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Abstract Yiannis Sakellaridis and Akshay Venkathesh have determined, when the
group G is split and the field F is of characteristic zero, the Plancherel formula for any
spherical space X for G modulo the knowledge of the discrete spectrum.

The starting point is the determination of good neighborhoods at infinity of X/.J,
where J is a small compact open subgroup of G. These neighborhoods are related to
"boundary degenerations” of X. The proof of their existence is made by using wonderful
compactifications.

In this article we will show the existence of such neighborhoods assuming that F
is of characteristic different from 2 and X is symmetric. In particular, one does not
assume that G is split. Our main tools are the Cartan decomposition of Benoist and
Oh, our previous definition of the constant term and asymptotic properties of Eisenstein
integrals due to Nathalie Lagier .

Once the existence of these neighborhoods at infinity of X is established, the analog
of the work of Sakellaridis and Venkatesh is straightforward and leads to the Plancherel
formula for X.
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1 Introduction

Let GG be the group of F-points of a reductive group G defined over the non archimedean
local field F.

In a tremendeous work (cf. [SV]), Yiannis Sakellaridis and Akshay Venkathesh
have determined, when the group G is split and the field F is of characteristic zero,
the Plancherel formula for any spherical space X for G modulo the knowledge of the
discrete spectrum.

The starting point is the determination of good neighborhoods at infinity of X/.J,
where J is a small compact open subgroup of G. Notice that G acts on X on the right.
These neighborhoods are related to ”boundary degenerations” of X. The proof of their
existence is made by using wonderful compactifications

In this article we will show the existence of such neighborhoods assuming that F is of
characteristic different from 2 and X is symmetric. In particular, one does not assume
that G is split. The main tool is the Cartan decomposition (cf. [BenO]), the definition
of the constant term (cf [D]) and asymptotic properties of Eisenstein integrals due to
Nathalie Lagier (cf. [L]). The use of Eisenstein integrals to prove results geometric in
nature on symmetric spaces goes back to her work (cf. [L] Theorem 7). Notice that our
neighborhoods at infinity are quite explicit in terms of the Cartan decomposition.

Once the existence of these neighborhoods at infinity of X is established, the analog
of part 3 of [SV] is straightforward and leads to the Plancherel formula for X. Notice
that our definition of normalized integrals differs slightly from the one in [SV] section
15.

Let o be an involution of G defined over F. Let H be the fixed point group of ¢ in
G and let X = H\G. We denote by X (G) the group of unramified characters of G and
X(G)s be the connected component of 1 in {x € X(G)|xoo = x'}.

Let P be a g-parabolic subgroup of G i.e. such that P and o(P) are opposed. Let
M := PNo(P) be the o-stable Levi subgroup of G. Let U ( resp., U~ ) be the unipotent
radical of P (resp., P~ := o(P)) and let 6p be the modulus function of P. We define:

Hp=U (MNH),Xp=Hp\G

The space Xp is called a "boundary degeneration ” of X = H\G. It is an important
object whose role has been emphasized by Sakellaridis and Venkatesh.

Let Py = MyUy be a minimal o-parabolic subgroup of G. We will assume in this
introduction that PyH is the only (Py, H)-open double coset in G. A split torus is said
o-split if all its elements are antiinvariant by o. Let Ay be the maximal o-split torus
of the center of My . Let Ag be the closed positive chamber in Ay for Fy. The Cartan
decomposition asserts (cf. [BenO]):

G =HA;Q,
for some compact subset, €2, of G. Let P be a o-parabolic sugroup of G. If C > 0, let
A (P,C) :={a € Af||a(a)|r > C,arroot of AginU}.

We denote by 1 (resp., 1p) the image of the neutral element 1 of G'in X (resp., Xp).
The following Theorem (cf. Theorem 1) is an easy consequence of [D], Proposition 3.14.
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Theorem (Constant term map)

There is a unique G-equivariant map cp : C*°(X) — C*(Xp) with the following prop-
erty. For every compact open subgroup J of G, there exists C' > 0 such that for all
f € C®(X) which is J-invariant:

(cpf)(lpaw) = f(law),a € Af (P,C),w € Q.

The following theorem (cf. Theorem 2 for its detailed version) was suggested by the
work [SV] of Sakellaridis and Venkatesh, who constructed similar maps, in their context,
using wonderful compactifications.

Theorem (expp j-maps)
Let P = MU be a standard o-parabolic subgroup of G i.e. such that Py C P. Let J be

a compact open subgroup of G.

(i) There exists C' > 0 such that the correspondence 1z.J — 1pxJ, forz € Af(P,C)Q, is
a well defined bijective map denoted expp,; from the subset Nx ;(P,C) := iA;{(P, aHQJ
of X/J, to the subset O' := 1pAf(P,C)QJ of Xp/J.

(ii) For J small enough, the map expp,; preserves volumes.

(iii) For f any right J-invariant element of C*°(H\G), one has :

(cp)(exppy(x)) = f(x),x € Nx (P, C).

As said above we need some results of N. Lagier on Eisenstein integrals that we will
recall. Let P = MU be a o-parabolic subgroup of G. Let (§, E') be a unitary irreducible
representation of M. Let x € X(M), and let §, = § ® x. We denote by %4, or m, the
normalized induced representation and let V,, denote its space.

Let n € E'MMH Tet v € X(M),, sufficiently P-dominant. There is a canonical
H-fixed linear form &(P,d,,n) on V,, (cf. [BD]). One defines the Eisenstein integrals
on X, E(P,d,,n,v) € C®(X),v e V,. by:

E(P,by,n,v)(1g) = (§(P, 6y, 1), m(g9)v), 9 € G

Let A be the maximal o-split torus of the center of M and let us be the character of
Apr by which Ay, acts on 9. The following theorem is due to Nathalie Lagier. This is
the analog of a Langlands lemma on asymptotics of smooth coefficients.

One says that the sequence (a,) satisfies (a,) —p o0 if a, € Ay and for
every root o of Ay in the Lie algebra of U, (|a(ay)|r) tends to infinity.
Let us assume Re(x)d}l/2 is P-dominant. Then if (a,) —p oo the follow-
ing limit exists

litn oo (00750 Vs (0 ) E (P, 8, v) (i) (1)

and 1s equal to
<0, (A(P™, P, 6,)v)(1) >,

where A(P~, P,4,) is the (converging) intertwining integral operator.



The theorem admits a variation when (a,) —¢ oo, with P C (). This implies easily:
First Key Lemma

Let us assume that (a,) —p 0o and that (g,) is a sequence in G converging to g. If
lang, = la, for alln, then g € U~ (M N H).

Second Key Lemma

Let J be a compact open subgroup of G. Let (a,) —p 00, (al,) —p oo, for P,P' o-
parabolic subgroups of G and let g,g' € G. Let us assume langJ = 1a.,g'J,n € N.
Then P = P' and a subsequence of (a, 'a’)) is bounded.

Definition of expp ; Although we gave a formula for expp ; it is unclear that it is well
defined. Let us sketch the proof that it is well defined. If it was not well defined for all
C > 0, there would exist two standard o-parabolic subgroups @), Q" of G contained in
P, and two sequences (a,) —¢ 00, (a,) —¢ 00, u,u’ € G such that

layu = lalu'J
and ' ‘
1pa,u'J # 1payu’J.

By the Second Key Lemma, one sees that Q = @)’ and, possibly extracting a subse-
quence, one has from the First Key Lemma:

iQanuJ = iQa;u’J.

A trick (see below for an other occurence of this trick) with the constant term of the
characteristic function of a J-coset in X allows to show 1pa,uJ = 1 pal J for n large.
A contradiction which proves our claim.

Injectivity of expp s

One wants to prove that, for C large, if z,2’ € Nx j(P,C) and expp j(x) = expp (2'),
then x = 2/. One introduces the characteristic function f of x C X and one will use
its constant term cpf. These functions are J-invariant and their values on a J-coset
makes sense. From the properties of the constant term, if C' is large enough one has:

(cpf)(expp.s(x)) = f(x) =1,
But, from our hypothesis one deduces :
(cpf)(expp.s(x)) = (cpf)(expp.s(a')).
Moreover by the properties of the constant term and because C' is large, one has:
(cpf)(exppy(z') = f(a) = 1.

This implies that f(2’) = 1, hence = = 2/, as wanted.

A compact open subgroup J of GG is said to have a strong o-factorization for Py if
for all o-parabolic subgroup P = MU which contains P one has:
1)J = Jy-JyJy for all o-parabolic subgroups, where Jy, = J N M, ...,
2) Foralla € A7, a™'Jya C Jy, aJy-a™t C Jy-.
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3) J = JHJP, where JH: JﬂH,JP: JNP.
4) Jy satisfies the same properties for Py N M.
There are arbitrary small compact open subgroups with a strong o-factorization for Fj
(cf. Kato-Takano [KT1] if the residual characteristic is different from 2, [CD] in general
and Lemma 6 of this article for the ”strong” version).

A choice of a G-invariant measure on X determines a G-invariant measure on Xp.
Third Key Lemma Let J be a compact open subgroup with a strong o-factorization

for Py. Leta € AT. Then:
0 0
iaJ = iaJMJU, ipCLJ = ipaJMJU,

volx (1aJ) = volx,(1paJ).

The proof is easy. Moreover one can show that the identity of volumes is also true for
any small enough compact open subgroup of G. This implies easily the last property
of expp ;.

Then, one introduce the restriction ep of the transpose map of the constant term
map to C°(Xp). Following an idea given to us by Joseph Bernstein, and using a result
of Aizebbud, Avni, Gourevitch|[AAG]| , one shows that its image is contained in C2°(X)
(cf Theorem 3). This achieves to prove the analog of Theorems 5.1.1 and 5.1.2 of [SV].

Then, as was said before, this allows to prove the Plancherel formula, modulo the
discrete spectrum of the Xp, by using the same method than [SV], Part 3.

It is natural to ask about spherical varieties for general reductive groups. We think
that the key point is the existence or not of a Cartan decomposition.
Acknowledgments [ thank warmly Joseph Bernstein for very useful discussions. I
thank also Yiannis Sakellaridis who answered to my numerous questions about his
work with Akshay Venkatesh. I thank also Pascale Harinck and Omer Offen for useful
discussions about the case GL(n, F)\GL(n, E).

2 Notations

If E is a vector space, £’ will denote its dual. If T : E — F is a linear map between
two vector spaces, 7" will denote its transpose. If F is real, Ec will denote its complex-
ification. If G is a group, g € G and X is a subset of GG, ¢.X will denote gXg~'. If J
is a subgroup of G, g € G and (, V) is a representation of .J, V/ will denote the space
of invariant elements of V' under J and (gm, gV') will denote the representation of g.J
on gV :=V defined by:

(9m)(g.x) :=m(x),z € J.

We will denote by (7', V’) the contragredient representation of a representation (7, V')
of G in the algebraic dual vector space V' of V.

If V is a vector space of vector valued functions on G which is invariant by right
(resp., left) translations, we will denote by p (resp., A) the right (resp., left) regular
representation of G in V.

If G is locally compact, d;g or dg will denote a left invariant Haar measure on G and
0 will denote the modulus function.



Let F be a non archimedean local field. We assume:

The characteristic of F is different from 2. (2.1)

Let |.|g be the normalized absolute value of F.
One considers various algebraic groups defined over F, and a sentence like:

Y

7 let A be a split torus 7 will mean ” let A be the group of F-points of a

torus, A, defined and split over F 7. (2.2)

With these conventions, let G be a connected reductive linear algebraic group. Let Ag
be the maximal split torus of the center of G. The change with standard notation will
become clear later.

Let G be the algebraic group defined over F whose group of F-points is G. Let o be
a rational involution of G defined over F. Let H be the group of F-points of an open
F-subgroup of the fixed point set of 0. We will also denote by o the restriction of ¢ to
G.

A split torus A of GG is said o-split if A is contained in the set of elements of G which
are antiinvariant by o. We will denote by Ag the maximal o-split torus of the center
of G.

If J is an algebraic subgroup of G stable by o, one denotes by Rat(.J), the group of its
rational characters defined over F which are antiinvariant by o. Let us define:

ac = Homgz(Rat(G),, R).
The restriction of rational characters from G to Ag induces an isomorphism:
Rat(G), ®z R ~ Rat(Ag) ®z R. (2.3)
Notice that Rat(Aq) appears as a generating lattice in the dual space a; of as and:
ag; ~ Rat(G@), @z R. (2.4)
One has the canonical map H¢g : G — ag which is defined by:
eHe@X) — |y (z)|g, z € G, x € Rat(G),. (2.5)

The kernel of Hg, which is denoted by G*, is the intersection of the kernels of the
characters of G, |x|r, x € Rat(G),. One defines X(G), = Hom(G/G*,C*). It is a
subgroup of the group X (G) of unramified characters of G. It is precisely the connected
component of the neutral element of the group of elements of X (G) which are invariant
by o.

One denotes by agp (resp., agr) the image of G (resp., Ag) by Hg. The group
G/G" is isomorphic to the lattice ag .
There is a surjective map:

(a)c = X (@), — 1 (2.6)

denoted by v — y, which associates to y ® s, with y € Rat(G),, s € C, the character
g — Ix(9)|3 (cf. [W], I.1.(1)). In other words:

xo(g) = e g € G € (ag)e. (2.7)
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The kernel is a lattice and it defines a structure of a complex algebraic variety on
X(G), of dimension dimgag. Moreover X (G), is an abelian complex Lie group whose
Lie algebra is equal to (ag)c.

If x is an element of X (G),, let v be an element of ag ¢ such that x, = x. The real
part Re v € ag is independent from the choice of v. We will denote it by Re x. If
X € Hom(G, C*) is continuous and antiinvariant by o, the character of G, |x|, is an
element of X (G),. One sets Rex = Re|x|. Similarly, if x € Hom(Ag, C*) is continuous,
the character |x| of Ag extends uniquely to an element of X(G), with values in R**,
that we will denote again by |x| and one sets Re y = Re |x]|.

A parabolic subgroup P of G is called a o-parabolic subgroup if P and o(P) are opposite
parabolic subgroups. Then M := P N o(P) is the o-stable Levi subgroup of P. If P is
such a parabolic subgroup, P~ will denote o(P).

If P is a o-parabolic subgroup of G, PH is open in G. (2.8)

The sentence : "Let P = MU be a parabolic subgroup of G” will mean that U is the
unipotent radical of P and M is a Levi subgroup of G. If moreover P is a o-parabolic
subgroup of G, M will denote its o-stable Levi subgroup.

If P = MU is a o-parabolic subgroup of G, we keep the same notations with M
instead of G.
The inclusions Ag C Ay C M C G determine a surjective morphism ay r — agr
(resp., an injective morphism, agp — ap,r) which extends uniquely to a surjective
linear map between ay; and ag (resp., injective map, between ag and ay;). The second
map allows to identify ag with a subspace of ay; and the kernel of the first one, a{;,
satisfies:

ay = a% D agqg. (2-9)

If an unramified character of G is trivial on M, it is trivial on any maximal compact
subgroup of GG and on the unipotent radical of P, hence on . This allows to identify
X(G), to a subgroup of X(M),. Then X(G), is the analytic subgroup of X (M), with
Lie algebra (ay)c C (a};)c. This follows easily from (2.7) and (2.9).

Let P = MU be a o-parabolic subgroup of G. Recall that Aj; is the maximal o-split
torus of the center of M.
Let Af, (resp., A3™) be the set of P-dominant (resp., strictly dominant) elements in
Apr. More precisely, if ¥(P) is the set of roots of Ay, in the Lie algebra of P, and A(P)
is the set of simple roots, one has:

AF (resp., ALT) ={a € Aml|a(a)lr > 1, (resp.,>1) a € A(P)}.

Let Ay be a maximal o-split torus contained in M. Let ¥(U, Ay) be the set of roots of
Ay in the Lie algebra of U, and let A(P, Ap) be the set of simple roots. One defines for
C>0:

A;{(P, C) ={a € Aylla(a)lr > C, ae A(U, Ap)}. (2.10)
Let A be a o-split torus and g € G. We will say that g is A-good if and only if g=1. A
is a o-split torus. Let us prove:

If g is A-good o(g)g~! commutes to A (2.11)



It is enough to prove that if @ € A, (0(9)g7').a = a. One has (c(9)g7').a =
o(g.o(g~".a)) = o(g.(¢7'a™") = a.

For the rest of the article, we fix Py = MyUy a minimal o-parabolic subgroup of G
and let Ay be the maximal o-split torus of the center of Mjy. It is a maximal o-split
torus of GG. One denotes by Ag the set AJIS@. A o-parabolic subgroup of G will be said
standard (resp., semistandard) if it contains Py (resp., My). We choose a maximal split
torus Ay which contains Ay. From [HH], Lemma 1.9, it is o-stable. Let K be the
stabilizer of a special point of the apartment of the extended building of G associated
to Ao.

From [BD], Lemma 2.4, there exists a finite set WY , of Ag-good elements
of GG, such that if P is any semi-standard minimal o-parabolic subgroup
of G, W§, , 1s a set of representatives of the (P, H)-double open cosets. We
will assume that 1 € Wﬁ,@.

(2.12)

For sake of completeness we will recall the definition of W]\C;} . Let (A;)ier be a set of
representatives of the H-conjugacy classes of maximal o-split torus of G. Let us assume
that Ay belongs to this set. The groups A; are conjugate under G (cf. [HH], Proposition
1.16). Let us choose for each i in I, an element x; of G, such that z;. Ay = A; with
xgp = 1. Let M; be the centralizer of A; in G. If L is a subgroup of GG, one denotes by
Wi (A;) the quotient of the normalizer in L of A; by its centralizer. Let us denote by
W (A;) instead of We(A;).

Let W; be a set of representatives in Ng(Ag) of W (Ag)/ Wy, (Ag) where H; = x;*.H.
Then ([HH], Theorem 3.1) one can take Wy = UierWiz; L.

For g € G we define g the left coset Hg and we define:

XJ\C/’}Q = {ilz7' € Wﬁ[w}

3 The G-spaces Xp, the constant terms and the
maps cpg

3.1 The G-spaces Xp
One has (cf. [CD], Lemma 9.4):

Let P = MU be a og-parabolic subgroup of G. The union of the (P, H)
open double cosets in G is equals to G’ :== P H N G. The set G’ is also  (3.1)
equal to the set of g € G such that ¢g=!.P is a o-parabolic subgroup.

Let us prove:

Let P = MU be a o-parabolic subgroup of G and g € G such that g. Ay,

is o-split. Then ¢.P is a o-parabolic subgroup of G. (3:2)

One has P = P, for some v € a}, in the sense of [CD], (2.14). Then g.P, = P, where
u is the conjugate of v by g. Our hypothesis implies that o(u) = —p. This implies



that ¢g.P, is a o-parabolic subgroup as P, and o(F,) = P_, are opposite parabolic
subgroups.

One easily extends [CD], Equation (7.1), by replacing Ay by Ay, the proof being
identical:

Let P = MU be a o-parabolic subgroup of G. Let y,3" be Ay-good

elements of G such that PyH = Py'H. Then there exist m € M,h € H  (3.3)
such that y' = myh.

We define an equivalence relation ~; on X . by T~y 2’ if and only if Px~'H =
Pa/~'H, which by the above equation is equivalent to M = 2'M, as x=! 2'~! are
Ap-good. Let X be a set of representatives of the equivalences classes of this relation.
Let us define

Wi = {y € Wi, l(y™") € X357}
From the above and from (2.12) one has:

The set X} is a set of representatives of the open (H, P)-double cosets in (3.4)
G. '

Lemma 1 Let P = MU be a semistandard o-parabolic subgroup of G.
(i) The set of elements g of G such that g.Ays is o-split is denoted XLe* C G. 1t is
left invariant by H. Its quotient by H on the left is denoted by Xy C H\G. One has
X5 C Xy and:

Xy = UmeXAG{xM - H\G,

the union being disjoint.

(ii) For each v € X{, *M s closed in X .

(iii) We endow Xy with the topology induced by the topology of X. Then for each x €
X5, .M is open and closed in Xyr. Moreover the canonical map (M Nz~ Y. H\M) —
aM, (M Nz~ H)m > xm, is an homeomorphism.

(iv) For all x € Xy, xP is open in X and Xy P = XU is the union of the open orbits
of P in X.

Proof :

(i) If g € XLev. g.P is a o-parabolic subgroup (cf. (3.2)). From (2.8) one has ¢! € G'.
One deduces from (2.12) and the definition of the relation a2, that ¢g~!' € PyH for
some y € WS From (3.3), one deduces that there exists m € M,h € H such that
g~' = myh. The equality of (i) follows immediately. From (3.3), if z, 2" are distinct
elements of X{;, the sets HxP and Ha'P are disjoint. The disjointness follows.

(ii) Changing H into ~.H, one is reduced to prove (ii) when z is equal to 1. If (m,,)
is a sequence in M such that (1,) converges in X to [, then (o(m,) 'm,) converges.
The Cartan decomposition for M N H\M (cf. [BenO] Theorem 1.1) allows to extract
a subsequence of (m,,) denoted again by (m,) such that m, = h,xa,w,, where (w,)
converges, a, € Ag, 71 € M is Ag-good and h,, € M N H. Then using (2.11) one has:

-1

o(my) " 'm, = o(w, ') oz Hzaiw,,n € N.

Hence (a?) is convergent and (a,) is bounded. Extracting again a subsequence we

can assume that (a,) is convergent. This implies that (M N H)m, is convergent in
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((M N H)\M) is convergent in M N H\M and [ is element of 1M. This proves (ii).
(iii) The fact that xM is closed follows from (ii). As X'G)y is finite, (i) implies that zM
is open in Xj;. The last assertion follows from [BD], Lemma 3.1 (iii).

(iv) From (3.1) and (3.2) and the definition of X, one sees that HzP is open in G.
This achieves to prove the first assertion of (iv). The second follows from this and from
(3.4). m|

Definition 1 Let P = MU be a o-parabolic subgroup of G. Then Xy is a P~ -space
with the given action of M and with the trivial action of U~. We define:

XPZXM X p- G.

Then Xy, identifies to a subset of Xp. If v € Xy, its image in Xp will be denoted by
Ip.

If x, 2" € Xj; the notation x ~j; 2/ will mean that x, 2’ are in the same M-orbit in X ;.
The following assertion follows from the definition of Xp.

Let z, 2" € Xj;. The following conditions are equivalent:
(i) xpG = 2pG. (3.5)

(ii) *M = 2’ M in other words z =), '

We define Hp := U~ (M N H). If y € G, let us denote by o, the rational involution of
G defined by:

oy(9) =y "o(ygy™ ")y,

whose fixed point set is equal to y~*.H Moreover o, depends only on .

Let x € Xy C H\G. The stabilizer of xp in G is equal to (x7'.H)p := (3.6)

U (Mnx'.H). '
Definition 2 Let a € Ay From (3.5) any element y € Xp is of the form y = xpg
for a unique element v € X{; and some element g € G, which is defined up to the left
action of U=(M Nz~ . H) . We see easily from (3.6) that a.y := xpag is well defined.
It defines a left action of Ay on Xp which commutes to the right G-action.

From the equality in Lemma 1, one deduces the following equality:

Lemma 2 (i) One has:
Xp = UmexﬁxPGa (37)

the union being disjoint.

(ii) For x € X5, xpP is the unique open orbit in xpG.

(iii) Let (Xp)p the image of Xy in Xp or equivalently the set {xp|lx € Xy}, The
union of the open P-orbits in Xp is equal to (Xp)pP = (X )pU and the map from
Xy P =XnU to (Xy)pP defined by xu — xpu is a bijective P-equivariant map.

10



Proof :

One deduces (i) from the equality in Lemma 1.

(ii) It follows from (3.6) that zpG is isomorphic to U~ (M Naz~'.H)\G. Then (ii) follows
from the fact that there is a unique open (U™, P)-double coset in G.

The first part of (iii) is clear. It follows from (3.6) that the map Xy x U — (X)) pP,
(x,u) — (xpu) is bijective. One checks easily that it is P-equivariant. O
Let P be a standard o-parabolic subgroup of G. Let us prove:

{a € Aylla(a)lr > Coa € A(RyN M)} = Af (Py,C)Ays. (3.8)

The right hand side is clearly included in the left hand side of the equality to prove.
Let a be an element of the left hand side. Let b € Ay, be strictly P-dominant. Then
for large n € N, one has ab™ € Ay (Py,C). Our claim follows.

Proposition 1 There exists a compact subset §2 of G such that for all o-parabolic
subgroup P of G containing My, one has:

XP = UEGXE@ IPAS—AMQ

Proof :

The claim is true for P = G from the Cartan decomposition for symmetric space (cf.
[BenO] Theorem 1.1). In general one has G = P~ K| hence

Xp == XMP_KO = XMKO = UxeXﬁLL’pMKo.

The M-space xtM C H\G is a symmetric space for M for the involution o, restricted
to M. As z is Ay good, Py N M is a o,-parabolic subgroup of M (cf. [CD] Lemma
2.2). From the Cartan decomposition for this symmetric space, it is enough to prove
the following lemma.

Lemma 3 The open orbits of PyNM in xM are the orbits y(PyN M), wherey describes
the set of elements in XAG% such that y =~ .

By conjugating on the left by 2! and changing H into z~!.H one is reduced to prove
the lemma for z = 1. Any open (Py N M)-orbit in (M N H)\M is of the form (M N
H)z(Pyn M) where 27! is Ap-good and element of M (cf. (2.12)). As HP is open, the
product map H x P — HP is open (cf. [BD], Lemma 3.1 (iii)). Hence, as HzPy =
H((HNM)z(PynM))U, one sees that HzPy is open. Then (2.12) implies the existence
of an element y of X , such that:

H2Py = HyP,. (3.9)

As z € M, zis Ay-good. As y is also Ay-good, it follows from (3.3) that z = hym/ for
some m’' € M, h € H and one has y ~,; z. Let us prove:

(HzPy) NHM = Hz(Pyn M).
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Let p € Py and let us write p = p'u with p’ € ByN M and u € U. Let us show that
zp'u € HM if and only if u =1. Let m' := zp’ € M. If zp'u € HM, there exist h € H,
m € M such that m’u = hm. Then one has

h=m'm™*(m.u)

Hence both sides of the equality are elements of H NP = HN M. It follows that u = 1.
Our claim follows. ‘

As z € M, % =), 1. Taking into account y ~2); z, one has y =,; 1 and one shows
similarly that:

(HyPy)) "NHM = Hy(PynN M). (3.10)
From this and (3.9) one sees that:
Hy(Pyn M) =Hz(PynNM).

This shows that any open Py N M-orbit in 1M has the required form.

Reciprocally from (3.10) one sees that for all y € Xﬁ[@ such that y ~y; 1, y(PyN M)
is open in X, as it is equal to the intersection of an open set of X with the open subset
1M of Xy (cf. Lemma 1 (iii)). This proves the Lemma. |

Remark 1 1) There is a minor change with [SV]. Here we are interested to X = H\G
but Sakellaridis and Venkatesh study the bigger space (H\G)(F). The space X appears
as one of the finitely many G-orbits in X (F) and every G-orbit in X (F) is of the same
type than X.

2) If P = MU is a standard o-parabolic subgroup of G, we define ©p as the set of
simple Ag-roots in the Lie algebra of M which are simple for Py. Notice that ©p, = 0.
We could define also Ag, = Ap. Then Ae, plays here the role Ax e, in [SV].

3.2 Constant term

Let J be a totally discontinuous group acting continuously on a totally disconnected
topological space Y. We will say that the action is smooth if the stabilizer of any
element of Y is open and we will denote by C*°(Y') the space of functions which are
fixed by the right action of some compact open subgroup of G.

Let us recall (cf. [D], Proposition 3.14) the following result.

Let P = MU be a o-parabolic subgroup of G. Let (m,V) be a smooth

G-submodule of C*(H\G). The map f — fp is the unique morphism of
P-modules from V' to the space C*°((M N H)\M) endowed with the right

action of M tensored by 5113/ ? and the trivial action of U, such that:
For all compact open subgroup, J, of G there exists C' > 0 , such that for
all feV7:
(3.11)
fla) = 6% (a) fr(a),a € Ay (P~,C) = Ay N A (P, C),

where Aj (P, C) has been defined in (2.10).
We have a similar statement by replacing the preceding equality by

fla) = 6/%(a)fp(a),a € AF(P~,C)

12



We have slightly modified the statement of l.c. by replacing Ay by Ay and Ay but
unicity still holds due to [D] Equation (3.8). It is useful to introduce:

fr=0fr. (3.12)

Let us assume that V is of finite length. Let (J, £) be the unormalized
Jacquet module of V. Then there exists a finite family of complex charac-
ters x1,..., X, of Ay; such that

(0(a) = xa(a)) ... (6(a) = xr(a)) = 0,a € Ay (3.13)

From the interwining properties of the map f +— fp, one deduces

(p(a) = xa(a)) ... (p(a) = x+(a))fp =0,a € Ay
Theorem 1 Let P = MU C Q = LV be two standard o-parabolic subgroups of G. If
C >0, let Ay (P,Q,C) be the set of a € Af such that |a(a)|lr > C for all roots o of Ay
in the Lie algebra of U N L.
(i) There exists a unique G-equivariant map cpg from C*(Xg) to C*(Xp) satisfying
the following property:
For all compact open subgroups J of G, there exists C' > 0 such that for all f € C*(Xg)
which is right J-invariant, one has:

(cpof)(zpa) = f(zqa),a € AJ(Q,P,C), x € X} . (3.14)

The map does not depend on the choice of Wﬁ,@.
(ii) Let R be an other standard o-parabolic subgroup of G such that () C R. Then one
has:

CP7R = CP,Q © CQvR'

(i1i) Let V be a smooth G-submodule of finite length of C*(Xq). Then there ezists a
finite family of complex characters x1,...,x,r such that for all f € V:

(Ma) = xi(a)) ... (Ma) = x,(a))epof)(zrpg) = 0,2 € Xij, g € G a € Ay
For the proof we will need two lemmas.

Lemma 4 Let x € X,,.

(i)If f € C*(Xg) and g € G, let fo,4 be the map | — f(xglg) viewed as a map on
(z7".H) N L\L. We define a function f,, p-ar, on G by g = (fog.q) p-nr(1), where we
use the notation (3.12). It is left invariant by (x=*.H)p and it is right J-invariant if f
1s right J-invariant.

(ii) The point (i) allows to define a map cpg. : C°(Xg) = C>(zpG) by

(cP@azf)(®pg) = fog.p-nL(9)-

It intertwines the right reqular representations of G on C*(Xq) and C*(xpG).
(i1i) One has ~

(cpaf)(@pmg) := (fog.g) p-nr(m),m € M.
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(iv) For all compact open subgroup J of G, there exists C > 0 such that for all x € Xﬁw,
for all f € C>®(Xg) which is right J-invariant, one has:

(crauf)(zra) = f(zqa),a € AF(P.Q,C), z € X,

(v) We have unicity of the G-maps satisfying the condition above on the sets Ay N
Ay (P,.Q,C).

Proof :

(i) Due to the intertwining properties of the constant term map (cf. (3.11)) the map ¢ —
Pp-nr, intertwines the right regular representations of P~ N L on C*°((z~1.H) N L)\L)
and on C™((x~'.H)N M)\ M), where U~ N L acts trivially on the latter space. Also one
remarks that fo, vy = feg,g for g € G,v € V. Altogether this shows (i) and that the map
cpq.q 1s well defined. The map cpg , intertwines the right regular representations of
G as the equality (cpg.(p(9)f))(xpg’) = (cpg.f)(xpg'g) follows from the definitions.
This achieves to prove (ii).

(iii) By (ii), it is enough to prove this for g = 1. The intertwining properties of the map
© — Pp-nr described above allows to prove (iii).

(iv) By (iii) and from the second equality of (3.11) for P~ N L, one deduces (iv).

(v) As cpg.. is a G-map, (v) follows from the second characterization in (3.11) of the
constant term. m

Lemma 5 Let x,y € Xu. If x =p y, one has cpge = cpg.y-
From Lemma 4 (v), it is enough to prove the following assertion.

Let J be a compact open subgroup of GG. There exists C' > 0 such that for
all f € C*(Xg) which is J-invariant

(craf)(ypa) = f(yqa),a € Ay N AF(P,Q,C).

Let m € M such that y = am. Then yp = zpm,yg = xgm. By the interwinining
properties of cp g, and the commutation of a € Ay, with m, one has

(3.15)

(craof)(ypa) = cpga(p(m)f)(zpa),a € Ay. (3.16)

One remarks that p(m)f is fixed by m.J. Hence as x satisfies Lemma 4 (iv) , there
exists C' > 0 such that for all f € C*°(X) right invariant by J:

crqa(p(m)f)(zpa) = (p(m)f)(zqa),a € Ay N AF(P,Q,C).

As (p(m) f)(zga) = f(yga), together with (3.16) this proves (3.15) and the lemma. 0O

Proof of Theorem 1
(i) We define cpq(f) for f € C>(Xg) by:

(crof)(zqg) == (cpoof)(1qg), x € XY
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From Lemma 4 (iv) and (v), one sees that this is well defined and that it has the required
properties including unicity. Also from Lemma 5, c¢pg does not depend on the choice
of X& in X§ ,- Also, as changing our choice of X i , involves only right multiplcation
by elements of Mg, one sees that cpg even does not depend of the choice of X "

(ii) follows easily from the unicity statement in (i).

(iii) We use the notation of Lemma 4 (i). The map f + fi,1 is a @ -map from V to
a Q~-submodule of C*((z~'.H) N L\L) endowed with the right action of L and the
trivial action of V. This submodule is a quotient of the unormalized Jacquet module of
V for Q~. Hence it is an L-module of finite length. Then (iii) follows from the definition
of ¢pg above and from (3.13) applied to L instead of G. O

4 Neighborhoods at infinity of X; and mappings
eprp,XQ

4.1 Choice of measures

We fix on G (resp., H, resp., the unipotent radical of a semistandard o-parabolic
P = MU of G) the Haar measure such that its intersections with K is of volume 1.
From this we deduce a measure on H\G. We choose the Haar measure on M such that:

/G F(g)dg = /U  fum)o(m) dudmd”, f € C(G). (4.1)

Also there exists a constant (P) such that:

/ f(g)dg = v(P)/ f(u~mk)du~dmdk. (4.2)
G U—xMxKy

The set XU is an open subset of H\G (cf. Lemma 1 (iv)) which is right invariant by
P. Hence the measure on H\G induces a right P-invariant measure on X,;U. But the
map Xy X U — Xy U, (z,u) — zu is a homeomorphism. As the Haar measure on U
has been fixed, there is a canonical measure myx,, on X, such that:

f(y)dy = /X Fau)dm, @)du. ] € C.(Xr) (4.3)

XmU

One checks easily that this measure satisfies:

f(zm)dmyx,, () = dp(m)~" (x)dmx,, (x),m € M (4.4)

X Xn

Let x € Xy;. As U™ P is open in G, xpP is an open set in Xp which depends only on
xM. By looking to the stabilizer of x and xp one sees that the map xp — xpp is a well
defined continuous bijection between P and xpP which depends only on xM hence
on xpP. Thus, our choice of P-invariant measure on zP induces and by transport
de structure” a P-invariant measure on zpP. We fix on 2pG the G-invariant measure
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which agrees with this measure on zpP. Hence we have a right invariant measure by GG
on Xp. We want to deduce from my,, an M-invariant measure on X,,. This will depend
on our choice of X{7. If # € X}, the map (MNa~ . H)\M — M, (MNz~'.H)m — zm
is a homeomorphism (cf. e.g. [BD] Lemma 3.1 (iii)). The measure on X, determines
a measure on (M Nx~'.H)\M. Let us show:

The function dp is trivial on M Nz~ 1. H. (4.5)

The group P is a g,-parabolic subgroup of G (cf. [CD], Lemma 2.2 (iii) where one has
to change z in 7). This implies that dp is antiinvariant by o, and hence trivial on the
fixed points of g,. This proves our claim. This determines ‘par transport de structure”
a function denoted dp, on xM. Multiplying the restriction to M of the canonical

quasiinvariant measure mx,, by dp, one gets an M-invariant measure on M and on
(M Nz~'.H)\M. Hence one has:

Our choice of X§; determines an M-invariant measure on X ;. (4.6)

It allows to identify C*°(X /) to a subspace of the dual of C°(X,,) (we will see later
that this subspace of the dual is the full smooth dual, cf. after (8.1)).

One deduces also a measure on z~!.H by conjugacy. Together with our choice
of measure on M and on (M Nz '.H)\M, this determines a measure on (M N
rVH)\z ' .H.

We introduce a unitary action £ of Ay (cf. (4.4) for unitarity) on the space L*(Xp)
called normalized action:

Lof(x) = 6(a)f(az),z € Xp, (4.7)

where ax is the left action of a € Ay; on x € Xp of Defintion 2.

4.2 Compact open subgroups with a o-factorization
First we give a definition.

A compact open subgroup J of G is said to have a o-factorization (resp.

strong o-factorization) for standard o-parabolic subgroups of G if it satis-

fies the following conditions:

(i) For every standard o-parabolic subgroup P = MU of G the product

map Jy- X Jy X Jy — J is bijective, where Jy- = JNU, Jy =JNM,
Ju=JnNU.

(ii) Let A C Ay be the maximal o-split torus of the center of M and let

A~ (resp. A;) be the set of its P-(resp. Fy)-antidominant elements. For (4.8)
all @ belonging to A~ (resp. Aj for the strong o-factorization) one has

aJya™t C Jy,a M Jy—a C Jy-.

(iii) One has J = JyJp, where Jy = JNH,Jp = J N P.
(iv) For every o-parabolic subgroup P = MU of G which contains Py,
J N M enjoys the same properties that J for M and Py N M.
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From [CD] Prop 2.3, there exist arbitrary small compact open subgroups of G with a
o-factorization. We will need the following lemma later.

Lemma 6 There ezists a basis of neighborhood of the identity in G, (J!)nen, made of
a decreasing sequence of compact open subgroups of G with a strong o-factorization and
such that for alln € N, J! is a normal subgroup of Jj.

Proof :

We keep the notation of [CD] Prop 2.3, Then, as the basis of uy and w; is made of
weight vectors ag, one has:
Ag=Au®Am & Au”,

where Au = AgNu, Am = Agnm, Au~™ = AgNu~ and Au (resp., Au~ ) is stable by the
adjoint action of Ay (resp., A;). Then one shows as in the proof of [CD] Proposition 2.3,
where only (ii) has to be modified, that there exists a basis of neighborhoods (J,, ),en of
the identity in G made of a decreasing sequence of compact open subgroups of G with
a strong o-factorization.

As Ag is compat and open in g, there exists ny € N such that the adjoint action of
Jp, preserves Ag. Hence by l.c. Lemma 10.1 (iii), there exists N € N such that for all
n greater than N, .J,, normalizes .J,. The sequence (J) defined by J/ = Jy, has the
required properties. O

4.3 Statement of Theorem 2

Theorem 2 Let P = MU C Q = LV two standard o-parabolic subgroups of G. Let
K be a compact open subgroup of G having a strong o-factorization. Let § be as in
Proposition 1. We may and will assume that K C €2 and that Q2 is biinvariant by K. Let
J be a compact open subgroup of G such that for all w in Q, x7' € WAG% , (aw).J C K.

We define for C >0 and v € X:
NXQ (.:C, P7 C) = UyeXAG{w 7y%]\/[Z‘yQAa_(P7 Q? C>Q

Then there exists C' > 0 such that:
(i) The union

NXQ(P, C) = UxeXAC;}NXQ(SL’,P,C)
18 disjoint.
(ii) The subset Nx,(P,C) of Xq is right J-invariant. We view Nx, ;(P,C) :=
Nx,(P,C)/J as a subset of Xq/J. The map Nx,  ;(P,C) — Xp/J which asso-
ciates xpawJ to xgawJ with x € Xﬁ@, a € Aj(P,Q,0), w € Q is well defined on
Nx,,s(P,C). It is denoted expx, x,,7.- The image by expx, x,.7 of Nx,,5(P,C) is equal
to NXP’J(P, C)
(iii) The map expx, x,,s is injective on Nx, ;(P,C).
(iv) As a map from a set of J-invariant subsets of X¢g to a set of J-invariant subsets
of Xp, expx, xo.7 preserves volumes.

From the definitions, one sees:
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Corollary 1 Ifa € Ay is Q-dominant and z € Ng ;(P,C), one sees from the defini-
tions that az € Nx, j((P,C) and that:

eprP’XQ’J(CLZ) = ae:chP,XJ(z),z S NXQJ(P, C)

First reduction for the proof of Theorem 2
We will reduce the proof of the theorem to the case where () = G. The proof when
@ = G will be done in section 6. Let us assume that the theorem has been proved for
@ = G. Let us prove it for arbitrary Q.

We will define expx,, x,,s and prove part (ii) of Theorem 2. We define Ng(QvJ(P, C) =
expx,, x,7(Nx,7(P, C)) which is well defined for C'large. Then, from (3.8), the definition
of the left Az-action (cf. Definition 2) and the definition of expx, x s one has:

Nxgu(P,C) = ALNY ,(P,C).

Let y € Nx,,s(P,C). By the above equality and the definition of N&Q,J(P, (), there
exist a € Ay and z € Nx ;(P,C) such that y = aerpx,,xs(2). Let us prove that
aexpx, x.7(z) does not depend on the choice of a and z as above.

Let us assume that there exists ¢/ € A, and 2/ € Ny, (P,C) with y =
a'expx, x,7(2'). By choosing b € Ay sufficiently Q-dominant we can assume that ba, ba’
are (Q-dominant. As z € Ny j(P,C) one may write z = za,wJ for some x € Xﬁ@,
a, € Aar (P,C), w € . By abuse of notation, as it may depends on this writing, one
defines baz := xbaa,wJ. One defines similarly b'a’z’. Then baz,ba’z’ € Nx ;(P,C).
From our hypothesis one has:

baexpxq x.s(x) = bd'expx, x,5(7').
From Corollary 1 of Theorem 2 for () = G, one has:
baexpx, x,(2) = expx, x,1(baz),ba'expx, x,/(2) = expx, x,1(ba’?’).
From the injectivity in (iii) for @) = G, one deduces:
baz = ba'?.
One sees from the definition of expx, x s in (ii) that:
expxp x.g(baz) = baexpx, x.(z), expx, x.s(ba'z") = bd'expx, x ().
As baz = ba’Z', one deduces from this the equality:
aeil?pxp,x,J(Z) = a,eIpo,X,J(Z/)-
This proves our claim and it allows to define
eifpxp,XQ,J(y) 1= aexpx, x,7(2)-

Let y = zgawJ € Nx, ;(P,C) with z € X} , a € Aj(P,Q,C). By choosing I/ € A
sufficiently Q-dominant, one has o’ := b'a € Aj(P,C). Let b = b'~! and ' = zgd'wJ
One has y = by’ and y' = expx,, x,s(za'wJ). Our definition of expx, x,,s shows that:

eTPxp xo,1 (TgawJ) = brpd'w.J = xpaw.J.
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This achieves to prove that expx, x,,s is defined by the formula given in the theorem.

This implies that the the image of Nx, j(P,C) is clearly Nx, ;(P,C). This achieves
the proof of Theorem 2 (ii) and Corollary 1 follows.
(iii) Let y,y" € Nx,.s(P,C) with expx, x,.7(y) = expxp . x,,7(y"). One wants to prove
that y = ¢/. By multiplying y and 3’ by a sufficiently Q-dominant element of Ay, one
may assume that y,y’ € Nj(QvJ(P, C). Then y = expx, x,s(2),y = expx,,x,s(2") with
z,2" € Nx j(P,C). From our definition of expx, x,,s, one deduces the equality:

6$pXP,X,J(Z) = eprp,X,J(Z/)'

From the injectivity of expx, x s one sees that z = 2/, hence y = 3. This achieves to
prove (iii).
(iv) One has the equality

volx,(axJ) = dp(a)volx,(xJ),x € Xp,a € Ap.

Using this equality for P and (), using Theorem 2 for () = G and P successively equal
to P and @, and our definition of expx, x,,s one deduces (iv) for all Q.

It remains to prove (i). One has ypG = xpG if and only if z € X and y € Xy,
is such that = =) y (cf. Lemma 1). From the ”if part” and the definition above of
erpxp xo,7, the image of Nx, (z, P,C) by expx, xp,s is contained in xpG. Then the
7only if part 7 implies (i). O

The following proposition is an easy consequence from the definition in part (ii) of
the Theorem above.

Proposition 2 With the notation of Theorem, 2, one has

erPxp Xo,7(€TPx o x,0(2])) = expxp x,(x]), v € Nx ;(P,C)
The following assertion is an immediate corollary of the Cartan decomposition for X.

Let C > 0. The complementary set in X¢ of the union of Nx,, (P, C') when
P describes the maximal standard o-parabolic is a compact set modulo (4.9)
the action of Aj.

5 Eisenstein integrals and some results of Nathalie
Lagier

5.1 Eisenstein integrals

Let P = MU be a semi standard o-parabolic subgroup of G. Let (J, F) be a unitary
irreducible smooth representation of M. Let x € X(M), and let §, = § @ x and let us
denote by E, the space of 6. Let (i%d,,i%F,) be the normalized parabolically induced
representation.
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The intertwining linear map from i¢é to (i) which associates to ¢ € G0
the linear form on i%§ given by the absolutely converging integrals:

5.1
v (o(u™),v(u))du™,v € %6 (5.1)
-
is an isomorphism.

The restriction of functions to K, determines a bijection between i%E, and z[fﬁgm pb. It
v is an element of zﬁgﬂ pE, v, will denote its unique extension to an element of iGE, .

Let V(6, H) = @,ex6 V(0, 7, H) where V(6,z, H) = (EMNa=H (5.2)

Let 1 = (N:)zexs € V(0, H). Let Jy be the subspace of elements of i%E, whose support

is contained in PWS, H which is the union of the open (P, H) double cosets in G. One
defines a linear form on J, by

<£(Pv 5X777)7U> = Z /J;Jﬂ p— H<7]m,v(yx_1))dy,v c JX'

xeXﬁ,
From [BD], Theorem 2.7, one sees that

There exists a non zero product ¢ of functions on X (M), of the form
X — x(m) — ¢, for some m € M and ¢ € C*, such that if ¢(x) # 0,

£(P,d,,m) extends to a unique H-invariant linear form on i$E,, denoted  (5.3)
by £(P,dy,n). Moreover for every v element of z'[[ggﬁPE, the map x +—
q(x)(&(P, 6y, m, vy) extends to a polynomial function on X (M),.

When £(P,d,,n) is defined, one defines for v € i$E,:
E(P, 8y, 1,0)(9) = (§(P, 0, ), (i£d,)(9)v). g € G.

Now, one uses ( 9.4) which extends results of [BD] and [L] when the characteristic of F
is equal to zero to the case where this characteristic is different from 2. From (9.4), [L],
Theorem 4 (ii), [BD], Theorem 2.14 and Equation (2.33), one sees that if x € X (M),

is such that Re(X(S;l/ 2) is strictly P-dominant, £(P,d,,n) is defined and one has:

E(Poon @)=Y /M o e ) g € G BE (5
Nx—1.H\xz—1.

xeXﬁ

the integrals being convergent.
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5.2 Some results of Nathalie Lagier

One has the following assertion which follows from [W], Theorem IV.1.1. Let P =
MU, P = MU’ be two o-parabolic subgroups of G with Levi subgroup M.

There exists R > 0 such that if y € X (M), satisfies
(Re(x),a) > R, € A(P)NA(P™),

the following integrals are convergent: (5.5)

(AP, P,6,)v)(g) = / o(ug)du,v € (G E,
UnUN\U’

Then A(P’, P,6,) is an intertertwining operator between %8, and %4, .

The following results are due to Nathalie Lagier (cf. [L], Theorem 5). We use the
notation and hypothesis of the preceding subsection.

Let P be a standard o-parabolic subgroup of G. Let (a,) be a sequence in Ay,
such that (a,) —p oo i.e. such that for every root o of Ay in the Lie algebra of U,
(|o(an)|F) tends to infinity.

Let (9, F) be a smooth unitary irreducible representation of M and let ps be its
central character. Let x € X(M),. Let us assume that the real part of x := X(S;l/z is
strictly P-dominant and satisfies (5.5) for P’ = P~. Let v € i%E, and g € G. Recall
that we have choosen X C Xﬁm such that 1 € X$. Then one has:

If n € V(0,z, H) with 2 € X different from 1, one has:

' (5.6)
limnsooX(ay ) pts(an ) E(P, 8y, m,v)(lang) = 0.
and
IfneV(s,1,H), ie ne B one has the equality of
LMoo X (ay ) s(ay ) E(P, 0y, 1,v)(1a,9) (57)

with
(n, (A(P~, P,d,)v)(9)),

Let € be the trivial representation of Mjy. Let x € X (M), such that the real part

of Y := X5;1/ % is strictly Py-dominant. Let n be the linear form on C corresponding
to 1 and let z € XG. We consider the Eisenstein integrals for x=!.H\G. Then z~*
might be viewed has an element of a set X, for z='.H. We view 7 has an element of
EMOH — V(e 1, H) and of E'M#e ™ H — Y(e =1 271 H). Let v € i, x. We denote
by E,(Py,n,v) the Eisenstein integral for z7!.H\G. Then one has:

E(Py, x,n,v)(z9) = E.(Pp, x,n,v)((z".H)g),g € G,
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as it follows easily from (5.4). Using this, it follows from [L|, Theorem 6:

Let ¢ be the trivial representation of My. Let x € X(Mjy), such that
the real part of y := X51_31/2 is strictly Pp-dominant. Let P = MU be a
standard o-parabolic subgroup of G. Let (a,) be a sequence in Ay, such
that (a,) —p 0.
Let 1 be the linear form on C corresponding to 1. Let x € X{;. We view n
as an element of V(e,1,H). For v € V :=i8C,, let E, ::'E(P@,X,nx,v). (5.8)
Then the sequence (Y(a,')E,(za,)) has a limit. If x ¢ 1P this limit is
equal to zero. Moerover if x = 1, one has:
lim (Y(a, ") E,(1a,) = l(v),v €V

n—o0

where [ is a non zero linear form on V.

Actually [ is explicit but what is important for us here is that it is non zero.

5.3 Applications of the results of N. Lagier

Lemma 7 Let P = MU be a standard o-parabolic subgroup of G. Let (ay,,) be a sequence
in Anr such that (a,) —p 00. If (gs) is a sequence in G converging to g € G and such
that for all n € N, la,g, = la,, then g is an element of Hp = U~ (M N H).

Proof :
One applies (5.7). We use the notation of this result. If J is a compact open subroup

of G, for n large enough g,J = gJ. Hence, if v € i$F,,

E(P,dy,n, v)(iangn) = E(P, 6y, v)(iang),

for n large enough.
First, let § be the trivial representation of M. One applies (5.7) to v and (i%x(g))v
in order to deduce from the preceding equality

(A(P~, P.x)v)(g) = (A(P™, P x)v)(1),v € i5C,

for y sufficiently P-dominant. If y is such that A(P~, P, x) is bijective, one deduces
the following equality:

v(g) = v(1),v € i%_C,. (5.9)
Let us show that this implies g € U~ M. Let us write ¢ = p~k with k£ € K, and
p~ € P~ . If k ¢ Kyn P, there exists v € i%C, such that v(k) = 0 and v(1) = 1, as
the space of restrictions to K of the elements of ig, C, is equal to zggﬂ p-C. This is a
contradiction to (5.9). Hence g = w~m with u~ € U~ and m € M.
Then applying (5.7) to any (0, £, 7), we get similarly the equality:

< §(m)n,e >=<n,e >, e € E.

The abstract Plancherel formula (cf. [Ber], section 0.2) for H N M\M implies m €
MNH. O
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Lemma 8 Let P = MU, P' = M'U’ be two standard o-parabolic subgroups of G. Let
(an) (resp., (al)) be a sequence in Ay (resp. Anp) such that (a,) —p oo ( resp.
(ar) —pr 00). Let J be a compact open subgroup of G. Let us assume that there exists
9,9 € G such that for alln € N, la,gJ = 1da’,g'J. Then, taking possibly subsequences,
one has:

(i) for all x such that the real part of X := X(S;l/z is strictly Py-dominant X(a, 'al) has
a non zero limit.

(ii) The sequence (a,'al)) is bounded.

(i1i) One has P = P'.

(iv) If Q is a o-parabolic subgroup of G such that P C Q, one has 1ga,gJ = 1gal,g'J
for n large.

Proof :
(i) For all n € N, there exists j, € J such that

lang = 1al,g'jn. (5.10)

As J is compact, one may take a subsequence and we may assume that (j,) converges
toj € J. Let ¢" = ¢'jg~. One will apply the result (5.8). With its notations, let
v E igm(CX and let us denote by E, the function E(Fy, x,n,v). As E, is right invariant
by an open compact subgroup of G, one has E,(1d’,¢'jng™") = E,(1dg") for n large.
From (5.8), one has:

limnX(a, ") Ey(1an) = U(v), limaX(a}, ") Bu(10,9'ag ™) =1(0) (511
where [, I’ are non zero linear forms on ig@ E,. Also from (5.10) one has:
la, = 1d/ ¢'jng™" (5.12)

Let us show that there exists v; € V = iIGD@(CX such that I(v,) and !'(vy) are non zero.
Let v € V such that I(v) # 0. Then [ does not vanish on v + Ker(l). If I’ vanished
identically on v+ Ker(l) it would vanish on V', a contradiction which shows that I does
not vanish identically on v 4+ Ker(l). This proves our claim.

For such a vy, one sees from (5.11) and (5.12) that:

The sequence (X(anal,”")) tends to a non zero limit. (5.13)

This proves (i).

(ii) By varying x such that x = Rex and such that Rey describes a basis of aj one gets
(ii).

(iii) If P is different from P’, by exchanging possibly the role of P and P’, there exists
a simple root a of Ay in the Lie algebra of U which is not a root in the Lie algebra of
U’, hence which is a root in the Lie algebra of M’. Then |a(a,)|p = 1 and |a(anal,™")|p
is unbounded. This would contradict (ii). Hence P = P’ and (iii) is proved.

(iv) From (ii), one writes a,, = a,b, where the sequence (b,) in A, is bounded. Taking
a subsequence we can assume that (b,) converges to b € Ayy.

Taking into account (5.10), one has la, = la,c, where ¢, = b,g'j,g~". One deduces
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from Lemma 7 that the limit ¢ of (¢,) is in Hp. One has a,,¢'J = a,c,gJ. Hence for n
large one has: ‘ ‘ .
lpalg'J = 1pancngJ = 1paycgJ

As c € Hp and as a, € Aj; normalize Hp, one deduces that, for n large:
1pal,g'J = 1panglJ.

This proves (iv) for @ = P.

Let g,¢' € G. In view of Theorem 1, applied to the right transtlates of f by g, ¢/,
there exists N € N such that for all n € N greater than N and for all f € C*(Hp\G)
which is J-invariant (cpqf)(1pang) = f(1gang) and (cpof)(ipa,g’) = f(igalg'). Let
f be the characteristic function of iQangJ C Xg. Let n be an integer greater than N
and let x = a,g, ' = al,¢’. From the above remark, one has:

(crof)(ipz) = f(lgz) =1,

(cpaf)(ipa’) = f(iga).

From (iv) for Q = P, one has 1pa’J = 1pzJ. By J-invariance, this implies:

(cpof)(ipz’) = (cpof)(ipz).

Hence, one has '
f(ga') =1
and 2’ € 1gxJ. This implies 1gzJ = 1ga'J. O

Lemma 9 Let P = MU, P' = M'U’ be two standard o-parabolic subgroups of G. Let
(an) (resp., (al)) be a sequence in Ay (resp., Anp) such that (a,) —p oo (resp.,
(a;,) =pr00). Let g,g' € G and x,y € Xy} . Let us assume that the sequences (xangJ)

and (yal,g'J) are equal. Then one has P = P', xtP = yP and y = xm for somem € M.

Proof :

Let x € X(Mjy), such that x = |x| and such that Re(y) is strictly Pj-dominant. By
exchanging possibly the role of z and y, and by taking a subsequence, one may assume
that Y(a,) > X(a!,). Changing H into x~'.H, one is reduced to the case where x = 1.
Using the notation and the result of (5.8), one sees that there exists a non zero linear
form [ on V, := ig@@x such that for all v € V,, one has:

limp X (an) " Ey(lang) = 1(v). (5.14)

Let v € V, such that [(v) # 0. One chooses j, € J such that la,g = ya,g'j.. By

n
extracting a subsequence, one may assume that (j,) converges to 7 € J. One has:

E,(la,g) = E,(ya.,g'j) for n large (5.15)

and Y(a,) > X(a!). Let us assume y ¢ 1P". Then from (5.8)
/!

limnx(a,) ' E,(yal,g'j) = 0.
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Together with (5.15) this contradicts (5.14). Hence y € 1P’ which implies (cf. (3.3))
y = 1m’ for some m’ € M’. This implies the equality ya’ ¢’ = la//m/g" as a!, € App.
Hence one has la,gJ = la,m'¢’J. Using Lemma 8, one sees that P = P’. Hence
M = M’ and the lemma follows. O

6 End of proof of Theorem 2

6.1 Definition of expyx, x s

We have to deal only with the case ) = G ie. Xg = X. If it does not exist a
constant C' > 0 satisfying (i) of Theorem 2 for Q = G, there would exist z,y € X 1\91«37
and sequences (a,), (al) € Ap, (wy), (w),) € Q such that xP # yP, (Ja(a,)|r) tends to
infinity for all roots « of Ap in the Lie algebra of U and such that:

rapwyJ = ya,wh Jn € N.

By extracting subsequences, one may assume that w, (resp., w}) converges to w (resp.
w'). Let @ = LV be the standard o-parabolic subgroup of G such that for o € A(Fy),
the sequence (|a(a,)|r) is unbouded if and only if @ € A(Q, Ay). Clearly one has
Q CP.

By extracting subsequences, one will show that one can write a,, = b,c, where the
sequence (b,) in Ay, satisfies (b,) —¢ oo and where the sequence (c,) converges in G.
Let (d1,...,0,) be the union of A(Q, Ay) viewed as subset of aj and of a basis of ay
viewed as a subset of aj (cf. (2.9)). Let us look to the map ¢ : Ay — RP given by
a— (01(Hp(a)),...,6,(Hp(a)). Its image is a lattice of dimension p as the image ap g of
Ay by Hy is a lattice of dimension equal to the dimension of ay. Its restriction to Ay has
the same property as it factors through Hj, and (6y,...,d,) might be viewed as a basis

of a}. Hence ¢(Ay) is of finite index in ¢(Ay). Hence one can find z4,...,z, € Ay such
that for all a € Ay there exists b € Ay and i € {1,..., ¢} such that ¢(a) = ¢(bx;). This
allows to define b, and ¢, = a,(b,)~*. One has ¢, = z;, for some i,, € {1,...,q}. Then

extracting a subsequence one may even assume that (c,) is constant hence it converges.
Moreover as ¢(b,) = ¢(a,) — ¢(x;,) one has (b,) —¢ 00

Hence, for n large, xa,w,J = xb,cwJ where ¢ is the limit of (¢,) . We introduce
similarly @', b/, and ¢,. From Lemma 9 applied to G one deduces Q' = @ and Hz@Q =
HyQ. Hence, as Q C P, one has *P = yP. A contradiction which shows that there
exists C' > 0 which satisfies (i). It is clear that any constant greater than such a
constant enjoys the same property.
Let us assume that there is no constant satisfying (i) which satisfies also (ii). Proceeding
as above, there would exist sequences (b,) in Ay , (b)) in Ay, ¢, € G, two standard
o-parabolic subgroups Q = LV,Q' = L'V’ C P of G and z,y € Wﬁ,@ such that,
(b)) —¢ 00, (b)) —¢ 00, and

zbyed = ybl .
xpbycd # ypb cl.

(6.1)
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From Lemma 9, one sees that Q = @)’ and x ~y, y. In particular y = xl for some [ € L
and, as [ commutes to the elements b/, of A, one has:

zbyed = xblld J.

Conjugating 27!, one gets an equality of left 271.H cosets. From Lemma 8 (i), applied
to ~'.H instead of H, one deduces that (¥,b,™") is bounded. Hence, by taking a
subsequence one can assume that it has a limit. Then from Lemma 8 (iii) one gets for

n large:
(z7 ' H)pbped = (z7 . H)pbl, I J.

Hence there exists a sequence in J, (j,) such that
(x7 ' H)pbycj, = (x~ . H)pbl,Ic.

Hence b,,cj, 1710, € (z71.H)p. As the stabilizer of xp is equal to (z7'.H)p, one
deduces from this the equality:

xpbpcjn, = xpbllc

Asx =yland l € L C M, one has xp = ypl. As ] € L commutes to b/, € A, one
deduces from this the equality

xpbped = ypb,c'J,

for n large. This contradicts our hypothesis (6.1). Hence there exists C' > 0 which
satisfies (i) and (ii).

6.2 Injectivity of expx, x s

Let us prove that one can choose C' > 0 such that expx, x is injective on Nx, ;(P,C).
Let us assume that every constant C' > 0 satisfying conditions (i), (ii) of Theorem
2 does not satisfy condition (iii). From the finiteness of Xﬂ(j@ and proceeding as in
section 6.1, one sees that there would exist z,2’ € X AG%, two o-parabolic subgroups
Q=LV,Q'=LV'"C P of G, a sequence (a,) in Ay, a sequence (a},) in Az, such that

n

(a,) —¢ 00, (al,) —¢ 00 and two elements d and d’ of Ay such that:
rap,dJ # 2'a,dJ
and
rpa,dJ = z'pal,d J.

Let f,, be the characteristic function of za,d.J. For ny large enough one can use Theorem
1 (iv) for the right translates of f,,, by d and d’ and one has, by setting a = a,,, f = fn,,
etc.:

f(zad) = (cpaf)(zpad), f(z'd'd) = (cpaf)(@pd d)
But, by our assumptions f(zad) = 1 and xpadJ = x’pa’d’J. Hence, by J invariance,
one has:
f(2dd)=1
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which implies
zadJ = 2'd'd' J.

This is a contradiction to our hypothesis. This achieves to prove that there exists a
constant C' > 0 such that the properties (i), (ii) and (iii) of Theorem 2 are satisfied.

6.3 Volumes

The following lemma will allow to finish the proof of Theorem 2.

Lemma 10 Let K be a compact open subgroup of G with a strong o-factorization for
standard o-parabolic subgroups (cf. (4.8)). Let P = MU be a standard o-parabolic
subgroup of G. Let a € Ay which is Py-dominant. Then

()
HaoK = HCLKMKU.
where Kyy = KNM, Ky =KnNU.
UOleCLK = ’UOZ)(PlpCLK.
Proof :
(i) As Ky, Ky, = KN Py and KKy = KN P, it is enough to prove (i) when P = F.

Let us assume this in the sequel. If u= € Ky-, as a is Py-dominant, one has a.u™ =
au~a™' € Ky- C K = KyKy Ky (cf. (4.8) (ii) and (iii)). Hence one has:

Hau™ = H(a.u™)a € HKyKya.

But Ky Kya =ala . Ky)(a . Ky). As M = My and a € Ay, a L. Ky = Ky, As ais
Py-dominant a 'Ky C Ky (cf. (4.8) (ii)). Altogether, this shows:

HCLKUf C HaKMKU

One deduces (i) from the equality K = Ky- Ky Ky .
Let us prove (ii). Let P be a standard o-parabolic subgroup of G. As U~ C Hp and
K = Ky-Ky Ky, and a.Ky- C U™, (cf. (4.8) (ii) ) one has:

ipaK = ipaKMKU.

Then (ii) follows from (i), from the fact that aKy Ky C P and from our choice of
measure on Xp (cf. section 4.1). |

End of proof of Theorem 2

Let K and J as in the theorem. The proof of (iv) reduces to prove the statement for
subsets of N(z, P,C)/J for x € X§;. Using our choices of volumes and translating sets
on the left by ! and changing H in #='.H, one is reduced to the case x = 1. For K
and J as in the theorem, we have:

w.J C K,w € .
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Let w € 2 and one sets J' 1= w.J C K. As Q is compact and is left K-invariant, Q/.J
is finite and J' varies in a finite set. Let us assume that C' > 0 satisfies Theorem 2 (i),
(ii) and (iii) for all groups J' . One has to prove that for a € A (P, C):

volx (lawJ) = volx, (1pawJ).

As the measures on X and Xp are right invariant by G, in order to prove this equality,
it is enough to prove the equality:

volx (1aJ") = volx,(1pal’).

Let K, (resp., K') be the stabilizer in K of 1a (resp., 1pa). We need the following
fact. Let K; be a closed subgroup of K. Let us assume that a Haar measure is given
on K and let K\ K be endowed with the image of this measure. Let X C K and Y its
image in K1\K . Then volx\k(Y) = volgx(K1X). From this applied to K; = K, and
K, = K/ and from Lemma 10 (ii), it is enough to prove the equality:

K.J =K.J.

The image of the set 1aK’.J’ by the map erpxp, x, 0 18 equal 1paJ’, as it follows from
the definition in Theorem 2 and the equality 1 paK!J = 1paJ’. From the definition of
expx, x.r, this image is also equal to the image of 1aJ’. Hence from the part (iii) of
Theorem 2, one deduces the equality:

laJ = 1aK'!J'
Looking to the orbit of 1a under K one deduces from this the inclusion:
K\J c K,J'

We recall that K C €. To prove the reverse inclusion let us remark that laK,J' is
equal to laJ’. From the definition of exzpx, x j one deduces the equality:

ipaKaJ, = ipCLJ,

which implies as above:
K,J Cc K.J.
This implies the required equality. This finishes the proof of of the theorem. O

7 Bernstein maps and Scattering Theorem

7.1 Constant term and exrp-mappings

The following proposition is an immediate corollary of Theorems 1 and 2.

28



Proposition 3 Let P C @ be two standard o-parabolic subgroups of G. Let J be
a compact open subgroup of G' small enough to satisfy the conditions of Theorem 2.
There exists C > 0 such that expx, x,.s is well defined on Nx, ;(P,C) and satisfies
for all J-invariant function f on Xq:

(cpf)erppqu(xt)) = f(x]),vJ € Nx, (P, C).

Remark 2 In [SV], for G-split and X spherical, the exp-mappings are introduced before
the maps cpq, by means of wonderful compactifications, and the maps cpq are defined
by the relation above.

7.2 Bernstein maps eg p

We thank Joseph Bernstein for having suggested to us the proof of the following The-
orem.

Theorem 3 Let P = MU C QQ = LV two standard o-parabolic subgroups of G. The
right G-invariant measure on Xp allows to identify C°(Xp) to a subspace of the dual
of C*(Xp). Let eq p be the restriction of the transpose map of cpg to C°(Xp).

Let J and let C' > 0 be as in Theorem 2 .

(i) Let xJ € Nx, ;(P,C) and y = expx, x,,s(xJ). Then the image by eqp of the
characteristic function of yJ C Xp is the characteristic function of xJ C Xgq.

(ii) For f € C°(Xp) supported in expx, xq,.0(Nxq,s(P,C)), eqpf has its support in
NXQ,J(P, C) and

(6Q7P.f)(x‘])) = f(eszP,XQ(x‘]))axJ S NXQ,J(Pa C)
(iii) The map eq p has its image in C=(Xg)”.
Proof :

(i) We fix a compact open subgroup J and C' as in the preceding proposition from which
we use the notations. Let 2J € Nx, j(P,C) C Xq/J . Let f be the characteristic
function of expx, x,,s(vJ) which is a J-invariant function on Xp. Let g € C*(Xyp).
One has

(eq.pf,9) = (f,crayg)

and by the preceding proposition one sees:

(eq.pf 9) = g(zJ).

This implies that eg pf is the characteristic function of x.J. This proves (i).

(ii) follows by linear combinations.

(iii) Let a € Ay be strictly P-dominant. Let y € Xp. From the Cartan decomposition
for Xp one sees that for n large, a™y is of the form a"y = el’pXP7XQ7J(fEnJ) € Xp/J for
some x,J € Nx, (P,C) C Xq/J.
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For n € 7Z, let f,, be the characteristic function of a"yJ C Xp. One has just seen
that for n large in N, eq p(f,,) is in C°(X)7. Let us assume that it is not true for all
n € N. Then there would exists N € N such that eg p(f,) € C(X)” for n > N and
such that €Q’p(fN) ¢ CSO(X)J

We want to apply Theorem A of [AAG] in order to prove that the C2°(G)’-module
C>(Xp)’ is finitely generated. For this it is necessary to see that one may apply it to
each homogeneous space zpG which is isomorphic to U~ (MNz~'.H)\G. The first thing
to prove is that for each parabolic subgroup R of G, the number of (U~ (MNx~'.H), R)-
double cosets is finite. By using conjugacy, one can assume that R contains Ay. By the
Bruhat decomposition, one has G = U; Px; R, where (z;) is a finite family of elements
of G normalizing Agy. It is enough, to prove our claim, to show that for each i, R; :=
(z;.R) N M has a finite number of orbits in the symmetric space (M Nx~'.H)\M. But
R; is a parabolic subgroup of L and our claim follows from [HW], Corollary 6.16.

The second thing to prove, in order to apply Theorem A of [AAG] is that :

For each finite length smooth G-module V', the dimension of the space (7.1)
VU (MeThH) g finite. '

But this dimension is precisely the dimension of (V)™ "H) where j(V) is the Jacquet
module of V' with respect to P~. This space is finite dimensional (cf. [D], Theorem
4.4))

Now, one can apply Theorem A of [AAG] to conclude that the C*°(G)’-module
C>(Xp)” is finitely generated. Moreover the algebra C>°(G)” is Noetherian (cf. [R]
Corollary of Theorem VI.10.4).

Hence, it follows that an ascending chain of C%°(G)7-submodules of C°(Xp)” is sta-
tionnary.

We apply this to the C>°(G)”-submodules of C°(Xp)/, M,, generated by fo,... [ n.
Hence there exists n € N and ¢y, . .. ¢, € C>°(G)’ such that:

f—n—1:f0*¢0+--'+f—n*¢n

Using that the right G-action and the left Aj/-action commute (cf. Definition 2)
and applying the left action of a®*'*V to the above identity, one gets:

IN = fov1en x Qo+ ... F fiin * @y

From Theorem 1, cpg is a morphism of G-modules. Hence it is also the case for eg p.
Hence eg p(fx) isin C°(Xg)’. From the definition of N, we get a contradiction. Hence
in particular, eg pf is in C2°(Xg)”. The theorem follows by linearity. O

Let (m, V) be a smooth representation of a parabolic subgroup P = MU of G. One
denotes by (mp,Vp) the tensor product of the quotient of V' by the M-submodule
generated by the m(u)v — v, u € U,v € V, with the representation of M on C given by
5;1/ ?. We call it the normalized Jacquet module of V along P. We denote the natural
projection map from V' to Vp by jp and sometimes 7p will be denoted jp (7).
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Lemma 11 Let P be a semistandard o-parabolic subgroup of G.
(i)If f € C=(X) has its support in Xy P we define, using (4.5), ¥ € C®(Xy) by

fF(am) = 5]13/2(771)/ flemu)du,z € X5, m € M
U

Then ff e C(Xy).

(i) The map f — fF goes through the quotient to an intertwining map between the
normalized Jacquet module C° (X P)p of the P-module C°(Xpy P) and C°(X ).
(iii) This intertwining map is bijective and its inverse define an intertwining injective
map m3 : C®(Xy) — C°(X)p.

(iv) One can replace X by Xp in (i), (i1) and (iii) and one gets an injective intertwining
map mp : CSO(XM) — Cgo(Xp)p

Proof :

(i) follows easily from the definition.

(ii) It is clear that our map goes through the quotient to a map between the normalized
Jacquet module C°(X ) P)p of the P-module C®(XP). On the other hand, for
f € CX(XyP) one has:

(p(mo) )T (xm) = 64 (m) / F (zmmomg umo)du

Yumyg to achieve to prove the intertwining

One makes the change of variable u' = my
property of (ii).

As an U-space, X, P is isomorphic to X, x U where U acts trivially on the first factor.
This implies easily (iii).

(iv) is proved similarly. m|

Proposition 4 We denote by jp(ep) the map between the normalized Jacquet modules
C>*(Xp)p and CX(X)p determined by ep = eq p. Then

jp(ep) omp = m‘f.f.

Proof :
One has to prove;
jelep)(mp(f)) = mp(f) (7.2)

for all f € C®(xM) and x € X{;. Changing H to x~'.H, one is reduced to prove (7.2)
for x = 1. One writes the Cartan decomposition for M N H\M:

MN H\M = Ume/’\,’]{‘f ZL’A;)_(P@, P, O)QM,
]

where (23, is a compact set of M and XA% is the analog of XAG%. The M-module

of compactly supported smooth functions on 1M is the linear span the characteristic
functions of lzawJ where J describes a basis of neighborhood of 1 in M made of
compact open subgroup of M, x € Xyl w € Qu, a € A (P, P,0) . As mp,m3,ep
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are M-equivariant, one has to prove (7.2) for every f among a set of generators of this
M-module Again we reduce to x = 1. Taking into account (3.8), one can write a = a'b
with o’ € Aj. and b € Ay, As b commutes to J, one is reduced to prove (7.2) for the
characteristic functions of law.J, with a € Ag and w € Q.

As wJ = wJw 'w, the characteristic functions of 1a.J’ where J' describes the set of
w.J for J as above, a € Af, w € Q is a set of generators of C°(1M).

Let (J/) be as in Lemma 6. By continuity and compacity, there exists a neighbor-
hood Vof 1 in M such that:

w.Y C (Jy)m,w € Qu

One can assume that all the groups J above are contained in V. Hence all the groups
J' are contained in (J})y. For such a group, let n € N such that (J))y C J'. Then
as J' is the disjoint union of the left (J!)y-cosets, the characteristic function of 1a.J’
is a linear combination of the characteristic functions of 1aj’(.J!)s where 5" describes
J'. But as J], is normal in J} ( cf. Lemma 6 ) and J' C (J{)u, (J))ar is normal in J'.
Hence 1aj'J! = 1aJj'. Hence, again by M-equivariance, one has to prove (7.2) for f
equal to the characteristic function of 1a(J)y, n € N,a € Af.

For simplicity we write J instead of J; and let g = vol(Jy)dp(a)/?1,;,,

f=1i,as,,5, € Ccoo(Xp). Then f¥ = g. Then, by definition of mp, one has:

and let

mp(g) = jr(f)

where jp(f) is the image of f in the normalized Jacquet module of C2°(Xp). Similarly
the characteristic function h of la.Jy,Jy satisfies h = ¢g. Hence one has:

m3p (g) = jp(h)
and
(Jr(ep))(mp(g)) = jr(er(f)).
It remains to prove:
(jr(ep))(mp(g)) = mz(g)
B (Geer)) Gr(£)) = ir(R)

For this, it is enough to prove:

ep(f) = h.

One has . ‘
laJMJU =laJ

from Lemma 10. As Jy- is normalized by a € Aj (cf. Lemma 6), one has
ipaJMJU = 1PCLJ

Then the required equality follows from Theorem 3 (i). O
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7.3 Discrete spectrum

An irreducible subrepresentation of C*°(X), (m, V), is said discrete if the action of A is
unitary and the elements of V' are square integrable mod Ag. Obviously if ¢ is element
of the group X (G),,, of unitary elements of X (G),, the representation 7, of G in the
space Vy, := {¢v|v € V'} is a also a discrete series. Moreover m, is isomorphic to 7 ® 1.
Let x be a unitary character of Ag and let L?(X, x)ase the sum of all X-discrete series
on which Ag acts by .

Theorem 4 Let J be a compact open subgroup of G and x a unitary character of Ag.
Then the space L*(X, X) .. of J-invariants of L*(X, X)ase is finite dimensional.

disc

Proof :

One will see that the proof of Theorem 9.2.1 of [SV] adapts by changing Z(G)° to Ag,
and, for a standard o-parabolic subgroup P = MU of G by changing Z(Xp) to Ay
acting on the left. .

Let A}, be the set of P-dominant elements of Ap. Let Nj be equal to Nx (P, C')
for C' > 0 large enough in such a way that the exp-maps are defined and such that
the identity of Proposition 3 holds. Let Np = Np \qgcpep,gzp Ng- Then the Np
covers X. We remark that expx, x j(N}p) is stable by the left action of A} as well as
Ny = expx, x,7(Np). One sees from the definitions that there is a finite subset Qp
of Xp/J, such that N} = AfQp. Let (fl)(‘éM be the set of complex characters of Ay,
which are trivial on Ay N J. Let P be the set of standard o-parabolic subgroups of

G. We choose a map R : P — N, P+ 7p and we define G := [[pp((A)2)7. An
element of x € &y is denoted [(xi)i=1....rp|pep. We consider for a € Ay,

.....

I e—xita) (7.3)

Let © € Gg. We consider the subspace V, C C*(X)7 of J-invariant functions on X, f,
such that for all standard o-parabolic subgroup P of G'and a € Ay, cp f is annihilated
by (7.3). Then V, is invariant by the Hecke algebra of C'>° functions on G which are
right and left invariant by G: this is due to the fact that cp ¢ is a G-morphism and that
the right action of G on C*°(Xp) commutes with the left action of Ap.

Recall that from our hypothesis on C' that:

(cpaf)(expx, x.i(x) = f(z),x € Np.

Then V, is finite dimensional, as it is shown in the proof of Theorem 9.2.1 of [SV]. The
rest of the proof is entirely analogous to the proof of this Theorem. O

Corollary 1 Let J be a compact open subgroup of G. There exists finetely many dis-
crete series for X, (m;, V;), i = 1,...,n such that any discrete series, (w, V') for X is of
the form (m;), where x is element of the group X(G)y., of unitary elements of X(G),
and i€ {1,...,n}.
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Proof :

Looking to Lie algebras one sees that restriction map from the group X (G),,, of unitary
elements of X(G), to the group X (Ag), of unitary elements of X (Ag) is surjective.
On the other hand the action by multiplication of X (Ag), on (Ag)? has finitely many
orbits (cf. 2.6). Hence one is reduced to the case where the restriction of the central
character of 7 is one of the representatives of these orbits. Then the corollary follows
immediately from the Theorem. O
The proof of the following Lemma is immediate.

Lemma 12 Let (SP’XAG{ be the function on Xy such that, for all x € WS, its restriction
to xM is equal to the function 0p, occuring in (4.6). For a function f on Xp we
associate the map T(f) on G with values in the space of functions on Xy, defined by:

(T(H)@)() = 6 e (0)f (g),x € Xar,g € G

(i) One has
T(f)(mg) = (p® 6/%)(m) f(g),m € M, g € G.

(i) The map T induces a bijective G-intertwining map between C°(Xp) and
i C2(Xp) (resp., C=(Xp) and i%_ C®(Xy)).

(iii) Let x be a unitary character of Ay;. The map T induces a bijective isometric
G-intertwining map between L?(Xp) and the unitarily induced representation from P~
to G of L*(Xu) (resp., L*(Xp, X)aise and the unitarily induced representation from P~
to G of L*(Xas, X)disc)-

Proof :

(i) is immediate.

(ii) From (i), it remains only to prove the bijectivity. The inverse map to T is easily
described using the fact that Xp = X xp- G.

(iii) follows easily from the definition of the scalar product on unitary induced repre-

sentations from P to G (cf. (5.1)) and from the definition of the M-invariant measure
on Xy (cf. (4.6) and (4.3)). |

Lemma 13 L*(Xp)gse is unitarily equivalent to the unitary induced representation
from P~ to G of (L*(Xar)disc)

Proof :

The Lemma follows from the analog of Corollary 9.3.4 in [SV] and of of Lemma 12 (iii).
Notice that this Corollary follows from l.c. Equation (9.1). To establish its analog, one
remarks that A, acts freely on the left on Xp. O

Lemma 14 The G-space Xp satisfies the discrete series conjecture 9.4.6 of [SV] for
the parabolic subgroup P~ and the torus of unitary unramified characters of P~, D* .=
X(M)gu-
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Proof :

From Corollary 1 of Theorem 4, there is a denumerable family of X (M), ,-orbits of
discrete series. Then the Lemma follows from Lemma 13. |

7.4 Bernstein maps

The proof of the following theorem is entirely analogous to the proof of Theorem 11.1.2

in [SV].

Theorem 5 For every pair of standard o-parabolic subgroups of G, P C @, there exists
a canonical G-equivariant map ipg : L*(Xp) — L*(Xg) characterized by the property
that for any ¥ € C>°(Xp) and any a element of the set AL™ of strictly P-dominant
elements of Ap, we have:

llmn_mo ('Z.Q7P£an\I] — €Q7P£an \I/) =0
where the limit is in L*(Xg).

Then as a corollary of Theorem 5 and of the analog of Proposition 11.6.1 of [SV],
one has the following analog of l.c Corollary 11.6.2. The proof requires the criteria for
discrete series of symmetric spaces due to Kato and Takano [KT2]:

Proposition 5 Let L*(X)p the image of L*(Xp)aisc under ip :=igp. Then one has:

L(X)= ) L*X)p.

PePst

7.5 Scattering theory

From Lemma 14, one proves the analogous of Proposition 13.2.1 in [SV] in which we use
Ay and Aj instead of Axe and Ay o and where P = MU, Q = LV are o-parabolic
subgroups of GG. This is a step for the analogous of Proposition 13.3.1 in l.c. . We will
only recall part (2) of it.

Proposition 6 Let P = MU, Q) = LV two standard o-parabolic subgroups of G. If the
dimensions of Ay and Ay, are distinct, L*(X)p is orthogonal to L*(X)g.

Let ©p (resp., Og) be the set of elements of ¥(Fy) which are trivial on A, (resp.
Ar). We define W(P,Q) as the set of elements of w € W(Ap) such that w(©p) =
O©¢. In particular if w € W(Ap, AL), it induces an isomorphism between A,; and
Ap. If W(P,Q) is non trivial we say that P and @) are c-associated. Let ¢(P) =
> gep Card W(P,Q).

The proof of the anolog of l.c. Theorem 14.3.1 (Tiling property of scattering mor-
phisms) is entirely similar. Then one proves the following theorem like Theorem 7.3.1
of l.c. is proved in section 14 of l.c.. Notice that one needs for this proof to establish
part of this Theorem for spaces Xp, but this works like for X. We recall that ip is the

map iG’p.
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Theorem 6 (Scattering Theorem) Let P = MU, ) = LV, R three standard o-
parabolic subgroups of G.

(i) If P and Q are not o-associated, (ig)' oip = 0.

(i) If P and Q) are o-associated, there exist Ay X G-equivariant isometries

Sw: L*(Xp) — L*(Xg),w € W(P,Q)

where Ayr acts on L2(XQ) via the isomorphism Ay — Ap induced by w, with the
following properties:
i(g o) Eﬁu = i}”
Sw/ o Sw = Sw/w,w - W(P, Q),w' € W(Q,R),
(i) oip ="  Su.
weW (P,Q)

Let us denote by (ip)k,,. the composition of (ip)" with the orthogonal projection to the
discrete spectrum. Finally the map

(i )tisc
> LR I3(X) = @pen LX)
PeP

is an isometric isomorphism onto the subspaces of vectors (fp)pep € ®pepL*(Xp)dise
satisfying:
Swa = an'w € W(P> Q)

In the next section we will eplicit the maps ip.

8 Explicit Plancherel formula

8.1 Injectivity of the map o/ /W (A) — & /W (A)

Lemma 15 (i) Let A be a mazimal o-split torus and let A be a mazimal split torus
containing A. It is o-stable (cf. [HH], Lemma 1.9).

(ii) The set of non zero weights of A (resp., A) in the Lie algebra of G is a root system
A(A) ( resp., A(A)) which appears as a subset of a (resp., @ ).

The set A(A) is equal to the set of non zero restrictions of elements A(A).

(iii) Let W(A) (resp. W (A)) be the quotient of the normalizer of A (resp., A), Ng(A)
(resp. Ng(A)), by its centralizer, Ca(A) (resp., Ca(A)).

Then W (A) (resp., W(A)) identifies with the Weyl group of A(A) (resp., A(A)) and
1s the set of restrictions to a of the elements of W(/I) which normalizes a.

() Let p,v € o which are conjugate by an element of W(A), then they are conjugate

by an element of W(A).

Proof :

(i) follows from [HH], Lemma 2.4.
(ii) and (iii) follows from [HW], Propositions 5.3 and 5.9.
(iv) It is clear that one may replace p and v by a conjugate element by W (A). Hence one
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may assume that p and v are dominant for some choice of a set positive roots of A(A),

AT(A). Then we choose a set of positive roots for A*(A) whose non zero restrictions

are precisely the elements of AT(A). Hence p and v are dominant for AT(A) and

conjugate by an element of W (A). Hence they are equal, which proves (iv). O

Remark 3 It follows from (iv) of the previous lemma that the map o /W(A) —
a' /W (A) is injective. This allows to apply the analog of Lemma 14.2.2 of [SV].

8.2 Coinvariants

Let P = MU be a semistandard o-parabolic subgroup of G. Let us prove:

Using our G-invariant measure on Xp, the smooth dual of C°(Xp) is

isomorphic to C*(Xp). (8.1)

An element of the smooth dual of C2°(Xp) is fixed by some compact open subgroup
J of G and is the composition of the J-average with a linear form on the space of
J-fixed elements of C2°(Xp). A basis of this later space is given by the characteristic
functions of J-cosets. Hence a linear form on this space is given by integration of a

J-fixed element of C*(Xp). This proves (8.1).
Similarly one has:

Using our choice of an M-invariant measure on X, (cf. (4.6)), we will
identify the smooth dual of C2°(X,,) with C*(X,s). This identification  (8.2)
depends on our choice of X.

Let (7, V) be a smooth representation of G of finite length. Let us define the space of
coinvariants:
CX(Xp)r := Homc(Homg(C*(Xp), m), ). (8.3)

As Homg(CX(Xp), m) is finite dimensional (cf. (7.1)), one has:
Homg(CX(Xp)r,m) = Homg(CX(Xp), 7).

Definition 3 If 7 is a smooth admissible representation of G, there is a canonical
projection

If m = i$_8, we denote this map if, 5

The canonical map from C°(Xp) to C°(Xp), is defined as follows. If f € C(Xp),
one defines ¢ € C*°(Xp), by associating to each T' € Hom(C°(Xp), ), the element
o(T) :=T(f) of the space of m. It is easy to see that this map is surjective.

Let (0, E) be a unitary irreducible smooth representation of M. Let T €
Homp (C°(Xar),6). Due to (8.2), the transpose map 7" might be viewed as an el-
ement T* of Hom(d,C>°(Xp)). Let us define ny = (M72)zexs € V(6,H) (cf. (5.2) for
the notation) by:

r.2(8) := T(¢)(z), ¢ € . (8.4)
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One defines Hom (C°(X ), 0)% ¢ as the space of T' € Homy (C2°(Xy), 0) such that
the image of T is a discrete series for Xj;. Let us define:

C>(Xp)s == (Homp (C(Xap), 0)%¢) @ 4G_4. (8.5)
C2(Xp)sld] = (Homa(C2(Xur), 6)) 26, (5.6)

Hence we have:
C&(Xp)s = ip-C(Xp)s[d]. (8.7)

It can be viewed as as quotient of C2°(Xp) as follows (cf. [ SV] before Equation (15.12)).
From the Lemma 12, one has an injective map defined by induction:

0 — Homp (CZ(Xnr), 6)dise — Homg(C'fo(Xp),z'gfé).

Hence, using the transpose map and taking into account the notation (8.3) one has a
surjective map:

C&(Xp)ic_s = Homa(CZ(Xp,ig-0) @if-0) = CX(Xp)s — 0.
Together with Definition 3, this shows that
C*(Xp)s is a quotient of C°(Xp). (8.8)

The smooth dual of C>°(Xp); is denoted C*°(Xp)° and one has

'Om

C>(Xp)® = Homp (C(X ), 8)%¢ @G-

From (8.8) it can be viewed as a subspace of C*°(Xp).

8.3 Eisenstein integral maps and their transpose

Definition 4 We use the fact that the Eisenstein integral associated to o, are well
defined for x in the complementary set of the zero set of a non zero polynomial function
on X(M),. For such a x, we define a map called Eisenstein integral map:

Eps, € Homa(Homp (C2(X ), 0,) "¢ @ %6y, C(X)).

by
Ep’(gx (T X U) = E(P, 5X7 T]T,’U), T e HOmM(CSO(XM), 5X>disc’,u S ZIC;(SX

We keep the notation of the preceding subsection. Let us denote by ev; the map
evr : (Hompr(C(Xar), 0) ") @ g0, — (Homar(CZ(Xnr), 0,)") ® B
defined by:

ev1(0 @v) =0 @v(1),0 € (Homp (C(Xar), 0)45°) v € i%0,.
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If ¢ € CF(Xwm), let gs(¢) be the canonical element of (Homp (C°(Xar), 0)%5¢) @
E  defined as follows. The later space appears as the smooth dual of
Homp (C2(X ), 0)%¢) @ E and we define

(g5(0), T @ ¢€) := (e, T(¢)),e € B, T € Homp(C(Xys),8)%5e.
Identifying the smooth dual of C2°(X ) to C*°(Xy) (cf. (8.2)), one has also:
(45(0), T @ e) = (T"(e), 9). (8.9)

Let us denote, by abuse of notation, the restriction of the transpose map of Eps,  to

C*(X) by Efo,ax
Lemma 16 One has

E}Zﬁx € Homg(C>(X), (Homu (C2(X ), 0,) %) ®i%d,)

and
evi((Epg,)' (f)) = as(f"), f € C(X).
Proof :
Let e € E, T € Homy (C®(Xy),0)%¢. Let J be a compact open subgroup of G with

a o-factorization for P and such that J,, fixes e and f and let v, := v:gi the element

of igéx which is invariant by JJ, whose support is equal to P.J and whose value at 1 is
equal to e (for the existence see e.g. [CD] Equation (3.2)). Notice that, from (4.8), one
has:

v, has its support equal to PJy- = PJy C PH (8.10)
We will compute in two ways:
I:=(Eps (f),T@vy)

We take into account the expression of the duality of iG6 and i%6 (cf. (5.1) and (8.10)).
This leads to our first expression of I:

I =wvol(Jy-){evi(Eps (), T ®e) (8.11)

In order to compute I in an other way we use a transposition:

I = o (@) Eps, (T ®vy)(g)dg.

For Rey sufficiently P-dominant, one has from (5.4) and the definition of nr (cf.(8.4)):

/H\G ) 2. /M Tt(vy (yz~"9))(x)dydg.

veXC Nz—1.H\z—'.H
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One makes the change of variable ¢ = 27!.g and then the Fubini theorem that one can
use because f is compactly supported. One gets:

D Ol BN (ST BB

xeXﬁ,

We make the change of variable ¢” = gz~!. We use the integration formula (4.1) and
our choice of measure on M Nz~'.H\M. As v, has its support in P.Jy- and f and v,
are J-invariant, one gets:

I=wol(Jy-) Y /M

:(:EXAC/'}

op(m™Y) /U flzum)duTt (v, (m))(z)dm.

Nz—1H\M

1

But the change variable u’ = m™"'um shows that:

I=vol(Jy-) > /M

xeXﬁ

/U Famu)duT* (v, (m))(z)dm.

Nz—1H\M

From the intertwining property of T one has:
Trt(vy(m))(@)) = 6% (m)T*(e) (xm).

With our choices of measures one deduces:

I=wol(Jy-) Y /M FE(@Em)T () (im)dm

-1
weXﬁ Nz H\M

In other words -
I = vol(Jy-)(fF, Tt(e)),

and (8.9) implies:
I =vol(Jy-)){as(f"), T ®e).
From (8.11) and Lemma 16 (i) one deduces the equality:

evi((Eps,)'(f)) = as(f").

8.4 Canonical quotient and the small Mackey restriction

We follow the terminology of [SV], section 15. Let 7 be a finite length smooth repre-
sentation of M. If the intertwining integral:

AP, P, 1) i% 1 — ST
is well defined, the canonical quotient is the composition:

(157 " EE ) — 7
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where the right map is the evaluation at 1 (cf. [SV] Equation (15.8)). If 7 =
C*(Xp)s[d], the canonical quotient in this case is denoted c¢; and taking into account
(8.7) one has:

¢ 1 (CZ(Xp)s)p = CF(Xp)s[d].

Let (m,V) be a smooth representation of G. The Mackey restriction (cf. [SV] section
15.4.3) is the map

Mack : Homg(CX(X), ) = Homp (C°(X ), mp)

obtained by taking the Jacquet functor to any element 7' of Homg(C2(X), ), and
restricting it to C°°(X),) which is identied by m¥ (cf Lemma 16 (iii) with a subspace
of the normalized Jacquet module of C°(X).

If 7 = 4%_7, and the intertwining integral A : ¢4 7 — %7 is bijective the small

Mackey restriction is the composition of the canonical quotient with the Mackey re-
striction Mack:

sMack : Homg(C*(X), m) = Hompy (C2°(Xar), T)

If # = CX(Xp)s, we denote by sMacks the small Mackey restriction. If T' €
Homg(Cg*(X), m),

sMacks(T) € Homy (C>(Xa), Homp (C(X ), 0)%¢) @ 6)

8.5 Normalized Eisenstein integrals

Definition 5 Let P be a semistandard o-parabolic subgroup of G. We define the nor-
malized integral

Epys, € Homa(Homy (C(Xar), 6,)" @ i5-6,), C*(X))

by:
Eps = Eps, o (Id® A(P™,P,6,)7")

which is rational in x € X(M),.

By the formula of the transpose of intertwining integrals (cf. [W] IV.1(11) and denoting
by (Ep; )" the restriction of the transpose of Ej; to C2°(X), one has

(Eps) = (Id® AP, P7,6,)7") o (Eps,)".
From this it follows
sMack((E%,(;X)t) € Hom(CX(X ), Homp (C(Xar), 6, )™)Y ® 6,

is equal to
6U1jP(A(P> P_a 5) © (EJOD,é)t)‘

From Lemma 16, one deduces:

The map sMack((Ep; )') is equal to the map gs, - (8.12)
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Our definition of normalized Eisenstein integrals differs from the one in
[SV], Equation (15.30) for G-split and X spherical. Here we do not use the
Radon transform, but we use that the opposite of a o-parabolic subgroup
is a o-parabolic subgroup. From (8.12), our Eisenstein integrals maps have
the same small Mackey restrictions restrictions than the ones defined in
lLe. (cf. (15.36)).

(8.13)

8.6 Explicit Plancherel formula

Let

®
L2(Xar)aise = / T5dv ()
M
where [ is a unitary representation of M isomorphic to a direct sum of copies of 4.
From Lemma 13 , one has

b
L*(Xp)gise = / Hsdv(6)
M

where Hj is the unitarily induced representation from P~ to G of Is. Let Hg° be its
space of smooth vectors. With the notation of (8.5), its space of smooth vectors is equal
to O (X p)é.

Let f € C*(Xp) and let us write its discrete component

fdisc = /A .fédl/disc((s)a
M
where f° € C>®(Xp)°. Its image by the Bernstein morphism ip(f) satisfies:

ip(fasd) = [ iral£)av(5)

M

for some maps ip;s : H® — C*°(X) defined for almost all § (cf. [SV] Equation (15.6)).
One has the analog of Lemma 15.4.4 of [SV]. As the analogous of section 15.6 of
[SV] is identical, together with (8.12), this leads to the analog of Th 15.5.5 in [SV]:

Proposition 7 The small Mackey restriction of sMack:((E%,(;)t) and i},(;x are equal for
almost all x € X(M)yu.

Also by the uniqueness result of [BD] recalled in (5.3), for almost all x € X(M),.,,
every element F of Homg(C2°(X),4i%_6,) is given in term of the normalized Eisenstein
integral i.e. is of the form

F = E(P,§,,nr,v) 0 A(P~, P,6,) "

for a unique 7" € Homp (C°(Xar),0y). Using (8.12) or rather its immediate general-
ization by replacing Homr(C°(X ), 6,)%¢ by Homp (C°(Xar),d,) one sees that the
small Mackey restriction of F'is equal to T". Hence one has:
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Proposition 8 The small Mackey restriction
sMack : Homg(C(X),i%-8,) — Homp (C°(X ), 6y)
is ingective for almost all x € X(M)y4.
Corollary 2 For almost all x inX(M),.., one has:
ips, = Eps. .

Theorem 7 Let f € CX(Xp) and let us write its discrete component

(S5}
fdisc = /A fédydisc((s)a
M

where f0 € C>(Xp)°.
Its image by the Bernstein morphism ip(f) satisfies:

in()la) = [ By )@)dv(0). € X,
wr
In combination with the scattering theorem (cf. Theorem 6), one deduces:
Theorem 8 The norm on L*(X)p, ||.||p, admits the decomposition:
4
o7 = EYS(®)|3dv (6
191 = G [ R @),

where the measure and norms on the right hand side of the equality are the discrete part
of the Plancherel decomposition of L?(Xp).

9 Appendix: Rational representations

In this section we establish some results on rational representations of G' which are
needed to extend the results of [L] and [BD], which are established when F is of char-
acteristic zero, to the case where F is simply of characteristic different from 2.

9.1 Rational representations and parabolic subgroups

Let G be a reductive algebraic group defined over a non archimedean local field F,
whose group of F-points is equal to G. We will use similar notations for the subgroups
of G.

Let Ay be a maximal split torus of G and let Py be a minimal parabolic subgroup of G.
Let P be a parabolic subgroup of G which contains F,. Let T" be a maximal F-torus of
G which contains A,. Let B be a Borel subgroup of GG, which contains 7" and contained
in the opposite parabolic subgroup to Py which contains Ay, P, . One denotes by X(7')
the set of roots of 7" in the Lie algebra of G. One denotes by A(T") (resp., A(T")rac)
the weight lattice (resp., the root lattice) of T with respect to G. We adopt similar
notations for Ay. Let ' be the absolute Galois group of F which acts on these lattices.
Let AT(T') be the set of dominant weights for T relative to B. Let AT(Ay) (resp.,
AT (Ap)rac) the set of dominant elements for Py~ of AT(Ap) (resp., A(Ao)rac)-
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Definition 6 One denotes by A},(T) the set of elements X\ of AT(T)such that G has
a rational finite dimensional irreducible representation, defined over ¥, with highest
weight X relative to B, (my, Vy), with the following property:

Any non zero vector of weight X under T, vy, transforms under M by a

rational character of M, denoted A. (9-1)

The subset of A € Ay, (T) which satisfies the following property is denoted by Ay (T).

There exists exists vy in the dual V of V3, invariant by U and such that the
coefficient cx(g) = [(mx(g)vx, V3)|F is equal to zero on the complementary — (9.2)
subset in G of UMU™ .

The goal of this subsection is to produce sufficiently many elements of A}, (T).

Proposition 9 (i) Let T, be the anisotropic component of T. There exists n € N*
such that any element A of nAT(Ag) extends uniquely to an element p of A(T')yqe trivial
on T,,.

(i) If X\ is orthogonal to the simple roots of Ay in the Lie algebra of Uy N M then u is
element of A3, (T).

(iii) If moreover X is not orthogonal to the other simple roots of Agy in the Lie algebra
of Uy, p is an element of A3, (T).

For the proof we need several lemmas.
Let B be an element of the set, X(Ay), of roots of Ay in the Lie algebra of G. One

defines:
é = Z Q.

O‘EZ(T)vO‘\AO =p

One sees easily that:

There exists n’ € N* such that, for all 5§ € X(Ap), there exists nj; € N*such
/ / (9.3)
that nﬁﬁle =n'pf.

We fix, once for all, such integers n’ and nj

Lemma 17 FEvery element A of n'A...(Ag) extends uniquely to an element p of Ayoe(T)
trivial on the anisotropic component T, of T, invariant by I' and by W (M,,T).

Let us denote by (n'Ayqc(Ao)) the lattice generated by the njj3, § € ¥(Ag). From their
definition, one sees that the elements of (n'A,q.(Ap)) are invariant under I' and are
elements of A,q.(T). One remarks that every element u of (n'A,q.(Ag)) is invariant by
the Weyl group of M, relative to T', W (M, T).

Let us show any element p is trivial on 7;,. One can choose T" such that it contains a
maximal torus defined over F, T}, of the derived group of M. Actually, by conjugacy,
one sees that any 7" has this property. Moreover T' contains the maximal anisotropic
torus Cy,, of the center of My. The product 77C,, 4, is a torus. For reasons of dimension
it is a maximal torus of G. Hence T' = T1C,,,A,. Notice that T1C,,, is the anisotropic
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component 1,, of T'. As pis W (M, T)-invariant, the restriction of p to 77 is trivial. As
Cgy is anisotropic, the invariance by I'of p shows that its restriction to a Cl, is trivial.
This proves the existence part of the Lemma. As T' = T,, A, the unicity follows. O

Lemma 18 (i) There exists n € N such that nA(Ag) C n'Avac(Ao).
(i1) If X € nAT(Ay), its extension u to T given by the preceding lemma is the highest
weight of a rational representation of G, defined over F, denoted (m,,V,,).

Proof :

(i) The lattice n'A,4.(Ap) is contained in the lattice A(Ag). As these lattices are of the
same rank, there exists n € N* such that nA(Ag) C n'Avec(Ao).

(ii) From (i) and the preceding lemma, if A € nAT(Ag), p is in Awe(T) C A(T).
Moreover if « is a root of 1" in the Lie algebra of G, (u, ) = (X, aj4,). Hence p is a
dominant weight. From the preceding Lemma, it is invariant by I". Then [T}, Theorem
3.3 and Lemma 3.2 implies (ii). O

Lemma 19 Let A € nA*(Ay) and u as in Lemma 17. Then, with the notation of the
preceding lemma, My acts on a non zero highest weight vector of (m,,V,) by a rational
character of My again denoted by p.

Proof :

As m, is defined over F, it is enough to prove that v, transforms under a rational
character of My. In order to prove this, one can work with the algebraic closure. The
invariance of p by W (A4, T) (cf. Lemma 17), the fact that the space of weight p in V,
is of dimension one (cf. [Hu], Proposition 33.2) together with the Bruhat decomposition
of M, allow to prove the Lemma. O

Proof of Proposition 9

Let A € nA™(Ap) be as in the statement of Proposition 9 (ii) i.e. A is orthogonal to the
simple roots of Ay in the Lie algebra of Uy N M. Let p be as in Lemma 17. Let (7,,V,)
be as in Lemma 18, and let v, be a non zero highest weight vector. One has to prove
that v, transforms under M by a rational character of M that we will still denote by
. It is enough to prove that the line Fu is stable by the action of M. One shows,
using the preceding Lemma, by a proof analogous to the one of [Hu], Proposition 31.2
and using the density of Uy MyU, in G, that the Aj-weight space of V,, for the weight
A is one dimensional. The Weyl group, W (M, Ay), of M relative to Ay fixes A from the
hypothesis on A. One finishes the proof of our assertion on the action M on v, by using
the Bruhat decomposition of M relative to P, N M. Hence pu € A}, (T).

Now we assume moreover that A is not orthogonal to the other simple roots of Ag
in the Lie algebra of Uy, p is an element of A} (T). One sees like in l.c. that the
weights of Ay in V), are of the form v = A + ZﬁeA(PO) cg3, where for all 5 in the set of
simple roots A(Fy) of Ay in the Lie algebra of Uy, ¢z € N (we recall that B is contained
in P;). We consider the hyperplane of V,, generated by the Aj-weight spaces for the
weights distinct from A. From what we have just established on the weights of Ay in V,
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and from [Hu|, Proposition 27.2, one sees that this hyperplane is stable by U. Hence
the linear form on V,, v;’u which vanishes on this hyperplane and which takes the value
1 on v, transforms under a rational character of the unipotent group U. This implies
that v], is invariant by U.

Let ¢, be the real valued function on G defined by:

¢u(9) = mu(9)0 o), g € G

Let us show that our hypothesis on A implies that ¢, vanishes on the complimentary
subset of UMU™ in . From the Bruhat decomposition for F; an element of this
complimentary subset can be written ¢ = uwmu™, where w represents an element of
W(G, Ag) which is not in W (M, Ag). Then c,(g) is proportional to |(m,(w)v,,v,)|r -
But 7, (w)v, is of weight wA under Ay. This weight is distinct of A as A is not orthogonal
to the simple roots of Ay in the Lie algebra U; which are not roots of Ay in M . This
implies that |(my(w)vy, v})|F is equal to zero. Hence ¢,(g) is equal to zero as wanted.
This achieves the proof of the Proposition. O

9.2 H-distinguished rational representations of ¢

Proposition 9 allows to extend the results of [BD] section 2.7 and especially Propositions
2.9, 2.11 to a non archimedean local field, F, of characteristic different from 2. Let
Y(G, Ag) (resp., X(Py, Ag) or X(Fy) the set of roots of A in the Lie algebra of G (resp.,
Py). We denote by A(P,) the set of simple roots of ¥(F).

Let P = MU be a standard o-parabolic subgroups of G. We will use the notation

of the main body of the article. Let us assume that Ay C Ap, which is automatically
o-stable, and Py C Fy. Let {aq,...,am,} be the simple roots of X(F) written in such
a way that {oy, ..., oy, } are the simple roots in the Lie algebra of Uy, {a, ..., a;,} are
the simple roots in the Lie algebra of U. One has the fondamental weights of ¥( Py, Ay),
01,...,0;.
Let i =1,...,m and \; = nd; with n as in Proposition 9. From this proposition, there
exists a unique rational character of T, p, trivial on 7,, and whose restriction to Ay
is equal to \; and such that \; € A},(T) and p is the highest weight of an irreducible
finite dimensional rational representation of G, denoted by (m,,V,). Moreover if v, is
a non zero highest weight vector in V,,, the space Fv, is P-invariant. We denote again
by o the rational character of M which describes the action of M on v,. One denotes
by v}, the unique element of V| of weight p~ ! under M and such that (v, v) = 1.

Let v := pu(p~'oo) € A(T) and let (7,,V,) be the rational representation of G
(1, ® (m,00),V,®@V}). Let 0, := v, ®v,, which is of weight v under the representation
7, restricted to M. Then there exists a non zero H-invariant vector, under 7, in
Vi=(V,® Vy) =V, ®V, ~ EndV,, namely the identity that we will denote ;, ;. It
satisfies (e;, 5, 0,) = 1.

Let us show that v = 2u. As o preserves T,,, the character u=! o o of T is trivial
on T,,. Its restriction to Ag is equal to A. From the unicity statement of p, it is equal
to p. This proves our claim.
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From this it follows that

Proposition 2.9 and 2.11 of [BD] extend to a non archimedean local field,

F, of characteristic different from 2. This shows that the results of [BD],

section 2.8, 2.9 are valid for such a field . Also, the Lemma 1 (resp., section (9.4)
3.2) in [L] is true also for such a field F due to Proposition 2.3 of [CD]

(resp., the Proposition 9 of the present article). Hence the results of [L]

are valid for such a field F.
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