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EXISTENCE OF A PLATEAU FOR THE FLUX OF TASEP WITH
SITE DISORDER

C. BAHADORAN, T. BODINEAU

ABSTRACT. We prove that the flux function of the totally asymmetric simple ex-
clusion process (TASEP) with site-disorder exhibits a plateau for sufficiently dilute
disorder. The result is established under a decay assumption of the maximum cur-
rent in finite boxes, which is implied in particular by a sufficiently slow power tail
assumption on the disorder distribution near its minimum. To circumvent the ab-
sence of explicit invariant measures, we use a renormalization procedure and some
ideas inspired by homogenization.

MSC: 60K35, 60K37, 82C22

Keywords: Totally asymmetric exclusion process; site disorder; flux function; plateau;
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1. INTRODUCTION

The flux function, also called current-density relation in traffic-flow physics [12], is
the most fundamental object to describe the macroscopic behavior of driven lattice
gases, as well as, to some extent, their fluctuations around this mean behavior. The
paradigmatic model in this class is the totally asymmetric simple exclusion process
(TASEP), where particles on the one-dimensional integer lattice hop to the right at
unit rate independently except that jumps are constrained to respect the exclusion
rule. Mass is the only conserved quantity, and its local density p € (0,1] has an
associated current (or flux), that is defined as the amount of mass crossing a given site
per unit time in a system with homogeneous density p. For TASEP, the flux function
is explicitly given by

(1.1) f(p) = p(1—p).

In the hyperbolic scaling limit [31], the empirical particle density field is governed by
entropy solutions of the scalar conservation law

(1.2) Ouplt.) + 0, f (plt.2)) =0,
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2 C. BAHADORAN, T. BODINEAU

with f given by (L.1)). This flux function is obtained as a steady state expectation of
the microscopic flux:

(1.3) f(p) = / Jon)edvy (1),
where

(1.4) J=(n) == n(z)[1 —n(z + 1)].

In (L.4), n denotes a particle configuration and n(z) € {0,1} the number of particles
at site x. The microscopic flux of TASEP is simply the rate at which a particle
hops to the right, and v, denotes the product Bernoulli measure v, with parameter
p € [0,1], that is extremal invariant for TASEP. This kind of result can be extended
to a variety of asymmetric models [37, 32, [5], but when the invariant measures are not
explicit, little can be said about the flux function. However, convexity or concavity
can be obtained as an automatic byproduct of the variational approach set up in [36],
which applies to totally asymmetric models with state-independent jump rates, like
TASEP. But strict convexity or concavity, that is a central issue, requires new ideas.
In fact, one does not even know whether an extremal measure exists for every possible
density value. Nevertheless, the flux function can still be expressed by — for
some densities, and the existence of a gap in a density interval implies that the flux
in this interval is necessarily defined by linear interpolation [32, [5]. The latter case
corresponds to a phenomenon of phase segregation at mesoscopic scale: if the local hy-
drodynamic density lies in a density gap, the system cannot reach a local equilibrium
state at the corresponding density. Instead, the system reorganizes itself into a suc-
cession of mesoscopic stretches of lower and higher densities associated to the closest
steady states. These mesoscopic density variations average out in a small macroscopic
box to yield the hydrodynamic density. Conversely, the presence of a partial linear
portion on the flux function suggests a phase transition. Although such a phenome-
non is not believed to happen for homogenous systems, one has neither a proof nor a
counterexample.

In this paper, we consider TASEP with i.i.d. site disorder, where the jump rate
of each site has a random value whose distribution is supported in an interval [r, 1],
with r € (0,1). Contrary to homogeneous systems, the existence of a phase transition
in disordered driven lattice gases is a partially established fact. It has been proved
mathematically for nearest-neighbor asymmetric site-disordered zero-range processes
(ZRP), which exhibits constant flux on a density interval [p., +00), where p, is the den-
sity of the maximal invariant measure. The necessary and sufficient condition for the
occurrence of a phase transition is a slow enough tail of the disorder distribution near
its minimum value r. Microscopically, phase transition takes the form of Bose-Einstein
condensation [I5]. In a finite system of size L with periodic boundary conditions, a
stationary state with mean density p > p. is achieved by completing the background
state of density p. with a macroscopic condensate of mass L(p — p.) at the slowest site.
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In an infinite system with mean drift to the right, the excess mass is captured by the
asymptotically slowest sites at —oo, as proven rigorously in [3] for the totally asymmet-
ric ZRP with constant rate, that is equivalent to TASEP with particlewise disorder, and
for nearest-neighbor ZRP with more general rates [0] (see also [I§] for partial results
in higher dimension). The TASEP picture can be interpreted as a traffic-flow model
with slow and fast vehicles. The phase transition then occurs on a density interval
0, p.], where the flux is linear with a slope equal to the constant mean velocity of the
system. This velocity is imposed by the slowest vehicles at +00. As one moves ahead,
slowest an slowest vehicles are encountered, followed by a platoon of faster vehicles,
and preceded by a gap before the next platoon [27]. The platoon is at equilibrium with
critical density p’., while the gap is the TASEP version of the condensate in the ZRP
picture. The hydrodynamic limit for disordered asymmetric ZRP was first established
in [9] in any space dimension but only in the subcritical density interval. The full
hydrodynamic limit (including the plateau) was proved in [27] for the TAZRP with
constant rate, but remains open for more general ZRP.

The fundamental property of disordered ZRP, thanks to which the existence and lo-
cation of the phase transition are known, is the existence of explicit invariant measures
despite the presence of disorder, which allow exact computation of the flux function.
This does not hold for site-disordered TASEP, and the occurence of a phase transition
is an open and a priori, a challenging problem, for which no mathematical results exist
yet. On the other hand, a phase transition is firmly believed to hold in the physics
community and this is supported by several heuristic arguments [24], [44], 22]. Indepen-
dently of this, the existence of a hydrodynamic limit of the form for TASEP with
i.id. site disorder was established in [37], using last-passage percolation (LPP) and
variational coupling. Consequently, the flux function was shown to be concave. More
generally, the existence of a limit of the type was obtained in [5] for asymmetric
attractive systems in ergodic environment, based on the study of invariant measures.
We refer also to [11], B3], B4] [40] for further rigorous results in a different class of disor-
dered SEP.

The microscopic picture behind the phase transition in site-disordered TASEP is
jamming. As one moves ahead along the disorder, slower and slower regions are en-
countered, with larger and larger stretches of minimal (or near minimal) rate sites.
Locally a slow stretch of environment inside a typical region is expected to create a
picture similar to the slow bond TASEP introduced in [23]. It is known that a slow
bond with an arbitrarily small blockage [§] restricts the local current. On the hydro-
dynamic scale [38], this creates a traffic jam with a high density of queuing vehicles to
the left and a low density to the right, that is an antishock for Burgers’ equation. It
also follows from [38] that the single slow bond generates a plateau in the asymptotic
flux starting from a uniform density close to 1/2. Diphasic versions of TASEP [20]
and last-passage percolation [I] exhibit similar behaviour. However, these models are
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perturbations of the homogeneous case, and their analysis reduces to the understand-
ing of a single interface. In contrast, it is not clear if the quenched randomness will
round off this first-order phase transition, as it is often the case in many equilibrium
systems [2], or if the transition will remain in presence of disorder. Yet, one of the
heuristic arguments put forward in [44] to justify the transition is the comparison with
the so-called “fully segregated model”, which is nothing but a periodic version of [20],
that is microscopically very different from the disordered one.

Our analysis is based on a renormalization scheme which controls rigorously this multi-
scale recurring slow-bond picture. This scheme can also be interpreted in terms of
homogenization of scalar conservation laws [7]. A major difficulty compared to the
single slow bond is that as one moves to larger scales, the maximum current issued
by the typical environment and the maximum current admitted by the slow regions
converge to the same value /4 when the jump rate distribution is supported by [r, 1].
The current limitation in both instances comes from large stretches of minimum rate
r, which restrict the current to the maximum value /4 of a homogeneous TASEP with
jump rate r. In this context, one key problem is to make sure that the difference in the
mean current between the environment and the slow parts exceeds the typical order
of fluctuations at each scale, so that the slow-bond picture remains indeed valid at all
scales. Heuristically, this infinite hierarchy of slow-bond blockages [19] 24] is expected
to induce a dynamics of coalescing shocks and antishocks on mesoscopic scales depend-
ing on the disorder distribution. Similar behaviors can be found in many disordered
systems (see for example chapter 6.1 of [41]) and multi-scale analysis has been a key
tool for their study; we refer to [42, 45] for a general overview and to [10] for an ap-
proach related to ours.

Our main result is the existence of a plateau on the flux function of site-disordered
TASEP for sufficiently dilute disorder. The dilution parameter ¢ € [0, 1] is defined by
the fact that a site is “fast” with probability 1 — €, in which case it has rate 1, or
“slow” with probability e, in which case its rate has some distribution ) with support
(r,1] for some r € (0,1). A sufficient condition for our result is then that the tail of
the @-distributed random rate o near r decays like o(a —r). However, unlike the ZRP,
we do not expect this condition to be necessary. In fact, we prove our result under a
more general but abstract condition on the decay of the maximum current in a finite
box. Heuristics suggest that this condition is always satisfied although we have not
been able so far to prove this conjecture. In particular, the worst possible case ) = 6,.,
where the rates only take the two possible values 1 and 7, is currently not covered by
our result, but probably satisfies our decay assumption.

We achieve our renormalization scheme by formulating the problem in the exponen-
tial LPP framework. In this setting, we have a columnar disorder in wedge LPP, or
diagonal disorder in corner-growth LPP, while the better understood columnar disorder
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in the corner-growth model is equivalent to particlewise disorder in TASEP. In fact, our
approach, like many shape theorems [30], partially extends to LPP with more general
distributions. The core of this approach is to obtain a recursion between mean passage-
times at two successive scales, and reduce the problem to bounding our passage-times
by a family of “reference” passage-times, that correspond to trapezoidal flux functions.
In this picture, the phase transition takes the form of a pinning transition for the op-
timal path [26]. Densities close to 1/2 (i.e. large slopes of the optimal path in the
wedge last-passage picture) are avoided on the mesoscopic scale. Indeed to increase
its mean macroscopic slope, the path gets a better reward from vertical portions along
slow parts of the disorder. As a result, in the linear phase, current fluctuations are
expected to be governed by details of the disorder distribution, instead of the universal
KPZ behavior arising from the service time distributions in homogeneous TASEP. A
possibly related phenomenon is the disorder-dependent convergence speed in homoge-
nization of conservation laws inside the plateau [4]. In the same spirit, it is also believed
[21] that disorder-induced condensation will dominate the dynamics-induced [29] phase
transition in non-attractive ZRP, where, in the absence of disorder, a uniformly located
condensate appears in the supercritical phase.

The paper is organized as follows. In Section [, we set up the notation and state
our main result. In Section [3] we formulate the problem in the last-passage percola-
tion framework and introduce the reference flux and the passage-time functions. In
Section [4, we introduce the renormalization procedure and describe the main steps of
the proof. In Section [0 we prove a recurrence relation linking passage-time bounds
of two successive scales, that is the heart of the renormalization argument. In Section
6 we study this recurrence in detail and show that it propagates the bounds we need
from one scale to another. In Section [7] we establish an important fluctuation estimate
needed in Section [5} Finally, the proof is completed in Section

2. NOTATION AND RESULTS

2.1. TASEP with site disorder. The disorder is modeled by a = (a(z) : x € Z) €
A = [0,1]%, a stationary ergodic sequence of positive bounded random variables. The
precise distribution of o will be defined in Section 2.2} For a given realization of a, we
consider the TASEP on Z with site disorder . The dynamics is defined as follows. A
site = is occupied by at most one particle which may jump with rate a(x) to the site
x + 1 if it is empty. A particle configuration on Z is of the form n = (n(z) : = € Z),
where for z € Z, n(x) € {0,1} is the number of particles at x. The state space is
X :={0,1}%. The generator of the process is given by

(2.1) Lf(n) = alx)n@)1 =+ D] [f (n"") = f(n)] .

TEZ
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where n***t1 =n —§, 4+, denotes the new configuration after a particle has jumped
from z to x + 1.

Current and flux function. The macroscopic flux function f can be defined as
follows. We denote by J&(t,170) the rightward current across site x up to time ¢, that
is the number of jumps from z to x + 1 up to time ¢, in the TASEP (n{);>¢ starting
from initial state 79, and evolving in environment «. For p € [0, 1], let n” be an initial
particle configuration with uniform density profile p in the following sense:

n 0

.1 o1
We then set
1
i — T P
(2.3) Flp) = lim —J3(t, 1),

where the limit is understood in probability with respect to the law of the quenched
process. Equivalent definitions of the flux can be stated in terms of the steady state
expectation of the microscopic flux function

(2.4) Jr (n) = ez)n(z)[1 — n(z +1)]

through one of the following formulas:

(2.5) flp) == lim [ 52 (n)dvyy . (n),
k/N—p

(2.6 fo) = [izmazm. per.

In , vy, is the steady state for a system of k particles evolving according to the
dynamics restricted to a ring of size N instead of Z. In ([2.6) (see [5] for details),
vy’ is the unique extremal invariant measure with mean density p for the system on
Z, R D {0,1} is the (unknown) closed set of densities for which this measure exists,
and f is interpolated linearly outside R. We refer to [7] for the proof of equivalence of

these three definitions in a more general framework.

It is shown in [37] that f is a concave function, see below. Apart from con-
cavity, little can be said about f. This is due to the fact that invariant measures for
site-disordered TASEP are not explicit (in contrast with particle-disordered TASEP
or equivalently site-disordered zero-range process, which has explicit product invariant
measures). One of the key issues is whether f is strictly concave or not. It is conjec-
tured in the physics literature (see e.g. [44]) that for i.i.d. disorder, the flux function
f exhibits a plateau, that is an interval [p., 1 — p.] (with 0 < p. < 1/2) on which f
is constant (see figure [1)). The goal of this paper is to prove such a result for a class
of disorder distributions. Our approach does not require the knowledge of invariant
measures and proceeds via renormalization and homogenization ideas.
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2.2. Existence of a plateau. From now on, we consider i.i.d disorder such that the
support of the distribution of a(x) is contained in [r, 1], where r > 0 is the infimum
of this support. The following easy result comes from the fact that the current of the
system dominates that of a homogeneous rate » TASEP, which has maximum current
r/4, while existence of arbitrarily large stretches of environment close to r also limit
the current to this same value. We refer to Appendix [A] for a detailed proof.

Proposition 2.1. The mazimum value of the flux function is given by
max f(p) =r/4.

p€l0,1]

For our main result, we formulate additional assumptions on the distribution of the
environment. We assume that the disorder is a perturbation of the homogeneous case
with rate 1. Let 0 < r < R < 1 and @ be a probability measure on [r, R], such that
r is the infimum of the support of ). Given € € (0,1) a “small” parameter, we define
the distribution of a(z) by

(2.7) Q: = (1 —¢)d + Q.

The law of o = (a(z), z € Z) is the product measure with marginal ). at each site

Pe(da) := (R) Q-[do(x)).
TEL
Expectation with respect to P is denoted by £.. We can interpret this by saying that
each site is chosen independently at random to be, with probability 1 — ¢, a “fast” site
with normal rate 1, or with probability € to be a “defect” with rate distribution @
bounded above away from 1 and 0. Thus ¢ is the mean density of defects. For example
if Q = 0,., then the defects are slow bonds with rate r < 1.

Let us denote by f. the flux function for this disorder distribution. Our main
result is the occurrence of a plateau in the flux for sufficiently dilute disorder. This
result holds under a general assumption (H) on the disorder, which will be stated and
explained in the next subsection. However we first state it under a concrete lower tail
assumption on «(z), which easily implies the general assumption (H).

Theorem 2.1. Assume @) satisfies the lower tail assumption
(2.8) for some Kk > 1, Q((r,r+uw)) =O0(u") asu — 0",
Then there exists €9 > 0 such that, for every ¢ < gy, the flur f. has a plateau with

value r /4.

2.3. A general assumption. Let us now formulate the general condition (H) an-
nounced before Theorem [2.1] For this we need the following definition.

Maximal current in a finite domain. Let B = [z1, 5] be an interval in Z. In
the following, ap := (a(x) : x € B) denotes the environment restricted to B. Consider
the TASEP in B with the following boundary dynamics: a particle enters at site
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with rate a(x; — 1) if this site is empty, and leaves from site xo with rate a(zs) if this
site is occupied. Note that this process, although spatially restricted to B, depends in
fact on the restriction of the disorder to the larger box

(2.9) B* =[x, — 1, 2] NZ

In the sequel, our notational choice will be to index all related objects by B# (the
domain of the relevant disorder variables) rather than B (the domain where particles
evolve). The generator of this process is given by

zro—1

L f(m) = Y a(@n(@)[l —nlx+D][f (7)) = f(n)]

(2.10)  + 0;(561 — DI =n(@)] [f 0+ 02y) = F()] + a(w2)n(22) [f (n = 62,) — f(0)]

where 17 £ 0, denotes creation/annihilation of a particle at z. We define now a notion
of maximal current relative to B.

Definition 2.1. The mazimal current jo, g#(op#) is the stationary current in the open
system defined above, i.e. (independently of x = xy,..., 29— 1)

Q1) esslan) = [a@n(lt -+ Dl )

= [ adin = [ et ).
where v, s the unique invariant measure for the process on B with generator L., .

Remark. One can see that the right-hand side of (2.11)) is independent of x by writ-
ing that the expectation under v3, of LE,n(z) for x € [x1,29] N Z (which yields the
difference of two consecutive integrals in (2.11))) is zero.

To simplify notation, we shall at times omit dependence on ap# and write j, p#.
It is well-known [I4] that in the homogeneous case, i.e. when a(x) = r for all z in
[0, N] (with r a positive constant), then jo 1 n) is no longer a random variable and

. . . . r
(2.12) A oo, 0. = 10f oo o = 7
In fact, explicit computations [14] show that, for some constant C' > 0,
r C
2.13 ' > -+ —.
(2.13) JooloN] Z 7

The constant environment with value r is a degenerate case of disorder for which the
maximal current is r/4, but the explicitely known flux function p — rp(1 — p) has no
plateau. We will show that a slower rate of decay of j 1,n) than is a sufficient
condition for the existence of a plateau. To this end, we introduce an assumption on
the disorder distribution, which quantifies the finite-size fluctuation of the maximal
current as a function of disorder.



FLUX OF TASEP WITH SITE DISORDER 9

Assumption (H). There exists b € (0,2), a > 0, ¢ > 0 and B > 0 such that, for e
small enough, the following holds for any N
, r a c
(2.14) P <]oo,[0,N}(a[0,N]) < 1 + W) < NGB
The main result of this paper is

Theorem 2.2. Assume Q. satisfies assumption (H). Then there exists €y > 0 such
that, for every e < gg, the flur f. has a plateau with value r/4

Jpe €]0,1/2[, Vp € [pe, 1 —pc],  fe(p) =r/4

Remark 2.1. A coupling argument (see Lemma below) shows that the value of
Joo,jo,N](o,n]) for any environment «(.) > r dominates the value in . This is
true in particular for an environment with Bernoulli distribution taking only values r
and 1, that is QQ = 9, in . This lower bound, though very pessimistic (it assumes
that all environment variables take the worst possible values, while in a box of size N
the length of the longest stretch of defects is of orderlog N ), is only slightly worse than
the one in Assumption (H). We believe that a refined analysis of joo N (which we
have not succeeded in carrying out so far) could lead to the conclusion that Assumption
(H)is satisfied for Bernoulli disorder. Note that if indeed assumption (H)holds for
such disorder, Lemma below implies that it holds for any distribution Q in (2.7)).

Theorem [2.2] will be proved in Sections [3]to[8] To deduce Theorem [2.1], we only have
to check that the tail assumption (2.8 implies (H). This is done using the following
lemma, which relies on a standard coupling argument (see its proof in Appendix |C]).

Lemma 2.1. Assume a and o are two environments such that o < ' in the sense of
product order. Then, for every N € N, joo jo,n](o,n]) < Joo, 0.8 (%[g )

Proof of Theorem[2.1. Let o := mingejo v a(z). It follows from Lemma that
(2.15) Joo 0N (@0,N]) = Joofon) (@, %),

where joo 0,3 (a*, o ,a*) stands for the current of a homogeneous TASEP in [1, N|
with bulk, exit and entrance rates a*. By , it is larger than a*/4, so that
Joojjo,N)(o,n)) = a*/4. Thus Assumption (H) will be implied by a control of o*.
Using the tail of the distribution @ (2.8]), we get

P€<min (1) Sr—l—a—/) < NQ ((Tar+i)> < a

i€[0,N] Nb/2 Nb2/) = NB’
for some well chosen parameters ' > 0, ¢ > 0, b € (0,2), 5 > 0. This follows from
elementary computations. 0]

3. LAST-PASSAGE PERCOLATION APPROACH

The proof of Theorem relies on a reformulation of the problem in terms of last-
passage percolation.
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3.1. Wedge last-passage percolation. Let Y = (Y;; : (4,j) € Z x N) be an i.id
family of exponential random variables with parameter 1 independent of the environ-
ment («(i) : ¢ € Z). In the following, these variables will sometimes be called service
times, in reference to the queuing interpretation of TASEP. The distribution of Y is
denoted by IP, and expectation with respect to this distribution by IE. Let

W:={(i,j) €Z*: j>0,i+3j>0}.
Index 7 represents a site and index j a particle. Given two points (z,y) and (2/,1/)

in Z x N, we denote by I'((x,y), (¢, vy)) the set of paths v = (2, Yk )k=0,..» such that

(l‘o,yo) = (‘Tay)a (xmyn) = ($l>y,)> and (‘rk+l = Tk Yk+1 — yk) € {(LO)? (_1’ 1)} for
every k =0,...,n— 1. Note that I'((z,y), (2/,y")) = 0 if (z' —x,y —y) € W. Given a
path v € I'((z,y), (2/,)), its passage time is defined by

(31) To(y) = 3 Tz

= o)
The last-passage time between (z,y) and (2/,y') is defined by

(32) T*((z,y), (,y)) == max{T*(v) : v € I'((z,y), (', )}
We shall simply write 7%(x,y) for 7%((0,0), (x,y)). This quantity has the following
particle interpretation. For (t,z) € [0, 4+00) X Z, let
H*(t,z) = min{y e N: T%(x,y) > t},
ng(x) = H%t,x—1)— H*(t, x).
Then (n})>o is a TASEP with generator (2.I)) and initial configuration n* = 14w g,
and H? is its height process. Besides, if we label particles initially so that the particle

at © < 0 has label —z, then for (z,y) € W, T%(z,y) is the time at which particle y
reaches site  + 1. Let us recall the following result from [37]

Theorem 3.1. Let W' := {(x,y) € R*: y >0, x +y > 0}. For P-a.e. realization o
of the disorder, the function

(33 (0,9) €W o 7(a,y) := Jim T*([Na], [Ny)

18 well-defined in the sense of a.s. convergence with respect to the distribution of Y.
It is finite, positively 1-homogeneous and superadditive (thus concave). The function

(3.4) (t.2) € [0.+00) x R+ h(t.2) = lim %H"‘([Nt], [N2))

1s well-defined in the sense of a.s. convergence with respect to the distribution of Y. It
is finite, positively 1-homogeneous and subadditive (thus convez). These functions do
not depend on o and are related through

(3.5) h(t,z) = inf{y €[0,400): 7(z,y) > t},
(3.6) T(x,y) = inf{t €[0,4+00): h(t,z)>y}.
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By homogeneity, the function A in (3.4) is of the form

(3.7) h(t,z) = th (%)

for some concave function & : R — R*. It is known that for homogeneous TASEP
(that is a(z) =1 for all =), we have

(1—v)?

(@y) = (Very+ V) ko) = 1) = vle ().

3.2. Reformulation of Theorem [2.2] In this section, we are going to rewrite the
flux in the last-passage framework and show that Theorem [2.2] can be deduced from a
statement on the passage time. It is shown in [37] that the macroscopic flux function
f is related to k (defined in (3.7))) by the convex duality relation

(3.8) f(p) = inflk(v) +vp],  pe[0.1]

which implies concavity of f. We now introduce a family of “reference” macroscopic
flux functions and associated macroscopic passage-time and height functions. Let 0 <
pe < 1/2 and J > 0. For p € [0, 1], we define

. I—0p
3.9 fP?(p) := Jmin (—, ,1) i
39 ) L
Given Proposition [2.1, Theorem boils down to proving a lower bound for the flux,

i.e. to show the existence of 9 > 0, p. € [0,1/2) such that the flux remains above r/4
for densities in [p., 1 — p.]

(3.10) Ve <eo,  fo(p) > frer/4(p) with p e [0,1]

ey
;:Q L
T

Pe 1- Pe

FIGURE 1. The graphs of three flux functions are depicted. The highest
curve in dotted line is the graph of the homogeneous TASEP flux p(1 — p).
The middle curve is the truncated flux ff¢/ and the dashed curve is the
conjectured flux f; for the disordered TASEP with a plateau at r/4.

The sufficient condition (3.10|) for the plateau is actually necessary since, by Theorem
and (3.8)—(2.3)), f- is a concave function such that f.(0) = f.(1) = 0. The convex
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conjugate of ffo/ through Legendre duality (3.8)) is defined for x € R by
(3.11) /{pc"](iﬂ) = (—"17)1(,00,,]/[,6)(1')
+ [T = (L= p)alli-s/pen) (@) + [T = per]lio.sjp0) (%).

Finally, one can associate to k< a passage-time function and a height function, related
by (3.5)—(3.6]), and defined for x € R and y > x~ by

pcl'+ — (1 B pc)xi +y

(3.12) el (2,y) = 7 ,
(3.13) heed (o) =tk (x)t),
where 7 = max{z,0} and 2= = —min{z,0}. Thus the lower bound (3.10) on the

flux can be rephrased in terms of an upper bound on the last passage time:

Theorem 3.2. Let 7. be the limiting passage-time defined by (3.3)) when the environ-
ment has distribution P., then there exist ¢g > 0 and p. < 1/2 such that

(3.14) Ve < e, 7. < rPer/4,
In particular, 7.(.,y) has a cusp at x = 0.

The lower bound ([3.10)), and therefore Theorem are a consequence of Theorem
3.2, which will be proved in the next sections.

Theorem [3.2] can be partially extended to LPP with general service-time distribution
and heavier tails. In this case the particle interpretation is less standard, though
the process can be viewed as a non-markovian TASEP (see e.g. [25]). Assume the
service times Y; ; are i.i.d. variables with some distribution P on R*. Let M, be the
expectation of the maximum of n random variables with law P. If M,, = O(n*) for some
k € (0,1/4), the conclusion of Theorem still holds if the constant b in Assumption
(H) satisfies b < 2(1 — 4k)/(1 + 2k). In particular, if M,, = O(n*) for all k > 0, the
conclusion holds for any b € (0,2). Recall that for exponential service times, one has
M,, ~ logn. The tail of P is reflected in the bound (|7.16)) and consequently on the form
of the last (fluctuation) term on the r.h.s. of he proof can be adapted with
relatively minor modifications. Our approach (and the extension just explained) also
applies to other LPP models with columnar disorder (in the wedge picture) or diagonal
disorder (in the square picture). For instance, both Theorems and apply to the
K-exclusion process [37].

3.3. Last-passage reformulation of Assumption (H). We will reformulate condi-
tion (H) in the last passage setting. To this end, we define restricted passage times.
Let B = [x1, 22| NZ (where x1, 25 € Z) be a finite interval of Z. If (z,y) and (2/,y') are
such that z and 2’ lie in B, we define I'g((x, y), (z’,y')) as the subset of I'((x, y), (2, ¥/))
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consisting of paths v that lie entirely inside B in the sense that z; € B for every
k=0,...,n. We then define

(3.15) T5((z,y), (2',y)) == max{T"(y) : v € I'p((z,y), («",y))}
The counterpart of Definition [2.1] is

Lemma 3.1. Let B = [x1,x5) N Z. The limit

(3.16) T p(ap):= lim ng((xo,O),(xo,m)) = sup E ng((Zﬁo,O),(Io,m))

exists IP-a.s. for xqg € B, does not depend on the choice of xy, and defines a random
variable depending only on the disorder restricted to B. Besides, we have

1

(3.17) Tw (o) = ienlan)

where and j- p(ap) is the stationary current in the open system restricted to
(3.18) B i=[r;1+ 1,2 NZ
as in Definition [2.1]

Remark. Recall that in (2.11)) we defined j,, p#(ap#) as the maximum current for

the TASEP in B. Since by (2.9) and (3.18]), we have (B')# = B, the above lemma is
5.11).

therefore consistent with (

The proof of this lemma is postponed to Appendix Bl To simplify notation, we
shall at times omit ap and write T g, joo,p. We can now restate condition (H) as
follows:

Assumption (H). There exists b € (0,2), a > 0, ¢ > 0 and § > 0 such that, for e
small enough,

4 a c
(3.19) P (Too,[o,N} (ao,n) > o W) < NF

The constants a, ¢ in (2.14)) are different from those in (3.19)), but b and /3 are the same.

4. RENORMALIZATION SCHEME

From now, we are going to focus on the last passage percolation model in order
to prove Theorem [3.2] We first describe a renormalization procedure to show that a
bound of the form (3.14]) holds with high probability at every scales (see Proposition

11).
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4.1. Definition of blocks. Let n € N\{0} be the renormalization “level” and K, =
K, () the size of a renormalized block of order n (by block we mean a finite subinterval
of Z). For n = 1, we initialize K| = K;(¢), and define a block B of order 1 to be good
if it contains no defect, i.e. a(z) =1 for every x € B. Otherwise, the block is said to
be bad.

For n > 1, we set K, = [,K,, where [, = |K]] with v € (0,1). Forn > 1, a
block B, ;; of order n + 1 has size K, ; and is partitioned into [, disjoint blocks of

order n. This block is called “good” if it contains at most one bad block of order n,
and if condition (4.1]) below holds

- . . . r a
(41) ]OO,BTL+1 Z jn+1 Wlth jn+1 = ZL + W’
n+1

where the constants a, b were defined in (2.14]). Otherwise B, is said to be bad. We
stress the fact that the status (good or bad) of B,;; depends only on the disorder
variables ap,,, in B,y and not on the exponential times Y; ;.

The renormalization is built such that large blocks are good with high probability.
Let g,(¢) denote the probability under P, that the block [0, K,, — 1] N Z, at level n, is
bad.

Lemma 4.1. Suppose that assumption (H) holds and set
2c

Koo i= (4

with the constants c, B appearing in (3.19)—(2.14). Then there exists vo,e0 > 0 such
that for all v € (0,7) and € < &g, the following holds for every K; € [K,, K*(¢)]

1
B+1 1
, K, = (40) B—(B+2)

(4.2) lim g,(e) =0,
n—oo
where
(4.3) Yo 1= %, €0 = min [1, 2c, (20)(40)_/3—(5&112)} :

Proof. For n > 1, let ¢, = # be the upper bound in (3.19). Then, by definition of
good blocks and independence of the environment, one obtains the recursive inequality
@ < Kig,
dn+1 S (ann)Q + Cn-‘rl, n Z 1.

Note that if for some n we have ¢, < 2¢, and (41 > 412¢%, then ¢, 11 < 2,4 1. Thus if
we have ¢ < 2¢; and (41 > 412¢2 for all n > 1, then g, < 2, for all n > 1, implying
gn(€) = 0 as n — 00. On the one hand, ¢; < 2¢; follows from

(4.4) Ky < K*(e).



FLUX OF TASEP WITH SITE DISORDER 15

On the other hand, assuming 0 < v < %, then (1 > 412¢? is equivalent to

Kff(ﬁﬁ)” >4c, Vn > 1.

Since K, is increasing in n, the above inequality holds for all n > 1 if it holds for n = 1,
which is equivalent to

(4.5) K, > K,.

Finally, max(1, K,) < K*(¢) if and only if € < ¢. O
4.2. Mean passage-time in a block. The strategy to prove Theorem [2.2]is now as
follows. To each block B = [z, 1 := x¢+ K,, — 1]NZ of order n, we associate finite-size

macroscopic restricted passage-time functions (in the left and right directions) taking
as origin either extremity of the block:

e 5(Ly) = B (778, (0, 0), (21, [Kay))) . 920,

m(=Ly) = E (T3, (@1,0), (v, [Kag)) . 921,

which depend only on the disorder ap,. To keep compact notation, we will write both
functions in the form 73 (0,y) with 0 = &1 and y > 0~ = — min{o, 0}.

The main step to Theorem [3.2] stated in Proposition below, is to prove that the
mean passage time at each order n remains bounded by the reference function (3.12))
with parameters p,, J, appropriately controlled to ensure that the plateau is preserved
at each order. From now on, we will assume that K; = K (¢) is chosen depending on
£ so that

(4.7) lim Ki(e) = 400

(4.6)

and (4.2) holds. For instance, one can take the integer part

(43) za@r:u¢@n:[(§)é1,

€

where K*(¢) was defined in Lemma

Proposition 4.1. For small enough e, there exist sequences (pp)n>1 € [0, 1]N, (Jn)n>1 €
[0, +00)N such that:

(1) For any good block B of order n, every o € {+1,—1}, and every y > o~
(4.9) Tap(0,y) <777 (0, y),
(11) lim, o0 J, = 1/4, and J, > r/4 for alln € N,
(111) limsup,,_,. pn < 1/2.
Once Proposition is established, completing the proof of Theorem (and thus
Theorem is a relatively simple task, the main part of which is to obtain a similar

bound on unrestricted passage times. This will be done in Section|8| Let us now explain
the structure of the proof of Proposition [4.1]
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4.3. Coarse-graining and recursion. The strategy of the proof of Proposition 4.1
is based on a coarse-graining procedure. We assume that at scale n, we have found an
upper bound of the form

TT?,B(O-7 y) < gn(U, y)7

that holds for any good block B, where g¢,(o,.) is a concave function for each o €
{—1,1}. By decomposing a block of size K, ; into subblocks of size K,, we seek a
relation between g, and g,; so that a similar upper bound holds at scale n + 1. In
the next section, we will prove the following:

Proposition 4.2. Let

, r a (log Kn+1)3/2
4.1 ntl ==+ —=, I, =|K] d 06, =0—"——""—,
( O) In+1 4 + KZfl L nJ an C \/Fn

where C' is a large enough constant fixed once and for all. Then the sequence (gn)n>1
defined on [0~ ,+00) by

(4.11) g1 =7 with  Jy € (r/4,1/4),  p1 = 2Jy,
and
(4.12)
1 _ y Y l+o
Gny1(o,y) == sup {(1 - l—) {gn(m y) — = H to et onp(Y),
o~ <y< (l:ll)y n JIn+1 Jn+1 nJn+1
where

(4.13) o(y) = \/% +y 2+ log(1 +y))*?,

satisfies the bound

(414> TroL[,B(O-7 y) S gn(aa y)7
for any good block B and n > 1.

The proof of this Proposition is postponed to Section[§] Roughly speaking, to obtain
, a path at level n + 1 is decomposed into subbpaths contained in subblocks of
size K,,. We then express the total passage-time as a maximum of a sum of the partial
passage-times in each subblock, where the maximum is over all possible intermediate
heights of the path at the interfaces. The first line on the r.h.s. of comes
from approximating each partial passage-time with its mean and using the induction
hypothesis (4.14). The second line is a fluctuation estimate (see Proposition [p.1] below)
on the difference between the expectation of the maximum of partial times and the
maximum of the expectations.

Given the initialization p; < 1/2 from (4.11]), we will show in Section |§| that
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Proposition 4.3. Assume (H) with b € [1,2). Then for e small enough, the sequence
(gn)n>1 defined in Proposition satisfies the bound

(4.15) gulory) < T = (),

with

(4.16) Jp = Jny1 and pd = yS;lUIi {jn—i—l gn(0,y) — y} +o,
where p? satisfies

(4.17) Ja S;Z_ii K —%) pZ+%+An},

with A, = A, () which has the following property: there exist € > 0 and C > 0 such
that for every 0 < e <eg andn >1

52 S ’
(418) A'rL S Ojn+12 1 . 1 ) |:10g (1—):| 3

(Jnt2 = Jns1 In+2 — j;il
with 6, as in (4.10). In the following, we will consider p, = max{pl, p-*}.

The role of Assumption (H) is to ensure that the decay of j, to /4 is slow enough so
that the additional fluctuations of order A,, do not hinder property (ii) of Proposition
. Note that (see Proposition below) for the above proposition to be interesting,
~ has to be chosen close to 0 so that the upper bound vanishes in the limit
n — oo. Recall that [,,, A, and p, actually depend on . To conclude the proof of
Proposition we will then show in Section [6] that

Proposition 4.4. Assume (H) withb € [1,2) andy < inf{~g, 2—1}, with o introduced
in (4.3). Then for small enough €, any sequence (pn)nZI satisfying (4.17) is such that

limsup p, < 1/2.
n—oo
Note that a separate study of the case b € (0,1) is not necessary: indeed, if assump-
tion (H) is satisfied for some b € (0, 1), it is satisfied a fortiori for b = 1.

The seemingly natural route to derive Proposition [4.3]from Proposition [4.2] would be
to plug the ansatz g, = 77/ into , and try to obtain an induction on (p,, Jy,).
In fact, a more subtle treatment is required, because the induction obtained from such
an ansatz turns out to be effective only for b € (0,1), whereas it is not optimal for
b € [1,2). Although not necessary, let us indicate how to use the parametric form
when b € (0,1). In this case, Propositions and can be replaced by the following
variant, that is simpler to prove. The price of this simpler approach is to restrict
assumption (H) to values b € (0,1).
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Proposition 4.5. Assume (H) with b € (0,1), and v < inf{~,  — 1}, with ~ intro-
duced in (4.3)). Then the following two assertions hold :

(i) There exists a sequence {pn, Jntn>1 with pr < 1/2 and J; € (r/4,1/4), which
satisfies Proposition and the recursive bounds

(419) Jn+1 Z min(Jn, jn+1) — C(Sn,
1 1

for some constant C' > 0, with 6,, defined by (4.10]).

(ii) Any such sequence satisfies limsup,,_,, . pn < 1/2 and J,, > r/4.

The derivation of Proposition is postponed to Subsection . If o € [1,2),
statement (i) of Proposition can be derived, but the second inequality of statement
(ii) breaks down and Proposition [4.1]{ could not be established this way. In fact, the way
(4.19)—(4.20)) is obtained from is not optimal, because it amounts to bounding
the fluctuation term d6,,v/0 /2 + y[2 + log(1 + y)]*/? by 6,(1 + y), which is not accurate
for large y, that corresponds to densities close to 1/2 (hence the expected location of
the plateau). In , fluctuations of J,, are controlled on the one hand by assumption
(H), which guarantees a margin of order L2 above r/4, and on the other hand by
the fluctuations d,,, which are essentially of order L~/2, where L is the block size. The
latter annihilates the former if b > 1.

5. PROOF OF PROPOSITION

In this section, we prove the recursion in Proposition 4.2, To this end, we decompose
a path of length K, according to its traces on the interfaces between the subblocks
of size K, (see figure [2). The set of such traces will hereafter be called the “skeleton”
of the path. The idea is to use as an induction hypothesis for the subpaths in
each block of size K,. If we neglect the fluctuations of these subpaths, the “‘mean”
computation reduces to optimizing the positions of the traces so as to maximize the
total passage times of subpaths of order n. This “mean” induction relation is altered
by an error term (see Proposition below) arising from fluctuations of the subpaths
as well as the entropy induced by the many possible skeletons.

5.1. Skeleton decomposition. We consider B = [z,2' = = + K, 1 — 1] N Z a block
of order n + 1, where x € Z. Let v = ((zk, Yx))k=0...m—1 be a path restricted to B
connecting (z,0) = (xg,yo = 0) to (',y = [Kn11y]) = (Tm-1,Ym-1). We define the
skeleton s(y) = 7 of v as follows (see figure [2)). Let kg = —1 and y_; = 0. For i € N,
we set

k21+1 = mm{k > in X =X+ (Z + 1)Kn — 1},
k2i+2 = max{k Z k2i+1 T =+ (Z + 1)Kn — 1}
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z K, (i+ 1)Ky, ' =z+ Kpy1 — 1

FIGURE 2. A block of level n + 1 is partitioned into blocks of length K,
(only 3 blocks have been depicted). The grey regions represent the boundaries
between the blocks of order n which are separated by a microscopic length 1.
A coarse grained path is depicted and the black dots denote the renewal points
ki.

Because xj11 — 2, < 1, we necessarily have z144,,,, = « + (i + 1)K, and y14p,,,, =
Ykyipo- Note that xp, | = zp, = 2’ and y,, = y'. Recall that the block B is
made of [, = | K] boxes of length K. The skeleton s(v) of v is then the sequence

¥ = (Ui, Zi)i=1,..1n € (NQ)l" given by

(5-1) Y = Ykoi—1 = Ykai—o>
(52) 21 = Yko; — Ykoi_1-
By definition, we have
In
(5.3) Z (7 +Z) =y = [Kns1yl-
=1

In a similar way for the paths going from right to left, if B = [2' = 2 — K,,11 + 1, 2] N Z,
we may define the skeleton of a path connecting (z,0) = (z¢,y0 = 0) to (z/,y =
[Kni1Y]) = (m—1,Ym-1). Let kg = —1 and y_; = —1. For i € N, let

koiv1 = min{k > ko; : xp =2 — (i + 1)K, + 1},

kgﬂ,g = max{k; Z ]{722‘+1 X =X — (Z + 1)Kn + 1}
Because 41 — 2, > —1, we necessarily have 14y, , =  — (i + 1)K, and y144,,,, =

1+ Yky,,o- Note that xy, | = xp, =2’ and yg,, =y'. The skeleton s(y) of 7 is then
the sequence ¥ = (s, Z;)i=1,...1, given by (5.1))-(5.2). Since allowed path increments are
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(1,0) and (—1,1), this sequence must now satisfy the constraint g; > K, for i > 1.

Let T'((z,0), (2/,3')) denote the set of skeletons of all paths v restricted to B con-
necting (r,0) and (z/,y'), that is the set of sequences 7 = (i, Z;)i=1,..s, € (N2){woln}
satisfying , with the constraint 7; > K, in the case 2/ < x. We Wﬂl sunply write
I, when the endpoints are obvious from the context.

5.2. Passage-time decomposition. Let 0 = £1 denote as in the direction of
the paths. To encompass both cases ¢ = +1, we will use the following simplifying
convention: an interval can be written [a,b] even if a > b, in which case it actually
means [b, a]. We consider the block B = [0,0(K,+1—1)]. Forl € {1,...,[,}, we denote
by By :=[o(l - 1)K, o(IK, —1)]NZ the [-th subblock of order n in the decomposition
of B. For a path skeleton ¥ = (9, Z)i1=1,..1,, € T, define

i—1
Z y; + z]
7j=1

if 4+ > 2, and hi = 0. The quantity h; represents the height at which a path with
skeleton 4 enters block i. For a path v € I'g((0,0), (6(K,41 — 1),4y’)) with skeleton 7,

Kni1—1

FIGURE 3. A coarse grained path is depicted in a block of order n + 1.
The horizontal crossings through each block B; are restricted to the dark grey
regions. The passage time Uj(c,7) depends only on the variables {Y; ; } inside
the grey regions which are disjoint from the regions used by the vertical paths
contributing to V§ (o, 7).

we have that

(5.4) T5(y) < Ug(0,9) + V5 (0,9) < T5((0,0), (0(Kns1 — 1),9/)).
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where

In In

Ug(o,9) ==Y Ugi(0,7), V§(0,7) = > V(o 9),

=1 =1
with
Ug,l(aa y) = ng (U(l — 1)K, ill)v (o(IK, —2), El +uy+o— 1))7
Vio3) = TH((oK — 1 Fut it ), (0K, = Dot i+ T+ 2),
(5.5)

where U%(7) is the contribution of the horizontal crossings in the blocks B; and V5 (7)
the contribution of the vertical paths at the junction of the blocks B; (see figure |3)).
Noticing that the second inequality in (5.4)) is an equality if and only if 4 is the skeleton
of the optimal path, we get

(5.6)  T3((0,0),(0(Knia —1),9)) = max {Ug(0,7) +Vg(0:7)} .
Tl (0,00 (Knt1=1))

To derive Proposition (4.1 we have to estimate

(5.7) me5(0,y) = B (T5((0,0), (0(Knys = 1),))

n+1

with 3/ = [K,11y] and we decompose this expectation into the sum of two components:

U%(o, 5 V(o A
(58) ) max {IE ( B(U7’y>) +IE ( 3(077))}’
FETn((0,0),(0(Kns1—-1),") Ky Ky

that is the “mean optimization problem” and a “fluctuation part” defined for 3y’ =
[K,11y] as

Fuly) = E <ﬁ MAX5eF,, ((0,0),(0(Kni1—1),y")) {Ug(a, ¥) + Vg (o, 7)})
Us(e) Vi)
(5.9) — MAX5F (0,0), (0 (Kusr—1)) {IE (§—+) +IE <f¥—+)} :

The term ([5.8]), which involves known information from subblocks, will give the main
recursion structure, while will be an error term. The latter will be controlled by
fluctuations and entropy of paths. The precise result that will be established in the
Section [7] is the following:

Proposition 5.1. With the notation (5.9), one has uniformly in y

(5.10) Faly) < 6n,/%+y(1+1og(1+y))3/2,

with 6, defined in (4.10]).
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We will in fact replace the upper bound in (5.10) by a slightly worse one for the sole
purpose of making it a concave function of y, which is important for us. We therefore
observe that

(5.11) Fu(y) < Guly) = dnp(y),
where ¢ is the (concave) function defined by (4.13)).

5.3. The main recursion (4.12). Using the skeleton decomposition, we are now go-
ing to derive Proposition 4.2

Let us explain the choice of ¢g; in Proposition To initiate the induction
relation, we need a bound at level 1 for p; and J;. For n = 1, a good block of order 1
contains only rates a(x) = 1. Since the restricted passage times are smaller than the
unrestricted ones, the values for p; and J; can be inferred from the asymptotic shape
— of the homogeneous last passage percolation and the corresponding exact
upper bound for the expected passage time, due to superadditivity:

o 2 1
TLB(U, y) < (\/0 +y+ \/Z) <4 (50 + y) < 72J1’J1(0, Y),

for every 0 € {—1,1} and any J; € (0,1/4], where the last inequality follows from
3.12). However, we restrict to J; € (r/4,1/4) in view of condition (ii) of Proposition
4.1 By construction g¢; is concave. Note that, if g,(o,.) is concave, then g,.1(0o,.)

defined by (4.12)) inherits this property.

Suppose now that the inequality (4.14))
T??,B(‘L y) < gn(a, y)

holds at step n and that g, is concave. We will show that the recursion is valid at step
n + 1 with g, defined as in (4.12)).

We first focus on the mean optimization problem and consider a good block
B =10,0(K,+1—1)] at level n+1. For a fixed disorder «, note that, by superadditivity
and uniformity of « in the y-direction,

1

(5.12) E [V5,(0.7)] < — Z.
Joo,B

Since B is a good block, jo p satisfies (4.1). Thus

r a
(5.13) JooB = 7 T 5 = It
4 Kb/2 +

n+1

(recall that j,.1 was introduced in (4.1]) as one of the conditions defining a good block).
As B is a good block, the subblocks B; are good for all values of [ = 1,...,[, except
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for possibly one bad subblock with index 7y. The recurrence hypothesis (4.14) at order
n implies that the mean passage time on a good subblock B; is bounded by

e a Y Ui
(5.14) E [UB’Z(O', ’y)] = K,7, 5, <O’, E) < K,gn (a, E) .
For the possibly remaining value iy such that B;, is a bad block, we use a crude upper
bound by artificially extending the path in order to compare its cost to the one of a
vertical connection:

) | - | .1
Usalo3) < 73, ( (otio = V) (otia — Dy + 3+ 25 78,) )
which yields, as in ((5.12)),

L 1 /. 140 1 /. 140
519 B[00 < (i 578) < (i + 50K )
]oo,B,-O In+1

Note that there may sometimes not exist any bad subblock, but even in this case
we may apply to an arbitrarily chosen subblock to avoid distinguishing this
seemingly better case (by which distinction we would anyway gain nothing in the
sequel). Combining the above expectation bounds, we obtain

(5.16) E [Ug(0,7) + V5 (0,9)] < Kns1 981 (0,9, %),

where

ln

- 1 _ 1
(517) g?il%zl(o-vy/}/) = l_ { Z gn(07 yl) +

I=1, 10 Jnt1

l
1+0 Z" B
2 Tt =1 Zl]}7

,,,,,

z, = K;'7, which satisfies the constraint ([5.3]), whence

ln

(5.18) > (+7) <ly, with >0
=1
Define
(5.19) < Youc< In
. g _y—ln_l yl_ln_1y>
1=1,....ln: l#io

so that from ([5.18)), we have

In
=1
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By concavity of g,, (5.16)—(5.17)) and (5.20), we obtain the following upper bound for
)

Us(o, 5 Vel(o. A
(5.21) max {IE (M) +E (M)}
FELn ((0,0),(0(Kns1—1),[Knt19]) Ky K

1 y 1+o0
S sup {(1——> [gn(o,y)— -~ }}4— A
o <g< ity ln In+1 In+1 2 Jn+1

In

where the value of § in (5.19) has been replaced by a supremum. To bound from
above 7, (0, y) (see (5.7))), it is enough to combine (5.21)) and Proposition This
completes the proof of Proposition 4.2

6. CONSEQUENCES OF THE MAIN RECURSION
In this section, we prove Propositions [4.3], [£.4] and [4.5]

6.1. Proof of Proposition As g1(0,.) is concave, the recursion (4.12)) implies
that g,(c,.) is a concave function for all n. For notational simplicity, we shall write
details of the proof for o = 1, and in this case simply write g,(.) for g,(o,.). We will

only briefly indicate what changes are involved for 0 = —1. We consider the sequence
(gn)n>1 given by the recursion (4.12)) and set
1
(6.1) me=int{yz0: g< -t
In+1

where ¢/, stands for the right derivative of the concave function. Thus, if y > (11, ")y,

02 gl = (17 ) |m ) = 2]+ 2o o)

jn+1 jn+1 ln]n—i—l

and if y < (1= 1;)ya

(6.3)  gns1(y) = (1—%) [gn (lnlfly) —3 b Y ]+ R S )

n - 1 jn+1 jn-‘rl ln]n-ﬁ-l

Lemma 6.1. Assume (H) with b € [1,2). Then for € small enough, the sequence
(yn>n21 satisﬁes
j—l _j—l
(6.4) Vn > 2, Un1 < yp<oo and ¢ (y,) = n—i—(ls—n’
n—1
with ¢ as in (4.13)).

Proof. For n > 1, we set

Jats —
(65) tn-l—l = o2 ontl ¢3(Kn)’
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with
K/? r a -1 r a -
. —3/2 r _(r,_a
Ys(K) (1+7) (log K')3/2 { <4 * Kg(lﬂ)?) (4 N Kg(lﬂ))

e R il
Since b > 1, using (4.7)), we conclude that
(6.6) limsupt,1(g) = 0.

E— n>1

Recall that for n =1, ¢y is defined by (4.11]). Thanks to (4.7)), we have lim._,q j2(¢) =
r/4. Thus, for small enough ¢, we have js(¢) < J;. It follows that y; = 0 and, from
(6.2)), we get that for every y > 0,

Lipn y 1
(6.7) ga2() = (L= 1) 5+ 4 =+ ie(y).
Thus for n = 2, becomes
1 1
ygzinf{yzor 90’(y)§‘%}.
1

Since ¢ is strictly concave and lim,_, ~, ¢'(y) = 0, implies that for e small enough,
Yo is the unique solution of ¢'(ys) = t5. Thus identity (6.4]) holds for n = 2.

We are going to prove the claim by induction. Suppose that (6.4) is valid up to rank
n. To show y,.1 > y,, it is enough to check that

9;+1(?/n) > J};lQ-
Since y, > (1 — I;')y,, the above derivative is computed from the expression ([6.2)).
Thus, using the induction hypothesis (6.4]), we get for n > 2

g’;l,+1 (yn) - .]r:iZ = J;+11 - J;JlQ + 6n§0/<yn)
_ - On _
= jn—&l-l _]n—il-Q + — 5 N (]n-il-l ]nl)
(6.8) = Y(K,1),

1
where, since K,, = K, "],

1 1
r a r a
V(K) = (é_l + K§(1+7)2> B <é_l + K§(1+7)3)

T . a -t (T . a -1
4 542 4 s+ '

Let us respectively denote by 7 (K) and 1,(K) the first and second line on the r.h.s.
of . Then as K — +o0,

V1 (K) ~ —16ar 2K Y002 0 (K) ~ 16a(1 + ~)>/2 r—2 K —0040/2-3/2,

(6.9) + (144)*2K/?
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Since for b > 1 and v > 0 we have

b v b 9
—(1 - < —(1 :
5L+ +5 <5(1+7)

It follows that ¥(K) > 0 for K large enough. As K(e) diverges when ¢ tends to 0
(see (4.7))), we have that for small enough €, y,,+1 > ¥, > (1—1")y, holds for all n. > 2.

As ¢, 1(Yn+1) is given by the derivative of (6.2]) and ¢ is strictly concave, we have
to solve
oL !
— - n+2 n+1
(6'10) Q;L+1(yn+1) = jn—il-l + 5n<Pl(yn+1) = .]n—&l—2 = Sol(yn+1) = % =tp41.

As above, implies that, for € small enough, a solution of ([6.10)) exists for all n. > 2.
This proves the second part of the claim (6.4]).

In the case 0 = —1, the infimum (6.1]) defining y,, is over y > 1. The initialization
step differs slightly since we then have
_pmolty

a(=1,y) T

and y; = 1. Therefore the inequality in (6.4]) is no longer trivial for n = 2. However,
since ¢'(ya) = to, this inequality will be true if t5 < ¢'(1), which holds for & small

enough thanks to . 0

Using Lemma (6.1}, we can now complete the proof of Proposition The definition
(4.16) of p, leads immediately to the inequality (4.15))

Guly) < 7 (1,y).

Thus it remains only to prove the inequality (4.17)) satisfied by p,,. By definition (6.1))
of y,,, we have

Pn = Jn+19n(Yn) = Un-
We are going to obtain a recursion for p,,. To this end, consider

Pt = Jn+29n+1(Ynt1) — Ynt1-
By Lemma , Ynt1 = Yn > (1= 1) Yn, 50 gni1(Yns1) is obtained from (6.2)). Thus

Pn+1 = jn+2 <1 - i) [gn(yn) — A } + Int2 + (jn+2 - 1) Yn+1 +jn+26ngp(yn+1)

Jn+1 In jn+1 Jn+1

(6.11) < ez ((1 - i) Unt+19n(Yn) — Yn] + i + jn+15n90(yn+1)> 5

- JIn+1

where on the second line we have used 2 < jpi1. Setting A, = jn11000(Ynt1), We
recovered the inequality (4.17)), and it remains to verify (4.18)). Starting from

—+00 1
Py "~ s—=(logy)*?,

2/
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we see that

(6.12) ol 0] 5 (e gz )

Recall that by (6.10), Ynt1 = ¢ ~(tat1), where ¢, is defined by (6.5) and satisfies (6.6)).
Thus, there exist C’,C"” > 0 and 5 > 0 such that, for every 0 < e <eg and n > 1

) 1 3 577, 577, ’
PYni1) = @l H(ta)] < C/ | log tnia|” < C i =) {log (—_1>] -
+1 2 ) jn+2 Jn+1

(]n+2 - jn+1
This iInphes " with An = jn+15n90(yn+1)‘

For 0 = —1, we set
Pn — 1 =sup {jn-{-lgn(_la y) - y}
y=>1

and we get a recursion similar to (6.11)

Jn 1 .
pwrws.”(Q——)m—u+MmW@M0,

In+1 ln

which can be rewritten

n 1 1 n
Prn+1 < j +2 ((1 - l_> Pn + — l +]n+15n¢<yn+1) + j + - 1)
]n+1 n n jn+2

For b > 1, the remainder j;—f 1 can be bounded by A, so that the same type of
inequality is also valid for ¢ = —1.

6.2. Proof of Proposition . Let a, = 1— . Then one can see by induction that

(4.17) implies
n—1

" < plnaﬁ( Haz)+za e
i=1

=1 j=i+1

n—1 n—1 n—1
(6.13) < p]Jai+ (1—Hai> +) A,
i=1 i i

where we used that ”]Ll < 1 for any ¢ > 1. Remember that the quantities p,, jn, an,
A,, actually depend on e. The proof of Proposition is then concluded thanks to

lemma [6.21 O
Lemma 6.2. Assume (H) with b € [1,2), and K given by ([L.8). With the notation
of Lemma[4.1], we fix

v < min {70, % — 1}.
Then

(1) lim,_g Hn 1an(€) 1,
(2) lim._g A,(e) =0.
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Proof.
Proof of (1). We have to show that

+o0o
. 1
(6.14) lg[g)nz:;log ( ln(€)> =0.

Since
In(e) = exp [log ( 1(6)) (1 +7)" Zexp [v(1+9)"7],
we have, for n > 2, [,(e)™! < C(v) := e+ < 1. Hence, for n > 2,
0= ~lo (1 B ln(5)> = znzg) N l(j(gg <(1+C'(y))exp [—y(1+9)" 1]

The limit (6.14)) then follows from dominated convergence, and lim. o K;(g) = 400,
which implies lim,,_,, {,,(¢) = 0 for any n > 1.

Proof of (2). Here we can write A,, ~ ¢y(K,), where
._ (log K)® r a ! r a -1
tho(K) = 57— [(Z + K%(Hvﬂ) - <Z + W) }

1Y\ 3
(log K)*2 | (1 o ' (s o\
(615) X <1Og{T |:<Z+W> - <Z+W> :| })

K—)\'j‘oo C”(lOg K)GK%(H-'V)—I_

-1

for some constant C” > 0. The assumption on b and the choice of ~ imply that
c:=1- —(1 +7) > 0 (equation (6 is the main reason for restricting to the case
b < 2). By (4.7)), there exists £; > 0 such that K, () > 2 for every n > 1 and ¢ € [0, £1].
Thus, by , there exists a constant D > 0 such that, for such n and ¢,

D D D

Anle) = K,(e)° = Ky (g)ct+nn - 9c(1+y)"

Since lim._,¢ K () = 0, the result follows again from dominated convergence. UJ

6.3. Proof of Proposition for b € (0,1). Assume that g,(o,y) < 777" (0,y)
for some p, € [0,1/2[ and J, € (r/4,1/4]. We use the recursion to obtain
Gni1(o,y) < 7Prt1ndt (g y) for a new pair (pni1, Jni1) defined as a function of (p,, J,,).
We start with

+ - + -
pno” —(L—=pp)o” +y _ ppo” —(1—py)o”+y
U 4y UoPmo 29 gfo,y),
n J
n+1

(6.16)  gn(o,y) =

where

‘]7(5‘21 = min(Jna jn-i—l)'
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Replacing g, (o, y) in (4.12) with g,(c,y), since J7(121 < Jni1, the supremum of the new
expression is achieved for § = [,/(l, — 1). On the other hand, there is a constant
B > 0 such that

e(y) = Vo /2+y[2 +1log(1+y)*? < B(1+y).
This yields

(6.17) Inr1(0,y) < Tpglvjﬁl(a, y) + B, (1+y),
where
W : W . 1 1

Jn+1 T mln(‘Lw]n-i—l) and Pn+1 = 1-— l_ Pn + l_

A simple computation shows that
(2, y) + 0(a +y) <777 (2, ),
with
;o ptoJ ;o
S 1446J A

Note that p' < p+d and J' > J — ¢ for J < 1. Since J,, < 1 for all n > 1, we obtain
gn(o,y) < 7P (0, ), with (p,, J,) satisfying (4.19)—(4.20)).

Let us now prove that the two statements in (ii) of Proposition 4.1/ hold. On the one
hand, (4.20) is similar to (6.13) with 4,, instead of A,,, the first limit in statement (ii)
of Proposition is proved exactly like Proposition 4.4 E since 2) of Lemma can be
also obtained for 0, instead of A,,. On the other hand, 9)) implies

n—1 _
(6.18) J, > min {J1 - 6 _min_ [ij — Zk @-] } .
j:

]:1 7777

The inequality J,, > /4 then follows from (6.18)) and
Lemma 6.3. Assume (H) with b € (0,1), and K, given by (4.8). With the notation
of Lemma[4.1], we fix

) 1 r 1
e < gy, v < 1min {’)/O,E — 1}, Ji € (Z,Z) .

Then the sequence 6,(g) = C’% (where the dependence on € is encoded in
K, ) satisfies the properties:

(1) There exists 1 € (0,e0) such that, for all k > 1 and € € (0,¢y),

Za ) < 20,().

(2) There exists €5 € (0,€1) such that, foralle € (0,e9) and all k > 1,
Jra1(e) = 20k(e) > /4, and Jy —26(e) > r/4.
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Proof.
Proof of (1). Since

5n+1 (5)
On(€)

then for & small enough so that (1 + 7)¥?K;(e)™/? < 1/2, we obtain Y% 0;(¢) <

Proof of (2). Recall that

= (147)2K,72 < (147)2K,(e) /2,

r a r a

jk-ﬁ-l:__l_T___l_ b /20

4 Kk/+1 4 Kk/
where a is the constant in (2.14]) and ¥ = (1 + v)b. The assumptions on b and 7 imply
b € (0,1). Thus, there exists o > 1 such that

1 3/2
NI i3
xb/2 VT

for all © > xy, where C is the constant in the definition of 4,,. Since K, (¢) increases
with n, in view of (4.7)), it suffices to choose ¢ small enough such that K;(e) > x.
Since lim._,q 01 (¢) = 0, the second inequality follows for & small enough from the choice
Jp > /4. O

7. FLUCTUATION BOUNDS : PROOF OF PROPOSITION [5.1]

In this section, we prove Proposition [5.1, We start in Subsection by stating
preliminary estimates, and apply these in Subsection [7.2] which is the body of the
proof.

7.1. Concentration estimates. We shall need a classical gaussian concentration in-
equality for last-passage times (see e.g. [30]). In the following lemma, it is assumed
that the service times Y;; involved in the definition (3.1)—(3.2) of last passage times
are i.i.d. random variables bounded by M instead of being exponentially distributed.
To avoid confusion with the previous notation, the corresponding probability IP,, and
expectation I, are denoted below by an index M.

Lemma 7.1. Assume that Y = (Y, : (i,j) € Z x N) is a vector of non negative
independent random variables bounded from above by rM. Let (x1,y1) and (z2,ys2) in
Z x N such that (xg — x1,y2 —y1) € W. Then

T((z1,31), (22, 92)) = Eag [T ((21, 1), (22,92))] + 8M/L((x1,31), (22, 12)) Z,

where L((z1,v1), (T2, Y2)) := (2 — x1) + 2(y2 — y1) is the length of any path connecting
(x1,11) to (x2,y2), and Z is a random variable with subgaussian tail

vt >0, Py (|Z] > t) < exp(—t?).
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We stress the fact that Gaussian bounds on last passage times are by no means
optimal in the case of exponential service times, for which more refined (but also more
specific) gaussian-exponential estimates are available (see e.g. [43]). However, for our
purpose, they have the advantage of being both simple and sufficient, while also ex-
tending to service distributions with heavier tails, as a result of the cutoff procedure
introduced in Subsection [7.2]

The above concentration inequality will be combined with the following result.

Lemma 7.2. Let A and T be finite sets. Assume that for each a € A, we have a family
(Va,i)icz of independent random variables such that, for everyi € Z,

(7.1) Vi = EVai) + v/ VaiZus,
where V,; > 0, and Z,; is a random variable such that
(7.2) P(Z,; >t)<e ™",

for everyt > 0. Then

1

3 \ (Teajiz v) (VAVIE 4 VAVA + VAiog AT),

where |.| denotes the cardinality, and A is the same constant as in (i) of Lemma[7.5
The proof of Lemma [7.2] relies on the following elementary estimates.

Lemma 7.3.

(i) Let Y be a random variable such that P(Y > t) < Ce !V for all t > 0, where
C>1andV >0. Then, we have

Y =/VliegC +VVX,

2

where P(X >t) <e '

(it) There exists a positive constant A such that the following holds. Let (Xj)g=1,..,
nonnegative independent random variables such that P(X; > t) < e, and (Vi) j—1
be nonnegative numbers. Then

n n n 1/2
ZM&=%ZM+<AZ%> z.
k=1 k=1 k=1

2

where Z is a r.v. such that P(Z >1t) < e ".
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Proof of Lemma[7.5. (i) Follows from an immediate computation. To obtain (ii) we
note that, for 6 > 0,

+oo
E(e"**) < 1+/ 0" IP (X > t)dt
0

+oo
< 1+¢9602/4/ e dt <14 /et
—0/2

Setting Y, = X, — /7, we have, for 6 > 0,
A(0) == log E(e”*) < log [1 + ﬁ0692/4] — /7.

Thus there exists A > 0 such that A(6) < A6?/4 for # > 0. Hence, by independence of
the r.v.’s Xy,

log IE

The result then follows by Cramer’s argument. U

Proof of Lemma[7.3. By (ii) of Lemma for every a € A, we have

1/2
(7.4) Y Vai=Y EVai) + V7Y Vai+ (AZVG,Z) 7.,

ieT i€l i€T i€l
where Z, is a random variable satisfying IP(Z, > t) < e for all t > 0. On the other
hand, by Cauchy-Schwarz inequality,

1/2
75 S T < VA (Z v) |

i€T i€

Thus, for every a € A,

(7.6) > Vai <m+ (AV)PZ]
i€T

where

V.= max 2 Vi and  m = /my/ |Z|\/V+ max ZEZI]E(YM)

Next, for any ¢ > 0, we have

P (zlea}z:ya,i 2m+t> <P (U {Zya,i Zm+t}>

acA \ i€Z

< YOP((AV)2ZF > t) < | Al
acA
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It follows from (i) of Lemma [7.3| that

manya,i =m+ +/log|A|(A V)1/2 + (A V)I/QZ7

acA 4
i€

where Z is a random variable satisfying P(Z > t) < et for all ¢ > 0. The result then
follows from

“+00 +o00
E(Z)<E(Z") < / P(Z* > t)dt < / e Vdt = /7.
0 0
O

7.2. Path renormalization: fluctuation and entropy. We now proceed in three
steps. In step one, we define a cutoff procedure for the service times Y; ;, by condition-
ing on their maximum, in order to replace them with bounded variables, to which the
results of Subsection apply. In step two, we apply Lemma to passage-times in
subblocks. This yields for the cutoff service times a result similar to the statement of
the proposition but without whole logarithmic correction. Finally, in step three,
we remove the cutoff and use a bound on the expectation of the maximum of exponen-
tial variables, to obtain a quasi-gaussian estimate with a logarithmic correction.

Step 1. Notation and conditional measure. Pick v such that
(7.7) 0 < v < min {7, (2/b) — 1},

with 7o introduced in Lemma 4.1 and b in (3.19)—(2.14). Let B = ZN [0, 0 (K41 — 1))
be a block of order n + 1 and partition B into the subblocks of order n denoted by

B =[o(l-1)K,,0(lK, —1)]NZ, where [ = 1,...,1,.

Set 3 = [Kpi1y], Tn = T'n((0,0), (6(Kny1 — 1),4/)) and define
Mg(y) = maX{Y;’j i€B,j=0,...,y = [Knﬂy]}.

Given M > 0, denote by IPp s, the distribution of (X;; : i € B,j = 0,...,y),
where X, ; are i.i.d. and have the same distribution as Y;; conditioned on Y;; < rM.

(Note that after conditioning by M, the percolation paths have weights Yii < M as

a > 7). Denote by P} /., the distribution of (Y;;: i € B, j =0,...,y) conditioned
on Mp(y) = rM. A vector (Y/;: (i,j) € B x{0,...,%'}) with distribution IP% ;. is
obtained as follows. Pick a uniformly distributed (g, jo) in B x {0,...,y'}; then give
value M to Y} ., and let the other Y, for (,7) # (o, jo) be independent with the
same distribution as the above X ;.

Step 2. Fluctuation and entropy bounds. Given «, the random variables {Ug (0, 7),
Vg (o,9) b (defined in (5.5)) are independent under IPp ar,/, because they depend on
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disjoint subvectors of Y (see figure . On the other hand, by Lemma , we get

Ug,(0,7) = By [Ug (0,7)] +8M oK, + 25 2",
Vgi(0,7) = B [V5(0.5)] +8M 2% 2,

-----

(7.9) Py (Z,@ > t) < exp(—t?),
for all ¢ > 0. To apply Lemma to the random variables in ([7.8]), we take A =
Fn((0,0), (0(Kps1 — 1),y’)) with Z = {1,...,2l,}, and for a =4 € A, we set
led{l,....l,}, Vagi-1 =Upg(0,7) and  YV,o = Vg,(0,7).
Thus in we have |Z| = 2l,, = 2K,,,1/K,, and (cf. and )
D Vi = 64M* (0K, 1 + 2y') < 64M Ky (0 + 2y).

i€T
To estimate the cardinal |A| of the skeletons, we need the following

Lemma 7.4. For every y' € N, one has

. K,
Proof. The number of such skeletons satisfies the inequality

(7.10) oe{-1,1},

T, ((0,0), (0(Kpsr — 1), y/))‘ < (21n2l—|; y_’ 1— 1>

The previous upper bound follows by noticing that choosing a skeleton amounts to
choose 2[,, — 1 heights corresponding to the different renewal times to reach the total
height ¢/. In fact, when o = 1, some of these heights can be equal if §; = 0 or Z; =0
for some ¢ < 2[, — 1. To take this into account, it is enough to choose a collection
of distinct heights in the larger set 2[,, + 3’ — 1. Thus estimate is actually an
equality if o = 1.

Recall the inequalities:

(7.11) log ( Y ) < Nh (%) ,

where h is defined on (0, 1) by
—h(x) :=xlogz + (1 — x)log(l — x),
and equal to 0 on {0, 1}. Furthermore
uh(1/u) <1+ logu
for u > 1, and
2L, +y —1 y' K

<l+==1
20, —1 — +ln * Ly
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(the inequality follows from /,, > 1). This completes the Lemma .

The bound ([7.11)) follows e.g. from Cramer’s exact large deviation upper bound
applied to a sum of i.i.d. Bernoulli variables with parameter 1/2 denoted by ((;)i=1

since for k > N/2,
N
N N 1 k
<2 —E > — .
(k>— P(Nﬁf“]\f)

Combining (|7.3)) with the entropy estimate of Lemma we obtain

(7.12) ]EM( ] max {Ug(a,’?)—l—vg(aﬂ)})
Sl ((0.0), (0

(Knt+1-1),[Knt19]))

< max {Bar (U3(0,9) + V3(0,7)) }

AR ((0,0),(0(Knt1—1),[Kn19]))
K,
+ 8M /Ko + 2y 2= (VA+VA+ VAV + (1 + K)])

where we used that 2% > .

Step 3. Removing the cut-off on Y. The random variables {Ug (0,7), Vi,(0,7) i
are nondecreasing functions of Y = (Y;; : (4,j) € Z x N) with respect to the product
order. Therefore, their distributions under IPp s, are stochastically dominated by
their distributions under IP and one has

(713) I [Ug,l(o-a :}/)} Z IEM [Ug,l(a7 6/)} ’ I [vg,l(o-v 5/)} Z IEM [Vg,l(0-7 5/)} '

On the other hand, a coupling argument shows that the distribution of 7§ ((0,0), (o/(K4+1—
1),y')) under P ,, . is stochastically dominated by the distribution of T ((0,0), (o (Kp41—

1),y)) + M under Pp 57,,. This property combined with (7.13) and (7.12)) yields

(7.14)  E), ( ] max {Ug(m 7) + Vi (o, ’?)})
FERn (0.0 (K1 =1), [Kns19))
< max {BWU0.5) + Vie.3) | + M
€T ((0,0),(0(Knt1—1),[Kn+19]))

+ 8M K1\ o + 2y\/Kz (\/% +VA+ VAV +1log (1 + Kny)]) .

Recall that IE),; on the left-hand site of (7.14) stands for the expectation with respect
to IP conditioned on the maximum Mp(y) = M. We can now remove this conditioning

by integrating both sides of ([7.14)) with respect to the law of Mp(y). We first write
(7.15) IE[MB(Z/)} =m ([yKnt1]Knt1)
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where the function ¢ € [0, +00) — m(t) is defined as the expectation of the maximum
of 14 [t] i.i.d. exponential variables of rate 1. In particular, we have

(7.16) m(t) < C[1 + log(1 +t)],
for some constant C' > 0. Thus, after conditioning on Mp(y), we obtain
1
(7.17) ( i max {Ug(a, y)+ Vg (o, 7)})
ntl  \FELR((0,0),(0(Kn+1=1),[Kn+19]))
1
< o max {BUs0.5) + Va7 }
K1 3€00((0.0).(0 (K1 =1).[Kns10])
+m ([yKn1]Kni1) An(y),
where

An(y) = Ki+1 +8 (\j/_;;,Qy <\/Z\/7_T + V21 + VAT +1og (1 + Kny)) .

A simple computation shows that

m ([y K K1) Bu(y) < 62v/0/2 + y[1 + log(1 +y)]?,
with 6, given by (4.10)). Using the notation of (5.9)), we get

Faly) < 6ay[5 +y [L+log(L+ ),

This completes the proof of Proposition [5.1] O

8. COMPLETION OF PROOF OF THEOREM [2.2]

In this section, we complete the remaining parts in the proof of Theorem 2.2, In
Subsection [8.1, we deduce from Proposition [4.1] a similar statement for unrestricted
passage times (that is, when the paths are not restricted to the box defined by the
endpoints). Finally, in Subsection , we conclude the proof of Theorem using the
fact that most boxes are good.

8.1. Bounds on unrestricted passage times. To obtain Theorem from Propo-
sition {4.1 we first deduce from Proposition the following result for unrestricted
passage times, i.e. passage times obtained by maximizing over paths not bound to stay
in the interval between the two endpoints (see figure [4)).

Given the sequence (p;,),>1 of Proposition we set
(8.1) pe :=limsup p, € [0,1/2).

n—o0

Corollary 8.1. Foro € {—1,1} andy > 0, we consider the unrestricted passage-time

(64 . 1 (o3
(8.2) T o,y) = E ?T (0 Ky, [Kny])| -

n
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77777777777777777777777777 ( Kn; Kny)
-
\ykr I g
—Nny 0 Kn Kny

FIGURE 4. The optimal path is not restricted to the box [0, K] x [0, K,y]
but can wander around the whole parallelogram marked by the dotted line.
The optimal path is split into 3 parts (0, yk, ), (Yky» Yk, ) and (Yk,, (Kn, [Kny]))-

Then there are functions e,(o,y) such that, for all n € N* and environments « for
which [0,0(K,, — 1)] is a good block,

(8.3) 2(0,y) < 7740, y) + enlo,y)

and for each o € {—1,1}, e,(0,.) does not depend on o and converges locally uniformly
to 0 on [0~,400) as n — +oo.

Proof of Corollary[8.1. The unrestricted passage time T*(c K, [K,y]) may use paths
that do not stay in B := [0,0K,]. To control the contribution outside B, we use a
decomposition of the path in the same spirit as Section 5} The problem here is simpler
because there is no more renormalization, and there are only three regions to consider
for the path according to its z-coordinate (recall the simplifying notational convention
[a,b] = [b,a]), namely the interval [0, o(K,, — 1)] and the two intervals on either side of
it, which are also bounded by the fact that the only possible increments are (1,0) and
(—=1,1). If o = 1, these intervals are [—[K,y|,—1] and [K,, K, + [K,y]]. If 0 = —1
then y > 1 and these intervals are [—[K,y], —K,| and [1, — K, + [K,y]]. We thus define
a simpler path skeleton (21,7, Z2) = 7 as described below.

Let 7 = (4, Y)ico._m 1 be a path connecting (0,0) = (70, %0) 10 (Fm_1, Y 1) =
(0 Ky, [Kny] =v'). We set

ki :=14+max{k=0,...,m—1: oz <0},
ke :=min{k =k,...,m—1: x, = o0K,},

with the convention that the max is —1 if the corresponding set is empty. Since allowed
path increments are (1,0) and (—1,1), we have x;, = 0. We then define (see figure |4))

21 = Yk g = Yky = Ykas Zo 1= y/ = Yks-

Let T, denote the set of these new “skeletons”, that is the set of triples = (2,7, 22)
such that

(8.4) Bt E =Kyl =y, (51,5.%) € Nx (NN [o~K,, +00)) x N.
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The path between k; and k5 corresponds to the restricted part which has already been
studied in the previous sections. As in (5.6)), we write

(85) T*((0,0), (Kn, [Kny))) = max _ [Vi(0,9) + Ug(e,9) + V5'(0,9)],

(21 7?}722)61—‘71

where B :=[0,0K, — 1], and
Vit(o,7) == T°((0,0), (0, 21)),
l1—o0o

Us(o,7) = Tg((a,él—l— 5 ),<J(Kn—1),zl+g—1;0)),

Vil (0,9) = T*((0Kn, 21 +9), (0Kn, 21 + § + 22)).
Note that the second passage time in (8.5 is restricted to B by definition of the
skeleton. We then proceed as in Section [5| by studying the mean optimization problem
(that is the maximum of the expectations of the three terms in (8.5)) and estimating
the error due to this approximation.

By definition of restricted passage times 75 and superadditivity bounds for vertical
passage times,
4

E(W@5) < 5 B(eD) < 5

E(U(0.9)) < Kar(o,K;'9) < Kur? (0, K, 19),

IN

where the last inequality follows from Propositions and 4.3l From the definition
(3.12) of 777, we get for i = 1,2

4 1
; ~i = Tpc’r/4(0, 21) and J—gl = Tpn’J" (O, 21)

n

Thus we deduce that

1 /4 4
X (‘ ot Ko, Knlz;)) < 7774 (0,y)

4 1

(8.6) + 7 (o, y) — TP (o, y) + ‘; -7 |

where we used that z; + Z; < K,y. Let us denote by e,(ll)(a, y) the sum of the second
and third terms on the r.h.s. of . We have thus shown that

1
— max_{B((0.9) + E(U3(0.9) + E(V(0.9) } < 77 (1y) + (o, p),
n (£1,9,22)€ln
where by the definition of 777 (3.12)), of p. (8.1)) and the convergence of J, to r/4, we
deduce the (locally uniform) convergence

i (1) -
nh_)rgloen (0,.)=0.

We conclude by controlling the error thanks to Proposition [8.1], in the same spirit as
Proposition [5.1 ([l
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Proposition 8.1. For o € {—1,1}, there exist functions eg)(a, y) such that

1 < o Iy o ~

> <— | max {Vf“(ff, ¥) + Ug(o.7) + Vs (o, 7)})
n (21,9,22)€l

(8.7)

~ max {2 [BOR(0.9) + BU0.9) + BED)] ) < 60.0),

(2lzg722)ern n

and e (0,.) converges locally uniformly to 0 on [o~,+00) as n — +o0.

Proof. We proceed in three steps as in the proof of Proposition [5.1

Step 1. Cutoff. We again use a truncation procedure for the service times Y;; as
in step one of Subsection . Here, we define IP;% M,y as the distribution of the family
(Yij:ie -y, 0K, +Y], j€[0,y]) conditioned on their maximum Mg (y) being rM,
and IP,, »s,s as the distribution of the family (X;; : i € [—oy/, 0K, + ], j € [0,¥]),
where X ; are i.i.d. random variables, and the law of X ; is the law of Y ; conditioned
on Y;; < rM. For notational simplicity we will only write Py, and P}, for these

distributions.

Step 2. Fluctuations under cutoff. Applying Lemma under IP,, 57/, we have

Vi'0.3) < Ex(V*(0,7)) +8MV/22 2,
‘/'2()1(0_7 :Y> < ]EM (‘/201(0—7 :)/>) +8M V 222227
(8.8) Ug(0,9) < En(Ug(o,7)) +8My/oK, + 242y,

where 71, Z5 and Z; are independent random variables such that
Py (Ze > 1) < e

for k € £0,1,2}. We now apply Lemma with A = T, T = {1,2, B}, and for

a=75€y Vo1 =V(0,7), Voo = V3'(0,7), Vap = Ug(0,7), Var = 221, Voo = 22,
Vo.p = 0K, + 27. Since (see (8.4))

(5.9 = (5T ) <k,
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we obtain
1
En (— max {Vf‘ 0,%) + Ug(0,7) + V5 (o, 7)})
Kn zlyzz)GFn

1

(8.10) <, mex, {7 [Ex(V2(0,9)) + Bas (U3(0,9)) + Eut (Vi (0. 9)] }

YT (i e Vfes

<  max {L [E(Vi*(0,7)) + E(Uz(0,7)) + E(Vy(0,7))] }

n

(21,,52)el, LI,
8M”\/F (\/_—l-\/_\/_—l—\/_\/logW)

In the last inequality, we have used the fact that the passage times under IP,, are
stochastically dominated by the passage times under IP.

Step 3. Removing the cutoff. As in step three of the proof of Lemma [7.2] a coupling
argument shows that the distribution under P, of any passage-time T depending
only on the previous set of Y; ; is dominated by the distribution under Py of T4 M.
Therefore
1 X a X o X
By (g mox {Vr(00)+ U300 + V50

K, (21,7,22)€ln

< s {7 (B070) + B3 0.9) +E0705)}

+%+8MV\/_ (\/_+\/_\/_+¢_\/@)

Integrating the above inequality with respect to the distribution of Mp(y) yields (8.7)),
with

el (o,y) = m([Kay) (0 Ky + 2[Kay))) En(o,y),
where m(.) satisfies the bound ([7.16]), and

E,(0,y) = Kin + s—v"\/ﬁy (\/37+ VIVA + vV Ay/log |fn|) ,

from which one can see that e!? (0,.) converges locally uniformly to 0. U

8.2. Proof of Theorems and Theorem [2.2)is a consequence of Theorem
which we prove now. Given o € {—1, 1}, by Theorem , we have

o) = Jim £ x B (G- T(0K, [K) ) = lim €. (72(000).

where &, stands for the expectation with respect to the disorder . Note that the above
limit does not follow directly from Theorem [3.I} which yields an a.s. limit. However,
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the convergence in Theorem holds also in L!. This follows from a quasi-Gaussian
tail estimate for the passage-time T'(c K, [K,y]), obtained from Lemma |7.1{ and cutoff
as in step four of Subsection [7.2] Let G,(c) be the set of environments « for which
[0,0(K, —1)] is a good block. The mean passage time 7.(c,y) can be decomposed as

& [Tg(@ ?J)lGn(U)] + & [Tff(a, y)lA\Gn(a)] )

where A := [0, 1]Z is the set of environments. By Corollary , the lim sup of the first
term is bounded above by 77<7/4(1,7). On the other hand, the second term is bounded
above by
o 1/2
E[(r (o y)?] " P [A\Ga(0)] 2.

The P.-probability vanishes as n — oo by Lemma [4.T], while for the expectation of the
squared passage time we can take as upper bound

& [(TS(G, y))Q} < 7a(o, 9)27

where 7, (0, y) is defined as (8.2) for a homogeneous environment a(z) = 1 (that is for
rate 1 homogeneous TASEP). The limit 7,(c,y) — (/o +y + \/y)* as n — oo, which

follows from the above remark on L*-convergence of rescaled passage times in Theorem

, implies 7,(0,y)* = (/o +y+ /y)* as n — oo. We finally get
(8.11) Te(z,y) < 72, y),
for every z € {—1,1} and y > 2. Since 7. and 77"/

(3.14)) follows.

are homogeneous functions,

APPENDIX A. PROOF OF PROPOSITION 2.1

To show that the maximum value of the flux is at least r/4, we can use Definition
(2.3) and couple the process (n;):>0 with generator (2.1) with a homogeneous rate r
TASEP denoted by (1} )i>0. A standard coupling argument (see proof of Lemma
shows that J&(t,n”) > JI(t,n”), where J. denotes the current in the homogeneous
TASEP. It is known (see e.g. [36]) that

t—+o00

1
lim —Jo(t, ") =rp(l—p)
and it is maximum for p = 1/2.

We now prove that f(p) < r/4 for all p € [0, 1]. Tt is enough to consider p € R, where
R is the density set in , since the flux is interpolated linearly outside this set. Since
the random variables «(z) are i.i.d. and the infimum of their support is r, for P-a.e.
environment a € A, there exist sequences (zy)n>1, (Yn)n>1 and (ex)ny>1 such that
xny €{0,...,N=1}, yn € {0,..., N=1}, limyn_,00 zx = +00, limy_,o0[yy —zn] = +00,
limy_oeny =0, and
(A1) r< min oa(r) < max ofr) <r-+ep.

LT=TN -+, YN LT=TN -+, YN
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Set

_ 2ay tyn b _oN+2yn
3 ) N 3 5

which satisfy oy < ay < by < yn and by — ay — +00. By (2.6),

an

by
(A2 )= g 2 [ ) < I enl [ Tt

where j(17) = 1(0)[1 —#(1)], and

1 on
A3 = — U
r=ay

The sequence (py)nen+ of probability on the compact space X is tight. Let u* be
one of its limit points. It follows from that p* is shift invariant, i.e. T,u* = p*
for all x € Z. We claim and prove below that p* is an invariant measure for the
homogeneous TASEP, that is the process with generator with a(z) = 1. By
Liggett’s characterization result [I7] for shift-invariant stationary measures, p* is then

of the form
P = / vpy(dp).
[0,1]

where 7 is a probability measure on [0, 1], and v, is the product Bernoulli measure on
X with parameter p. Thus

/Xi'(n)du*(n) —/ p(1 = p)dy(p) < i-

[0,1]
Letting N — oo in (A.2)) implies f(p) < r/4.

We now prove that p* is an invariant measure for the homogeneous TASEP. Let
g : X — R be a local function that depends on 7 only through sites x € Z such
that |z| < A, where A € N. Take N large enough so that A < (yn — xy)/3. Notice
that the generator L* defined in ([2.1]) satisfies the commutation relation

(A.4) T, L7 f = L*(7.f).

It follows that

/ L™%gd(r,vy) :/ L*(7zg) dvy = 0.
X X

The last equality follows from invariance of v¢'. On the other hand, for x € [ay, by] and
lyl < (yv —xn)/3, Tecx(y) € [r,7+en]. Let L denote the generator of the homogeneous
TASEP on Z, that is the one obtained from ([2.1)) when «(z) = 1. Since

A

L72g(n) = rLg(n)| < 2llgllczn > Imaly) =71,
y=—A—-1
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it follows that
lim max supl|L™%g(n)—rLg(n)| =0.

N—oo xz=ap,....,bN nex

Hence

Lg(n)dp*(n) = lim | Lg(n)dun(n) = i L2 (7 =0
/X 9(77) 1% (77) Nl_rgo/); 9(77) HN(W) N—lg—loo bN—ClN Z /XT Tg

holds for every local function g.

APPENDIX B. PROOF OF LEMMA [3.1]

Before deriving Lemmal3.1] we first explain a mapping between the restricted passage-
times in a box B and the TASEP restricted to B with reservoirs.

B.1. Last-passage times in a finite domain. Let B := [z,22] N Z. The purpose
of this subsection is to give an interpretation of the passage-times restricted to
B in terms of an open disordered TASEP on B’ := [z; + 1,29] N Z with generator
L%, see (recall from nd that (B')# = B). It is convenient to view
the dynamics generated by (2.10) as follows. We add an infinite stack of particles
(reservoir) at site 1, and a site x5 + 1 where the number of particles is not restricted.
Particles enter B’ from the stack at x;, and when they leave, they stay at xo + 1
forever. We are going to check that T"‘((ml, 0), (,7)) has the same distribution as the
time when particle j reaches site ¢ + 1 in the process generated by L%, if the initial
state is given by

(B.1) o0(j) = z1lyzoy + (22 + 1<y

where o((j) denotes the initial position of the particle with label j, and particles
are numbered increasingly from right to left. In fact, we may define passage-times
associated with more general labeled initial configurations in B’. By this we mean that
09, instead of being defined by , can be any nonincreasing function oy from 7Z to
[x1,29 + 1] NZ. Let

(B.2)
(B.3)

= {(i,j) € BXZ:1i>00(j)}
= {(i,j) € BXZ: i < 0o(5)}

For (i,j) € B x Z, let Tg , (4, j) denote the time at which particle j reaches site i + 1.
These passage times are determined by the boundary condition

(B.4) T§ ,,(i,j) =0 for (i,7) € B

wu[llsu]

together with the following recursions:

o« Yi; o N e :
<B5) TB,U()(Z?.]) = WZJ) + maX[TB,Jo (Z - 1a])7 TB,UO(Z + 17] - 1)]
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for (i,7) € B such that z; < i < @y,

o oo Y o :
(B.6) 15 5, (1,7) = a(;) + 15 ., —1,7),

for (i,§) € B such that i =

o oo Yij o ,
(B7) TB,Uo(ZM]) = CY(ZJ) +TB,UO(Z + 17] - 1)]

for (i,7) € B such that i = ;. In the special case (B.1)), we have
(B8) B = [l’l,l‘g] x N. B = [ZL‘l,ZEQ] X (Z\N)
By plugging (B.8) into (B.5]), one recovers
T3 60 (1,5) = T((21,0), (4, 7))

where the r.h.s. was defined in (3.15)). For notational simplicity, in the sequel of this
subsection, we omit dependence on «, B and oy, and write 7'(i, j) instead of TE o (7,7).
The position of particle j at time ¢, denoted by o4(j) € [x1, 2 + 1], is given by

X1 if T($17]> >1

i€ r+ 1,2 NZ if T(i—1,5) <t<T(,j)

(B.10) T(i,j) =sup{t >0: o (j) <i}.
The particle process (0¢):>0 is equivalent to the growing cluster process (C;):>o defined
by
Co :={(i,7) € [x1, 22| X Z: T(i,j) <t} ={(i,j) e BXZ:i<o(j)}
whose initial state is Cy = B. One can proceed as in [39] to show that both processes are

Markovian and that the undistinguishable particle process (7)o defined from (oy):>0
via

(B.ll) 77,5((1}) = Z 1{gt(j):m}
JEL
is Markov with generator L.

B.2. Proof of Lemma [3.1]

Step 1. We prove that definition does not depend on zy. Let xg, 2y € B with
xo < x. Then implies
(B.12)

T§(<x07 0)7 (x(b m+ ZL’{) - xO)) > Tg((x67 0)7 (276, m)) > Tg((x0> I6 - xO)? (x()’ m))

Since the sequence (Y;; : i € Z,j > 0) is stationary with respect to shifts of j, the
expectation of the last quantity is equal to that of Ts((z0,0), (zo, m — z{, + xo)). Thus
taking expectations, dividing by m and letting m — oo yields the result.
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Step 2. Proof of (3.17)). Given this statement, let us denote by J%(¢,19) the current
up to time ¢ across site * € B’, in the open system on B’, when starting from 7.
Assume 7 is the occupation configuration associated with g via (B.1)—(B.11). Then
it is clear that

JoB(t,m0) = min{j € Z: Tg(w,j) > t},
which implies the P a.s. limit

1 1 1 1 /[t
lim —Jg’B(t,no) = = lim [E —Jg’B(t, no) | = lim IE —/ jg’B(ns)ds
t Too,B t t—00 t 0

t—o0 t—o0

— lim [ 0B ) dun) = / JoB () dv (),

t—o00
where
a(@)n(@)[1 —n(x+1)] if z1+1<z<ay—1,
jg’BO?) = a(xe)n(xs) if x=ux9,
1—n(x;+1) if v=ux,+1,
and

1 ' sL
v i=— | Ope’"Bds.
tJo

The second equality follows from the fact that the family of random variables (3J%5(¢,70))i>0
is uniformly integrable, because (J;’"B (t, 170)) +>0 18 dominated in distribution by a Pois-
son random variable with parameter ¢. The last equality follows from the fact that v,
converges to the invariant measure vy as ¢t — oo. U

ApPPENDIX C. PROOF OF LEMMA 2.1

We consider the coupled processes (1) and (7' );>¢ corresponding to the environ-
ments «, . To define the coupling, use the construction of TASEP from a space-time
Poisson point measure where an atom at (¢,z) € (0,+00) x (Z N[0, N]) generates an
attempt for a potential particle at site z and time t— to jump to site x + 1 at time t.
Besides, at each Poissonian event, an additional ¢(0, 1) random variable U is gener-
ated, these r.v.’s being mutually independent and independent of the Poisson measure.
The jump is realized for the process in environment « (resp. o) iff. at time t—, the
following conditions are fulfilled: site x does contain a particle, site x + 1 is vacant at
time t—, and U < «a (resp. U < o'). The same realization of the Poisson measure
and set of uniform variables is used for both processes. We consider that initially site
0 has an infinite stack of particles in both processes, that these particles are labeled
from 0 upward, and that the particle that jumps from 0 to 1 is the one with lowest
label among particles at this site. On the other hand, we take the initial configuration
in [1, N] to be empty for both systems. Thus the initial configuration is given by
with 1 = 0 and z9 = N. Let 0;(¢) denote the position at time ¢ of particle i in n,
and write similarly o}(¢) for the other process. Then it holds that

(C.1) Vi e N, oy(i) < 0,(4)
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(indeed it is easy to see that property is preserved by each Poisson event). Let
Jo(t) and J{(t) denote the current across 0 in each system, that is the number of jumps
from 0 to 1. In either process, this current is the highest label of a particle having left
site 0 up to time ¢. It follows from that Jo(t) < Jj(t) for every ¢ > 0. By the
ergodic theorem, one has the a.s. limit

1

Joojo,N) (@) = tEeroo ?]o(t)

and similarly for jo, o.nj(a’). The result follows.
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