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Abstract

In this paper, a micromorphic, non-linear 3D model aiming to describe internal friction phe-
nomena in concrete is considered. A reduced two-degrees-of-freedom model is employed for the
sake of easy handling to explain dissipative loops which have been observed in some concrete
specimens tested under cyclic uniaxial compression loading with different frequencies and having
various amplitudes but never inducing large strains. As (linear or non-linear) viscoelastic models
do not seem suitable to describe neither qualitatively nor quantitatively the measured dissipation
loops, we propose to introduce a multi-scale micro-mechanism of Coulomb-type internal dissi-
pation associated to the relative motion of the faces of the micro-cracks present in the material
and to the asperities inside the micro-cracks. We finally present numerical simulations showing
that the proposed model is suitable to describe some of the available experimental evidence.

Keywords: Internal Friction, Nonlinear systems, LuGre model, dissipation in concrete,
micromorphic continuum

1 Introduction

Concrete is the most widely employed structural material in the world, thus, its environmental impact
is enormous considering the huge amounts of water and heat energy required to produce it, or the
problem of its recycling when it is no longer usable. In this context, all efforts provided to improve
concrete performance or its durability are really effective both from a social and an economic point
of view. The paper is particularly focused on the design and characterization of earthquake-proof
concrete, aiming to obtain a material with high durability and good performances for earthquake
engineering. Indeed, some experimental campaigns [49] have shown that the addition of some ad-hoc
fillers can significantly increase the internal dissipation under dynamic cyclic loading, even inside
the conventional yield surface characterizing —with the commonly accepted approximation— the
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elastic domain. This first experimental evidence has justified the pursuit of the experiments for a
larger range of frequencies [71] and the development of a novel constitutive model. Thus we have
proposed such a model [73, 72] to take into account the internal friction phenomena occurring in
the enriched concrete under cyclic loading and to provide a mathematical tool aiding in the design
of advanced concretes with high dynamic performances for earthquake engineering.

Concrete is a highly heterogeneous material and has a complex microstructure. The microscopic
complexity of such a material thus could be modeled, at a macro-level scale by higher gradient or
micromorphic continua in the more general context of generalized materials (see for more details
e.g. [45, 11, 33, 29]); indeed, the standard Cauchy model is too poor to describe this material in our
opinion. As a matter of fact concrete consists of a heterogeneous distribution of different kinds and
amounts of solid phases, pores, and micro-cracks. By making suitable changes in the microstructure
of this material, its properties can be modified (see e.g. [55]). Adding admixtures to the cement
paste, it is possible to modify mechanical characteristics of the medium therefore pinpointing all
the features of admixtures that are capable of improving the concrete dynamic behavior. Due to its
multi-scale structure, this material can be susceptible to cracking when subjected to the influence
of tensile stresses induced by differential movements between aggregates and cement paste. Such
differential movements commonly arise, for example, either on drying or on cooling of concrete.
A concrete may thus have micro-cracks even before it is loaded. Of course, impact loads, drying
shrinkage, freeze and thaw cycles and sustained loads at high stress levels will have the effect of
increasing the size and the number of micro-cracks. Micro-crack size can vary significantly, it may
range from 0.1 to 500 µm [54]. On the other hand, different concrete models are based on the
idea of the existence of an interfacial transitional zone around aggregate grains, constituting a third
phase, different from the aggregate and bulk cement paste phases (see e.g. [30, 83, 31] to model some
relevant aspects of the interaction between different phases).

Many formulations have been proposed to account for the dissipation in solid media (see e.g. [12,
10, 2, 47, 8]), however, herein, with aiming at analyzing the internal mechanisms of dissipation in
concrete when no relevant damage phenomena occur at the macroscopic level, the internal dissipation
is assumed to be related to the relative motion of micro-crack faces following the same spirit of
several papers [46, 43, 59, 36, 81, 84, 78]. The basic idea was to introduce a new (scalar) variable
characterizing, in an average way, these micro-sliding along the micro-crack faces with a proper
constitutive relation describing the evolution of this variable and its coupling with the Coulomb
friction force. The validation of this model was fully convincing for a certain range of frequencies
[72, 71] —above 2 Hz—, but it appears to not be applicable for lower frequencies. The purpose of
this paper is now to introduce a second scalar variable to characterize not only the relative sliding
of the micro-crack faces, but also the micro-structure of the asperities inside the micro-cracks —as a
second step. These asperities are described by taking into account their heights through a probability
distribution. During cyclic loading, all these asperity heights will essentially play a different role in
a sliding direction and in its reverse, allowing to generalize the first model.

The paper is basically divided in three parts. In the first one, a review of dynamic friction models
is provided by concluding the one which will be considered to build the present model. In the second
part, the model is presented and the differences with the first model are emphasized and discussed.
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Table 1: Measured dissipated energy per cycle.

Frequency (Hz) 0.8 0.5 0.3 0.1

Dissipated Energy (J/c) 0.53 ± 0.06 0.92 ± 0.03 1.22 ± 0.08 1.60 ± 0.02

Eventually, in final last part, the comparison with experimental results allows the investigation of
the enlarged domain of validity of this new model particularly with respect to the frequency range.

1.1 Motivation

Since frictional forces arise as a results of a relative velocity of porous surfaces in a concrete matrix,
we performed experimental tests in order to account for this issue. Specifically, we considered cyclic
tests with varying frequency of load ranging from 0.1 Hz to 0.8 Hz, i.e. relative micro-velocity, and
with a load included between 19.62 and 392.4 kN. Following the procedure described in [49, 71], the
dissipated energy for different kinds of specimen is estimated. Table 1 summarizes the dissipated
energy for the different frequencies tested. In particular, Tab. 1 shows a relative increase compared
to the frequency 0.8 Hz of 75%, 133% and 206% for the frequencies 0.5, 0.3 and 0.1 Hz, respectively.

This analysis thus shows that the dissipated energy increases with decreasing frequency (see
Fig. 1). This means that the friction in tested concrete presents a sort of ‘Stribeck effect’, i.e. a
friction phenomenon that gives rise at low velocity decreasing friction with increasing velocity [76, 44].
To take this phenomenon into account, it is possible to address this issue with models that include
this effect: examples of such a formulation are the LuGre model proposed by Canudas de Wit [23]
or the Leuven model proposed by Swevers et al. [77].

1.2 Friction models

Friction phenomena occurring in solids should be models which belong to two main groups: i) static
friction models derived from constitutive relationships, chosen to fit a specific behavior, between the
friction force and a proper macroscopic variable, ii) dynamic friction models in which the friction force
depends also on internal hidden variables that evolve according to differential equations conceived
to match experimental measures [57, 80]. For instance, Coulomb model, which assumes the friction
force to be independent of sliding velocity, falls into the first group. Many other examples can be
taken into account; among these it is worth noting the static model proposed in [52]. The constitutive
relation for the friction force F in term of the sliding velocity ẋ is

F (ẋ) = γ1 [tanh(γ2ẋ)− tanh(γ3ẋ)] + γ4 tanh(γ5ẋ) + γ6ẋ (1)

where the term [tanh(γ2ẋ)− tanh(γ3ẋ)] is related to the so-called Stribeck effect [76, 44], i.e. a
phenomenon in which the increase of velocity implies a decrease of friction force; the second term
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Figure 1: Measured dissipative loops for a concrete mixture and frequencies 0.8 Hz, 0.5 Hz, 0.3 Hz
and 0.1 Hz.
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is a regularization of the function signum characterizing the Coulomb behavior and the last term
stands for a viscous effect that becomes significant at high velocities.

Several dynamic friction models have been proposed in literature. Among these, Dahl [20, 21]
proposed a mathematical model of friction that was based on the assumption that the friction force F
is only a function of sliding displacement x, and monotonically approaches the Coulomb friction force
FC as long as ẋ is positive. When the direction of motion is reversed, the friction force approaches
−FC . The friction function slope dF (x)/dx, however, remains always positive, although ẋ changes
sign. This hysteretic behavior could be mimicked with a friction slope function of the form

dF (x)

dx
= σ

∣∣∣∣1− F

FC
sgn(ẋ)

∣∣∣∣β sgn

(
1− F

FC
sgn(ẋ)

)
(2)

where the quantity σ is the slope of the force-deflection curve at F = 0 or the rest stiffness. The
value of the parameter β defines the basic shape of the friction function and thus it is chosen to
characterize the friction law being used. A more useful way to employ Dahl’s assumption consists in
considering the time evolution of the friction force by means of the simple equation Ḟ = F ′ẋ. The
Dahl friction force could be interpreted as a nonlinear elastoplastic model with a nearly linear elastic
behavior for small deflections, which approaches a plastic behavior for large deflections (see Fig. 2).
Figure 2 shows typical Dahl’s cycles obtained by varying the rest stiffness σ in dimensionless form.

In [22] Dankowicz suggests that the origin of frictional force between two rough solid surfaces
coming into contact lies in the interaction of their asperities. The asperities are assumed to have
different heights —relative to a reference plane— according to a probability distribution, while all
the other properties remains unchanged. The imposition of a tangential displacement entails that
the shorter asperities, which are under less compression, begin to slide before the longer ones and,
only after a sufficiently large tangential displacement, the resultant tangential load is within a given
deviation from maximum tangential load. To take account of this quasi-static behavior, an average
shearing deformation, z, is introduced which describes the collective asperity deformation and the
friction force is assumed as

F = FMax
z

δ
= µNe−∆d/s z

δ
(3)

where µ is the friction coefficient, N is the normal load applied, ∆d is the change in distance
between the reference planes of the interacting surfaces, s is the standard deviation of the probability
distribution of asperity heights and δ is the average deformation obtained under maximum tangential
load. To consider the lag between the change in direction of motion and the tangential load, the
deformation z is described by an ordinary differential equation according to the evolution rule

dz

dt
= ẋ

(
1− sgn(ẋ)

z

δ

)
(4)

x being the macroscopic tangential displacement.
The so-called Lund-Grenoble (LuGre) model proposed in [23] is also based on the average be-

havior of the bristles whose average deflection is denoted by z. Similarly to the previous model, the
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evolution equation is

dz

dt
= v − |v|

g(v)
z (5)

in which g, i.e. the maximum value of z, depends explicitly on the sliding velocity. In the Dankowicz
model a dependence on the sliding velocity is introduced in the maximum shear force through the
surface separation ∆d considered as a dynamic variable evolving according to its own differential
equation. The expression assumed for g to describe the Stribeck effect is

σ0g(v) = FC + (FS − FC) exp

[
−
(
v

vs

)2
]

(6)

where σ0 is the rest stiffness, FC is the Coulomb friction force, FS is the stiction force which plays
the role of a static friction force, and vs, is a reference velocity also called the Stribeck velocity. The
constitutive relationship for the friction force due to the bending of the bristles is given by

F = σ0z + σ1ż + σ2v (7)

The Dahl model is based on a Coulomb friction with a lag in the change of the friction force
when the direction of motion reverses. The LuGre model generalizes the model of Dahl enabling it
to describe the Stribeck effect, in which at low-velocity range the friction force decreases as velocity
increases. Figure 3 shows, in dimensionless form, the dependence of LuGre’s model on the sliding
velocity. We can observe that when the maximum velocity of the cycle approaches zero the friction
force tends to the static friction force FS , while for high velocities the friction force is about equal
to the Coulomb friction FC . Anyway, if FC = FS there is not Stribeck effect and the LuGre model,
which is rate dependent, reduces to the Dahl model, which is rate independent.

Finally it is worth mentioning the Leuven model, an extension of the LuGre model, proposed by
Swevers et al. in [77]. The key idea is to fit transition curves of arbitrary forms. The friction force
is modeled as function of an auxiliary variable z, namely the average deformation of the asperities
of the contact surfaces. The constitutive equation for the friction force is

F = Fh(z) + σ1ż + σ2v (8)

where Fh(z) = Fb+Fd(z) is the hysteresis friction force. Fd(z) is the transition curve which is active
at a certain time, Fb is the value of the friction force at the beginning of a transition curve. The
evolution equation of the state variable z is

dz

dt
= v

(
1− sgn

(
Fd(z)

S(v)− Fb

) ∣∣∣∣ Fd(z)

S(v)− Fb

∣∣∣∣β
)

(9)

in which the function S(v) characterizes the sliding regime near zero velocity, and is given by
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S(v) = FC + (FS − FC) exp

(
−
∣∣∣∣ vvs
∣∣∣∣δ
)

(10)

In order to achieve a better match between model predictions and the experimental tests performed
and recalled in Sec. 1.1, we propose to exploit a LuGre-type model adapted to the continuous case
to take account of a ‘Stribeck effect’, as will be explained in detail in the rest of the article.
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2 Modeling

Multi-scale models are a powerful tool to deal with complex materials which are increasingly used
in engineering applications. Specifically, motivated by the studies referred to above, a model is
herein developed for an engineering material which is a standard or enriched concrete. This building
material has to be investigated from a dynamical point of view with three different scales, a bulk scale,
a meso-scale of pores inside the solid matrix and finally a micro-scale of asperities characterizing the
porous surfaces that come into contact with each other under a compression (see Fig. 4). The results
obtained employing the proposed model may depend on the shape of interfaces which can be treated
as rough surfaces. For such type of interfaces the averaging procedure proposed in [37] using various
models of surface elasticity can be taken into account. The model for the macro-scale is based on a
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Figure 4: Three scale representation.

Saint-Venant theory (see for more details [73] and [26]). The constitutive equations at the meso-scale
contains elastic nonlinearities, which can be observed through experimental testings. The model for
the micro-scale is derived from the LuGre model that accounts for Coulomb friction and includes
the Stribeck effect. The proposed model is encompassed in the framework of the micromorphic
continuum theory (many examples of such an approach can be found in the literature, see e.g. [82,
6, 51, 53, 67, 65, 28, 66]). Thus, to obtain a proper kinematical description aiming to describe
internal friction phenomena, we choose the common variable u as a displacement field defined on B
(a simple connected open domain), the meso-structural variable ϕ as a scalar field, which may be
interpreted as average slip inside the concrete matrix, i.e. an average relative displacement between
opposite faces of microcracks, and the micro-structural variable z as a scalar field which describes
the collective asperity deformation.

In this framework, the ‘internal forces’ acting on a given subdomain D of B have a virtual work
which may be written as

δW(i) = −
∫

D
δΨ(u, ϕ) dV (11)

Ψ being the elastic potential (see [73, 72])

Ψ =
1

2
λ [tr(E)]2 + µtr(E2) +

1

2
k1ϕ

2 +
1

3
k2ϕ

3 +
1

4
k3ϕ

4 + αϕ
√

IIdevE (12)

where E is the linearized strain tensor, IIdevE
1, related to the coupling term, is the second invariant

of the deviatoric component of E, and represents a measure of shear deformations that is responsible
for a relative displacement ϕ. This representation of the coupling term is very close to the common
expression used in porous materials (see e.g. [7, 18] and more recently [74, 32, 64]), even if in this

1 IIdevE = 1
2
tr[(devE)2], where the deviatoric strain tensor devE = E − 1

3
tr(E)1.
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case, we use IIdevE instead of the trace of the small strain tensor; this choice is dictated by our
physical interpretation of ϕ; the exchange of energy between the bulk and the microstructure is
related to a deformation at macro level that induces a sliding on micro-cracks. In Eq. (12) the
microstructure elastic force is assumed to be nonlinear. It is well-known that for a low level of
external static compression the behavior of the concrete can be assumed in a satisfactory way linear.
Nevertheless, tests performed with cyclic loads show that even in a small strain range the stress-
strain relationship appears to be nonlinear. Therefore, the presence of an internal phenomenon that
triggers the nonlinear behavior in presence of varying loads can be assumed. It is reasonable to
attribute this effect to the microstructure involved in the micro-sliding. In other words, the presence
of micro-cracks, very reasonably, introduces non-linear effects that are activated by time-varying
loads (see for similar effects e.g. [61, 62, 56]). We notice that the most convenient pair of elastic
constants for the expression of the stored energy density of an isotropic material is that comprised
of the bulk modulus κ and the shear modulus µ [38, 39, 40], even more so than the pair of Lamé’s
constants.

The ‘external forces’ acting on D are: i) volume forces, exerted on D by systems located outside
B, giving the virtual work

δW(v) =

∫
D
fiδui dV (13)

ii) contact forces provided on D by the parts of B located outside D , giving the virtual work

δW(s) =

∫
∂D

τiδui dS (14)

where τi is the usual traction acting on the boundary ∂D (see e.g. [60, 15, 48]). The virtual work
due to inertial forces can be expressed by

δW(in) = −
∫

D
ρüiδui dV −

∫
D
ρϕϕ̈δϕdV (15)

where ρ and ρϕ are the (apparent) mass density of bulk material and the effective mass density
linked to the micro-structural variable ϕ respectively. The virtual work of friction forces can be
specified as

δW(d) = −
∫

D
FδϕdV (16)

where, according to LuGre model, the tangential load can be assumed

F = FMax
z

δ(σn, ϕ̇)
+ γ1ż + γ2ϕ̇ (17)

being γ1 and γ2 damping coefficients related to viscous effects at high frequencies, δ the collective
maximum deformation under the maximum tangential load, i.e.
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FMax = µ(ϕ̇)$ h(σn) (18)

which results in a Coulomb-like expression, where µ is the friction coefficient, $ is the specific surface
of micro-cracks, i.e. the surface area of micro-cracks per unit volume of concrete and h is a suitable
function of σn = κ tr(E) i.e. the compressive stress that allows the contact of the opposite faces of
the micro-cracks. The function h(σn) takes into account the ‘real’ condition of contact (Signorini-like
conditions [75]), indeed it can be expressed as

h(σn) =

{
0

σn

|σn| < σT

|σn| > σT
(19)

where σT is a threshold stress denoting the minimum pressure required to close the microcracks
and assure the contact between the opposite faces. Clearly, when |σn| is less than σT there is not
contact at all and then friction force can not be exerted. In future developments, we can improve this
contact model by involving also the presence of a micro-impact between the opposite faces of micro-
cracks (see on this subject e.g. [3, 4]). In particular, the friction force can be rearranged FMax =
µ̃(ϕ̇)ζĥ[tr(E)]2 introducing only one material parameter ζ defined as µs$κ and the dimensionless
coefficient µ̃ chosen to yield a steady-state dependence of friction on the slide velocity ϕ̇ which agrees
with a Stribeck curve, as follows3

µ̃ =
µ(ϕ̇)

µs
=
µk
µs

+

(
1− µk

µs

)
exp

(
−
∣∣∣∣ ϕ̇vs
∣∣∣∣ς) (20)

Parameters µs, µk and vs are respectively the static friction, the kinetic friction and the Stribeck
velocity which must be matched to experimental observations. The exponent ς is a parameter which
can be chosen in the range from 0.5 to 2 (see [9]). The collective maximum deformation δ is assumed
to be

δ(σn, ϕ̇) =
FMax

γ0
(21)

By combining the expressions above we assume the following expression for the total tangential
component of the surface interactions, or the friction force

F = γ0z + γ1ż + γ2ϕ̇ (22)

where γ0 is the stiffness. As a result, according to the point of view of Dahl and LuGre models, an
evolution equation for the variable z can be assumed as

2Where the function ĥ is defined from the Eq. (19), by considering the relation: σn = κ tr(E).
3In a similar way a Lorentzian function can be used: µ̃ =

µ(ϕ̇)

µs
=
µk

µs
+

(
1− µk

µs

)
1

1 +

∣∣∣∣∣ ϕ̇vs
∣∣∣∣∣
ς .
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ż = ϕ̇

∣∣∣∣1− z

δ(tr(E), ϕ̇)
sgn(ϕ̇)

∣∣∣∣β sgn

(
1− z

δ(tr(E), ϕ̇)
sgn (ϕ̇)

)
(23)

The generalized principle of virtual work then becomes

δW(i) + δW(v) + δW(s) + δW(in) + δW(d) = 0 (24)

The proposed model can be fruitfully applied to the general case of triaxial compression loads.
Indeed, concrete is commonly subjected to triaxial stress states, and it is well known that the
stress level influences greatly its mechanical behaviour. The Eq. (24) can be solved with the Finite
Element Method; however, given the complexity of the material under study, some computation
issues such as locking or hourglass modes can arise. To tackle these problems an isogeometric
analysis can be employed as a powerful numerical tool (on this formulation some relevant works are
e.g. [19, 41, 79, 14, 13, 25]). On the other hand, based-cement materials can exhibit an internal loss
of stability due to the presence of high heterogeneous phases inside their solid matrix. To investigate
this disagreeable behavior, we refer to some relevant analyzes [68, 70, 69].

To analyze the case of a simple compression (with Poisson effect) in cylindrical concrete specimens
the Eq. (24) can be reduced to a system of OD equations much easier to handle. In the framework
of the Saint-Venant theory, we can assume as kinematical descriptor for the bulk deformation, the
strain along the longitudinal axis of the considered cylinder, ε. In this case this strain field is a
scalar variable that does not depend on spatial coordinates, but only, possibly on time. The same
assumption of a spatial uniform field is made even for the variable ϕ because of the assumed uniformly
distributed random orientation of the micro-cracks and for the compressive load considered that is
also uniform. With these assumption, the principle of virtual work (24) for any arbitrary virtual
strain δε and virtual micro-sliding δϕ provides

Mεε̈+Kεε+ α̃ϕ = fext(t)

mϕϕ̈+ kϕ(ϕ) + α̃ε+ F (z, ż, ϕ̇) = 0

ż = ϕ̇

∣∣∣∣1− z

δ(ε, ϕ̇)
sgn(ϕ̇)

∣∣∣∣β sgn

(
1− z

δ(ε, ϕ̇)
sgn (ϕ̇)

) (25)

where the non-linear microstructure elastic force is expressed by the power-law below

kϕ(ϕ) = k̃1ϕ+ k̃2ϕ
2 + k̃3ϕ

3 (26)

β is a parameter that defines the force-deflection curve, and the material parameters can be deter-
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Table 2: Values of the material parameters used in numerical simulations.

Kε (Nm) α̃ (N) k̃1 (N/m) k̃2 (N/m2) k̃3 (N/m3)

1.27× 108 3.29× 108 2.12× 109 2.64× 105 1.71× 1016

mined by

Mε =

∫
B
ρ
(
ν2
(
x2

1 + x2
2

)
+ x2

3

)
dV, mϕ =

∫
B
ρϕ dV,

Kε =

∫
B

µ (3λ+ 2µ)

λ+ µ
dV =

∫
B
Y dV, α̃ =

∫
B

(√
3/3 (1 + ν)α

)
dV,

k̃1 =

∫
B
k1 dV, k̃2 =

∫
B
k2 dV, k̃3 =

∫
B
k3 dV,

being Y and ν respectively the Young modulus and the Poisson ratio. For the determination of
all of these constitutive parameters, it is possible to resort to methods of identification as outlined
in [63, 35, 24].

Note that since z is governed by an ordinary differential equation, it does not respond instan-
taneously to changes of slide velocity. This accounts for the lag between the change in direction of
motion and the tangential load. It is worth noting that the LuGre model also satisfies a Lipschitz
condition in z if β > 1 and therefore has a unique solution; otherwise, if 0 6 β < 1, the Lipschitz
condition is not satisfied but only the continuity [58].

Friction dissipates energy, however, since this model is dynamic, there may be time intervals
where frictional visco-plasticity stores energy and others where it gives energy back. Barabanov and
Ortega provided an answer to the question of passivity of the generalized LuGre friction model. The
concept of passivity in this context is related to a dissipative system in which any motion starting
at the time t0 satisfies for all time T the inequality

℘ =

∫ T

t0

Fϕ̇dt 6 0 (27)

Namely, they have shown that the model defines a passive operator ℘ if and only if the coefficients
satisfy a proper inequality [5].

3 Results and discussion

To illustrate the features of the proposed model, we consider a basic example using some concrete
specimens undergoing cyclic uniaxial compression loading with different frequencies. In this case
Eqs. (25) can be utilized once all the material parameters are estimated on the base of a cylindrical
sample whose diameter is D = 11.28 cm and having height h = 22 cm. Some criteria have been taken
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Table 3: Simulated dissipated energy per cycle.

Frequency (Hz) 0.8 0.5 0.3 0.1

Dissipated Energy (J/c) 0.59 0.93 1.31 1.61

into account for parameter identification. Indeed, values of the parameter ϕ have to be compatible
with the order of magnitude of known dimensions of typical cracks in concrete. The micro-force
kϕ(ϕ) is assumed to be elastic, and so monotonously increasing. The deformation energy needs
to be definite positive and consequently suitable restrictions on the stiffness parameters as well as
on the coupling between micro- and macro-motion must be considered. Table 2 summarizes the
material parameters used in the simulations. We remark that non-linear effects are not negligible
as it is clear from the non-linear stiffnesses. The equivalent mass Mε can be easily estimated by
assuming that the volume mass density of material is homogeneous —in an averaged sense— and
known , here it has been set ρ = 2300 kg/m3. The order of magnitude of the micro-parameter
mϕ, not directly measurable, was selected in order to better fit with experimental data, assuming
reasonably that the micro-mass density, ρϕ is a suitable fraction of the bulk mass density ρ, here
we set ρϕ = ρ/10. The other parameters used in the simulations and related to the dissipation are
µk/µs = 0.2, ς = 2, β = 1, γ0 = 5× 1011 N/m4, vs = 1.9× 10−4 m/s, γ1 = 1 N s/m4, γ2 = 2× 108

N s/m4.
The cyclic external load applied is fext(t) = −F0−F1sin(2πf t) with a pre-load F0 to ensure that

we simulate a regime in which the micro-cracks are closed, and with frequency f = {0.1, 0.3, 0.5, 0.8}
Hz. The values of F0 and F1 are respectively 206.01 kN and 186.39 kN, in order to have the same
setup of the experimental tests.

Figure 3 shows the dissipative loops in a stress-strain plane obtained varying frequency. In this
range of frequencies it is easy to observe that the dissipation energy, i.e. the area of the loops,
decreases with increasing of frequency. That particular behavior –indeed, it is opposite to the
behavior expected for a viscous dissipation– matches with measured cycles shown in Fig. 1. In
Tab. 3 are reported the dissipated energy for the frequencies tested as obtained by the numerical
simulations. Comparing these values with those measured and listed in Tab. 1, we can observe a
good matching between previsions of the proposed model and measurements.

Figure 6 displays the friction force for two cycles of frequency 0.1 Hz. It is possible to note
the sharp shape of the force in the neighborhood of reversal velocities points at 0, 5, 10 and 15 s.
In addition, between these reversal points, at the center of the loading and unloading curves, it is
possible to recognize the effect due to the pressure σn; indeed, the amplitude of the friction force is
varied in accordance to the amplitude of the modulating pressure σn, which change the level of the
interaction between the faces of the micro-cracks, implying a greater or lesser friction force.

Figure 7 exhibits the power ℘ of the friction force F . It is worth noting that even if some
instantaneous values of the power are positive, the passivity of the system considered, which is
recalled in Eq. (27), is respected. This behavior can be justified attributing, as predicted by the
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Figure 5: Simulated dissipative loops for a concrete mixture and frequencies 0.8 Hz, 0.5 Hz, 0.3 Hz
and 0.1 Hz.
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LuGre model, an elastic behavior to the micro-asperities, which release elastic energy when the
sliding velocity becomes zero.

If µs = µk, i.e. the friction coefficient is constant, the LuGre model adopted turns in the Dahl
model that is rate independent as mentioned above. Figure 8 exhibits the dissipative loops for a
concrete mixture with Dahl model and frequencies 0.1 Hz and 1 Hz, and it is easily observable that
the area of a dissipative loop does not depend on the frequency.

4 Conclusions

In this paper, an already tested mathematical model is applied for describing some dissipation phe-
nomena which are observed in some experimental tests carried out on cylindrical concrete specimens
subjected to uniaxial compressive loading. In order to achieve a better match between the model
proposed and the experimental tests performed with different frequencies, we propose to exploit a
LuGre-type model adapted to a continuum medium to take into account of the observed ‘Stribeck
effect’. Specifically, for the sake of simplicity, we use a reduced model constituted of three cou-
pled ODEs which respectively describe macroscopic, mesoscopic and microscopic equilibrium of the
material modeled.

The numerical simulations that have been carried out show a good agreement with the mea-
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Figure 8: Dissipative loops for a concrete mixture with Dahl model and frequencies 0.1 Hz and 1
Hz.

surements carried out at different frequencies, allowing us to validate the model proposed in the
frequency range explored.

Finally, we have shown that if we consider the Dahl model to describe the friction force instead
of the LuGre one, the dissipative loops do not depend on the frequency of the applied load. Thus,
with a little change in the model, we can capture different behaviors that can arise from different
mixtures or even from other materials that present a micro-structure similar to that considered here.

The model seems to be extendable to interpret friction phenomena in concrete also in conjunction
with steel rebars. In this sense, an application to simplified models of concrete beams like the one
described in [17] appears to be very interesting and immediately deducible from the model. Thus,
further developments are expected considering composite fiber-reinforced models and the interaction
between the steel bars and the concrete based on suitable homogenizations (see e.g. [1, 50, 34, 16,
27, 42]).
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