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Regularized constant-step size accelerated stochastic gradient
descent

February 17, 2016

1 Convergence of Accelerated Averaged Stochastic Gradient
Descent

1.1 General expansion

We study the regularized stochastic accelerated gradient descent recursion defined for n > 1 by

O = vpo1-— Vfl(yn—l) - '7)‘(1/71 —0o) +vén
Vnp = 9n+5(9n *enfl);

starting from 0y = vy € H. We may rewrite it for a quadratic function f : 6 — (0 — 0., (0 — 6.))
for n > 2 as

O = [1 =75 = 3T B + (01 — n-2)| + 70 + 7700 + 750,
with 6y € ‘H and 0, = [I -7 — 7)\1} 0o + &1 + YOy + 20,
And by centering around the optimum
O — 0, = [T =75 — AN [Bn1 — O + (01 — O — 05+ 9*)] b+ Av(00 — 6.
With §,, = (1 — 2/n) we have for n,, = n(6,, — 0.).
= [1 = 9% = ] 20101 = ma—2)] + 7 + A0y (6 — 6.).
Thus this is a second order iterative system which is standard to cast in a linear form

0, =F0,_1+ynZ, +yAnO,, (1)
. B (2T -T B n(6, —0.) (00— 0.\ = _ (&
WlthTI'yE’y)\I,F(I 0)’6)”((”1)(97119*))’@0( 0 ),un(o

and ©, = (9009*).

We are interested in the behavior of the average ©,, = (714%)2 > h_o kO for which we have the
following general convergence result:

FB: do you need A\ > 07

FB: what is 7 only for ©y. reintroduced in Lemma.



Lemma 1 For all A € Ry and vy such that v(X4+ M) < I and any matriz C' the average of the iterate
0,, defined by Eq. (1) satisfy for Py (def) CY2(I — F*)(I — F)~', with ©g = g — yA\(I — F)~10,,

2

s s < 20 ~1/2/7 -1 2 A 112
E<®nvc®n> = 2(7/\) ”C (I F) 6)\” + (n+1)2HPn+1@OH
v & T
er ;terVPj .

We remark this is the sum of three terms:

e a regularization based term, which is the first one,
e a bias term, which is the second one

e a variance term. which is the last one.ad: correct depending on terminology in the
paper (2 or 3 terms, bias and reg based together ?)

We remark that as we have assumed that ¥ is invertible, the matrix I — F' can be shown to be
invertible for all the considered 4.

The regularization-based term will be studied directly whereas the two others will be studied in two

stages. First an heuristic will leas to an asymptotic bound then an exact computation will give
b))

a non-asymptotic bound. Then using C' = H = (0 8 would give a convergence result on the

function value and C = (0 0

I 0) a result on the iterate. The end of the section is devoted to the
proof of this lemma.

Proof The sequence ©,, satisfies a linear recursion, from which we get, for all n > 1:

On = F"O¢+7> F'"k(Ek+20))
k=1

We study the averaged sequence : ©,, = 25 >"/_, O}, . Using the identity SV e FR = (I—-F™)(I -
F)~1, we get

n

n k
_ 1 y .
0, = § F*o —E:E:F’H Z; 4+ A\O)).
n+1 — 0+n—i—1k:1j:1 J(Ej +20,)

With ~
Oy =0y — ’}//\(I — F)ile,\,



and Y0 (I —F*) =350 (I - F*)=[n+1—(I—-F")(I-F)"]

n

k
(n+1)%0, = (I—F”“)(I—F)_l(:)oJrnL_HZZFk_jj(EjJr)\@A)
k=1j=1

(I — F" ) (I — F)~'0¢ + VZ (Z Fk_j)j(Ej + A0,) inverting sums
=1 k=j
n  n—j

= (I=F""I-F)"00+7v>_ (D> FY)iE;+10y)

j=1 k=0

(T P - F) '8y 443 (T — F) (I F) (S, 1 A65)

= (I-F""YH)(I-F)'e, +7i(1 — NI -F) '(n+1-3)(E;+20,).

And for the bias term:

n n

=1 j=1 j=1 j=1
= ———~ —(n+1)FI - F"(I-F)!

Using martingale square moment inequalities which amount to consider =;,¢ = 1, ..., n independent,
so that the variance of the sum is the sum of variances, and denoting by V = E[Z,, ® =,] we have
for any positive semi-definite C,

_ _ 1 - 2
E(©,,C0,) = HCW <n+1(1F"+1)(IF)1®0+7>\(IF)1®A) H
2 n
_r _ IV — YW — FTYY(T — AT
R ;tr(l FYI-F)"'VI-F) ' (I-F)TC,

where C''/2? denotes a symmetric square root of C. Define Py @eh o/ (I — F*)(I — F)~1, we have:

_ _ - 2 1 o
E(00,COn) = | Puri@o+ NCV(I = F)105| + —— St BV
{ ) 1 Pai@0 £V - F) 7O, +(n+1)2;rj )
1 .
< 2(N)?ICYA(I - F)7'e, 2 4 2—— | Pat1©0|)?
< 20RO = )M+ 2 PGl
v S T
+m ZterVPj .
j=1
Using Minkowski’s inequality and inequality (a + b)? < 2(a® + b?) for any a,b € R. [ |

1.2 Asymptotic expansion

To give the main terms that we expect, we first provide an asymptotic analysis, which shall only be
understood as an insight and is not necessary for the proof. Operator F' will have only eigenvalues

S -F)I=F) +1-008x = Sn+1-5){I ~F)'0r— (n+ )3 (I~ F)05 + 3 jF)(I -



smaller than 1, thus |||F7]|| will decrease exponentially to 0 as j — co. The asymptotic analysis
relies on ignoring all terms in which F7 appears. We thus approximately have :

E(6,,C0,)

IN

- 1 n .2
2(0)° [[CV2(1 = F) 70512 42|02 — (1 = F)(1 = F) 716 |
2

+(nTZtrI FYI—F)'WVI-F)Y(I-F)TC

2 (A ICY2(1 = ) 0sP + 2 02— (T - )6 |

%

2
+(RTZtrI F)y'vi-r""'C

where, as it has been explained & stands for an equality up to terms that will decay exponentially.
However, these terms have to be studied very carefully, what will be done in the Section 1.3.

Using the matrix inversion lemma we have for C' = (8 8) ,

I-F — ((1+5)(72+17M)51 5([(72}3+7>\1)))
-1 (YE+ADTE (I = (S A+ AT
o @ZJJ”)A (1455)1—75(727+7)J%_1> (2)

Cl/Q(I_F)fl _ (cl/2(’Y2+’y)\I)1 501/2(1(72+7A1)1))

0 0

Regularization based term. This gives for the regularization based term

2

H01/2(17F)71®)\H2 _ H (S D) 501/2(1—(72+7)\1)—1)> <90—9*) ||
0 0
2

1 /2 “1/p 2
<7> 1(M2(S + AT (0 — 0.))]>

Bias term. For the bias term we have

O = ©o—\I-F)7'e,
6o — 6. (E+9AD™H 6L = (784 A) %0 0.
<93 — 9*) - ((12+3A1)‘ (1 +(6)I —76(727+ vﬂg‘l) ( K >
_ <909*) B ((72+7>\1 (909*>>
— \6—0 (YZ + )"0 — 6.)

)"

)~
(= AE D)0 — 6.)
- ([1 A(E + M)~ 909)

Thus this gives for the dominant term

2
01/2(72 +AA)TL 62 (T - (vE+ 7)\1)_1)) &
0 0 0

Hcl/g(I_F)_léoHQ

= ||(1/2[( S)(YE A+ AT+ SIN[T — A(E + A8 — 6.2



ﬁ

And if ¢ commutes with 3 we have the bound for § € [i\/%‘, 1]

(1-9)
2 1/2 -1 2
(ﬁ“)l\(c/ [T =AE+ )00 = 0)]"

IN

|- F)-léoH2 +O)[(2[I — A(S + AL)7Y(60 — 6.))7

IN

v 0

Variance term. And for the variance term with V = (0 0

1/2 —1,,1/2
(c (72—1—3)\1) v 8),and

), we have CY/2(I — F)~1V1/2 =

tr CY2I - F)"'W(I = FN)710Y2 = tre(v2 + yA ) " to(yS + M) 7L

These would give the three dominant terms. However in order to control the remainders we have to
compute more carefully.

1.3 Direct computation without the regularization based term

The computation of the regularization based term being exact we derive now direct computation
for the remainders. We assume X has eigenvalues (s;) and we decompose vectors in an eigenvector
basis of ¥ with 0! = p/6,, and ¢! = p, ¢, and we have the reduced equation:

©h41 = Fi0), + 75411

(14+0)T; —oT;

with®i~3,Fi< . 0

),WithTilfysi'y)\.

Computing 0). FB: why tilde? O} = 0} — Y\(I — F;)~'0}, with 0} = (zg B z;‘), 0 =
0 Yx

(90 6 9*) and (I — F;)~! given in Eq. (2). Thus

o= (45w (b -dSai ) (%a") - (Ao o).

Study of spectrum of F;. FB: cite Candes

Depending on 4, F; may have two distinct complex eigenvalues of same modulus, only one (double)
eigenvalue, or two real eigenvalues. We only consider the two former cases, which we detail bellow.

Indeed, the characteristic polynomial
X (X) S det(XT — Fy) = X2 — (14 8)(1 — y(si + A)X +6(1— 7(s5 + \)
has discriminant A; = (1 — v(s; + A))((1 + §)%(1 — v(s; + A\)) — 49) which is non positive as far as

§ € [6_;8,], with §_ = V2D 15 TEVA(stA)

AN T A



1.3.1 Two distinct eigenvalues

We first assume that F; has two distinct complex eigenvalues ry = (1+6)(177(S"+2)‘))iﬁv —2i which

are conjugate. Thus the roots are of the form p;e™™i with p; = /6(1 —~(s; + \)), cos(w;) =
w, w; € [-7/2;m/2] and sin(w;) = VQ_piAi.

- .+
Let Q; = (Ti Ti' ) be the transfer matrix into an eigenbasis of Fj, ie., F; = Q;D;Q; ' with

- 0 -1 1 1 77";’»
0 r+> and Q’L = 7‘;—7‘? (_1 71; .

K2

>

Il
RN
@ﬁ‘

; — e rte
Computing P; ;. We first compute the matrix P; j, : With Cil/2 = (\/Oa 8 ,03/2621' = (ri (\)/C_Z "i (‘)/C_Z)
we have
I-(r ) — 1= 4
C!PQiI — DY~ D) = | e T T
0 0
and
—(r; — —(rF —(rf — —(r)* _

I T e

Plvk CZ QZ (I DZ )(I DZ) Q'L — + i 3 i i
Ty Ty 0 0

7Tjr;
= o | QG=r))=rF)  (1-r7)1-r)
0 0
PR L] FhYEHL L
_77\/6_1' (11)7«; - (11)”* (11)”* i~ (117)7«* T;r .
0 0

We also have P, = C/>Qi(I — DF)(I — D;)7'Q7 ' = Y473 R ; with
R,y = Cg/QQiDgQi_l
() Y o
= va(T e
_ s ((m—)j+1 — () +m(ﬁ)j+1)

re =y 0 0

which will give looser inequality.

Bias term. Thus, for the bias term :

_ e N [(r,—)kﬂl;a _ (ke 1;&}
P; 0, = i91 . — ? 1—r" g 1—7"1.Jr
¥ = Ve TS0 +< 0
NG [a=rir)—pkai]

= ) |

V=) 0

where —\k+1 +32 +\k+1 —\2
pl;Alz(Ti)+(1_Ti) _(T')Jr(l_ri).

This can be bound with the following lemma



Lemma 2 For all p € (0,1) and w € [~7/2;7/2] and r* = p(cos(w) £ v/—1sin(w)) we have:

<min{l+p+e P +4p" 14+ p+14+V5p 1} <6 (3)

1—rtr™ — pF| Ay
|1 —7r7|

We note that the exact constant seems empirically to be 2.

This gives for the bias term

i V(o)) 1 S
TRCH | (= rir0) = pbar)]
T Juema - Ju - -

GO (54t (1B

<
Vs A

wy_Vealth)

= B v(si +A)
6 Vei(0)
’y(Si+>\)

Since:

(1—r7)1 =7 1—2%Rer] + |r}
1= (140)(1 —7(si + X)) + (L —(si + )

= v(si +N).

. ; k—1 .
We can also have a looser bound using P;x©4 = >_/_ Ri ;05

_ /G0 _ _
Rij0h = YOO (1) )T = (1 =) ()
7’1- *7’1-
D) = ()Y e () = (rf )i
— 191 1 1 . 3 3 3 3
e o

Pl sin(wi(j+ 1)) pie™iplTem iUt — piemivi il et Gt

SINC

pi sin(w;) pie~ Wi — peii
0 (/)g-i_1 sin(wi (j +1)) jp1e i — etiwid
= \/c; L
o pi sin(w;) ' e iwi — glw

- Jch plsin(wi(j + 1)) _j+sin(wig)
= Vel sin(w;) ' sin(wi))

IN

cde\/c_ﬂé
replace cde by its true value which will also gives for the bias term

1P} < cdey/etik

and the final bound

) 5 91 2 5 91 2 )
| P xOh]1? < min{BG&, 6ncde%,n2cd62q(96)2}
Y(si+A) v(si + A)



Proof We have

I (e e R o et
e o

(r )5 = (DM = 2 () = D)) + (D) = DY

7 1

sin w;p;
P sin((k + Vw;) — 2082 sin(kw;) + pF 3 sin((k — 1)w;)

sin w;

FB: add more details and help the reader

4 sin((k + 1)w;) — 2p; sin(kw;) + p? sin((k — 1)w;)
—A1 = P

pi sin w;
sin((k + 1)w;) — 2p; sin(kw;) + p? sin((k — 1)w;)
sin w;

_ (cos(w) — p)(sin(kw) — psin((k — 1)w))' + cos(kw) sin(w) — pcos((k — 1)w) sin(w)
(cos(w) — p)?sin((k — 1)w) + (cos(w) — p) sin(w) cos((k — 1)w) + cos(kw) sin(w) — pcos((k — 1)w) sin(w

= (cos(w) — p)*sin((k — 1)w) + (cos(w) = p) cos((k — 1)w) + cos(kw) — pcos((k — 1)w)

_ (oos(w) - ps)injzl((k = V%) | 9 (cos(w) — p) cos((k — 1)w) + sin(w) sin((k — 1)w)
[A1] < k+2 butalso
[A1] < (1—-p)(k—1)+4 thus

<

pi A 207 (1—p)*(k —1)> +32 < 34




1—¢tpr 1—p?
S B d <l+p exact if w=0

1= 1 —=r]

—pFlA] r (COS(“’)f’ZHZ?((k*l)w) + 2(cos(w) — p) cos((k — 1)w) + sin(w) sin((k — 1)w)
= =

1 =] \/(lfpcosw)2+p251n2(w)

(Cos(w)—p).2 sin((k—1)w)
k sin w; |

e (cos(es) = p) sin((k — 1))

’ = sin wj
\/(1 — peosw)? + p? sin®(w) ;
< (L= p)(k — 1) 4 pr (c08) ~ Dsin((k — D)
< PP —pk—(1— p)pt + Pt (cos(w) = 1) sin((k = 1)w)
< P+ =p) ot = (1 =p)pt + pk%
< 1-(1-p)pt
2| ph (cos(w) — p) cos((k — 1w) < 2
\/(1 — peosw)? + p?sin®(w)
|pk + sin(w) sin((k — 1)w) | < o

\/(1 — peosw)? + p? sin’(w)

FB: add more details and help the reader. This applies to the entire proof...
Thus :

1L—rfr7 — pflAl]

< 14p+143p-Ht

11—
We also have
() — )2 sin((k—1)w
|pk (conle) ps)ini)-;((k L) | < o (cos(w) — p)sin((k — 1)w)
\/(1 — peosw)? + p? sinz(w) sin w;
cos(w) — 1)sin((k — 1w
< FU-p(h—1)+ e =D '(( Jw)
sin w;
1 (cos(w) — 1) sin((k — 1)w)
< 11— —— k+1 1— k k
< | k+1) (L=p)p"+p sinw;
.2
- sin®(w/2
< e 1*(1*p)pk+pkﬁ
S111 Wy
Using that
kosup @ (1—2) = b (1 — ——)F = (1 = —— )" —exp((k + 1) In((1 — ——)) < e~}
x€[0;1] k+1 k+1 k41 rr1) S
leading to

1*Tj7’i_*Pf|A1| -1 k
< l4pt+et+4
= - ’




We can alos change 3p” into v/5pF We have used that |(p — cos(w))| < (1 — pcos(w)).

Variance term As for the variance term, with V; = (vi 0) ,we have tr P; ,V; P, = ‘

0 0

Py (

(D) A — ) = ()M (- r;)]
+ -

P () -

_ o uE | g
v(si +A) L
where
—\k+1 + +\k+1
! o )= =)A=y
piBlvk - T;—_Tz—

which we can bound using the following lemma

Lemma 3 For all p € (0,1) and w € [-7/2;7/2] and r* = p(cos(w) £ /—1sin(w)) we have:

<1.75

Py Bi g

Where we note that the exact majoration seems to be 1.3.

1/2 1/2
We can also have a looser bound using P j, (UiO ) = Z;:é R; (”io ) and

vl/2 Cili —\j j
ms (Y ) = ey - ey
Gl .
_ P sinwi(G 1))
- ovan pi sin(w;)

< Ve +1),

/
and HPi,k (Uzlo 2) H < et Uk

2 Y

And this gives for the Variance term

S = 1— By 1% 1= b By k(b +1) k2 2
Ztr PpVilPixy < we Zmin [ 5 Pi 1’@ , [ Pi 1”“} (k + )7 k*(k+1)
k=1 1 Y2 (si + A) 29(s; + ) 4

) 8n (n+1)2 (n+1)°
< wc¢;min , , .
Y2(si + N2 2v(s; + A) 20

10

(%

W)

0



Proof We have

)M A=) - DM )

k i i
piBir = T;’_ —r
23m[(7’;)k+1(1 — 7’:)]
= - —=
~ Jmpkem D1 — p; cos(w;) — ip; sin(w;))]
sinw; p;
~ peos((k + Dw;) sin(w;) p; + sin((k 4 1)w;) (1 — p; cos(w;))

sinw; p;
sin((k + 1)wi)}

T Dws) + (1 = pi cos(wi
ok i cos(( + 1)) + (1 = pi cos(wr)) St o

Moreover,

sin((k + 1)w;) sin((k + 1)w;)

P (1 — picos(w;)) pE(1 = pi+ pi(1 = cos(wi)))

sin w; sin w;
sin((k 4+ 1)w;) sin((k + 1)w;)
< P (1= pi)—————=| + pi'|pi(1 — cos(w;)) ————
sin w; sinw;
1
< pFla=p)k+1 k| p; sin® Y-
< e (L= pa)(k + )‘—sz pi B (Q)QCos(g)sin(g)
w 1
< PP = pi)k + pf (L= p) + pf | pisin®(5) gy
27 2cos(%)sin(g)
< Q-1 —p)*A+1—p ) —prt 1 P tan¥
< (=1 =p)" (1 +(1=pi)) Pt s TS an(3)
1 1 1 1
< 1-Q=p))r4+-4+=2<14+=+=—pF
S Q=0 =p)) +7+5S1t0+5 -0
Thus
1 1 1 1
k k k
B = pi+l4+-4+=—pi<l+-+=-=1.
Pi b1k pi + +4+2 pl_+4+2 75
|
Lemma 1 Finally :
. si(05)? VSN
E(©!,C0;) < K + K
OO = B G AR 1
With K1 = 2.75%, Ko = (3 + 3pF)2.
1.3.2 One coalescent eigenvalue
We assume that F; has one coalescent eigenvalue r; = W)(l;w. Then, with § = ;7 ”Esij:‘;,
AT

— LW = 1—+/7(si+ ). Then F; can be trigonalized as F; = QZ-DZQ;l with

11



T
o (;
Tf_l <7E)Z

1
0
k

T

)

Once again, we first compute Py : (Io — D;)~t = <

1

i
)a Di — (0

2

1—7‘,{-C 1—7“;C kf !
T—r;  (A—ry2  1-r
0 lfrk
1—7‘»5

Thus with M; = <

And

P = M;(Iy — D) (I —

Thus

M;(I, — D¥)(I5 —

And this gives for the bias term

[PaNcH Iy

As

T_) and Q;l = ((1)

1

17’)“1'

0 1

(1—7r;)2

1_7'1'

k k
VSiri /i P Ny
0 0 we have MZ(IQ Dz )(12 Dz) = \/E Ow ( i) 0
1—rk kr® 1—rF 1—rk krk
pyQ = f<<>4 T = (o — 12
¢ 0
177“)6 krk 1—7r krk+1
- A—r)?  1-r, (- T)Z(Tl) + 35
\/_< 0 0
_ VSi 11772 — krk —11::1;( )2 + kit
177"1' 0
_ - 1—rP k 1—rP 2 k+1 9
D)1 -lgi  — N — — kr; T (r;) + kr; < 0
)% L 0 0 0
5 1 —rhyltre gk
= 04\/si <( 10_T
. 147 2
= O[T ]
; 147 147 2
_ 2, | T 1 k
= (%) Slhfn (k+1fri)”}
) 2— /v(si+ A) 2—/y(si+ ) 2
= QlQSi—— k+ —"F——ou—")(1— Si—l—)\k
(6)) [ — ( — JEEVETEEYY
(6
= ot )[2—w 5.0 = (BVAGs 0 +2 = A+ ) (1 -
= s o A - 2 (k- VA ) - VA )]
= ’7( Y(Si TS84 Y(Si
(0 ) 8
4—"
(51+)‘)
0<2— (s +A) = 2+ (k= DVA(si + ) (1= V(s +4)F < 2

12

1T_). We note that for all & > 0, then Df

) and (12 — Df)([g — Di)il =

ey



as

Y(si+ A+ (24 (k= Dy/Alsi +0) (1= V/Alsi + A)F =
Y(si+A) +(1 - mﬁwmwn Y(si + N) (1 — V(s + A)F
Y(si +A)+ (1 - )+ (1 (1
L4 (1= (s +2)*

IA A

And for the variance term, with V = (8 8>,

tr PV Py

si L P e B e S W O W A A Y S S AR BV P '
= —— | 1-n 7 1—r; \'2 i 1—7r; % 1—r; \'? i
(1 — Ti)Q 0 0 (0 0) 0 0

_ Siv [1 — rf - krfr

(1 — Ti)Q 1-— T
_ 'Uhi |:177’,iC 7krf:|2
Y(si+A) L1l —r
’Uhi

ETOE (DL 1=t = k]

%[ (1 + kAT T VAT )]

And

var

> tr Py VP
k=1

_ i[l_ (14 AT T~ VAN

sZJr)\? —

with z = (1 — ¢) and ¢ = \/y(s; + ),

var = ﬁ; [1 — (I +ke)(1 — C)k:|2
ﬁzﬂ: [1 — (1 +ke)(1 - c)k}2

b
Il
—

It is clear that (1 4+ ke)(1 —c)* < (1+c)*(1—c)f < (1 -2k < 1. So
uns;

< v
TP+ A)?

var

Lemma 2 We thus have the following conclusion for the coalescing case :
45;(05)? v's;

BOnCON < v 1t G r D

13



. _ 531+1 fiz+1 - 1
WlthV’—E[( 0 )®( 0 )]_%V

1.4 Conclusion

Combining Lemma 1 and 2, we have

Theorem 1 Finally, we get,

Y+ A)72V)

B 1/2 —1/2p 12

tr(X%
: — el anom e an e P +

(n+1)

With K1 = 2.75%, Ko = (3 + 3pF)2.

14



