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The role of the pressure in the partial regularity theory for
weak solutions of the Navier—Stokes equations

Diego Chamorro* T, Pierre-Gilles Lemarié-Rieusset*¥ Kawther Mayoufi*

February 18, 2016

Abstract

We study the role of the pressure in the partial regularity theory for weak solutions of the Navier—Stokes equations. By
introducing the notion of dissipative solutions, due to Duchon & Robert [5], we will provide a generalization of the Caffarelli,
Kohn and Nirenberg theory. Our approach gives a new enlightenment of the role of the pressure in this theory in connection to
Serrin’s local regularity criterion.

Keywords: Navier—Stokes equations; Partial regularity; Caffarelli, Kohn and Nirenberg theory; Serrin crite-
rion.

1 Introduction and presentation of the results

In this article we want to study some problems related with the role of the pressure in the partial regularity theory
for weak solutions of the Navier—Stokes equations. Before going into any further details, it is worth noting that if we
work in the whole space it is possible to get rid of the (unknown) pressure in a straighforward way. Indeed, if we
consider the problem to find a weak solution in R x R? of the equation

Oyt = VAT — (T- V)i — Vp+ f, div(@) =0, "
1
(0, ) = tp € L*(R?), div (i) = 0,

where the viscosity v > 0 is a fixed parameter, the force fis fixed in L2([0, +oo[, H~(R?)), and the solution  satisfies
@ € L>([0,T[,L?(R3)) N L?([0, T[, H'(R?)) for every T > 0, it is then possible to use the Leray projector P, defined

=

by P(p) = ¢ — ﬁ%(v - ), to prove that the previous problem is equivalent to the following one (see [9], Chapter 11)
Oyl = vAT —P(V - (I @ @) + P(f),  div (@) =0.

Thus, if we are interested in studying the regularity of weak solutions # of such problem, the pressure will not play
a fundamental role. However, in a local framework it is not possible to use this technique as the Leray projector is a
non-local operator. To overcome this issue we have at our disposal two different approaches.

The Serrin regularity theory

Following [I5], [16] or [I7], the first approach consists in taking the curl of equation (IJ) in order to get rid of the
pressure. Then, denoting by & = curld = V A @ and since we have V A Vp = 0, we obtain the following equation:

@ =vAS—V A ((@-V)@) +VAf, @)

from which it is possible to study the local regularity of the vorticity & and then to deduce the regularity of the weak
solutions . Here again, just as in the non-local case, we observe that the pressure plays no particular role.

This technique was first developped by Serrin [I5] in the following setting: let @ =]a,b[X By, .r, be a bounded set
where ]a,b[ is an interval of the real line and By, », stands for the Euclidean ball By, ,, = B(zo,70) with x¢ € R?
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and 7o > 0. Let moreover f € LZHF(Q) for some k > 0, let @ € L*L2(Q) N LEHL(Q) and p € D'(Q); if we assume
that @ is a weak solution on @ of the Navier—Stokes equations () then, if @ € L{°LS°(Q), we may conclude that

locally the regularity of @ is in fact driven by the regularity of f for every a < ¢ < b and 0 < p < rg we have that
@ € L>(Je,b[, H**1(Byy,p)) N L% (Je, b, H*2(By,,p)).

This type of results is known as local regularity theorems. We make now several remarks concerning the Serrin
regularity criterion.

(i) The pressure p can be a very general object as we only need that p € D'(Q) and this is not a problem since it
has disappeared in equation (2]).

(73) It is clear from equation (2)) that the regularity of 4 is related to the regularity of the force f

(i4i) We observe that by this method it is not possible to obtain any information of the regularity in the time variable:
indeed, Serrin gave the following example: if ¢ is a bounded function on R and if ¢ is a harmonic function on
R3, we define @ on ]0,1[x B(0,1) by @(t,z) = ¢(t)Vip(x). We have divii = ¢(t)Ayp(x) = 0, curld = V A @ = 0,
— — =12
A% = 0 and we obtain @ - Vi =V %) Now, if @ satisfies the Navier—Stokes equations (with a null force) we

have Oyt = VAT — (4 - ﬁ)ﬁ —Vp=-V ( @) — Vp from which we derive the following relationship

|i(t, z)[*

o)

p(tv :C) ==
We can thus see that a control of p is equivalent to a control of d;@. Moreover we have @ € L{°L2NL? H: N L L
on |0, 1[xB(0,1), but it is easy to see that if ¢ is not regular then there is no hope to obtain regularity for @ with
respect to the time variable.

(iv) The boundedness assumption @ € LPLX(Q) can be generalized: it is enough to assume that @ has some
(sub)critical behavior with respect to the scaling of the equation. Serrin [I5] proved that, if f € L?HY(Q)
and if @ € LYLY(Q) with % + % < 1, then, for every a < ¢ < band 0 < p < 719 we actually have that @ €
L LY (Je, b[X Bg,,p). Significant efforts have been made to generalize even more this hypothesis, see for example
[16], [T7] or [3]. In particular, parabolic Morrey-Campanato spaces were used by O’Leary [12] to generalize
Serrin’s theorem and we will see how to exploit this framework later on.

(v) Our last remark is that Serrin’s theory relies on the subcriticality assumption @ € LY LL(Q) with % + % <1 (or
the criticality assumption @ € LYL2(Q) with % + % =1 and 3 < ¢ < 400, proved by Struwe [16] and Takahashi

[17]), which is indeed very restrictive: from the information that @ € L{°L2(Q) N L2H(Q), using the Sobolev

inequalities, we can only obtain that @ € LYL2(Q) with 2 + 2 = % Thus, we have a supercritical behavior of

and we cannot deduce from the usual hypotheses the Serrin criterion for local regularity.

Caffarelli, Kohn and Nirenberg theory

To circumvene this supercriticality of @, Caffarelli, Kohn and Nirenberg [I] introduced another approach which is
actually satisfied by @ in the neighborhood of almost every point of @ =la, b[X By, r,, so that the lack of regularity is
concentrated on a very small set. As we will work here only on neighborhoods of points, the results associated to this
theory are denoted by partial regularity theorems.

Let us be more precise on the Caffarelli-Kohn—Nirenberg theory and we introduce now the main ingredients of this
theory

o The notion of weak solutions: a weak solution (u, p) of the Navier—Stokes equations on a domain @ =|a, b[X By, r,
is a time-dependent vector field @ € L{°L2(Q) N L?H}(Q) and a pressure p € D'(Q). If we assume that 7 is a
weak solution on @ of the Navier—Stokes equations such that for some (unknown) pressure p and some (given)
force f we have .

Ol = vAU — (4 - V)i — Vp+ f, div (@) = 0,

then the terms 8,@, vA@ and (@ - V)i are well-defined in D'(Q) when @ € L®L2(Q) N L2ZHL(Q), so that the
equations are meaningful for p and f in D'(Q).

e The set of singular points: following Serrin, we shall say that a point (¢, zo) € @ is a reqular point of the solution
@ if there exists a neighborhood V of (tg,zo) such that @ € L{L° (V). We then define the set ¥ of singular
points as the set of points (¢,x) € @ that are not regular points of .

Observe from the remarks above that if f is regular enough (for instance, f € L?H}) it is equivalent to ask that
@ satisfies @ € LY LY on a neighborhood of (¢g,xg), for some (p,q) with % + % <land3<gq<+occ.



e The set of large gradients for the velocity: we shall say that a point (¢,x) € @ is a point of large gradients for the

velocity if we have
1 -
lim sup— // |V @ i|?ds dy > 0.
r—ot T Jt—r2,t+r2[X By, »

We shall write Xy for the set of points of large gradients.

Remark that if j? is regular enough (for instance, if f € L?L2(Q)), then Serrin’s analysis tells us that, for a
regular point (tg, 7o) ¢ 3, there exists a neighborhood V of this point such that @ € L¥°H} on V: thus, for r
small enough we have

// ¥ ® @%dsdy — O(+?), and then (to, o) ¢ So.
Jto—72,to+72[X Bz ,r

Hence, ¥ is in fact a set of singular points. Besides, Y is a very small set: indeed, Caffarelli, Kohn and Nirenberg
[1] showed how to deduce from the hypothesis @ € L7 H} the fact that the (parabolic) one-dimensional Hausdorff
measure Ha of ¢ is null. The aim of a partial regularity theory is then to find criteria that ensure that ¥ = X,
so that there are very few singular point (if any).

e The notion of suitable solutions: the key point in partial regularity theory for Navier—Stokes equations is the
local energy inequality first studied by Scheffer [13] [14]. If f and p are regular enough to ensure that the products
pi and f -4 are meaningful as distributions, then the quantity

p=—0|i? + vAJul|? — 20|V @ @ — div (|@*@) — 2div (pi@) + 2f - 7, (3)

is well-defined as a distribution in D’'(Q).

Remark 1.1 For the force Kukavica [7] proposed that f € L;ONL;O/?(Q), as 4 € L;O/sL}co/g(Q) due to the
Sobolev embedding inequalities. For the pressure p Vasseur [18] showed that p € LY LL(Q) with r > 1 was enough.

Moreover, if i is regular enough, we will define suitable solutions as the solutions for which inequality
p =0,

holds, i.e. for which the distribution p is given by a locally finite non-negative Borel measure.

Remark in particular that if we know @ € LYL}(Q) with p = ¢ = 4 (which is not in the scope of the Serrin
criterion since in this case we have % + % > 1) then we have u = 0: we are indeed in a more general framework.
See [I0] for a proof of this fact.

Once we have detailed the setting, we can state the Caffarelli-Kohn—Nirenberg regularity theorem: let 3. be the set

of points (¢,z) in @ such that
1 -
lim sup— // |V @ ii]*ds dy > e.
r—ot T Jt—r2,t+r2[X By

Then Caffarelli, Kohn and Nirenberg [I] proved that ¥ = Xy = 3, for some € > 0 small enough that does not depend
on @, f nor u provided the following assumptions are fulfilled :

% p is regular enou usually, one takes p € e see , however Vasseur showed that p €
is regul gh I k L3232 11], h Vi 18] showed th LIt

with 7 > 1 was enough),

% f is regular enough (in [I], the condition was f € L?LA(Q) with p > 5/2, but other assumptions can be made, in
particular f € L?H(Q) will be enough),

* U is suitable, i.e., the associated distribution p defined by identity (B]) is non-negative.

As a matter of fact, Caffarelli, Kohn and Nirenberg proved a slightly more general result: under regularity assump-
tions on p (such as p € Li/ﬁ) and on f (such as f € L,‘Z/ﬁﬁ), and under the suitablity assumption on 4 (i.e. p > 0),
then the solution @ is Holder-regular on both time and space variables in a neighborhood V of (¢, ): for some 7 > 0

and C' > 0, we have, for (s,y) € V and (7,2) € V,

li(s,y) —u(r, 2)| < C(V]s = 7[ + [y — 2])".

Several remarks are in order here.



(1) First, we notice that it is necessary to impose some conditions in the pressure p and in this sense this approach
is less general than the Serrin criterion where we only have p € D'.

(i7) We do not need the local boundedness assumption @ € (L$° L) ;0c (or (LY LL)10c with %—i—é <land3 < ¢ < +00);
instead we will use the hypothesis of suitability. In this sense the Caffarelli-Kohn-Nirenberg theory is more general,
at least when we are studying the constraints on .

(7i7) Since we have some control in the pressure p it is possible to obtain some regularity in the time variable as it was
underlined by the Serrin example.

(iv) Finally, it is worth noting that this regularity is only obtained in small neighborhoods of points.

As we can see, if we compare the hypotheses and the conclusions of these theories that study the local/partial regularity
for the weak solutions of the Navier—Stokes equations we obtain two quite different approaches.

Presentation of the results

The general aim of this article is to weaken as much as possible the regularity assumption on the pressure, while
keeping the main lines of the Caffarelli-Kohn—Nirenberg theory and, by doing so, we will obtain a different point of
view to the partial regularity theory.

We use as a starting point the following remark: the Caffarelli-Kohn—Nirenberg theory is based on the suitability
of the solution , i.e. on the local energy inequality p > 0, where p is given by identity (B]), and we can see that indeed
we have two assumptions in the definition of suitability:

e the pressure p is regular enough to allow the quantity u to be defined as a distribution,

e and the fact that p is non-negative.

But if we just assume p € D'(Q), we have that u is no longer well-defined and thus we must change the definition of
suitability. So, our first task is to give a sense to the product pi even when p € D'(Q):

Proposition 1.1 Let zg € R® and p > 0, we consider Q =]a,b[X By, , a bounded subset of R x R3. Assume that
@€ LPL2(Q) N LIHLN(Q) with div (@) = 0 and p € D'(Q) are solutions of the Navier—Stokes equations on Q :

- —

Oyt = vAT — (@- V)i — Vp+ f,

—

where f € LioﬁLioﬁ(Q) and div (f) = 0.

Let v € D(R) and 6 € D(R3) be two smooth functions such that /’y(t)dt = / O(z)dx =1, supp(y) C] — 1,1[ and
R R3
supp(f) € B(0,1). We set for a,e > 0 the functions yo(t) = 2v(L) and 6. = %0(%) and we define

‘Pa,s(ta T) = 'Va(t)ea (x)

Then, if the set Qty.z.ro =)to — 3, to + r%[szmm is contained in Q, the distributions i * pq ¢ andl D * Qa.e are well
defined in the set Q) vo,ro/a C Q for 0 < a < r3/2 and 0 < & < r9/2. Moreover, the limit

lim lim div [(p * wa,g) X (17* 9004,8)} )

e—=0a—0
exists in D' and does not depend on the choice of v and 6.

We shall write from now on
lim lim div [(p* @a,c) X (@ * a,c)] = (div (p@D)).

e—=0a—0

The existence of this limit is not absolutely trivial but it will allows us to work with the object (div (p&)) where the
pressure p belongs to D'(Q): we can now introduce the following concept that will replace the notion of suitability.

Definition 1.1 (Dissipative solutions) Within the framework of the Proposition [T, i.e.:

—

e assume f € Li0/7L3150/7(Q) with Q =)a,b[x By, , where zo € R3, p >0 and div (f) =0,

e if (i,p) is a solution of the Navier-Stokes equations Oyii = vAu — (i - 6)17 —Vp + f, div (@) = 0 on Q with
i LFI2(Q) N I2HNQ) and p € D'(Q),

LConvolutions are considered in the time and the space variable.



we will say that a solution U is dissipative if the distribution M given by the expression
M = —d,|i@]? + vAla]? — 20|V @ @? — div (|@*@) — 2(div (pid)) + 2f - @, (4)
is a mon-negative locally finite measure on Q).

We have here two remarks.

(¢) Tt is clear since p € D’ that the concept of dissipative solutions is more general than notion of suitable solutions,
and we will show that suitability implies dissipativity. Moreover, it is possible to show that the set of dissipative
solutions is strictly larger than suitable solutions one, see Remark below for the details.

(id) Tt is worth noting that if we assume @ € L*L* (with f regular enough, say f € Li%"Li7 but without any

condition on p) then we can prove that we actually have M = 0. See Remark below.

Once we have introduced the notion of dissipative solutions, we now may state our main theorem:

Theorem 1 Let v > 0 be a fized parameter. Let Q =]a,b[x By, be a bounded domain of R x R® and let (i,p) be a
weak solution on Q of the Navier—Stokes equations

Oyt = vAT — (- V)i — Vp+ [, div(@) =0, o)
5
i@(0,z) = iy € L2(R3), div(ily) = 0.

We assume that:

o i€ LPLY(Q)NLIHL(Q) and p € D'(Q),
o fe ZHLQ),
e 1 is dissipative in the sense of the Definition [l given above.

There exists a positive constant e* > 0, which depends only on v, such that, if for some point (to, o) € @ we have the
inequality
1 .
lim sup— // IV @ ii(t,z)|?dt do < *, (6)

r—0 T
Jto—72,to+72[X Bzg,r

then the solution 4 is bounded in a neighborhood of (to,xo). In particular the point (to,xo) is regular.

It is interesting to contrast our approach to the Serrin and to the Caffarelli-Kohn—Nirenberg theories: from the point
of view of the hypotheses on @ we only assume the smallness condition (@) and we require the dissipativeness property.
Thus, since we impose less conditions over the pressure and since the concept of dissipative condition is more general
than the suitable one, we could think our method as a generalization of the Caffarelli-Kohn—Nirenberg theory. But,
as we only require that p € D’, due to the Serrin example given at the beginning of this article, it is not possible to
expect any regularity in the time variable and the conclusion of our main theorem only provides regularity in the space
variable: in this sense our result should also be considered as a generalization of the Serrin theory since we require
less conditions over 4.

As we can see, our method is a generalization of these theories following very specific directions: a weaker control
over the pressure generates the loss of the time regularity but it is still possible to obtain regularity in the space variable.

Let us explain now the global strategy of the proof that will be displayed for Theorem [Il First, as we do not
make any particular assumption over the pressure p (recall that we only have p € D’) we will take the curl in the
Navier—Stokes equations () and doing so we will immediately get rid of the pressure p. However we will not going to
work with the variable @ = V A @ and the corresponding equation (), in fact we want to work with a more regular
distribution. Furthermore, as we are interested to study the regularity problem only in a neighborhood of a point
(to, o), we will first introduce a cutting function ¥ € D(R x R?) which is null outside a small ball centered in the
point (o, zg) and then we will define a new variable in the following way:

7=



The crucial point here is that, roughly speaking, the two successive derivatives given by the gradients V in the previous
formula are locally compensated, in a sense that will be made precise later on, by the operator f% and thus, some of
the properties of @ will be very similar to those of the new variable @ and viceversa: actually we will see that (locally)
¥ is equal to @ up to a harmonic (in the space variable) correction.

The central idea is then to use ¥ as a support function to study the regularity properties of @ and thus our first
task will be to describe some of the properties of .

In Proposition Bl we give some basic properties of ¥ that can be easily deduced from the hypotheses on i; however,
the full strength of this new variable will appear clearly when we will study the equations satisfied by ¢: indeed, we
will see that the function ¥ satisfies the following Navier—Stokes equation (called the companion equation)

0T =AT— (7-V)o—Vq+F,

where the pressure g and the force F will be deduced from the original parameters and we will see that ¢ and F satisty

some interesting properties. It is worth noting here that ¢ and F' will not depend on the pressure p. See Proposition
below.

With the help of the variable ¢ and the companion equation we will prove Proposition [[LT] and we will see that if
i is a dissipative solution then our new variable ¢ is actually suitable is the sense of the Caffarelli-Kohn—Nirenberg
theory. Moreover, we will prove that if @ satisfies the smallness assumption (@) then it will be also the case for the
new variable ¥. Thus, since the function ¥ satisfies the Navier—Stokes equations in a slightly different framework than
the function u, it would be possible to study further local properties of the variable . Then we will see how these
properties of the function ¢’ are transmitted to the original variable «. Finally, the last step which is given with the
Proposition will explain how to deduce that @ is a locally bounded function and Theorem [ will be completely
proven.

The plan of the article is the following. In Section 2] we recall some of the tools that will be used in the proof
of Theorem [I], in particular we will insist in the parabolic setting of the problem and in O’Leary’s and Kukavica’s
theorems which are crucial in our study. Section Blis devoted to the proof of the main theorem. Technical lemmas are
postponed to the appendix.

2 Parabolic scaling and related tools

The main idea in the proof of Caffarelli, Kohn and Nirenberg [I] is to estimate the regularity of @ by estimating the
size of some scaled integrals. Of course, it uses the invariance of the Navier—Stokes equations under a well-defined
rescaling : if  is a solution of

i =vAi— (i-V)i—Vp+f, divi=0,
on |tg — a,to + a[x By, ry, then for A > 0 we have that
tix(t, ) = Ni(to + A2 (t — o), 20 + Az — 20)),
is still a solution of the Navier-Stokes equations on the rescaled domain Jtg — xz,%0 + %[XB%’%O , for the rescaled

force fa(t,x) = N3 f(to+A2(t—to), 2o+ Ma—z0)) and the rescaled pressure p (¢, 2) = A2p(to+A2(t—to), zo+A(z—120)).

Thus it is natural to work within the frame of the geometry generated through those parabolic scalings. Hence,
we shall consider the parabolic distance on R x R? defined by

da((t, ), (s,9)) = max{|t — 5|, |z — y]}, (7)

and we will denote by @y, the parabolic ball of center (¢,z) and radius r i.e.

Qtor = {(s,y) ERxR®:ds((t, @), (s,9)) <7} (8)

The space R x R3, endowed with the parabolic distance ds and the Lebesgue measure dt dx is a space of homogeneous

type (in the sense of [4]) with homogenous dimension equal to 5: / dtdx = Cr°. Associated to this distance, we
Qt,z,r
have the notion of Hausdorff measures. If A is a subset of R x R3, we define for § > 0 the set Zs(A) as the set of



countable families (@ )nen of parabolic balls @, = Q+, s, ., such that A C |J @, and sup r, < 0. For a > 0, we
n€eN neN

“+oo
HS(A) = inf rees.
24(4) (Qn>n€Nezs<A>{Z }

n=0

define for all § > 0 the quantity

Now, in order to obtain the Hausdorff measure H§ of the set A we make § — 0:
HE(A) = imHS 5(A).
=0 7
For more details concerning the properties of the Hausdorff measure see [6]. The result of Caffarelli, Kohn and
Nirenberg [I] states precisely that the set X of points with large gradients for the velocity satisfies
H3(%0) = 0.

While the Hausdorff measures involves only the parabolic distance, we shall also work with parabolic Morrey spaces
which involve both the distance and the measure. Let Q be the collection of parabolic balls Q; . of type (8) where
teR, z€R3and r > 0. For 1 < p,q < +00, the parabolic Morrey space M5 (R x R3) will be defined as the space
of locally integrable functions f on R x R? such that

1 P
I fllpgs = sup (—5(1p> // If(s,y)lpdsdy> < +o0.
Qt,er€Q \ T a Qt,ovr

Remark that LY(R x R3) = M%9(R x R?). See the book [10] for many interesting examples of applications of these
functional spaces to the study of the Navier—Stokes equations.

Though we shall not use them in the following, it is worth recalling the related notion of parabolic Morrey—
Campanato spaces [2]. The space EQ’A is defined as the space of locally integrable functions f on R x R3 such that

Qt,2,r€Q

1 P
fllggs = s —(// |f<s,y>—mQ,,,m,r<f>|pdsdy> < +o0,

|Qt,m,r|
For 0 < A < 5/p, we find that f € £2 if and only if f = g + C, where C is a constant and g € M%7 with
A= 5(% - %) In the particular case when 5/p < A < 5/p+ 1, we find that f € £5 if and only f is Holderian (with
respect to the parabolic distance) with Holder regularity exponent 7, where A = % +n:

[f(t,2) = f(s,9)l

sup < 400,
(t,x)#(s,y) d2((ta ZL'), (Sa y))"]

where mq, , . (f) = 1 // f(s,y)dsdy.

where the distance ds is given by formula ().

Morrey spaces are useful in the theory of regularity for solutions of the heat equation, hence of the Navier—Stokes
equations (see for example the books [9] [10]). We will say that a function f belongs to those spaces in a neighborhood
of a point (tg,xo) if there is a smooth compactly supported function ¢ equal to 1 on a neighborhood of (to,xg) such
that ¢f belongs to the Morrey space. Then a solution h of the heat equation

dh — vAh = g+ div (H),

will be locally Holderian of exponent 7 on a neighborhood of (tg, zg) if the data g and H are regular enough: on a
neighborhood of (g, o), we may ask that g is locally M5*% with 1 < pg and 5 > qo > 5/2 (withn =2 — q%) and H
is locally M5V ? with 1 <py, ¢ >5 (andnp=1— qil)

Remark 2.1 An useful remark is the following one: if g has a bounded support and belongs to M5 with 1 < p <
q < +oo, then g belongs to MEV T whenever 1 < py <p and p1 < ¢1 < gq.

Motivated by this framework, several authors have replaced the traditional LY L4 criterion for the Serrin local regularity
result or the Caffarelli-Kohn—Nirenberg partial regularity result by assumptions on the (local) Morrey norms of @ and
f. In particular, O’Leary [12] have stated the following variant of Serrin’s regularity result which will be useful for
our purposes:



Theorem 2 Let Q be a bounded domain of R® of the form Q = Qg .zo.ro for some to € R, 9 € R and 9 > 0.
Let @ be a weak solution for the Navier-Stokes equations (#) such that @ € LPL2(Q) N LIHL(Q), p € D'(Q), and
f e LZHY(Q). If moreover we have 1yi € M3T(R x R3), for some 7 > 5, where V is a neighborhood of the point

(to, o), then 4 is a locally bounded function: for every parabolic ball Q which is compactly supported in V, we have
i€ LELE(Q).

O’Leary stated his theorem with a null force f, however, it is not difficult to extend it to the case of a regular force
f € L?H} (see [10] for a proof).

Let us recall now that Caffarelli, Kohn and Nirenberg [1] stated their theorem with regular force (f € LYLe

with p > 5/2) and pressure (p € L§/2Li/2, see for instance [I1]). Ladyzhenskaya and Seregin [§] then proved the
Caffarelli-Kohn-Nirenberg theorem in the setting of parabolic Morrey spaces: they assumed that, on a neighborhood
V of (to,xo), the force f satisfied 1y, f € M3? with ¢ > 5/2.

More recently Kukavica [7] considered less regular forces and split the proof in three steps.

Theorem 3 Let Q be a bounded domain of R? of the form Q = Qi 20, for some to € R, g € R® and 1o > 0. Let @
be a weak solution for the Navier-Stokes equations (@) such that @ € L°L2(Q) N LZHL(Q), p € D'(Q), and f € D'(Q)

—

with div (f) = 0. Then:
1) Energy inequality. If p is regular enough (i.e., p € L¥LP(Q) for some qo > 1) and fis regular enough (i.e.,
fe LioﬁL;lEOﬁ(Q)), then the quantity
1= —0d|? + vAla? — 2|V @ @) — div ((|@]? + 2p)@) + fa, (9)

is well-defined as a distribution. The solution u is called suitable if u is a locally finite non-negative measure on
Q: for all ¢ € D'(Q) such that ¢ > 0, we have

// T2(Bhp + VAQ) + (- F— |V @ @) + (|2 + 2p)iT - Vo dtda > 0.
R JR3

2) The small gradients criterion. Assume that:
e pc LILP(Q) for some qo > 1,
- 10
o Iofe My ™ for some Ty > 5/3,
o U is suitable.

There exists positive constants €* > 0 and 11 > 5 which depend only on v, qo, and 7o such that, if (to,x0) €

and .
1imsup—// IV @ (s, y)]2ds dy < €*,
r—0 T Jto—r2,to+r2[x B(zo,r)

then there exists a small parabolic neighborhood Q = Qi 207 0of (to,xo) such that we have 1o @ € M
Igpe Mgo,‘rl/2.
3) Regular points. Assume that there exists a neighborhood Q = Qi 50,7 of (to,zo) € Q such that

3,71
5t and

e Ipi e Mg’ﬁ for some 11 > 5,

o Igpe MI™ for some 1< qo <72 and T2 > 5/2,
S 10

o lgfe My ™ for some 3 >5/2.

Then there exist 0 < p < 7 and n €]0,1] such that @ is Holderian (with parabolic Hélder reqularity exponent
1> 0) on Qiy,z0,p- In particular, the point (to,xzo) is regular.

We end this section with some remarks concerning the hypotheses stated for the force f

(1) in the first point of this theorem, we are only interested to give a sense to the product f - 1, thus since we have

U e Llo/sL;O/s it is enough to assume that fE LioﬁL;O/?.

(7i) However, for the second point we will need more regularity and if we want to work with more classical spaces
we may ask that f € L2L2. Indeed, since L2L2 = M2? and since Q is a bounded subset, we find that
1o f € L?L? implies 1o f € Méo/ s and, since we have for the second parameter defining this Morrey space that
5/3 < 2 < 5/2, we fulfill the condition over f stated for the small gradients criterion.



(7i1) For the last part of the theorem, we will need even more regularity for the force, indeed, from the previous lines
we see that j? € L?L2 will not be enough since 2 < 5/2. Thus, if we want to work with classical spaces we may
ask j?E L2H!. Indeed, since LZH! ¢ M2'%/® and since Q is a bounded subset, we find that 1of € L2H! implies
]lgf € /\/110/7 1073 " Note in particular that we have here 5/2 < 10/3 for the second parameter of the previous
Morrey space and thus assuming f € L2H!} we satisfy the required hypothesis.

3 Proof of the Theorem [

In this section we will prove Theorem [I] with the help of the Theorem [] below for which we follow the global structure
of Theorem [3], i.e. we will decompose each step in function of the hypotheses needed for the force.

Theorem 4 Let Q be a bounded domain of R? of the form Q = Q; ., given in (8) for somet € R, z € R® and p > 0.
Let @ be a weak solution for the Navier-Stokes equations (#) such that @ € L{PL2(Q) N LIHL(Q), p € D'(Q), and
f€D'(Q). Then we have the following points:

1) Energy inequality. If f € L;ONL}CO/?(Q), then the quantity

M = —8,|al* + vAld]? — 2v|V ® @>—div (|@]*@)
— 2(div (p@d)) + 21 - f,
is well-defined as a distribution. The solution U is called dissipative if M is a locally finite non-negative Borel
measure on 2.
2) The small gradients criterion. Assume that:
o fe LTLL(R),
e U is dissipative.

There exists positive constants €* > 0 and 11 > 5 which depend only on v such that, if (to,x0) € Q and

lim sup — // |§®ﬁ(s,y)|2 dsdy < €*,
r—0 Jto—72,to+72[X Bag,r

0>

then there exists a neighborhood Q = Qyy 507 of (to, o) such that 1o i € M3 ™,
3) Regular points. Assume that there exists a neighborhood Q = Qyy 50,7 of (to,zo) € Q such that
o lgie MS*“ for some 11 > 5,
o 1o feL2HL.

Then there exists ' < T such that @ is bounded on Q, z,.r - In particular, the point (to,xo) is reqular.

It is worth noting here that at each one of these steps, we have changed the hypotheses for the force f (from less
regular to more regular) in order to ensure the desired conclusion and we will follow this frame in the proof of the
theorem. We do not claim here any kind of optimality with respect to these assumptions.

Remark 3.1 In the assumptions of Theorem [, we may add the assumption that div (f) =0.

Indeed, if f belongs to Li0/7L3150/7(Q), L7L2(Q) or LH} (), with Q = Qy4p, then it can be extended to |t — p?,t +
p?[xR? and still belong to L10/7L3150/7, L?L2 or L?H}. Then, using the fact that the Leray projection operator is
bounded on Lw/7 L? and H}, we find that we may write f as f: f(; — 6(] where div (ﬁ;) = 0 and f(; belongs to
LYTLT(Q), L2L2(Q) or L2H(Q). Thus we change the couple pressure-force (p, f) in the Naver-Stokes equations

10/7 10/7(9))

into (p + g, fo) As ¢ is regular (¢ and Vq belong to L, , we see easily that

—

lim lim div [(q* @a,c) X (T * @a,c)] = div(q@l) =@ Vq.

e—=0a—0

In particular, we obtain the same distribution M when we compute it as associated to the solution (@, p) and the force
f or as associated to the solution (@, p + ¢) and the divergence-free force fo

Remark 3.2 Suitability implies dissipativity.



If we assume a little regularity on p (such as p € L{ L1 (Q) with gop > 1), then we shall have (div (p@)) = div (p@) and
M = p. In that case, Theorem [ is reduced to Theorem Bl However, in our theorem, we assume no regularity at all
on p, so that in particular, @ can not be regular in the time variable, as shown by Serrin’s counterexample.

In fact, the class of dissipative solutions is strictly larger than the class of suitable solutions. It is indeed easy
to check that Serrin’s counterexample (which is stated without a force) is actually a dissipative solution. Indeed, we
recall that @(t, z) = ¢(t)V(z) on 0, l[xB(O 1) where ¢ is a bounded function on R and % is a harmonic on R? and

the pressure is given by p(t,z) = U I)| — 0:p(t)1(x). Now we need to verify that the distribution M given in (@)

is non-negative:
M = —0y|u]* + vAli]? — 2v|V ® 4> — div (|@*@) — 2(div (piD)),

but since A = 0 we have vA|i|? — 20|V @ @2 = 2vii - AT = 0 and thus we obtain

M = —|V¢Pal(et)?) - div (|i*id) — 2lim lim div ((p * pa,e) (0 * 9a,c)

e—=0a—0

e—=0a—0

- ﬁ2
= —|Vy|?0:(o(t)?) — div (|@)*@) — 2lim lim div <<{ % - 8t¢1/)] * gpays) (U * @aﬁg))

e—=0a—0
il? o
% * Pa, s) (1 * ‘Pa,s))

+2lim limdiv (([06%] * 9a,e) (GOVE() * pac) ) -

= —|VY|28:((t)?) — div (|@]*@ )+2hm lim div <

Recalling that Ay = 0 and passing to the limit o, — 0 it is easy to see that M = 0; thus the example of Serrin is
dissipative in the sense of the Definition [Tl and is in the scope of Theorem [I

3.1 The new variable

We start the proof of Theorem M by considering a function @ and a distribution p that satisfy the Navier—Stokes
equations () over a bounded domain Q C R x R3, for a divergence-free force f In order to simplify the notation, and
with no loss of generality (as we are interested in local properties), we will assume once and for all that the set 2 is
of the form

Q =1 X Byy,p, (10)

where I =]a,b| is an interval and B, , = B(xo, p) is an open ball in R? of radius p > 0 and center zo € R3. In this
section, we only assume that @ € L{°L2 N L2H} and that div (f) = 0.

Our first step is to consider the curl of @, which will be denoted by & = V A@. We obtain the following equation:
S =vAS -V A(GAT)+ VAL, (11)
where the pressure p has disappeared (since we have VA ﬁp =0).

However, as said in the introduction, we shall be interested in the more regular distribution @ than in the distribution

« and for this we proceed as follows: since we want to study the regularity of  inside €2; we shall restrict ourselves to
a smaller domain

QO = IO X Bwo,ﬂo) (12)

with Iy =]ag, bo[, where a < ag < bg < b and 0 < pg < p. Then, to go back to @ from the vorticity &, we introduce a
cut-off function 1 € D(R x R3) which is equal to 1 on a neighborhood of €y and is compactly supported in Q. More
precisely, we ask ¥ to be of the form
U(t,x) = o(t) (),
where ¢ is equal to 1 on a neighborhood of Iy and is compactly supported within I, while ® is equal to 1 on a
neighborhood of By, ,, and is compactly supported within B, ,. The distribution & may be viewed as defined on
the whole R x R? and clearly belongs to L{°H_ ' N LZL2. Thus, using this localization function 1, we can define a
new function ¥ in the following way

1 = 1 = -
ﬁ:fZV/\(w&}):fZV/\(i/JV/\ﬁ). (13)
Note in particular that, on g, the derivatives of ¥ are equal to 0, so that

AT=-VA@WD) ==V A (VAL = AL,

10



(since div (@) = 0). We can see then from this identity that, on Qq, ¥ is equal to @ up to a harmonic (in the space
variable) correction @. Throughout the paper, our stategy will be to replace the study of the regularity of @ with
the study of the regularity of ¥/, and to link those two regularities by a precise study of the harmonic correction @ = v—u.

We begin with some elementary facts on ¢ and 0 :

Proposition 3.1 Under the assumptions @ € L°L2(Q) N L2H(Q) on the solution @ of the Navier-Stokes equations
(3), the function ¥ defined by the formula (I3) above satisfies the following points

1) div (¢) =0,
2) 7€ LFI2(00) 1 ZHL (D),
3) the function W = ¥ — U satisfies W € L°Lip, (Qo).
Proof. The first point is obvious, since the divergence of a curl is always null. For the second point, we will use the
identity . . B
YV AT =V A@E) — (V¢) A,

and using the definition of ¥ given above in ([3]) we obtain the expression
1~ /- .
F=—xVA (V/\(wﬁ)—(vw)/\a). (14)

We will prove in the following items that ¢ € L{°L2 () and v € LZH1(Q).
e We start with o € L{°L2(Qp). Taking the norm L?(By, ,,) in the space variable of the expression () we have

+
LZ(Bmo,po)

B} le (o -
18] 28,y ) < HZV/\(V/\(i/Ju))

’%ﬁ A ((61/,) A ﬁ)

L2(Baxg.p)

IN

H%ﬁ A (VA (i) (15)

le /o 4
JrHZV/\((VUJ)/\u)

L2(R?) L2(R3)

Applying Hardy-Littlewood-Sobolev inequalities in the second term above we obtain

) < C Wil zqay +C | o 1

Hv||L2(Ba:0,p0 L6/5(R3) ’

Now, using the support properties of the function ¢ and using the Holder inequality we can write
19l L2(Bay o) < ClYN Lo (Boy )l L2(Bs, ) + CUVYI 2B, )l 2B, ,)- (16)
It remains to take the L° norm in the time variable in order to obtain
18l (0, 22Bg s < C (I8lnzree + 190 o2y ) 1 200 10,2 (8,00
< COyllallzoero.22(B4,,,0) < Cplltll L2,

since Iy X By, C §2. The last quantity above is bounded by the hypotheses on .
e We study now the fact that 7 € L?(Iy, H'(Bq,,p,)): taking the H'(By,,,,) norm in the expression (I4) we obtain

~ e, (o . 1o = _
10022 (Bay ) < HZVA (VA (wu))H + HZV A (V) A D) .
H(R?) H(R?)

The first term above can be controlled by ||| g1 (s, thus (due to the support properties of the function 1) by
CwHU”Hl(BIO,p)- For the second term of the previous expression, we have by definition of the H' norm

= H%ﬁA (V) A @)

H%ﬁA (V) A @)

H(R3) L2(R3)

+ Hﬁ (%6 A () A U))

L2(R?)
Following the same computations performed in (IH)-({I6) we see that the first quantity in the right-hand side of
the previous formula is controlled by ||V ||Ls(s,, )|l L2(B,, ), While the second quantity in the right-hand side

can be estimated by Hﬁ’lp”Loo(BIU,p)HGHLQ(BIO,p). Gathering all this estimates we obtain

01 1By ) < Cullill s, )

and thus we have
V1 L2 (10,51 (Boy o)) < Colltll L2190, 51 (B.y ) < Colltll L2m1 () < +00.
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We now prove the third point of the proposition. For this, we start using the following general identities (where
we use div (¢¥@) = (4 - V), as div (@) = 0)

7= —xVA (6A (Wid) — (V) mz)
172 . 172 _
- - [ A (YA (m)ﬂ + [v A ((w) Au)}
1 = 1 = —
- - [ (@- V) —A(wﬁ)} +5 VA ((w)mﬂ
112, = L 1 r= - .
- - [V(u - w)} i+ 5 [v A ((F) /\u)} .
From this last identity, it is possible to derive a reformulation for :
1 - = 1 - —
T =i+ 5 [VA ((w)m)} - [V(ﬁ.w)}. (17)
Now, since by definition we have that ¥ = 1 over )y, we obtain the following decomposition on g
U =1+ W,
where ) )
7= [VA (V) na)| - 5 [V@ o). (18)
We recall now that the operator % is given by convolution with a kernel K: indeed, for an admissible function f we
have

1 )

dr Rs |7 — Yl .

1
@) = K+ f @) = (19)

For (t,x) € Qo, we have © € By, ,, while ¢(t,y) = 1 on Iy X By, ,, for some p; with pg < p1 < p. In particular,
Vi(t,y) is identically null for ¢t € Iy, x € By,,p, and |y — x| < p1 — po. Thus, with the definition of @ given in (I8
above we may write, for every multi-index o in N3
ozita) < |@rK) [V A () AT (to)| + [@2K) « [V(@- V)] (t.2)
3

3
D102 # [Oe, (D, 90)un) ] (t2)| + Y [(OTK) # [0, (w0, )] (£, )|

.5,k .5,k

3 3
D (0200, ) * [(00, ¥)us] (t,2)] + Y (0500, K) # [u (0, 0)] (8, 2)]

.5,k .5,k

IN

IN

and obtain .
IV(t, y)llu(t, y)|

Y0 <
|azw(t"r)| — COt |Z'*y|2+‘a|

{p1—po<ly—z|, y€Bzy,p}

dy, (20)

Thus, we have the following control for (¢,z) € Qo :

o, C = —
|0z w(t, x)| < m”vlﬁ(t MezB., HaE 2B, )
from which we obtain that 02w € L L (£2g). The Proposition Bl is now completely proven. [

Remark 3.3 In Proposition [31] we have stated the results over the set Qg C Q and it is possible to extend some
properties of the new variable U to the set Q). Indeed, following the same computations performed in the second point
of the previous proposition it is easy to see that we have

7€ LPLA(Q) N LIHL(Q).

However, the fact @ € L{°Lip,, can not be extended to the set €2 and in order to obtain this property we need to work
over a smaller subset Qg C ). Remark nevertheless that over {2 we have:

Corollary 3.1 If we work over all the subset Q since @ € LL2(Q) N L2HL(Q) and ¥ € LPL2(Q) N LZHL (), we
also obtain @ € LL2(Q) N LIHL(Q). Indeed we have

W]l Leer2 () < CopllillLerz) and  |[WllL2m o) < Cpupllill L2m1()-
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3.2 The companion equation.

Now we turn our attention to the equation satisfied by the new variable v and we will see here that we obtain a new
Navier—Stokes equation on 2y

8,0 =vAT— (7-V)7—Vq+F,

where ﬁq is a gradient term and Fisa divergence-free force. As said in the introduction, this equation will be called
the companion equation of the original Navier—Stokes equations (@). Of course, our aim is now to prove that g and F'
may be easily estimated from the assumptions on f and @ without involving the pressure p.

We recall that the variable v was defined by v = —%6 A (1/16 A i), we shall thus define now in an analogous way

and we have the following lemma which is a consequence of the previous computations performed in Proposition 311

Lemma 3.1 Let Q be a bounded subset of R x R3 of the form (1) and let Qo be the set given in (I3). Let j? be a

—

given force such that div (f) = 0, then
1) if fe L0 (Q) then Fy e L "L (),
2) if f e L2L2(Q) then Fy € L2L2(),
3) if f e LZHL(Q) then Fy € L2HL ().
Proof. 1t is enough to remark that, in the same spirit of formulas ([IT7)-(I]), the force Fy can be decomposed over g
by Fy = f+ Wy where
- 172 - > 1o - =
@ =5 [VA (V) A F)] = 5 [V 99)]
and Wy € LLip, (Qo). [
Remark also that, as the distribution VA (1/16 A f) is compactly supported and as —% is a convolution operator

with the distribution §; ® #Irl’ the quantity ﬁo is well defined for any distribution f € D'(Q2): we can consider a wider
framework for the force and this point of view will be adopted in the following proposition.

Indeed, we will explain with the next result how the deduce the companion equation satisfied by the variable ¢
and we will study the relationship between Fj and the force F'. We will also give some important properties of the
new pressure q.

Proposition 3.2 Under the assumptions @ € L;°L2 N L2HL(Q), p € D'(Q) and f € D'(Q), on the solution @ of the
Navier—Stokes equations (), the function U defined by the formula (I3) above satisfies the following Navier—Stokes
equations on g

- —

8,0 = vAT — (7- V)7 —Vq+F, (21)
with the following properties
1) the pressure q is a function such that q € Lf/QLi’/Q(QO),
2) the force F is such that div (F) =0 and F — Fy € L2L2(), where Fy = —%6 AWV A F.
Observe at this stage of the proof that we only assume that p € D'(Q2) and fe D'(Q), but this is enough to obtain

that the new pressure g belongs to the space L?/ QLQO’C/ 2 (Q0). However we will need later on some extra assumptions on
f in order to obtain a more regular behavior for the global force F'.

Proof. We start by describing the equation satisfied by 0;¢. Since we are working on €y, we have 0;% = 0 for
t € Iy by the support properties of ¥ and we may write:



thus, using equation (II]) we obtain

00 = fiﬁA(w(uA(ﬁfﬁ/\(ﬁ/\ﬁ)wLﬁ/\f))
= | 2V AWAD) |+ <A (0T A @A)+,

where

. 1 .
0 A VAPV AS
We study now each one of the terms (A) and (B) in order to simplify the expression ([22]).

(A) For the first term — iﬁ A (Y AD) we write the following identities for ¥ AG:

YAG = YAV Adl) = AWV Ad) — (AP)V AT =2 (0, 1)(0a, V A i)

+2(AY)V AT

3
= AWVAD)+ AV AT-2 0, ((azjw)(ﬁ A ﬁ)) .

Now, using the classical vector calculus identitiy

we obtain

so that we have

SV AWAG] = — VA[A(WA@}

~229 A Jz: 0r, (F(02,1) A ﬁ)] .

(4)

At this point we remark that the term (1) above is in fact A¢, indeed:

1 = - _‘ 1 — — o . N
—<VA AV AD| = A (_ZV A (WY A u)) = A7,
and then we can write 1

—Zﬁ A (YAB) = AT+ F,
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, 1o [ = RE : ;
Fio= —xVA[VA @60 - V(a0) A ] +25V A ;a% (VA ((0n,0)))
3
J%ﬁA >0, (V@s,0) 1) | (24)

j=1

Observe that since the divergence of a curl is always null, we obtain that div (F}) = 0.

(B) We study now the second term of 22). For 1)(V A (& A @)), using vector calculus identities we write

—

WVA(GBAD) =VAYGAT) — (V) A@BAT) =V A@AYE) — (V) A(@ A D),

so we obtain )
VA [w(ﬁA(mm)} = VA [6A(mwﬁ)} VA [(Wm(mm} .
We remark here that

and we can write

%6 A (¥ A @ A )

% (F(aiv (@ A i) — A@ Av)) - %
- -V <%(div (mwﬁ)) — G AP~ Lo [(W) A (@ MU} -

VA [(W) A& A a)}

>

Finally, the second term of ([22) can be rewritten in the following form

—

1= . .
~VA [w(VA (am))} = Vg — AT+ .

A
where we have 1.
a =5 (¥ @A), (25)
and B 1. B
Fo=——VA|(VY)AN(GBAT)]. (26)

Remark in particular that we have div (Fy) = 0.

Now, coming back to the equation ([22) and with the definition of the quantities ¢, ﬁo, Fy and Fy given in (23],
@3), @4) and (26]) respectively, we obtain the following equation

8T = vAT — [@ A Y] — Vi + Fo + vFy + B, (27)

which is almost the desired equation (2I]) stated in Proposition B:2] but we still need to study the term & A 1d. For

this, recalling that on g, the function v is constant and equal to one, we have the identity & = VA Y and we can
write

GAYT = (VAYaE) A,
Now, we rewrite ¢@ using the formula (7)) given in page

1 - 1o
i =7 [

+ 3 V@ ve)| - 5

where we have defined B by the expression

R e (e, =
F=< V(@ V)| - < VA ((Vw)n)]. (28)
Remark 3.4 Observe that we have § = —, where @ was given in (I8).
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We thus obtain the formula
GAYE = VA@T+B)AGT+P)
= (VADAT+(VADAB+(VABAT+(VAB)AB (29)

Since the new variable 7 is divergence free (by Proposition B.I) we have the identity (V A %) AT = (7- V)7 — %6|v
Let us define now g3 by

g3 = —% 7%, (30)
and then we have for the first term of (29):
(VAT) AT = (7- V)T + Vgs.
In order to estimate the remaining therms of (Z9) we define
A=NVAD)AB+(VAB) AT+ (VAR AP, (31)
we remark now that on g, we have A= 1/1[( and we decompose z/;/f in the following manner:
YA = —F3 + Vo, (32)
where 1 B
42 = ZdiV (A). (33)

Again, remark that we have div (F3) = 0.

Thus, we have obtained that & A 9@ = (7- V)7 — Fs + Vo + Vs and getting back to [27) we can write
7 = VAT [FAYE -V + Fy +vEF + F
= VAT - [(ﬁ V)7 — F3 4+ Vo + ﬁqg} — Va1 + Fy + vF, + Fy,

and finally we obtain the companion equation for v
0,0 =vAT— (7- V)T —Vq+F,
Withq:ql+QQ+Q3 and ﬁ:ﬁ0+yﬁ1 +ﬁ2+ﬁ3

Now that we have obtained the expressions defining ¢ and ﬁ, we must prove the size estimates on the pressure and
the force. This will be done in the following two lemmas.

Lemma 3.2 The pressure q is a function such that q € Lf/2L§/2 (Q0).

Proof. We recall that ¢ = g1 +¢2+¢s, where the expressions q1, g2 and g3 were given in (28]), (B3) and (30) respectively,
i.e.:
~(div (@ A 7)) Cdiv(pA)  and o2
= —— 1 = —dl 11 = — = .
0 A (div (@ A 9a)), g2 = R div a qs 510

We will study each one of these terms separately. The first and the last term (i.e. ¢; and ¢3) are very easy to deal
with.

e For ¢p, we just write the following estimates :

—

lV-(czm/)ﬁ)

latlloraga, s H%(ﬁ.(mwﬁ)) e, <O | .
< Cpp |6 A apid]| possmsy < Cpo||&||L2(Bzo,p)||wﬁ||L18/7(BIO,p)
< CoollV Atlllzs,, ¢ e 1l s s, )
< Coolllll@ s, lalFas,,

where we used the Holder inequality, Hardy-Littlewood-Sobolev inequalities, the support properties of ¥ and an
interpolation estimate. Now, integrating with respect to the time variable we find

_14/3 _12/3
ol orz 320y = Coo Nl 21y 1 (B o)) 1N (10,22 (B ) < 0
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e For g3 = —1|7]2, we just write

951l 2/2(B. ) = CITN L3 (8,4 0) < CUTNE (B ) 17| 22(Bg 1)

IOxPO) wowpo)

and taking the L3/2-norm in time we have

lgsll 22272 g) < Coo lTl L2 (10,11 (Beg oD 1Tl Lo (10,2 (By g )) < F00-

Thus, the main term we have to study is the term go. Recall that ¢» = %div (w/T) with

— -,

A=(VADAB+(VABNG+(VABAS
where E was defined in (28). Thus, applying the Holder inequality and the Hardy-Littlewood-Sobolev inequality we

write

CPO ||1/)A||L9/8(Bm07p0)'

CoollazllLors(s,, ) <

||‘12||L3/2(Bm0,p0) <

Moreover,

< VAT B,y ) 10BN L1378,y )
b 19 A Bl ey o 0T
+ IV ABles,, .0 VBl s (s

1Al ors 5

20,00)

20.00)"

Now, using an interpolation inequality we have

1A Lspy ) S IV AT L2(Bag o) 0BT, B s, )
+ IV ABllL2(Bay o 19705, 0T, (34)
+ IV ABllL2Bay ) 198175, 0B s, -
Recalling that E = —w and applying Corollary 3.1l we obtain
1A L2(Bag ) < CopllllLapug )
and in a similar manner we have
IV @ BllL2(Bay o) < Cop il 1By o)
Thus, with these previous inequalities, we obtain for the expression ([34]) the following estimate
laelzorasn, sy < CoulloAll i, o)
< Coot 811 (Bag p 181t , M5,
+Con il (B o) 181750, 1T
+Coo @l ., N5, ),
and finally, since we have & € L¥°L2 N L2H(Qp) and @ € L°L2 N L2HL(Q), we obtain g2 € LY?LY?(Qy).
We have thus proven that ¢ = ¢1 + g2 + g3 € L§/2Li/2(90) and the proof of Lemma is finished. [

Lemma 3.3 The force F is such that div (F) =0 and F — Fy € L2L2().

Proof. We already saw that dlv( ) = 0. Thus, the only point to check is that F— ﬁo € L2L2%(Qy). Again, we will
study each term of F— FO = Z/F1 + Fg + Fg separately.
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For Fy, we start by recalling its definition given in (22)):

3
Bo= —%6A[6A(Awa)—6(mp)m}+2%6A > o, (6A((amj¢)ﬁ))

j=1

_2%6 A 23: 0r, (¥(0:,0) 1 0)

Jj=1

We have then

||F1||L2(BIUaPO) < C(HA’(# ﬁHLZ(BIo,Po) + HV(Aw) A a||L6/5(BIO’p)

3 3
309 A @)D s, + S 1(F05) Aaumzo,p))
j=1

j=1
Thus, with the properties of ¢ we obtain
||F1||L§L§(QO) < Cw||@7||L2(IO,H1(BIU,p) < CwHUHLfH;(Q) < +00.

For Fy we have by the formula (Z0):

. 1 . . o
||F2||L2(Bro,p0) = H—ZV A ((VQ/J) A (DA u))

L2(Bag,p0)

Here, we are going to apply the same arguments used in the study of the quantity « treated in (20). Indeed, we
can write

1 — 2 1 - —
——=VA[(VY) A (B AT) <Cp | =V [(VY) - (B AT) ,
[-z%( I N |
but since, for x € B(xo, po), we have
3 (S o Vot y)l .
AV I(VY) - (@na)) (tz) <C — @ty y)ldy,
‘ A ( ) {p1—po<|z—y|,yEBaxy.p} |z — y|?

we obtain the following bound

\Zﬁ (%) @A) ()

< Cpo [V (i, ) /B @(t, )|t ) |dy.

z0,p

Now, taking the L? norm in the time variable we have,

||F2||L§Lg(ﬂo) < Gy ||(I3||L2(IO,L2(BIO’F)) ||ﬁ||L°°(Ig,L2(BIO,p))

IN

Coow 1l L2 1. () Nl Lo 12 () < F00-

For F we have Fy = —A + 6%div (1 A). Recalling that ¢ (t,z) = ¢(t)®(x), we introduce a new cut-off function
n € D(R?) which is equal to 1 on By, p; and is supported within By, ,, with pg < p3 < p2 < p1 < p, so that on
)y we have

— — = 1 -, = 1
Fy = —gnA+ Vdiv (¢nd) + V1 div (w(1 - n)A),

thus we can write

_ - 1 .
I1Fll212i00 < 101821200, + ¥ i (00 ) (35)

+ Hﬁ%div (v(1 —n)A)

L2L2(Q) LL2(0)

We study the first term ||¢7714T 2222 () and with the definition of A given in (1) we have the following estimates
in the space variable

l6n Al 2By < Non((V AT AB) | o
+Hen((V A B) A B2
||6 A 17||L2(Bm0,p0)||¢nﬁ||Lx(Bm0,p0) + ||17||L2(Bm0,p0)||¢77( v A E)HLOC(B%,,)O)
+||6 A BHLZ(BIU,W)||¢775||L°°(BI0,,30)-

-,

+len((V A B AD) [ 2 (36)

@0.00)

mva[))

IN
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Thus, since B = — and since by Proposition Bl @ € L{°Lip, (€), we have the inequalities

IonBllLe (B, ) < NBllL=(Bay.pe) < CoollVUIL2(B,, )l 2B, )
[on(V ABLeo(Baype) < IV ABlLo(BLg ) < Cool V28, ) |8l L2, )5
IV A Bll2s

A

IN

Coo IVl 2B, T L2(8s.,) 5

EUWP[))

after an integration in the time variable we obtain

lonAllLzz e < CowllV AUlL2L2 ol L r2(a)
+Cp,0ll0l L2 22 (o) |l Lo L2 (0) + Cp |l L2122 () |4l 2o L2 (2)

IN

Colldllzrzi@ (Illzm@) + 17 2z ) < +oc. (37)
Now we study the second term of [B3) and by the support properties of  we can write

S 1 , .
VZdIV (pnA) < < CllonAll L2 rs)

.1 .
V—div (¢gnA)
A 128

L?(Bag,pq)
< ClionAllrzs

wo«ﬂz)'
Since p2 < p1 < p and thus By, p, C Ba,,p, We can apply the same arguments used in ([BG)-(B7) to obtain the
following estimate (see also Remark B3)):

Hﬁ%div (¢nA)

< Cylllz ez (1zmy@ + 17l 2y < +oo. (38)
L3L2(%0)

Due to the support properties of (1 — ), the last term of ([B2]) can not be treated in the same manner as before
and we have for (¢,z) € Qg

-,

’ﬁ%div (W1 —nA)(t,z)| <C () 1A ) dy

— 3
{ps—po<|z—yl|,yE€Buxqy,p} |z -yl

1 L - . _
< C||¢||Lw(BIO,p)m (||V AN L2, VBl L2 (B, ) + IV A B2, ) 1YVl 2B, )

1Y A Bz 1Bl 122, )

Now, since ﬁ = —, we apply Corollary Bl to obtain:

-,

9 v (61 - ) A).2)

<Gy (||U||H1<B%,p>||ﬁ||L2<Bm,p> F s, ) 190 28, )

11 By ) [T 22(5 )

so that

-,

|95 (- )

< Gy <||?7||L§H;(Q)||@7||Lg°1:g(sz) + ]| L2 1 o) 101 Lo 12 ()
1212 (%)

+||ﬁ||LgH;<m||a||Ltngm>) < +oo. (39)

With the inequalities 7)), B8) and (@J) we finally obtain that Fy € L2L2(Q).
Gathering together the estimates over ﬁl, ﬁg and ﬁ3 we finally have that

|1F = Foll 212 (0,) < +00,
and the proof of Lemma [3.3] is finished. [ ]

At this point, with Lemmas and we have proven that the new variable

1= -
UZ—ZV/\(’L/JV/\G),
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satisfies locally the following Navier—Stokes system

0,0 =AG— (7-V)T—Vq+F,
where ¢ is a pressure such that ¢ € Lf/2L§/2(QO) and F is a force such that div (F) = 0 and F — Fy € L2L2(),
which is the conclusion of Proposition [

It might be interesting to notice that, if @ is more regular, we have a better estimate on F—Fy:
Lemma 3.4 If moreover @@ € L{°HN(Q) N L2H2(Q), then F — Fy € LEHX(Q).

Proof. Same proof as for Lemma |

3.3 The case fe LioﬁL}f]ﬁ

In this section, we shall prove Proposition [[I] and point 1) in Theorem @ which we recall now :

Proposition 3.3 Let Q be a bounded subset of R x R? of the form ({I0) and assume that @ € L{°L2(Q) N LIHL ()
with div (@) = 0 and p € D'(Q) are solutions of the Navier-Stokes equations [@) on Q where f € LioﬁLiO”(Q) and

—

div (f) = 0.
1) Let v € D(R) and 0 € D(R3) be two smooth functions such that /v(t)dt = / O(x)dx = 1, supp(y) C] —1,1]
R R3

and supp(d) C B(0,1). We set for a,e > 0 the functions ya(t) = Ly(L) and 6. = 56(£) and we define
Cae(t, ) = Vo (t)0:(x). Then, if the cylinder Qi uo,r is contained in Q, the distributions @ * Qo and p * Qg ¢
are well defined in the set Qg o.r/a C S for 0 < a < r3/2 and 0 < & < ro/2. Moreover, the limit

lim lim div [(p* gﬁa,s) X (ﬁ* Sﬁa,s)] )

e—=0a—0

exists in D' and does not depend on the choice of the functions v and 6.

2) Let
lim lim div [(p * @a,c) X (@ * @a,c)] = (div (piD)).

e—=0a—0

Then the quantity
M = —9,|i]* + vAlid]? — 20|V @ @>—div (|@]*@)
— 2(div (pa)) + 2@ - f,
is well-defined as a distribution.

We make here two remarks. The first one is about the hypothesis f € Lio/ 7Lglv0/ 7. this is enough to give a sense to

the product - f in ([#0) since we have @ € Lio/ BLiO/ % Our second remark concerns the proof of this proposition: we
will need the properties of the companion equation studied in the previous section in order to obtain the existence of
these limits and the crucial link between the properties of @ and ¥ is given in Lemma [B.7] below.

Proof.

1) We start with the first point of the proposition and for this we denote by @, . the function defined by @, =
U * Qq¢. Since this is a regular function in the time and space variables we can write

6t|ﬁa75|2 =2Ug ¢ - Oplln,c
so that
Oldacl? = 2inc- (Ol * Qo) = ilae - (VM — (@ V)@ - Vp+ f) * Qo e
= 20 VAUge — g - ([(ﬁ~ V)] %,s) — g e (VP * Qo) + 2ae - (f* Pac)-
Using the fact that div (@) = 0, we have:
i, * =VAig,c* = 20|V @ e |* = 20l - ([div (7 @ G)]  Pa.c)

. . . - (41)
—2div [(p * Sﬁa,s)ua,s] + 2 ¢ - (f * 9004,8)-
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We shall now take (2o in the previous section large enough to contain Qy, »,,-/2 and we consider the Navier—Stokes

companion equation (2]]) on ¥ with pressure ¢ and force F. Let us remark that since f belongs to Li o/ 7Li0/ 7((2),
by Lemma B we have Fy € L1/ "Li"/7(€), moreover since by Proposition B2 we have F — Fy € L2L2(€) and
we obtain that F € L;ONL;O/?(QO).

Now, if we denote by . the function given by ¥, . = U * 4 ¢, by the same arguments used above, we obtain

the following equation
OfTcl? VAT el? = 2019 © T of? = 20+ (v (70 D) 5 o) (12)
—2div [(¢ * pa,e)Ua,e] + 20a e - (ﬁ * Pae)-

We aim to study the convergence of expressions [Il) and ([@2) as the parameters o and ¢ vanish and we will use
the properties of ¥ to deduce the limits on 4. However, these limits must be treated very carefully and we will
first make a« — 0 and only then we will take the limit ¢ — 0.

To begin our study, we remark that it is easy to deal with the convergence of some of the terms contained in
those formulas. For the sake of simplicity, we will adopt the following notation: @. = u * 0. and we will denote
by @ the space-time cylinder Qy, +,.r/4 C 0.

Lemma 3.5 We have the following strong convergence
1) tge = @ in L2L2(Q) and in L2HX(Q),
2) V@ lo. = V ® i, in L2L2(Q),
3) (U Q@ U) * Pa,e = (@ ® ) * 0. in L2L2(Q),
4) fx Pae — fx0, in L;ONL;ON(Q).

Due to the properties of the functions , fand with the definition of the function ¢ . = v40e, the proof of this
lemma is straightforward.

Remark 3.5 Conclusions of LemmalZ.3 can be obtained in the same manner for the new variable v: indeed, as
shown in Propositions [31] and[33, ¥ and F have a similar behavior as @ and f, see also LemmalZdl However,
we have another convergence for ¥ that will be very useful in the sequel: q * @q. is strongly convergent when

a— 0 toqx*0. in Lf/QLiﬂ(Q)-

Now we can pass to the limit & — 0 for all the terms in equality ([@I]) except for the term involving p. But the
limit for this term must exist, as (due to the equality) it is equal to a sum of terms that do have a limit. Thus,
we obtain

Ai.? = vA|i.)? — 20|V @ @] — 2. - ([div (@ ® @)] * 0.)
- 43
7211_>mo div [(p * Ya,e)Ua,e) + 2Ue - (f % 0c), (43)
and, in the same manner we have for the function v:
0.2 = vAJZ|? — 20|V @ 7. |* — 2. - ([div (7 © §)] * 6.)

. (44)
—2div [(g * 0:)0:] + 20- - (F *6,).

Note in particular that since we have the stronger convergence oléLn% q* Pa,e = q* 0 in Lf/ 2L§/ ? we can write
div [(q * 0)¥:] for the couple (¥,q) in ([@4) instead of il_}mo div [(p * @a,e)Ua,] for (@, p) in [@3).
At this point we define two quantities that will help us to pass to the limit & — O:
pe = 2. - ([div (@ ® )] *6.) — div (|i@|*%) (45)
ne = 20.-([div(T@ )] *6.) — div(|7]*), (46)

we will see with these quantities how to link the behavior of ¥’ to the behavior of 4. But before this, we will need
the following lemma which states some strong convergence results in the space variable.
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Lemma 3.6 We have the following strong convergence
1) . = i in L3L2(Q) and in L2HX(Q),
e—
2) V®i. = V ® i in L2L2(Q),
e—

3) Fx0. — Fin L7 LY(Q).
e—0

Again, the proof of this lemma is straightforward. Of course, conclusions of Lemma can be obtained in the
same manner for the new variable . But, as pointed out in Remark [3.5 we have another convergence for ¥, in
the space variable this time: ¢ * 0. is strongly convergent to ¢ in Lf/QLiN(Q).

With the help of this lemma, passing to the limit ¢ — 0 in (3]) and @) we then have:
d > =vA|a? — 2wV @ @f? — div (|@)?@) + 2@ - f
- &11_1}(1) (,Us + 2ii_>mo div [(p * @a,e) X ﬁays]) )
and

0|02 =v AT — 20|V @ 7] — div (|7]°0) + 20 - F

— lim 7. — 2div (¢7). (48)
e—0

Although we have obtained at this stage similar equations for @ and v’ the situation is quite different: we do not

have any information about the pressure p € D’'(2) but we do have a much better behavior for the new pressure

q, since ¢ € L?/QL;OZ/2 (Q) (as it was proved in Proposition [3.2).

The end of the proof now relies on the following lemma that relates the behavior of u. to the behavior of 7 :

Lemma 3.7 (Key lemma) For p. and v defined in ([{3) and ({{0) respectively, we have the following conver-
gence in D'(Q):
lim g, — pe = 0.
e—=0
Before going into the details of the proof, let us explain the consequences of this lemma. If we have 111% Ne — e = 0,
e—
then the existence of 1in% 1. will imply the existence of 1in% e and we can give a sense to the quantity
e— e—

lim lim div [(p* @a.e) X (@* Pa.c)] .

e—=0a—0

as all the remaining terms of [@T) do exists since @ € L°L2(Q) N L2HX(Q) and f € LI”7LE7(Q) and thus the
first point of Proposition [3.3] will be proven.

But the existence of 111% 7e is given by the properties of the companion equation: indeed, all the terms of identity
E—>
exists since v € )N 7,_’6 - )) wit q € +2(Q) and thus the limit im 7,
ists since o € L°L2 L2HYQ), F e LI L07 hqe L3132 d thus the limit lim 7
E—r
exists. See also Remark [[.T] and the references [I8] [10].

As we can see, Lemma B.7] explains how to link the properties of the companion equation to the original Navier—
Stokes equation. Once the scope of this lemma is clear, we turn our attention to its proof which relies on an idea
of Duchon & Robert [5]:

Proposition 3.4 Let Q be a bounded subset of R x R3 of the form (I0) and let @ € L°L2(Q) N L?HL(Q), with

div (@) = 0. Let 0 € D(R?) be a smooth function such that/ O(x)dx =1 and supp(f) C B(0,1). We set fore >0
R3

the function 0. = E%H(%) Then, if the cylinder Q+y z,,r 15 contained in S, we define the following distributions

on Qg zo,r/a C S for 0 <e <ro/2 :

pe = 20 *02) - ([div (@ ® )] *0.) — div (|i%1)

3
R = I; /RB 0w (y) (uk (2 — ) — uk(@)) i — y) — d@(x)|* dy
3
Se = Y | b-(y)(unlx —y) — ur(w)) (i — y) — ii(x)) - (d@c(x) — d(x)) dy.

k=1“R?
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Then, we have the following limit
li_%uerRE—QSE =0.
€

The proof of this proposition is given in the appendix.

Once we have this result at hand, we will use it in the following way: we introduce the notation
Tz[ﬁ](t,1'> = ﬁ(tvx - Z) - ﬁ(tvx)v

where H : R x R? —3 R3 is a function and z € R3 is a vector. Then we define

3
k=1

123 [ .m0l (57100 (05 Wlt.2) = 7 1.2 ).
k—=17/R?

and we remark that we have R, — 2S5, = —Tg(ﬁ , lj, lj), observe moreover that the operator T is a trilinear
operator.

Thus, from Proposition B4, we see that the solutions @ and ¥ of the Navier—Stokes equations on g that have
been discussed previously satisfy

@) =0,

\.gl

lim 1e — 7. + (5,3, ) ~ T2 (@
with pe and 7. defined by ([@H) and [@6)). Then proving Lemma 3.7 amounts to prove that
Elgrg)T( ,0) — Te (4,4, @) = 0.
For this we write
T.(0,9,0) — T.(4,4,4) = T.(V — 4, 0,9) + Te (4,0 — @, V) + T (4, d, T — @), (49)
and then we conclude with the following lemma:

Lemma 3.8 IfU, V and W belong to L3L3(Q0) and if at least one of them belong to L Lip,(Q0), then we have

lim 7.(U,V,W) = 0,

e—0
in Li Ly (Qty.m0,/4)-

Proof. Recalling that 6. = %0(%£) and supp(f.) C B(0,¢) we can write

Tg(ﬁ,‘?,W)(t,(E)’ < 0_4 |U(t5$) —lj(t,m—y)H‘?(t,x) _V(tam_y”
€ Mlyl<e}
x|W(t,z) — W(t,x —y)|dy
C . - -
+ = U (t,2) = Utz — )| [V(t,2) = V(t,2 —y)|dy
€' Nyl<e}

x/ W (t,z) — W(t,x — 2)| dz,
{I21<e}

and applying the Holder inequality we have

Wl

Ta(ﬁ,V,VT/)(t,x)‘ < 94</|| i - U, w—y)lgdy>
y<s

(/'} Vuxyn%w> (50)
(/ Wume@>.
{\y\<€}
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Now, if U € L3L3(Qp), then we may write

1 - .
—3// / Ut,z) — Utz —y |3dydtd:c—/ // (t,z) — U(t,x — e2)|> dt dx dz.
& JJg {lyl<e} {lzl<1}y JJQ

to,z0, r/4
and we can check easily (by dominated convergence) that the right-hand term goes to 0 as € — 0. Moreover if
we have U € L{°Lip, (), then we obtain

=,

With these inequalities, if U € L{°Lip, () and if V € L}L3(Qo), W € L}L3(Q) (say), integrating (50) over
Qto,xo,r/zl we obtain

A

to,xo,r/4

/{ 00~ Ot ) dydeds < CIF © Dl Qu sl
yl<e

to,zq,7/4

L0,V W)(t)|dtde < CIV & U1 1 Quoyer/al

(L
(L

lim // T.(0,V, W)(t,x)‘ dtdx = 0,
e—0 Q

to,z0, r/4

tg,w.7/4

3
(t,z) — V(t,x —ez) dt d dz)
t0,®0, T/4
3
(t, ) — W(t,x —e2)* dt da dz) ,

to,xq, 7‘/4

we have then

and the lemma is proven. |

Let us finish the proof of LemmaB.7 Since over Qq, we have @, 0 € L{°L2 () N LZH1 () we easily obtain that
0 € L}L3(Qo), moreover we have by Proposition B0l that @ — @ € L{°Lip, () and we can apply Lemma [3.8]
to each term of (@3], thus using Proposition 3.4 we obtain

lim 7: — pe =0,
e—0

and Lemma [3.7] is proven. [ ]

As said before, we already know that 1in% 7e, thus lir% e exists. As we know that
E—r E—r

hm (,u6 + 2hm div [(p * @a,e) X a’a,g]) ,

exists, we find that lim lim div [(p * @a,c) X Uq,e] exists. Moreover since limo Ne = limo e and using the identities
E— E—

e—=0a—0
7)) and (@8] we have
2%im lim div [(p % @a.c) X Gac] = =0+ vAld? — 20|V @ @
e—0a—0
—div (|@*@) + 2@ - f — 1im,u8
E—
= 2div(q0) + 0, (|7]* — |a*) + vA(la® — [91%)
+2u(lV @ 2

R —|Veaf)+2(@- f-7-F)

+d1v(|17| |u|2 ).

Clearly, this limit does not depend on the choice of the functions v and 6. We have obtained that the limit
lim lim div [(p* a,e) X (@ * a,c)]

e—=0a—0

exists in D’ which is the conclusion of the first point of the proposition.
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2) The second point of Proposition B3] is easy to prove. Indeed, since we have

26im lim div [(p * pac) X Gae] = —0]d> +vAld? — 20|V @ @?

e—=+0a—0

—div (|@)*@) + 2@ - f — lim .,
we obtain that the distribution M introduced in (@Q) is in fact given by the following identity
M = e
The proposition is proven. |

Remark 3.6 Since f € Li0/7L3150/7, if we assume @ € L{L2(SY), then it is easy to see that M = 0. Indeed, in this
setting we have v € LEL2(Q0) and if we consider the companion equation (Z1l) on @ we obtain a Navier—Stokes equation

with a pressure q € Lf/zLi/Q(QO) and a force F € LioﬁLglcOﬁ(Qo), then following [10] we have 1in% ne = 0, but by
E—r

Lemma [377] we have lim n. = lim p. and thus we obtain M = 0.
e—0 e—0

3.4 The case f e L2L2

In this section, we shall prove point 2) in Theorem [ which we recall now :

Proposition 3.5 Let Q be a bounded subset of R x R? of the form ({I0) and assume that @ € L{°L2(Q) N LI HL ()
with div (@) = 0 and p € D'(Q) are solutions of the Navier—Stokes equations on € :

— —

Oyl = vAiT — (@- V)i — Vp+ f,

—

where div (f) = 0. Assume that:
o fe L2,
e U is dissipative: the distribution M defined by
M = —8,|i|* + vAld]?—2v|V @ @) — div (|@]?@)
— 2(div (pid)) + 2@ - f
is a non-negative locally finite Borel measure on 2.
There exists positive constants €* > 0 and 71 > 5 which depend only on v such that, if (to,x0) € Q and

1 -
limsup—// |V @ i(s,y)|*dsdy < €*,
r—0 T Jto—r2,to+r2[xB

xg,r

then there exists a neighborhood Q = Qu, 507 0f (o, o) such that 1o @ € /\/lg’ﬁ.

Proof. We shall again take Qy as in the previous sections, large enough to contain (to,2) and we consider the
Navier—Stokes companion equation (2I) on ¥ with pressure ¢ and force F.

Let us first remark that, since we have now the hypothesis f € L?L2, we obtain by Lemma 3] that ﬁo given in

(@3) belongs to the space L2L2 () and as by Proposition B2 we have F — Fy € L2L2 (), we obtain that the global
force F belongs to L7L2(€). Then just as in the previous section, we will exploit the properties of ¥ to deduce the
wished results on #. Indeed we have:

o g LI (),
o 1o, F €212 c MY/,
e U is suitable,

e there exists a positive constant €* > 0 which depend only on v such that, if (t9, zg) € o we have

r—0

1 B
limsup—// IV @ (s, y)|>dsdy < €. (51)
r ]to—r27t0+r2[><Bm0,T
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The two first points are straightforward, for the suitability of ¥, let us recall that the distribution M associated to
i has been computed in the previous sections as M = lir% e and by the dissipativity hypothesis we have M > 0. As
E—>

we have seen that 1in% Le = lir%ng, we find that limonE is a non-negative locally finite Borel measure on ¢ and thus ¢
E— E— E—

is suitable.

The last point, i.e. the condition (5IJ), can be deduced from the hypothesis on @ stated above: we use the fact
that @ = ¥ — @ belongs to L{°Lip, () and then from the inequality

‘”]thO,IU,TV ® ﬁHLfLi - Hltho,IU’Tv ® ’JHL?L?F SH]thO’IO,TV ; u_jHLgLi
<Cr32|V @ | L L2 (Qug g )
we ﬁnd that

1 =
hmsup—// |V @ ii(s,y)|* ds dy =
r—0 T Jto—r2,to+r2[x B

wo.r
1 -
limsup—// IV @ 0(s,y)|* ds dy,
r—=0 T Jto—72,t0+72[X Bz ,r

thus, if the first limit (on @) is less than €*, the second limit (on ¥) is still less than €*.

As we can see, we gathered enough information on the solution ¢’ of the companion equation in order to apply

point 2) in Kukavica’s theorem (Theorem B]): there exists 71 > 5 and a small neighborhood Q = Qi 4,7 C Qo of

(to, o) such that 1o @€ M3™ and 1gq € Mg/Q’Tl/Q.

We have obtained interesting properties for the solution ¢ of the companion equation, but now we must go back to
ii: we already have 1o % € M3 ™ in a small neighborhood Q = Qy, 4.7 of (to, o). As @ € L¥L(Qo) C LT L7 (Qy),
we have 1o € M3"™ and since 71 > 3 by Remark 1] we obtain that 1o @ € M35 ™ as well. Thus 1o@ € M5
and the proposition is proven. |

3.5 The case f € L2H!

In this section, we shall prove point 3) in Theorem [ with the help of the following proposition.

Proposition 3.6 Let Q be a bounded subset of R x R? of the form (I0) and assume that @ € L{°L2(Q) N L2HL(Q)
with div (@) = 0 and p € D'(Q) are solutions of the Navier—Stokes equations on € :

Ovii = vAG — (- V)i — Vp + f,
where div (f) = 0. Assume that there exists a neighborhood Q = Qto.z0,7 Of (to, o) € Q such that
e loi € Mg’ﬁ for some 1, > 5,
e 1o fe L2H].
Then there exists ' < ¥ such that @ is bounded on Quy z,.r - In particular, the point (to,zo) is reqular.

Proof. Just apply O’Leary’s theorem (Theorem [2]). [ |

With this last proposition, we have finished the proof the Theorem [ from which we deduce Theorem [

Remark 3.7 As we don’t have any information over the pressure p, we can’t just apply the last point of Kukavica’s
theorem and we need to invoke O’Leary’s result.

This last remark says that we have in fact a better result for the companion equation:

Proposition 3.7 Let Q be a bounded subset of R x R? of the form (I0) and assume that @ € L;°L2(Q) N LIHL(Q)
with div (@) = 0 and p € D'(Q) are solutions of the Navier—Stokes equations on € :

Ovii = v — (G- V)i — Vp + f,

where div (f) = 0. Assume that there exists a neighborhood Q = Qiozor Of (to, o) € Q such that 1g@ € M™
for some 7 > 5 and ]lgf € L?H}. Assume that for the companion equation on @, q and F we have as well
1gqe MS/Q’TI/Q. Then there exists r' < 7 such that U is Holderian (with parabolic Holder regularity exponent n > 0)

on QtowoaT“
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Proof. First, we apply Proposition and find a cylinder Qy, 4., o0 which @ is bounded and thus by the Serrin
regularity theory, on a smaller cylinder Qy, 4., we have that @ € L°H: N L2H2. Next, since 1o f € L2H} by
Lemma 31 we obtain that Fy € L2H} (Qto,0,r2); thus with these informations for @ and f» we consider the companion
equation and applying the same computations as for Proposition 3.2 (see also Lemma [3.4)), we then see that, on a still
smaller cylinder Qy, 4. rg We have F — Fy € L2H!. This gives for the global force F' € L2ZH!(Qyy.29.r2) from which we

deduce that 1, . TSF € M10/7 1073 - A 10/3 > 5/2, we may now apply point 3) in Kukavica’s theorem (Theorem
B) and conclude. [

As a conclusion, we can see that the obstruction to time regularity lies inside the harmonic correction w, a fact
that is of course reminiscent of Serrin’s counter-example.

Appendix

Proof of Proposition[3.7. We start the proof by the remark that, as div (@) = 0, we have on Q¢ ;, /4 the identity

Z OBe(y) (wi(@ —y) — un()) dy = 0,

so that we can rewrite R in the following manner

Re = Z/ b (y) (ur(x —y) — uk(2)) (|i(x —y)|* - 2d(x - y) - i(x)) dy
= Z D0 (w) (il — ) = wn() (e — ) dy
—22/ Ok (y) (up(z —y) — ug(x)) d(x — y) - d(z) dy

Re = div (0.« (|d5) — (0. = )i —22/ 046 (3) (un(& — y) — un(x)) i@z — y) - i@(x) dy.
Similarly, we may rewrite the distribution

s. —z / Oube(y) (un(x — y) — ui(2)) (((x — y) — i(x)) - (Te() — () dy,

as

S, = /ake Yug(x — y)i(z —y) - de(x) dy
72/ OO (y) (ug(z —y) — up(x)) d(z —y) - d(z) dy

- z / b (y)ur(x)ii(x — y) - Gc(x) dy
k=1"R®

S = (@x0.)-[div(Z® )] 6. fz/ MO (y) (up(x — y) — ug(z)) @z —y) - @(z) dy

— e - [(@ - V).
We thus have
25, — Re — pie. = —2@6 (@ V)] — div (0. * (|@*T) — (0 * |@*)T) + div (|@]*@)
o|?@) — div (0 * (|@]*@) — (0 = |@]*)@) + div (|@]*4).
But, since @ € L} L3 () we have

lim O s (|2]*) — (0c * [@*)i = 0 in Ly Ly (Qro,0.0/4);
€—>
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and div (|i.|?@) — div (|@|*@) where the limit is taken in D'(Qyg 4o,/4)- Thus, we find that

lim 2S5, — R — e =0,
e—0

which is the formula given by Duchon and Robert. |
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