Capacity of the range of random walk on Z¢?
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Abstract

We study the capacity of the range of a transient simple random walk on Z?¢. Our main
result is a central limit theorem for the capacity of the range for d > 6. We present a few open
questions in lower dimensions.
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1 Introduction

This paper is devoted to the study of the capacity of the range of a transient random walk on Z<.
Let {S }x>0 be a simple random walk in dimension d > 3. For any integers m and n, we define the
range R[m,n] to be the set of visited sites during the interval [m,n], i.e.

R[m,n] ={Sm,...,Sn}.
We write simply R,, = R[0,n]. We recall that the capacity of a finite set A C Z¢ is defined to be
Cap (4) = Z Py (T§ =o0),
€A
where T'f = inf{t > 1: S5, € A} is the first return time to A.

The capacity of the range of a walk has a long history. Jain and Orey [5] proved, some fifty years
ago, that Cap (R,,) satisfies a law of large numbers for all d > 3, i.e. almost surely
i P (Ra) _

n—oo n

Moreover, they showed that oy > 0 if and only if d > 5. In the eighties, Lawler established estimates
on intersection probabilities for random walks, which are relevant tools for estimating the expected
capacity of the range (see [7]). Recently, the study of random interlacements by Sznitman [12],
has given some momentum to the study of the capacity of the union of the ranges of a collection
of independent walks. In order to obtain bounds on the capacity of such union of ranges, Rath
and Sapozhnikov in [II] have obtained bounds on the capacity of the range of a simple transient
walk. The capacity of the range is a natural object to probe the geometry of the walk under
localisation constraints. For instance, the first two authors have used the capacity of the range
in [2] to characterise the walk conditioned on having a small range.

In the present paper, we establish a central limit theorem for Cap (R,,) when d > 6.
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Theorem 1.1. For all d > 6, there is a positive constant o4 such that

Cap (R,) — E[Cap (R,)]
\/ﬁ

where = denotes convergence in distribution, and N (0,1) denotes a standard normal random
variable.

= o N (0,1), asn— oo,

A key tool in the proof of Theorem [[.I] is the following inequality.

Proposition 1.2. Let A and B be finite subsets of Z¢. Then,

Cap (AU B) > Cap (A) 4+ Cap (B) —222G(x,y), (1.1)

zeAyeB

where G is Green’s kernel for a simple random walk in Z%

Z 1(Xy = y)] :
=0

G(ﬂj‘, y) =E,

Note in comparison the well known upper bound (see for instance [7, Proposition 2.2.1])

Cap (AU B) < Cap (A) + Cap (B) — Cap (AN B) (1.2)
In dimension four, asymptotics of E[Cap (R,)] can be obtained from Lawler’s estimates on non-
intersection probabilities for three random walks, that we recall here for convenience.

Theorem 1.3. ([7, Corollary 4.2.5]) Let R, R? and R? be the ranges of three independent random
walks in Z* starting at 0. Then,

nh_)n;o logn x P(R'[1,n] N (R?*[0,n] UR?0,n]) = @, 0 ¢ R*[1,n]) = %2, (1.3)
and 2
Tim logn x P(R'[1,00) N (R*[0,n] UR®[0,n]) = &, 0 ¢ RO[1,n]) = % (1.4)

Actually (I4) is not stated exactly in this form in [7], but it can be proved using exactly the same
proof as for equation (4.11) in [7]. As mentioned, we deduce from this result, the following estimate
for the mean of the capacity.

Corollary 1.4. Assume that d = 4. Then,

lim 292" B[Cap (R,)] = - (1.5)

n—soo N 8

In dimension three, we use the following representation of capacity (see [6, Lemma 2.3])
B 1
iIlf,/ ZmeA ZyGA G(Z’, y)y(w)lj(y) 7

where the infimum is taken over all probability measures v supported on A. We obtain the following
bounds:

Cap (A) (1.6)



Proposition 1.5. Assume that d = 3. There are positive constants ¢ and C, such that
cvn < E[Cap (R,)] < Cyv/n. (1.7)

The rest of the paper is organised as follows. In Section 2] we present the decomposition of the
range, which is at the heart of our central limit theorem. The capacity of the range is cut into a
self-similar part and an error term that we bound in Section Bl In Section [ we check Lindeberg-
Feller’s conditions. We deal with dimension three and four in Section Bl Finally, we present some
open questions in Section [Gl

Notation: When 0 < a < b are real numbers, we write R[a, b] to denote R[[al, [b]], where [z] stands
for the integer part of z. We also write R,, for R[0, [a]], and S,, /5 for S, o).

For positive functions f, g we write f(n) < g(n) if there exists a constant ¢ > 0 such that f(n) <
cg(n) for all n. We write f(n) 2 g(n) if g(n) < f(n). Finally, we write f(n) =< g(n) if both
f(n) < g(n) and f(n) 2 g(n).

2 Decomposition for capacities

Proof of Proposition Note first that by definition,

Cap (AU B) = Cap (A) + Cap (B) — Z P, (T} = o0, Tj < o0)

xcA\B
Z]P’ A—ooT+<oo ZPTA<OOT§—OO)
r€ANB x€B\A
— > P(Tf <00, T =00) = Y Pu(T} =00, T =)
z€ANB z€ANB
> Cap (A) + Cap (B Z P, (Th < o0) — Z P,(TH < o0) —|ANB|.
z€A\B z€B\A

For any finite set K and all z ¢ K by considering the last visit to K we get
P, T+ < oo Z G(z,y)P ) .
yeK
This way we obtain
ZIP’T+<OO_ZZny and ZIP’T+<OO ZZGmy
z€A\B z€A\ByeB z€B\A zEB\A yeA
Hence we get

Cap (AU B) > Cap (A) + Cap (B —2ZZGa:y Z ZG(w,y)

z€AyeB reANByeA

+ 3> > Glz.y) —|ANB.

z€ANB yeB
Since G(z,x) > 1 for all x we get
> D Glay) > |An D]
z€ANB yeA

and this concludes the proof of the lower bound and also the proof of the lemma. O



The decomposition of Cap (R,,) stated in the following corollary is crucial in the rest of the paper.

Corollary 2.1. For all L and n, with 2 < n, we have

2[1

ZCap( /2L>_2ZZ‘€(Z < Cap (R <ZCap< n/2L)’

/=1 i=1

where (Cap (RS}%)’ = 1,.. 2L) are independent and R/ }2L has the same law as Ry, ot
or Ry ar41) and for each € the random variables (5é ))Z- are independent and have the same law as
ZmGR:;2L Zyeﬁ:;2L G(z,y), with R an independent copy of R.

Proof. Since we work on Z?, the capacity is translation invariant, i.e. Cap (A) = Cap (A + z) for
all z, and hence it follows that

Cap (Ryn) = Cap ((Ryj2 — Sny2) U (R[n/2,n] = S,,2)) -

The advantage of doing this is that now by the Markov property the random variables Rgll/)z =

Cap (Rn /2= Sn /2) and Rf/g = Cap (R[n /2,n] — S, /2) are independent. Moreover, by reversibility,
each of them has the same law as the range of a simple random walk started from 0 and run up to
time n/2. Applying Proposition we get

Cap (R,) > Cap <R(1/)2) + Cap ( ) -2 Z Z (2.1)

(1) (2)
meRn/Q 672n/2

Applying the same subdivision to each of the terms R and R and iterating L times, we obtain

> &

1 =1

Cap (R,) > ZCap (R(Z/2L> -2

L2€1
=

Here 552‘) has the same law as ) _p Zy€R/ lG(x,y), with R’ independent of R and the
n/2

n/2l

random variables (55@, i=1,...,2") are independent. Moreover, the random variables (Rﬁ}z L, 1=

1,...,2%) are independent. Using (I2) for the upper bound on Cap (R,) we get overall

L 2[ 1
anp( /2L) —2;;5(2 <Cap <anp <R£:/2L)
and this concludes the proof. O

3 Variance of Cap (R,) and error term

As outlined in the Introduction, we want to apply the Lindeberg-Feller theorem to obtain the central
limit theorem. In order to do so, we need to control the error term appearing in the decomposition
of Cap (R,,) in Corollary 2.1l Moreover, we need to show that the variance of Cap (R,,) /n converges
to a strictly positive constant as n tends to infinity. This is the goal of this section.



3.1 On the error term

We write G,,(z,y) for the Green kernel up to time n, i.e. ,

n—1
D 1S = y)] :

k=0

Gn($7y) =E,;

We now recall a well-known bound (see for instance [8, Theorem 4.3.1])

C
GOzr) < —, (3.1)
1 [|lz] ¥
where C' is a positive constant. We start with a preliminary result.
Lemma 3.1. For all a € Z% we have
x€Z% yeZa x€Z% yeZ4
Moreover,
3 S Gu(0,2)Gn (0,9)G(0,2 — ) S faln),
xeZ4 yeza
where
f5(n) = v/n, fe(n) =logn, and fy(n)=1 Vd>T. (3.2)
Proof. Let S, =3, , Gn(0,2)pax(z,y + a)Gy(0,y). Since
ka(‘Tay - CL) = Zpk(xu 2)pk(27y - CL) = Zpk(zax)pk(zay - a’)
letting Fy(2) = >, Gn(0,y)pr(z,y + a) we have
Fuz) = Y GuO,y)pi(z — a,), and S, = 3 Fol2)Fa(2). (3.3)
Yy z

By Cauchy-Schwartz, we obtain
Sa <Y Fi(z)- ) Fi).
Notice however that a change of variable and using ([B.3]) yields
Y FN2) =) Fi(w—a)=) Fi(w),
and hence we deduce

52 <52 Va.

We now note that if X is a lazy simple random walk, then the sums in the statement of the lemma
will only be affected by a multiplicative constant. So it suffices to prove the result for a lazy walk.
It is a standard fact (see for instance [L0, Proposition 10.18]) that the transition matrix of a lazy



chain can be written as the square of another transition matrix. This now concludes the proof of
the first inequality.

To simplify notation we write Gy, (z) = G,(0,z) and G(x) = G(0, z). To prove the second inequality
we split the second sum appearing in the statement of the lemma into three parts as follows

3D Gu@)Gn()Gx—y) < > Gul2)Gn(y)G(z —y)
z oy

lel<vi
lyll<vn
2 ) Gu@GGa—y)+2 D Gu(@)Gu(y)G(z —y) (3.4)
lel>vr el A
L yl<va lyll<4
= Il + I2 + 137

where [Ij, is the k-th sum appearing on the right hand side of the inequality above. The first sum Iy
is upper bounded by

logzz(n) %
2 Y Gu@)GuW)GE—y)+> . D Gu(@)Gu(y)Glz —y)
=0 r<liel<gE | wl<gfs r=0 ” ‘lﬂ>”|‘l|/ ||x>”7
r Y ok+2

For any fixed k < logy(n)/2, using ([B.I]) we get

Z > ¢ awee-0s (L) (4 X aw

< Iyll< Y4 35)
4—d 21\6/52 d—1 6—d
< <@> D Ppan <@>
~ 2k rd—2 2k
r=1
Similarly using ([B.I]) again for any fixed k < logs(n)/2 we can bound
\/T? 4—d \/7’? 6—d
2 —d 2k 41 -
Vn T Vn
> Y Y awewct-ns () Yam=(%) - 69
S <lal < =0 willy—al=r r=1
2l >llyll> ¥

Therefore using (3.5]) and (B.6) and summing over all k yields
I S fa(n).
We now turn to bound 5. From (B1]) we have

LS Y GGG —y)+ Y Gul@)Gu(y)G(x —y)

|| >2/7 Vas||z)|<2v/n
Vi Ly <y VI Llyll </
5 1 \/_ d—l
Sn® s ——— = fa(n
e O



where for the first sum we used that »_, Gp(x) = n. Finally, I3 is treated similarly as above to
yield

1
2 -
,[3 S n- - W = fd(n)
Putting all these bounds together concludes the proof. O

Lemma 3.2. For all n, let R, and ﬁn be the ranges up to time n of two independent simple
random walks in Z% started from 0. For all k,n € N we have

k

El[ D> Y Gay| | <Ch(fan)f,

where fq(n) is the function defined in the statement of Lemma [31] and C(k) is a constant that
depends only on k.

Proof. Let Ly(z) denote the local time at = up to time ¢ for the random walk S, i.e.

Let S be an independent walk and L denote its local times. Then, we get

SN Gy <3S Lu@)Lay)Glay).

TERN ye R, x€Z4 yeZd
So, for k =1 by independence, we get using Lemma [3.1]
ElY Y G| <D0 Gul0,2)Ga(0,5)G(0,2 —y) < faln),
TERN ye R, x€Z% yeZa

As in Lemma BT to simplify notation we write G, (z) = G, (0, z).

For the k-th moment we have

k
k k k
E[l Y. > Gy < > Y E[H Ln(l’z’)] E[HLn(yi)] [[G@i—v). 37
TERL yeﬁn T1,e0Th Y1y, Yk =1 =1 i=1
For any k-tuples z1,...,x, and y1,...,yr, we have
[k k
E HLn(wi)] < > Gn(zo1)) [ [ Gu(@opy = 2o(i—1)) and
Li=1 o: permutation of {1,....k} =2

k
E H Ln(y,)] < Z Gn(yw(l)) H Gn(yw(z) - yw(i—l))’
=2

m: permutation of {1,...,k}



Without loss of generality, we consider the term corresponding to the identity permutation for x
and a permutation 7 for y. Then, the right hand side of (37 is a sum of terms of the form

Gn(21)Gn (2 — 21) ... G2 = 5—1) G (U (1)) G (Urn(2) — Yn (1)) - - - G Uiy — YUnio—1y) | [ Glai — w).

Suppose now that the term y, appears in two terms in the above product, i.e.

Gn(Yk = Yr(i)) Gn (Y — Yr(5))-
By the triangle inequality we have that one of the following two inequalities has to be true
1 1
e = yx)ll 2 SlIYny = ynll 0 Nk = =) | 2 S1Y=) = Y-
Since Green’s kernel is radially decreasing and satisfies G(x) =< |z|>~? for ||z| > 1 we get

Gk = Un(1)) Cn Wk — Yn()) S Gu(Un() — Yn(i)) (G Wk — Un(j)) + Gn(yk — Yn(i))) -

Plugging this upper bound into the product and summing only over x; and yi, while fixing the
other terms, we obtain

= Z Gn(rp — 2p—1)Gnlyr — yw(z’))G((ﬂfk —xp-1) — (Yr — yﬂ(i)))

=Y Gu(@)Gu(y)G((x — y) = (Th-1 = Yn(i))) S fa(n),
where the last inequality follows from Lemmal[3.1]l Continuing by induction completes the proof. [

3.2  On the variance of Cap (R,)

Lemma 3.3. For d > 6 there exists a strictly positive constant vq so that

i var (Cap (Rn))

n—00 n

=5 > 0.

We split the proof of the lemma above in two parts. First we establish the existence of the limit
and then we show it is strictly positive. For the existence, we need to use Hammersley’s lemma [4],
which we recall here.

Lemma 3.4 (Hammersley). Let (ay), (by), (¢n) be three sequences of real numbers satisfying for
all n,m

Ap + Gm — Cngm < Gpgm < Qp + Ay + bn+m-
If the sequences (by), (¢,) are positive and non-decreasing and additionally satisfy
Z b + Cn
n(n+1)

then the limit as n — oo of a,/n exists.



For a random variable X we will write X = X — E[X].

Lemma 3.5. For d > 6, the limit as n tends to infinity of Var (Cap (Ry)) /n exists.

Proof. We follow closely the proof of Lemma 6.2 of Le Gall [9]. To simplify notation we write
X, = Cap (R,,), and we set for all k > 1

ap = sup{ E[Y?L] ok <n < 2k+1} .
For k > 2, take n such that 2 < n < 2¢t! and write £ = [n/2] and m = n — £. Then, from
Corollary 21l for L =1 we get

x4 x@ 28, < x, < x4 x@)

where X and X are independent and & has the same law as D veR, zyeﬁm G(z,y) with R
an independent copy of R.

Taking expectations and subtracting we obtain
X, — (XY + XD < 2max (&, E[&)).
Since 7(1) and 7(2) are independent, we get
1/2
w1 | @ ~ [, @]
w2, = (] =2

By the triangle inequality we now obtain

Xallz < X0+ X5 + (2 max(€, E[ED) 12
< (Ix[+ Hyg?uj)” r2 (e, + B < (|7 + HY?HE)W +evfaln)

< ([ s

where ¢ is a positive constant. The penultimate inequality follows from Lemma [B.2] and for the
last inequality we used that fj(n) <logn for all d > 6. From the definition of aj, we deduce that

ar < 2Y2a)_1 + ok,
for another positive constant co. Setting by, = apk~! gives for all k that
b < 2/%bj_q + c2,
and hence by < 2k/2 which implies that ag <k- 2k/2 for all k. This gives that for all n
Var (X,) < n(log n)?. (3.8)
Proposition and (L2 give that for all n,m

X+ X2 —28(n,m) < Xy < X + X2,



where again X and X® are independent and

Enm)= > > Gay< Y, Y. Gy (3.9)

TERn yeR TERntm yeRp i
with R and R independent. As above we get
(7n+m - (YS’ n 753)) ‘ < 2max(E(n, m), E[E(n,m)))
and by the triangle inequality again
‘HYHHHHQ - HYS) +Y§)H2‘ < 4[lE(n,m)ll, -

)

Taking the square of the above inequality and using that YS) and Yﬁ are independent we obtain

1Kl < 1%l + Kl + 8 IFally + [ onl13 1€, )l + 16 1€ 0,1
IXnlls + 1% mll3 < X nsmlly + 811 wsmll 1€ (. m) l, + 16 1€, m) 5.

We set v, = HY,J ;, d, = c1v/n(logn)? and d), = cay/n(logn)?, where ¢; and ¢y are two positive
constants. Using the bound from (B.8) together with ([B.9]) and Lemma [3:2in the inequalities above
yields

Yn + Ym — diz—l—m < Yn+m < Yn + Ym + dn—l—m-
We can now apply Hammersley’s result, Lemma [3.4] to deduce that the limit -, /n exists, i.e.

. Var (Yn)
lim ————= =932>0
n—oo n

and this finishes the proof on the existence of the limit. O

3.3 Non-degeneracy: 74 > 0

To complete the proof of Lemma we need to show that the limit v is strictly positive. We
will achieve this by using the same trick of not allowing double-backtracks at even times (defined
below) as in [Il, Section 4].

As in [I] we consider a walk with no double backtracks at even times. A walk makes a double
backtrack at time n if S,,_1 = S,_3 and S, = S,,_2. Let S be a walk with no double backtracks
at even times constructed as follows: we set §0 = 0 and let §1 be a random neighbour of 0 and
Sy a random neighbour of Sy. Suppose we have constructed S for all times k < 2n, then we let
(§2n+1, §2n+2) be uniform in the set

{(z,y): o —yll =520 —2ll =1 and (2,y) # (S2a-1,520)}.

Having constructed S we can construct a simple random walk in 7% by adding a geometric number
of double backtracks to S at even times. More formally, let (§;)i—2.4, .. be i.i.d. geometric random
variables with mean p/(1 — p) and

P(é=k)=(1-pp" VEk=>0,

10



where p = 1/(2d)?. Setting

k
Ne= > &,
=2
we construct S from S as follows. First we set S; = 52 for all 7 < 2 and for~all k > 1 we set
Iy = [2k + 2No(_1) + 1,2k + 2Noy]. If Iy # @, then if i € [}, is odd, we set S; = Sor_1, while if 7 is

even, we set S; = Sop. Afterwards, for the next two time steps, we follow the path of S , 1.e.,
Sok+2Ny+1 = Sok+1 and  Sopion,, 42 = Sokt2-

From this construction, it is immediate that S is a simple random walk on Z2. Let R be the range
of S. From the construction of S from S we immediately get that

Rn - Rn+2Nn - Rn+2Nn,17 (3.10)
where the second equality follows, since adding the double backtracks does not change the range.

Lemma 3.6. Let S be a random walk on Z° starting from 0 with no double backtracks at even
times. If R stands for its range, then for any positive constants ¢ and ¢ we have

P Z Z G(z,y) > cy/n | — 0 asn — oc.

2€R2n yER[2n,(24¢ )]

Proof. Let M be the number of double backtracks added during the interval [2n, (2 + ¢)n], i.e.,

2+ )n

M= > & (3.11)
i=2n
1 even

Then, we have that

R[2n, (2 4 ¢)n] € R[2n + 2No(_1y, (2 + ¢ )n + 2Ny, 1y + 2M].

Note that the inclusion above could be strict, since S does not allow double backtracks, while S
does so. We now can write

P Z Z G(x,y) > evn

TE€ER 2y yER[2n,(24+¢ )]

<P Z Z G(x,y) > evn

ZBER[O,2TL+2N2(,”,1)} yGR[2n+2N2(n,1) ,(2+c’)n+2N2(n,1) +2M]

<P Z Z G(x,y) > cv/n | +P(M > Cn).

2ER[0,2n+2No(p,—1)] YER[2n+2No(, 1), (24+2C+/ )n+2No(y, _1)]

By (BII) and Chebyshev’s inequality we obtain that for some positive C', P(M > Cn) vanishes
as n tends to infinity. Since G(z — a,y — a) = G(z,y) for all x,y, a, it follows that

11



P Z Z G(z,y) > cvn

2ER(0,2n+2No(y, _1)] YER[2n+Na(p—1),(2+2C+c" )n+2Na(,_1)]

=P Z ZG(w,y)zc\/ﬁ ,

zER1 YyeR2

where Rl = R[O, 2n + 2N2(n—1)] - 52"+2N2(n71) and RQ = R[2n + 2N2(n—1)7 (2 +2C + c’)n +
2N2(n_1)] — 52n+2]\/’2(n71). The importance of considering Ry up to time 2n + 2Ny, ) and not
up to time 2n + 2Ny, is in order to make R; and Ro independent. Indeed, this follows since
after time 2n + 2Ny(,_1) the walk S behaves as a simple random walk in Z% independent of the
past. Hence we can replace Ro by R’(2 420+ where R’ is the range of a simple random walk
independent of Rq. Therefore we obtain

n’

P Z Z G(z,y) > cy/n | <P Z Z G(z,y) > ev/n

! /
z€R1 YER 21204/ )m 2ER (20" +2)n YER (9120 +¢)n

_HP)(NZ(VL—I) 2 C’ln) .

As before, by Chebyshev’s inequality for C’ large enough ]P(Ng(n_l) >’ n) — 0 as n — oo and by
Markov’s inequality and Lemma B.]

E Z ER, Z / G(z,y)
T Cln YER n ’
Y Y chwsen)s

C\/ﬁ
’
ZBER(2C/+2)H yER(2+2C+c’)n

< logn’
~Y \/ﬁ

and this concludes the proof. O

Claim 3.7. Let R be the range of S. Then, almost surely

Cap (ﬁ[%, 2k + n]) . <
Qg -

L as n — oQ.
n

1-p
Proof. As mentioned already in the Introduction, Jain and Orey [5] proved that

lim 7Cap (Rn) = g = inf 7E[Cap (Rm)]

n—o00 n m m

(3.12)

with the limit oy being strictly positive for d > 5.
Clearly the range of S in [2k, 2k + n] satisfies

R[2k + 2Nop_1,2k + 2Noj 1 + 2N2]\ {Soprony 11, Sokr2ny, 42} C R[2K, 2k + n]

RI[2k, 2k + n] C R[2k + 2Naj_1, 2k + 2Noy_; + 2N},

12



where N/ is the number of double backtracks added between times 2k and 2k + n. We now note
that after time 2k + 2No;,_1 the walk S behaves as a simple random walk in Z%. Hence using (312)
and the fact that N/, /n — p/(2(1 — p)) as n — oo almost surely it follows that almost surely

li

n—o00 n

- Cap (R[2k + 2Np_1,2k + 2Nou1 +2N,]) _ < p >
pr— d . .
1—p

and this concludes the proof. O

Proof of Lemma Let S be a random walk with no double backtracks at even times and S a
simple random walk constructed from S as described at the beginning of Section 3.3l We thus have
Ry = Rnian, for all n. Let k, = [(1 —p)n], in, = [(1 —p)(n+ Ay/n)] and £, = [(1 — p)(n — Ay/n)]
for a constant A to be determined later. Then, by Claim [3.7] for all n sufficiently large so that k,
and ¢,, are even numbers we have

~ . 3 [A-ag-p 7
1 A'Oéd P 7
Pl Y X cewsg(HLE)va) 2 g (3.14)
TER[0,kn] YER [kn ,in]
and
~ 3 [A-ag-p 7
P<Cap <R[€n,k:n]) > 2 < T ) \/ﬁ> > 3 and (3.15)
1 A- [e7 Y 7
< - | — |- > — .
Pl > ) Glw<g <1_p)¢ﬁ >3 (3.16)

CCEﬁ[O,én} yeﬁ[ényk?n]

We now define the events
B - 2Ny, — 2E[Ny,,] 2N, — 2E[N;, ]
" vn Vn

Then, for all n sufficiently large we have for a constant ¢4 > 0 that depends on A

€ [A+1,A+2]} and Dn:{ € [1—A,2—A]}.

P(B,) > ca and P(D,) > ca. (3.17)

Since we have already showed the existence of the limit Var (Cap (R,,)) /n as n tends to infinity,
it suffices to prove that the limit is strictly positive along a subsequence. So we are only going to
take n such that k, is even. Take n sufficiently large so that (8I3]) holds and k,, is even. We then
consider two cases:

(i) ]P’(Cap (ﬁ[o,kn]> > E[Cap (Rn)]> > % or (i) ]P’(Cap (ﬁ[o,kn]) < E[Cap (Rn)]> >

NN

We start with case (i). Using Proposition [[.2] we have

cap(ﬁ[o,in])zcap(ﬁ[o,kn])+cap(ﬁ[kn,¢n])—2 Y Y Gy

2£€R[0,kn] yER[kn,in)
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From this, we deduce that
P ((Cap (RI0.0,1) = BlCap (R} + 5 - (41242 i)

> ]P’(Cap (7%[0, kn]) > E[Cap (R[0,n)] , Cap (fé[kn,zn]) > Z : <w> : \/ﬁ>

P( > > G(w,y)>é-<w>-x/ﬁ)-

Ieﬁ[Qk‘n} yeﬁ[knyin}

The assumption of case (i) and [BI3]) give that

P(Cap (RI0.ka]) = E[Cap (RI0,n)], Cap (Rlkn, in]) > z . (W) -\/ﬁ> > g

Plugging this lower bound together with ([B.14]) into (BI]]) yields

p((Cop (RI0.0]) 2 BlCop (R + 5 - (1242 ) v ) =

Since N is independent of S, using (BI7) it follows that

P(Cap (ﬁ[o,in]) > E[Cap (Ry)] + % : (%?) -V, Dn> > CZA

It is not hard to see that on the event D,, we have i, + 2N, € [n,n + 3y/n]. Therefore, since

R0, k] = R0, k + 2Nj] we deduce
]P’<E| m < 3y/n: Cap (R[0,n +m]) > E[Cap (R,)] + L <w> : \/ﬁ> > A

Since Cap (R[0,4]) is increasing in ¢, we obtain
]P’<Cap (R[0,n + 3y/n]) > E[Cap (R,)] % . <w> \/ﬁ> > e

Using now the deterministic bound Cap (R[0,n + 3y/n]) < Cap (R[0,n]) + 3y/n gives

1

]P’<Cap (R[0,n]) > E[Cap (Rn)] + (5 - (%?) - 3) -\/ﬁ> >4

and hence choosing A sufficiently large so that

1 [A-ag-p
> (F55) oo

and using Chebyshev’s inequality shows in case (i) for a strictly positive constant ¢ we have
Var (Cap (Ry)) > ¢ n.

We now treat case (ii). We are only going to consider n so that ¢, is even. Using Proposition
again we have

Cap (ﬁ[O,&J) < Cap (ﬁ[o,kn]) — Cap (ﬁ[@n,knD +2 Z Z G(z,y).

CCeﬁ[Ovén} yeﬁwnykn]
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Then, similarly as before using (8.13]), (3.16]) and (BI7) we obtain

P«m%ﬁM%DSEWWU%H—;<éﬁ%¥>WﬁJ%>z%a

Since on B,, we have ¢,, + 2Ny, € [n,n + 3/n], it follows that

IP’<EI m < 3v/n: Cap (R[0,n +m]) < E[Cap (R,)] — % . (%‘?) ) \/ﬁ> > %4‘

Using the monotonicity property of Cap (R;) in ¢ we finally conclude that
1 A- [e7 RN Y CA
P( Cap (R[0,n]) < E[Cap (R,)] — 3 17_1) i) > =

and hence Chebyshev’s inequality again finishes the proof in case (ii). O

4 Central limit theorem

We start this section by recalling the Lindeberg-Feller theorem. Then, we give the proof of Theo-
rem [L1]

Theorem 4.1 (Lindeberg-Feller). For each n let (X, ; : 1 <i < n) be a collection of independent
random variables with zero mean. Suppose that the following two conditions are satisfied

i) >r, E[Xfu] —02>0asn — oo and
(i) >0 E[(Xni)?1(|Xni| > €)] = 0 as n — oo for all e > 0.
Then, S, = Xp1+ ...+ Xpn = oN(0,1) as n — oo.

For a proof we refer the reader to [3, Theorem 3.4.5].

Before proving Theorem [Tl we upper bound the fourth moment of Cap (R,,). Recall that for a
random variable X we write X = X — E[X].

Lemma 4.2. For all d > 6 and for all n we have
E|(Cap (Ra))*] < .

Proof. This proof is similar to the proof of Lemma We only emphasize the points where they
differ. Again we write X,, = Cap (R,,) and we set for all k > 1

ay =Sup{<E[7i]>l/4i 2" <n< 2k+1}-

For k > 2 take n such that 2F < n < 21 and write n; = [n/2] and ny = n—£. Then, Corollary 1]
and the triangle inequality give

Xl < 1%, + Kol + 4l m)l < (B[X0,] + E[Xn,] + 66 [X2] £[X2,])"" +ertogn,

where the last inequality follows from Lemma 3.2 and the fact that X,,, and X,,, are independent.

Using Lemma B3] we get that
2
ny

E|X,,|E|[X),| <n?
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Also using the obvious inequality for a,b > 0 that (a + b)'/* < a'/* + b'/* we obtain

— 4 4 1\ 1/4
X nlls < <E[Xm} +IE[XMD + eV,
We deduce that
ap < 21/4ak_1 + 632k/2.

Setting by, = 275/2a;, we get

1
by, < 21/4bk 1+ 3,

This implies that (b, k € N) is a bounded sequence, and hence a; < C2%/2 for a positive constant

C, or in other words,
(2[x])" s va

and this concludes the proof. O

Proof of Theorem .1l From Corollary 2.1l we have

I, 2¢-1

ZCap( TL/2L>_2ZZS(Z < Cap (R <ZCap< n/2L)’ (4.1)

(=1 i=1
where (Cap (Ri)%)) are independent for different i’s and R\ }2L has the same law as Ry, o1
or Ry, or41) and for each £ the random variables (Eé )) are independent and have the same law as
erR(i; i ZyER( - G(z,y), with R and independent copy of R.

n/2

To simplify notation we set X;; = Cap <R( }2L) and X,, = Cap(R,) and for convenience we

rewrite (@) as

L 2( 1 2L
ZX -2 Y e <X, <Y Xis (4.2)
(=1 i=1 i=1
We now let
2L
E(n) :ZYZ,L_Y’H
i=1

Using inequality (£2]) we get

2[*1

L L
E[|€(n)|] < 4E Z Z Séz) < 225 logn < 2l logn,
(=1 i=1 =1

where the penultimate inequality follows from Lemma 3.2 for £ = 1 and the fact that fg(n) <logn
for all d > 6.

Choosing L so that 2L = n'/* gives E[|€(n)|] /v/n — 0 as n — co. We can thus reduce the problem

of showing that X, /y/n converges in distribution to showing that Z?il Xi.1/\/n converges to a
normal random variable.
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We now focus on proving that
Z Xz L
ﬁ

We do so by invoking Lindeberg-Feller’s Theorem .1l From Lemma we immediately get that
as n tends to infinity.

— oN(0,1) asn — cc. (4.3)

| oL n

1=
which means that the first condition of Lindeberg-Feller is satisfied. It remains to check the second
one, i.e.,

2L

lim Z% E[ ,Ll(|XzL|>5\/_)]

n—00
i=1

By Cauchy-Schwartz, we have

E[Y?,Ll(‘yilz‘ >E\/_} \/E zL ’XzL‘ >E\/_)

By Chebyshev’s inequality and using that Var (X;,) ~ 74 - n/2% from Lemma we get

— 1
P([Xi | >evn) < JoLY

Using Lemma we now get

oL oL

1 1 1
> o B[Rl > V)] £ 31 -5 e = o O

i=1 =1

since L = logn/4. Therefore, the second condition of Lindeberg-Feller Theorem [ lis satisfied and
this finishes the proof. O

5 Rough estimates in d =4 and d = 3

Proof of Corollary [I.4l In order to use Lawler’s Theorem [[.3l we introduce a random walk S
starting at the origin and independent from S, with distribution denoted P. Then, as noticed
already by Jain and Orey [5l Section 2], the capacity of the range reads (with the convention
R_1= @)

Cap (R Zl Sk ¢ Ri—1) % Ps,, ((Sk + Roo) "Ry = @), (5.1)
k=0
where Roo = R[1,00).
Thus, for k fixed we can consider three independent walks. The first is S* : [0,k] — Z¢ with
S} = Sy — Sk_i, the second is S? : [0,n — k] — Z4% with S2 .= Sj.; — Sk, and the third S? = S.
With these symbols, equality (5.1]) reads

Cap (R Zl (0 ¢ RY[1,K]) x P(R3[1,00) N (R0, k] UR?[0,n — k]) = ).
k=0

17



Then, taking expectation with respect to S, S? and S3, we get

E[Cap (R, Z]P’ (0 ¢ R'[1,k], R?[L,00) N (R'[0,k] UR?[0,n — k]) = 2). (5.2)
k=0

Now, ¢ € (0,1/2) being fixed, we define €, := en/logn, and divide the above sum into two subsets:
when k is smaller than e, or larger than n — ¢,,, and when k is in between. The terms in the first
subset can be bounded just by one, and we obtain this way the following upper bound.

E[Cap (R,)] < 2e, +nP(0 ¢ R'[1,&,], R*[L,e,] N (R'[0,6,] UR?[0,¢,]) = @) .

Since this holds for any € > 0, and loge,, ~ logn, we conclude using (L3]), that

lim sup logn x E[Cap (R,)] < F—2 (5.3)
n—00 n 3
For the lower bound, we first observe that (5.2) gives
E[Cap (R,)] > nP(0 ¢ RYL,n], R3[1,00] N (R0,n] UR2[0,n]) = o),
and we conclude the proof using (L3)). O

Proof of Proposition We recall L, (z) is the local time at z, i.e.,

The lower bound is obtained using the representation (LGl), as we choose v(z) = L, (z)/n. This

gives
n

Cap (Rn) 2 : (5.4)
1Y yezs G y) La(z) Lu(y)
and using Jensen’s inequality, we deduce
E[Cap (R,)] > - . (5.5)

T Layezt G2, Y)E[Ln(2) La(y)]

> Gz, y)E[Ln(z = > > E[G(S. Sk (5.6)

z,yeld 0<k<n 0<Kk’<n

Note that

We now obtain, using the local CLT,
S > EGSHSH = > > E[GO,Sp_i] < Y. > [m] N
0<k<n0<k'<n 0<k<n 0<k'<n 0<k<n 0<k'<n
and this gives the desired lower bound. For the upper bound one can use that in dimension 3,
Cap (4) S rad(A),
where rad(A) = sup,¢ 4 ||z|| (see [7, Proposition 2.2.1(a) and (2.16)]). Therefore Doob’s inequality
gives

E[Cap (Rn)] < E

~

sup HSkH] S Vn
k<n

and this completes the proof. O
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6 Open Questions

We focus on open questions concerning the typical behaviour of the capacity of the range.
Our main inequality (L.I]) is reminiscent of the equality for the range
|R[0, 2n]| = |R[0,n]| + |R[n,2n]| — |R[0,n] N R[n, 2n]|. (6.1)
However, the intersection term |R[0,n] N R[n,2n]| has a different asymptotics for d > 3
E[|R[0,n] N R[n,2n]|] < far2(n). (6.2)

This leads us to add two dimensions when comparing the volume of the range with respect to
capacity of the range. It is striking that the volume of the range in d = 1 is typically of order \/n
as the capacity of the range in d = 3. The fact that the volume of the range in d = 2 is typically of
order n/logn like the capacity of the range in d = 4 is as striking. Thus, based on these analogies,
we conjecture that the variance in dimension five behaves as follows.

Var (Cap (R,)) =< nlogn. (6.3)

Note that an upper bound with a similar nature as (L)) is lacking, and that (L2]) is of a different
order of magnitude. Indeed,

E[Cap (R[0,n] N R[n,2n])] < E[[R[0,n] NR[n,2n]]] S far2(n).
Another question would be to show a concentration result in dimension 4, i.e.,

Cap(Rn) (@)

E[Cap (Ro) . (64)

We do not expect (6.4) to hold in dimension three, but rather that the limit would be random.

Acknowledgements

We thank the Institute IMEéRA in Marseille for its hospitality. This work has been carried out
thanks partially to the support of A*MIDEX grant (ANR-11-IDEX-0001-02) funded by the French

Government ”Investissements d’Avenir” program.

References

[1] Amine Asselah and Bruno Schapira. Boundary of the Range I: Typical Behaviour, 2015.
arXiv:1507.01031.

[2] Amine Asselah and Bruno Schapira. Boundary of the Range II: lower Tails, 2016.
arXiv:1601.03957.

[3] Rick Durrett. Probability: theory and examples. Cambridge Series in Statistical and Proba-
bilistic Mathematics. Cambridge University Press, Cambridge, fourth edition, 2010.

[4] John M. Hammersley. Generalization of the fundamental theorem on sub-additive functions.
Proc. Cambridge Philos. Soc., 58:235-238, 1962.

19



Naresh C. Jain and Steven Orey. On the range of random walk. Israel J. Math., 6:373-380
(1969), 1968.

Naresh C. Jain and Steven Orey. Some properties of random walk paths. J. Math. Anal. Appl.,
43:795-815, 1973.

Gregory F. Lawler. Intersections of random walks. Probability and its Applications. Birkh&user
Boston, Inc., Boston, MA, 1991.

Gregory F. Lawler and Vlada Limic. Random walk: a modern introduction, volume 123 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2010.

Jean-Francois Le Gall. Propriétés d’intersection des marches aléatoires. I. Convergence vers le
temps local d’intersection. Comm. Math. Phys., 104(3):471-507, 1986.

David A. Levin, Yuval Peres, and Elizabeth L. Wilmer. Markov chains and mizing times.
American Mathematical Society, Providence, RI, 2009. With a chapter by James G. Propp
and David B. Wilson.

Baldzs Réath and Artém Sapozhnikov. Connectivity properties of random interlacement and
intersection of random walks. ALEA Lat. Am. J. Probab. Math. Stat., 9:67-83, 2012.

Alain-Sol Sznitman. Vacant set of random interlacements and percolation. Ann. of Math. (2),
171(3):2039-2087, 2010.

20



	Introduction
	Decomposition for capacities
	Variance of Cap(Rn) and error term
	On the error term
	On the variance of Cap(Rn)
	Non-degeneracy: d>0

	Central limit theorem
	Rough estimates in d=4 and d=3
	Open Questions

