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A partition 7 of a set S is a collection By, By, ..., By of non-empty disjoint subsets, called blocks, of S such that
Uf:] B; =S. We assume that By, By, ..., By are listed in increasing order of their minimal elements, that is, minB; <
minB; < --- < minBy. A partition into k blocks can be represented by a word T = 7T, - - - T, Where for 1 < j <
n,7; € [k] and UL {n;} = [k], and 7; indicates that j € By;. The canonical representations of all set partitions of []
are precisely the words T = 7T, - - - T, such that ©; = 1, and if i < j then the first occurrence of the letter i precedes
the first occurrence of j. Such words are known as restricted growth functions. In this paper we find the number of
squares of side two in the bargraph representation of the restricted growth functions of set partitions of [n]. These
squares can overlap and their bases are not necessarily on the x-axis. We determine the generating function P(x,y,q)
for the number of set partitions of [n] with exactly k blocks according to the number of squares of size two. From this
we derive exact and asymptotic formulae for the mean number of two by two squares over all set partitions of [n].

Keywords: Set partitions; restricted growth functions; generating functions; Bell numbers

1 Introduction

A partition 7t of a set S is a collection By, By, ..., By of non-empty disjoint subsets of S such that Uf‘:l B, =
S (see for example [3]). The B,’s are called blocks, and the size |B| of a block B is the number of elements in
B. We assume that By, Bs, ..., By are listed in increasing order of their minimal elements, that is, min By <
minB, < --- < minBy. This is known as the canonical representation. The collection of all set partitions of
S is denoted by P(S). We define [n] to be the set {1,2,...,n}. For example, the canonical representations
of the five partitions of [3] are {1,2,3}; {1,2},{3}; {1,3},{2}; {1},{2,3} and {1},{2},{3}.
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Let A be a (totally ordered) alphabet of k letters. A word w of size n over the alphabet A is an element
of A”. In the case A = [k], an element of A" is called k-ary word of size n. For example, the 2-ary words
of size 3are 111, 112,121,122,211,212,221, and 222. In the word form of the set partition canonical
representation, we indicate for each integer the block in which it occurs. Thus a partition into k blocks
would be represented by a word T = 7, - - - T, where for 1 < j <n,x; € [k| and '~ {m;} = [k], and
m; indicates that j € By;. For example, the above set partitions of [3] in canonical representation are
respectively 111, 112, 121, 122 and 123. We denote the set of all partitions of [r] by P([n]), and the
number of all set partitions of [n] by B, = |P([n])|, with By = 1 for the empty set. The B, are known as the
Bell numbers. Their sequence starts with 1,1,2,5,15,52,203,877,--- forn =0,1,2,--- (see [4, Section
1.4], AO0O110 in [1]).

It is a fact (see [3]) that the canonical representations of all set partitions of [n] are precisely the words
T =M Ty, such that T = 1, and if i < j then the first occurrence of the letter i precedes the first
occurrence of j. Such words are known as restricted growth functions.

Set partitions (or restricted growth functions) have been extensively studied in the literature, see [3] and
references therein. The exponential generating function for set partitions is given by ¢ ~! = 0 Bn %,
and the Bell numbers B, satisfy the binomial recurrence By41 = Y_ () B with By = 1.

In this paper we wish to find the number of squares of side two in the canonical representation or growth
restriction function of set partitions of [n]. These squares can overlap and their bases are not necessarily
on the x-axis.

For example the set partition {14}{23}{5}{6} has restricted growth function 122134. Our example
has a total of three 2 x 2 squares. We illustrate one of these squares below.

1 221 3 4

Fig. 1: An example of a two by two square in the restricted growth function 122134

2 Generating function

Let Py(x,q) be the generating function for the number of set partitions of [n] with exactly k blocks, ac-
cording to the number of squares of size 2 (2 by 2 squares). The number of parts is counted by x and the
number of 2 by 2 squares by g. We introduce Py(x,g|a), the generating function for partitions that end
with the letter a and similarly Py (x, g|ba) for those that end in ba (column b followed by column a).
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Thus for set partitions ending in a we have

k a—1 k
Pk(xaCI|a) = Z Pk(xa61|ba) = Z Pk(xa61|ba) + Z Pk(x7Q|ba)
b=1 b=1

b=a
a—1 k
=xY ¢" "Pulx,qlb) +x¢" " Y Pi(x,qlb). (1)
b=1 b=a

For set partitions ending with the letter k, we have

k—1
Pk(xaq|k) - Z Pk(x7q|bk) +Pk(x7q|kk)
b=1

k—1
=x Y ¢" '[Pi(x,q|b) + Pi—1(x,q|b)] +xg" " Pi(x, q|k). 2
b=1

The term P, (x,gq|b) corresponds to the case where the k-th block contains only one element.

To simplify the notation, we shall omit the variables x and ¢ and write Py(a) for P(x,g|a). Thus we
have two cases depending on the size of a:

Casel: For1 <a<k-—1

a—1 k
P(a)=xY ¢"'Pu(b)+ ¢ 'x Y Pi(b), 3)
b=1 b=a
from equation (1).
Case II: Fora =k
k | k—1 |
P(k)=x Y ¢" 'P(b)+x Y ¢" ' Peo1(b) = xPi(x,4:q) + xPe1 (x,q:9), )
b=1 b=1

from equation (2), where we define
- 1
Pi(x,q;v) == Z Pe(ap* . 5)
a=1

We proceed with equation (3), multiply it by v~ and sum over all values of a for 1 <a <k — 1 and
obtain
Pi(x,q:v) — P(k)W1 = xA +xB — xg" =W P (k), (6)

where
A=q"P (1)
+4°P(1) + qPe(2)v*
+ PV 2+ g P TR 4 4+ P (k22
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and

B =¢""P(1)+ ¢"P(2) + -+ ¢" P (k)
+¢"W'P(2) + -+ gV B (k)
AP (= 1) + g2 (k)
+ ¢ W P(k).

Now using equation (4) in (6) we have

Pe(x,q3v) — x[Pe(x, 43 9) + Pt (x, q5.¢) V!

k1 2 k-1
v—v vi—v
x[qopk(l) +qP(2)————+ -
-V I—v
=2 k-1 =1 k=1
+dPPk-2) k- 1) Y
1—v 1—v
l—qv 1—(qv) 1—(gv)* k-1
Ty p oy 9 p Pu(k
+X[]_qv k(1) + = qv %(2) + -+ T~ qv (k)| —x(qv)" " Pi(k)

This implies that for k > 2

Pe(x,q:v) — x [Pe(x,q:q) + Pi1(x, 45 ¢)] V!
pay

k—1
_ XV _
= 1 [P gsqv) = Pk) () ]}_—17‘}[Pk(xa51§51)_Pk(k)(CI)k ']
TP gi1) — Py (x, g qv) — x(gv)* " [Pel(x 439) + P (%, 439)]
1—qv b 9 1 qv 9 2 9 s — 9 9
so that
Pe(x,q3v) = ———Pi( ) XVHP( )
X,q4,V) = xX,q,qv) — X,q;
% (X,q T D av) = T Pulxazg

Pi(x,q;qv) + ka(k)vk*l .

x xqv
P, ;1) —

+ 1 _ qV k(‘x7 q ) 1 qv

We define Py(x,q;v) = 1 and Pi(x,q;v) = 1. Thus, if we introduce the variable y that counts the number

of blocks, which is k in P(x,y,q;v) = Y0 Pi(x, q;v)y* we have

p—

xy
P . _ 1= P . o -1
Xy qv) =7 =) —q) [ vy, qiqv) = 7 }

x xvy
— = |p 1q) — —1
1v[ (v, v ¢3q) = 77~ ]

X xy
2 |P(x,y,q; 1) — — —1 P(x,yv,q:q) —1].
+1qv[ (3 g31) = 77— ]ery[ (x,yv,45q) — 1]

This simplifies to the following result.
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Theorem 2.1. We have

. xv(l—gq)
P(x,y,q;v) = (1=v)(1—qv)

The series expansion starts 1 +xy +x2(y + vy?) + 3 (y + > +vy> + gvy? + @v*y) + x4 (y 4+ 2y* + gy* +
202 + gvy? +vg>y? + gy + ¢2vy? v+ vy + 2V + VYR 4 P y4). We illustrate the coefficient
of x* i.e., the 15 set partitions with 4 parts in Figure 2. Recall v counts m — 1 where m is the size of the
last letter and y counts the number of blocks. Below each drawing is the number of two by two squares.

X X
P(x,y,q:qv) + <xy - 1—_v> P(x,yv,43q) + 1_—qu(x7y,q; H+1

1234

(]3 v3y4

1231 1232 1213 1123 1223 1233

qy3 q2vy3 V2y3 qv2y3 q2v2y3 q3v2y3
1211 1212
¥ vy?

1121 1221 1112 1122 1222
2

¥ qy* vy qvy? qPvy?

1

1111
Yy

Fig. 2: Two by two squares in the 15 set partitions with 4 parts

It is well known that the generating function for the number of set partitions of [1] with exactly k blocks

is given by P(x,y,1;1) = Y5 % On the other hand, Theorem 2.1 for ¢ = 1 gives
=

X X
P(x,y,1;v) = (xy—ﬁ) P(x,yv,l;l)-l—:P(x,y,];])—i—1.

Hence, the generating function for the number of set partitions of [n] with exactly k blocks according to
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which block the element n appears in is given by

k k 1 k—2 k—1
1
P(x,y,l,v):1+z ( +Vv4- 4V +v )
>l Hj:o(lflx)

Theorem 2.1 with g = 0, we have

P(x,y,0;v) = lx—_VvP(x,y,O;O) + <xy %}) P(x,yv,0;0) +xP(x,y,0;1) + 1

which implies that P(x,y,0;0) = (xy — x) + xP(x,y,0;1) + 1. Thus,

xw+1—v

P(x,y,0v) = ——

P(x,y,0;0) + ( - %) P(x,yv,0;0) +x — xy. (7

Lemma 2.2. The generating function fi(x) for the number of words over alphabet k] of length n with no

squares of size 2 is given by %

over alphabet [k] of length n with no squares of size 2 is given by m

Proof. Let fi(x|a) be the generating function for the number of words arn over alphabet [k] of length n
with no squares of size 2. Each word am with a > 2 and 7 is not empty word, we have the first letter of
T is 1, otherwise am has a square of size 2. Thus, f;(x|a) = x + x*f;(x), for all a = 2,3,..., k. Note that
fi(x|1) = xfi(x). Therefore, by the fact that f; (x) = 1 +Y*_, fi(x|a), we obtain

Moreover, the generating function for the number of words an

T4 (k—1)x
felx) = 1—x—(k—1)x%
Moreover, fi(x|a) = H*(XW’ which completes the proof. O

Each set partition t1 with exactly k blocks with no squares of size 2 can be written as
112721323 1kx® 1,

where Ttl/) is a word over alphabet [7] such that jn/) has no squares of size 2. Hence, by Lemma 2.2, we
have

Z ok ﬁ 2 Z K2 1yk
P(x,y,0,0) =1+ —1+ —T
Sl-xigl—x—(i— STy (1 —x—ix?)
Hence, by (7), we obtain
2k—1,k
X Y
Plx,y,00v)=14) ——————
1;1 H (1fx ix?)
2k k k—1 2k=1 Kk
X v—|—v +--tv V
Ly ) y

Y
S M (1—x—ix?) k>1H o (1—x—ix2)

which implies the following result.
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Theorem 2.3. We have

2k—1k
P(x,y,O;l)zl—i—Zx (1+(k—1)x+xy)
k>1 H (1 —x—ix?)

Although we did not succeed to solve the functional equation in Theorem 2.1, we have come with a
new technique to study the generating function P(x,y,q;1). In order to do that, we define the following
notation. Let Wi (x) be the generating function for the words over alphabet [k] of length n according to the
number of squares of size 2.

Theorem 2.4. Fix 1 < a <k. Let Wi(x|a) be the generating function for the words an over alphabet [k]
of length n according to the number of squares of size 2. Then

1+Zz lek 1>j1>j> >],>0(1*qjl> (q]m*qjm l)
1— Zi:lx Zk*lZJ] >jp>->ji>0 qjl Hm:Z(qjm - qjmfl)
Moreover, Wi(x|a) = My (x;q)Wi(x) + Lq(x; q), where

Wk (x) =

a i
Ma(x:q) = ) ) ¢ [](g" =g,
=l a—l=j>jp>>ji>0  m=2
a i
La(x:q) =)« ) (1—=¢") [T(g" —g™).

a—1=j1>jp>->ji>0 m=2

Proof. By the definitions

Wi (x|a )*HXZq’ "Welxlj) +xq"~ 1ZWk (),
Jj= Jj=a

which, by Wi (x) = 1 +YX_, Wi(x|a), is equivalent to

Wilxla) = x(1 = ¢*~") +xq" " We(x) +xZ I =g YWalal))-
Assume that Wi (x|a) = M, (x;q)Wi(x) + Lg(x; ). Then

a—1
Mu(xiq) =xq" " +x Y (¢ — ¢ " M;(x:q).
=1

and
Ly(x;q) =x(1—¢q +xZ =gt Li(x;q).

By induction on a, we have
a o ) )
_ i Ji J Jm—1
=)~ Y " [1@" —a"),
i=1 a—1=j1>j,>>ji>0 m=2
i

_y ) (1=¢") [T(g" — ¢ ).

i=l a—l=j>j;>>ji>0 m=2
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Thus,

i

i Mj(x:q) = ixi )y " TT (@™ —a"),

j=1 i=1  a—1>j1>j;>>ji>0 m=2

a a . . i . .

Y Li(xig) =Y & Y (1—¢") [T (g" —q’).
=1 =1 a—1>j>jp>>ji>0 m=2

Hence, the generating function Wy (x) is given by

14+ Y5 Li(x:q)

Wi(x) = ————,
1— Y5 Mj(x;q)
and the generating function Wy (x|a) is given by Wi (x|a) = M4 (x;q)Wi(x) + La(x; q), as required. O
Example 2.5. Theorem 2.4 for k = 1,2,3 gives W\ (x) = 1, Wa(x) = % and W3(x) =

1+x(2—g—¢) +2q(1—q)
1=x(1+¢+¢%)—x*(2—g—¢*)—x3q(1-¢)*"

In the next result, we study a particular case, namely, the generating function W,*(x) for the number
of words Tt over alphabet [k] of length n according to the number of squares of size 2 in T(k+ 1). More
generally, Let W/ (x|a) be the generating function for the number of words ar over alphabet [] of length
n according to the number of squares of size 2 in an(k+ 1).

Theorem 2.6. We have

1

Wi (x) = i .
— . ‘ ,
1= Y X Lk 12y 5 o> ji20 4 [T (g9 — gIm=1)

Moreover, foralla=1,2,...,k,

Ll X Yo 1—ji>jp 209 Tl (g — g/ 1)

= T e , -
=Y X k125 o> 2047 [en (@ — g/m-1)

W (xla)
Proof. By the definitions

a—1 k
Wi (xla) = xg " +x Y ¢/ W) g Y WE ().
j=1 j=a

As usual by W;*(x) = 1+ YX_, W (x|a). Hence
a—1
Wy (xla) =xq" "W () +x Y (671 =g W (al)).
=1

Thus, by induction on a, we obtain

a i

CORAED WD VRN | (BT
i=1

i=1 a—l=j1>j>>ji>0 m=2
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Hence, by W (x) = 1 + YX_, W/ (x|a), we have

1

- lek 1>j1>jp>- >]1>0q1 Hm 2(qu—qu |)

Wi (x) =
as required. o

Theorem 2.7. The generating function P(x,y,q,1) for the number of set partitions of [n] with exactly k
blocks according to the number of squares of size 2 is given by

k—1
P(x,y.q,1) =1+ ) ¥ (Mk(x;q)LL() +Li(xg ) HM,

=1 1 =Y Mi(x;q) = Yi My(x:q)
where
Ma (.X,C]) — Z_xl Z q}t H (q}m _ q]m—l )7
i=1 a71:j1>j2>--->j,~20 m=2
a i
Li(xg) =Y ¥ )y (1—=¢") [T (@ —g™).

1 a—1=j1>jr>>ji>0 m=2

Proof. Fix k. Note that each set partition with exactly k blocks can be presented as 17()21(2) ... kr®),
where (/) is a word over alphabet [/]. By using Theorem 2.4 and Theorem 2.6, we obtain that the
generating function for the number of set partitions of [n] with exactly k blocks according to the number
of squares of size 2 is given by

Wi (x[1)W5 (x[2) - - Wy (x[k — 1) Wi (x[k),
as claimed. O

Example 2.8. Let us consider Theorem 2.7 when q = 1. For g =1, My(x) |4=1= x and L,(x) |g=1= 0.
Thus,

LL)=1
Pl =1+ ¥ 17 H<1—ex> L o0 2 (k)

k>1 1 k>0

as is well known.

Example 2.9. Here, we focus on the case g = 0, namely, set partitions with no squares of size 2. Theorem
2.7 with g = 0 gives that My (x) |;—0=x, L1 (x) = 0, and My(x) |j—0= xLa(x) |q=0= x> fora=2,3,... .k
i.e., Ly(x)|q—0 = x. Hence,

k. 2k
xy yx
P(x,y,0,1) =1+ + .
1—x /gznlzf:l(l—x—(f—1)x2)
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3 Average
According to the definitions in Theorem 2.7, we have
My(x;1) =x, L,(x;1) =0,
d a d
oMl = (= 1 (5), S LW)l1 = —(a= D

Thus, by Theorem 2.7, we obtain

Corollary 3.1. The generating function diqP(x,y7 q,1)|g=1 for the total number of squares of size 2 in all
set partitions of [n] with exactly k blocks is given by

d
_Px7y7q7]
g )|
1 ko x k(k—1)3—x—ko)x *l(—1)(6—60x—0(1—20)x2
:gzyknl . ( )( )+Z( )( ( )x%) _
=1 =1t T 1 —kx = 1—tx

In order to study the generating function diqP(x,y,q, 1)|g=1, we will find an exponential generating
function E(x,y) for the total number of squares of size 2 in all set partitions of [n] with exactly k blocks.
This can be done by extending the coefficient of x in diqP(x, ¥.4,1)|4=1 and then replacing x" by x"/n!.
At first, we write

d
—P 1
dq (xa)%% )

q=1

e iy x 2k, X, 3 5 Koo/ & x-3
= — = 2P Tk 6 — = (4K - 21K+ 17k :
6,;))[1—[]1—&( xJr + 6( + )+£§ll—€x+;1—ﬂx

The ordinary and exponential generating functions for the number of set partitions of [n] with k blocks are
given by Y~ N H’g:l 7 and e¥(¢"=1) _ 1 respectively. We obtain that the exponential generating func-
tion that corresponding to the ordinary generating function %Zkzl N H’(le 2 Ask is given by Eg(x,y),

where
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As,k xa)’) || As,k Es(xvy)
72)(_k @ %ey ) 2k2 Zydiy (yj}ey(e ’1))
7k %d%(ey“’x’”) 6 e
3 _ 2 _
e SRRSOl 2 (8 bde))a
k
e R (e ar L b (e )
) =
LS A (e )dr— et
(=

K
Remark: Note that F(x) = ¥,>0a,x" = Y11 ST 7255 X5 77 Then

F(X)Z%(Zykﬁ €x> dx(ZyZSnkX>=ZyanSn,kX"',

> 0= k1 n>k k>1 n>k

where S,  is the Stirling number of the second kind. Therefore, the corresponding exponential generating

function is given by
xl’l
Zana dxzy Zsrzk_

k>1  n>k

y A (NUTE)
dx ’

!
= n dx

which implies

By collecting all theses terms together, we obtain that

s 1)
E(xy) =0 —1- 2 <1+<y Z)(el)) e N2 2y

2 = DN 1)+ (150 — 1)
0
Ty

+ E (¢

17 ) * )
36y ((e - l)e)(etfl)dt—i—%/o te' @V,

F— 1)@ D (14 y(ef —1))dr

Aty =1, we have that

d 2x—1 x 3x—1 13
ZE(x 1) = 2x+e*—1 3xte' -1 - efll
bl == 9 ¢ 36°
Let B(x) = e = >0 B,,“;li! be the exponential generating function for the number of set partitions of
[n]. Then
d 6x+14d 1—6x d? 3x—1d° 13
ZE(x,1)= —B - = "B —B(x).
Gt = e B0+ T g B g g B+ 5B
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Hence, the coefficient of % in %E (x,1) is given by

1—-18n 1+4n 1 13+6n

- - "B.,——-B -
36 n+1+ B n+2 9 n+3+ 36

By,
which leads to the following formula.

Corollary 3.2. The total number of squares of size 2 in all set partitions of [n] is given by

19 —18n dn—3 1 6bn+7
B B, 1 — =B
36 n+ B n+1 9 n+2 + 36

B,_1.

Kasraoui [2] showed Bg:r = lo’érrn (1 + rlol%)]%(l +0(1))). Hence, asymptotically, the mean of the

. .. L 2
number of squares of size 2 over all set partitions of [r] is given by 3]’(‘)@.
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