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Entrance and sojourn times for Markov chains.
Application to (L, R)-random walks

Valentina CAMMAROTA* and Aimé LACHAL'

Abstract

In this paper, we provide a methodology for computing the probability distribution of sojourn times for a
wide class of Markov chains. Our methodology consists in writing out linear systems and matrix equations
for generating functions involving relations with entrance times. We apply the developed methodology to
some classes of random walks with bounded integer-valued jumps.
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1 Introduction

We first introduce some settings: we denote by Z the set of all integers, by ZT that of positive integers:
7+ =7N(0,+00) = {1,2,...}, by Z~ that of negative integers: Z~ = ZN (—0o0,0) = {...,—2,—1}, and by Z'
that of non-negative integers: Z' = Z* U {0} = {0,1,2,...}. We have the partition Z = Z* U {0} UZ~. These
settings will be related to space variables. We introduce other settings for time variables: N is the set of non
negative integers: N = {0,1,2,...} and N* is that of positive integers: N* = {1,2,...}.

While nearest neighbour random walk on Z has been extensively studied, random walk with several neigh-
bours seems to be less considered. In this paper, we consider this class of random walks, i.e., those evolving on
Z with jumps of size not greater than R and not less than —L, for fixed positive integers L, R (the so-called
(L, R)-random walks). More specifically, we are interested in the time spent by the random walk in some subset
of Z, e.g., Z' up to some fixed time.

1.1 Nearest neighbour random walk

Let us detail the most well-known example of random walk on Z: let (S,,)men be the classical symmetric
Bernoulli random walk defined on Z. The probability distribution of the sojourn time of the walk (S,,)men in
Z' up to a fixed time n € N*,

T, =#{me{0,....n}: S >0} = > 151 (Sp),
m=0

is well-known. A classical way for calculating it consists in using generating functions; see, e.g., [5, Chap. III,
84] or [18, Chap. 8, §11] for the case of the nearest neighbour random walk on Z, and [5, Chap. XIV, §8] where
the case of random walk with general integer-valued jumps is mentioned. The methodology consists in writing
out equations for the generating function of the family of numbers P{T,, = m}, m,n € N. A representation
for the probability distribution of T;, can be derived with the aid of Sparre Andersen’s theorem (see [19, 20]
and, e.g., [21, Chap. IV, §20]). Moreover, rescaling the random walk and passing to the limit, we get the most
famous Paul Levy’s arcsine law for Brownian motion.

Nevertheless, the result is not so simple. By modifying slightly the counting process of the positive terms of
the random walk, as done by Chung & Feller in [1], an alternative sojourn time for the walk (S,,)men in Z! up
to time n can be defined:

T, = En: O With 6, =

m=1

{1 if (S, > 0) or (Sp, =0 and Sy,—1 > 0), (1.1)

if (Sm < 0) or (Sy, =0 and S,,,—1 < 0).

*Dipartimento di Matematica, UNIVERSITA DEGLI STUDI DI ROMA ‘TOR VERGATA’, Via della Ricerca Scientifica 1, 00133 Roma,
ITALY. E-mail address: cammarot@mat.uniroma2.it, Web page: https://sites.google.com/site/valentinacammarota

tPsle de Mathématiques/Institut Camille Jordan/CNRS UMR5208, Bat. L. de Vinci, INSTITUT NATIONAL DES SCIENCES AP-
PLIQUEES DE LYON, 20 av. A. Einstein, 69621 Villeurbanne Cedex, FRANCE. FE-mail address: aime.lachal@insa-lyon.fr, Web
page: http://math.univ-lyonl.fr/~alachal



In T, one counts each time m such that S,, > 0 and only those times such that S,, = 0 which correspond to
a downstep: Sp,—1 = 1. This convention is described in [1] and, as written therein—“The elegance of the results
to be announced depends on this convention” (sic)—, it produces a remarkable result. Indeed, in this case, the
probability distribution of this sojourn time takes the following simple form: for even integers m,n such that

0<m<n, . L(m A (n=m)
P{Tn =m} =5 <m/2)<(n - m)/2>'

In addition, also the conditioned random variable (T},|S, = 0), for even n, is very simple: it is the uniform
distribution on {0,2,...,n — 2,n}. The random variables (7,,|S,, > 0) and (T},|S, < 0) admit remarkable
distributions as well; see, e.g., [14]. Hence, it is interesting to work with the joint distribution of (Tn, Sp)-

We observe that this approach could be adapted to a wider range of Markov chains.

1.2 Main results

In this paper, we consider a large class of Markov chains on a finite or denumerable state space £ and we
introduce the time T), spent by such a chain in a fixed subset Et of £ up to a fixed time n. Inspired by the
modified counting process (1.1), we also introduce an alternative sojourn time T,,. Let us recall that sojourn
times in a fixed state play a fundamental role in the framework of general Markov chains and potential theory.

We develop a methodology for computing the probability distributions of T}, and T, via generating functions
(Theorems 3.1 and 3.2). The technique is the following: by applying the Markov property, we write out linear
systems for the generating functions of T}, and T},. Though it seems difficult to solve these systems explicitly,
nevertheless they could be numerically solved. We refer the reader to the famous book [5, Chap. XVI], to [10],
[11], [17], [22] for an overview on Markov chains and to the recent book [6] for generating functions.

Next, we apply the general results we obtained to the case of (L, R)-random walk (Theorems 4.1, 4.2 and
4.3). We exhibit explicit results in the particular cases where L = R = 1, namely that of nearest random walk
with possible stagnation (Theorems 5.1 and 5.2), and where L = R = 2, the case of the two-nearest random
walk (Theorem 6.1). In this latter, we illustrate the matrix approach which can be completely carried out.

In the case of the usual Bernoulli random walk on Z, the determination of the generating function of the
sojourn time in Z' goes through that of the first hitting time of 0. In this particular example, level 0 acts as a
boundary for Z! in the ordered set Z. This observation leads us naturally to define in our context of Markov
chains on £ a kind of boundary, E° say, for the set of interest ET which is appropriate to our problem (see
Section 2). This is the reason why we restrict our study to Markov chains satisfying Assumptions (A4;) and
(A2) (see Section 2). Let us mention that, as in the case of Bernoulli walk, entrance times play an important
role in the analysis.

1.3 Background and motivation

Our motivations come—among others—from biology. Certain stochastic models of genomic sequences are based
on random walks with discrete bounded jumps. For instance, DNA and protein sequences, which are made of
nucleotides or amino acids, can be modelled by Markov chains whose state space is a finite alphabet. Biological
sequence analysis can be performed thanks to a powerful indicator: the so-called local score which is a func-
tional of some random walk with discrete bounded jumps. This indicator plays an important role for studying
alignements of two sequences, or for detecting particular functional properties of a sequence by assessing the
statistical significance of an observed local score; see, e.g., [15], [16] and references therein.

Another example in biology concerns the study of micro-domains on a plasmic membrane in a cellular
medium. The plasmic membrane is a place of interactions between the cell and its direct external environment.
A naive stochastic model consists in viewing several kinds of constituents (the so-called ligands and receptors)
as random walks evolving on the membrane. The time that ligands and receptors bind during a fixed amount
of time plays an important role as a measurement of affinity/sentivity of ligands for receptors. It corresponds
to the sojourn time in a suitable set for a certain random walk; see, e.g., [13].

Let us mention other fields of applications where entrance times, exit times, sojourn times for various random
walks are decisive variables: finance, insurance, econometrics, reliability, management, queues, telecommunica-
tions, epidemiology, population dynamics...

More theoretically, several authors considered (L, R)-random walks (i.e., with integer-valued jumps lying
between —L and R where L and R are two positive integers) in the context of random walks in random
environment. When fixing the environment, the quenched law they deal with is associated with a (L, R)-
random walk. Let us quote for instance a pioneer work [12]; next [3] and [4] where the jumps are +2 and —1
(viz. (1,2)-random walk); [2] and recent papers [7], [8], [9], corresponding to the particular cases L = 1 or
R =1, namely the jumps are 1 in one direction and greater than 1 in the other direction. Many other references
can be found therein.



In all the aforementioned papers, one of the main motivation is the study of recurrence/transience and the
statement of a law of large numbers for random walk in random environment. Important tools for tackling
this study are passage times, exit times from bounded intervals, ladder times, excursions... in the quenched
(i.e. fixed) environment. For instance, in [8], the authors study the passage time and the sojourn time above a
level before reaching another one. In [7], the authors are able to compute generating functions of exit times of
(2,2)-random walk (see also [2] for the case of (1, 2)-random walk). In particular, in [9], we can read: “These exit
probabilities [in deterministic environment] play an important role in the offspring distribution of the branching
structure, which can be expressed in terms of the environment” (sic).

1.4 Plan of the paper

The paper is organized as follows. In Section 2 we introduce the settings. In particular, inspired by (1.1),
we elaborate an alternative counting process. In Section 3 we consider several generating functions and, in
particular, in Theorems 3.1 and 3.2, we describe a method for computing the generating functions of (7., X,,)
and (T,,, X,,) for a general Markov chain satisfying Assumptions (A4;) and (Ay). Since the proofs of Theorem 3.1
and 3.2 are quite technical, we postpone them to Section 7 as well as those of auxiliary results. In Section 4 we
apply the methodology developed for general Markov chains to the class of (L, R)-random walks by adopting a
matrix approach. Finally Section 5 and Section 6 are devoted to the more striking examples of ordinary random
walks and symmetric (2,2)-random walks.

2 Settings

Let (X,)men be a homogeneous Markov chain on a state space € (which is assumed to be finite or denumerable)
and let Ef, E° be subsets of £ with E° C Ef. We set E¥ = ET\E°, E~ = \E! and E* = §\E° = E*Y U E~.
Actually, we partition the state space into &€ = ET U E° U E~. We will use the classical convention that
min(@) = 400 and that Zg:p = 0 if p > ¢q. Throughout the paper, the letters 4, j, k will denote generic space
variables in £ and ¢, m,n will denote generic time variables in N. We also introduce the classical conditional
probabilities P;{---} = P{---| X, = i} and we set p;; = P;{X; = j} for any states 4,j € £.

2.1 Entrance times

It will be convenient to introduce the first entrance times 7°, 71,7+, 7=, 7% in E°, Et, Et, E~, E* respectively:

7° = min{m € N* : X,;, € E°},
71 = min{m € N*: X,,, € B},
77 = min{m e N*: X,,, € B},
77 =min{m e N*: X,,, € E},
7% = min{m € N* : X,,, € E*}.

We plainly have 77 < 7° and 7+ = 7+ A7~. Additionally, we will use the first entrance time in E* after time 7°:
7+ =min{m > 7°: X,, € B}
As a mnemonic, our settings write in the example of the classical Bernoulli random walk on £ = Z, with the

choices E° = {0}, Ef =71 ={0,1,2,...}, EY =72+ ={1,2,...}, B =Z~ ={...,—2,~1} and E* = Z\{0},
as

7¢ = min{m € N* : X,,, =0},
71 = min{m € N* : X,,, > 0},
77 = min{m € N* : X, > 0},
77 = min{m € N* : X,,, < 0},

7% = min{m € N* : X,,, # 0},
= min{m > 7°: X,,, # 0}.
We make the following assumptions on the sets ET and E°:

(A1) if Xo € E~, then 7° = 71. This means that the chain starting out of ET enters ET necessarily by passing
through E°;



(As) if Xg € ET, then 7° < 77 — 1 or, equivalently, 7= > 7° + 1. This means that the chain starting in ET
exits FT necessarily by passing through E°.

Roughly speaking, E° acts as a kind of ‘boundary’ of Ef, while ET acts as a kind of ‘interior’ of Ef. These
assumptions are motivated by the example of integer-valued (L, R)-random walks for which jumps are bounded
from above by R and from below by —L (L, R € N*, L for left, R for right, the jumps lie in {—L,—L+1,...,R—
1, R}). If we consider the sojourn time above level 0, we are naturally dealing with a ‘thick’ boundary above 0:
E° ={0,1,..., M} where M is the maximum of L and R. Section 4 is devoted to this class of random walks.

2.2 Sojourn times

We consider the sojourn time of (X,,)men in ET up to a fixed time n € N: Ty = 0 and, for n > 1,
T,=#{me{l,..n}: Xpn € BT} = 1p:i(Xpm).
m=1

The random variable T,, counts the indices m € {1,...,n} for which X, € Et. Of course, we have 0 < T}, < n.
Inspired by the observation mentioned within the introduction concerning the alternative counting process (1.1),
we define another sojourn time consisting in counting the m € {1,...,n} such that

e cither X,, € ET,
eor X, € E°and X,,_1 € ET,

e or X, X1 € E°, X,_o € E¥,

eor X,,,...,Xo € E°, X, € ET.

Roughly speaking, we count the X, lying in E* or the X,, lying in E° ‘coming’ from a previous point lying in
E*. Let us introduce the following events: By = Ag; = {X; € E*} and for any m € N\{0,1},

AO,m :{Xm S E+},
Agym = {Xm, Xm—1yee s Xm—rvy1 € EO} n {mel S E+} for £ € {1, e, m — 1},
Bm :AO,m U Al,m u---u Am—l,m-

In other terms, we consider the sojourn time defined by T, = 0 and for n € N*, setting 8,,, = 1g,,
Ty=#{me{l,..n}:6p =1} = 6.
m=1

It is interesting to know when, conversely, we do not count X,, through this process. This boils down to
characterize the complement of B,,. For this, we set also B} = Aj ; = {X; € EZUE°} and for any m € N\{0, 1},

A6,m = {Xm € Ei}a
A =X, Xne1s oo Xt € E°Y N {Xpog € BT} for L€ {1,...,m—2},
At =X X1, X2 € E°} N {X1 € E7 UE®Y,
B, =AyUA,,U---UA, ..
We have the following property the proof of which is postponed to Section 7.

Proposition 2.1 For any m € N*, the set B}, is the complementary of By,: B., = BS,.
Remark 2.1 The sets Agm, 0 < < m—1, are disjoint two by two, and the same holds for A}, .., 0 <{ <m-—1.

l,m?’
Hence, from Proposition 2.1, we deduce the following identities:

(Sm:Z]lAg,m :lle :1_]13% :1_13411 :1_21‘427”'
s £=0 ,



Our aim is to provide a methodology for deriving the joint probability distributions of (7;,, X,,) and (Tn, Xn).
For this, we develop a method for computing the generating functions Z7n,n<€N: Pi{T, = m,X, € F}azmy" ™

(Subsection 3.2) and Z'm,n<EN: P{T, = m,X, € F}x™y" ™ (Subsection 3.5) for any subset F' of £&. When

F = &, these quantities are simply related to the probability distributions of T, and T},. When F = {i} for a
fixed state i € &, this yields the probability distributions of the sojourn times in Et up to time n for the ‘bridge’
(i.e., the pinned Markov chain) (X,,|X,, = i)me{o _____ n}-

Actually, concerning T},, we will only focus on the situation where X, € E° X; € E* for lightening
the paper and facilitating the reading. That is, we will only provide a way for computing the probabilities
P{X; € EX T, =m,X, € F} for i € E° (Theorem 3.2). The study of T,, subject to the complementary
conditions Xy, X; € E° or Xy ¢ E° could be carried out by using the results obtained under the previous
conditions. We explain below with few details how to proceed.

e Under the condition Xy, X1 € E°, we consider the first exit time from E°, namely 7%, Then, the first terms
of the chain satisfy X, X1,...,X,+_, € E° and X,= € F* and we have T,+_; = 0. Viewing the chain
from time 7% — 1, the facts X,+_; € E°, X,+ € E* are the conditions analogous to X, € E°, X; € E*.

e Under the condition X ¢ E°, we consider the first entrance time in E°, and next the first exit time from
E°, namely 7%. Then, the first terms of the chain satisfy Xo, X1,...,X,0_1 € E*, X,0,..., X;2_, € E°
and X;+ € E* and we have Th+_; = 7+ — 1if Xg € E* and Tr+_; = 0 if Xy € E~. From time 7+ — 1,
the facts X;+_; € E°, X;+ € E* are the conditions analogous to X, € E°, X; € E*.

In both situations, we could perform the computations by appealing to identities similar to (7.10) (which are
used for proving Theorem 3.2) with the help of Markov property. We will let the reader write the details.

3 Generating functions

3.1 Generating functions of X, 7°, 71,7+ 7~

Let us introduce the following generating functions: for any states i,7 € &, any subset F' C £ and any real
number x such that the following series converge,

Gij(a:) = Z ]P)i{Xm = j}l‘m, GZ(JZ) = Z Pi{Xm < F} " = ZGU(J;)’
m=0

m=0 JEF
oo
HY(z) = Z P{7° =m, X0 = jta™ =E; (a7 Lyx o=j}),
m=1
t + _ -

Hfj(@) =Ei(2" x =), Hij(@) =Ei(a” Lix =), Hj(@) =Ei(a” Lix —j).
In the above notations, the indices ¢ and j refer to starting points and arrival points or entrance locations while
superscripts o, 1, 4+, — refer to the entrance in the respective sets E°, ET, ET, E~. Moreover, for lightening the
settings, when writing X,« = j in HZ(J:), u € {o, t,+, —}, we implicitly restrict this event to the condition that
7% < 400 and we omit to write this condition explicitly.

For determining G;;(z), the standard method consists in using the well-known Chapman-Kolmogorov equa-
tion: for any m € N, £ € {0,...,m} and ,j € £,

Pi{Xm =j} =Y P Xy =k} Pe{ X = j}. (3.1)
ke&
In particular, by choosing £ = 1 in (3.1), we have, for m > 1, that
Pi{ X = j} = > pir Pi{Xmm—1 = j}
ke&
and we get that

Gij(x) =65+ ) (Zpik Pe{Xm—1 = j}) 2™ =0+ Y pik Y Pr{ X1 =j}a™

m=1 \ ke& ke& m=1

We obtain the famous backward Kolmogorov equation

G”(x) = (57;]‘ + prikaj(x) for i,] € E. (32)
ke&



Similarly, by choosing ¢ = m — 1 with m > 1 in (3.1), we get the forward Kolmogorov equation
Gij(x) = d;; + prijik(x) fori,je&. (3.3)
ke&

For determining H)(z), we observe that for i € £, j € E° and m € N*, if Xo =i and X,,, = j, then the chain
has entered E° between times 1 and m. In symbols, appealing to the strong Markov property,

Pi{Xm =} =P{r° <m,Xpm=j} =Y Y P{r® =0 Xro =k} Pp{Xp_s = j}.
(=1 keE°

Therefore,

m=1

Gij(x) =Pi{Xo=j}+ > (Z S P =1, X0 = k}Pp{ Xy = j}) z™

(=1 keE°

= 51']' + Z Z Pi{TO = f, X0 = k‘} Z ]P)k{Xm_g = ]}Jﬁm

(=1 keE° m=/{

(Sij + Z Z Pi{TO = E, XTo = k} {EZG]CJ'(.T)

£=1 keE°
=0+ > Bl Iix 0mky) Gij(2).
keE°
We get the equation
Gij(x) =0y + Y Hy(2)Grj(z) forieé&,jeE°. (3.4)

keE°

Let us point out that, due to Assumptions (A1) and (A4s), (3.4) holds true for i € E*, j € E~, and also for
i€ E~, j € E'. In the same way, we have that

Gij(x) =0ij+ Y HJ(x)Gyj(z) forie&, je BT, (3.5)
keET

Gij(x) =6+ > Hj(x)Gyj(x) forie&, jeET, (3.6)
keE+

Gij(x) =6+ > Hy(x)Gyj(z) foric €, jeE. (3.7)
keE—

Moreover, if i € E~, then, by Assumption (A;), 77 = 7° which entails that HL(x) = Hp(x). Ifi € BT,
then, by Assumption (Ay), 71 = 1 which entails that Hjj(a:) =pijz. Ifi € E°,

Hj](x) = Z ]Ei(mTT]l{XlthTr:j}) + Z Ei(xﬁ]l{xl:"v‘,xr’r:j})'
keEt keE—

If X; € E, then 77 = 1 while if X; € E~, then 71 = 7°. Now, let us introduce the first hitting time of
ET by (X;)men: 77 = min{m € N : X,, € Et}. Of course, we have 77/ = 0 if Xq € Ef, 77/ = 71 if
Xo € E~ and 7 is related to 71 according to 77 = 1 + 71/ 0 §; where 6, is the usual shift operator (acting as
Xmob) = Xpp1). Moreover, X+ = X, 06;. With these settings at hand, thanks to the Markov property, we
obtain E; (mTT ]l{Xl:k,erzj}) = pir ¢ Eg (xTWIL{XTT,Zj}) which yields that

§jkpikx if k € ET,

i
E: (x™ 1 _ . = o
z(-l? {Xl—k,XﬁfJ}) {pzkx]Ek(mT ]]-{XTo:j}) ifke E—.

As a result, we see that the function HL can be expressed by means of H7; according to

HY (z) if i € B,
Pij T if 7 € E+,
H\(z) = (3.8)
z(pij + Z pikH,‘jj(x)> ifi € E°.
keE-



In the sequel of the paper, we will also use the generating functions below. Set, for any i € £ and j € E°,

HZT(x) E; (JU l{XleET X o—]})

Hi(2) = Ei(27 Lix,en+ X,0=5});

HY (2) = By (27 Lix,em- X,0=)})-
In short, H}2(x), u,v € {o,1,+,—}, is related to time 7* and the first step X; € E¥. We propose a method
for calculating HZ-C;-T (), Hioj'*' (z) and Hj; (x). For this, we introduce the first hitting time of E° by (Xy,)men:
7 = min{m € N: X,,, € E°}. Of course, we have 7% = 0 if X € E°, 7 = 7° if X ¢ E° and 7% is related

to 7° according to 7° = 1 + 7 0 6;. Moreover, X, o = X, o 0 f;. With these settings at hand, thanks to the
Markov property, we obtain, for any i € £ and j € E°, that

HOT )=z Z pir B (2™ ]1{X w=j}) ( Z PikOkj + Z pik B (27 I{X,o_]})>

keET keE° keE+

which simplifies into
HYl (z) = il?<pij + Z Pz‘kHEj(l’)) (3.9)
k€E+

Similarly,
H°+ == Z pzkaj ), f] == Z pzkaj (3.10)
keE+ keE-
3.2 Generating function of 7,

Now, we introduce the generating function of the numbers P;{T,, = m, X,, € F}, m,n € N: set, for any i € £
and any real numbers z,y such that the following series converges,

Ki(z,y) = ZIP’{T—mX € Fya™y" ™.

m,neN:
mg'n,

In the theorem below, we provide a way for computing K;(z,y).

Theorem 3.1 The generating function K;, i € £, satisfies the equation

Ki(ey) = Ki(w,0)+ Ki(0,9) + 3 (HO’% )+ ))Km,y)
jepe (3.11)
=Y Hil(@)K;(x,0) — 1p(i)

jek°
where, for any i € £,

K;(z,0) -> H ), Ki(0,y) - > H (3.12)

jeEE~ jEET

and where the functions H;;, j € E~, and HW j € ET, are given by (3.5) and (3.7), and the functions HZ—T
and Hp:~, j € E° are given by (3.9) and (3.10).

Remark 3.1 If we choose F =&, for all state i in £, we simply have G;(x) = 72— and (3.12) yields

1 —Ei((ET_)
1—=z

1— El (yTT)

K;(x,0) =

B K’L(O7y) =

Remark 3.2 If E° reduces to one point ig, then, for i =1ig, (3.11) immediately yields

(1 - Hzozo (‘T)) io(z O) + Kio (Ovy) - ]]-F(ZO) '
L= Hl, (#) = 5 Hig (v)

Moreover, HfoTiO (z) and Hy; (y) can be computed thanks to Formulae (3.9) and (3.10) with the aid of Hy; (v) =
Grio(2)/Gigio () which comes from (3.4).

Kio(x,y) =



Let us mention that due to (3.11), it is enough to know K;(x,y) only for i € E° to derive K;(x,y) for i € E\E°.
Indeed, we have the connections below.

Proposition 3.1 For i € E\E°, K;(x,y) can be expressed by means of K;(x,y), j € E°, according to the
following identities: if i € BT,

Kilog) = Gilo) = Y @Gy (0 + Y HY (@)K, (w.9) (.13
jeEo° jeE°
and if i € E—,
Ki(z,y) = Gi(y) — > HY(y)G; Z z,y). (3.14)
jeE° ]EE“
3.3 Generating functions of 7+ and 7+

From now on we restrict ourselves to the case where Xy € E° and X; € E*. In Subsection 2.2, we have
indicated how to treat the complementary case. Let us introduce the following generating functions: for any
1, € E°,

rE_ = . m—
H(2) =Bi(2™ 'lgx o =y) = > Pi{rE =m,Xoe g =j}am !,
m=1

- - > - . _
H5t () =Ei(e™ 'ixeprx.s =5y) = O Pi{X1 € BV, 75 =m, Xzu_y = j}a™ !,

m=1
~ ~j: 0
Hs_(a:) =Ei(z™ ixiep-x.0 —j}) = Z P{X1 € E7, 75 =m, X;e_y = j}a™ "

By noticing that ¥ = 7° 4+ 7% 0 6o where 6, acts on (X,,)men as Xy, 0 070 = X,y -0 and by using the strong
Markov property, we have that

f{fr(l“) = Z Ei(mToﬂ{X1€E+,XTo:k})Ek (xTi_l]l{XTLl:j})y
keEo

and a similar expression holds for H ij[_(x) In short, we have obtained that

HiY(x)= > HyN@)Hio(x), HE (z)= Y Hp (x)H(x),
keE° ke E°
and, by (3.10),
Hif(a)=2 Y paHy(@)HE(), HS (@)=z > puHp(x)Hj (). (3.15)
keEt (e E° keE— lcE°

Hence, we need to evaluate Hﬁ(m) for i,7 € E°. We note that, if X; € E*, then 7% =1 and X,=_; = X,
so that we get

T -
Hi(x) =Bi(27 xept x . —jp) T E(@™ "ix,emox. o =5})

+
= 51]]P)1{X1 € Ei} +x Z Pl{Xl = k}Ek(xT 71]]‘{X7.j:_1=j})'
keE°

As a result, we obtain the following equation: for ¢,j € E°,

H;;(ﬂﬁ) =6,;P{X1 € E*} + =z Z pikH,j;-(m). (3.16)
keE°

Remark 3.3 If E° reduces to one point ig, then (3.16) immediately yields Hiio () = (1 = pigio) /(1 — Digiox)
which in turn yields that

1-— 1— s
Pigig H0+( )7 Hi ( )_ Pigig HO= (I)

100 00 00
1- Pigio® 1 — Pigio®

++

Hlolo( )
If we additionally impose the (more restrictive) condition that the Markov chain does not stay at its current
location in E°, that is, p;; = 0 for any i € E°, then we simply have x) =1, H5 (2) = H°Y (2) and

4 0t0 2020
Hi (2) = HYG ().

0o 0o

zozo(



3.4 Generating functions of X, 7+, 7~ subjected to X, € £+

In what follows we need the generating functions below: for any i € E°, we set

G (x ZP{X1€E+X € F}a™,

m=0

Gi(x)= Y P{X1 € E", X, € F}a™
m=0
forie E°,j € E—,
Hi it (x) = Z Pi{X, € EY,77 =m,X,— =j}a™ =Ei(27 Lix,ep+.x,_—j});
fori € E°,j € ET,

H;E_(JU): Z]Pi{Xl EE ,7h=m, X+ =j}a™ =E;(a” ]l{XleE X4 —i1)-

By the Markov property, we clearly have that

Gf(z) = 1p(i)P{X1 € ET} +2 > p;Gi(2),

JEET

) (3.17)
Gy (z) = 1p(i)Pi{X1 € E"} +x Y pi;G;(2)
JjEE~
and
G (@) =ua Z pinHy,(x), HJ =x Z piH (3.18)
keE+ keE—

3.5 Generating function of T},

Now, we introduce the generating function of the numbers P;{X; € EiJN“n =m, X, € F}, m,n € N: for any
1€ B°,
Ki(z,y)= > P{X1€ E*T,=m,X, € F}a™y" "
m,neN:
m<n

In the following theorem, we provide a way for computing K;(z, ).

Theorem 3.2 The generating function f(i, 1 € E°, satisfies the equation

Ki(z,y) = Ki(2,0) + K;(0,9) + > (HE (2) + HE (1) K (z,p)

jeEE°
- > Hi(x - > H; (0,y) — 1p(i)P{X, € E*}, (3.19)
JjeEE° jJjeEE°
where, for any i € E°,
Ki(x,0) - > H* (z) + 1p()P{X, € B~ },
JEE™ (3.20)
K;(0,y) - > H (y) + 1p()P{X, € BT},
JEET

and where the functions ﬁlfr and }NIz%*, 1,7 € E°, are given by (3.15) and the functions Hi;Jr, 1€ E° je E™,
and Hgf, i€ E°, j € ET, are given by (5.18).

Remark 3.4 If we choose F = &, for all state i in £, we simply have G (z) = P;{X; € E*}/(1 — x) and
G; (z) =P{X1 € E7}/(1 — ), and (3.20) yields

- 1 _
Kl(l‘,()) :m(Pi{Xl EEi}—J)Pi{Xl EE_}—QT Z pij]Ej(xT )),
JEET

Ri(0.) = 7 (PAX1 € B} —yB{Xi € B =y 3 py By ().

JEE~



In view of Remark 3.3, if E° reduces to one point ig, then (3.19) immediately yields the explicit expression
below.

Corollary 3.1 If E° reduces to one point ig, then

K (z,y) = (1- ﬁijo () Ky (2,0) + (1 = ‘H;E;O (1)) Kio (0,y) — L7 (io) (1 — Pigis)
S L - HE(x) — Hi ()

0o i0lo

Moreover, under the additional assumption that the Markov chain does not stay at its current location in E°,
that is p;; = 0 for any i € E°, the generating function K;, can be simplified into

= _ (1—H% (x))Kio (,0)+ (1 - HG (y))kio (0,y) — 1r(io)
Rulnn = T g () A, ) |

0o 0o

4 Application to (L, R)-random walk

The algebraic equations (3.11) and (3.19) satisfied by the generating functions K; and K;, i € E°, produce
linear systems which may be rewritten in a matrix form possibly involving infinite matrices. In this section, we
focus on the case of the (L, R)-random walk. In this case, the systems of interest consist of a finite number of
equations and may be solved by using a matrix approach that we describe here. We guess that this approach
provides a methodology which should be efficiently numerically implemented.

4.1 Settings

Let L, R be positive integers, M = max(L, R) and let (U)sen+ be a sequence of independent identically dis-
tributed random variables with values in {—L,—L+1,...,R—1,R}. Put m; =P{U; =i} fori € {-L,..., R}
and 7; = 0 for i € Z\{—L,...,R}. The common generating function of the U,’s is given by

L+R

R
E")= > my =y "> moy.
, par

j=-L

Let Xy be an integer and set X,,, = Xy + 2?:1 Uy for any m € N*. Set Uy = Xy, and notice that X, is the
partial sum of the series Y Uy. The Markov chain (X,,)men is a random walk defined on €& = Z with transition
probabilities defined as p;; = P{X,,41 = j| X;» =i} = mj_;. The jumps are bounded and we have that

pij =0forjé{i—L,i—L+1,...,i+ R}. (4.1)
We choose here

E°={0,1,...,M — 1},
Ef ={0,1,...},
EY ={M,M+1,...},
E-={..,-2-1).
The settings of Section 2 can be rewritten in this context as
T,=#{me{l,...,n}: X, >0},
7 =min{m e N*: X,,, € {0,1,..., M — 1}},
71 = min{m € N* : X,,, > 0},
7t = min{m € N*: X,,, > M},
77 =min{m e N*: X,,, < —1}.
It is easy to see that Assumptions (A;) and (Az) are fulfilled. Indeed,

e if Xy <0, then Xo,Xq,..., X +_;<0and X+ >0. Since X+ =X+ _1+U,+, X+ <—-land U, <R,
we have X < R—1< M —1. Thus 71 = 7

o if Xog > M, then Xo,X,...,X,—_; >0and X,- <0. Since X, ; = X,- —U,—, X,- < —1 and
U—->—-L wehave X.- {<L—-1<M—1. Thus° <7~ — 1.

10



Now, we can observe the following connections between the foregoing times. Invariance by translation implies
that upshooting level M (respectively downshooting level —1) when starting at a level i < M — 1 (respectively
i > 0) is equivalent to upshooting level 0 (respectively downshooting level M — 1) when starting at a level i — M
(respectively i + M). In symbols, we have that

P{r—=m,X,- =j} =Piyu{r°=m,X;o =j+ M} ifi>0,
Pi{T+ :m,X7—+ :j} :]P)i_]u{’ro :m,XTo :ij} if ¢ S M*l,
and we deduce the identities below:
Hg(x) =H pjj_m(z) forany i <M —1, H(x) = H} p 40 (z) for any i > 0. (4.2)
Additionally, by (3.8),
Hfj(as) if 1 < -1,
Pij T if i > M,

-1
m(pij + Z pikH;Sj(a:)> ifo<i<M-—1.
k=—M

4.2 Generating function of X

Recall that Gyj(z) = > o°_ Pi{X,, = j} 2™ In the framework of random walk, we have the identity G;; = Go;j_;
for any integers i, j; then it is convenient to introduce the notation I'; = Gy; so that G;; =1I';_;. We have the
result below.

Proposition 4.1 The generating function I';_; admits the following representation: for x € (—1,1),

S T sy
2 TP |
Lji(x) = 2p(g)i—i+L—1 (4.4)
B () oo
L PG e
LeL+ z
where zg(x), £ € {1,..., L+ R}, are the roots of the polynomial P, : z + 2z — Z]L:OR mi—rz and

Lr={te{l,....L+R}:|2z)| >1}, L= ={Ce{l,...,L+R}:|z(x) <1}

PRrROOF
We introduce the double generating function of the numbers Po{X,, = j}, m € N, j € Z:
Gla,y) =Y i)y’ =) (ZIP’o{Xm = j}yj>w’” =Y Eo(y¥m)am =" [E(y")]"
JEL m=0 \ jEZ m=0 m=0
which can be simplified, for real numbers z,y such that |z E(y")| < 1, into
1 yL
G(z,y) = = T

1—aB(y")  yb—ay

Let us expand the rational fraction y — G(xz,y) into partial fractions. For this, we introduce the polynomial
P.(z) =zl -2z ZJZFOR mj—1z? and assume that |z| < 1. We claim that the roots of P, have a modulus different
from 1. Else, if €' was a root of P,, we would have E(eigUl) = 1/x. This equality would simply entail that
|z| = 1/ |E(e!?V1)| > 1 which contradicts our assumption on x. Denote by z(z), £ € {1,..., L + R}, the roots
of P,. By the foregoing discussion, we can separate the roots having modulus greater that 1 from those having
modulus less that 1; they define the two sets £ and £~. With these settings at hand, we can write out the
expansion of G(z,y) as
L+R (ZE)L 1

G =3~ B
=1

w(ze(2)) y — 2e()

Next, by applying Taylor and Laurent series, we get
—+oo

y’ . :
—Z @) if £ € L1 and |y| < mingep+ |ze(z)],
D =
y — ze(x) - Yy’ . _
Z @) T if ¢ € £~ and |y| > maxye- |2e(2)],
j=o0

and, since G;;(z) = T'j_;(x), we extract by identification (4.4). O

11



4.3 Generating function of 7, and Tn

Our aim is to apply Theorems 3.1 and 3.2 to (L, R)-random walk. First, we make the following observations
which will be useful:

o if Xog >0, then X - € {-M,...,—1} and if X9 < M — 1, then X+ € {0,...,2M — 1} and X+ €
(M,...,2M —1};

o if 7 > 1, then X, < M — 1, or, equivalently, if X,+ > M, then 7 = 1. Thus HT (y) =pijyifj > M.
Now, we rephrase Theorem 3.1 in the present context.

Theorem 4.1 The generating functions K;, i € {0,..., M — 1}, satisfy the system

M-1 2M—1
Ki(z,y) ==z (p” + Z piHy; (v Z pirHy; (y ) i(x,y) + Ki(z,0) + K;(0,y) — 1r(3)
j=0 k=M
M-1 oM —1
-z Z (pij + Z pikH,‘gj(x)>Kj(x,O), 0<i<M-1, (4.5)
=0 k=M
where
M—1
KZ(J),O Z H—MJ ] M(J?),
2M—1 M-1 -1 (4'6)
Ki(0,y) = —y Z piGiw) =y > Y puHy(W)G5(),
j=0 k=—M

and where the functions Hy; solve the systems

M—-1

> Hy(2)Grj(x) = Gij(z), M<i<2M—1,0<j<M-—1,

JI\C/I:—OI (4.7)
> H(y)Giyl(

k=0

y)Gri(y) = Gijly), —-M<i<-1,0<j<M-1

PRrROOF
By the observations mentioned at the beginning of this subsection, Equations (3.12) take the form, for 0 < i <
M -1,

Ki(e,0) = Gila) — Y H;(@)Gi(2),
—M
M—1 2M—1

K(Oy ZH” _yzpu

Jj=

<.
| |

which can be rewritten, due to (4.2) and (4.3), as (4.6). These latter contain the terms Hp;(x), M <i <2M —1,
0<j<M-1,and H%(y), —M <i<-1,0<j < M-1. By (3.4) and (4.1) we see that they solve Systems (4.7).

Next, in order to apply (3.11) to compute K;(z,y), we have to evaluate the quantities HJ (z) and H}; (y).
Because of (4.1), in view of (3.9) and (3.10), we have that

2M—1
H%T(:v) = x<pij + Z pikH]?j(x)> = CU(Pz‘j + Z PikHEj(ﬂc)), 0<i,j<M-1,

keZ: k=M
M<k<i+R
HY (y)=y > paHyy) =y Z picHg(y), 0<ij<M-1
h=—M

Finally, putting these last equalities into (3.11) yields (4.5). O

Now, let us rephrase Theorem 3.2 in the present context. Set w; = P;{X; < —1or X; > M}.

12



Theorem 4.2 The generating functions f(i, i €{0,...,M — 1}, satisfy the system

Ki(z,y) = i( Z szkae ) +y Z Zplkaz ( ))f( (z,9)

7=0 k=M (= —M ¢=0
M—-12M—-1M-1 ~
—x >k HRy () Hj (2) K (2, 0)
j=0 k=M £=0
M-1 -1 M-1 B
-y > Pk Ho () Hy; () K50, ),
j=0 k=—M (=0
+ Ki(x,0) + K;(0,y) — 1p(i)w;, 0<i<M-—1, (4.8)
where
~ 2M—1 M—-13M-1
Ki(z,0) =2 Y pyGi(x) =2y Y pir-aHY ()G n(@) + 1p(i)m,
j=M j=0 k=2M
~ —1 M—-1-M-1 (4.9)
Ki0,y) =y > piGi) =y Y Y pirssHY ()G (y) + Lp(i)am,
j=—M j=0 k=—2M
and where the functions H;; and Hlj][ solve the systems
Z HS,(2)Grj(x) = Gij(z), M <i<2M —1 (resp. 2M <i<3M —1),0<j <M —1, (4.10)
Z HS(y)Crjly) = Gij(y), —M <i<—1 (resp. 2M <i<-M—1),0<j<M—1, (4.11)
M-1
> (6ix — pina)Hpy () = 655, 0 <i,j < M—1. (4.12)
k=0
PRrROOF

By the observations mentioned at the beginning of this subsection and by applying Formula (3.17), Equa-
tions (3.20) take the form, for 0 <i < M —1,

S (4.13)
Ki(0,9) Z (v) + 1p(i)P{ X, > M}.
j=M
And, by (4.1), Equations (3.18) yield that
2M—1
@) =2 Z pinH(z), 0<i<M-1,-M<j<-1,
(4.14)

Hi( —yszkaj ), 0<i<M-—1,M<j<2M-—1.

Actually, the terms H(z), M <i<2M —1, -M <j < —1and H;}(y), -M <i < =1, M < j <2M — 1 are
directly related to the function H; according to (4.2). Hence, putting (4.2) into (4.14), and next the obtained
equality into Equations (4.13), these latter can be rewritten as (4.9).

On the other hand, by (3.4), the terms Hp;(x), 2M <i <3M —1,0<j <M —1, and H,(y), —2M <i <
—M—1,0<j<M—1lying in (4.9) solve Systems (4.10) and (4.11).

Additionally, by rewriting Equations (3.15) as

2M—-1M-1 -1
Hi+ Z Z piHy(x (33), Hi =Y Z Z PiHEo(y ( )
k=M (=0 k=—M (=0

and putting them into (3.19), we derive (4.8).
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Finally, thanks to (3.16), we see that the terms H,ztj solve System (4.12). O

Since all the systems displayed in Theorem 4.1 and 4.2 are linear and include a finite number of equations,
it is natural to solve them by matrix calculus. For this, we introduce the matrices below. We adopt the
following intuitive settings: the subscripts +,{ (double-plus), —, = (double-minus) refer to the appearance of
the quantities +M, +2M, —M, —2M in the generic term of the corresponding matrices, the subscript { refers
to the set of indices {0, ...,2M — 1} while the superscripts +, —, & refer to the events {X; > M}, {X; < -1},
{X1 <-1or X; > M}. So, with these conventions at hand, we set

I= (5ij)03i,j3M—1’ I = (5ijwi)0§i,j§Mfl’
1r = (Lr())geicn1e L5 = (Lr()®i)gicpr s
P=(mj-i)ocijerr—1r L@ = (Ti=i(®)oc; scnr_1>
P_= (”ﬂ'—’?—M)osujSM—l’ Py = (Tjmism)oesjerr—v Pt = (”j—i)oggM—l,OSjgzM—l’
T_(2) = (Tjoi-nm(@)ges senryy T=(@) = (Tjmicanr(®)) gy ops1s
Py(2) = (Tjoirnr (@) oes ey L) = (Timivans (@) ooy soprys
G(z) = (Gi(®)) gcicpsr» G=() = (Gimm (@) gcicps 1
Gi(2) = (Girnr(2) gcicns_1s Gt(@) = (Gi(®)) gcycans1-
K(z,y) = (Ki(@,9)ocicnr_yr  K@,9) = (Ki(@,9)) gy pr_y-

Example 4.1 Consider the case where M = 2, that is the case of the —at most— four nearest neighbours random
walk (including the (1,2)-, (2,1)- and (2,2)-random walks). In this situation, the walk is characterized by the
non negative numbers w_o, T_1, Ty, 71, T2 Such that m_o + m_1 + m9 + 71 + M2 = 1 and we have w; = 0 for
i€ Z\{-2,-1,0,1,2}. Recall the notation T'; = Go; for any integer j. Below, we rewrite the previous matrices:

= 1 0 I:E_ 177T077T1 0
o 0 1)’ o 0 1—’/T0—’/T,1 ’

e (i) = (i)

P<7T0 7r17 P+(772 O>, P_<7r2 7T1)7 PT<7TO ™ T O>,
m_1 T L ) 0 T_9 w1 T T T2

= (£ ). = (B0 ), o= (L) ),

Theorem 4.3 The generating matriz K admits the representation K(z,y) = D(x,y) " 'N(z,y) where

D(z,y) =1 —z(P+P4T_(2)l(2) " +P_T4(y)T(y) ),

(4.15)
N(z.y) = (I-2(P +P4T_()F(x) 1)) (G(z) - T_()T(x) G (x))
+G(y) —yP1G(y) -y P_T(y)L(y) ' G(y) - 1r.
The generating matriz K admits the representation K(x,y) = D(z,y) 'N(z,y) where
D(z,y) =T—aP,T_(2)[(x) '(T—2P)"'TF —yP_Ty (y)T(y) ' I —yP)'TF, )
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N(z,y) = (I- 2P _(2)D(z) (I -2z P)~'T¥)
% (1 + 2P (G (2) - T=(@)T(2) "G (x)))
+ (I-yP_Ty(yT(y) " I-yP)"'T¥)
% (1F +yP_(G_(y) - Ts()T(W) G4 () ) ~ 15

In Section 5, we will apply this theorem to the ordinary random walk (corresponding to the case M = 1),
and in Subsection 6.2, we will apply Theorem 4.3 to the case of the symmetric (2, 2)-random walk.

5 Ordinary random walk

In this section, we consider ordinary random walks on £ = Z, that is, those for which L = R = 1 (and then
M =1). They are characterized by the three probabilities m_1, mp, 71 that we respectively relabel as g, r,p for
simplifying the settings:

q:P{Ul :71}, ’I":]P){Ul :0}, p:]P{Ul :1}

We have of course p+ ¢+ r =1 and

g ifj—i—1,
)it j =i,
Pi=Np itj=i+1,
0 ifjéfi—1lii+l)

We choose E° = {0}, BT ={0,1,2,...}, BT ={1,2,...}, B~ ={...,—2,—1}. Without loss of generality, we
focus on the case where the starting point is located at 0, i.e., in the current settings, we choose ¢ = 0. Our aim
is to apply Theorem 4.3 to this example.

The roots of the polynomial P,(z) = —(pz 2? — (1 — r2)z + qx) are expressed as

oa) = 1 —er;I A(ac)7 () = 1—7“3:2—;;/A(x)

where A(z) = (1 — rz)? — 4pga®. They are chosen such that |z(z)] < 1 < |((z)| for z € (0,1). We have
z(z)¢(x) = q/p and Pl(z) = —2px z + (1 — rx). In particular, P.(z(z)) = —P.({(x)) = /A(x).
Formula (4.4) yields, for = € (0,1), that

2(x)i =
AL ifi > 7,
Fj—z‘(l‘) = C(.’I})i_]
A if i <j.
In particular, @ @
1 z(x 1 pz(T
F ) = 5 F_ xr) = s F xr) = — .
W=Uam YT A YT evAe T o/Ae
PR C) S D 1)
W= URm YT rvae - evam

Next, we rewrite the matrices of Subsection 4.3 with the convention that for matrices with one entry, we
omit the parentheses and assimilate them to numbers:

I=1, F=1F=1-(0)1-7), 1p=1x(0), P=r, Py=p P_=gq, P;i=(rp),
L(z) =To(z), T_(x)=T_1(x), Ti(z)=Ti(z), T=(z)=T_2(z), Ty(x)="Ta(z),

K(J?,y) :Ko(l‘,y), K(m,y) :RO(xvy)'

For simplifying the forthcoming results, we will only consider the cases where F' = Z and F = {0}. In the case
F =7, we have G;(z) = 1/(1 — z) for any integer ¢ and

Glo) = G 0) = Golo) = 1 Gyl = 2 (1)



while in the case F' = {0}, we have G;(z) =T'_;(z) for any integer ¢ and

G(z) =To(2), G_(2) =Ti(z), Gy(z) =T (@), Gi@)= <Frol(fsc)>>'

Theorem 4.3 provides the result below.

Theorem 5.1 Set A(u) = (1 —ru)? — 4pqu?. The generating function Ko admits the following expression:

o f F =17,
’ (1—=2)1—=y)(y—z+y/Al) +2/Aly))
o if F ={0},
Ko(z,y) = 2y : (5.2)
y—z+y/A(z) + z/Ay)
Proor

Observe that T'_1(z)/To(z) = z(z) and T'y () /To(z) = 1/{(x) = pz(x)/q.
e In the case where F' = Z, in view of (4.15), we see that Ko(z,y) can be written as N(z,y)/D(z,y) where
(1=2)(1 = y)N(z,y) = (1 —y)(1 —ra — prz(2)) (1 - 2(2))

+(1—2)(1—-(p+7r)y—pyz(y) — (1—=z)(1—y),
D(z,y) =1—rz —pzxz(x) — px 2(y).

Using the identity pz z(z)? = (1 — rz)z(x) — gz, straightforward computations lead to
21— 2)(1 = y)N(z,y) = 2(1 = (¢ + )z — (p+ r)y + ray — pa(l — y)z(z) — py(1 — 2)z(y))
=-d@ -y + 1 -yVA@)+ 1 -2)VAy),
2y D(z,y) =y -z + yV/Ax) + 2vAy).
We immediately deduce (5.1).

e In the case where F' = {0}, by (4.15), Ko(x,y) can be written as N(x,y)/D(x,y) where D(x,y) has
exactly the same expression as previously and

N(z,y) = 1 (1 —rx — px z(a:)) (1 _P z(m)Q) + (1 —ry — 2py z(y)) —1.

1
Az) q Ay)
Thanks to pr z(z)? = (1 — rz)z(x) — qx, elementary computations give

(1—rz —pxz(z)) (1 - g z(x)Q) = % (1—rz —paz(z)) (2¢z — (1 —rz)z(z)) = VA(2),
1—ry—2pyz(y) = VA(y),
so that N(z,y) = 1 from which we extract (5.2).
]

Proposition 5.1 For F' = 7Z, the following identity holds true:
K()(‘T7y) = Ko((E,O)K()(O,y) (53)

ProOOF
Putting = 0 or y — 0 into (5.1) and observing that

y—2+yvVA@) + 2/ AY) ~y-o y(l —rx+ \/A(x))

entail that

1= Q2¢+7r)z++/Az) _1-(2p+r)y+Aly)
KO(x’O)_(l—x)(l—m—k\/M) and  Ko(0,y) = 2(1—y) :



By elementary calculations, we see that
(2p+r)z—1+VA@))(1—ra+VAz)) =2pz(1 — (2¢ + 1)z + V/A(z))
and Ko(x,0) can be simplified into

2p+r)r—1+ \/A(.T)'

Ko(x,0) = 2pz(1 — x)

Therefore, the product of the two terms Ko(x,0) and K((0,y) is given by

Kole, 0)fa(0,9) = (B DEZLEVR) G Crot £ VR0D) 6.9

Straightforward but tedious computations that we do not report here show that

((2p—|— rr—1+ \/A(az))(l —@2p+ry+vVAW)) (y —z+yv/A(z) + x\/A(y))
=4pry((p— @)z —y) + (1 —y)VA() + (1 —2)/Aly) ).

Finally, comparing (5.1) and (5.4) ensures the validity of (5.3). O

Decomposition (5.3) may be appropriate for inverting the generating function Ky in order to provide a closed
form for the probability distribution of T;,. We will not go further in this direction.
Concerning Ky, for i = 0, we introduce the following settings:

A, y) = (1= ra)(1 = ry) (200 = r)(1 = @ — py — ray)

- pix(l —y)(r(1—rz)> + (1 —r)*pz) - i(l —x)(r(l—ry)?+(1- T)zqy)),

Bla,y) = ﬁ (1= 9)(1 =) (r(L = r2)? + (1 — )% par),
Clz.y) :i (1= 2)(1 = r2) (r(L — r9)? + (1 — )% q).

The quantity A(z,y) admits the following expansion:
T Y 1 1
Az, y) = (1 —rx)(1 —ry) (alﬂy + aio® + a1y + a1—1§ ta-n_ —a-w_- - a0—1§ + a00)7
where the coefficients a;; (of x'y’) are expressed by means of p, g, r as follows: by substituting p+¢=1—r,

23 23 2
m:r+r+wdumyﬂ(_g

p q Pq

r3 22 T2
ap=————+1-7r)?2-=2¢(1—7r)=—r* (—i—)—i—(p—q)(l—r),

p q P q
3 2r? r 2
agpp=—— — — + (1 =72 =2p(1 —7) = —r? (—l—)—l— q—p)1—r),
PR (I-r) (1-r) i (a—p)(1—r)
or2 22
mzr+r_wwmmpﬂ(+g
p q Pq
r r r r
a-10=—">" a-1=—7, A1-1=—, 0G-11= —.
q q p
We also introduce
1—rx)? (1—7ry)?
Alz,y) =1 —ra)(1—ry (2 1—2r—12 Jrr( +r ,
(e,) = (1 = r2)(1 = r9) (2 )b "
r(1—ry) 2 2
B/ = —— 1 — 1—
(z,9) e (pg(1 = 1) + (1 —rz)?),
/ r(1—rx) 2 2
C'(xz,y) = o (pg(1 —1)y* + (1 —1ry)?).

Theorem 4.3 provides the result below.
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Theorem 5.2 The generating function Ky admits the following expression:

o ifF=17,
Kola,y) = (1- x)l(l —y) 2r(1 - m)(f(—x rZ; 11(’31(? 7%))((1A—(9:~)y;r CA(a;xz)/)Jr (?(—y)m) Ay))’ (5:5)
o if F={0},
Rolay) = A'(z,y) + B' (2, y)V/Alw) + C' (2, y)V/Aly) . (5.6)
2r(1 —rz)(1 —ry) + (1L =) ((1 = ry)v/A) + (1 - rz)/Ay) )
Proor

e In the case where F' = Z, in view of (4.16), we see that Ko(z,y) can be written as N (z,y)/D(z,y) where

N(z,y) = (1 1 :r; pT z(x)) ((1 —-r)+ 1p_xx (1- Z(x)2)>
(1= ) (00 12 - B ) - (),
D(z,y) =1- 11: :3 pr 2(z) — 11:?; py (y)-

Using the identity pz z(z)? = (1 — rz)z(z) — gz, we easily get that

(1 =2)1 -y)( —re)(1 —ry)N(z,y)
=1-y)d-ry(Q—rz—1-r)prz(x)((1-7r)—(1-rz)z(z))

F=a)(0 = ra) (1= ry = (=) py () (L= 7) = 21 = ry)e(v))
— (=)= 2)(1 = y)(1 = ra)(1 = ry),

(1 —ra)(1 —ry)D(z,y)
=1 =rz)(1—ry) = (A =r)(1 = ry)pz 2(z) — (1 = r)(1 = ra)py 2(y).

Straightforward computations lead to
2(1—a)(1 = y)(1 = ra)(1 = ry)N(z,y) = A(z,y) + B(z,y)v/Aw) + Cz, ) VAly),
and
2(1 —r2)(1 —ry)D(z,y) = 2r(L —rz)(1 —ry) + (1 — ) ((1 = ry)VA(2) + (1 — r2)/Ay) ),
from which we deduce (5.5).

e In the case where F' = {0}, by (4.16), Ko(z,y) can be written as N(x,y)/D(z,y) where D(z,y) has
exactly the same expression as previously and

N(z,y) = (1 i px z(as)) {(1 —r)+ pr (@) (1 - g z(x)Q)]

1—rx A(w)
(1= ) [0 =)+ 2 A((Z)) (1-Low?)] - a-n

By replacing z(z) (and similarly for z(y)) by its expression, elementary computations give

—r x z(x 2 2 —rz)?
(1 — 11_ o pzz(z)) [(1 —7r)+ p Aix)) (1 — gz(:zr) )] = (1 - grf %7‘ +r(12pqx2) )

r/l—rz 1—r
- = A
2( pqx? * 1frx) (@),

so that
2(1 —rz)(1 = ry)N(z,y) = A'(z,y) + B'(z,y)V/A(z) + C'(z,y)V/Aly)

from which we extract (5.6).

18



In the case where r = 0 (and p+q = 1), that is, when the random walk does not stay at its current location,
the generating function Ky can be simplified. We write its expression below.

Corollary 5.1 In the case where r = 0, we have A(z) = /1 — 4pga? and the generating function Ky is given

by
o ifF =1,
Kol gy = B0 =9+ (1= 9) VAR + (1~ 0) /A,
5 (1—$)(1—y)(m+M> :
o if F = {0},

- 2
Folmv) = R+ vaw)

We retrieve the expressions obtained in [14]; especially in the case where F' = Z, the corresponding expression
is rewritten in the form

Role.y) = 1 (p — q1+_\$/ A(x) L= p1+_\y/ A(y))

~ VAR) +VAW)

which can be inverted in order to provide a closed form for the probability distribution of T}, (see [14]).

6 Symmetric random walk

In this part, we focus on the particular random walks satisfying L = R = M, with steps lying in {—M,—M +
1,...,M — 1, M}, such that m; = m_; for all integer i. In this case, the random walk (X,,)men is symmetric.
We provide a representation of the generating function of 7° which can be inserted into the matrices introduced
in Section 4.

6.1 Generating function of X
The polynomial P, takes the form

P(z) = 2M [1 — ML — xiwj (zj + jj)}

Jj=1

To simplify the discussion, we will suppose throughout Section 6 that all the roots of P, are distinct.

We immediately see that its roots are inverse two by two so that the sets £ and £~ have the same
cardinality M. It is clear that there are M roots of modulus less than one, while their M inverses have modulus
greater than one. So, we relabel the roots as z¢() and zeypr(x) = 1/2(x), £ € {1,..., M} with the convention
that |z¢(z)| < 1. This yields £~ ={1,...,M} and LT ={M +1,...,2M}.

Because of the equality P,(z) = 22M P,(1/z), we have P.(z) = 2M2*~=1P,(1/z) — 2*~2P/(1/z) and this
implies that

2@t (1 z(2)M

Pi(z(a) — Pi(l/z(@)
Therefore, Expressions (4.4) of I';_;(z) can be simplified and we get the generating function of X which is
displayed below.

Proposition 6.1 The generating function of X is characterized by the numbers Gi;(x) = T'j_;(x), i,j € Z,
x € (0,1), with
M-1

0o M
yale) = Y0 Bl X = o = 30 2 gl (6.1
m=0

/
P AC)
Below, we give three examples of such random walks.

Example 6.1 Let us consider the random walk with jump probabilities given by

2M
Wi:c(i—kM) forie{-M,-M+1,...,—-1,1,.... M —1,M},

el ()]
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where c is a positive constant such that ¢ < 1/[4M — (21\1\44)] For ¢ = 1/4™ | we have m; = (Zi%) JAM for any
1e{-M,-M+1,....M —1,M} and for c = 1/[4M - (21\]}14)], we have mg = 0, that is, the walker never stays
at its current position.

In this case,
1

B() = b ey + D+ 1= a2,
and M
G(z,y) = 7o) where  Pp(z) = (1 —(1- c4M)x)zM —cx(z+ 1)2M,

Suppose that x € (0,1). The roots of P, are those of the M quadratic equations

om 1—(1—=c4aM
(z:—i—l)Q—eﬁW“\/(C)wz:O7 0<r<M-—1.

cCx

We have that

Pl(zp(z)) = M(1— (1 — cd™)z)20(x)™M 1 — 2Mea(z(z) + 1)1

=M(1-(1- c4M) ) 71 _T_ Zg; zo(x)M 1,
Ezpression (6.1) takes the form
B 1 M1+ z() i
Lj_i(z) = M= (1 —ci) Z = (@) zo(z)l=31,

=1
Example 6.2 Let us consider the random walk with jump probabilities given by
il (M :
T =cp i forie{-M,-M+1,...,—-1,1,.... M —1,M},
mo=1-2c((p+ 1M —1),

where ¢ and p are positive constants such that ¢ < 1/(2(p+1)M —1). For ¢ = 1/(2(p + 1) — 1), we have
mo = 0, that is, the walker never stays at its current position.
In this case,

E(y")= c((py + )M 4 <Z + 1>M —2(p+ 1)M> +1,

and

G(z,y) = where Py(z) = [1— (1—2c(p+ l)M) ] M e [(pz* + DM 4 (24 p)M].

Py (y)

When p =1, we can extract a formula rather simple for T';_;(x). Indeed, we have that
Py(z)=(1-(1—c2™)2) M —ca(z" +1)(z + DM
Neaxt,

P/

(ze(z))=M(1—(1- c2Mt x)zz(x)Mfl — Mca(z(z) +1)M1 (224($)M + z(x)M 1 4 1)
224(2) M+ + z(x)™ + zm))
(ze(z) + 1) (2(x)™ + 1)
1 — zp(x)MH1
(14 2ze(2))(1 + zo(z)M)

=M(1—(1—c2M)2)z ()M (1 -

=M(1—(1-c2Mt)2) zo(x)M~1

Ezpression (6.1) takes the form

L IR 1C) s B

Lj_i(z) = M(1—(1— c2M+1)g) 1 — zg(x)MH1

£=1
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Example 6.3 Let us consider the random walk with jump probabilities given by

m=c forie{-M,-M+1,...,-1,1,...,.M — 1, M},
mo=1—2Mec,

where ¢ is a positive constant such that ¢ < 1/(2M). This is a random walk to the 2M nearest neighbours with
identically distributed jumps and a possible stay at the current position. For ¢ =1/(2M), we have my = 0, that
is, the walker never stays at its current position. For c =1/(2M +1), each step put the walker to the 2M nearest
neighbours or let it at its current position with identical probability.

In this case,

- M
E(y ):(1—(2M+1)c)+cm,
and
oy _ 1 M _M+41 M1
Gloy) =y where Pal2) =7 (1= (1 =@M +1))z) (M =M — (1= 2]
We have that
: = - (1- e)x)zp(x)M 1 cxM—cxﬂ
Pl(ze(x)) = M(1— (1 = (2M + 1)e)a) zo(x)™ ™" + (2M + 1) T = n@

=M(1—(1—(2M 4+ 1)c)x)z(z)" ' + (2M + 1)

<2M+ 1 1 ) 1 — zg(z)2M+1
—CX

2(x)(1 = z(2))

2@ T—a@) 1-a@)
_ (11— c)x)zg(z)M1 —
= M(1 = (1= @M +1e)a)ze(@)" ™!+ (2M +1) —sm—s
ar (2M +1 L
— (1= (1 - (2M + 1)o)z)z(a) ( (@) 1—%@0)

cx M1 M +1— Mz(x)

=(2M+1) 2@ 2@ (1—(1—2M+1)c)z)z(x) T 2(0)
Ezxpression (6.1) takes the form
L - 2@ .
Ti-il®) = 24 0M + Dew — (1— (1 — (2M + 1)e)a) (M + 1 — Mzg())ze(a)™ zel@)

6.2 Symmetric (2,2)-random walk

In Example 4.1, we have considered the case of non-symmetric (2,2)-random walk. Now we have a look on
the symmetric (2,2)-random walk (corresponding to the case M = 2) which is characterized by the three
non-negative numbers 7, 71, me such that mg + 27 4+ 2w = 1:

7T0=P{U1 :0}, ™1 :P{Ulzl}:P{Ulz—l}, 7T2:IP{U1:2}:P{U1=—2}.
We have that ) )
]E(yUl) = T <y2 + y2> =+ T (y + y) +7T0,

and G(x,y) = y*/P.(y) where
2 4 3 2 2 o 1 1
P.(z) =z —1}(7'('22 + m2° + Moz +7le+772):z l—z{m|2"+ 5 |+mlz+-|+m0]|
z z

Set 6(z) = (w1 +4m2)2 +4m(1/2—1). The roots of the polynomial P, can be explicitly calculated by introducing
the intermediate unknown ¢ = z + 1/z and solving two quadratic equations. For z € (0, 1), the roots are real
and distinct, those of absolute value less than 1 are given by

1 2
21(z) = —— (771—\/5(:5)—&—\/5 7r5+47r17r2—27r2+%—7r1 5(33))7

47T2
(6.2)
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1 2
Zg(m):frm <’/T1+\/6($)+\/§ ’/T%+47T1’/T2727T2+%+’/T1 5(:17))7

and the other ones are 23(x) = 1/21(z) and z4(x) = 1/22(x). Moreover, rewriting P, as P,(z) = 2°Q.(z + 1/2)
with Q,(¢) =1 — x (m2¢? + m{ + ™o — 2m2 — 1/x), we get that if z is a root of Py, then

1 1
Pl(z)=(*-1)Q (z + ) =z (1-2%) (2772 (z + ) + 71'1>
z z
which can be simplified into
Pl(z1(z)) =2 (1 — z1(2)?) V6(z), Pu(22(z)) = —2 (1 — 22(2)?) \/6(z).
Identity (6.1) yields the generating function of X below.

Proposition 6.2 The generating function of X is characterized by the numbers G;;(x) = T';_i(x), i,j € Z,

x € (0,1), with
1 Zl(x)\j—iHl B Zg(x)lj_il'H
x+/0(x) ( 1 —z(x)? 1 — zp(z)? )

where z1(x) and z2(x) are displayed in (6.2).

Lj_i(x) =

Finally, we provide a representation of the generating functions of sojourn times 7,, and T,, in the case where
F =7Z. We apply Formulas (4.15) and (4.16) with M =2 and F = Z.

Theorem 6.1 The generating matrices of T, and T, admit the respective representations
K(z,y) = D(z,y)"'N(z,y) and K(z,y) = D(z,y)"'N(z,y)
where D(z,y) "', N(x,y) are given by (7.11)~(7.12) further and D(z,y)~', N(z,y) by (7.13)-(7.14).

The explicit expressions of matrices K(x,y) and R(:L', y) involving cumbersome computations, we postpone the
proof of Theorem 6.1 to Subsection 7.5.

7 Proofs of Theorems 3.1, 3.2 and 6.1

In this section we give the proofs of Theorems 3.1 and 3.2 and all the auxiliary results stated in Sections 2 and 3
as well as the proof of Theorem 6.1. Subsections 7.1 and 7.2 concern time T, while Subsections 7.3 and 7.4
concern time T,; Subsection 7.5 concerns the case of (2,2)-symmetric random walk.

7.1 Proof of Theorem 3.1

We first observe that for n € N*,
e T, =0 if and only if for all m € {1,...,n}, X,, € E~, that is if and only if 77 > n;
e T, = n if and only if for all m € {1,...,n}, X,, € ET, that is if and only if 7= > n;

e 1 < T, <n—1if and only if there exists distinct integers ¢,¢ € {1,...,n} such that X, € E' and
Xy € E~. This is equivalent to saying that 7= < n and Tt <n.

In the last case, we have the three possibilities below:
e if Xg € E~, then 7° = 77 < n by Assumption (4;);
o if Xg € ET, then 7° <7~ — 1 < n — 1 by Assumption (4z);
e if Xy € E°, the following possibilities occur:

— if X; € E°, then 7° = 1;
— if X; € ET, then 7° < 7~ — 1. In this case, 7° is the return time to E°;

— if X; € E~, then 7° = 7. In this case, 7° is the return time to E°.
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This discussion entails, for any i € £, that
P{T,=0,X, € F} =P {r’ >n, X, e F} =P{X, € F} —P{r' <n, X, € F}

n
=P{X, € F} =) Pi{r' =¢ X, € F}.
=1

From this, we deduce the following:

n=0

= im{xn €FYy" — iim{ﬂ =(,X, €Fty"
n=0

n=1¢=1

= Z(ZR{X” =j}y"> DD Pt =0, X, =} P{X, € F}y"

JEF \n=0 {=1n=LjcE"
=Y Giyly) - Y (ZR{TT =0,X :j}y“><zﬂ”j{Xn € F}y">
JEF jEET \ /=1 n=0
=Gily)— > H(1)G;(v).
jeET

This proves the second equality in (3.12). In a very similar way,

Pi{T, =n,X, € F} =P{r~ >n, X, € F} =P{X, € F} - Y Pf{r~ =( X, € F}.
(=1

This entails that -
Ki(2,0) =Y P{T, =n,X, € F}a" = Gi(z) — > _ H;;(x)G;(x)

n=0 JEE—

which proves the first equality in (3.12). Next, we compute K;(z,y):

Ki(z,y)= Y P{Tn=n,X, € F}a"+ > P{T, =0,X, € F}y" —Pi{X, € F}

n=0 n=0
+ Z Pi{T, =m,X, € F}azmy"™™
m,nEN:
1<m<n—1
:Kz(x70)+K1(an)+ Z Pi{TO S’ﬂ,T :m7Xn EF}zmynimfﬂ-F(l)
m,nEN:
1<m<n-—1

We observe that on the set {7° < n}

n—r1°

Tn = Z ]]-ET (Xm) = TTO + Z I].ET (Xm) = TTO + Z ]].ET (XerTo) == TTO + T,r(Lio,Bo
m=1 m=1°+1 m=1
where T,S,To) is the sojourn time in ET up to time n — 7° for the shifted chain (X, ro)men. Moreover,

—70

o if X; € Ef, we have X1,..., X0 € E' and then T, = 7° which yields T,(:)T)0 =T,—71°;

e if X1 € E~, we have Xq,..., X1 € E7, X0 € E°; in this case T, = 1 and then TT(LT_OT)O =1, —1.

Consequently, for m € {1,...,n—1} and i € £,

Pi{r° <n,T,=m, X, € F} =P{X; € E",7° <n,T, =m, X, € F}
+P{X; e E7,7°<n,T,=m,X, € F}

n—1

= Z Z}P’i{Xl CE T =0,X0=§}P{Thsv=m—0,X, 4 €F}
jEE° (=1
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+ )Y S P{X1 € BT, 7 =0, Xpo = j}P{Tuy=m—1,X,_ € F}.
JEE° (=2

The sum in (7.1) can be evaluated as follows:

Z Pi{m° <n,T,=m,X, € F}z™y"™ ™

m,nEN:
1<m<n-—1
= Y P{X1 € E,7°=0,Xp0 =35} > P{T,i=m—{ X, € F}amy""
(=riers
+Y D P{X e B =X =5} Y P{Tn=m-1X, € F}amy "
(=2 jeE° m,neN:

1<m<n—f+1

Z Z]P’,-{Xl eEl 1°=0,X.0 =j}at Z P{T, =m,X, € F}zmy"™™

jEEO /=1 m,neEN:
m<n—1

- Ziﬁ”i{XleE_,TO:E,XTo:j}xy > P{T.=m X, € Fyamy" "

jeBe t=2 ":Jff
= Z Ez‘(xTo]l{XleET,XTo:j})[Kg‘(l“ay) - Kj(z,0)] Z Ei(y" ]l{XleE Xoomj}) Kj(2,y)
JjeEE® JjEE®
o X o— (0]
=Y <Hij(m) + ;Hij (y > = > HY (2)K(=,0). (7.2)
JEE° JEE°

As a result, putting (7.2) into (7.1), we get (3.11). O

7.2 Proof of Proposition 3.1
By putting (3.12) into (3.11), we obtain, for all 7 € £, that

Ki(,y) — > H(@)G(0) +Gily) — > HE0)G,(w) = > Hl (2)G(x) — 1p(i)
JjeEE~ jEET jeE°
+ Y <H;T(x) + foj_(y)>Kj(x,y) + > H(x) Y Hi(2)Gy(x). (7.3)
JEE° Yy keE° JjEE~
If i € E*, we have Hjj(y) = pij U, Hij(x) = HY (), and H{; (y) = 0. Putting this into (7.3), we get that
Ki(z,y) = > HY(@)G (@) + > Hy()K;(x,y)
jeE° JjeEE°
+ Y ( > H(2)H,(x) — Hg@)) Gj(z) + (Gi(y) —y > piGily) - lp(i)>- (7.4)
jEE— \keEe° jEET

We claim that both terms within brackets in the second line of (7.4) vanish. Indeed, for j € E~, since 7° < 77,
we have that

H(x) =Ei(a™ Lix,_—jy) = > Ei(a” Lxomny) Ex(a” Lix,_—jy) = Y Hy(x)H ().
ke E° kEE°

Therefore, the first term within brackets in the second line of (7.4) vanishes. Moreover, by (3.2), we have that
y) =Y Galy) =) (511@ +y Y piiGirly ) =y > piiGi(y) + 1r(i)
keF keF JEET JjEET

which proves that the second term within brackets in (7.4) vanishes too. Hence we have checked that (3.13)
holds true.

On the other hand, for i € E~, we have necessarily 7° = 71 and then Hjj (y) = HY:(y) 1o (j). Moreover, if
i€ E- and X; € Ef, then 7 =1 and X; € E° and we have that

H%T(x) =pijxlp(j), H (y)=E; (V" Lix,omgt) = Ei(y" Lix,ent x,0=iy) = HY(Y) — pij y Leo ().
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Then, putting these equalities into (7.3), we get that

Ki(z,y) = D Z 2Y)

jeE° ]EEO
( — T Z pz] - ]].F > Z ( Z kaij — Hl]( )) Gj(l') (75)
jeE° jeEE— keE°

We claim that the sum of both terms within brackets in the second line of (7.5) vanish. This can be easily seen
by using (3.2) and Assumption (A;) which yield that

)=2 > piGi(@) = 1r() =z 3 piyG
VIS JEE—
and by observing that
Hij(2) =Ei(a7 Lix,enx, =) +Ei(07 Lixiemox, =jp) = Y pinHy(@) + pij @ Ly~ (j).
keEe

Finally, Equality (7.5) can be simplified into (3.14). O

7.3 Proof of Proposition 2.1

Set A, = {X,, € E°}. We notice that for any m € N* and any ¢ € {1,...,m}, Agm = AG . MV A1 m—1-
Therefore, putting this into the definition of B,,, we get, for any m € N*, that

Bm = AO,m U Al,m U---u Amfl,m
= A07m U (A&m n AO,m—l) J---u (Ag’m N Am—?,m—l)
= AO,m U [Ag,m N (AO,m—l U---u Am—z,m—l)}

and we see, for any m € N\{0, 1}, that

By = Ao,m U (43, N B—1). (7.6)
In the same way, we have that
By, = Aj,, U (45, N By, ). (7.7)

By observing that (A3,,)" N 4§, = Af,, and using the elementary equality AU B = AU (B\A), we obtain
from (7.6) that

By, = A§ 0 (A5 ) UBS,_4)

= ((Ag,m>c N Ag,m) (A(C),m N B;l71>
= A67m U [(A(C),m N Bfn—l) \A67m] .

The term within brackets in the foregoing equality can be simplified as follows:
(Ag,m N B’rcn—l) \A/O,m = (Ag,m\A6,m) N B7Cn—1 = Ag,m N Bfn—l'

As a by-product, for any m € N*
By, = Aj,, U (45, N B, _1)- (7.8)

Now, in view of (7.7) and (7.8), it is clear by recurrence that B¢, = Bl as claimed. O

7.4 Proof of Theorem 3.2
The observations below will be useful to compute the generating function of T},.
Lemma 7.1 Assume that Xo € E°. The following hold true: for any n € N*,

o T, =0 if and only if 7+ > n;

o T, =n if and only if X1 € ET and 7= > n;

o if1<T,<n—1, then 7* <n and T, = (F* — 1)1+ + T/, where T\, = 3" .. 6,,. Additionally, T), has
the same distribution as T,,_z+ 1 and is independent from Xq,..., Xz+_1.
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PRrROOF
Fix a positive integer n.

e Concerning the first point, we have that
— the set {X1,..., X, € E7 U E°} is included in By, for all m € {1,...,n}. Then, if X,,, € E~ U E°
forallme {1,...,n}, we have 6y =--- =6, =0 and T,, = 0;
— if there existed an ¢ € {1,...,n} such that X, € ET, we would have of course T, > 1.
This is equivalent to saying that 77 > n.
e Concerning the second point, we have that
— the set {X; € E*,X5,...,X,, € ET UE°} is included in B,, for all m € {1,...,n}. Then, if
X, €Etand X,,...,X,, € EYUE®, wehave 61 =--- =6, =1 and T}, = n;
— if there existed an £ € {2,...,n} such that X, € E~, we would have of course T, <n—1. If we had
X, € E- UE°, we would have 6; =0 and T,, <n — 1 too.
This is equivalent to saying that X; € E* and 7~ > n.

e Concerning the third point, we have that

— 1< T, <n-—1if and only if there exists distinct integers ¢, ¢ & {1,...,n} such that 6, = 1 and
d¢ = 0. This implies that there exists necessarily an integer m € {1,...,n} such that X,, € E°.
Else, because of Assumptions (A;) and (Asz), we would have X,,, € ET for all m € {1,...,n} or
X,, € E~ for all m € {1,...,n}; in both cases, we would have T}, € {0,n}. Therefore 1 < 7° < n.

— On the other hand, we must take care of the successive points lying in E° after time 7°. For describing
them, time 7% will be useful. Obviously, we have 7+ > 7° > 1 and between times 7° and 7+ — 1,
the chain (X, )nen stays in E°. More precisely, we must take care of the points corresponding to
the times between 7° and (7+ — 1) An. In fact, these (£ — 1) An — 7° points are counted in T, if
X, € E*, not counted if X; € E~ U E°. Then, if 7£ < n, we have T, = T;i_l + T,’L with

~:l: . + n

] 1 X, €E )

I LAiel, and T, =3 G
0 if X, € B~ UE®, s,

Now, we prove Theorem 3.2. The points displayed in Lemma 7.1 entail that, for ¢ € E° and for n € N*,
Pi{X, € E5T,=0,X, € F} =P{X; € E", 7" >n, X, € F}

= Xﬂ%%ﬁ+>n—h&46FL
jeE—

+ 7 _ (7.9)
P{X, € E5T,=n,X,€F}=P{X, € E*,77 >n,X, € F}
= Z piij{Ti >7’L71,Xn_1 EF},
JEE+
and for i € E° and m € {1,...,n— 1},
Pi{X) € B* T, =m,X, € F} =Y Y P{X; € B*#* =(,X;+ =T, =m X, € F} (7.10)

(=2 jEE°
where, for £ € {2,...,n},
P{X, € E* 7% =0, X:+ |, =j, T, =m, X, € F}
=P{X, € BN, 7t =, Xss | = j}P{X 1 € EE T 1 =m—€+1,X,, 441 € F}
+P{X, € E-,7F =4, Xss_y = j}P{X1 € BX, T4y =m, Xy_y1 € F}.

By (7.9) and by imitating the proof of (3.12), it can be easily seen that K;(z,0) and K;(0,y) can be written
as (3.20). Next, we compute K;(z,y). By (7.10),

f(z(x7y) = RZ(J?,O) + Kz(oyy) - Pl{XO € Fa Xl S Ei}
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+ Y P{X1 € B5 T, =m,X, € F}amy" "

m,neN:
1<m<n-—1

= Ki(x,0) + K;(0,y) — 1p(i)P;{X;, € E*}

P Y B € B X, = )

(=2 jeE°
X Z P;{X; € EX T, yy1=m—L+1,X, o1 € Fyamy™™™

m,neN:
£—1<m<n-—1

+3 N P{X € BT A =0, Xps g = j}
=2 jeE°

X Z Pj{XlEE Tn g+1—an €+1€F}mmnm

m,nEN:
1<m<n—£f+1

= K;(z,0) + K;(0,9) — 1p())P;{X, € E*}

+3N P{X € BN FE =4, Xpe g = j} 2t (K (z,y) — K;(,0))

(=2 jEE°
+ Z Z Pl{Xl S Eiai—i = £7X7~'ifl = J}y471(1~{](1‘7y) - K](an))
(=2 jeE°
JjeEE®
- > HEY (@ - > H; (0,y) — 1p(@)P{X, € EF},
JEE? JEE®

as claimed. OJ

7.5 Proof of Theorem 6.1

e First step: writing out the matrices

Suppose F' = 7Z and set @w = w1 + 27, 1 = (}), 1= . Below, we rewrite the matrices displayed in

— =

Example 4.1 which can be simplified under the condition of symmetry m_1 =7, 7_s =m and I'_; =T
for any integer j:

I(é (1)> F=wl, 1p=1, 1f=wl,

po( 1) p= (% z;)’ P =(Zi 7?2), p-(m ),
= (1) i) 0= () wi) o= () )
)= (E:Eii ) ft<w>=(£;2i§ o)
G(r) = G1()=G_(1) = =1, Gyl)= 11,

Ko(%iU)) 2 (f(o(x, y))

K(z,y) = , K(x,y)=1{ = .

= (i) e = (g0

We observe that P and I'(z) are symmetric and that Py, 'y (x), T'y(x) are the transposes of P_, T'_(z),

I'—(z), respectively. Let us write the inverses of I'(x) and I — z P. For this, we introduce their respective
determinants:

o(x) = (7r(2) - wf)x2 —2mox+1, Az) = I‘O(:v)2 - I‘l(x)z.
We have

1 To(z) -T4(x) 4 1 1T—mz mz
T(a) ! = (_Igl(x) Fol(x)) (I1-zP) 1(5(3:)( o 1_17r0x).
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e Second step: deriving the generating matrix K
In view of (4.15), we write K(z,y) as K(z,y) = D(z,y) 'N(z,y) where

D(z,y) =1 -2 (P+ Dy (z) + D_(y))

N(a,y) = 1 [T~ 2(P+ D (2)) [N~ (a) + 7= Ny(s) -1

with
Dy (z) = P4T_()T(2)"", D_(y) = P_T4(y)(y) ",

N_(z)=1-T_(2)T'(2)"'1, Ni(y)=1-yP3;1—yD_(y)1.
First, we calculate

1 (m 0\(Ta(x) Ti(x)\/ Tolx) -Ti(x)) 1 (Dip@) Dgi(x)
D+($)—A(x) (m 7r2><1“3(x) Fg(x)>(F1(:c) Fo(:c)>_A(x) (Dﬂ)(x) DY, (2)

11

with
Dy(z) = w2 (To(z)La(x) — T1(2)?),
Dgy(x) = ma(Co(z)Ty (z) — T (2)Ta(x))
D1+o(x) =71 (F()(ﬂf)rz(ff) - F1($)2) + 2 (Fo(x)F3(:c) - Fl(x)r2($))a
DE(I) = T (Fo(ﬂi)rl(l‘) — Fl(fﬂ)rg(l’) —+ ) (Fo(l‘)rg(.fc) — Fl(I)Fg( ))
Similarly,
1 (o \(Ta(y) Ts@)\( Toly) ~Ti)\ 1 (Do) Doi(v)
D0 =55 (7 =) rae) (B Tl = 35 (D;0<y> D;1<y>>
with
Do (y) = m1 (Co(y)T1(y) — T1(y)T2(y)) + ma(To(y)T2(y) — T1(y)Ts(y)),
Dgy(y) = m(To(@)T2(y) — T1(y)?) + m2(To(y)T3(y) — T1(y)T2(y)),
Dio(y) = m2(To(y)T1(y) — T1(y)L2(y)
D1 (y) = m2(To(y)T2(y) — T1(y)?).

Notice the relations

Doo(y) = Di1(y),  Doy(y) = Diy(y),  Dio(y) = Dgy(y),  Diy(y) = Doo(y)-

With this at hand,

1 A(z)A Dqo(z, Do1(x,
D = S (e oate) @

where

Doo(z,y) = (1 = moz) A(2)A(y) — zA(y) DY, (x) — yA(z) Dy (y),

Dox(z,y) = maA(2)A(y) + 2A(y) Dg; (¢) + yA(2) Doy (y),

Dio(z,y) = maA(z)A(y) + 2A(y) Dy (z) + yA(x) Dy (y),

Dyi(z,y) = (1 = moz) A(x)A(y) — zA(y) Dgy () — yA(z) Do (y)
and

D(z,y) = Doo(z,y)D11(x,y) — Dor(x,y)D1o(z, y).

We have the relations
Dyi(z,y) = Doo(y, x) — mo(x — y)A(x)A(y), Dio(z,y) = Dor(y, ) + m1(x — y)A(z)Ay).

On the other hand, we have
v (- a (B B)CRD ) -5 ()
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with

1
(N (moom om 0\[1] v (Do) Da@\/1y 1 (N
Ni(y) = (1) Yy <7r1 To M 7T2) (}) A(y) <D10(y) Dl(y)> <1>  Aly) (Nf(y))
with
N{(y) = (1= (1 = m1 — m2)y) Aly) — yDgo(y) — yDgy ()
=(1-(1-m—m)y)Al) —y[Toly) —T1(®) (mT1(y) + (m1 + 72)T2(y) + m2T3(y)),
N{r(y) = (1 -1 —WZ)y)A(y) —yDio(y) — yD11(y)
= (1= (1 —=m)y)A(y) — my(To(y) — T1(y)) (T1(y) + 2(y)).
As a by-product, we obtain the following representation
NO(xvy)
N(z,y) = ‘ (7.12)
with <N1( ’y))
No(e.) = =577 (1 = m0)A@) = e D) Ny (@) = 2(m(o) + Dfi ) Ny ()]
1 f )
tapag Wt
1 _ _
Ni(z,y) TEINCE [ x(mA(:c) —|—Df0(:1:))N0 (z) ((1 — mox)A(x) Jr:DH(alc))N1 (x)]
1 ) —
s W !

e Third step: deriving the generating matrix K

In view of (4.16), we write K(x,y) as K(x,y) = D(x,y) 'N(z,y) where

(z,y)=1— ww]j+(x) — wyf)_(y),
y ~

(z,y) = [I — wx f).,.(x)} [wl + % N+(a:)] + [I — oy f)_(yﬂ [wl + — N_(y)} —wl,

D
N
]__

with -
D (z) =Dy ()X -z P)7},

Ni(z) =Py (1 -T=(2)(2)"'1),

D_(y)=D_(y)T-yP)""
N_(y) = P_ (1~ Dy(y)T(y) 1),

For instance,

- — Tz Mz Ddy(z) Dd(x
Dy (z) = L D () (1 0 ) = 5(;1@)1A(x) (*00( ! *i( )>

() A(z) mzr 1 —mx Diy(z) Di(2)
with
D o(x) =g [71'13? To(2)T1(x) + (1 — mox)To(2)To(x) — (1 — mez)Ty (2)? — ma Fl(x)l"g(ac)},
D (z) = m [(1- Wox)Fo(a:)Fl (z) + maaTlo(z)la(x) — maTi(z)* — (1 — mez)Ty (z)T2(2)],
Di" (z) :ﬁleo( Wy(z)+7

1(1+ (m2 = m0)a) Do (2)Ta(x) 4 m2(1 — mox) o (2)T'3()
—m(l- ﬂox)Fl )2 (7r2 + (771 — ToT2)T )Fl(x)Fg( ) — mmea Ty (x)T3(x),
D () = m (1 = mox)To ()T () + (w2 + (7] — mom2)x) Do ()T () + mimaw Do (x)T's ()
— iz Dy (2)? — m (1 + (m2 — mo)z) [ (2)T2(z) — m2(1 — moz)T'y (z)D3(2).

) - # Do (y) DO—l(y)
D_(y) = 5(y)A(y) (Dfo(y) Dﬁ@)
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with
Dio(y) = m1(1 = moy)To(y)T1(y) + (w2 + (w7 — mom2)y) To(¥)T2(y) + mim2y To(y)Ts(y)
— iy T1(y)? = m (1 + (2 — mo)y)T1 (y)Ta(y) — m2(1 — moy)T1 (y)T3(y),
Dgy(y) = 77y To(y)T1 (y) + m1 (1 + (w2 — m0)y) To(y)T2(y) + w2 (1 — moy)To(y)T's ()
— (1 — moy)T1(y)® — (m2 + (77 — mom2)y)T1(y)T2(y) — mmay T1(y)T5(y),
Diy(y) = m2[(1 = moy)To(y)T1(y) + my To(y)T2(y) — myT1(y)? — (1 — moy)T1(y)T2(y)],
(v)

D1y (y) = m [myTo(y)T1(y) + (1 — moy)To(y)T2(y) — (1 — moy)T1(y)* — myT1(y)T2(y)].

Observe the relations

Dgo(y) = Dfi(v), Dg(y) = Diy(y), Dio(y) = Dgi(y), Dii(y) = Dao(y)-

With this at hand,

~ 1 0(z)é(y)A(x)A x 1(x
e = (oae) Do) r13
where
Doo(,y) = 6(z)5(y) A(z)Aly) — @28 (y) Ay) Dy () — wyd(z)A(x) Doy (y)
Doy (,y) = @xd(y) Ay) Dfy () + wyd(z) A(z) Dig(y),
Dio(z,y) = wzd(y) Ay) Dy (x) + wyd(x) A(z) Dy, (y),
Du(z,y) = 6(z)3(y) A(z)Aly) — w28 (y) A(y) Df; (2) — wyd(z)A(x) D, (y)
and ~ 3 5 3
D(z,y) = Doo(z,y)D11(x,y) — Do1(x,y)D1o(z,y)
We have

Du(x,y) = Doo(yﬂf), Dlo(x,y) = D01(y733)~
Concerning N(z),

sar= (2 2)[(8) i () BN 0] = o ()

Ng(x) = mA(z) — Ty (Fo(a:) — Fl(x)) (Fg(x) + F4(ac)),
( T+ 7T2)A(I) — (Fo(I) — Fl(l‘ )(erg(l‘) + (71'1 + 7T2)F4(1‘) + 7T2F5(I)).

Similarly,

with
Ny (y) = (m +m2)Ay) — (To(y) = T1(y)) (mTs(y) + (71 + m2)Tu(y) + mTs(y)),
Ny (y) = mA(y) — 2 (Lo(y) —T1(y)) (P3(y) + La(y)).

Notice that ~ ~ ~ R
Ny (y) =N{(y), Ny (y) =Ny ()

As a by-product, we obtain the following representation:

o= (43
No,) = 1= 57 a gy Do) [ + =Y Vi ()]
- Smam PO E T am N @)

1= Fam DW= + T3 N W)
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wy ~ Yy -

~sam W F e A W] =
W) = = s D0 = e W)

+ [1 - 5(z)A(x) DE(@HW—F 0=2)A0) Nf‘(x)}

wy - y ~
- Sag) Do =+ T 5w (v)]

wy o

- A Diy)||= + EINORL () - =

We can observe the relation
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