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Abstract

This paper deals with local existence and uniqueness results for a transient two-dimensional combined nonlinear
radiative-conductive system. This system describes the heat transfer for a grey, semi-transparent and non-scattering
medium with homogeneous Dirichlet boundary conditions. We reformulate the full transient state system as a fixed-
point problem. The existence and uniqueness proof rests upon the Banach fixed-point Theorem assuming the initial
data T is non-negative and sufficiently small.

Keywords: Nonlinear radiative-conductive heat transfer system, Semi-transparent medium, Local
existence-uniqueness, Banach fixed point Theorem.
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1. Introduction and main results

The aim of this work is to prove the existence and uniqueness of the local solution for a transient two-dimensional
combined radiative-conductive system with homogeneous Dirichlet boundary conditions when the initial condition is
assumed to be small and non-negative . The medium is assumed grey, semi-transparent and non-scattering.

Let us consider a bounded, open, connected and convex set  C R? with C*® boundary. Let 9 be the unit disk,
for the problem considered, B € D, x € Q, ¢ € [0, 7] forT > 0, X = QX D and @, = (0, 7) X Q. Let n be the outward

unit normal to the boundary 0Q2. We denote

0Q_ ={(x,B) € 02 x D such that S.n < 0}.
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The full system of a combined nonlinear radiation-conduction heat transfer is written in dimensionless form,

IEx.B) + BIKIEx. ) = T (E.%) & x,p) € [0, 7] x X M
0 T(£,%) — AT (£,X) + 4n0T*(£,x) = 0 f@ 1E,x, B)dp (€% €(0,7] X Q 2)
TEx)=0 €x) e 0,71x0Q ()
1€,x,)=0 €x.p) €l0,7]xQ (4
T(0,%) = To(x) xeQ )

where 0:T = 0T /0¢, 0 is a non-negative constant, and T is also non-negative. In this paper we consider that the mean
radiation intensity of the blackbody 1,(T') verifies the Stefan-Bolzmann law which is proportional to T'*. The radiative
transfer equation (RTE) (1) and the conductive equation (NHE) (2) are coupled via the source term.

Radiative-conductive heat transfer problems is the subject of various fields of engineering and science.

In the literature, this problem is studied using two different types of model. In the first type, the problem is described
using an unique parabolic partial differential equation. In the second type of model, the modeling of the radiation and
conduction is given by a coupled system of partial differential equations where each phenomenon is described by an
equation.

There is a huge mathematical theory in the first case, see [5, 6, 7, 8, 26, 39, 3, 4, 9, 28, 29, 30, 31]. For example,
the paper [5] is devoted to the study of a nonstationary nonlinear nonlocal initial boundary value problem governing
radiative conductive heat transfer in opaque bodies with surfaces whose properties depend on the radiation frequency.
This paper is a natural extension of the work done in [7], where the corresponding stationary problem was treated. In
[25], the authors considered the conductive radiative heat transfer in a scattering and absorbing medium bounded by
two reflecting and radiating plane surfaces. The existence and uniqueness of a solution of this problem is established
using an iterative procedure.

In [30], M. Laitinen and T. Tiihonen studied the well-posedness of a class of models describing heat transfer by
conduction and radiation in the stationary case. The employed theory covers different types of grey materials, that is,
both semitransparent and opaque bodies as well as isotropic or non-isotropic scattering/reflection provided that the
material properties do not depend on the wavelength of the radiation.

In M. M. Porzio and O. Lépez Pouso [38] have proved the existence of a solution of the coupled radiation con-
duction system in the 3D case using accretive operators theory. In [38] the authors have assumed that the intensity of
radiation emitted from the blackbody in a frequency v obeys the Planck’s law and then they considered a scattering
term, that introduces some regularization effects which are not present in our model.

In this paper, we consider the second type of model where the phenomenon is expressed as a coupled system of

nonlinear partial differential equations. In previous works we can find theoretical results of existence and uniqueness
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in one-dimensional case. Indeed, in the Kelley’s paper [24], the authors considered a steady-state combined radiative-
conductive heat transfer. In Asllanaj and al.[12] the authors generalized the Kelley’s study and they proved the
existence and uniqueness of the 1-D system of coupled radiative conductive in the steady state associated to the non-
homogeneous Dirichlet boundary with the black surfaces. The medium is assumed to be a non-grey ani-isotopically
absorbing, emitting, scattering, with axial symmetry and non homogeneous. They considered a nonlinear conduction
equation due to the temperature dependence of the thermal conductivity. However, the approach developed by Asllanaj
and al. [12] is just adaptable to 1D dimensional geometry. In this paper we prove the existence and uniqueness of local
solutions for the nonlinear system (1)-(5) with the non-negative non-homogeneous Dirichlet boundary conditions if
the initial data T is sufficiently small and non-negative .

Recently, the attention has been accorded to numerical methods to study the radiative transfer and the nonlinear
radiative-conductive heat transfer problem including optimal control problems, for more details see [10, 11, 12, 13,
14, 17, 19, 20, 21, 22, 23, 34, 35, 36, 37, 33]. Asllanaj and al. [13] simulated transient heat transfer by radiation and
conduction in two-dimensional complex shaped domains with structured and unstructured triangular meshes working
with an absorbing, emitting and non-scattering grey medium.

In order to state the main result, we introduce the following notations
LP(Q;) = LP(0,7; LP(Q)) forall p € [l, )
Wyl Q) :={¢ 5.t ¢, e, brr b, € L(Q))

We will establish that the solution of the problem (1)-(5) is a fixed point of a well posed map H in the set

Ei ={T e W, (Q); ITlIs0.) < M},

where M is a non-negative constant. We assume that the initial data T is non-negative , belongs to L(€2) and satisfies

the following hypothesis

5 15671’M8

ITollzs) < FE (6)

LetN = \/7_TM4 and
Ey = {I € L*(0,7; L*(X)); Ml 2 0.:22¢x)) < N}

The main result of this paper is the following Theorem.

Theorem 1.1. If the initial data T verifies (6) then there exists T > 0 such that for all T < T*, the system of equation

(1)-(5) has a unique local solution (T, I) such that T € E| and I € E,. Moreover , there exists C = C(Q, 1, 0) such that

4
2207 220x)) < ‘/7_T||T“L8(QT>



and

ITlhy210,) < C(IGN2@,) + IToll2ce)) (7)

This paper is organized as follows: In the next section, we introduce the model describing the radiative-conductive
heat transfer system in a grey, semi-transparent and non-scattering medium. The section 3 is devoted to construct
a contraction mapping H on a suitable set, whose fixed point gives a solution of the nonlinear coupled radiative

conductive heat transfer system (1)-(5).

2. Model problem
Let Q* be an open, bounded, connected and convex domain with C* boundary and
0Q* = {(x*,B) € 0Q* x D such that B.n < 0}.

The radiative transfer equation (RTE) in a two dimensional gray absorbing and emitting medium is given by, see

[13, 23]

BV I*(1,X*, B) + kI* (1, x*, B) = kn”I,(T*(1,x*)), (t,x*,B) € [0,7*] X Q* x D, (8a)

I*(t,x*, B) = L,(T*(t,x*)), for (¢,x*,B) € [0,7*] X 0Q7, (8b)

where I'* is the radiation intensity, « is the absorption coefficient of the medium and  is the refractive index.

In this work, the refractive index and the absorption coefficient are assumed to be equal to one, n = 1, k = 1mL
T*, the temperature of the medium and 7,(T*) is the mean radiation intensity of the blackbody which obeys Stefan-
Boltzmann’s law:

B

= 221+
T

T*

where o = 5.6698 x 107 Wm 2K~ is the Stefan-Boltzmann constant. In this paper the authors have assumed
Dirichlet boundary conditions. Emission and absorption of radiation by the medium lead to a radiative source term in

the energy equation of the medium. It is defined by the following relations:
S:ad(t’ X*) = K{G*(t’ X*) - 4”1b(T*(t7 X*))} (t’ X*) € [09 T*] X Q*»
where G* is the incident radiation intensity,

G*(t,x*):f[*(t,x*,ﬁ)dﬂ (t,x*) € [0, 7%] x Q*.
D



The over all energy conservation links the three different modes of the heat transfer known as conduction, radiation

and convection. In this study, the convection has not been considered, then we have the following conduction equation

T*
Pcp%(t» X*) = kAT (1,x*) = S (1, X%) (,x*) € (0, 7" x Q* (%9a)
T*(0.x*) = T} (x*) X* € QF (9b)
T*(t,x*) = g*(x*), for (t,x*) € [0,7*] x 0Q*. (9¢)

The data p, c),, and k. are the density, the specific heat capacity, and the thermal conductivity of the medium, respec-
tively. In this work, they are assumed to be constant. The NHE (9a) and the RTE (8a) are strongly coupled by the
incident radiation intensity G* and the temperature 7*.

at . . . ke . e
Leté = 7 the dimensionless time where @ = —— is the thermal diffusivity. Let T, r be a reference temperature

PCp
and L a characteristic length, then we obtain the following dimensionless quantities:
x* at* T*
X=—,T7T= ) = 5
L L? Trer
T* G* S *
TO - 0 ’ G = 4 > rad rad4 >
Tref 40’3 Tref 40’3 Tref
* *
1= and g = g
ref Tre f

where

OB 4
Iref = 7Tref

is a dimensionless constant, see [23]. The conduction radiation number which is denoted N, satisfies the following

expression:
ke
s — 3 -
4o BTSe_ f
and we denote
272
kL
0=
Ny

Consequently, we obtain the dimensionless full system of a combined nonlinear radiation-conduction heat transfer

system (1)-(5) when the Dirichlet boundary condition g is equal to zero.

3. Local existence and uniqueness of solutions for the coupled system

In this section, we show that the existence of a solution 7', and implicitly the existence of a solution /, of the
coupled system of equations (1)-(5) is related to the existence of a solution of a fixed point problem. We will apply the
fixed point Theorem to a well-chosen map Hl. To do so, we must show that this map H is well defined and completely

continuous. At first, we recall the definition of the set E|

Ey ={T € W;' (Q0): ITlls(g,) < M}
5



and we introduce the following sets

Ey ={I € L*(0,7; L*(X)); Il 2002200 < NJ,

E; = {G € L*(Q,);IGll;29,) < VAN},

The map H : E; — E; is a composition of three maps
H = H3 o Hz o} H] .

The map H, : E; — E, is defined as follows, for T € E|, H;(T') € E; is the solution of the radiative transfer
equation (1). The second map Hl, : E, — Ej is defined in the following way, for I € E,, H(I) = G € E3 where G is
given by

6ex = [ 1expip (10)

and finally, the map H; : E3 — E| is defined as follows, for G € E3, H3(G) € E| is the solution of the equation (2).

3.1. The maps H, and H,

Now, we focus on the maps H; and H,, we give some properties of the solution of the RTE (1).

Theorem 3.1. Let us consider T € E, the problem (1) has a non-negative unique solution H,(T) € L*0,1; L*(X)).

Thus H; is a well-posed map from E| to E,. Moreover H, is continuous.

Proof. Let T € E| then for all £ € [0, 7], we have T#(¢) € L*(Q). Using a result about the existence and uniqueness of
the solution of the transport equation, see [ 18], the boundary value problem (1)—(4) has a unique solution /(¢) € L2(X)

which satisfies the following a priori estimate

@2 < VAIT* Ol

If we integrate in time between 0 and 7, we obtain

220722010 < \/_||T||L8(Q)

hence,
Iz, < VaAM* =
Consequently, I € E, and then H is a well-posed map.
Using the maximum principle [1], this implies that the solution 7 of (1) — (4) is non-negative.
Now, we show the continuity of the map H,;. We consider I, I, two solutions of (1) associated to T, T, respec-

tively . Let £ € [0, 7], we have

111(€) = LEll2@xp) < VAITHE) = T3 Oz @)- an
6



Using the generalized Holder’s inequality, we have the following inequality

ITY@) = T3>0 = fg (T1(&) = T2ET1(E) + T2 (THE) + T5(€)) dx
<UIT1(E) = T2Ns @ IT1 () + T2l ) ITFE) + T3 (12)

If we integrate in time, we obtain

4 4112 2 2 2 2112
”T[ - T2||L2(Qf) < ”Tl - Tz”Ls(Q.,.)”Tl + TZHLX(Q,)”Tl + T2||L4(QT)-

Then we have

ITE@) + T3y < IT1ENsq) + HT1ENs 0 IT2ONF5 @) + OIT1EN s I T2E 150
+ 4TV N5 0 IT2 OS5 g + IT2E)}s g
Hence

T2 + T3 g, < ITils g, + 4TS5 o IT2lE g, + 6T s g I T2 g

Since Ty, T, € E;, then we deduce that

1T} + T3l .y < 2M*. (13)

On the other hand, we have

1Ty + Tallso,) < 2M, (14)

it follows that

||T? - T§||L2(Q,) < AM?|T, - Tllzs¢0.)

From (11), we deduce that

M1 = Dllzorz@xoy < AVTMAIT) = Tallis,)- (15)

The last inequality shows the continuity of H. O
Now, we give some properties of the map H,.
Proposition 3.2. H, is a well posed, monotone and continuous map from E; to Es.

Proof. Let us consider I € E, and G = H,([), then we have

G20,y < VAllllzo.r02cx)- (16)

Hence , for all I € E,, G = H,(I) belongs to E3. Since [ is non-negative then G is non-negative. Therefore H, is a
well posed map. Since Hj, is a linear function, from the inequality (16), Hj is a continuous map. It is easily to deduce

that H, is a monotone application. O



3.2. The map Hj

In this subsection we introduce some properties of the map Hi.

Theorem 3.3. Let us consider Ty € L>(Q), Ty > 0 almost everywhere in Q and satisfies the hypothesis (6).

Let G € E3 and non-negative. Then the equation (2) has a non-negative solution T = H3(G) € E;.

Proof. For the proof of the existence and uniqueness of the solution of the equation (2), see [2, 27, 15].
First we give a proof of the non-negativity of 7.

Let us consider F defined in (0, 7) X Q X R by
FEx,y) = 0(GE % - 4my’)
then T is the solution of the following equation
9:T(¢,x) — AT(&,X) = F(£, X, T(£, X)) a7
T¢,x)=0 inodQx(0,7)
T(x,0) = Top(x) in Q.
Now, we define F in (0,7) X Q@ x R by

_ 0(G(,x) — 4 4) if >0
Fé.x.y) = ( ) iy
0G(£,X) if y<0.

Let us consider T the solution of the following equation
0:T(¢,x) — AT(£,x) = F(£,x, T(£,%)) (18)
T, x)=0 indQ x (0, )
T(0,x) = To(x) in Q.

Our goal is to prove that the solution T of this equation remains non-negative over the time. In fact, in this case F' and
F coincide, therefore we have by the uniqueness of the solution T = T which is non-negative .
We set T* = max(7,0) and T~ = max(-7,0), suchthat T = T+ - T~.

Multiplying the equation (18) by (=7~) and integrating over £, we obtain
- f 0T (&, x)T™ (£, x)dx + f AT, x)T(£,X)dx = —f F&,x, T)T(&,x)dx.
Q Q o)

Now, we have
- f 0:T(&,x)T™ (£, x)dx = %05 f (T~(£,%))%dx
Q Q
8



f AT (& x)T (&, X)dx = f (VT~(&,x))%dx
Q Q

—f F(&,x, T (¢, x)dx = — f F(&,x, T (&,X)dx = — f 0G(&,x)T~(€,x)dx < 0.
Q {T<0} {

T<0}

Consequently,
1 -
=0 f (T~(¢,%))*dx < 0.
27" Ja

As T7(x,0) = 0 for all x €  because Ty(x) > 0 for all x € , we deduce that 77 (x, &) = 0 for all (x, &) € Q X (0, o).
It follows that T'(x, &) > 0 for all (x, &) € Q x (0, o), hence

F(x,&,T(x,8) = F(x,&,T(x,)).

Then T is the solution of (17) and by uniqueness of the solution 7' = T which proves the non-negativity of T.

In the following, we prove that T € L8(Q;). Let z be the solution of the parabolic problem

0¢z(€,X) — Az(€,x) = 0G(£,x)  for (£,x) €]0,7] X Q
72(£,x) =0 for (¢,x) €]0, 1] X 0Q 19)
2(0,x) = To(x) for x € Q

then we have that 7" < z.
Since G € L*(Q;), Ty € L*() and thanks to a result on parabolic regularity, see [27], then z € WZZ’I(QT) and there
exists a constant C > 0 such that

w210, < C(IG,) + IToll2ce) (20)

Then, we have z € L3(Q;) (see [27, p.80]) and consequently T € L3(Q,).

Since G and T* belong to L*(Q-), we have 8 G — 47T? belongs to L*(Q). Consequently, using the same result on
parabolic regularity we obtain 7' € sz . Qo).

To prove that T = Hi3(G) € E;, we need a more precise control of ||T|zsg,).-

We multiply the equation (2) by T# and we integrate over €, so we obtain

1d
T5(§)dx+4 f (VT ()T (&) dx + 4nb f T8(&)dx = 60 f GT*(¢)dx.
5dé o o o
AsT e W22’1(QT) then T* belongs to L*(0, 7; H) ().
Using the Young’s inequality, we get

1d

S (T2(§))2dx+— f (VT3 (&))2dx + 4n6 f T8(&)dx < — f G2(&)dx + 65 f T8(&)dx.

If we assume € = 27 and we integrate in time, we obtain

! L i
g Oil;gTHT (f)”LZ(Q) + 4||T ”L’(OTH Q) + 37r9||T||L8(Q )y ||G||L2(Q ) g”TO ”Lz(ﬂ)’
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hence
1Ty g < s lGIagy  + Tl
B3Q0) S 1227200 T 1505 V@)
Since G € E, we deduce
8 1
8 5
”T”LS(Q.,) < 4 + 1597_[”TO||L5(Q)'

If the initial data satisfies the hypothesis (6), it follows that

17135 g, < M*.
Thus T € E; and the map Hj is well-posed. O
Theorem 3.4. Under the assumptions of Theorem 3.3, Hs is a continuous map from Ej to Ej.

Proof. Let G1,G, € E3, T1 = H3(Gy) and T, = Hj3(G»). Let us set w = T — T», then w is solution of the following

equation
FW(E, X) — AW(E,X) = —4rb(T} — T)(&,X) + 0(Gy — Go)(£,%)  in (0,7] X Q,
w(&,x) =0 in (0, 7] x OQ
w(0,x) =0 in Q.
We have

w(é) = —47rt9f"]T(§ — s)(Tf - Tg)(s)ds + Gf T - 5)(G1 — Gr)(s)ds
0 0
where T(£) a semigroup of contraction in Hé (€2) generated by the operator A defined by
D(A) = {T € Hy(Q), AT € L*(Q)} and AT =AT, VT € D(A).

Now, using the regularizing effects of the heat equation, see [15, proposition 3.5.7, p.44 ] with p = 8 and g = 2,

we deduce the following inequality

¢ 1 1
W@l <4n0 f —————IT{(s) = T3 (D)l 2yds + 6 f ————lIG1(5) = G2l @yds.  (21)
0 (4n(&—5))27% (4n(é - 5))27%

0

In view of the inequality (12) and the Cauchy-Schwarz inequality , then (21) becomes

1
IWllzs ) <47T9f§—
0 (4n(§ - )

: ds
0 — | IG1 = Ga2llz20.)-
+ (J: (47T(§—S))?‘) 1G4 2ll20,)

[ ) (50 =25
0 (4n(¢ - )i (4n)3 (4n)%

10

IWs @ IT1(5) + Ta(s@(TT + T3l ds

ol—

(22)

l—

We have




Thanks to the generalized Holder’s inequality, we get

1
f e Wl Ty + TS s@ (T + T3S s@ds
(4n(é - 5))

2 8

5
8

We substitute (23) and (24) into (22), we obtain

1 2\75
IW@llzs ) <4n9 f W15 0y@5) IT1 + Tallisi ITT + T3 llzsqg,) + 9(4 . IG1
JT)8

71' s

The estimations (13) and (14) give

1 24
W @llzs (o <4n9 4M3 f WS g ds)° - ‘/)E IG1 - Gallzo)
JT) 8
1 24
4M3 f W5 0ys)” el -Gy = Gallg,)-
( )
Since (a + b)® < 128(a® + b®) for all (a, b) € R, it follows that
8 & osyoa [ 8 6 o 8
@) < =27 M fO[ Il q)ds + =2°TIG1 = Gl
Applying the Gronwall’s inequality, we deduce
9 !') 25 pg24 2
(G = Hy(Gollisg,, < 52Te™ TG = Gallpsgg, -

3.3. Existence and uniqueness of the solution for the coupled system

f ) 1T + TallsgollT? + Tolisign.

= Galleg,)-

(24)

(25)

(26)

Now, we will use an extension of the contraction mapping Theorem for a Banach space (see [32, p. 117] for

example) to prove the uniqueness of the local solution for the coupled system (1)-(5).

Theorem 3.5. If the initial data T satisfies (6) then there exists ™ > 0 such that for all T

map in E.

Proof. H = Hj3 o H, o Hj is a well-posed map because it is composed by a three well-posed maps.

Now, we show that H is a contraction map from E; to E;.

Moreover, synthetically we have

H] HZ
(En N zsw) — (B lllzom2xy) —

T+— I— G

11

Hj
(E3, ll2e0.) — (Bt Izsio.))

< 1%, H is a contraction



Let us consider (T, T, Ty, T>) € E{, (I, 1) € E; and (G, G) € Ej such that

I = Hy(T)), I, =H,(T>)
G = Hy(Iy), G, = Hi (1)

Ti = H3(Gy), T, = H3(G»)

Ty =H(Ty), T, = H(T,).
H,, H, and Hj are a continuous maps , then from (15), ( 16) and ( 26) it follows that
1 = Bll2oczoxoy < 4VIM2|IT; - Tllz3¢0,)»
IG1 - Gallrzo,) < Valll = Lll2o.rr2@x0),
_ _ 63 68 525 124 2
17 = Dol g,y < 27 M TIIG) = Gl
Then we deduce
11 = Talljs g, < 7°y@ITy = Tallfs g

where (1) = 7’:—2225 M2 clearly there exists 7* > 0 such that for all T < 7*, we have
y(r)e’™ < 1.
Hence, H is a contraction map. O
Consequently, the main Theorem 1.1 is a corollary of the last result, Theorem 3.5 .

Proof of Theorem 1.1. E; is a closed subset of the Banach space L¥(Q;), then using an extend Banach Theorem and
Theorem 3.5 there exists 7% > 0 such that for all 7 < 7*, H has a unique fixed-point 7 € E;. T satisfies the equation
(2) therefore, by Theorem 3.1, I = H;(T) is also the unique solution of the equation (1). Thus the couple (7, 1) is a

solution of the equations system (1)-(5) and this solution is unique. O
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