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ABSTRACT. We prove that the flux function of the totally asymmetric simple exclu-
sion process (TASEP) with site disorder exhibits a flat segment for sufficiently dilute
disorder. For high dilution, we obtain an accurate description of the flux. The re-
sult is established under a decay assumption of the maximum current in finite boxes,
which is implied in particular by a sufficiently slow power tail assumption on the dis-
order distribution near its minimum. To circumvent the absence of explicit invariant
measures, we use an original renormalization procedure and some ideas inspired by
homogenization.
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1. INTRODUCTION

The flux function, also called current-density relation in traffic-flow physics [11], is
the most fundamental object to describe the macroscopic behavior of driven lattice
gases. The paradigmatic model in this class is the totally asymmetric simple exclusion
process (TASEP), where particles on the one-dimensional integer lattice hop to the
right at unit rate and obey an exclusion rule. Density p € (0, 1] is the only conserved
quantity and is associated locally to a flux (or current) that is defined as the amount
of particles crossing a given site per unit time in a system with homogeneous density
p. For TASEP, the flux function is explicitly given by

(1.1) f(p) = p(1=p).
In the hyperbolic scaling limit [27], the empirical particle density field is governed by
entropy solutions of the scalar conservation law

(1'2) atp(t7x) + aﬂ: f(p(tv l‘)) =0,
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with f given by . This kind of result can be extended to a variety of asymmetric
models [33, 28, 4], but when the invariant measures are not explicit, little can be
said about the flux function. Nevertheless, convexity or concavity can be obtained
as a byproduct of the variational approach set up in [32], which applies to totally
asymmetric models with state-independent jump rates, like TASEP. However strict
convexity or strict concavity, which are related to the absence of a phase transition,
require new mathematical ideas to be derived for general driven dynamics.

In disordered systems, a phase transition has been first proved for nearest-neighbor
asymmetric site-disordered zero-range processes (ZRP) and its signature is a constant
flux on a density interval [p., +00), where p. is the density of the maximal invariant
measure. The invariant measures of the disordered ZRP are explicit so that the flux
can be exactly computed and the phase transition precisely located. The necessary
and sufficient condition for the occurrence of a phase transition is a slow enough tail of
the jump rate distribution near its minimum value r. Microscopically, phase transition
takes the form of Bose-Einstein condensation [14]. In an infinite system with mean
drift to the right, the excess mass is captured by the asymptotically slowest sites at
—o00. This was proven rigorously in [3] for the totally asymmetric ZRP with constant
jump rate with respect to the number of particles which is equivalent to TASEP with
particlewise disorder [25]. This holds also for nearest-neighbor ZRP with more general
jump rates [0] (see also [I7] for partial results in higher dimension). The TASEP
picture can be interpreted as a traffic-flow model with slow and fast vehicles. The
phase transition then occurs on a density interval [0, p.], where the flux is linear with
a slope equal to the constant mean velocity of the system. This velocity is imposed
by the slowest vehicles at +o00. As one moves ahead, slower an slower vehicles are
encountered, followed by a platoon of faster vehicles, and preceded by a gap before the
next platoon [25].

In this paper, we consider TASEP with i.i.d. site disorder such that the jump rate at
each site has a random value whose distribution is supported in an interval [r, 1], with
r € (0,1). A flat piece in the flux was observed numerically by physicists [22], 40, 20]
and interpreted as the occurence of a phase transition by several heuristic arguments.
Contrary to the disordered ZRP, the invariant measures are no longer explicit in the
site-disordered TASEP, which makes the analysis of the flux more challenging. Before
commenting on the flat segment in the flux, let us mention that the existence of a
hydrodynamic limit of the form for TASEP with i.i.d. site disorder was established
in [33], using last passage percolation (LPP) and variational coupling. Consequently,
the flux function was shown to be concave. More generally, the existence of a limit of the
type was obtained in [4] for asymmetric attractive systems in ergodic environment,
based on the study of invariant measures. We refer also to [10], 29, B30}, B7] for further
rigorous results in a different class of disordered SEP.

Recently, Sly gave in [36] a short and very elegant proof of the existence of a flat
segment in the flux for TASEP with general rate distribution. The proof in [36] relies
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on a clever coupling implemented in the LPP formulation of the TASEP. In this paper,
we develop a different approach, announced in [6], based on a renormalization method
to obtain a precise information on the flux function and on the flat segment at the
price of additional assumptions on the disorder distribution. To our knowledge, this
is the first time a renormalization procedure is applied in the context of TASEP. We
focus on the case of dilute disorder which plays a key role in the physical literature [22].
The jump rate at each site is chosen randomly, according to some dilution parameter
e € [0,1], so that a site is “fast” with probability 1 — ¢, in which case it has rate
1, or “slow” with probability ¢, in which case its rate has some distribution ) with
support (r, 1] for some r € (0,1). Under some assumption on the distribution @, and
for sufficiently diluted disorder, i.e. £ small enough, we prove the existence of a flat
segment and determine the limiting size of this segment when e vanishes. Moreover, we
prove the convergence of the whole flux function to an explicit function. We stress the
fact that Sly’s argument [36] does not require any assumption on ) nor the dilution of
the disorder, however the control on the flux in [3€] is less precise.

The physical interpretation of the flat segment in the flux [22] is the emergence at
different scales of atypical disorder slowing down the particles and leading to traffic
jams. As one moves ahead along the disorder, slowest and slowest regions are encoun-
tered, with larger and larger stretches of sites with the minimal rate r (or near this
minimal rate). Locally a slow stretch of environment inside a typical region is expected
to create a picture similar to the slow bond TASEP introduced in [21]. It is known that
a slow bond with an arbitrarily small blockage [7] restricts the local current. On the
hydrodynamic scale [34], this creates a traffic jam with a high density of queuing vehi-
cles to the left and a low density to the right, that is an antishock for Burgers’ equation.
Renormalization turns the problem into a hierarchy of slow-bond like pictures, where
at each scale, the difference between the “typically fast” and “atypically slow” region
becomes smaller and smaller. Slower jams will gradually absorb faster ones so that
one expects to see a succession of mesoscopically growing shocks and antishocks. Some
results in this direction were obtained in [19] in the case of particle disorder. Even
though, a single slow bond induces a phase transition, it is not clear if the transition
will remain in presence of disorder or if the randomness rounds it off as in equilibrium
systems [2].

Renormalization is often key to analyze multi-scale phenomena in disordered sys-
tems; we refer to [38, [41] for a general overview and to [9] for an approach related to
ours. Our renormalization scheme controls rigorously the multi-scale slow bond picture
described in the paragraph above. A major difficulty compared to the single slow bond
is that as one moves to larger scales, the typical maximum current associated to a
given scale and the maximum current associated to the rare slow regions occurring at
the same scale converge to the same value r/4 (with r the minimal value of the jump
rates). Thus a delicate issue is to show that this small current difference exceeds the
typical order of fluctuations at each scale, so that the slow-bond picture remains valid
at all scales. To quantify this difference, we rely on an assumption on the decay of the
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maximum current in a finite box (2.17). This assumption is satisfied under a condition
on the tail of the rate distribution ¢ near its minimum r (see Lemma [2.1)). Heuristics
suggest that this assumption should be always valid although we have not been able
so far to prove this conjecture.

We achieve our renormalization scheme by formulating the problem in wedge LPP
framework with columnar disorder and exponential random variables. In the LPP
framework, the phase transition takes the form of a pinning transition for the optimal
path [24]: the path gets a better reward from vertical portions along slow parts of the
disorder. The core of this approach is to obtain a recursion between mean passage
times at two successive scales. Like many shape theorems [26], our results partially
extends to LPP with more general distributions.

The paper is organized as follows. In Section [J, we set up the notation and state
our main result. In Section [3, we formulate the problem in the last passage percolation
framework and introduce the reference flux and the passage time functions. In Section
M we introduce the renormalization procedure and describe the main steps of the
proof. In Section 5] we prove a recurrence which links the passage time bounds of
two successive scales. This is the heart of the renormalization argument. In Section
[0, we study this recurrence in detail and show that it propagates the bounds we need
from one scale to another. In Section[7] we establish an important fluctuation estimate
needed in Section 5} Finally, the proofs of our main theorems are completed in Section

Bl

2. NOTATION AND RESULTS

2.1. TASEP with site disorder. Let N:= {0,1,...} (resp. N*:={1,2,...}) be the
set of nonnegative (resp. positive) integers. The disorder is modeled by a = (a(x) :
r € Z) € A :=10,1]% a stationary ergodic sequence of positive bounded random
variables. The precise distribution of a will be defined in Section 2.2 For a given
realization of «, we consider the TASEP on Z with site disorder a. The dynamics is
defined as follows. A site x is occupied by at most one particle which may jump with
rate az) to site x + 1 if it is empty. A particle configuration on Z is of the form
n = (n(x): x € Z), where for x € Z, n(z) € {0,1} is the number of particles at . The
state space is X := {0, 1}%. The generator of the process is given by

(2.1) L*f(n) =Y ale)n(@)[L =nz + D] [f (") = f()] .

where n***1 =5 —§, 4+ d,,1 denotes the new configuration after a particle has jumped
from z to = + 1.

Current and flux function. The macroscopic flux function f can be defined as
follows. We denote by J&(t,10) the rightward current across site x up to time ¢, that
is the number of jumps from = to x + 1 up to time ¢, in the TASEP (n{);>¢ starting
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from initial state 79, and evolving in environment «. For p € [0, 1], let n” be an initial
particle configuration with asymptotic particle density p in the following sense:

n 0

o1 o1
(22) nh_g.lo E xE_O np(x) =p= nh_g.lo E x_E_n 77'”(1‘)
We then set
1
— lim = T P
(2.3) flp) = lim —J3 (¢ 1),

where the limit is understood in probability with respect to the law of the quenched
process. Other definitions of the flux and the proof of their equivalence with the above
definition can be found in [6].

It is shown in [33] that f is a concave function, see below. It was conjectured
in [40] that for i.i.d. disorder, the flux function f exhibits a flat segment, that is an
interval [pc,1 — p.] (with 0 < p. < 1/2) on which f is constant (see Figure [1)). The
proof of [36] uses a comparison with a homogeneous rate r TASEP. We introduce a
different approach, based on renormalization and homogenization ideas, viewing the
disordered model as a perturbation of a homogenous rate 1 TASEP. This yields not
only an independent proof of the existence of a flat segment, but also optimal estimates
when the density of defects is small enough.

2.2. The flux and flat segment for rare defects. From now on, we consider i.i.d.
disorder such that the support of the distribution of «(z) is contained in [r, 1], where
r > 0 is the infimum of this support. Then the flux is bounded from above by /4.

Proposition 2.1. The mazimum value of the flux function is given by

max f (p) =r/4.

This result comes from the fact that the current of the disordered system is limited
by atypical large stretches with jump rates close to r. On these atypical regions, the
system behaves as a homogeneous rate  TASEP which has maximum current r/4.
A detailed proof can be found in Appendix [A] For our main results, we formulate
additional assumptions on the distribution of the environment. We assume that the
disorder is a perturbation of the homogeneous case with rate 1. Let 0 <r < R < 1
and @) be a probability measure on [r, R], such that r is the infimum of the support of
Q. Given € € (0,1) a “small” parameter, we define the distribution of a(x) by

(2.4) Q.= (1—-¢)d +eQ.
The law of o = (a(z), z € Z) is the product measure with marginal Q. at each site
P-(da) := (R) Q-[do(x)].
TEL

Expectation with respect to P. is denoted by £.. We can interpret this by saying that
each site is chosen independently at random to be, with probability 1 — ¢, a “fast” site
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with normal rate 1, or with probability € to be a “defect” with rate distribution @
bounded above away from 1 and 0. Thus ¢ is the mean density of defects. For example
if ) = 9,, then the defects are slow bonds with rate r < 1.

Let us denote by f. the flux function for the disorder distribution Our main
results hold under a general assumption (H) on the disorder distribution ¢ which will
be stated and explained in the next subsection. Concretely, assumption (H) is easily
implied by the following simple tail assumption:

Lemma 2.1. Assumption (H) holds if the following condition is satisfied:

(2.5) for some Kk > 1, Q([r,r +u)) =O(u") asu— 07.
We now define the edge of the flat segment as

1
(2.6) pe(€) == inf {p € [0, 5} : f-= 2 on [p,1— p]} .

It follows from Proposition that p.(¢) < 1/2. Tt is also known (see [33]) that f is
symmetric with respect to p = 1/2, i.e.

(2'7) Vp € [07 1]7 fz—:(l - p) = fz—:(p>'

Therefore, (2.6 is equivalent to saying that the flat segment of f. is the interval
[pe(€), 1 = pe(e)]-

Theorem 2.1. Under assumption (H), there ezists ¢g > 0 such that p.(¢) < § for
every € < g9. Furthermore, the size of the flat segment is explicit when e vanishes:

(238) lim (<) = pel0),
with
(2.9) &my:%(y—vl—m.

Remark 2.1. [t follows from that the limiting value of the length 1 — 2p.(¢) of
the flat segment is /1 —r. The result of [36] is that p.(¢) < 1/2 for any ¢ € (0,1),
without requiring assumption (H)or . The proof of [36] yields an upper bound on
pe(€) itmplying that the limiting length of the flat segment is at least (1 —r)/2.

The next theorem characterizes the dilute limit [22] of the whole flux function. Let

, r
(2.10) Ype0.1],  folp) = min [p(1 = p). 7]
Theorem 2.2. Under assumption (H), uniformly over p € [0,1], one has
(2.11) lim f-(p) = fo(p).

It is important to note that, although p.(0) is the lower bound of the flat segment of

fo, the convergence ([2.8)) is not a direct consequence from (2.11)). Theorem [2.2|does not
imply the existence of the flat segment for given e either. However, the proofs of (12.8))

and ([2.11)) are closely intertwined and both follow from our renormalization approach.
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2.3. A general assumption. Let us now state assumption (H) which is used in
Theorems 2.1l and 2.2l For this we first define the maximal current in a finite domain.

Let B = [x1,22] be an interval in Z. In the following, ap = (a(z) : = € B)
denotes the environment restricted to B. Consider the TASEP in B with the following
boundary dynamics: a particle enters at site 21 with rate a(z; — 1) if this site is empty
and leaves from site xo with rate a(xq) if this site is occupied. Note that this process
depends on the disorder in the larger box

(2.12) B* = [, — 1,25 N Z.

From now, we index all related objects by B# (the domain of the relevant disorder
variables) rather than B (the domain where particles evolve). The generator of this
process is given by

xro—1

Ly f(n) =Y _ a(@)n(@)[1 —n(z+ D] [f (") — f(n)]

(2.13)  + a(_fvl — DL =n(@)] [f (1 + 02)) = f()] + alx2)n(z2) [f (0 = 02,) = f(0)],

where 1 + d, denotes the creation/annihilation of a particle at x. We now define the
maximal current relative to the process restricted to B.

Definition 2.1. The mazimal current jo, g#(cp#) is the stationary current in the open
system defined above, i.e. (independently of v = x1,..., 29 — 1)

@1)juelape) = [ ()l = ne + Dldvga )

= [ e = = vy (n) = [ alaa)ntaadgs o)
where v, 1s the unique invariant measure for the process on B with generator L., .

Remark 2.2. One can see that the right-hand side of (2.14)) is independent of = by
writing that the expectation under v, of L%um(x) for x € [x1,x2] N Z (which yields
the difference of two consecutive integrals in (2.14])) is zero.

To simplify notation, we shall at times omit the dependence on ap# and write jo, p#.
It is well-known [I3] that in the homogeneous case, i.e. when a(x) = r for all x in
[0, N] (with r a positive constant), then j o,5] is no longer a random variable and

. . . . r
(2.15) ]\}g{l)o]oo,[o,m = H]\lffjoo,[O,N} =1
In fact, explicit computations [13] show that, for some constant C' > 0,
r C
2.16 oo > 4 —.
(2.16) JofoN] Z 7 F

The quantity je jo,5](vo,n1) is & function of the environment which measures the speed
of decay of the maximum current in a box to r/4 as the size of the box increases.
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Assumption (H), stated below, requires that with high probability on the disorder the
decay of the maximal current towards r/4 is slightly slower than (2.16)).

Assumption (H). There exists b € (0,2), a > 0, ¢ > 0 and B > 0 such that, for e
small enough, the following holds for any N:

, r a c
(2'17> Pa <]oo,[0,N](a[0,N]) < Z + Nb/z) < m
Note that if assumption (H) is satisfied for some b € (0, 1), it is satisfied a fortiori for
b = 1. Thus, from now on, without loss of generality, we will assume that b € [1,2).

We stress the fact that the condition b < 2 is borderline as a simple comparison with
the homogeneous case ([2.16]) leads to a control of the decay for b = 2.

We have not been able to prove that assumption (H) is satisfied for Bernoulli disorder
@ = J,, although we believe this is true. However, as stated in Lemma the tail

assumption (2.5)) implies (H).

Proof of Lemma 2.1 Let o* := mingeponj o(z). It follows from a standard coupling
argument that the flux is monotonous with respect to the jump rates

(2.18) Joo 0N (@0,N]) = Joofon) (@, %),

where joo 0,3 (a*, o ,a*) stands for the current of a homogeneous TASEP in [1, N]
with bulk, exit and entrance rates a*. By , it is larger than o*/4, so that
Joojo,N](@o,n]) = o /4. Thus assumption (H) will be implied by control of a*. Using
the tail of the distribution @ (2.5)), we get

P- ( min_o(z) §r+a—/) < NQ <[r,r+a—/)> < ¢

z€[0,N] Nb/2 Nb2’ ) = NB’
for some well chosen parameters ' > 0, ¢ > 0, b € (0,2), 5 > 0. This follows from
elementary computations. ([l

3. LAST PASSAGE PERCOLATION APPROACH

The derivation of Theorems [2.1] and [2.2] relies on a reformulation of the problem in
terms of last passage percolation.

3.1. Wedge last passage percolation. Let Y = (Y;, : (¢,7) € Z x N) be an i.i.d.
family of exponential random variables with parameter 1 independent of the environ-
ment («(i) : ¢ € Z). In the following, these variables will sometimes be called service
times, in reference to the queuing interpretation of TASEP. The distribution of Y is
denoted by IP and the expectation with respect to this distribution by IE. Let

W:={(i,j) €Z*: j>0,i+3j>0}.

Index 7 represents a site and index j a particle. Given two points (z,y) and (z2/,1/)
in Z x N, we denote by I'((x,y), (¢, ) the set of paths v = (zk, Yx)k=0,..» such that
(x()ay()) = (xay)7 (xnayn) = (ﬂf/,y/), and (':Ek—‘rl = Tk Yk+1 — yk) € {(1a0)a (_1a 1)} for
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every k =0,...,n—1. Note that I'((z,y), («/,y")) = 0 if (2’ —z,y —y) € W. Given a
path v € I'((z,y), (2/,)), its passage time is defined by

(3.1) () =) Yo

= ()
The last passage time between (x,y) and (z/,y’) is defined by

(3.2) T%((z,y), («",y) == max{T*(7) : v € T((z,y), («",4)}.

We shall simply write T7%(x,y) for 7*((0,0), (z,y)). This quantity has the following
particle interpretation. For (¢,z) € [0, 4+00) X Z, let

H*(t,z) =min{fy e N: T%x,y) >t} and n(x)=H*(t,x—1)— H(t, x).

Then (nf):>0 is @ TASEP with generator and initial configuration n* = 1z _s ),
and H? is its height process. Besides, if we label particles initially so that the particle
at < 0 has label —z, then for (z,y) € W, T*(z,y) is the time at which particle y
reaches site  + 1. Let us recall the following result from [33].

Theorem 3.1. Let W := {(z,y) e R*: y >0, x +y > 0}. For P-a.s. realization of
the disorder «, the function

(3.3) (2,y) € W i 7(2,7) = lim %Ta([N:c], (Ny))

N—oo

1s well-defined in the sense of a.s. convergence with respect to the distribution of Y. It
is finite, positively 1-homogeneous and superadditive (thus concave). The function

(3.4) (t,2) € [0,+00) x R > h(t, z) = lim %H“([Nt], (Na)

N—oo

1s well-defined in the sense of a.s. convergence with respect to the distribution of Y. It
is finite, positively 1-homogeneous and subadditive (thus convez). These functions do
not depend on « and are related through

(3.5) h(t,z) = inf{y €[0,400): 7(z,y) > t},
(3.6) T(x,y) = inf{t € [0,400): h(t,z) >y}

By homogeneity, the function A in (3.4) is of the form

(3.7) h(t,z) = th (%)

for some convex function k : R — R*. It is known that for homogeneous TASEP (that
is a(z) =1 for all z), we have

(1—v)

T(@y) = (Ve ty+v)?, k() = Ly (@) = vlcen(v).
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3.2. Reformulation of Theorems and [2.2] In this section, we are going to
rewrite the flux in the last passage framework and show that Theorem can be
deduced from a statement on the passage time. It is shown in [33] that the macroscopic
flux function f is related to k (defined in (3.7))) by the convex duality relation

(3.8) f(p) = inf[k(v) +vp], p€[0,1]

which implies concavity of f. We now introduce a family of “reference” macroscopic
flux functions and associated macroscopic passage time and height functions. Let
0<p.<1/2and J > 0. For p € [0, 1], we define (see Figure [1)

1 —
(3.9) fre7(p) := Jmin (ﬁ, p’ 1) )
Pec Pc
J f/)nu]
2 Y S S
J; P
pc 1 - ,0(:

FIGURE 1. The homogeneous TASEP flux f(p) = p(1 — p) is represented in dotted line and
3 graphs of modified fluxes fPn>/n are depicted in plain line. The renormalization strategy is to
bound from below the flux at the scale n by fPn:/n and to use this information to control the lower
bound on the flux at the scale n + 1. As depicted in the figure, the fluxes J,, decay to r/4 when the
scale grows. The width of the flat segment [pn,1 — py] is also shrinking at each step but remains
controlled. When the dilution € tends to 0, the limiting flux fo defined in is the flux f(p)
truncated in [pc(0),1 — pc(0)] at the level r/4 (dashed line). For ¢ small enough, J; can be chosen
very close to 7/4 and p1 close to p.(0). Furthermore for small e, the flat segment [pn,1 — pn] is
almost unchanged at each scale and this leads to the convergence in Theorem [2.1

Given Proposition [2.1] the occurence of a flat segment in Theorem [2.1] boils down to
proving the existence of ¢g > 0 and p € [0,1/2) such that the flux remains above r/4
for densities in [p,1 — pl:

(3.10) Ve <eo,  fo> frA

As f. < r/4 by Proposition , lower bound (3.10) implies that f. equals /4 on
[p, 1 — p|. Since f. is concave and symmetric (2.7), p.(¢) in (2.6]) is characterized by:

(3.11) pe(e) =inf{p € [0,1/2]: f> frr/*}.
The convex conjugate of </ through Legendre duality (3.8)) is defined for x € R by
(3.12) kPed (1) = (=) (Zoomg/po) (@)

+ [‘] - (1 - pe)x]l[fJ/pc,O)(z) + [J - pcx]l[O,J/pc)(x)'
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Finally, one can associate to k”</ a passage time function and a height function, related
by (3.5)—(3.6]), and defined for x € R and y > x~ by

+ (1 — -
(3.13) 777 (z,y) == per” = 7 pe)r” +y and W7 (t,x) == thP (z/t),

where 7 = max{x,0} and 2= = —min{z,0}. It follows from (3.5), (3.7) and (3.8

that

(3.14) f>m e <
Hence, the quantity p.(¢) in (2.6) can be defined equivalently as follows:
(3.15) pee) =inf{p €[0,1/2] : 7. < 7P/}

Thus the lower bound (3.10]) on the flux can be rephrased in terms of an upper bound
on the last passage time. Theorems [2.1H2.2|are consequences of the following theorems,
which will be proved in the next sections.

Theorem 3.2. Let 7. be the limiting passage time defined by (3.3)) when the environ-
ment has distribution P.. Then, under assumption (H), there exist e > 0 and p < 1/2
such that

(3.16) Ve < e, 7. < P4

with 77"/* defined in (3.13)). In particular, 7.(.,y) has a cusp at x = 0 and the optimal
value p(e) introduced in (3.15)) converges in the dilute limit:

1
(3.17) limp.(e) = =(1 —vV1—r).
e—0 2
Theorem 3.3. The passage time function 1. converges in the dilute limit:
(Ve +y+u)? if y<atyl(0) -2y '(0)

POz y) if oy > atyi(0) — 27y H(0)
where Ty 1s the counterpart of the flux function fy defined in (2.11)) and

R () 1= pe(OF
(3.19) nw0)=1"0, 0 1-20.(0)

where p.(0) was introduced in (2.9)).

Theorem [3.2] can be partially extended to LPP with general service-time distribution
and heavier tails. In this case the particle interpretation is less standard, though
the process can be viewed as a non-markovian TASEP (see e.g. [23] and [33]). Our
approach (and the extension just explained) also applies to other LPP models with
columnar disorder (in the wedge picture) or diagonal disorder (in the square picture),
like for instance the K-exclusion process [33].

(318) ll_I}’(l) TE(LU, y) = 7—0(‘7"7 y) =

€ [0,4+00], 3;(0):= € [0, +o0]
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3.3. Last passage reformulation of assumption (H). We will reformulate condi-
tion (H) in the last passage setting. To this end, we define restricted passage times.
Let B = [x1, 22| NZ (where x1, 25 € Z) be a finite interval of Z. If (z,y) and (2/,y’) are
such that z and 2’ lie in B, we define I'g((z,v), (¢, y')) as the subset of I'((z, y), (z/,¢))
consisting of paths v that lie entirely inside B in the sense that z, € B for every
k=0,...,n. We then define

(3200 TH((ay), (@y) = max {T°() : 7 € Tp((z,y), (', y) }.
The counterpart of Definition [2.1] is

Lemma 3.1. Let B = [x1,25) N Z. The limit

(321)  Top(ap) = lim —T8((zo,0), (z0,m)) = sup E [%Tg((xo,O),(xO,m))}

m—oo M, meN*

exists IP-a.s. for xo € B, does not depend on the choice of xq, and defines a random
variable depending only on the disorder restricted to B. Besides, we have

(3.22) T s(ap) = m

where joo p(ap) is the stationary current (2.14) in the open system restricted to
(3.23) B :=[z1+ 1,25] N Z.

Note that in (2.14), j. p#(ap#) was defined as the maximum current for the TASEP
in B. By (2.12) and (3.23)), (B')* = B so that the above lemma is consistent with
(2.14). The proof of Lemma is postponed to Appendix .

To simplify notation, we shall at times omit ap and write T B, joo, 5. We can now
restate condition (H) in terms of last passage time:

Assumption (H). There exists b € (0,2), a > 0, ¢ > 0 and 5 > 0 such that, for e
small enough, one has for any N € N*:

4 a c
(3-24) P. (Tm7[O,N}(a[O,N]) > ; - W) < W

The constants a, ¢ in (2.17)) are different from those in (3.24)), but b and /3 are the same.

4. RENORMALIZATION SCHEME

From now, we are going to focus on the last passage percolation model in order to
prove Theorems[3.2]and 3.3} We first describe a renormalization procedure to show that
a bound of the form ([3.16)) holds with high probability at every scale (see Proposition

below).
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4.1. Definition of blocks. Let n € N* be the renormalization “level” and K,, = K, (¢)
the size of a renormalized block of level n (by block we mean a finite subinterval of Z).
For n = 1, we initialize K; = K (¢) and define a block B of order 1 to be good if it
contains no defect, i.e. a(z) =1 for every z € B. Otherwise, the block is said to be
bad.

For n > 1, we set K,,,1 = [, KK,,, where [,, = | KY| with v € (0,1). For n > 1, a block
B,11 of order n + 1 has size K,,.; and is partitioned into [,, disjoint blocks of level n.
This block is called “good” if it contains at most one bad subblock of level n, and if
condition below on the maximum current in the block holds:

N . . . T a
(41) jOO,Bn+1 Z ]n+1 Wlth ]TL+1 = Z _|_ W?
n+1

where the constants a, b were defined in (2.17]). Otherwise B, is said to be bad. We
stress the fact that the status (good or bad) of B,;; depends only on the disorder
variables ap,, in B,y and not on the exponential times Y; ;.

The renormalization is built such that large blocks are good with high probability.
Let g,(¢) denote the probability under P, that the block [0, K,, — 1] N Z, at level n, is
bad.

Lemma 4.1. Suppose that assumption (H) holds and set

. 2c 1 1

(42) Yo ‘= m,

with the constants ¢, 5 appearing in (2.17) and (3.24). Then for all v € (0,7y) and
e < eq, there is an integer Ki(e) in the interval [K,, K*(g)] such that

_ 1 B+1
g0 := min {1, 27P¢, (2¢) [3 + (4c) B—W(ﬁ“)} } :

(4.3) Ve < ey, lim g,(e) =0 and furthermore lir% Ki(e) = +o0.
n—o0 £—>

Proof. For n > 1, let (, = # be the upper bound in (3.24). Then, by definition of
good blocks and independence of the environment, one obtains the recursive inequality

a < K,
qn+1 < (ann)2+Cn+17 n21

Note that if for some n, we have ¢, < 2(, and (41 > 4l72l g, then ¢,11 < 2(,+1. Thus if
we have ¢ < 2¢; and (41 > 412¢2 for all n > 1, then g, < 2, for all n > 1, implying
qn(€) — 0 as n — oo provided K; > 2.

On the one hand, ¢; < 2(; follows from K; < K*(g). On the other hand, ¢, > 412¢>
is equivalent to

Knﬁ_(BJ“z)7 >4c, Vn > 1.
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Assuming 0 < v < %, since K, is increasing in n, the above inequality holds for all
n > 1 if it holds for n = 1, which is equivalent to

(4.4) Ky > K' = (4c) 7055,
Finally, setting K, := 2+ K’, we have 1 + K, < K*(¢) if € < gg. Thus (4.3)) is satisfied
by choosing the sequence K;(¢) := |K*(¢)]. O

4.2. Mean passage time in a block. Note that the scale K,, at level n depends on
e through K () (see (4.3)) but we omit it in the notation for simplicity.

The strategy to prove Theorem is now as follows. To each block B = [z, 21 :=
zo+ K, — 1] NZ of level n, we associate finite-size macroscopic restricted passage time
functions (in the left and right directions) taking as origin either extremity of the block:

e a(Ly) = B (= T5((20,0), (11, [ Kay))) . 920,
rn(=19) = B (£ T8((1,0), (w0, Luy)))) . w21,

which depend only on the disorder ag,. To keep compact notation, we will write both
functions in the form 7§ (o,y) with 0 = &1 and y > ¢~ = — min{o, 0}.

(4.5)

The main step towards Theorem [3.2 stated in Proposition below, is to prove
that the mean passage time at each level n remains bounded by the reference function
(3.13) with parameters p,, J, appropriately controlled to ensure that the flat segment
is preserved at each order.

Proposition 4.1. For small enough ¢, there exist sequences (pp = pn(€))n>1 € [0, 1]V
and (J, = Ju(€))n>1 € [0, +00)N such that:
(1) Uniformly over good blocks B at level n and for every o € {—1,1}

(4.6) Vy>o, sup 7o 5(0,y) < 707 (0,y),
good B

(11) lim, o0 J, = 1/4 and J, > r/4 for all n € N*,
(111) limsup,,_,.. pn < 1/2 and with the definition (2.9) of p.(0)

1
lim sup lim sup p,,(g) < p.(0) = 5(1 —V1—r).

e—0 n—-+00

Once Proposition is established, completing the proof of Theorem (and thus
Theorem [2.1)) is a relatively simple task, which boils down to obtain a similar bound on
unrestricted passage times (see Section . The upper bound 7%~ is the counterpart,

in the last passage percolation setting, of the modified flux f#»/» depicted Figure .
The derivation of Theorem [2.2| relies on a refined version of (4.6]) in the dilute limit.

Proposition 4.2. For every o € {—1,1} and 0~ <y < ot yi(0) — o~ y; *(0)
(4.7) limsup limsup sup 7, 5(0,y) < (\/g—_i_y_i_\/mz'

e—0 n—+oo good B

where y1(0) was defined in (3.19)).
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4.3. Coarse-graining and recursion. The strategy of the proof of Propositions
and is based on a coarse-graining procedure. We will first show a general estimate
for any good block B at level n > 1 and o € {—1,1}

(4.8) Vy>o, sup T 5(0,y) < gnlo,y),
good B

where g, (0, ) is a sequence of concave functions defined recursively in Proposition .
Then Propositions and {4.2| will be deduced from (4.8)).

Proposition 4.3. Fiz C' a large enough constant and set

KL )3/2
=0 — | K _ og K1)
(4.9) Jor1 =1 l, =|K]| and 6,:=C N ol

n+1
the sequence (gn)n>1 defined on [o~,400) by

(4.10) g1(o,y) = (Vo +y+ )’

and
(4.11)
1 _ Y Y l1+o
Gan(0,9) = sup {(1——) {gnw,y)—. }}+ TR LAY S
o <G< —in ln In+1 In+1 2ln]n+1
SV=T-nY
where

(4.12) oly) = /5 +y[2+log(L+y)**,

satisfies the bound (4.8) for any good block B and n > 1.

The proof of this Proposition is postponed to Section The recursion between
gn and g, is obtained by decomposing a path at level n+ 1 into subbpaths contained
in subblocks of size K,. We then express the total passage time as a maximum of
a sum of the partial passage times in each subblock, where the maximum is over all
possible intermediate heights of the path at the interfaces. The last term 9,,¢ of
is a fluctuation estimate (see Proposition below) on the difference between the
expectation of the maximum of partial times and the maximum of the expectations.
The remaining part of comes from approximating each partial passage time with
its mean and using the induction hypothesis .

To ge of Proposition 4.1, we next bound the functions g, in terms of the reference

function 7°m7/n
7 — N _'_ o
(4.13) gal0,y) < P T E = 7 (0, y) < 70T (0, ),

where

(4.14)  Jy = Jny1, Py = sup {jn+1 gn(0,y) — y} +07,  pni=max(ph, o).
y>o~
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We must then show that p, and .J, satisfy (ii) and (iii) of Proposition [4.1] To this end,
in Section |§|, we will prove Propositions and below (recall that [,, A, and p,
actually depend on ¢):

Proposition 4.4. Assume (H) with b € [1,2). Then for € small enough, the sequence
(P7)nen+ defined in (4.14) satisfies

. 1 1
(415) a1 D L,

Jn+1 ln ln

where A, = A, (¢) has the following property: there exist €1 > 0 and C' > 0 such that
for every 0 <e <ey andn > 1

52 On s
(4-16) A, < Ojn+12 1 = 1 ) {log (1—)} )

(]n+2 — Int1 In+2 — j;il
with 6, as in (4.9).

Assumption (H) ensures that the decay of j, to r/4 is slow enough so that the
additional fluctuations of order A, do not hinder property (ii) of Proposition [£.1] For
the above proposition to be useful, v has to be chosen close to 0 so that the upper
bound vanishes in the limit n — oo. This will imply Proposition .

Proposition 4.5. Assume (H) with b € [1,2) and v < inf{yo, 2 — 1} where o is
introduced in (4.2). Then for small enough ¢, the sequences (pn = pn(€))n>1 and
(Jo = Jn(€))n>1 defined in ([A.14)) satisfy the statements of Proposition [4.1]

The following result established in Section [6] will lead to Proposition .2}

Proposition 4.6. The dilute limit (4.7) holds as the sequence g, (defined in Proposi-

tion satisfies
(4.17)

For o~ <y < oaty(0) — oy, (0), lim sup lim sup g, (o, y) < (Vo +y + /y)*.

e—0 n——+00

Recall that g,, depends on € through the coarse graining scale.

5. PROOF OF PROPOSITION [4.3]

In this section, we prove the recursion in Proposition 4.3, To this end, we decompose
a path of length K, according to its traces on the interfaces between the subblocks
of size K, (see Figure [2)). The set of such traces will hereafter be called the “skeleton”
of the path. The idea is to use as an induction hypothesis for the subpaths in
each block of size K,. If we neglect the fluctuations of these subpaths, the “‘mean”
computation reduces to optimizing the positions of the traces so as to maximize the
total passage times of subpaths of level n. This “mean” induction relation is altered
by an error term (see Proposition below) arising from fluctuations of the subpaths
as well as the entropy induced by the many possible skeletons.
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kaiya |

T K, (i+ 1)Ky =2+ Ky —1

FIGURE 2. A block of level n+1 is partitioned into blocks of length K,, (only
3 blocks are depicted). The grey regions represent the boundaries between
the blocks of level n which are separated by a microscopic length 1. A coarse
grained path is depicted and the black dots denote the renewal points k;.

5.1. Skeleton decomposition. We consider B = [z,2' = = + K, 11 — 1] N Z a block
of order n 4+ 1, where x € Z. Let v = ((Tk, Yk))k=0...m—1 be a path restricted to B
connecting (z,0) = (zg,yo = 0) to (2/,y = [Kni1y]) = (Tm—1,Ym—1). We define the
skeleton s(y) = 7 of v as follows (see figure [2). Let kg = —1 and y_; = 0. For i € N,
we set

k21+1 = Hlll’l{k > k'Q/L' X =X+ (Z + 1)Kn — 1},
k’gi_;,_g = max{k 2 k’gi_,_l T =+ (Z + 1)Kn — 1}
Because w41 — 2 < 1, we necessarily have z144,,,, = © + (i + 1)K, and yi4p,,,, =

Yk, Note that xp, | = mp, = 2’ and y,, = y'. Recall that the block B is
made of [, = | K| boxes of length K,,. The skeleton s(v) of v is then the sequence

¥ = (Gis Zi)i=t,...1, € (N?)I given by

(51) gz = Ykoi_1 — Ykoi_o»
(52) 2@ = ykzi - kai—l'
By definition, we have

ln

(5.3) Z Wi+ 2) =y = [ Knt1y].

i=1

In a similar way for the paths going from right to left, if B = [’ =z — K, .1+ 1,z|NZ,
we may define the skeleton of a path connecting (z,0) = (z9,y0 = 0) to (2/,y =
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[Kpi19Y]) = (®m—1,Ym—1). Let kg = —1 and y_y = —1. For i € N| let

kgﬂ,l = mm{k > kot T =T — (Z -+ 1)Kn + 1},
koive = max{k > ko1 : zp=2—(i+ 1)K, +1}.

Because 41 — 2 > —1, we necessarily have 14y, , =  — (i + 1)K, and y14u,,,, =
1+ Yky,,o- Note that xy, | = xp, =2’ and yg, =y'. The skeleton s(y) of 7 is then
the sequence ¥ = (s, Z;)i=1....1, given by (5.1))-(5.2). Since allowed path increments are

(1,0) and (—1, 1), this sequence must now satisfy the constraint g; > K, for ¢ > 1.

Let I'((z,0), (2,3')) denote the set of skeletons of all paths v restricted to B con-
necting (r,0) and (z/,y'), that is the set of sequences 7 = (i, Z;)iz1,..s, € (N2){Lroln}

satisfying (5.3), with the constraint g; > K, in the case 2’ < x. We will simply write
I',, when the endpoints are obvious from the context.

5.2. passage time decomposition. Let 0 = £1 denote as in the direction of the
paths. To encompass both cases 0 = +1, we will use the following simplifying conven-
tion: an interval can be written [a, b] even if @ > b, in which case it actually means [b, a].
From now on, for notational simplicity, we consider the block B = [0,0(K,+; — 1)],
instead of a block with arbitrary position x € Z. For | € {1,...,l,}, we denote by
By :=[o(l —1)K,,0(lK, —1)]NZ the I-th subblock of level n in the decomposition of

.....

[y

hi=) [+ ]
1

J
if i > 2 and hy = 0. The quantity h; represents the height at which a path with

skeleton 4 enters block ¢ without ever returning to block ¢ — 1. For a path v €
L'((0,0), (0(Kye1 — 1),y")) with skeleton 4, we have that

(5.4) T5(y) < Ug(0,9) + V5 (0,9) < T5((0,0), (0(Knsr — 1),9/)).

where

ln

ln
Ug(o-v ’7) = ZU§,1(07 7)7 V]_?(O', ;y) = Zvl?,l(o-u :Y)a
=1 =1

with
Ugi(0,7) = Tg(o(l = 1)K, hi), (o(LKy = 2), hi+ 3 + 0 — 1)),

Vii(o,7) == TH((o(K, — 1),y + G + 07_1), (o (I, — 1), hy + 3 + 07_1 + 7)),
(5.5)

where Ug(7) is the contribution of the horizontal crossings in the blocks B; and V3 (%)
the contribution of the vertical paths at the junction of the blocks B; (see figure |3)).
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Kni1—1

FIGURE 3. A coarse grained path is depicted in a block of order n + 1.
The horizontal crossings through each block B; are restricted to the dark grey
regions. The passage time Ug(0,7) depends only on the variables {Y; ;} inside
the grey regions which are disjoint from the regions used by the vertical paths
contributing to V3 (o,7).

Noticing that the second inequality in ([5.4]) is an equality if and only if ¥ is the skeleton
of the optimal path, we get

(5.6)  T5((0,0),(0(Knt1 —1),y)) = max {Ug(0,7) + V5(0,9)}-
'YEFH((an)v(U(KnJrl_l)vy/))

To derive Proposition [4.3] we have to estimate
(0% 1 (6%
(5.7) i 5(0,y) = —B(T5((0,0), (0K = 1),9)))

n+1
with ¢ = | K,,11y]| and we decompose this expectation into the sum of two components:

(58) ) max {]E (UB(0-77)> +]E (‘/.B(O-J/y))}7
F€((0,0),(0(Kn41-1),5)) Ky Ky

that is the “mean optimization problem” and a “fluctuation part” defined for ' =
| Kni1y] as

Fuly) =E (ﬁ MAaX5p . ((0,0),(0(Knp1—1).9")) {Ug(Ua ¥) + Vg (o, ’7)})

Ug(o9) Vg(e3)
(5.9) ~ MAX5ET (0,0, (0 (K11 4) {E< R ) + E( R )}
The term ([5.8]), which involves known information from subblocks, will give the main
recursion structure, while ([5.9) will be an error term. The latter will be controlled by

fluctuations and entropy of paths. The precise result that will be established in Section
[7is the following:
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Proposition 5.1. With the notation (5.9), one has uniformly in y

(5.10) Faly) < 6n,/%+y(1+1og(1+y))3/2,

with 6, defined in (4.9)).

We will in fact replace the upper bound in (5.10) by a slightly worse one for the sole
purpose of making it a concave function of y, which is important for us. We therefore
observe that

(5.11) Fu(y) < Guly) = dnip(y),
where ¢ is the (concave) function defined by (4.12)).

5.3. The main recursion (4.11]). Using the skeleton decomposition, we are now going
to derive Proposition . Let us explain the choice (4.10]) of g; in Proposition . To
initiate the induction relation, we need a bound at level 1 for p; and J;. Forn =1, a
good block at level 1 contains only rates a(z) = 1. Since the restricted passage times
are smaller than the unrestricted ones, and the latter are superadditive, the asymptotic
shape f of the homogeneous last passage percolation yields the exact upper

bound

miploy) < (\/0 +y+ \/5)2 =: g1(0,y).
By definition, g; is concave. Note that, if g, (o, .) is concave, then g,.1(c,.) defined by
(4.11)) inherits this property.

Suppose now that the inequality (4.8))

T??,B<O-7 y) < gn(aa y)

holds at step n and that g, is concave. We will show that the recursion is valid at step

n+ 1 with g, defined as in (4.11]).
We first focus on the mean optimization problem ([5.8) and consider a good block

B = [0,0(K,+1 — 1)] at level n + 1. For a fixed disorder «, by superadditivity and
uniformity of « in the y-direction, recalling (3.22)), we have

- .
(5.12) E [V5,(0.7)] < 7 2.
00,B
Since B is a good block, joo p satisfies (4.1). Thus
r a
(5.13) Joo,B 2 7+ —75 =t Int1s
4 Kn{i—l

(recall that j,.1 was introduced in as one of the conditions defining a good block).
As B is a good block, the subblocks B; are good for all values of [ = 1,...,[, except
for possibly one bad subblock with index 75. The recurrence hypothesis at level
n implies that the mean passage time on a good subblock B; is bounded by

a ~ o gl gl
(5.14) E [UBJ(O', 'y)] = K,7, 5, (U, E) < K,gn (a, Fn) .
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For the possibly remaining value iy such that B;, is a bad block, we use a crude upper
bound by artificially extending the path in order to compare its cost to the one of a
vertical connection:

- . ~ . ~ . 1+
Ug,io (O-’ ’7) S Tgio ((0-(10 - 1)Kn7 hlo) ) <O-(ZO - 1)Kn7 hio + Yio + 0Kn>) )

2
which yields, as in ([5.12)),
W 1 (. l1+¢ 1 (. 140
(5.15)  E[Ug;(0,7)] < - (yio +— Kn) < - (yio + Kn)-
Joo.By, Jn+1 2

Note that if there is no bad subblock, we will still apply (5.15]) to an arbitrarily chosen
subblock to avoid distinguishing this seemingly better case, which ultimately would
not improve our result. Combining the above expectation bounds, we obtain

(5.16) E[Ug(0,7) + VE(0,9)] < Kuy1 941 (0,9.9),
where
l l
3 1 n - 1 |1+0 n
(517) g ey A) =1 D gulo i) + - i+ Y E| ¢
L I=1, i Jnt1 2 =1

.....

z = K;'Z, which satisfies the constraint ([5.3]), whence

ln

(5.18) Y Gtz <by with 5 >0
=1
Define
(5.19) <y 1 Z b < In
. g =
SYET ST
I=1,...,ln: l#10

so that from (5.18)), we have

ln

(52()) gio + Zgl S lny - (ln - 1):1]
=1
By concavity of g,, (5.16)—(5.17) and ({5.20]), we obtain an upper bound for (5.8):

U%(o, 5 V(o A
(5.21) max {IE (M) +E (M)}
FETn((0,0), (0 (Kps1—1),[Kns19))) Kot K

1 y l+o
S sup {(1——> [gn(o,y)— -~ }}4— Yo 7
0~ <Y< ,fﬁly ln In+1 Jn+1 2 Jn+1

l

where the value of g in (5.19) has been replaced by a supremum. To bound from
)

above 7, p(0,y) (see (5.7))), it is enough to combine (5.21)) and Proposition This
completes the proof of Proposition 4.3
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6. CONSEQUENCES OF THE MAIN RECURSION

In this section, we prove Propositions [4.4] and [4.6]

6.1. Proof of Proposition As ¢1(0,.) is concave, the recursion implies
that g,(c,.) is a concave function for all n. For notational simplicity, we shall write
details of the proof for o = 1. In this case, we simply write g,(.) for g,(c,.) and p,, for
p2. We will only briefly indicate what changes are involved for o = —1. We consider
the sequence (g,),>1 given by the recursion (4.11)) and set

1
(6.1) Yn 1= inf{yZO: 9n(y) < - }
In+1

where ¢/, stands for the right derivative of the concave function. Thus, if y > (1—1 1)y,

62 gl = (1= 1) |m ) = 2]+ o )

ln jn-i—l jn-‘,—l ln]n—i—l

and if y < (1= 1;")ya

1 L, Iy ] Y 1
6.3) gn =(1-—=) |gn — . + ——+ —— + 0p(y).
( ) g +1(y> ( ln) |:g (ln - 1y) ln - 1.7n+1 In+1 ln.]nJrl Sp(y)

Lemma 6.1. Assume (H) with b € [1,2). Then for € small enough, the sequence
(Yn)n>1 satisfies

e |
(6.4) 2 g Sy<oo and ¢(y) = I
n—1
with ¢ as in (4.12]).
Proof. The proof of (6.4)) is split in 3 steps.
Preliminary computations. For n > 1, we set
J
(65) lny1 = % - %(Kn),
with
K1/2 , a ~1 . " 1
K = 1 S -t — Sl Uriie ey ey
Ya(K) L+ g Y72 {(4 * K§<1+v>2) <4 * Kgum)
K—4o00 _316a 1 _» K—+o00

_f>\J (1 + ’7) 3/2?.[(2 2(1+7) _>—> 0.
Since b > 1 and K (¢) diverges in the dilute limit (4.3), we conclude that
(6.6) limsupt,41(g) = 0.

e—0 n>1

Case n = 2. Since y; > (1 —I; )y, g5(1,41) is obtained by differentiating (6.2)):
go(Lyn) —js ' = jo =" —js '+ 61 (1) = Ya(K),
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where 94(K;) > 0, for large K7, because as K; — 400, we have

1 .1 —b(1+7)/2 . b(l + 7) 1 _ (log K1>3/2
Jo —Js N—Kl with T>§ and (51—07,

(recall b > 1 and v > 0). Thus y» > v > (1 — Yy as gh(1,1) > j3' for e
small enough. Hence, for y in the neighborhood of y,, ¢5(1,y) is also obtained by
differentiating the expression (6.2)). It follows that

j—l _j—l
yz—inf{yzor w'(y)sg’(s—z}.
1

Since ¢ is strictly concave and lim,_, - ¢'(y) = 0, implies that for € small enough,
Yy is the unique solution of ¢'(ys) = t5. Thus identity (6.4) holds for n = 2.

Case n > 2. We are going to prove the claim by induction. Suppose that (6.4)) is valid
up to rank n. To show y,,.1 > y,, it is enough to check that

g;L+1(yn) > jr:iZ'

Since y, > (1 — I;')y,, the above derivative is computed from the expression ([6.2)).
Thus, using the induction hypothesis (6.4]), we get for n > 2

_ - _ _ _ Oon /. -
GritUn) = Jnts = Jntr = Jntz + 00 (Un) = Jni1 — Jngo + 51 (npr —dnY)
(6.7) = W(K,),

: 1
where, since K,, = K. 7

n—1»
¢(K) B r+ a -1 7“+ a -1
o\4 0 g2 4 fha49)3
-1 -1
3f2p—/2 | (T 4 (" a
(6.8) T TR [(4+KZ(1+7)2) (4+K§(1+v) |

Let us respectively denote by ¢ (K) and ¢,(K) the first and second line on the r.h.s.
of (6.8). Then as K — o0,

1 (K) ~ —16a7~_2K_b(1+7)2/2, Yo (K) ~ 16a(1 + 7)3/2 P2 b4)/2-7/2.
Since for b > 1 and v > 0 we have

b v b 9

—(1 —< (1 .

5L+ +5 <5(1+7)

It follows that ¥(K) > 0 for K large enough. As Kj(e) diverges when ¢ tends to 0

(see (4.3))), we have that for small enough ¢, y,,+1 > ¥, > (1—1")y, holds for all n. > 2.
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As ¢, .1 (Yn+1) is given by the derivative of (6.2]) and ¢ is strictly concave, we have
to solve

1 1
L . In —Jn
(6.9)  ghi1(Wnt1) = Jntr + 600 Wns1) = Jnte = & (Wnr1) = % = tpit.

As above, implies that, for € small enough, a solution of exists for all n > 2.
This proves the second part of the claim (6.4). The proof is similar for ¢ = —1. O

Using Lemma [6.1], we can now complete the proof of Proposition [4.4, We must show
that inequality (4.15)) holds for the sequence (py)nen with A, satisfying (4.16). By
definition (6.1]) of y,, the supremum in (4.14) is reached at y,, so that

Pn = ]nJrlgn(yn) — Yn-

We are going to obtain a recursion for p,,. To this end, consider

Prnt1 = Jnt+29n+1 (yn—l-l) — Yn+1-
By Lemma , Ynt1 = Yn > (1= 1) Yn, 50 gni1(Yns1) is obtained from (6.2)). Thus

P+l = Jnt2 (1 — i) [gn(yn) — A } + ey (j"+2 - 1) Ynt1 + Jnr20nP(Yn+1)

Jn+1 ln Jn+1 Jn+1

(6.10) < 2 ((1 - i) 190 (Yn) — Yl + 7 + jn+15nso(yn+1)> :

- jn+1

where on the second line we have used j,i2 < jpi1. Setting A, = ju11000(Ynt1), We
recovered the inequality (4.15)), and it remains to verify (4.16)). Starting from

A . 3/2
US|
(y) 2\/g(ogy) :
we see that
, 1 1\?
11 1) 'R = (1og— | .
(6.11) el T (t)] 57 (108 12

Recall that by (6.9), ynt1 = © "Ytny1), where t, is defined by (6.5)) and satisfies (6.6).
Thus, there exist C’,C"” > 0 and €5 > 0 such that, for every 0 < e <eg and n > 1

" 1 5 O O ’
P(Ynt1) = ¢l " ta1)] < C"——|logtun|” < C'—— — {log (T :
b1 | ’ 2(]ni2 - ]n+11) jniZ - Jn+11

This implies " with An = jn+16n(p(yn+1>'

For o = —1, still writing p,, for p7, we have
pn— 1 =sup {Jns19.(—1,y) — y}
y=>1
and we get a recursion similar to (6.10)

jn 2 1 .
Pn+1 — 1 <=5 a <(1 - _) [pn - 1] + ]n+15n90<yn+1)) )

In+1 ln




FLUX OF TASEP WITH SITE DISORDER 25

which can be rewritten
n 1 1 n
Pn+1 < j 2 ((1 - _> Pn + - +]n+15n90(3/n+1) + j = 1)
.]n+1 ln l jn+2
For b > 1, the remainder ;”ﬁ — 1 can be bounded by A,, so that the same type of

n

inequality is also valid for 0 = —1.

6.2. Proof of Proposition . Let a, = 1 — +. Then one can see by induction that

implies In
n—1
s pTHaiJr( H“@)JFZA Hag

=1 Jj=t+1
n—1

(6.12) < p‘{HaiJr( Haz) +ZA“
i=1 1=1

where we used that ”Jﬁ < 1 for any 7 > 1. Remember that the quantities p,, jn, an,
A,, actually depend on e. Since g; is given by (4.10]), a simple computation shows that

(6.13) pi = sup {Jégl(l,y) —y}
y>0

is the smaller root p of the equation
(6.14) p(1=p) = ja,

and that the supremum in (6.13)) is achieved at y; := 1f§p1. For 0 = —1, we have
(6.15) pr= sup {jzgl(—l,y) —y} +1=p

and the supremum achieved for 3, ! := %. In particular, since the divergence of
K implies lim. ¢ ja(€) = r/4, we also have

(6.16) lim pf () = % (1=v1-r)=p(0)

that is the lower solution of ( - ) with /4 instead of jp. This says that the approxi-
mation after one step of renormalization is close to the dilute limit. Lemma 2 stated
below, shows that p,(¢) remains close to p.(0) for £ small. By (6.16), (6.12) and Lemma
below, we have

(6.17) lim sup lim sup p,(¢) < p.(0).

e—0 n—+4o00 o

This completes the proof of Proposition [4.5]

Lemma 6.2. Assume (H) with b € [1,2) and K satisfies (4.3). With the notation of
Lemma we fir v < min {79, % — 1}. Then
(1) lime o [T an(e) = 1,
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(2) lim.o > A, (e) = 0.

Proof.
Proof of (1). We have to show that

(6.18) g%flog (1 - %) _

Since
ln(e) = exp [log (Ki(e)) y(1+79)" '] > exp [y(1+7)""'],
we have, for n > 2, [,(e)7! < C(v) := e+ < 1. Hence, for n > 2,
1 1 Ol('}/) / -1
< -1 1< — < (1 —(1 L
e ( zn(e)> S5 e SO0 ew

The limit (6.18]) then follows from dominated convergence, and lim._,o K;(g) = +o0,
which implies lim._,o/,(¢) = 0 for any n > 1.

Proof of (2). Here we can write A, =~ ¢y(K,), where

-1
e (10 K)3 r -1 r -1
ho(K) = gK {(Z + K%(?ﬂﬂ) o (Z + K%(al-‘r’Y)) ]

(log K)*2 | (1 o ' (r o\
(6.19) x (log{ VE [(Z + Kg(uw)?) B (71 + K%(Hv))

K—+oo C"(log K)6K%(1+'y)71_

for some constant C” > 0. The assumption on b and the choice of + imply that
c:=1- g(l +7) > 0 (Equation is the main reason for restricting to the case
b < 2). By (4.3)), there exists €; > 0 such that K, (¢) > 2 for every n > 1 and € € [0,¢4].
Thus, by , there exists a constant D > 0 such that, for such n and ¢,

A < D < D < D
n(e) < K,(e)e = Ki(g)ctm™ = el

Since lim,_,o K1(¢) = 400, the result follows again from dominated convergence.  [J

6.3. Proof of Proposition Note that

ln(e

2 li —— =1
(6.20) i 11555
Thus for any § > 0, there exists €, > 0 such that, for ¢ < ¢,, the following holds

“+oo
l(¢)

6.21 <149
( ) ] ln(&f) -1 + )
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and (yn)n>o is an increasing sequence thanks to Lemma . We fixy < {5 and e <e,.
For any N € N*, we define the sequence

(622)  yyn:=y and Vne{l,N -1}, H
k=n+1

L < Y.
zk y

As lnl—jlymN = Yn—1.N < Yn, then g,11(1, y, n) is determined by (6.3]) so that

1 1.
(623) gn+1(1) yn,N) = (1 - Z_> gn (17 yn—l,N) + l_,]n-i-l + 671%0 (yn,N) .

Starting from yy n := y and proceeding recursively, we deduce that
(6.24)

gn(1,y) <H<1——>gk[ Hﬁy

b 1T ).

r=n+1
From (6.16]), we know that y; = y1(e) converges to y;(0) = lfc2(/?c)(0)' Furthermore
lim. .o l,(g) = 400 and lim._,¢ d,(g) = 0. Thus it follows from (6.24]) that
y1(0) . .
(6.25) Vy < —=,  limsuplimsup gn(1,)<g1(y).
1 + 5 e—0 N—~+oo

In the dilute limit, § can be arbitrarily small so that the inequality above holds more
generally for y < y;(0). A similar result holds for o0 = —1.

7. FLUCTUATION BOUNDS : PROOF OF PROPOSITION [5.1]

Proposition is proved in this section. Preliminary estimates are stated in Sub-

section [7.1] and then applied in Subsection [7.2] which is the body of the proof.

7.1. Concentration estimates. We shall need a classical gaussian concentration in-
equality for last passage times. In the following lemma, it is assumed that the service
times Y; ; involved in the definition f of last passage times are i.i.d. random
variables bounded by M instead of being exponentially distributed. To avoid confusion
with the previous notation, the corresponding probability IP,; and expectation IE,; are
denoted below by an index M.

Lemma 7.1. [26, Lemma 3.1] Assume that Y = (Y;; : (i,j) € Z x N) is a vector of
non negative independent random variables bounded from above by rM. Let (x1,y1)
and (z2,y2) in Z x N be such that (xe — x1,y2 — 1) € W. Then

Ta((ffhyl)» ($2,3/2)) =Ey [Ta((%,?h)a (952,92))} + 8M\/L((x1,y1), (72,92))Z,

where L((z1,v1), (x2,y2)) := (x2 — x1) + 2(y2 — v1) is the length of any path connecting
(x1,11) to (x2,y2), and Z is a random variable with subgaussian tail

vt >0, Py (|Z] > t) < exp(—t?).
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We stress the fact that Gaussian bounds on last passage times are by no means
optimal in the case of exponential service times, for which more refined (but also more
specific) gaussian-exponential estimates are available (see e.g. [39]). However, for
our purpose, they have the advantage of being both simple and sufficient, while also
extending to service distributions with heavier tails, as a result of the cutoff procedure
introduced in Subsection [7.2]

The above concentration inequality will be combined with the following result, es-
tablished in Appendix [C]

Lemma 7.2. Let A and Z be finite sets. Assume that for each a € A, we have a family
(Va,i)icz of independent random variables such that, for everyi € Z,

(71) ya,i = E(ya,i) + Va,iZa,h
where Vo ; > 0, and Z,; s a random variable such that
(7.2) IP(Z,; >1) < e,

for everyt > 0. Then

1

(7.3) + (Igleéfiiz Va,i> (ﬁ\/m+ VTV A+ VA log |A|> ,

where |.| denotes the cardinality, and A is the same constant as in (ii) of Lemma[C.1]

7.2. Path renormalization: fluctuation and entropy. We now proceed in three
steps. In step one, we define a cutoff procedure for the service times Y; ;, by condition-
ing on their maximum, in order to replace them with bounded variables, to which the
results of Subsection apply. In step two, we apply Lemma to passage times in
subblocks. This yields for the cutoff service times a result similar to the statement of
proposition but without the whole logarithmic correction. Finally, in step three,
we remove the cutoff and use a bound on the expectation of the maximum of exponen-
tial variables, to obtain a quasi-gaussian estimate with a logarithmic correction.

Step 1. Notation and conditional measure. Pick v such that
(7.4) 0 < v < min {7, (2/b) — 1},

with 7o introduced in Lemma .1} and b in (2.17) and (3.24). Let B = ZN [0, 0(K, 41 —
1)] be a block of order n 4+ 1 and partition B into subblocks of level n denoted by

By =lo(l-1)K,,c(lK, —1)]NZ, where [ = 1,...l,.
Set 3 = | Kny1y], T = Tn((0,0), (0(K,yq — 1), /) and define
Mp(y) =max{Y;;: i€ B, j=0,...,4 = [ Kp1y] }.
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Given M > 0, denote by IPp ), the distribution of (X;; : i € B,j = 0,...,7),
where X; ; are i.i.d. and have the same distribution as Y;; conditioned on Y;; < rM.
(Note that after conditioning by rM, the percolation paths have weights % < M as
a > 7). Denote by P, ., the distribution of (Y;;: i € B, j =0,...,y’) conditioned
on Mp(y) =rM. A vector (Y, : (i,j) € B x{0,...,y'}) with distribution P’ ,, ./ is
obtained as follows. Pick a uniformly distributed (g, jo) in B x {0,...,y'}; then give
value rM to Y} .. and let the other Y/, for (i,7) # (io,jo) be independent with the

10,07
same distribution as the above X ;.

Step 2. Fluctuation and entropy bounds. Given «, the random variables {Ugjl,(o, ),
Vg (o,9) b (defined in (5.5) are independent under P ar,/, because they depend on
disjoint subvectors of Y (see figure . On the other hand, by Lemma , we get

U (0,7) = Ear [Ug (0,7)] +8MVoK, + 25 2,
5.(0,7) = By [V,(0,7)] +8M 25 2,

77777

(7.6) Pp ary (Zl(i) > t> < exp(—t?),

f~or all t > 0. To apply Lemma to the random variables in , we take A =
Fn((O, 0), (0(Kpi1 — 1), y’)) with Z ={1,...,2l,}, and for a =4 € A, we set
led{l,....l,}, Vagi-1 =Ug(0,7) and YV,o = Vg,(0,7).
Thus in we have |Z| = 2l,, = 2K,,41/ K, and (cf. and (5.3))
D Vi = 64M* (0K, 1 + 2y) < 64M° K (0 + 2y).

i€T

To estimate the cardinality |A| of the skeletons, we need the following

Lemma 7.3. For every y' € N, one has

- K,
log | A| = log | T, ((0,0), (£(Kn1 — 1),5))| <2 K“ [1+1log (1 + K,y)].

n

Proof. The number of such skeletons satisfies the inequality
oA, +o — 1
(7.7 oe{-1,1}, Ty )

T, ((0,0), (0(Kpp1 — 1),y'))‘ < ( o 1

The previous upper bound follows by noticing that choosing a skeleton amounts to
choosing 2[,, — 1 heights corresponding to the different renewal times to reach the total
height ¢'. In fact, when o = 1, some of these heights can be equal if §; = 0 or Z; =0
for some 7 < 2/, — 1. Thus, the number of ways for choosing the heights is bounded by
the number of ways for choosing 2[,, — 1 items from a set of 21, +v' — 1 items. Estimate
(7.7) is actually an equality if o = 1.
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Recall the inequality:

(7.8) log ( Y ) < Nh (%) ,

where h is defined on [0, 1] by
—h(z) :==xzlogx + (1 —x)log(l —x) with h(0) = h(1) =0.

Furthermore
uh(1/u) <1+ logu
for u > 1, and

(the inequality follows from [, > 1). This completes the proof of Lemma [7.3]

Bound ([7.8)) follows e.g. from Cramer’s exact large deviation upper bound applied

to a sum of i.i.d. Bernoulli variables with parameter 1/2 denoted by ((;)i=1... ., since
for k > N/2,
N
N v 1 k
<oNp | = > .
() =re(iye=4)
O

Combining (7.3)) with the entropy estimate of Lemma we obtain

19 B oo {309+ v}
’?Grn((o,o),(d(K’,H»l*1)7[Kn+1y}))
< o omax {Bar (U3(0,9) + V5(0,9)) }
7€' ((0,0),(0 (Kn+1—1),[Kn+19]))

+8M /K, 11\/0 + 2y, /zK]z“ (V7 + VA+ VAT I (1T + K]

where we used that 2% > .

Step 3. Removing the cut-off on Y. The random variables {Ug,(0,7), V§,(0,7)} i
are nondecreasing functions of Y = (Y;; : (4,7) € Z x N) with respect to the product
order. Therefore, their distributions under IPp s, are stochastically dominated by
their distributions under IP and one has

(7'1()) IE [Ug,l(aa 5’)} > IEM [Ug,l(a> 6/)} > E [VEO;,Z(U> :)/)} > IEM [Vg,l(av f?)} :

On the other hand, a coupling argument shows that the distribution of T ((0, 0), (¢/(K,41—
1),y')) under P 5, . is stochastically dominated by the distribution of T ((0,0), (o (Kp41—
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1),y )) + M under Pg ps,s. This property combined with ((7.10)) and (7.9)) yields

(7.11)  E), < i max {Ug(07 ¥) + Vg (o, 7)})
F€lR((0,0),(0(Kn+1—1),[Kn+19]))
< max {IE[UE(UﬁHVE(Oﬁ)]}JrM
F€ln((0,0),(0(Knty1—1),[Knt19]))

—1—8]\/[1(%1\/0—1-2y\/Kz <\/7_T—i- VA+ VAT +1og (1 —l—Kny)]) .

Recall that I}, on the left-hand site of ((7.11]) stands for the expectation with respect
to IP conditioned on the maximum Mp(y) = M. We can now remove this conditioning
by integrating both sides of (7.11)) with respect to the law of Mp(y). We first write
(7.12) E[Mps(y)] = m ([yKnr] Knt1)

where the function ¢ € [0, +00) — m(t) is defined as the expectation of the maximum
of 1+ [t] i.i.d. exponential variables of rate 1. In particular, we have

(7.13) m(t) < C[1+ log(1 + t)],
for some constant C' > 0. Thus, after conditioning on Mp(y), we obtain

1
(7.14) E ( ~ max {Us(o.7) + Vis(o, 7)})

ntl  \FELn((0,0),(0(Kn+1—1),[Kn+19]))

1
< o max {BUs0.5) + Va7 }
K1 30 ((0.0)(0 (Kns1=1).[Kn13)

+m ([y Ko Kn1) An(y),

where
An(y) = Krlb+1 +38 c\r/}—;_Qy (\/Z\/7_T+ V2r + VA1 4 log (1 + Kny)) :

A simple computation shows that

X 3/2
m([yKni Knn) Anly) < 8uy/0 /24y [L+log(1 + )],
with ¢, given by (4.9)). Using the notation of (5.9), we get

Faly) < 0u\[5 +y [L+1og(1 + )],

This completes the proof of Proposition [5.1] O

8. COMPLETION OF PROOFS OF THEOREMS [2.1] AND

In this section, we complete the remaining parts in the proof of Theorem 2.1 In
Subsection [8.1], we deduce from Proposition a similar statement for unrestricted
passage times (that is, when the paths are not restricted to the box defined by the
endpoints). Finally, Theorem is completed, in Subsection , using the fact that
most boxes are good. The dilute limit (Theorem is studied in Section
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8.1. Bounds on unrestricted passage times. To obtain Theorem from Propo-
sition {4.1 we first deduce from Proposition the following result for unrestricted
passage times, i.e. passage times obtained by maximizing over paths not bound to stay
in the interval between the two endpoints (see figure [4)).

—nRy 0 Kn Kny

FIGURE 4. The optimal path is not restricted to the box [0, K] x [0, K, y]
but can wander around the whole parallelogram marked by the dotted line.
The optimal path is split into 3 parts (0, Yk, ), (Yk,, Yk,) and (Y, (Kn, [ Kny]))-

Given the sequence (p;,)n>1 of Proposition we set
(8.1) pe = p(e) :==limsup p, € [0,1/2).
n—oo
In the rest of this section, the asymptotics lim,,_, ., means that we restrict to a sub-
sequence (fixed once and for all) of (p,),>1 that achieves the limsup in (8.1)).

Corollary 8.1. For 0 = 41 and y > o~ , we consider the unrestricted passage time

1
(8.2) m(0,9) = B [T (0K, [Kuy)) |
Then there are functions e,(o,y) such that, for all n € N* and environments « for
which [0,0(K,, — 1)] is a good block, the following bound holds:

(8.3) (a,y) < 770, y) + en(0,y).

Furthermore e,(o,.) does not depend on « and converges locally uniformly to 0 on
07, 4+00) as n — +oo.

Proof of Corollary[8.1. The unrestricted passage time T*(c K, | K,y ]) may use paths
that do not stay in B := [0,0K,]. To control the contribution outside B, we use a
decomposition of the path in the same spirit as Section [} The problem here is simpler
because there is no more renormalization, and there are only three regions to consider
for the path according to its z-coordinate (recall the simplifying notational convention
[a,b] = [b,a]), namely the interval [0, o(K,, — 1)] and the two intervals on either side of
it, which are also bounded by the fact that the only possible increments are (1,0) and
(—1,1). If 0 = 1, these intervals are [—| K,y|, —1] and [K,, K,, + | K,y|]. Iif 0 = —1
then y > 1 and these intervals are [—| K,y|, —K,| and [1,— K, + | K,y]]. We thus
define a simpler path skeleton (Z1, 7, Z2) = 4 as described below.
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Let V= (xkayk)kzo ..... m—1 be a Path CODDGCtiDg (070) = (%»yo) to (xmflvymfl) =
(0 Ky, [Kny] =v'). We set

ki:=1+max{k=0,...,m—1: oz <0},
ko :=min{k =k;,....,m—1: x, =0K,},

with the convention that the max is —1 if the corresponding set is empty. Since allowed
path increments are (1,0) and (—1,1), we have xy, = 0. We then define (see figure |4))

Z = Yk, g = Yko = Yka> Z9 1= y/ = Yk,

Let T, denote the set of these new “skeletons”, that is the set of triples ¥ = (21,7, 22)
such that

(8.4) 24+ =Kyl =y, (%4,9,%) e Nx(Nn[o™K,,+c0)) x N.

The path between k; and ko corresponds to the restricted part which has already been
studied in the previous sections. As in (5.6]), we write

(85) T%((0,0), (Kn, [ Kny))) = max _ [Vi*(e,7) + Ug(e,9) + V5'(0,7)],

(21 7@»22)61—‘”

where B :=[0,0K, — 1], and

Vit(o,7) = T°((0,0),(0, z)),
US(0,7) = T§<(m§y+1;U>,<ﬂﬁ%—1%%%ﬂf—1;0)),
Vil(o,7) = T(0Kn,z21+79), (0K, 21 + 7+ 22)).

Note that the second passage time in is restricted to B by definition of the
skeleton. We then proceed as in Section |5 by studying the mean optimization problem
(that is the maximum of the expectations of the three terms in (8.5)) and estimating
the error due to this approximation.

By definition of restricted passage times 75 and superadditivity bounds for vertical
passage times,
4

B(ie) < ta EB(We) <5,

B(Us(09)) < Kamilo, K, ') < Kur™ (0, K1),

IN

where the last inequality follows from Propositions and 4.4 From the definition
[3.13)) of 777, we get for i = 1,2

4 _ 1
—%, = 7P"/%(0,%) and J—zizrﬂw’n(o, ).
r n
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Thus we deduce that

1 /4 4
i’ (—21 + —Z + K77 (0, K, y)) Pt (g, y)
n \T

4 1

(56) F 700, y) = P ) + | - o

Y,

where we used that z; + Z; < K,,y. Define e( )(0, y) as the second line of the r.h.s. of
.. We have thus shown that

1
— max_{B((0,9) + BV 9) + E(VZ(0,9)) } < 77 (0,y) + (o),
K, (21,9,22)€ln
where by the definition of 777 (3.13)), of p,. (8.1)) and the convergence of J,, to r/4, we

deduce the (locally uniform) convergence

lim e(M(0,.) = 0.

n—o0
We conclude by controlling the error thanks to Proposition [8.1} in the same spirit as
Proposition [5.1} O

Proposition 8.1. For o € {—1,1}, there exist functions el )( y) such that

E(i max _ {Vf“(aﬂ)+U§(aﬂ)+V§“(0ﬂ)})

K, (21,9,22)€ly

(8.7)
- _max {2 [B(7 @) + EU50.9) + BF (09)]} < o),

(217g722)ef‘n
and e (0,.) converges locally uniformly to 0 on [o~,+00) as n — +o0.

Proof. We proceed in three steps as in the proof of Proposition

Step 1. Cutoff. We again use a truncation procedure for the service times Y;; as
in step one of Subsection [7.2, Here, we define IPn M,y as the distribution of the family
Y, ie[—y,0K,+v], j€l0,y]) conditioned on thelr maximum Mg(y) being rM,
and ]Pn,My/ as the distribution of the family (X;; : i € [—oy, 0K, + V], j € [O,y’]),
where X ; are i.i.d. random variables, and the law of Xi,j is the law of Y; ; conditioned
on Y;; <rM. For simplicity, we will only write IP), and IP, for these distributions.

Step 2. Fluctuations under cutoff. Applying Lemma under IP,, 57/, we have
Vi*(0,7) < Eun(V(0,7)) +8M\/25 2,
Vo, 7)) < By (Ve (0,7)) +8M /22, 2s,

(8.8) Ug(0,9) < En(Ug(o,7)) +8My/oK, + 242y,
where 71, Z5 and Z; are independent random variables such that

IPn,M7y(Zk 2 t) S e_t2a
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for £ € {0,1,2}. We now apply Lemma with A = T,,, T = {1,2, B}, and for

a=75€Th Va1 =V0,79), Yoz = V8(0,7), Yap = Ug(0,7), Vax = 221, Voo = 25,
Vap = 0K, + 2g. Since (see (8.4)))

59) = (57T ) < my

we obtain

Ba (g mox (V) + Vgl 0) + i)}
.

(%1,7,22) an

1

(810) = (Zl ?IJIlZESCEFn [IEM Va O' ’7)) +IEM(UB( )) +]EM(V (O’ ’}/))} }

Vo +2y 5
PN (\/?FJr VTVA + \/Z\/log\Fnl)
< max {[;n []E(Va( )) + ]E(UB(U ’Y)) + ]E(V2a(‘7> :Y))] }

(21,9,22)€ly

8M\/?(\/_+\/_\/_+\/_M)

In the last inequality, we have used the fact that the passage times under IP,; are
stochastically dominated by the passage times under IP.

n

Step 3. Removing the cutoff. As in step three of the proof of Lemma [7.2] a coupling
argument shows that the distribution under P, of any passage time T depending
only on the previous set of Y; ; is dominated by the distribution under P, of 7"+ M.
Therefore

By (0 mo {Vion) + U3(09) + V()

Kn (21,7,22)€ln

< max { ! <IE(V1°‘( 0,5 ))+IE(UB(U 7))+]E(V2a(0ﬁ))>}

(21,7,22)€ln Kn
+%+8MV\/_ (\/_+\/_\/_+¢_\/@)

Integrating the above inequality with respect to the distribution of Mp(y) yields (8.7)),
with

e (0,y) = m(| Kay) (0 Kn + 2| Kny])) En(o,y),
where m(.) satisfies the bound ([7.13]), and

E,(o,y) = Kin —1—8%% (\/3_7T+ VIVA+ \/Z\/log|fn|) )

from which one can see that e’ )( .) converges locally uniformly to 0. ([l
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8.2. Proof of Theorems [3.2| and Theorem [2.1]is a consequence of Theorem
which we prove now. Given o € {—1, 1}, by Theorem , we have

7e(0,y) = lim & X E (KLT(GKn, LKnyJ)) = lim & (77(0,9)) ,

n

where &, stands for the expectation with respect to the disorder a. Note that the above
limit does not follow directly from Theorem [3.1] which yields an a.s. limit. However,
the convergence in Theorem holds also in L!. This follows from a quasi-Gaussian
tail estimate for the passage time T(cK,, | K,y]), obtained from Lemma and a
cutoff as in step four of Subsection [7.2] Let G, (o) be the set of environments « for
which [0, o(K,, — 1)] is a good block. The mean passage time can be decomposed as

Elrp(oy)] =& [TS(Ua y>]‘Gn(0')i| + & [Tr?(Ua y)]‘A\Gn(U)} )

where A := [0, 1]% is the set of environments. By Corollary (recall that the function
en in (8.3) does not depend on «), the limsup of the first term is bounded above by
7P<"/4(g,y). On the other hand, the second term is bounded above by

£ [(72(0,y)2]"* P.[A\G. (o))

The P.-probability vanishes as n — oo by Lemma 4.1, while the expectation of the
squared passage time can be bounded by

& [(72(0.9))°] < mulo,y)%,

where 7,(0,y) is defined as (8.2) for a homogeneous environment «(z) = r (that is
for rate r homogeneous TASEP). The limit 7,(0,y) = r~'(\/o +y + \/y)? as n — oo,
follows from the above remark on L!-convergence of rescaled passage times in Theorem

. This implies 7,(0,y)? = r2(y/o + y + /y)* as n — co. We finally get
(8.11) T.(0,y) < 7770, y),

r/4

for every o € {—1,1} and y > o~. Since 7. and 7P"/* are homogeneous functions,

(3.16]) follows for p = 7.,.

We now show that
ll_l)% pe(€) = pe(0).
Indeed, by (3.15)) and (8.11)), we have p. < p,. Then, by Proposition [4.5]
limsup p.(¢) < limsup p,(g) < p.(0).
e—0 e—0
The reversed inequality will be proved by contradiction. Suppose that we have
liminf p.() < p.(0),
e—0
then for some € > 0 we would have p.(g) < p.(0), hence

;l =max f. = f.[p.(¢)] < frasep[pe(e)] < frasep[pe(0)] = 2,



FLUX OF TASEP WITH SITE DISORDER 37

where frasgp denotes the flux of the homogeneous rate 1 TASEP, and the last inequality
follows from p.(¢) < p.(0) < 1/2.

8.3. Proof of Theorems [3.3] and 2.2 Using Proposition [4.6] we are going to derive
the limiting passage time of Theorem [B.3] and then conclude Theorem [2.2]

By coupling with a rate 1 homogenous TASEP, we get
(8.12) (L y) > (1, y).
Combining this with Proposition we deduce that
Yy < y1, hmrg(l y)=g(Ly) = (/1+y+ vy
where 7. denotes the limiting rescaled passage time. Similarly, one can show that
vye Lyl limr(-Ly) =ga(-Ly)=(/-1+y+y)"

As the height profile h.(t,r) =tk (7) (3.6)) is the inverse of 7.(x,y) wrt y, we obtain

(8.13) ko) = L2 v e 11— 201(0), 1] U[-1,201(0) — 1].

e—0 4

Next we use

(8.14) fe(p) = inflpv + k. (v)].

For p & [p1(0),1 — p1(0)], it follows from (8.13]) that the minimum in (8.14)) is achieved
forv=v. —-1—2pase— 0, thus

hm fe(p) = p(1 = p).

Since the above expression takes value /4 for p € {p1(0),1—p1(0)}, and f. is a concave
function with maximum value r/4, we then necessarily have

lim £.(0) = 3. Y9 € [p2(0),1— pr(0)]

APPENDIX A. PROOF OF PROPOSITION 2.1l

To show that the maximum value of the flux is at least r/4, we use Definition
and couple the process (nf);>0 with generator (2.1)) with a homogeneous rate r TASEP
denoted by (n]);>0. A standard coupling argument shows that J(¢,n?) > JI(t,n"),
where J! denotes the current in the homogeneous rate r TASEP. It is known (see e.g.
[32]) that

lim J“(t n°) =rp(l—p)

t—+oo ¢

and it is maximum for p = 1/2.
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We now prove that f(p) < r/4 for all p € [0,1]. In [4, [6] it is shown that there
exists a closed subset R of [0, 1] containing 0 and 1, and a family (), of invariant
measures for the disordered TASEP, such that, for every p € R,

(A1) £(o) = / Fmde(), e,

where j¢(n) := a(x)n(z)[l —n(xz + 1)], and that f is interpolated linearly outside R.
Note (this follows from stationarity) that the integral in does not depend on z.

It is thus enough to consider p € R. Since the random variables a(z) are i.i.d. and
the infimum of their support is r, for P-a.e. environment o € A, there exist sequences
(wN)NZh (yN)NZl and (EN)N21 such that th_,oo IN — +OO, th—)oo[yN_wN] = —|—OO,
limN_mo EN = 0, and

(A.2) r< min oa(r) < max ofr) <r-+ep.
T=ITN,-- YN T=IN,--YN
Set
2zN +yn TN + 2yn
aN == 3 ) bN 3 Y

which satisfy 2y < ay < by < yy and by —any — +oo. By (A1),
by
(A3) 1) =g Y [ S < e [ dus(n)
' bN—CLN“‘lx:aN x ¢ P - ’

where j(n) = n(0)[1 — (1)}, and

1 oN
A4 =— v
( ) HN bN —an + 1 Z T Vp
r=an

The sequence (py)nen+ of probability on the compact space X is tight. Let u* be
one of its limit points. It follows from that p* is shift invariant, i.e. 7,u* = p*
for all z € Z. We claim and prove below that p* is an invariant measure for the
homogeneous TASEP, that is the process with generator with a(z) = 1. By
Liggett’s characterization result [16] for shift-invariant stationary measures, p* is then

of the form
pr= / vpy(dp).
[0,1]

where 7 is a probability measure on [0, 1], and v, is the product Bernoulli measure on
X with parameter p. Thus

[imawm = [ oo <5

[0,1]
Letting N — oo in (A.3)) implies f(p) < r/4.

We now prove that p* is an invariant measure for the homogeneous TASEP. Let
g : X — R be a local function that depends on 7 only through sites z € Z such
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that |z| < A, where A € N. Take N large enough so that A < (yny — xy)/3. Notice
that the generator L* defined in ([2.1]) satisfies the commutation relation

(A5) L0 f = L7, f).

It follows that

/ L™%gd(r,vy) :/ L*(7zg) dvy = 0.
X X

The last equality follows from invariance of v§'. On the other hand, for = € [ay, by]| and
ly| < (yy —xn)/3, Twa(y) € [r,7+en]. Let L denote the generator of the homogeneous
TASEP on Z, that is the one obtained from ([2.1) when «(z) = 1. Since

A

L=g(n) ~ rLg(n)| < 2llglle Y |maly) ~7l,

it follows that
lim max sup|L™%g(n)—rLg(n)| =0.

N—oo z=ayp,....bN nex

Hence

by
/X Lg(n)dp*(n) = lim | Lg(n)dun(n) = lim Z / —L*(1,9) dv, =0

N—oo X N—+oo bN—aN

holds for every local function g.

APPENDIX B. PROOF OF LEMMA [3.1]

Before deriving Lemmal 3.1} we first explain a mapping between the restricted passage
times in a box B and the TASEP restricted to B with reservoirs.

B.1. last passage times in a finite domain. Let B := [z,25] N Z. The purpose
of this subsection is to give an interpretation of the passage times restricted to
B in terms of an open disordered TASEP on B’ := [z; + 1,29] N Z with generator
L%, see (recall from (2.12) and (3.23) that (B')#* = B). It is convenient to
view the dynamics generated by (12.13)) as follows. We add an infinite stack of particles
(reservoir) at site x, and a site x5 + 1 where the number of particles is not restricted.
Particles enter B’ from the stack at x;, and when they leave, they stay at xzs + 1
forever. We are going to check that T ((xl, 0), (,7)) has the same distribution as the
time when particle j reaches site 7 + 1 in the process generated by L%, if the initial
state is given by

(B.1) 0(7) = Tl gz + (w2 + D<oy

where o((j) denotes the initial position of the particle with label j, and particles
are numbered increasingly from right to left. In fact, we may define passage times
associated with more general labeled initial configurations in B’. By this we mean that
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00, instead of being defined by (B.1)), can be any nonincreasing function oy from Z to
[x1,29 + 1] N Z. Let

(B.2) B:={(i,j)) € BXZ:i>00(j)} and B:={(i,j) € BxZ: i< a(j)}.

For (i,j) € B x Z, let Tg , (i, j) denote the time at which particle j reaches site i + 1.
These passage times are determined by the boundary condition

(B.3) 5,0, (i,5) = 0 for (i,j) € B

together with the following recursions:

« .. in,‘ a . . o . .
(B.4) T35 4, (1, 5) = J 4 max[Tg , (i —1,7),T5 4, (i + 1,5 — 1)]

afi)

for (i,j) € B such that z; < i < x,,

o 1o Yij o 7 :
(B.5) 15,1, J) = Wiﬂ) + T (0 —1,7),

for (i,§) € B such that i =

o .. Yi,' a . .
(B'6) TB,UO(Z>J) = = 4 TB,UO(Z +1,j— 1)7

a(i)
for (i,§) € B such that i = z;. In the special case (B.1)), we have
(B.7) B=[r1,25) xN and B =[z1,2,] x (Z\N).
By plugging into , one recovers
T3 60 (1,5) = T5((21,0), (4, 7))
where the r.h.s. was defined in (3.20)). For notational simplicity, in the sequel of this

subsection, we omit dependence on a, B and oy, and write 7'(7, j) instead of T , (i, j).
The position of particle j at time ¢, denoted by oy(j) € [x1, 22 + 1], is given by

1 if T(.Thj) >t
(B.8) o(j) =4 x2+1 it T(xq,7) <t
i€+ LaNnZ if Ti—1,7)<t<T(i,j)
(B.9) T(i,7) =sup{t >0: o.(j) <i}.
The particle process (04);>0 is equivalent to the following growing cluster process:
Co:={(i,7) € [x1, 22| X Z: T(i,j) <t} ={(i,j) E BXZ:i<o(j)}

with initial state Cp = B. One can proceed as in [35] to show that both processes are
Markovian and that the undistinguishable particle process (7:):>o defined by

(B.10) () = Lioi(j)=a)
JEZ

is Markov with generator L%.
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B.2. Proof of Lemma [3.1]

Step 1. We prove that definition (3.21)) does not depend on xy. Let zg, 2 € B with
xo < x5. Then (3.20]) implies
(B.11)

Tg((l‘o, 0)7 (‘7307 m+ I6 - ZE())> 2> Tg((l’g, 0)7 (%a m)) > Tg((l’o, 126 - Io), (x()? m))
Since the sequence (Y;; : i € Z,j > 0) is stationary with respect to shifts of j, the

expectation of the last quantity is equal to that of TB<(ZE0, 0), (xg, m — xy + xo)). Thus
taking expectations, dividing by m and letting m — oo yields the result.

Step 2. Proof of (3.22)). Given this statement, let us denote by J%(¢,19) the current
up to time ¢ across site * € B’, in the open system on B’, when starting from 7.
Assume 1) is the occupation configuration associated with o via (B.1)—(B.10). Then
it is clear that

JB(t,m) = min{j € Z : Ty(z,j) > t},
which implies the IP a.s. limit

1 1 1 1 /[t
lim —J;”B(t,no) = = lim [E —Jg’B(t,nO) = lim [E —/ jﬁ’B(ns)ds
t Too,B t t—00 t 0

t—o00 t—o0

— lim [ 0B ) dun) = / JoB () dvy (),

t—o00
where
a@n@)[l —nz+1)] if v1+1<z<azy—1,
JoP(n) =S alza)n(es) if x=um,,
1—n(x;+1) if r=ux1+1,
and

L[ o
v = —/ Spoe*lBds.
tJo

The second equality follows from the fact that the family of random variables (122 (t, 1) )0
is uniformly integrable, because (Jg’B (, 170)) +>0 18 dominated in distribution by a Pois-

son random variable with parameter t. The last equality follows from the fact that v,
converges to the invariant measure v as ¢ tends to infinity. 0

APPENDIX C. PROOF OF LEMMA
The proof of Lemma [7.2| relies on the following elementary estimates.

Lemma C.1.
(i) Let Y be a random variable such that P(Y > t) < Ce "/V for all t > 0, where
C>1andV >0. Then, we have

Y =VliegC +VVX,

2

where P(X >1t) <e '
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(11) There exists a positive constant A such that the followmg holds. Let (Xy)g=1.. n be

.....

independent random variables such that P(Xy > t) < e~ ® forallt > 0, and (Vk)kzl
be nonnegative numbers. Then

n n n 1/2
Z\/kakzﬁz\/%+<z42vk> 2
k=1 k=1 k=1

where Z is a r.v. such that P(Z > t) < et for all t > 0.

Proof of Lemma[C.1. Assertion (i) follows from an immediate computation. To obtain
(i) we note that, for § > 0,

+o0 +o0
E(e?) <1 +/ 0P (X > t)dt < 1+ 9e"2/4/ e dt <1+ /mhe” /.
0 —9/2

Setting Y, = X, — /7, we have, for 6 > 0,
A(0) :=log E(e”) <log [1 - ﬁ9692/4] — /7.

Thus there exists A > 0 such that A(6) < A6?/4 for # > 0. Hence, by independence of
the random variables X, we get

n n A n
€xXp (9 (Z v Vka—ﬁZ \V Vk)> S ZQ2ZVk
k=1 k=1 k=1
The estimate on the tail of Z follows by an exponential Markov inequality. OJ

Proof of Lemma[7.3 By (ii) of Lemma for every a € A, we have

1/2
(C.1) S Vui=Y EXu) +VT Y M+<A2Vm> Zq,

1€T €L 1€l €L

log IE

where Z, is a random variable satisfying IP(Z, > t) < e for all t > 0. On the other
hand, by Cauchy-Schwarz inequality,

(©2) S Vo < VI (Z v) "

i€T i€l

Thus, for every a € A,

(C.3) > Vai <mt (AV)2Z]
i€l

where

= = z E(Y,
Vo= max eIVM and m = /my/| l\/v—i_r‘?g‘)‘(; (
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Next, for any t > 0, we have

P(max> Vs =m+t] < P J) Vizm+t

1€T acA \ i€Z

< TP ((AV)2Z > t) < Al
acA

It follows from (i) of Lemma that
max Y~ Vai =m+ /log [A[(AV)'? + (AV)'/2Z,

acA 4
i€

where Z is a random variable satisfying P(Z > t) < et for all ¢ > (. The result then
follows from

+00 +oo
E(Z) <E(Z*) < / P(Z* > t)dt < / e dt = /7.
0 0
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