator J. \ is generically invertible. However, there are exceptions,
precisely when 7y is reducible.

When A = p+ k, k € N, then

Im(Jpik) = P, Ker(J,1) = Pir (25)
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where Py, is the space of restrictions to .S of polynomials on E of degree < k.
Dually, when A = —p — k

Ker(J_, 1) =Py Im(J_pp) = Pi . (26)
Let M : C*>®(S x S) — C>°(S x S) be the operator given by

fraMf (Mf)(xy) =z -yl flz,y) .

For any A1, A2 € C, the opertator M intertwines the representations 7y, @7y,
and my, 1 ® m,—1. This is a consequence of the covariance property under
the conformal group of the Euclidean distance |z —y| on S (equation (2) in

[3))-

Consider the following diagram

C®(S)®@C>(S) Ex x C®(S) @ C>=(5)

b ® T a1 @ T a1

C®(S)@C>(5) M C®(S) @ C>=(95)

and let Ey, », = (j—)\l—l & j_)\Q_l) oMo (jAl & j/\Q).

Proposition 11.1.
i) Ex, \, intertwines the representations my, ® Ty, and Tx, 11 @ Tr,41
i1) Ex, , 15 a differential operator on S x S
i11) T(AM +p+ 1T (=X +p) (A2 +p+1)I(=A2+p) By, », can be analyti-

cally extended to C?, yielding a homomorphic family of differential operators
on S x8S.

Proof. i) is true by construction. i) and iii) are obtained by passing to the
non compact picture. The analogous result on R"~! is Proposition 3.7 in [1]
(notice that the unnormalized Knapp-Stein operators were used in [1]). O

However, a more direct (and enlightening) proof of iii) is available in the
compact picture, based on the following lemma.

Lemma 11.1.
i) let \1 € (p+N). Then Ey, \, =0

i1) let \ € (—p— 1 —N). Then Ey, x, = 0.
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Proof. Let \y = p+ k for some k € N. Then, by (25)
Im(Jy, ® Jy,) C P @ C=(S)
and as |z — y|?> = 2(1 — (z,y)) on S x S,
Im(Mo (Jy, @ Jy,)) C Pry1 @C(S) .

As -\ —1=—p—k-1, Ker(j,h,l) = Pj+1 by (26) and hence Ey, ), = 0.

For ii), let \y = —p — k — 1, Im(Jy,) = Pi1 by (26) so that
Im(Mo (Jy, ® Jy,)) C PPty @ C¥(S) C P C=(S) .

As =\ —1=p+k, Ker(J_x,_1) =P by (25), Ex,.x, = 0. O

The analog statement is valid for Ay € p+ N or A2 € —p — N. From
the knowledge of these zeroes of the operator-valued holomorphic function
(A1, A2 — Ejy, ,), @ii) follows from Lemma 11.1 by routine arguments,
ending with the use of Hartog’s theorem in C2.

In the sequel, let? E/\17/\2 be defined by

~ 16
Exipe =~y FOHp+ DI (=0 +o)T Qo p+ 1)1 (= Ao +p) Ex, - (27)

Remark. In [1] Proposition 3.7, an explicit expression was given for (the
analog of) the operator E), », in the non compact picture. It would be of
some interest to find such an expression on S x S.

11.2 A Bernstein-Sato identity for the kernel k,

Let a € C3, and let A be its associated spectral parameter. Then the
geometric parameter associated to (A1 + 1, A2 + 1, A3) is (aq, a9, a3 + 2).

Proposition 11.2. Assume a is not a pole. Let X be its associated spec-
tral parameter. Then there exists a scalar b(ai,as,a3) such that, for all

fi, fa, f3 € C=(S)

’Ca1,a2,a3+2(E>\17>\2 (fl & f2)7 f3) = b(alv a2, 043)160417042,043 (fla f27 f3) (28)

16 . . . . .
5The factor STy 8 introduced to have a simple expression for the Bernstein-Sato
™

polynomial , see (39).
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Proof. The left hand side of (28) is A-invariant by the covariance property
of the operator K}, »,. The proposition follows from the generic uniqueness
theorem for invariant trilinear forms (see [4] Theorem 3.1). O

Equation (28) is a disguised form of a Bernstein-Sato identity for the
kernel ko (x,y, 2) = |z —y|*3|y — 2|*'|z — 2|*2. More precisely, equation (28)
implies for the distribution kernels of both sides

Ef\l,)\g (kal,az,a3+2) = b(ala a2, a3) ka17a2:013 ) (29)

where Eﬁ\l ), 18 the transpose of the differential operator E,\l, Ay» acting on
the variables z, y.

The explicit computation of the function b was done in [1] by brute force
computation (with the help of a computer, thanks Ralf !), starting from
(29) and the explicit expression (in the non compact picture) of (the analog
of) the operator E), ,. We propose here a different computation of the
function b, based on the identity

’Cal,ag,a3+2(E>\1,)\2(1 ® 1)7 1) = b(ala a2, a3) ’Cal,az,as(lv 1, 1) (30)

First recall some formulae which are needed for the computation of the left
hand side of (30).

/|1:c| dz = (2/7)" ¢ ((;j;p)) (31)

which implies

22)\
—1
I'(A+p)
Needless to say, these formulae (and more to come) have to be interpreted
as equality of meromorphic functions of s (or A). They are usually proved
via analytic continuation.

Jh(1) =n* (32)

Lemma 11.2. The following identities hold

i)

_ I'(3+p)
1— zzide = —(2/m)" 18 2 2 33
[ tnde = vy e ()
i1) for any y,u € S,
I'(5+p

S _ n— Sf 7) U
J R e e e s we Y (RO
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Proof. For i), as 21 = 1 — 3|1 — z|?

1
/]1—x|sx1d:c:/|1—x|sda:—/|1—x|s+2d$
s s 2Js

I'(5+2p) 2 I'(+2p+1)
I'(5+p) s
=@Qymntey —2 7 __(_Z2),

Va2 e ()
For ii), let ¢(u,y) be the value of the left hand side. A basic re-
sult in harmonic analysis on S is that an operator K on C*(S) given by
= [¢k(|lz—yl|) f(x)dx is scalar on any space of homogeneous harmonic
polynormals in particular on H1, the space of homogeneous polynomial of
degree 1. Hence ¢(y) = c¢(u,y) for some ¢ independent of u and y. Let
u =y = 1 and compute ¢, using ). ]

Lemma 11.3.
i) fory €S,

(s
/ |z —y|*|1 — z|?dz = (Qﬁ)”*lwf (sy1 +s+2(n—1)) .
S 5 +n)

I(
ii) fory,z € S,

L'(3+p)

S|z — z|?dx = )t *(s(z S n—
[l ol = aftde = vy A (st s 20— 1) (35)

Proof. For i) use the fact that |1 — x|?> = 2(1 — 21) and combine (31) and
(33). For ii), let ¥(y,z) be the value of the left hand side. Then, by
a change of variables, for any k € SO(n), ¥(ky,kz) = ¥(y,z). Hence
U(y, z) =¥ ((y,2)). Now let z =1 and compute v using 7). O

Lemma 11.4. For u,t € S and r,s in C?

/ / i — 2’|t — gl — y[2dady =
SJS

w1 DG+ L5 +p) 0y /TS
i s e L (Flu=tP+ @ =1 +s) +20-1)%) .
(36)
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Proof. Slightly rewrite (35) as

n—1 F(% +'0)

S
25(— 2z —y|>+2s+2(n—1)) .

/ & — yP’|e - afPde = (2y/7)
S

Now, by Fubini’s theorem

[ [ tualte = ylle ~ sPdsdy = [ jt=ur( [ Ju oo~ yPds) ay
SJS S S

n— r *+,0) s S r r
= VA i 2 () [ty (es2inn) [ e-ury)

—~
V2l v

V)

L'(3+p)I(5+p)
L +n)(5+n)

[\

= (4m)"!

»

25T (% ]u—t|2—Ts—(n—1)+(2s+2(n—1))(g—i—(n—l)))

[\

O

Lemma 11.5.
E/\l,)\z(l ® 1)(u,t) =
1+ ) + ) (A + 9+ DO+ p+ Dl =1 = 2(n = 1) + 0 +2)) .
(37)
Proof. First using (32)
22)\1+2)\2

Iy @ Jy,(1®1) =771 191,

Now

1
= DA —1)

Ton1® Tagalle = o) = ¢

//S ) |u - x‘f(nfl)fZ)\le‘t - y’f(n71)72A272|x - y|2dxdy
X
and, using (36), [[q,g--- is equal to

a1 D(=A1 = DI (=2 — 1)2_2(n—1)—2,\1—2,\2—4

T(=X1 + p)T(— A2 + p) -

(4m)

(1 +p+ )02+ p+ Du— 12 = 2(n = 1) + Ao +2))

Now put all things together and take into account the normalization factor
for the definition of K}, », to get the result. O]
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The rest of the computation will be done using the geometric parameter,
so first convert (37) to get

Banoa(@1) = (2% 4 (0= 1))(

g + o o]+ o
(( 22 3+n)( 12 3

a1+ a3

+(n—1))

—i—n)|u—t\2— (n—l)(a1+a2+2a3+2n+2))
(38)

Proposition 11.3.
b(Oél, ag, 053) = (39)

(a1 +as+azs+2n—1))(an+ae+as+n+1)(as+n—1)(as+2)
Proof. Recall that
Kal,a27a3+2(E>\1,>\2(1 ® 1)a 1) = b(Oq, a2, a3)lca1,az,a3(17 L 1) :
Now, using (38) and the evaluation of the Bernstein-Reznikov integral (see
[3] Proposition 2.1)

Qg + a3

) a1 + a3
Ka1,a2,013+2(E/\1,)\2(1 ®1),1) = ( 5 + (n — 1))(

2

+ (n—1))

(B2 ) (P22 4 ) Koy (1 1,1)

2
—(n— 1)(a1 + an + 205 + 2n + 2)Kay ag.asi2(L, 1, 1)}

— (g)g(n—1)2a1+a2+a3 4 F(%ﬁ:‘i:— 2p + 1)F(§%;a+ p)F(% l_ﬁ)ar(% +p+ 1) «
[(H552 +2p) (95552 + 2p)T (555 + 2p)
{(a1+a2+a3+2n)(a3+n+l) —(n— 1)(041 +a2+2a3+2n+2)} )
Now

(z)%("*1)2a1+a2+a3 4 F(% + 2p + 1)F(% + p)F(% + p)r(oéi +p+ 1)
2 (B + 2T (S4% + 2 (555 + 29

a1+ a4+ ag

— 4(f + (n — 1)) (% + p) lcal,ag,a3(17 1, 1) )

and
(a1+a2+a3+2n)(a3+n+1)—(n—l)(a1+a2+2a3+2n+2)

=(ag+arst+ag+n+1)(as+2).
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A variant of (28) is

Kan.as,as2(Ex 0o (f1 ® f2), f3) = w0)
A(ay + aptaz +n+1)(az + 1 —1) Koy an. a5 (f15 f2, f3)

11.3 The family S{",

From Proposition 11.1, it is easy to construct covariant bi-differential oper-
ators.

Denote by res : C*(S x S) — C*°(S) the restriction map from S x S
to S, defined for f € C*(S x S) by

fr—=rres(f),  res(f)(z) = flz,2) .
Lemma 11.6. The map res intertwines m,, @ T, With T, 4uy1p-
For Aq, Ay € C define by induction on k the differential operators E/(\lf) A
on S x S by

7(0) (k) = =
E)\1,)\2 = Id, E)q,)\z = EA1+1€—11>\2+I€—1 ©-+-0 E>\17/\2

and introduce the bi-differential operators Dg?)\2 :CP(S x §) — C>=(9)
given by

0) _ k) =(k)
D/\1,/\2 = res, D>\1,/\2 =reso E)\l’)\2

Proposition 11.4. Let A1, A2 € C and k € N. Then

' k
DI, 0 (@ a0)(9) = Moy aatprae(g) o DL,

This is a consequence of the covariance property of E,, ,,, (Proposition
11.1 4) and Lemma 11.6.
For f17 f27 f3 € COO(S)7 let

S o) = [ DY, (519 R)@) i@

This defines a distribution on C*°(S x S x S), supported on the diagonal
0,.5

5To give an explicit expression of a distribution supported on O4, a choice of a trans-
verse submanifold (and associated transverse differential operators) at each point of Oy is
needed. Our choice leads to use transverse differential operators acting on the variables

(z,y).
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Proposition 11.5. Let k € N and let XA = (A1, A2, A3) satisfy

A+ X+ A3 =—p—2k .

The trilinear form S)(\]f?)\z belongs to Tri(\,diag).

Proof. As A3 = —(A1 + A2 + p + 2k), the A-invariance is a consequence of

(k)
A

the covariance property of D o and the duality between 7y and 7w_). [

The next statement is easily obtained from (40) by induction on k.

Proposition 11.6. Let o € C3. Then

]Cahaz:aer?k((E,(\?Az(fl ® fa), f3) =

k
4+ H (Oél +ar+as+n—1+ 2l) (ag + 2[))’%041704270[3 (fl, fo, fg) .
=1

As said in the introduction, the family S&?)Ag was introduced in [1] be-

cause of its relation with the residues of the meromorphic family K* at
poles of type II. The presentation follows closely [1], with changes due to
the choice of the compact picture instead of the non compact picture.

Lemma 11.7. Let « satisfy a1 + ag + a3 = —2(n — 1). Then, for any
feC®(S%xSxS)

c _ (T yn-1(n—2)! ! x,x,x)dr
Eath = ()" 50 gy e i

Proof. Let X be the associated spectral parameter. As easily verified by a
change of variable, the trilinear form

(1o for f3) s /5 £1(2) fol) f(x) da

defines a (non trivial) A-invariant distribution on S x S x S. For a ¢ Z (i.e.
« in a dense open subset of the plane 81+ £2+ 83 = —2(n—1)) the uniqueness
theorem (see [3]) for A-invariant trilinear forms applies and hence Ko has
to be a multiple of this distribution. To determine the value of the scalar,
evaluate both sides of (41) on the function f = 1. By analytic continuation,
the equality extends to all @’s in the plane oy + ag + a3 = —2(n—1). O
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Proposition 11.7. Let a € C? such that oy + ag + a3 = —2(n — 1) — 2k
for k € N. Then

_Tan-1(n=2)L 1 (k)
=) 6 n' TR e

(42)

Proof. Observe that (aj, g, a3 + 2k) satisfies the assumption of Lemma
11.7, so that

ICOél az,a3+2k( )\1 ,\2 (fl f )
T \n-1(n—2)!
COMES el vy oy e s [ DO @) ate) do
_Tyn-1(n—2)!
N (E) T'(p) F(_%)r(_%ﬂﬂ(_ T )\1 AQ(f17f27f3) :

Now, by Proposition 11.6, the same quantity is equal to

N

4kH (1 + a2+ az+n—1+20)(as +21)) Kanazas (f1s f25 f3) -
=1

Observe that

k k—1 _
(art+agtag+n—1+421) = [[(~(n—1)-2j) = (=" 2" [[ (p+4) = (=1)*2"(p)s,
=1 =0 j=
i « i as Qa3 a3
2N T (———Fk) = (—1)koF 2 D= —2—k) = (=1)k2Fp (=2
[Tewt2)P(-5-4) = 02 [I G008 = (D),
and the result follows. O

Proposition 11.8. Let k € N and let A satisfying A1 + Ao + A3 = —p — 2k.
Then

lf al -+ a + as > k, Sg\lf?)q (pal,az,ag) = 07 ’
if a1 + as + as < k,
(k) n—1 4k F(p+ k) 2(a14a2+a3)
araz,as) = (2v/2m) L4k BT g2(artaxtas
S)\l,)\g(p 1,0a2, 3) ( 7‘() I\(zp)
(_k)a1+a2+a3 (_k - )‘1)a1(_k - )‘Q)az(_k - )‘3)a3

(p+ A+ a2+ a3)k—ay—as (P + A2+ a3 + a1)k—as—a, (P + A3 + a1 + a2)k—a;—as
(43)
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Proof. Assume first that A is a generic pole of type II. Then combine (42)
and the evaluation of l%*(pah%%) (see (64)). Observe then that the two
hand sides of (43) are holomorphic and conclude by the analytic continuation
property. [

12 The holomorphic families RV

In this section, define for oo € C the operator I, by

1 e
Lf@) = Fg gy fo v

where f € C*(S). Of course, they are nothing but the Knapp-Stein inter-
twining operators, but with a different parametrization.
For ay,as € C, the formula

RD o (1 for f) = /S Tou f1(2) T fol2) fa(2) d= .

defines a continuous trilinear form on C*(S) x C*(S) x C*°(S), which as
usual is regarded as a distribution on S x §' x S.

Let [ € N. Then the function (z,y, z) — |z —y|? is smooth on S x S x S.

So, define the distribution R(()i’gz on S xS xS as the product of Rﬁf’f,aQ

with |z — y|%, or more explicitly,

RO = [ RE (2.2 (o = P flo. ) do dydz
’ SxSxs

Proposition 12.1. Letl € N. For aj,as € C, let X be the spectral param-
eter associated to (o, ag,20).

i) 73331%2 is A-invariant
i1) 72&3;22 depends holomorphically on (aq,a2)

i)

~ 1 1
Ko ool = RGO 44
1,02,21 F(l—i—p) P(algag +l—|—2p) Q1,02 ( )

Proof. For Raq, Ras large enough,

1 1
REDL() = =7a 5 / y—2|* |z—a|? |a—y[* f (z,y, 2) dx dy dz
v (f) L(% +p) T'(F +p) 3sts ™ | ( )
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1 1

= Ko asai(f) -
(& 1) (% 1 p) o2l

Hence the distribution Rgi% is A-invariant and satisfies (44). The rest
follows by analytic continuation. ]

Proposition 12.2. Let a1,a9,a3 € N. Then

g))l{gm (pal,a27a3) = (g)%(n—l)2a1+a2+2122(a1+a2+a3)
(% +Par (F+P)ar (2 + 2t ar Far),,, ()

DY +2p+14+a1+a3) (R +2p+1+az+a3)

Use the evaluation of the K-coefficients for ]Eal’a%gl (see (63) in Ap-
pendix) and the relation (44).

By a cyclic permutation of the indices {1,2,3}, a similar construction
holds for the families for ”RSZ{()IS and R((fl’gg.

13  The multiplicity 2 theorem for A in 7, j;

In this section, A = (A1, A2, A3) is assumed to be in Z; ;7. So, first X belongs
to some line of type II, which, up to a permutation of {1, 2,3} can be chosen
to be D;rni given by the equations

M=—p—Il, da+Al3=m

where l e NNm € Z,m =1 mod 2,|m| <1 ,.

For convenience, introduce k = 5™ (k € N, k < 1) so that the equations

2
become
M=—p—1l, MH+A+A3=—p—-2k. (46)

Next the condition for A € Z; rr (that is X ¢ Zy U Z3) reads

M@ {-k,—k+1,...,0-klU(—p—k-N)U(p+(I—k)+N). (47)
as a consequence of Proposition 8.5.
Proposition 13.1. Let A satisfy (46) and (47). Then Si’;?)\g # 0.
Proof. Formula (43), applied for a; = as = ag = 0 shows that

Siony (1) = NVT (=01 (p + M) (p + Aa)i -

Now [ > k implies (—1); # 0 and (47) implies A2 + p ¢ —k — N, so that
(p+ A2)k # 0, and similarly for (A3 + p)i. Hence Sﬁ\?AS(l) # 0. O
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Let a be the associated geometric parameter, so that
ap+art+az=-2n—-1)—2k, a;=2(1—-k)
as ¢ { —(n—1),—(n—1)—2,...,—(n—1)—21}U2NU—2(n—1)—21—2N
(48)
It will be convenient to let p =1 — k. Notice that p € N.

13.1 The general case

In this subsection, we assume that a is a generic pole of type II, i.e. we
assume moreover that oo, a3 ¢ —(n — 1) — 2N.

Lemma 13.1. Let ay, a9, a3 satisfy as+as > k+p,a1+as > k,a1+a3z > k.
Then R!(lz,c)ts (Pay,a2,a3) # 0.

Proof. (45) yields

a9 o3
Rg}fo)zg (Par,az,a3) = C (7 + P)as (7 + 0)as (=k —p+az +a3)pra
1 1

X
N(F+n—-1)+p+tar+a3) I(F+(n—1)+p+a+az)

First observe that (% + p)a, (% + p)as # 0 as az, a3 ¢ —(n — 1) — 2N. The
assumption ag + a3 > k + p implies that (—k — p+ a2 + a3)p+q, # 0. Then
% +2p+p¢ —k—N, hence a1 + a3z > k implies L

(%2 +(n—1)+p+ai+as) #0

. . . 1
Similarly, a; 4+ a2 > k implies (BT (n—1)FpFarFaz) # 0. The statement

follows. O

Proposition 13.2. Let o be a generic pole of type II which satisfies (48)

and let X be its associated spectral parameter. Then S(k) and R((IQ,C)MS are
two linearly independent A-invariant trilinear forms.

Proof. By Proposition 13.1 SA2 s 7 0, and hence Supp (8&’;&3) = Oy.

Next Supp (R&IQ’?O)[S) S x S8 x S. In fact, assume that Supp (R(az 623) C
01 U0z UO3U O4. Given an arbitrary large number L, by choosing
a1, az, a3 large enough, the function py, 4,4, vanishes together with its par-
tial derivatives up to order L on O U Oy U O3 U O4. But by Lemma 13.1

R82,0){3 (Pas az,a3) # 0 for arbitrary large aj, ag,a3. Hence Supp (R((JMZS) C

01 U0y U 03U Oy is impossible. So Supp (R&lz;f’clg) =SxSxS.
Having two different supports, the two distributions are linearly inde-
pendent. ]
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Theorem 13.1. Let a be a generic pole of type II and assume that o €
Zy1,11.- Then dim Tri(X) = 2. More precisely, if o satisfies (48), then

Tri(A) = CRLY, @ CSY, .

a2,03

Proof. Let T be a A-invariant distribution. Consider its restriction to Og.

As Supp(R&2 0)43) S xS xS, it follows that 72((l ’po)é 0 18 # 0, and hence

‘@0 = CR((IQ’pO)@w for some constant C. Let U =T — CR&,;’Qg Then U is
a A-invariant distribution, which vanishes on Op. Now, as none of the «;’s
belong to —(n —1) — 2N, Lemma 4.1 in [3] shows that U is supported on Oj.
Hence U and S)l\’;f/\g both belong to Tri(\, diag). In turn, the dimension of
this space is equal to dim Sol(\1, A2; k). In the present situation, notice that
M=2p¢{-1,-2,---—k}U{—p—p—1,...,—p—(k—1)} and by Lemma A1,
the dimension of the space of solutions is g 1. Hence, dim Sol(A1, A2; k) =1
k)

and U is a multiple of Sil ), and the conclusion follows. O

13.2 The special case

Let o be a pole of type I+II in Z1 ;7. Up to a permutation of the indices
1,2, 3, this amounts to the following assumptions

ap = 2p, ag = —(n—1) — 2ky, az=—(n—1)+2q

(49)
D, ko,q €N, q=>1, ko —p—q=>0.

Notice that a; + ag + a3 = —2(n — 1) — 2k where k = ks —p — q.
Lemma 13.2. Let a satisfy (49). Then Supp(ReLas) = Os.

Proof. Let fi, f2, f3 € C*°(S) and assume that Supp(fi) N Supp(f3) = 0.
Then, using notation of section 13, as as € —(n—1)—2N, I, is a differential
operator, and hence Supp(fmfl) C Supp(f1). Hence Ra127a3(f1,f2,f3) =
0. This implies Supp (RSQ),%) C Oy, and a fortiori Supp (732420)13) C 0.
Next, a careful examination of (4 ) for a1 < k1 and as, a3 large yields
RSQ":DO)B (Pay,as.a5) # 0. Hence Supp( dins o@) Z Oy4. As R&Q’po)@) is A-invariant,
its support is invariant under G, and hence Supp (R&Q’po)@) = Os. O

Proposition 13.3. Let o satisfy (49). Then S>(\’;)/\3 and R&lfo)g are two
linearly independent A-invariant trilinear forms.
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Proof. By Proposition 13.1, S/(\];))\g # 0 and Supp(S/(\];)M) = Q4. By Propo-
sition 13.2, Supp(R&Pas) = Oy. Hence the two distributions are linearly
independent. O

Theorem 13.2. Let o be a pole of type I+11 which belongs to Z1 1. Then
dim T'ri(X) = 2. More precisely, assume o satisfies (49). Then

Tri(A) = CSyY,, @ CRL?) .

To prepare for the proof, the following result,is needed.

Proposition 13.4. The distribution Kq,0, cannot be extended as a -
invariant distribution on S x S x S.

Proof. For s € C, let a(s) = (a1, a2 + 25, a3). For |s| small, let

1 ~
Kags) -

« «
Fls) =" kﬂ1w§+mn§+m

This defines a holomorphic function in a neighborhood of 0, and the Taylor
expansion at 0 reads

S

F(s) = Fy + sFy + O(s%)
where Fy and F} are distributions on S x S x S.
Lemma 13.3. The distributions Fy and Fy satisfy
i) Supp(Fp) = Oz
i1) the restriction of F1 to Oy coincides with Ka,0,
Proof. i) As a1(s) = a1 = 2p, a(s) belongs to the plane 51 = 2p, and hence,
by (44)

1 1 (1,p)
D(pt ) T(—kts) oxtioes

K2p,a2+23,a3 =

Differentiate at s = 0 to get

d ~

1
(%’CQp,ag +s,a3 ) s=0 w

Hence Supp(Fy) = Supp(RE;%, = O3,
For i), assume that ¢ € C*°(S x S x S) has its support contained in Oy.
Then

(=1)F kI R(LP)

: 2,03 °

(-DF 1 (=pR 1
T () Rl Tkt awon?)
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As s — 0,
(‘F(S)a QO) ~ S(Ka,(')o’ 90)
and hence (Fp, ) = (ICapO, <p), thus proving ii). O

To prove Proposition 13.4, restrict the previous situation to Oy U Os,
and apply Proposition Al. Hence Kq,0, cannot be extended to Oy U O3 (a
fortiori to S x S x S) as a A-invariant distribution. O

We now are in position to prove Theorem 13.2. Let T be a A-invariant
distribution. Then 7|, has to be 0 by Proposition 13.4. Hence T is sup-
ported in O; UO3UO3U Q4. But by using twice Lemma 4.1 in [3], Supp(T')
has to be contained in Oy U O4. Next, consider the restriction T|Oﬁ of T to

the open G-invariant subset Of, which contains O as a closed submanifold.

(1,p)
ag,as3 |0

Then, again by Lemma 4.1 in [3], Tjo¢ has to be a multiple of R

Otherwise stated, there exists a constant ¢; such that T — 017382’323 is sup-

ported on Oy.
Observe that Ag = p+ 2398 = p g ¢ {-1,-2,..., -k} U{—p,—p—
1,...,—p—(k—1)}, and hence by Lemma A1, dimTri(\, diag) < 1. But

Sg\’;?/\g is a no trivial element of Tri(\,diag) and generates Tri(\, diag).

Hence there exists a constant ¢y such that T — cﬂ%&lﬁg3 = 028/(\];)/\3, thus

finishing the proof of Theorem 13.2.

14 The multiplicity 2 result for o € Zy;
Let a be in Zs ;. Up to a permutation of the indices, this amounts to
a1 =2k, as=—-(n—1)—2ky, az=—(n—1)—2ks (50)
where k1, ko, k3 € N, with k = ko + k3 — k1 > 0. The conditions imply that
a1 t+as+az3=-2n—-1)—2k.
The point a belongs to two lines contained in Z, namely

_ ag=—(n—1) =2k
P {013:*(%*1)*2]{3 ’

D+ {a1+a2—|—a3:—2(n—1)—2k
o] = 2]{71
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The associated spectral parameter A is given by
AM=-—p—ky—ks, Xo=ki—ks, 3=k —kg,

or

M =—p—ka—k3, I=-k+ky A3=-k+ks

where k < ko + k3.
Change notation and set

A =-p—li, A=ma, A3=mg,
where
li €N, mgymg €Z, l1+ma+m3=0 mod?2, |maEtms|<I.
The correspondence between notations is given by
lh =Fko+ ks, mo=—ks+ki, mg=—ko+ki.

Proposition 14.1. The differential dKq of B +— 165 at o is of rank 1.
The distributions R%]ESJ;(?,Z , a? 23) and Sg\lz))\S are proportional to dKe,.

Proof. Consider the differential of 3 —— I%g. As /%,3 vanishes on D and
D, the rank of its differential at o = DT ND~ is at most 1.
Consider the plane 8; = 2k;. For arbitrary 9, 33, by (44)

1 1 R (kD)
F(l{}l + p) F(52J5753 + Kk + 2p) B2,83 *

K2k17ﬁ2763 =

By differentiation this implies

d  ~ (DR
%(K2k’1,a2+s,o¢3+s)s:0 = T+ p) R&g,&?? . (51)

To see that Ra12f23 # 0, use (45) to get

R(aékoig (pa1,a2,a3) = NVT X (—k2)ay(—k3)as (—k2 — k3 + a2 + a3)k,+a,

1
D(=k2 +p+ki+az+a))T(=k3+p+ ki +a1 +a3)

Choose as = a3 = 0 and a1 = ko + k3 — k1 to get Rfmég (Pa;00) # 0, and
hence Raf as 7 0. It follows that the rank of dK4 is 1, and the fact that
R%’fgg is proportional to dK .
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As a consequence, any partial derivative in a direction that does not lie
in the plane containing D+ and D~ of IEB at a does not vanish, and is a
multiple of dKe. So similar results can be obtained for the other invariant
distributions, namely

d  ~ 7P (—1)ksthag=ksf,l -
7(Ka1,a2,a3+28) —0— D = a(f”f.fi) ) (52)
ds 3 L(p+ks)I'(p+ k1) 0
and a similar formula after exchanging the role of 2 and 3, and
d = Ceae (=D"F(l — k)! (k)
2 (M t2s A2 =5, A5 —s — S . 53
a5 Jo=0 Tt k4 T (o Tkt ag) e (53)
O
The plane containing D+ and D~ admits the equation A\; = —p — [y
and use (A2, A3) as coordinates in this plane. At p = X, K and it partial
. OKH OKH )
derivatives and —— vanish, so let for s € C
Opz Ous
A(S) = ()‘17 A2+ 2s, )‘3) = (_:0 - l17m2 =+ 287m3) ) (54)
a(s) = (2k1 +2s,—(n — 1) — 2ky — 25, —(n — 1) — 2ks + 2s) . (55)
Then the distribution
: 1 = A(s
Q - Qll,mQ,mg = il_l;r(l) ?K ( )

is A-invariant and corresponds to a mixed second order partial derivative of
K> as explained in the introduction.

Lemma 14.1. The K -coefficients of the distribution Q are equal to 0 unless
as +ag > ko + ks and either ag <k or agz<ks.
Assume ag < ko and as + a3 > ko + k3. Then

Q(pal,ag,ag) — (\g?) 3(n—1)2—p—2k+a1+a2+a3

(=1)* k! (=k 4 a1 +az+ a3 — D! (p+k1)a, (—k2)a,
1 (56)
—1)k8 k3! (—k3 + a3 — 1)!
1
I(me+p+as+a)T(ms+p+az+ar)

A similar formula holds for the symmetric situation, where ag < ks and
as + asz > ko + k3.
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Proof. Use (64) in the Appendix. ) (Pai,as.a3) 15 (essentially) a product
of seven factors, which we now analyze. There is an inverse I' factor which
in the present situation does not depend on s an is equal to m
Hence, unless as + ag > l1 = ko + k3, this factor is O for all s and hence
Q(Payas,a3) = 0. Now assume that as + a3 > l; = kg + k3. Another
factor is equal to (—k + $)q,+as+as- 10 this Pochahammer’s symbol the last
factor is equal to (—k+ s+ a1 +az +a3—1). Asas +as > ky + ks > k,
—k+ai1+as+a3—1 > 0, hence this factor has a simple zero at s = 0. More
explicitly

(—k + 8)a,+astas = [(—1)k E'(=k+ a1 +ax+az—1D]s+ 0(52) .

Two other factors are equal to (—ka — s),, and. (:kg + 8)as. If ag > ko and
as > ks each factor vanishes for s = 0, so that KA (Pai,as,a3) has a zero
of order 3 at s = 0 and hence Q(pg,,as,a5) = 0. Now assume ag < kg and
still ag + as > ko + ks, which forces k3 > ag. The factor (—kg — )4, does
not vanish for s = 0 and its value is (—k2)q,. The factor (—ks + s)4, has
a simple zero at s = 0 and more precisely, (—k3 + 8)a; = (—1)% k3! (k3 +
az —1)!' s+ O(s?). The remaining factors offer no difficulty. Collect all facts
to get the statement. O

Corollary 14.1. The distribution Q is # 0. More precisely, for a1 large
enough, az + a3 > ky + k3 and either az < ko or ag < k3, Q(Pa;1 az,a3) 7# 0.
Moreover,

Supp(Q) = O U O3 .

Proof. For aj large enough, the two inverse I' factors on the last line of
(56) do not vanish, so that the whole expression does not vanish, and hence

Q #0.
Let p € C*(S x S x S) and assume Supp (¢) C Oy U O;1. Then

inf (| = yl, (2, 2) € Supp(p)) > 0,inf (| = 2|, (2,5, 2) € Supp(p)) > 0.

The exponent of |y — z| is a1(s) = 2k; + 2s, so that, for s in a small
neighborhood of 0, the integral Kq () () converges, and lims o0 Kq(s) () =
Ka(p). In turn,

Kas)(@) = T(ki + p+ 8)D (ko + )0 (—ks + 8)L(—k + 8)Ka(s) ()

— Lo o

s
with C' # 0, which forces Q(p) = 0.
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As a consequence Supp(Q) C O UOs. As Supp(Q) is invariant un-
der the action of G, if Supp(Q) # Oz U Os, then Supp(Q) has to be con-
tained in either Oy or O3. Assume Supp(Q) C Oz. Then Q(f) = 0 if the
smooth function f vanishes at a sufficiently large order on Oy. In particular,
Q(Pa;as,a3) = 0 if ag is large enough. But this contradicts Corollary 14.1
(choose az < ks, ag such that as + az > ko + k3 and a; large). Hence the
only possibility is Supp(Q) = Oz U Os. O

Proposition 14.2. The two distributions dlza and Q are linearly indepen-
dent.

Proof. The statement follows from the study of the supports of the two
distributions. O

Theorem 14.1. Let X be in Zs ;. Then
dimTri(A) =2 .

More precisely,

Tri(A) = CREE) @ COy, iy ms

a2,a3
Some preparation is needed for the proof of the theorem.

Proposition 14.3. Let o satisfy conditions (50). The distribution Kq,0,
cannot be extended to S x S x S as a A-invariant distribution.

Proof. Recall that three of the I' factors involved in the normalization of
Ko become singular at cx.
For s a complex number, let a(s) as in (55) and let

(-1)* (-1 (-1t L

G) = = 0 Tl et LRt G hag -

As Kq(s) vanishes together with its first derivative at s = 0, G(s) is well
defined for s in a neighborhood of 0 and its Taylor expansion at s = 0 reads

G(s) = Go + sG1 + O(s?) .

where Gy and G are distributions on S x S x S.

Lemma 14.2.
i) Supp(Go) = O U O3
i1) G1 coincides on Oy with Ka,0, -
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Proof. For i), observe that Gy = — (7;!)16 (*;2)!]62 (7;3)!’63 ['(k1 + p) Q. Hence 1)
follows from Corollary 14.1.
In order to prove ii), let ¢ € C3°(Op). Then for s # 0,

(—1)F 1 (—=DFz 1 (1) 1 1
7(Koc(s) Oo> QD)
k! F(—k + 8) ko! F(—kg — S) k3! F(—kg + 3) 52 ’
As s — 0, this identity implies
(g(3)7¢) ~ S(ICOL,OO 790) .

so that i7) follows. O

Now we are ready to prove Proposition 14.3. Let O = Oy U Oy. This
is an open G-invariant subset which contains Oy as a closed submanifold.
Restrict G(s), Go and G to O. Now apply Proposition Al to conclude that
G1 cannot be extended to O (a fortiori to S x S x S) as a A-invariant
distribution. O

We still need another result before starting the proof of Theorem 14.1.

Proposition 14.4. The distribution 72311232 05 cannot be extended to S X
S xS as a A-invariant distribution.

Proof. Asseen in section 9, for arbitrary 51, 82 € C, the distribution T(?’gj)(gi

is a A-invariant distribution on Of. For s € C, let
a(s) = (a1, az +2s,a3), A(s) = (M1 + 8, A2, A3 + )

and let

(—D* ~3.x
F(s) = Kl 7-2(k1,§;+23 .

The Taylor expansion of F(s) at s = 0 reads
F(s) = Fy + sFy + O(s?) ,

where Fj, F} are distributions on .S x § x S.

Lemma 14.3.
i) Supp(Fo) = Oy

i1) the restriction of F1 to OF coincides with ’7;5?’22)02.
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—1)k ~
Proof. For i), Fy = F(0) = ( k') 2?216’3&2 and hence by (52), Supp(Fp) = Oy.

For ii), let ¢ € C®°(S x S x §) and assume that Supp(p) C OF. Then,
using (16)

(.7:(5)7@) = ! F(—k—l—s)( 2k1,a2+28,02’80) )
and 1i7) follows by letting s — 0. O
Proposition A2 implies that 7;(5”22)@2 cannnot be extended to S x .S x S
as a A-invariant distribution. O
A similar statement holds for 7:1(12’2?02. However, remark that the re-
striction of @ to OF is a (non trivial) linear combination of ’7;(125?02 and
(37k3)
al:a27ozcl.

We can now proceed to the proof of Theorem 14.1. Let T be a A-invariant
distribution. The restriction of T to Oy has to be 0 by Proposition 14.3.
Moreover, as a1 ¢ (—(n — 1) — 2N), the restriction of 7" to Oy U O; is equal
to 0. Hence Supp(T) C Oz U O3 U O4. Consider the restriction Tq,, of
T to the G-invariant open set Q12 = Op U O1 U Oz. 1Tg,, is A-invariant
and supported on the (relatively) closed submanifold Os. The restriction of
Q1 ;ma,ms t0 12 is A-invariant and # 0 by Corollary 14.1. Hence by Lemma
4.1 in [3], there exists a constant ¢ such that T and ¢Q coincide on Q3.
Now consider T'— c¢@Q. It is a A-invariant distribution which is supported on
Oj. Tts restriction to OF is supported on O3 and must coincide on Of with
a multiple of 7;(3’51‘202 again by Lemma 4.1 in [3]. By Proposition 14.4, this
forces T'— c@) to be 0 on OF, and hence, T — c@) is supported on Oj.

To finish the proof it is enough to prove that the space Tri(\, diag) has

dimension 1 (hence generated by the distribution R%Eg), because this will

imply that T'= cQ + dRSQ’ng for some constant d, which is the content of
Theorem 14.1. Observe that
)\1 :—P—k2—k3 ¢ {—p,—p—l,...,—p—(k—l)}U{—l,—Q,...,—k’}

as ko + k3 > k. Hence, by Appendix 2, this implies dimTri(A) = 1. Q.E.D.

15 The multiplicity 2 result for o € Z5

Let av € Z r1. Up to a permutation of the indices, it amounts to

a1 = 2k1, [ A 2/62, a3 = —2(n — 1) — 2]€3 (57)
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where ki,ko,k3 € N and ki + ko < k3. Observe that a1 + ag + ag =
*2(’”* 1) — 2(]453 *k‘l — k‘g) = — (TL* 1) — 2k where k = k?g — k?l — kz, so that
a is a pole of type II. If n — 1 is odd, « is not a pole of type I, but if n — 1
is even, then ag = —(n — 1) — 2(p + k3) so that a is a pole of type I+I1I.
The alternative description of Z3 rr in terms of the spectral parameter is

AM=—p—li, X=—-p—I2, AX3=p+m3 (58)
li,ls, ms €N, 1 +ls+m3=0 mod 2, |l1—l2|§m3§ll+lg.

Also let I1 + 1o — mg = 2k. Then, I, s satisty k <[y, k < [s.
The point A belongs to two lines contained in Z, namely

Dl — D1,+ D2 — D2,+

—la+ms3 —li+m3 -
Proposition 15.1.
i) the differential dlza of B+— I%g at o is of rank 1
i1) the distributions Rﬁgﬁg and 72&2;7’22 are # 0 and proportional to AR .
Moreover,
e Ifn—1 is odd, Supp(Rg}Q’ng) =SxSxS8S.
e Ifn—1 is even, then Supp(Rg}Q’,kgg) = O3.

Proof. As 165 vanishes on D! and D?, the rank of dl%a is at most 1.
From (49) follows for generic 3

1 1 (L)
L(p+ ki) D (ke o %JFQp) 2k2,Bs

,C2k112/€2ﬂ3 =

Let 83 tend to a3 = —2(n — 1) — 2k3 to obtain

1

0 ¢ k (1,k1)
v S ! k1
<8/83 K2k1’2k2’63>53:a3 F(p + kl) ( 1) ket R2k27a3 (59)

and a similar formula for Rg}!@

Next, use (50) (after permlflting the indices) for a3 = k3. Then
1,k
Rék‘g,la)g (pal,@,as) =C (k2 + p)az (—P - k3)k3 (k2 =+ a2)k1+k3
1 1
D(ky 4+ 2p + k1 + az + k3) T'(k1 + a1)

which is clearly different of 0. Hence Rgcfla)g is # 0, dKe is of rank 1 and

proportional to R%fla); Hence i) holds true, and after permuting the indices

1 and 2, the first part of i) follows.

47



For the second statement in i7), assume first that n—1 is odd. Then (50)

(1,k1)

implies that for az > k3 and a1, as arbitrary, the K-coefficient R’ b (Pai,a2,a3)

does not vanish. This implies Supp(RSQ’%g) =5x8xS.
Now assume that n— 1 is even. Let p € C*(S x S x S) and assume that
Supp(p) C Op U O1 U Oy. This implies

1nf{\:n - y’a (l’,y,Z) € Supp(go)} >0.

Hence the integral which defines Ko, ok, 8,(¢) is convergent. For generic

B,
s Lk
Kok ks () = Dlka + ) T(5 + p) Ry, ()
Now as f33 tends to a3 € —(n—1)—2N, the factor F(% +p) becomes singular,
so that necessarily, R%flﬁl (¢) = 0. Hence Supp(Rgifla)g C Os.
As for ag = k3 and a1, ay arbitrary, RSCQICQB (Pai,a2,a3) # 0, this rules out
the possibility that Supp(Rgcfla)d) = 4. Hence ii) follows. O

Proposition 15.2. The distribution S)(\ '\, 1870 and Supp(S)(\l)/\Q) = O4.

Proof. 1t suffices to show that some K-coefficient of Sgk) does not vanish.
Choose a1 = ag = 0 and ag = k. Then, from (48) follows

S (o) = C (=k)k (—k —p—ma)i 2p+ma)x # 0. (60)
O

The relation of S; )A to derivatives of K¥ at A (as suggested in the
introduction) is given by the following lemma.

Lemma 15.1.

A1 —s, A2+, k)
ds? (IC e 5) s=0 78&1)\2 )
with
=2(— — 216 (=) (-1 k)
7 =2(35) P A S v ey wray ey
Proof. Let

A(s) = (M — s, A2+ 5, \3), a(s) = (a1 + 2s,a3 — 28, a3) .
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Observe that a(s) belongs to the plane {81 + f2 + 3 = —2(n — 1) — 2k}.
In particular, by (42)

c _ (ﬂ)n—l (n—=2)1 1 S(k)
)6 T(p+ k) T(—ki+s)D(—kg — s)D (=) “hmsdats -
(61)
As , _
d” =a—sAatsA o Kags)
@(/C 1 2 3) = ng% 2
the result follows by letting s tend to O. O

Proposition 15.3. The distributions R,g”;lg) and S&?)AQ are two linearly
independant A-invariant distributions.

Proof. The two distributions R,(Clz’ils) and S&?)AQ are # 0 and have unequal

supports. Hence they are linearly independant. O

Theorem 15.1. Let a be in Zy r7. Then dim Tri(X) = 2. More precisely,
assume that o satisfies (57). Then
) (1,k1) (k)
Tri(A) =CR; ®CS,\7,, -

ko,a

From Proposition 15.3 follows that dim7ri(A) > 2. Hence it will be
sufficient to prove that dim(7'ri(A) < 2, and this is the content of the next
subsections.

15.1 The odd case

Assume that o satisfy (57), and assume that n — 1 is odd. In this case, a
is a generic pole of type II.

Proposition 15.4. Let T be a A-invariant distribution on S xS x S. Then

there exist two constants c,d such that T = cR,(é’ZIS) + dSyf)Az.

Proof. The restriction to Oy of any A-invariant distribution has to be pro-
portional to K 0,. Hence there exists a constant ¢ such that .S = T_CRIZ’T;g
is supported in O7 U O U O3 U Oy.

Now aq, a0, a3 ¢ (—(n — 1) — 2N). As already seen, this implies that
S is supported in Oy, or otherwise said S belongs to Tri(A,diag). The
dimension of this space is equal to dim Sol(A1, A2; k).

Notice that A3 = p+ms ¢ {—p, —p—1,...,—p—(k—1)}U{-1,-2,...,—k}
and hence, by Appendix 3 dim Tri(\,diag) = 1. So there exists a constant
d such that S = dS;k). Summarizing, T = cR,lc’j;S + dS;k). Q.E.D. O
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15.2 The even case

Assume « satisfies (57), and assume that n — 1 is even. In this case, ¢ is a
pole of type I+II.

Proposition 15.5. The distribution Koo, cannot be extended to a -
inwvariant distribution on S x S x S.

Two of the normalizing T" factors become singular at o, namely I'(SE +p)
and T'(4+9492 4 25). For s € C, set

a(s) = (a1, ag, as + 2s), A(s) = (M + 8, 2+ 5,\3)

and notice that a(s) is transverse at a to both planes of poles. Let

Fls) = Tk + p)Tkz + p)(~1)P ¥ (o + kg (1) K1 Roag

This defines a distribution-valued holomorphic function on C, which admits
the following Taylor expansion at 0

F(s) = Fy + sFy + O(s?) .
Lemma 15.2.
i) Fy is X-invariant and Supp(Fp) = Os.
i1) the restriction of F1 to Oy coincides with Ka,0, -
Proof. For i), notice that Fy is a multiple (# 0) of Ré{i@ (cf (59)), hence
Supp(Fy) = O3 by Proposition 15.1.
Let s # 0, and let ¢ € C2°(Op). Then

—1)rtks k3)! (—DFE! 1
Fo)) = R I Kaae)

Let s tend to 0. The right hand side is equivalent to s/Kq,0,(¢). Hence
Fo(p) =0 and Fi(p) = Kq,0,(¢), from which ii) follows. O

Proposition 15.5 now follows from Proposition Al in Appendix.

To finish the proof of Theorem 15.1, assume T is a A-invariant distribu-
tion. By Proposition 15.5, T' must be 0 on Oy. Hence Supp(T) is included
in O UO02UO03UQO4. As aj,as ¢ —(n — 1) — 2N, it even follows that
Supp(T) C Os. By Lemma 4.1 in [3], the restriction of T to Of has to
R(l,kl)

ko 05" In other words, there

be proportional to (the restriction to Of of)

exists a constant ¢ such that T' — CRSJ% is A-invariant and supported in

4. The final conclusion is obtained as in the proof for the odd case.
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15.3 Invariant trilinear form for three finite dimensional rep-
resentations

The case where X is in Z5 17 allows to draw conclusions for finite-dimensional
representations.

The following lemma is valid in full generality and in fact could be used
for other situations (cf [8] for a related idea).

Lemma 15.3. Let A = (A1, Mo, A3) € C3. Then, for any f1, fo, f3 € C*°(S)

P

CA1,A2,A3
m’c (f1, f2, f3)

]’6—)\17/\27)‘3((7)\1 fl, f27 f3) =

Proof. Because of the intertwining relation satisfied by J, A\, > the left hand side
is a A-invariant trilinear form. Assume that A is not a pole. By the generic
uniqueness theorem, there exists a constant ¢ such that, for all fi, f2, f3 €
C>(9), N ~ N
IC—)\h)Q’)\S(J)\lflv f27 f3) - C]CAL)Q’)\B (flu f25 f?)) .
Now recall that
9A1+A2+A3
L(p+ AL (p+ A2)T(p + A3)

KM1,1,1) = (*/;)3(”” (62)

(see (10) in [3]). Assume moreover that for j =1,2,3, \; ¢ —p — N, so that
KA(1,1,1) # 0. Hence the constant ¢ can be computed from (62), using
(32). The general case follows by analytic continuation. O

Lemma 15.4. Assume X satisfy (58). For all f1, fa, f3 € C*°(5),

K~ ~ ~
S)(\l?)\Q(Jp-‘rhfh ‘]p+l2f25 J—p—m3f3) =0.
Proof. For s € C, using three times (15.3)
’E/\I_S’Aﬁs’/\?’(jpﬂﬁsfla jp+l2—sf17 j—p—mgfl) =
3P
I(=l1 4+ s)T'(=l2 — s)I'(p + m3)

For s # 0, multiply both sides by S% and let s — 0. Then, by using Lemma
15.1

’E_/\1+57_)\2_5’_)\3 (f17 f27 f3) :

SY Tpsts 1y Dot fon T f3) = o K207 (fy o fs)
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where 7/ # 0. Observe that A’ = (=1, —\a, —)3) belongs to Z. In fact,
No=p+1l, N =p+lo, Ny = —p—ms3,

z}vnd Ap =Xy, =11 — Iy, where 1 — Iy =mg3 mod 2 and |l; — l2| < ms. Hence
K—2M—22-23 = () and the conclusion follows. O

Now recall (cf (25) and (26)) that for m € N, Im(Jp4m) = Py, is an in-
variant subspace for the representation m_,_,,, and the restriction of m,_,
to Py, yields a finite dimensional irreducible representation p,, of G. Du-
ally, Im(J_,—) = P;- and 7,1, descends to a representation p, of G on
P! = C>®(S)/P;5. Moreover, Ker(jﬁm) = P, and j,H_m passes to the
quotient and gives raise to an intertwining operator for the representations
ph, and pn,. Moreover, the duality between 7y and 7_) realizes p/, as the
contragredient representation of py,.

Corollary 15.1. Let f1 € Py, f2 € Py, f3 € 'PﬂJ:LS. Then

S&??AQ(flaféafS) =0.
Proof. Use Im(jpﬂ) = P, and Im(j_p_m) = PL. .

Next, first restrict the trilinear form S/(\]f)/\2 to P, x P, in the first two

variables. Then pass to the quotient mod 73#:03 on the third variable to obtain
a trilinear form on Py, X P, x P;ng. This trilinear form is not trivial. In fact,

observe that |z — y|** € P, @ Py, as I, lp < k, and Sy, (|lz —y[>* ©1) #0
by (60). This leads to the following statement, which realizes p,,, as a
component of p;, ® py,.

Proposition 15.6. Let 11,12, m3 € N satisfy (58), and set
M=—p—li, X=—-p—Iy lIi+lo—m3=2k

Then
i) the trilinear form 8&?/\2 yields a non trivial continuous trilinear form
on Py, X Py, x Py, which is invariant w.r.t. (pr, piys Prnsy)-

i1) the bi-differential operator D/(\]?)\Q maps P, @ Pi, nto P, and is

covariant w.r.t. (pi, @ pPiys Pms)-

52



16 Multiplicity 3 theorem for o € Z3
Let o be in Z3. Then
ag=—(n—-1)—2k;, as=—(n—1)—2ksy, ag3=—(n—1)— 2ks3
where k1, ko, k3 € N. Correspondingly,
M=—p—bh, a=—p—l, M=-p—-1
where [y, 15,13 € N satisfy
Li+l+13=0 mod 2, =l <l3<li+1s.

If n—1is odd, then « is not a pole of type II. If n —1 is even (hence p € N),
then a1 + ag + a3 = —2(n—1)—2(p+ k1 + ko + k3) € —2(n — 1) — 2N and
a is a pole of type II.

16.1 The odd case

Assume in this subsection that n — 1 is odd.

Proposition 16.1. The three distributions ’To@l 2:1,, ,7;(12§§ , a(f’fg) are three
linearly independent A-invariant distributions.

Proof. By Proposition 9.5 Supp(’ﬁ,é2 a3) = O and a similar result by per-
muting the indices for the two other distributions. The statement fol-
lows. O

Theorem 16.1. The space Tri(\) is of dimension 3. More precisely,
TriA) = CThmy) & CTa0es) @ CTaley)
Proof. Because of Proposition 16.1, it suffices to prove that any A-invariant

distribution 7' is a linear combination of 7&21 é% ,7&12 §§ ,7;(5’ 2‘; . The next
proposition is a first step in this direction.

Proposition 16.2. The distribution Ko 0, cannot be extended to a -
wvariant distribution on S x S x S.

Among the four I" factors in the normalization of 3 — Kg, three become
singular at a, namely F(%l +p), F(%2 +p), F(% + p). For s in C let

a(s) = (a1 + 2s,as + 2s, a3 + 2s), A(s) = (M + 28, A2 + 25, A3 + 25) .
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The distribution-valued function defined for s € C, s # 0 and |s| small, by
1 ~
F(s) = (1) k!l (=1)*2 kol (=1)%2 k3! D(—p — ky — ko — k3 + 35) = Kos) -

can be extended holomorphically at s = 0, because 3 — Eﬁ vanishes at o
as well as its first derivatives. The Taylor expansion of F(s) at 0 reads

F(s) = Fy + sFy + O(s?) ,

where Fjy and Fj are distributions on S x S x S.
Lemma 16.1.
i) Supp(Fy) = O UO2 U O3
i1) F1 coincides on Oy with Kq 0,
Proof. Let ¢ € C*(S x S x S) and assume that its support is contained in
Og. For s # 0, a(s) is not a pole and

(DR Ry (mD)R2 k! (—1)ks kgl 1
Flo)lp) = I(—k +2) I'(—k2 +2.S‘) [(—ks +i) 52 a(s),Oo(Qp)

As s tends to 0, the right hand side is equal to s Ka,0, () + O(s?) so that
(Fo, ) =0 and Fi(p) = Ka,0,(¢), from which ii) follows.
Next,

s—0 82 @

82K 3 K
061052 02083

On the other hand, use (18) to obtain, for s1, s9 € C,

82K 3
0p3061

() +

(o) +

(@)

K _ (Z1)fs272h (3.k)
a1+1,a2+82,a3 F(p+k:3)lj(fk‘1 Jrsl)lﬂ(ikQ +52) a1+s1,a2+52
h
o 92K —1)ks2 ks (1R fy (= 1)R2ky! ~
5 (= D2 D ) Rl s
0p10B2 L(p+ k3) anes

and similar formule by permuting the indices 1,2,3. So, Fy is a linear
combination (with coefficients all # 0) of three distributions with support
respectively O1, O2 and Os, so that Supp(Fy) = O1 U Oz U Os. O
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Now the proof of Proposition 16.2 is obtained by using once more Propo-
sition A1, after restricting the situation to (say) O = Oy U O;.

To finish the proof of Theorem 16.1, let T be a A-invariant distribution.
Then, Proposition 16.2 shows that the restriction T, has to be 0, and so
Supp(T) € O1 U0 U O3. Let O = Og U O1. The restriction Tp of T to O
is supported in O, and hence by Lemma 4.1 in [3], there exists a constant

c1 such that T coincides on O with 017;12%3 In other words, T — 7'0412?01(3
is a A-invariant distribution supported in Oy U (’)3 By arguing in a similar
way, there exists ¢y and c3 such that T — 017;2 o — 7;21123 — 7'51]@&32 is

a A-invariant distribution supported on Q4. But as A is not a pole of type
II, and by Lemma 4.2 in [3], there exists no such non trivial distribution, so
that T = c1Tasmas + c2Tarids + c3Tari- O

16.2 The even case

Assume in this subsection that n — 1 is even, so that p is an integer. Then,

as a1 +ag +ag = —-2(n—1) —2(p+ k1 + k2 + k3), ¢ is a pole of type II,

and we let k = p+ k1 + ko + k3.

p (Lk1) 542,k2) 5(3,k3)
roposition 16.3. The three distributions Taz oz s Tar as ,7;1 o, are three

linearly linearly independant A-invariant distributions.

Proof. Although the statement is the same as in the previous case, the proof
is quite different. In fact, recall that the three distributions are supported
in O4. Use once again the evaluation of (some) K-coefficients of the three
distributions to prove their linear independence. The following result was
obtained during the proof of Proposition 10.1.

Lemma 16.2.
i) If az > ks, then Tav el (Pay.ag.as) = 0
ii) Let ay = ki +p—1,a = ka + 1, a3 = k. Then Tav'ad) (Pay.az,as) 7 0-

Up to permutation of the indices, a similar result holds true for the two
other distributions. As n > 4 and n — 1 even, p > 2 so that a; > kj.
Moreover, ag > ky. As a consequence of part i) of the lemma,

1,k1) T(2,k _
7;(2,(1;1), (pahaz,as) =0, 7;(1,04;23)(]9@1:@2,(13) =0.

The linear independance of the three distributions follows from this result
and its variants under permutation of the indices 1,2, 3. O
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Theorem 16.2. The space Tri(X) is of dimension 3. More precisely,

Tri(A) = CTU) @ CFER) g CT k)

2,03 1,03 1,002

Proof. Three facts need to be established before giving the proof, namely

e the distribution Kq o, cannnot be extended to a A-invariant distribu-
tion on S x S x S.

e the distribution TOE?ZP;) 05 cannot be extended to a A-invariant distri-
bution on S x S x S.

o dimTri(A) = 3.

Proposition 16.4. The distribution Koo, cannot be extended to a -
wvariant distribution on S x S x S.

For s € C define
a(s) = (a1 +s,a2+s,a3+5), A(s)=(A1+s, \a+s,A3+5s).

Observe that for s # 0 and |s| small, a(s) is not a pole. Next, the four
Gamma factor in the normalization of n are singular at a.

By the same argument used in the odd case, the distribution-valued
function defined for s € C, s # 0 by

8 (=D)F (=R (=R (—1)F 1z
T3 k! k) kg K s2 e

F(s)

can be continued to a holomorphic function in a neighborhood of s = 0. The
Taylor expansion of F at 0 reads

F(s)=Fo+ sk + 52F2 + 0(83)

where Fy, F1 and Fy are distributions on S x S x S.
Proposition 16.5.

i) Fy is X-invariant and Supp(Fy) = Oy.

i1) Supp(F1) = O1 U0 U O3

i1i) the restriction of Fy to Qg coincides with Kq 0, -

Proof. The proof of i) is the same as in the odd case, except that now the

three distributions 73(212;), ’7;(12 jff,,), NOS? ig) are supported in Oy.
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Next, let ¢ € C*(S x S x S) and assume that Supp(p) C Op. Then for
s # 0 and |s| small,

8 (—1)F (=1)k2 (=1)ks (—1)*
(F(s)0) =3 ( kl)! ( kg)! ( k;3)! ( k!)
! l2’%(5)(@) :

D(—ki + 5)T(—ky + ) D(=ks + §) D(—k + %) s

As s — 0, the right hand side is equal to s?Kq 0,(¢) + O(s%), so that
Fo(p) = 0, Fi(¢) = 0 and F»(¢) = Ka,0,(¢). Hence iii) follows, and also
Supp(Fl) C O U0y U Os.

It remains to determine the supports of Fi. Let a1,as,a3 € N. Then,
using (11) in [3], the K-coefficient F(s)(pa, as,a5) (up to a factor which does
not vanish for s = 0) is equal to

1 3 S S S
572 (_k + §S)a1+a2+a3(_k1 + §)a1(_k2 + 5)@(—]{:3 + §)a3 e

1 1 1

[(—k1 —ke+ar+as+s) T(—ka—ks+as+as+s) I'(—ks — ki +as+a1+s)’

Lemma 16.3. Let a1,a2,a3 € N and assum that
a1 < ki, ag>ki+ko, az>ki+ks, ar+ax+az>k.

Then Fi(pay,az.a3) 7 0-

Proof. Under the assumptions, the three I' factors are regular at s = 0, the
factor (—ki + s)q, does not vanish at s = 0 and the three remaining factors
(=K + 38)a1+a14a3: (—k2 + 8)ay, (—k3 + 8)a, have a simple zero at s = 0.
Hence the conclusion holds true. O

From the definition of F; and part i) of Proposition 16.5 follows that
F1j0¢ is A-invariant. Hence Supp(F1) is invariant under G. Now Lemma
16.3 shows that Supp(F}) is not included in O U Os. In fact, given an
arbitrary integer L, choosing as, a3 large enough, all partial derivatives of
the function pg,.ay,a; of order < L vanish on O U O3. Hence if T is a
distribution on S x S x S supported on Oz U O3, then T'(pg, 45,05)) = 0
for ag,as large enough (take for L the order of the distribution T'). By
permuting the indices 1,2, 3, the only remaining possibility for Supp(Fy) is
Supp(Fl) =0, U0 U Os. O
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Let us now come to the proof of Proposition 16.4. Restrict the previous
situation to O = Oy U O;. The distribution-valued function G(s) defined for

s # 0 by .
G(s) = g}—(s)\o .

can be extended to a holomorphic function in a neighborhood of 0 in C.
Then, as s — 0,
G(s) = Fro + sF0 + O(s%),

and Supp(F1,0) = O1. Now F} o is A-invariant. An application of Proposi-
tion Al implies that Fb o, cannot be extended to a A-invariant distribution
on O. Hence, a fortiori the distribution Ko 0, cannot be extended to a
A-invariant distribution on S x S x S. O]

Proposition 16.6. The distribution 7 Lk

an,a3,0% cannot be extended to S X

S xS as a A-tnvariant distribution.

The proof is very similar to the proof of Proposition 14.4 so that we omit
it.

Proposition 16.7.
dim T'ri(X, diag) = 3 .

Proof. As seen earlier, it suffices to prove that dim Sol(A1, A2; k) < 3 (see
Appendix 3). In the present case, Ay = —p — ko — k3, and as k = k1 + ko +

k3+p7 >\1 € {_pa_P_ 17"')_p_ (k_ 1)}ﬂ{_17_277_(k_ 1)} and
similarly for Ao. Moreover, —A\; — X\o = (n — 1) + kg + k3 + 2k1 > k. The
conclusion follows by Lemma A9 iii). O

We now come to the proof of the main theorem in this section. Let T
be a A-invariant distribution. By Proposition 16.4, the restriction of T" to
Op has to be 0. Hence Supp(T) € O1UO2UOs. Let Op1 = Op U Oy.
This is an open set of S x S x S which contains O; as a (relative) closed
submanifold. The restriction Tjp,, of T' to Op; is supported on O; and A-
invariant. Hence T}p,, must be a multiple of 7;12%302 By Proposition 16.6,
this forces Tjp,, = 0. By permuting the indices 1,2,3, T" has to be sup-
ported in Oy, hence belongs to Tri(A, diag). Hence Tri(X) = Tri(A, diag).
But dim Tri(\, diag) = dim Sol(A1, A2; k) < 3, which finishes the proof of
Theorem 16.2.
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Appendix

Al. Evaluation of the K-coefficients of /Ea

For the convenience of the reader, the formalse giving the evaluation of
the K-coefficients of Ko (sometimes called Bernstein-Reznikov integrals),
which were obtained in [3] Proposition 3.2 are recalled. For a € C3, and
ai,as,a3 € N

~ 3 (n—
]Ca (pal7 as, a3) — (g) 2( 1)20!1+Oz2+043 22(a1+a2+a3) o (63)

+aot
(011 a22 2+ 2p)a1+a2+a3 (% + p)a1(% +p)a2(% +p)a3
D(edez 4 25 + a4y +ag) T(2252% + 2p+ a2 + a3) (1Y + 2p+ ag + a1)

and its counterpart in terms of the spectral parameter A

~ ﬁ AM+X+A3+p
KX (Par anay) = (V)P0 D2 Pt hag2lantaztas) 5 )ar+as-tas

( /\1+/\2+>\3+p) ( )\2+>\3+p) (/\1+>\2 A3+p)

az as

M +p+az+a3)T( A+ p+as+a)T(As+p+ap + ag) '
(64)

A2. Non extension results

Proposition A1l. Let O be a G-invariant open subset of S x S x S, and
assume that Oy is a (relatively) closed submanifold of O. Let o be a pole of
type Iy, i.e. a1 = —(n—1)—2ky for some k1 € N. Let a(s) be a holomorphic
curve defined for s in a neighborhood of 0, such that a(0) = o and transverse
to the plane B = —(n — 1) — 2k; at a. Let X(s) be the associated spectral
parameter and let X = X(0).

Let F(s) be a family of distributions on O, depending holomorphically
on s in a neighborhood of 0, and such that

i) for any s, F(s) is A(s)-invariant

i) F(s) = Fo+sF1+0(s?) as s — 0, where Fy and Fy are distributions
on O

iii) Supp(Fp) = O;.

Then the restriction Fyjor of Fy to O =0\ 01 is A-invariant, but can
not be extended to O as a A-invariant distribution.

Proposition A2. Let o € C3 be a pole of type II, i.e. ai + ag + az =
—2(n — 1) — 2k for some k € N. Let a(s) be a holomorphic curve defined
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for s in a neighborhood of 0, such that a(0) = o and transverse to the plane
1+ B2+ Ps = —2(n—1) — 2k at a. Let X(s) (resp. A) be the associated
spectral parameter.

Let F(s) be a family of distributions on S x S x S, depending holomor-
phically on s near 0, and such that

i) F(s) is A(s)-invariant

ii) F(s) = Fo+sF+0(s?) as s — 0, where Fy and Fy are distributions
on S xS xS

iii) Supp(Fp) = Oy

Then the restriction Fy o of Fi to O' =S x S x S\ Oy is X-invariant,
but cannot be extended to S x S x S as a A-invariant distribution.

Proof. (sketch) The statement here is formulated in terms of holomorphic
curves (in all applications only complex lines occur), to be closer to the spirit
of Oshima’s results (see [10] section 7).

Let p = (p1, po, u3) = d%IS:O/\(S). The Taylor expansion at s = 0 of
the identity JF(s) o x5 = F(s) yields the functional relation, valid for any
geqG

Fromx(g) — F1 =Cy Fy

where Cy(z,y,2) = —(u1Ink(g™, ) + poln k(g™ y) + pslnrk(g, 2).

The subgroup A (a split one-parameter Cartan subgroup of GG) has a fixed
point in O (resp. O4), say o. The transversality assumption guarantees
that, at o the character

Xo : A2 ar— Cy(0)

is not trivial. The rest of the proof is as in [3], Proposition 6.1 and 6.2.
O

A3. Discussion of the system S(\i, Ag; k)

Recall that, for X\ € C3, Tri(X, diag) is the space of A-invariant distributions
on S x S x S which are supported on the diagonal Oy = {(z,z,x),z € S}.

For (A1, A2) € C? and k € N, BDg(A1, A2; k) is the space of bi-differential
operators D : C*(S x S) — C*>°(S) which are covariant w.r.t. (my, ®

Tha> Ta+ra+p+2k) (see [3] section 7).
Let £ € N and let (A, \2) € C2. Consider the system S(\i, Ao; k) of

homogeneous linear equations in the unknowns (¢, ;),0 < r,t, 7+t < k
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given by

A4r+ 1) (r+ 14+ Nepgr,e
+2k—r—t)(k—r+t—1+p+p)cr+ Evglt)
—(k—r—t+1)(k—r—1t)e, -1 =0

At 4+ 1)+ 14 p)er i
12k —r—t)(k+r—t—14p+Nens g?
—(k—r—t+1)(k—r—t)c,—1,: =0
forr+t<k-—1.

The system was introduced by Ovsienko and Redou (see [11]). Denote
by Sol(\1, A2; k) the space of solutions of the system S(A1, A2; k).

Proposition A3. Let A\, X2, A3 € C3 satisfy A\i + Ao + A3 = —p — 2k for
some k € N. Then

Tri(A1, A2, A3, diag) ~ BDg (A1, A2; k) ~ Sol(A1, Aa; k)

Proof. The first isomorphism is proved in [1], the second is due to Ovsienko
and Redou ([11]). As a consequence, the dimensions of the three spaces are
equal. ]

The system S(A1, A2; k) was studied by Ovsienko and Redou who proved
that generically dim Sol(A1, A2; k) = 1, but for our purpose, a full discussion
of the system (depending on the parameters A1, A2 and k) is needed.

The next result will help lower the number of situations to be considered.

Proposition A4 (Symmetry principle).
Z) dim SOl()\l, )\2; k) = dim SOl()\Q, Al; k‘)
ii) let \3 = —p — 2k — Ay — Xa. Then

dim SOl()\l, /\2; k‘) = dim SOZ(/\Q, )\3; k) = dim SOZ()\?,, )\1; ]{3) .

Proof.

For i) , observe (cf [11]) that if (¢;¢) is a solution of the system S(A1, Ao; k),
then (¢ ) is a solution of S(A2, A1; k).

For i), observe that dim T'ri(\1, A2, A3; diag) is invariant by any permu-
tation of {1, A2, As}. Hence Proposition 3 implies the statement. ]
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The strategy to estimate dim Sol(A1, A2; k) is twofold. An algebraic study
of the system will produce upper bounds for the dimension. In counterpart,
the analytic study done in sections 10, 13, 14,15 and 16 has produced linearly
independent distributions inside Tri(\, diag), giving a lower bound for the
dimension. A careful inspection shows that the lower and upper estimates
coincide. Of course, it could be possible to write explicitly potential solutions
produced by the algebraic study and verify that they are indeed solutions
of the system (as claimed in [11] for the generic case).

Lemma A1l. Let Ao ¢ {—1,-2,...,—k}U{—p,—p—1,...,—p— (k- 1)}
Then dim Sol(A1, Ae; k) < 1.

Proof. Equation E7(“10) reads
Ar+D)(r+1+ M) 0+2k—r)(k+p+A2—1—7)c,0=0.

As o ¢ {—p,—p—1,....0—p—(k—D} k+p+X—1—7r #0 for
0 <r < k-1 Hence ¢.o can be computed from ¢,419. Choose ¢ as
principal unknown. Then, for 0 < r < k—1, ¢, can be computed from cy .

Equation E,(,i) reads
At + 1)t +1+X)erp +2(k—r)(k+r—t =14+ p+ Ai)cry

—(k—r—t+1)(k—r—1))cr—1+=0.

As Ay ¢ {—1,—-2,...,—k}, the coefficient of the unknown ¢, ;41 is never 0,
and hence the coefficient ¢, ;41 can be computed from ¢,; and ¢,_1 ;. Hence
all unknowns can be computed from ¢y, ¢, so that dim Sol(A, Ao; k) < 1. O

We may now assume that A\, Ao € {—p,—p—1,...,—p—(k— 1)} U
{=1,-2,...,—k}. Notice that if n — 1 is odd (hence p ¢ N), the two sets
{-p,—p—1,...,—p—(k—1)} and {—1,-2,...,—k} are disjoint, making

in this case the study somewhat easier. When n — 1 is even, then p is an
integer and

(=pr=p—T1,imp— (k= D} N {=1,=2, ..., —k}
0 if k<p

The general strategy to study the system was already used in the proof
(1)

of Lemma Al. First study equations E, 3 which involve only the unknowns
¢r0, then pass to the determination of the unknowns ¢, 1, and so on.
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Lemma A2. Let A\ = —k; for some ky € {1,2,....k—1} and \a = —p—1o
for some ly € {0,1,...,k— 1}, but Ao & {—1,-2,...,—k}.

i) if k1 + la < k, then dim Sol(A\1, Ao; k) <1

i1) if k1 + la > k, then dim Sol(\1, \o; k) < 2.

Proof. Equation El(;)fl o reads

Ock, 0+ 20k — k1 + 1)(k — k1 — l2)0k1—1,0 =0 (65)
: 1)
Equation Ek—12—1 o Teads
4(7“ + 1)(k — 1y — kl)ck_l%o + Ock_12_1,0 =0. (66)

Assume that ki + o < k. (65) implies ¢, —10 = 0 and (66) implies
ck—1, = 0. Repeated use of Eﬁlo) for r # k1 — 1,k — lo — 1 leads to the
following results

ec,o=0for0<r <k —landfork—1Il<r<k

® ci, 0 can be chosen as principal unknown and the remaining unknowns
cro,k1 <1 < k — I3 can be expressed in terms of ¢, o. Next use the same

method as in Lemma 1 to prove that all ¢,; can be expressed in terms of
¢k, ,0- This gives dim (Sol()q, A2, k) < 1 and 1) follows.

Assume now that k1 + Iy > k. In this case, k — lo — 1 < k1, and choose
Ch—1,—1,0 and cg, o as principal unknowns. For k — Iy < r < k; — 1 (this
interval is empty in case k1 +lo = k) ¢,0 =0. For 0 <r <k —1ly — 1, ¢
can be expressed in terms of cy_;,—1, whereas for k; < k < r, ¢, can be
expressed in terms of ¢y, 0. Hence all ¢,; can be expressed in terms of the
two chosen principal unknowns, and so dim Sol(A1, Ae; k) < 2. O

Lemma A3. Let A\{ = —k1, Ao = —ko where 1 < k1, ko < k.

i) assume that ki + ko < k. Then dim Sol(\1, \o; k) < 1.

i1) assume that ki1 + ke > k and assume that Ao ¢ {—p,—p—1,...,—p—
(k—1)}. Then dim Sol(A1, Ag; k) < 2.

Proof.
In case i), the assumptions imply that A3 = —p — 2k + k1 + k9. Rewrite
this as A3 = —p — k — (k — k1 — k2), so that A € —p — k — N and hence

A3 & {—p,...,—p—(E—1)}U{-1,-2,..., —k}. Use the symmetry principle
and Lemma 1 to conclude.
In case of i), assume first that A\; ¢ {—p,—p—1,...,—p—(k—1)}. The

same considerations as in the beginning of the proof of Lemma 2 show that
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¢ro = 0 for » < ky — 1. Choose ¢, o as first principal unknown, then the
unknowns ¢, o for » > k1 can be expressed in terms of ¢, o. Now as long
as t < ko — 1, it is possible to use Er(=,2t71 to compute ¢, in terms of ¢, ;1
and ¢,—14—1. It follows that, for ¢t < ks — 1, ¢,y =0 for r < k;y — 1 and ¢,,t
can be expressed in terms of ¢y, o for r > k. By symmetry, choosing cy, o
as second principal unknown, it is possible for r < ki to express all ¢, in
terms of cg g,. But » +¢ < k and k& > ki + kg implies that either r < k; — 1
or t < kg — 1, hence all unknowns can be expressed in terms of the two
principal unknowns cg, o and cg , and the statement follows.

It remains to consider the case where A\; € {—p,—p—1,...,—p—(k—1)}.
This assumption forces n — 1 to be even, p < k and hence A\ = —ky, where
p < ki < k. Moreover, 0 < ko < p—1. Then A3 = —p — (2k — k1 — ko) =
—p—lg with with 0 < l3 = 2k—k1—ko < ksothat A3 € {—p,—p—1,...,—(p—
k — 1)}, but writing the same equality as A3 = —k — ((k — k1) + (p — k2))
shows that A\g ¢ {—1,—2,...,—k}. Moreover, I3+ k1 = 2k — k1 — ko + k1 =
2k — k2 > k. So (A1, A3) satisfy the assumptions of Lemma 2 ii). By the
symmetry principle, the conclusion follows also in this case. O

Lemma A4. Let \y = —p—l1, o = —p —lo where 0 < ly,ls < k—1, and
A, Ao ¢ {—1,-2,...,—k}. Then dim Sol(\1, Ag; k) < 1.

Proof. Choose cq o as principal unknown. Then, by using Eﬁl_)lyo it is possible
for r < k—1Iy—1 to express ¢, in terms of ¢ . Then necessarily ¢, 0 =0
and for r >k —Ilo+1¢.0=0. As A\ ¢ {—1,-2,...,—k}, it is possible,

. 2 .
using E£ t) to express ¢,; in terms of ¢ .

O

Lemma A5. Let n—1 be even (so that p € N), and let \; = —k1, Ay = —ka,
where p < ki, ko < k.

i) if k1 + ko < k, then dim Sol(\1, \o; k) = 1.

1) if k < k1 + ko < k+ p, then dim Sol(A1, Ag; k) = 2.

ii1) if k1 + ko > k + p, then dim Sol(\, \o; k) = 3.
Proof. If ky+ko <k,then A= —p—2k+k1+kys = —p—k—(k—k1+ks), so
that \s ¢ {—p,—p—1,...,—p—(k—1)}U{-1,-2,...,—k}. Use Lemma
A1 and the symmetry principle to get 7).

Assume now that k < k1 + ko < k+ p. Then

As=—p—2k+ki+ka=—p—k+(kit+ke—k)=—k—(k+p—Fki— ko).
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Hence \3 € {—p,—p—1,...,—p—(k—1)} but A\g ¢ {—1,-2,...,—k}.
Use Lemma i) to conclude.
Assume now that ki1 + ko > k + p.

Consider first the equation Eﬁlo) , which reads

4r+1)(r+1—=k)crqre +2(k—r)(k—r—=1+p—ka)cro

The first coefficient vanishes for r = k1 — 1 and the second vanishes for
r=k+4+p—1—ky Noticethat 0 < k —ko+p—-1<k —1<k—-1.
Choose cg o as first principal unknown. Then use Eﬁlf)w to compute ¢, in
terms of copp up to r = k+ p — 1 — ka. The unknowns ¢, have to be 0
for k4+p—ky < r < k; —1 (if any). Now choose c; o (second principal

unknown). All ¢, ¢ for > ki are determined by the equations Eﬁlo) and can
be expressed in terms of ¢ .

Next consider the equations E((ft). For t < k+ p—1— kq, the unknowns

o+ can be expressed in terms of ¢g g, for k+p—k1 <t < ko (if any) ¢+ has
to be 0. For ¢t > kg, ¢;0 can be expressed in terms of cg,..

Let now 1 <t < kg —1, let r+t < k, and consider the equation EﬁZt)_l
Then the coefficient of the unknown ¢, ; is equal to 2(k—r—t+1)(t—ka) # 0.
Hence, if ¢,;—1 and ¢,—1 41 are already computed, ¢,; can be computed. As
all ¢,0,0 < r < k have been expressed in terms of ¢, o and ¢y, ¢.; can be
also expressed in terms of ¢j o and cp . The statement follows. O

Lemmas Al up to A5 give an upper estimate of the dimension of the
space of solutions. It remains to check that in each case, this estimate
matches the number of independant A-invariant distributions supported on
the diagonal which were constructed in the previous sections. Eventually,
the dimension of Sol(A1, Ag; k) is given by the following table.
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Table for dim Sol(\1, Ag; k)

A= —k1 A =—p—1 A= —k1
)\1¢E,€ )\1¢Ek AleEkﬂE{j
<
Ao = —ky | ki4ko <k 1 Lh4ka<k 1 £1<+kk2+—kk<k+p;
14 > 1 2
)\2¢Ek ki1+ ko >k 2 li+ke >k 2 ]{?1+k22k+p 3
A=—p—1 k141 <k 1 1 ki+1la <k 1
AQ%E,’Z ki+1l >k 2 ki+1l >k 2
- k1 + ko <k 1 ki+koe <k 1
AAE?E erE,, k<ki+ko<k+p 2 Ziﬁliz ; k<ki+ko<k+p 2
2EERUTE N e d ke > k4 p 3| = ki+ky>k+p 3
where
Be={-1,-2,...,—k}, El={-p-p—1,....,—p—(k—1)}.
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