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Local Limit Theorem for Markov Additive Processes with Null
Recurrent Internal Markov Chain
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Abstract In the classical framework, a random walk on a group is a Markov chain with independent and
identically distributed increments. In some sense, random walks are time and space homogeneous. This
paper is devoted to a class of inhomogeneous random walks on Z¢ termed Markov Additive processes
(also known as Markov Random Walks, Random Walks with Internal Degree of Freedom or semi-Markov
Processes). In this model, the increments of the walk are still independent but their distributions are
dictated by a Markov chain termed the internal Markov chain. Whereas this model is largely studied in
the literature, most of the results involves internal Markov chains whose operators are quasi-compact.
This paper extends two results for more general internal operator: a Local Limit Theorem and a sufficient
criterion for their transience. These results are thereafter applied to a new family of models of drifted
random walks on the lattice Z?. Incidentally, in the examples under consideration, we give a new bound
on the rate of convergence in the Wasserstein metric of appropriate scaling of Random Walks in Random
Scenery.
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Introduction

In the classical framework, a random walk on a group G is a discrete time stochastic process
(Zyn)n>0 defined as the product of independent and identically distributed (i.i.d.) random
variables (&,)n>1. Random walks on groups are Markov chains that are adapted to the group
structure in the sense that the underlying Markov operator is invariant under the group action of
G on itself. Thus, this homogeneity naturally gives rise to deep connections between stochastic
properties of the random walk and algebraic properties of the group. Starting with the seminal
paper of Polya, [47], a large part of the literature is devoted to the study of these connections
in this homogeneous case (among them [42, 24, 31, 54, 51, 33, 32, 2] and references therein).

In this paper, we aim at investigating inhomogeneous random walks. It turns out that there
are at least two ways to introduce inhomogeneity. First, we can consider spatial inhomogeneity
by weakening the group structure, replacing it, for instance, by a directed graph as in [4, 22,
23, 45, 15]. Secondly, we can study temporal inhomogeneous random walks by introducing a
notion of memory as in the model of reinforced [44, 53], excited [48, 3], self-interacting [13, 46],
persistent random walks [7, 6, 9, 10, 8] or also Markov Additive Processes (abbreviated by
MAP) that shall be at the core of this paper. All these models belong to the larger class of
stochastic processes with long range dependency.

Markov Additive Processes are also known as Random Walk With Internal Degree of
Freedom — see [38] — semi-Markov processes or Markov random walks — see for instance
[37, 25, 43, 41, 1, 52, 35]. Roughly speaking, a Markov Additive Process are discrete time
Z%valued (or RY) processes whose increments are still independent but no longer stationary.
The distribution of an increment is then driven by a Markov chain termed the internal Markov
chain. Most of results in the context of standard random walks are generalized to Markov Addi-
tive Processes when the Markov operator of the internal chain is assumed to be quasi-compact
on a suitable Banach space. Among them, a renewal theorem [37, 1, 20, 21], local limit the-
orem [38, 25, 26, 29, 17, 27|, central limit theorem [29, 17], results on the recurrence set [30],
large deviations [43, 41], asymptotic expansion of the Green function [52, 35], one-dimensional
Berry-Essen theorem [29, 17, 28] with applications to M-estimation, first passage time [18].

However, assuming the internal operator to be quasi-compact is rather strong (see [39]).
Actually, beyond the technical difficulties inherent to the infinite dimension, there is no real
difference in nature with the finite dimension under this assumption. On the other hand, relax
this assumption and the study of Markov Additive processes can be very challenging. Besides,
it is worth noting that many (interesting) Markov Additive processes do not admit a quasi-
compact internal operator as it will be illustrated by the examples considered in this paper.

In the context of Markov additive processes, classical Fourier analysis can be extended by
introducing the Fourier transform operator which is a perturbation of the internal Markov
operator in an appropriate Banach space. As in the classical context, the Fourier transform
operator characterizes the distribution of the additive part of Markov Additive processes. By a
continuous perturbation argument (see for instance [34]), when the internal Markov operator is



quasi-compact, the Fourier transform operator remains quasi-compact for all sufficiently small
perturbations. It allows, under suitable moment conditions on the distribution of increments,
to derive a Taylor expansion at the second order of the perturbed dominating eigenvalue (%)
(whose the coefficients are given roughly speaking by the mean and the variance operators).
Finally, under an assumption on the spectrum of the Fourier transform operator for large per-
turbations, it can be concluded that all the needed stochastic information is actually contained
in the nature of the singularity at zero of (1 — A(t))~! (note that A(0) = 1). For instance,
an integral test criterion, similar to the Chung-Fuchs criterion (see [12] or [50]), involving a
singularity of this kind is given in [8].

In this paper, the quasi-compacity condition is dropped and the internal Markov chain is
only assumed to be irreducible recurrent. The condition on the spectrum of Fourier transform
operator for large perturbations remains similar but the nature of the singularity at the origin
is analyzed considering the Taylor expansion of the quenched characteristic exponent (in a wide
sense) defined in Section 1.2. The terms of order 1, U,, and 2, V,,, also defined in Section 1.2,
are termed the quenched drift and the quenched dispersion respectively. These quantities are
characteristics of the increments of the process and naturally appears in the Local Limit in
Theorem 2.2 and the transience condition in Theorem 2.5.

The paper is organized as follows. In Section 1 are gathered the main notions involved in the
statement of Theorems 2.2 and 2.5. Section 2 is devoted to the statement of these two theorems.
In Section 3, Theorems 2.2 and 2.5 are applied on various families of Markov Additive processes
that extends the models considered in [40] and [4]. Those models are simple random walk on
directed graphs built upon Z?2. Various phenomena are observed whether the directions are fixed
periodically or not. Incidentally, the result of [36] is slightly extended by giving an approximate
rate of the convergence in the Wasserstein metric. As it shall be clear for the model periodically
directed, it is possible to factorize a Markov Additive process without changing the distribution
of the additive part (see Section 3). It will be concluded that the simple random walk on the
periodically directed graph is a Markov Additive process with a finite internal Markov chain.
As such, the internal Markov operator is a matrix and is quasi-compact. For more general
directions (random directions for instance), such a reduction is no longer possible. Finally, in
Section 4 are gathered the proofs of the two Theorems 2.2 and 2.5.

1 Markov additive processes

1.1 Definitions

Let (Q,F,P) be a probability space and X a countable set. The set X is naturally endowed
with the o-algebra consisting of all subsets of X.

Definition 1.1 (Markov additive process). Let d > 1 be an integer. A Markov Additive Process
(MAP for short) is a Markov chain ((Xn, Zn))n>o0 taking values in X x Z% defined on (92, F,P)
satisfying for alln >0 and all bounded functions f: X x Z¢ = R

E[f(Xn+17 Znpy1 — Zn)‘((ka Zk)>0§k§n] = E[f(Xn+17 Znpy1 — Zn)‘Xn]- (1)

From equality (1), it follows immediately that (X,,),>0 is a Markov chain on X. The latter
is termed the internal Markov chain. The corresponding Markov kernel shall be denoted by P,
namely Pf(z) := E[f(X1)|Xo = z] for any bounded measurable function f : X — R. Generally
speaking, there exists a o-finite measure m dominating the family of probabilities (P(x,-))zex,
i.e. m(y) = 0 implies P(x,y) = 0 for all x € X. If the internal Markov chain is irreducible and
recurrent, the invariant measure (unique up to a positive constant) is a natural choice for m.



The conditional distribution of Z,+1 — Z,, given (X,,, X,+1) = (x,y) will be denoted by u*¥
and the Fourier transform of ;®¥ by pu@¥. Then, for any t € R?, the Fourier transform operator
P, acting on the bounded function f : X — C is defined as follows:

Py f(z) := E[f (X1)e" "7 7700 Xo = 2] = 3 P2, y) f (y) = (1)
yeX

From Markov property, it follows for all n > 1
PP f(x) = BIF(X)e 45| Xo = a.

Moreover,
Pri(x) = > HIP(Z, - Zo = 2 X0 = ). (2)
z€74

Consequently, the function R? 5 ¢+ — P/*1(z) € C is the Fourier transform of the conditional
distribution of Z, — Zy given Xy = .

1.2 Conditional characteristic exponent, conditional drift and conditional
dispersion

Proposition 1.2. For any MAP, the following identity holds for all n > 0:

P(Z, — Zo = #|Xo = 1) = EUeNWm@ﬂ%zﬁ, 3)
Tq

1
(2m)

where

n—1
I, (t) = [ E [eut,zkﬂ—z,c) Xk,XkH} : (4)
k=0

The proof of Proposition 1.2 relies on a lemma from [16] whose statement is recalled below.

Lemma 1.3. Forallm>n>p>0,

E |:€i<t7Zn—Zp)

o(Xj,p<i< n)] E [ei@’z"b_z”>

o(X;,n<j< m)}

—E ei(t,Zm—Zp>

op<i<m)|. 6
Proof of Proposition 1.2. By inverse Fourier transform,

2m)"P(Z, — Zo = 2| X = 2) = /

Pr(x)e i) dt — B [ /
T, T

ei<t’Z”_Z°_Z>dt’X0 = x] .

d

Then, by Lemma 1.3, setting G,, = 0(X,,0< ¢ <n), n>1,

n—1

1 4 )

P(Z,— Zy=z|Xo=1) = WE [/E e~ bR H it Zkt1—2k) gn] dt‘XO = J?]
d k=0
n—1
1 ) .
= ——FE / e A TTE [ez@,zkﬂ_zk) Xp., X 1} dt|Xo ==
@m)? " | Jr, g !




As a matter of fact, II,, is a continuous C-valued function of T, satisfying I1,,(0) = 1. Hence,
in a neighborhood of the origin, the logarithm of II,, is well defined. We may call logIl,, the
quenched characteristic exponent (with a slight abuse of terminology since logII,, is not defined
on R? in general). Its second order Taylor expansion at t = 0 then exhibits two important
quantities:

1 n—1
Up= E[Zpy1 — Zy| Xy, Xo41] and V, = - > Cov(Zpsr — Zi| Xy, Xega).
(=0

i
L

iy
o

The latter are called respectively the quenched drift and the quenched dispersion of the additive
component.

1.3 Spectral condition

For any closed linear subspace £ C ¢*°(X) and any bounded operator ) on E, denote by
|Q|lg the subordinated norm restricted to E: ||Q|lg = sup{||Qf|lccs f € E : ||fllcc = 1}. Now,
introduce the following quantity for ¢ € Ty:

r(t) = inf {||Pt”|]119/n,n > 1, E closed subspace satisfying PLE C E and 1 € E}

Definition 1.4 (Spectral condition). A MAP is said to satisfy the spectral condition if, for any
compact K C Ty such that 0 ¢ K, sup,cp r(t) < 1.

Example 1.5. In the literature, the invariant subspace E does not depend on the parameter
t € Ty which may be sometimes a restriction as illustrated by the following example.
Let P be the Markov operator acting on ¢>°(Z) defined as follows

1
Vi€ r(Z), VreZ, Pf(@)=3[f(z—1)+ )+ S+ 1)

Let (e4)zez be a sequence taking values in {—1,1}. For all x,y € Z, define the probability
measure on 7> by
5(071) ’Lfy =x+1
ooy y=xz-1
oo Hy=mze,=1
0_(10) Hy=wzep=-1

Now, let us prove that the associated second order MAP satisfies the spectral condition. For
fElX®(Z), x€Z and t = (t1,t2) € R?,

x7y
I

Pff(a:) = (3 + 362”15“5) fz)+ %eQith(x +2)+ 3672“2]"(1’ —2)

+ %eith(.%' 4 1) (eitlfz 4 eit1€m+1) 4 ée—itzf(x _ 1) (eithfz 4 eitlfac—l) )

First, suppose that t1 # 0, it follows that

2 1 2it1€2
9T 9°

2 1
S g + §\/5+4COS(2t1) < 1.

2
P2y < =
1P (g0 (z) < 3+i1€112

Secondly, if t1 = 0, then the expression of P? simplifies as follows

P2f(z) = é ) + %ei” Fa+1)+ ge—m Fla—1)+ ée%t? Fz+2)+ ée—% Fl@—2).

5



As a matter of facts, the space E of C-valued constant functions is closed and invariant under
PZ2. Moreover

1 4 2 1
|1P?||e < <3 + 9 cos(t2) + 9 cos(2t2)> = §(2 cos(ta) +1)%

Summarizing, as soon as t € T}, the spectral radius r(t) is strictly smaller than 1 and the
spectral condition is satisfied.

Since the spectral condition is rather technical, the end of this section is devoted to alter-
native and more tractable sufficient conditions.

Proposition 1.6. The Fourier operator satisfies, for all t € Ty,

(| Pillgoexy < sup |p=¥(t)].
z,yeX

In particular, if the family (u™Y)zyex of probability measures is uniformly aperiodic in the
following sense
vt € Tg\ {0}, sup |p™¥(t)] <1
z,yeX

then the MAP fulfills the spectral condition.

Proof. For each t € Ty, the Fourier transform operator P; acts as a linear contraction on the
complex Banach space £*°(X). In addition, for all z € X and all f € £°°(X),

Pif ()| = D P, y)pv () f@)| < || flleex) sup [##¥(E)]-
yex z,yeX

Therefore, setting
vt e Y, s(t) = sup [F(E)],
z,yeX
one deduce that || P || x) < s(t). Moreover, r(t) < s(t), t € R9, so that the spectral condition
is satisfied if the family (4™Y); yex is uniformly aperiodic. O

The uniform aperiodicity condition is far from being necessary. Below, we introduce the
usual notion of aperiodic MAP.

Definition 1.7 (Aperiodic Markov Additive process). A MAP is said to be periodic if there
exists z € 7% and a proper subgroup T' C Z% such that, for all x,y € X satisfying m(x)P(z,y) >
0, u*¥(z+T) = 1. On the contrary, it is said to be aperiodic.

Remark 1.8. The MAP considered in FExample 1.5 is 2-periodic, that is why we rather studied
the second order MAP which is aperiodic. Similarly to the classical context of random walk,
a periodic MAP admits a cyclic decomposition so that there is no loss of generality to assume
aperiodicity.

Lemma 1.9. Suppose there exists ty € Tg\{0} such that, for all z,y € X satisfying m(x)P(z,y) >
0, [u*Y(to)| = 1. Then, the corresponding Markov Additive Process is periodic.



Proof. The assumption means that there exists z € R? such that /jﬂ/(to) =ei2) forall 2,y € X
satisfying m(z)P(z,y) > 0. In fact, u®¥ is supported by Z? implies that z € Z?. For any n > 1,
set

P, = {(xo,...,xn) e xntl. m(xg) >0, Vk=0,...,n—1, P(xg,Trr1) > 0}.

Then, for any n > 1 and any (xq,...,z,) € P,

i{to,nz) H ka,:ck+1 to) = E [T o 1T (w)el@o,w)’
weZ4

or equivalently,

L= D7 (T ) e (G (w)e 0,

weZ4

As an extremal convex combination, it follows that (tp, w) = 0 modulo 27 as soon as w is in the
support Sy, (o, ..., &n) of (U0 % 5_,) % -+ (un=1*¢_,). This property naturally extends to
the group H generated by Un>1 Uy, 2n)ep, Sn(T0; - -+, 2n). In symbols, (tg, w) for all w € H.
Besides, H satisfies, for all (z,y) € Py, (u™Y x6_,)(H) = 1 or equivalently p*¥(z + H) = 1.
Consequently, if the MAP is supposed aperiodic, the group H is not a strict subgroup of Z.
In particular, (t,e;) = 0 modulo 27, i = 1,...,d, where e; stands for the i*" canonical vector
of R%. This is a contradiction with ¢y € Ty \ {0}. O

Proposition 1.10. Let (X, Z) be an aperiodic MAP and suppose that X is recurrent. Then
for any t € Ty \ {0} there exists a closed Pi-invariant linear subspace E of £°°(X) containing
the constants such that the operator P;, acting on E, has no eigenvalue of modulus one.

Proof. Suppose there exists tg € Ty \ {0} and f € E, where E is any closed P, -invariant
subspace containing the constants, such that, for some 6 € R,

Py f(x) =Y Pz, y)ps¥(to) f(y) = €’ f(x).

yeX

By Jensen’s inequality and the fact that |V (to)| < 1, it follows that | f| < P|f|. Consequently,
£ ll¢e(xy — | f| is a non-negative superharmonic function. Since P is recurrent, the function |f|
is constant (see [55, Theorem 1.16, p.5] for instance). Hence, for all z € X such that m(z) > 0,

1= |3 Pla,y)a@i(to)| < 3 Pla.y)u#(to)] < 1.
yeX yeX

This means that, for all z,y € X with m(z)P(z,y) > 0, |#®¥(ty)| = 1. By Lemma 1.9, the
corresponding MAP is periodic. O

Definition 1.11 (Condition (S)). A MAP is said to satisfy condition (S) if for anyt € T4\ {0},
there exists a closed P;-invariant subspace E, containing the constants, for which the spectral
values of modulus one of P;, operating on E, consists of eigenvalues.

Proposition 1.12. Let (X, Z) be an aperiodic MAP satisfying the condition (S) and suppose
that X is recurrent. If in addition R? 3t — Py € £>°(X) is continuous, then the MAP satisfies
the spectral condition.



Proof. Let tg € Ty and E be a closed subspace such that P, C E and 1 € E. Then, by
reverse triangle inequality,

vt€Ta, [Pl —IIP el < 1Py = Ple < 1Pg — PMlles ),

which can be made arbitrarily small by continuity assumption. It follows that r is the point-wise
infimum of continuous functions and as such is upper semi-continuous. Therefore, the function
r reaches its maximum on any compact K C T,. Aperiodicity together with condition (S) imply
maxek r(t) < 1 excepted when 0 € K. O

2 Main results

Let us first summarize the assumptions involved in the statement of the Local Limit Theorem
and the transience sufficient criterion.

Assumptions 1. The internal Markov chain P is irreducible and recurrent.

Assumptions 2. The family of probability measures (u™Y)y yex admits a uniform third order
moment:

sup Y [l]Pu"(2) < o0 (6)

z,yeX ~ezd

Assumptions 3. The quenched dispersion is uniformly elliptic: there exists a (deterministic)
constant o > 0 such that

VEeRY, Yn>1, (t,Vat) > alt]. (7)
Assumptions 4. The MAP satisfies the spectral condition.

Remark 2.1. Some of these assumptions might be slightly relaxed. In particular, it is only
needed in Assumption 3 that the uniform ellipticity holds for all n > 1 but finitely may. It
is even possible to suppose it holds for all n > T for some stopping time 7. In that case, T
must be finite almost-surely in Theorem 2.2 and integrable in Theorem 2.5. On the other hand,
Assumption 4 implies that || P{'1||s(x) decreases exponentially fast whereas it is only required
to vanishes in Theorem 2.2 and to be summable in Theorem 2.5.

2.1 A Local Limit Theorem
Theorem 2.2 (Local Limit Theorem). Under Assumptions 1, 2, 3 and 4, for all x € X,

lim sup |(27n)¥?P(Z, — Zy = 2| X0 = )

n—oo ZEZd

—E [det(Vn) exp {—21n<Un — 2, V. YU, — z)>} ‘Xo = x] ‘ =0. (8)

2.2 A sufficient criterion for transience: some potential theory

This section is devoted to a sufficient criterion for the transience of the additive part of Markov
Additive Processes.



Definition 2.3 (Recurrence versus Transience). A MAP ((Xy, Zn)n>0 is said to be recurrent
if for any (x,2) € X x Z%, there exists v > 0 such that

P [liminf | Znl| <
n—oo

X():.QZ,ZO:,Z’:| =1.
It is said to be transient if for any (x,z) € X x Z¢
P [lim | Znll = oo‘Xo =ux,7Zy= z} =1.
n—oo

In [8], it is proved that a MAP is either recurrent or transient under Assumption 1. In
particular, the recurrence or transience of such a MAP does not depend on the initial state
(z,2) € X x Z%.

For any positive function f on X x Z¢, recall that the potential of the charge f is given by

Gf(x,2) =B | f(Xn, Zn)

n>0

onx,Z(]:z

By analogy with the classical context of random walks, it is natural to look for a criterion for
the recurrence or transience of a MAP that involves the mean sojourn time of the set X x {z}:

Gl (1,2) =B | D 1xu:)(Xn, Zn)
n>0

Xo==x,Zp=z| . 9)

Naturally, if the quantity in (9) is finite, the additive component of the MAP hits z € Vi
only finitely many times by applying the Markov inequality.

Definition 2.4 (Irreducibility). A MAP is said to be irreducible if for any z € X, for any
2,2 € 72, there exists n > 0 such that P[Z, = 2'|Xo = 2, Zy = 2] > 0.

Therefore, if a MAP is irreducible and that the quantity in Equation (9) is finite for all x € X
and for some (equivalently any) z € Z¢ then the MAP is transient by the Markov property.
Consequently, we obtain the following criterion as a Corollary of Theorem 2.2.

Theorem 2.5 (Sufficient criterion for transience). Let d > 2. Suppose that the MAP is irre-
ducible. Then, under Assumptions 1, 2, 8 and 4, if for any x € X

1 1 1 . B
> prrad [ A exp {—2n<Un, v Un>} ‘XO = x] <00 (10)

n>1
then, the MAP is transient.

Nonetheless, it is worth noting that if the converse holds true when the internal Markov
chain is positive recurrent by [8, Proposition 2.2], it remains an open question for the null
recurrent case.

Remark 2.6. Note that under Assumption 3, det(V,) > a? for all n > 1 so that it does not
play any role in the nature of the series (10). Intuitively, Assumption 3 means that the MAP
remains genuinely d-dimensional and is not attracted by a sub-manifold.



3 Application: random walks with local drift

This section is dedicated to the illustration of Theorems 2.2 and 2.5. The examples presented
below are based on the models introduced in [4].

Let (&x)r>1 be a sequence of i.i.d. random variables where &; is uniformly distributed on
{=1,1}. Let Sy be a Z-valued random variable and, for n > 1, S,, = S+ & + -+ + &,. In the
sequel, the random walk S = (S,,),>0 shall play the role of the internal Markov chain of the
family of MAP, in particular X = Z. It is well known that S fulfills Assumption 1 and that the
corresponding Markov operator can not be quasi-compact (see [39]).

Let Tj, and T, be N-valued random variables. For p,q € {—1,1}, set T}, = (pTh,qT},) and
denote by pP4 its distribution on Z2. Furthermore, let € = (£;),cz be a random or deterministic
sequence taking values in {—1,1}. Then, the distribution of the additive component is defined
through the identity p*¥ = u®* Sen(y=2) 2 4 e 7, where sgn stands for the sign function.

Intuitively, on one hand, the vertical component of the Markov additive process shall merely
follow the moves of the underlying random walk in the sense they go north or south simultane-
ously. On the other hand, the horizontal component moves in the direction dictated by e.

The expectation and the covariance matrix of T}, ; are respectively given by

_ (pE(T}) _ V(Ty) Cov(Ty, T,)
E(T}4) = (Zq)E(TZ)) and  V(Tpq) = <quOV(Thh,Tv) H V(T:S > '

where Cov (T}, T,) denotes the covariance between T}, and T,,.
In the sequel, let us assume that:

1. the random variables T}, and T, are uncorrelated;

2. for all p,q € {—1,1}
(a) the measures pP? admit a third moment (i.e. T, and T}, admit a third order moment),
(b) uP4 are aperiodic in the sense |P4(t)| = 1 on Ty if and only if ¢t = 0,

As a straightforward consequence, conditions 1 and 2 above ensures that the resulting MAP
satisfies Assumptions 2 and 3. Finally, Assumption 4 is fulfilled by Proposition 1.6.

The main objective is now to compute and/or estimate the asymptotic of the following
quantity of interest for any z = (21, 22) € Z?:

2
exp 2nV (Z €8, — z1>

2
exp {—%(Sn - Sy — 22)2}

1

——F
V(Th)V(Tv)

So = QZ] < oo. (11)

3.1 Periodic environment

Suppose that €, = (—=1)* for x € Z. Then,

n—1 2 1+ (_1)1171 2
Vn > 1, (Z €S, — 21> = <5502 — zl> .
k=0

Hence,
2
i exp _QnV (Z sy — Zl) =1

10



Beside, notice that (S, — So — 22)%/n converges in distribution to a chi-square random
variable with 1 degree of freedom. Since z — exp(—=x) is continuous and bounded on R, it
follows by Slutsky’s lemma that

2
: E[)? (v E[T,]° 2 _
nh—{goE exXp *%Vi[jﬂh] g&sé — Z1 exp *m(sn — SO — 22) SO =X

/ E(T,)* y*] dy Em]z)“?

= [exp|l-———F|exp|—-=| —=(1+ .

R 2V(Tv) 2 vV 2 V(Tv)

This limit is not uniform in the variable z € Z? However, Theorem 2.2 does imply that
z

uniformly for 75 neglictable (using for instance the estimate of [11, Corollary 4.2, p.66])

e 1 1 E[T,2\
P(Zn =20 = 215 = ) ~uosoo 5 [ VT (1 ! V<Tv>> |

It is worth noting that in this form Theorem 2.5 is inconclusive: we can not deduce the
recurrence of the Markov Additive process from the fact that the series is infinite. However,
in this specific example, it is worth noting that the process M = ((eg,,,sgn(Sn+1 — Sn)))n>0 is
still a Markov chain taking values in the finite space {—1,1}2. The transition probabilities are
given, for all z,2',y,y" € {—1,1}, as follows:

11
Q((xvy)a (xlay/)) = Q1($,{L’/)Q2(y,yl) with Ql = <§] é) and QZ = <% %) .

2 2

This observation allows to define a new Markov Additive process (M, Z ) for which we know
that the additive component is recurrent (by [25] for instance). The recurrence of the original
Markov Additive process then follows from the equality of distributions

L((Zn)n>0lS0 = ) = E((Zn)nzlﬂMO = €z)-

In the two models considered below, such a reduction is no longer possible motivating the
extension to null recurrent internal Markov chain.

3.2 Two directed half planes

For simplicity, it is supposed in the result below that T and T, are fully supported. This
assumption is sufficient to deduce irreducibility of the MAP but it can be drastically weakened.

Proposition 3.1. Suppose that for allx € Z, e, = sgn(x) and that Ty, and T, are fully supported
on N. Then the resulting MAP is transient.

Proof. By irreducibility, it is only needed to estimate the quantity in (11) with z; = 25 = 0. An
immediate majoration in (11) implies it suffices to prove that

1 Br)? (=
Z;E exp _W(Th) <l§€5k)

n>1

S() =T . (12)

is finite for all z € Z.

11



Let us introduce the following useful transformation

n—1
Z €S, = Z Ny (2)es (13)
k=0

€L

where N, (z), x € Z and n > 1 is the local time of (Sp)n>0 up to time n — 1 that is N,(x) =
Z;(l) 1{5}(Sk). Remarking that e = sgn, it follows that

n—1
D ew =2Nn(Zy) —n with Nu(Zy) =) Na(a).
k=0 >0

Now, estimate the summand in (12)

B [oxp { o (o, 2) o <

2nV(Th) b

E(Th)* [, Nn(Z4) ?
exp{—n2v(;h) (2 n+ _1> }]

—E [exp {—n B(7,)° (2r — 1)2}] ‘ (14)

2V(Th)

+E [exp {—nQE‘(ZJ(E;S (2r — 1)2}] ,

where T is distributed as an arc-sine law supported by [0, 1]. It turns out that for all n > 1, the

function )
E(T;
[0,00) 5z — exp (—%(Zx - 1)2)

is k,-Lipschitz with constant k, = e s . n\]?g:f Consequently, it follows a majoration of the

first term on the right hand side of (14) by k,dw(L(N,(Z4)/n), L(T')) where dyy denotes the
Wasserstein metric on probability measures. From [19, Theorem 1.2], we deduce that this term
is a O(n=1/2).

For the second term on the right hand side of (14), first observe that the quantity in (12) is
finite as soon as the following is finite by Fubini theorem

2
E Z % exp {nf‘E_T;Jh] (2r — 1)2}

However, the power series inside the expectation can be computed explicitly so that the series
in (12) is finite if and only if the following is finite

[ oo { B 51 ]t

The singularity at £ = 1 coming from the density function of the arc-sine distribution is inte-

grable and so is the singularity at x = % as ¢ — log z in the positive neighborhood of 0. O

3.3 Randomly directed random walks

In this paragraph, the sequence ¢ = (£;),¢z is supposed to be an i.i.d. sequence of Z-valued. For
the sake of simplicity, it is supposed that the common distribution, denoted by =, is aperiodic
so that the resulting MAP is irreducible.

12



The notations used in the previous paragraph extends easily: p®Y, z,y € Z, is the dis-
tribution of the vector (£,1},sgn (y — x)T,) where T}, and T, are N-valued random variables,
independent with e, satisfying the same properties as in the previous paragraph. In particular,
the MAP is irreducible and T}, and T, are uncorrelated. Therefore,

n—1 n—1

. l E%ZV(Th) 0 an . ESZE(Th)
Vn = n % < 0 V(Tv)> 4 Un= KZ; (Sgn(SZ—H - SZ)E(TU)> '

Thus, the problem reduces to the study the quantity

2
E(T; )2( nlg ) >
1 h k=0 <5 E(T
Z—E exp — — - exp{—M(Sn—SO)Q} So=1xz,¢| . (15)
nZln QV(Th)( Z:O E%k) n ( U)
Proposition 3.2. Assume that E[g3] < oo and E[eg] = 0. Then, for n%%-a.e. sequences

(€x)zez, the MAP in the environment € is transient.

Proof. Taking the expectation of (15) with respect to 7®%, it is only needed by Markov inequal-
ity to prove that the following series is finite for any x € Z

2
1 E(T})? ( "o Esk>

Z —E |exp{ — N

a1 2V(Ty) ( k=0 5%k>

S() =T . (16)

The proof follows four steps.
Step 1: Let 6 >0, set A, 5 = {>_ k= 0""teg, <n'T}. Then,

2
1 E(T)* (S5 =51,
ZfE exp{ — ; So==x
a1 2V(T)) ( k=0 €%k)
2
E(T})* (S5 )
1 h k=0 Sk 1 C
< —-E — 1 So = —PJ[A? 5|Sy =
_nz;ln P 2V (Tp,)nt+o Anys |20 = & +nz>:1n 47,6150 = 2]

For all § > 0, the second series is convergent applying the Markov inequality and observing that
E[e3] < oo. Tt remains to estimate the expectation in the first series in which the immediate
majoration 14, ; <1 is made. Using the identity (13), and setting for n > 1 and x € R

2, 1/2-6
fn(z) =exp {—%f} 7

this expectation rewrites as follows:

2
E(T3)° (Li56 es )
2V (T}, )nt+o

E |exp<{ — So=xz| =E

T€Z

Sozx].

Step 2: For each n > 1, the function is k,-Lipschitz with &k, = 63\14/2 %nl/‘l_‘s/z. Now,
from [36], it follows that

n=3/4 Z Ny (x)ey EEAYNT
TEZ

13



where, for t > 0, -
—00
Here, L; denotes the jointly continuous version of the local time, up to time ¢, of a one di-
mensional Brownian motion B independent of the bilateral one dimensional Brownian motion
Z.
Decompose the right hand side of (16) as follows

2
E(T)* (315 s,

E
2\/(7%)A42n

E |exp{ — So=z| <

fa <n-3/4ZNn<x)ax>

T€EZ

Sb ::$]
(17)

_E [ fn(n*3/4An)} +E [ fn(n’?’/“An)] .

Step 3: At this level, it is needed to estimate the rate of convergence of:

dyy (E (n_3/4 ZNn(:L")sx> ,E(n_3/4An)) .

TEZ

To this end, using the Kantorovich duality, it suffices to use the coupling exhibited in [14]
and replace the growth rate in probability by the corresponding ones in L'. More precisely,
it is shown in [14] that there exists a simple symmetric random walk S , distributed as the
original random walk S, built from the linear Brownian motion B via the Skorokhod embedding.
Moreover, the exists a scenery €, distributed as €, built from the bilateral Brownian motion Z.
It is worth noting that W and Z are independent and so are the random variables (S, B) and
(€,W). Denoting by (Np(x))n>0zez the local time process associated with S (and distributed
as the original one (N, (z))n>0.2ez), it remains to estimate the vanishing rates of:

E|[n 3/ Z Nn(m)gx —n A, <E|n /4 Z Nn(x)gx — /4 Z Lre,
TEZ TEZ TEZ
+E|n ¥y LiE, - n_3/4An‘ - (18)
TEZ
Coupling processes: Let us set as in [14]
~ N ~
I(co,n) =Y &(Nu(z) — L%) and I(N,n)= Y &(Nu(x)— L)
TEZL z=—N

Denote by R, the range, up to time n, of the random walk S (see [50, p. 35]). If z € Z
is such that |x| > R, then N,(z) = L = 0. Moreover, R, < n. Then, for all n > 1, the
equality I(oco,n) = I(R,+1,n) holds almost-surely. Besides, R,, is o(S, B)-measurable and ¢ is
independent of (S, B) so that the estimate (2.9) of [14] with p > 2 rewrites, using the estimate

14



(2.10) of [14],

Rp+1

E[I(Ry+1,0)[" <E |e1(2R, +3)7271 > E[[&FINa(@) - Li|o(S, B)]
r=—R,—1
R,+1 _
=E[5PE |c1 (2R, +3)P771 > |Na(z) — Lgyp]
r=—R,—1
= B[E0P] Y B 2Ry + 37 1, 1510 Na(e) - LaP|
TEL
N n+1 - » 1/q
<aE[ElP] Y B[R +3)"2 V1IN, (@) - Li]
r=—n—1
PR, + 1> |2/
N n+1 - 1/gs
<aE[&l] Y B[R, +3)2 0]
r=—n—1
. 1/qt
B [|Na(@) — L] P{Ry 12 o]
n+1
< cieon?*E[|8P)(2n + 3)P271 YT PR, +1 > 2]V,
r=—mn—1

where ¢, > 1 (resp. s,t > 1) are real conjugate indices and ¢y, co > 0 are the constants given
in [14].

Let us denote by 7 the time of first return to 0 of a simple random walk S. In symbols,
7 =inf{n > 1: 85, = 0}. It is shown in [50] that E[R,] = >y P[r > n]. Since P[r >
n] ~nosoo (m0) 712 (see [47] for instance), E[R,] = O(n'/?). Then, the Markov inequality gives

n+l 1 Y n+l 1 12 nl-1/r nl—1/2r
> T < T —l/r < I — .
> PRy+1= 2 <ER,+1Y" > Ja[ V<00 i 0 Ty

r=—mn—1 r=—n—1

Summarizing, choosing p = 2,

3/4, —1/4r
Vr>1, E|I(R,+1,n) <0 (”") .

1—-1/r
Coupling environments: First of all, the Cauchy-Schwartz’s inequality implies

97 1/2
n B> LEE, - nTYA,

TE€EZ

<n ¥ E|Y Lig —n A,

T€EZ

Similarly to [14], let us set

o0 0 , p(N) N ,
J(co,n) = /0 L}dZ(z) =Y &Lj, and J(N,n)= /0 LEdZ(x) = Y &L,
j=1 j=1

Here again, for all n > 0, J(co,n) = J(R, + 1,n) almost-surely. Then, setting:

R,+1

Vo eRy, An(x)= Y (LE = L)) 1(;-1),p0) (@),
=1

15



the quantity J(R,, + 1,n) rewrites

00 Ratd rp(4)
J(Ry +1,m) = / A (2)dW (z) = / A (2)dW (2)
0 j=1 p(3—1)
Note that the process ( fo x)dW (x )) >0 is a continuous local martingale. In addition, the

random time p(R, + 1) is a stopplng time for this martingale. Therefore, by the Burkholder-
Davis-Gundy’s inequality (more precisely, [49, Corollary 4.2, Chapter IV, p.161]),

2
> Lig, —nTtA,

(Rn+1)
— E[|J(c0,n)] = E[[J(Ry + 1,n)]?] < E / A2(z) da
TEL 0

Observing that R, < n, the quantity above is majorized, by independence of the sequence p
with (S, B), as follows

p(Rn+1) Fnt 1 rp(5) ntl o o)
E/ A%2(z) dz <E Z / ) do = ZE/ (x)1R,4+1>; do
0 =1 p(3—1) p(j-1)
+
=Y E / T)1R,412;] dz. (19)
=1 JeUG-1)
The Holder’s inequality yields
E[A}()1r,+13j] < E[AY ()] 9P[R, +1 > j]'/7. (20)

Let n > y > x > 0 be real numbers and recall that By = 0 almost-surely. Then,

n

n 2q
Ly — LY = |(By— )" — (Ba—y)" — /0 1(B,>q)dBs +/0 1{Bs>y}st:| (21)

n

2q
]_ {Bg >y} st} .
(22)

< 921 [(Bn —;,;)+ — (Bn _y)+]2q n [_/ 1{Bs>z}st +/
0 0

Integrating this inequality, it yields by the Burkholder-Davis-Gundy’s inequality

<— /On 1{p,>2ydBs + /On 1{Bs>y}st>2q <E </On 1(cc,y}(Bs)ds>q
< /n E1,,,(B.)ds
Y o—2°/2s
/ / Tors dzds
n —172/23
<le =l / 27rs

< |z —ylvn.

E
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Besides,

e—z2/2n

E[((Bn —2)" = (Bo—y)*)’] = /R((Z —a)" = (z—y)*)? oz dz

Y 26—22/2nd ) 00 €—z2/2nd
= — + (z —
/x(z 7 V2mn 2t (@=y) /y V2mn :

) [ €7z2/2n
<(ly—= / dz. (23
( ) min(z,y) V 2mn ( )

Now, Equation (19) with the Holder’s inequality of (20) gives

p(n+1) n+1 o(i)
B[ Ao < Y PR+ 12E [ BAY@)
0 Jj=1 p(i—1)

Thereafter, consider z € (p(j — 1), p(j)] and use the estimates of (21) and (23) to obtain

72
B[AY(@)) £ Gyt = o/ + Cyjv/lj = al.

Since
e (p=1,p0)] = |z —jl <max(|j —p():17 = p(5 = D) = 7Mj,

it follows, for j > 1,

E / p,(j) E[A2(2)]/%dz < CY/UB| (p(j) — p(j — 1)) (72(2en) /2 MZ + jn'/201;) 1|
p(i—1)
= O B[(p(j) — p(j — 1)) (M} + M;)"/)

Consequently, the Markov inequality yields

n+1 n+1
E/p( )A%(x)dx < B[Ry, + 1]"/7n1/% Zf/qq/p — O(nY/2Pp3/20) = O(n}/2+1/a),
0 ,
7j=1
Summarizing,
n_3/4E ZLﬁgm o n_3/4An _ O(n1/4+1/2q—3/4) _ O(n—1/2+1/2q).
TEZ

All this implies that for any fixed ¢,r > 1

dyy <£ <n_3/4ZNn($)€z> ,E(n_3/4An)> _ O(n—1/47‘ + n—1/2+1/2q).
€L
Since the Lipschitz constant k,, = O(n'/479/2), fix § = %, r =2 and ¢ = 2, it yields

In (n_3/4 Z Nn(x)5117>

T€Z

E So=xz| =0Mn"18).
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Step 4: It is shown in [5] that the distribution of the random variable A; is absolutely
continuous with respect to the Lebesgue measure. More precisely, since the random variables
€z, T € 7, are centered, the density of Ay is given, for some o > 0, by

1

xQ
@) = E exp {_2|L\502} where |L|, = </ Ll(y)g dy) 2
|L|oov 271 R

1/16

Therefore, making the change of variables x = y/n'/*°, it follows

E(T},)?n!/®
exp {—2‘(/(%1)]\/[2352} C(x) dx

= E(T})?
- /Re"p {‘ 2V (1)) M2 y} Cly/n'/%) dy.

Then, the monotone convergence theorem implies

n1/16E[fn(A1)] _ n1/16/

R

: E(T3)* _ E(T3)* 1 .
s [ vty (0 = [ {<gutiims B

Finally, Jensen’s inequality gives

L]z = (/R Li(y)® dy> v > /RLl(y) dy = 1.

Hence, E[f,(A1)] = O(n=1/16).

4 Proofs

4.1 Proof of the Local Limit Theorem

Proposition 4.1. Under Assumption 2, for any sufficiently small 6 € (0,1) and any t € T¢
such that ||t|| < 6, there exists O, (t) such that

I1,,(t) = exp {i(t, Un) — %(t, nVpt) + @n(t)}

Moreover, there exists a (deterministic) constant K such that |©,(t)] < nK||t|]3.

Proof. Fix £ > 0. Under Assumption 2, there exists a constant £ > 0 such that
’E [e“t’Z‘“*ZH‘Xg,XgH] — 1’ < K|t co-

Then, for all § € (0,x/2) N (0,1) and all ¢ € Ty such that ||t|| < 0, the C-valued function
mp:t — log E [e“t’Z"“_Z"){Xg,XgH}

is three times continuously differentiable. Moreover, 7,(0) = 1,

E [em,zwzw(zg)l — Zlfp))‘Xe,XHl]

Opmy(t) =i

)

E |:ei<t,Zg+1Zg>

Xy, X£+1]

18



and

-2
857(17'((@) =E [e“t’z“l_zé> X, Xé-i-l}

Xy, X£+1:|

{ - E [e"“’z“lzf)(zéﬂ - Ze(p))(Zéi)l - ZéQ))‘XZ,XZH] E [ei@’zz“zw

+ E |:ei<t,Z[+1—Zg> (Z(p)

(»)
l+1 _Z£p>

X€7X£+1:| E [€i<t’Ze+1Z£>(Zéi)1 - Zéq))‘X&XeH] }
Hence, the Taylor expansion at ¢ = 0 yields, for all ¢ € T4 such that ||t|| < 0,
) 1
mo(t) = i{t, Zos1 — Zyg) — §<t, Cov(Zp11 — Zg| Xy, Xog1)t) + Re(t)

where Ry satisfies

[Re(t)| < K|lt]®, with K =sup > |lz]*u"¥(2).
:E7y
2€74

Now, o 1
IL,(t) = H me(t) = exp {z’(t, Un) — §<t,nVnt> + @n(t)} ,
=0

where

n—1
On(t) =Y Ry(t) and [O,(t)] < nK]t|>.
{=0

O]

Proof of Theorem 2.2. Let ¢ € (0,1) such that Proposition 4.1 holds and a € (0,y/n). Then,
2m)4P(Z, — Zo = 2| Xo = ) = / P (z)e 62 dt (24)
Tq
= / PP1(z)e 02 dt + / P (z)e” %) at (25)
Ty\6T 0Tq
(26)

where 0T, is the magnification of the hypercube T, by . The change of variables u = t//n in
the second term yields

/ PP (a)e it dt:E[ / e~ 10T, (1)dt
0Ty Ty

Xo = :c] (27)

= n~92E [ / e~ VAL, (¢ /m)dt
N

Xo = x] . (28)
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This latter quantity can be decomposed as follows:

1 1
—d/2 1 B 1
n~%°E [/Rd exp {z\/ﬁ(t, Un — 2) 2<t, Vmﬁ)} dt‘Xo = 4

Hn /5mr\ T e VI (1 /)t

X0:$]

+n 2R anr e R (b2) <Hn(t/\/ﬁ) — exp {z’\/lﬁ(t, Uy) — %@5, Vnt)}) dt‘Xo = x}

1 1
—n 2E (£, Uy — 2) — = (£, V,t) s dt| X =
n /Rd\aTexp{z\/ﬁ<,Un z) 2<,Vn> 0=z

Finally, Equations (24) and (27) imply

n/2(27)P (Zy — Zo = 2| Xo = ) — E URd exp {i\/lﬁ@, U, — 2) %@, Vnt>} dt‘Xo _ 4
(29)
_ [Al(z, n,a) + As(z,n,a) + As(z,n,a,8) + Ag(z,m, 5)]
(30)

where

_ vy oL Onlt/vi) _ _
Ai(z,n,a) = E [/ﬂexp {z\/ﬁ@,Un z) 2<t,Vnt)} (e 1) dt| Xo =z|,

1 1
| —— n - Y y 'n = ’
/d\aTeXp {z\/ﬁ@f,l] z) 2<t V t>}dt‘)§0 = x]

i

/ e ﬁ<t’Z>Hn(t/\/ﬁ)dt‘X0 =
d4/nT\aT

As(z,n,a) = —E

As(z,n,a,0) =E

i

Ay(z,n,8) = n%? PP (z)e” %) dt.
T\&T

Lemma 4.2. Under Assumption 2 and 3, for any a > 0,

lim sup Ai(z,n,a) =0.

n—o0 274

Proof. First remark that, under Assumptions 2 and 3, Proposition 4.1 implies for all t € R¢,

i TR Oult/vi) _ 1) =
nh_{r;oexp {z\/ﬁ(t,Un z) 2<t,Vnt>} (e 1) = 0.

Moreover, for t € aTy,

Vi U3 I (00 _1)| < eV |0 (/) exp [On(t/ V)|

adtnK adtnK
n3/2 n3/2

<ez = 0(e~ 2%, (31)

Therefore, we may apply the dominated convergence theorem which implies that, for any a > 0,
A1(z,n,a) goes to 0 uniformly in z € Z%. O
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Lemma 4.3. Under Assumption 3, there exists some constant K1, Ko > 0 such that for any
a>0,
lim sup sup |A2(z,n,a)| < Kjexp {—KgaQ} )

n—oo ZGZd
Proof. Assumption 3 implies |As(z, n,a)| < K1e 520" for some constant K, Ky > 0. O
Lemma 4.4. Under Assumptions 2 and 3, for any a > 0 and for any 6 > 0 sufficiently small

lim sup sup |As(z,n,a,0)| < K3exp {—K4a2} )

n—o0  yezd

Proof. As a matter of fact,

E <E

/ e\/iﬁ<t’Z>Hn(t/\/ﬁ)dt‘Xg =
d/nT\aT

/zﬂ/ﬁ']l‘\a']l‘

Under Assumptions 2 and 3, by Proposition 4.1, the integrand in Equation (32) satisfies

/WW\CLT 1L, (t//n)| dt’Xo = 1:]

=E

exp { == (.U |+ T00/vR)

dt‘Xo :x]

(32)

1

/v e { -7

1
.0 }| < exp { =5 0.0 0,0/}
Moreover, since t € dy/nT \ aT

1On(t/v/n)| < nK|lt/v/nl*t/v/n] = K|lt]|*|lt/ ol < Kdn V8|,

and —3(t, Vot) < —%a[t||*>. Thus, choosing any § > 0 so small that dKmv/8 < a/4 (and that
Proposition 4.1 holds true), the integrand in Equation (32) is bounded above by exp(—23||t||?) for
some 3 > 0. Consequently, there exists K3, K4 > 0 such that |A3(z,n,a,d)| < KaeKaa®, O

Lemma 4.5. Under Assumptions /4, for any ¢ € (0,1)

lim sup sup A4(z,n,0) = 0.
n—oo  zgzd
Proof. Fix § € (0,1) and observe that the sequence (||P}*||g)n>1 is sub-multiplicative. Conse-
quently, under Assumption 4, there exists v > 0 such that, for all t € Ty \ 0Ty, ||P/'1||cc <
(1 —~)™. The result follows immediately. O

The four lemmas above implies that

-1 1
n??(2m)"P(Z, — Zy = 2| Xo = z) — ReE [/ ol vm (bUn—z2)=5(t.Vnt
R

d

lim sup sup
n—oo  zezd

>dt‘X0 = $:|

< Ky exp{—K2a*} + K3 exp{—K4a*}.

The left hand side does not depend on a > 0 which can be chosen arbitrarily large. Noting that
V,, is invertible by Assumption 3, the proof of Theorem 2.2 ends with the help of the Fourier
transform

/Rd exp {i\/lﬁ@,Un _ - %(t, vm} dt = %exp {—;n(Un VN, - z))} .
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4.2 Proof of the transience criterion

The proof of Theorem 2.2 needs to be slightly adapted since it is required to determine the
convergence rate of the limit.

Proof of Theorem 2.5. Let us rewrite the decomposition (29) as follows (using the same nota-
tions):

1 i _1
P(Z, - Zy=0Xg=1x) = T/2E [/ ol (HUn) z(t,vnt>dt’X0 = x] (34)
n R4

1
+ W |:A1 (Oa n, Cl) + A2(07 n, (1) + A3(O7 n,a, 6):| + A4(07 n, 6) (35)

With the identity (33), it is only needed to prove that the second line is summable. The assertion
of Theorem 2.5 then follows from the Markov inequality.

The idea now is to let the parameter a > 0 to suitably depend on n > 1 and § > 0 with the
condition a € (0,8y/n). Set a, = n'/85/2. Then, the terms A;, As and A3 are still well defined.
Furthermore, the same arguments as in the proofs of Lemmas 4.3 and 4.4 implies that

|A2(0,n,n'/86/2)| < Ky exp{—Kyn'/*§%/4}
and |A3(0,n,1n'/%5/2,8)| < Kzexp{—K4n'/*6%/4} (36)
with the same positive constants K1, Ko, K3 and K4. As a consequence, the corresponding
series are convergent.
In addition, the series corresponding to the terms A4 is convergent under Assumption 4
since for any sufficiently small § > 0, the sequence A4(0,n,d) vanishes exponentially fast.

Finally, one can show that the series _, -, n~%2A1(0,n,n'85/2) is convergent thanks to
the following Lemma:

Lemma 4.6. Under Assumption 2 and 3,

lim n'/%A4,(0,n,n'/46/2) = 0. (37)

n—oo

Proof. Compare to the proof of Lemma 4.2, we observe that

1 1
: 1/8 . - - On(t/v/n) _
nhm n/®exp {Z\/ﬁ<t’ Un) 2(t, [/nt>} (e 1) 0 (38)

because |O,(t/y/n)| < nK|n=3/85/2||> by Proposition 4.1 so that

5 1/8
vie T, pl/8 (e@n@/ﬁ) - 1) < K||5/2|)PnY3 — 0. (39)
We conclude applying the dominated convergence theorem with the domination (31) using
Assumption 3 and noting that a3 = n3/8§%/8. O
O
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