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VIRTUAL BRAID GROUPS OF TYPE B AND
WEAK CATEGORIFICATION

ANNE-LAURE THIEL

ABSTRACT. We define virtual braid groups of type B and construct a
morphism from such a group to the group of isomorphism classes of
some invertible complexes of bimodules up to homotopy.

KEY WORDS: braid group, virtual braid, categorification

MATHEMATICS SUBJECT CLASSIFICATION (2000): 20F36, 57M27 (Prima-
ry); 13D, 18E30, 18G35 (Secondary)

INTRODUCTION

Our aim in this paper is two-fold: we first define a virtual braid group of
type B, and next construct a weak categorification of this group.

Virtual knots and braids have been introduced by Kauffman in [Kau99l;
they can be represented by planar diagrams that are like usual link or braid
diagrams with one extra type of crossings, called virtual crossings. Such
crossings appear for instance when one projects a generic link in a thickened
surface onto a plane (see [KKO00] or [Kup03]).

The virtual braids with n strands form a group denoted VB,,, which gen-
eralizes the usual Artin braid group B,. The group VB, has a presentation
with 2(n — 1) generators

0-1""’0-1171’(1’--"(1171’

where o1, ...,0,_1 satisfy the usual braid relations, (i, ..., (,_1 satisfy the
standard defining relations of the symmetric group S, and the following
“mixed relations” are satisfied
0 = Gjoi, if li—j|>1,
and
0iGi+1Gi = Gi+1Gioit1, 1 <i<n-—2.

As is well known, the braid group B,, can be generalized in the framework
of Coxeter groups. Recall that given any Coxeter system (W, S) one defines
a generalized braid group Byy by taking the same generators s € S and the
same relations as for the Coxeter group W, except the relations s = 1.
When W is the symmetric group S, i.e. of type A,_1 in the classification
of Coxeter groups, then By = B,,.

A natural question is: can one similarly attach a generalized virtual
group VByy to any Coxeter system (W,S)? The idea for defining such
a group VByy would be, as in the type A case, to use two copies of the
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generating set S, and to require that the first copy satisfies the relations
defining By, the second one satisfies the relations defining W, and some
mixed relations involving generators from the two copies of S are satisfied.

The problem is to come up with an appropriate and meaningful set of
mixed relations. In this paper, we do not solve the problem in the general
case, but we focus on the case of Coxeter groups of type B. We use a
diagrammatic description of the generalized braid group Byy of type B due to
tom Dieck [tD94]; this description is in terms of symmetric braid diagrams.
We define a generalized virtual braid group VBp, of type B,, by considering
symmetric virtual braid diagrams up to some natural equivalence.

In a second part we “categorify” each newly-defined group VBp, . Here we
mean categorification in the weak sense of Rouquier, who actually proves a
stronger version of this result in [Rou06]. More precisely, here to any word w
in the generators of VBp, we associate a bounded cochain complex F'(w)
of bimodules such that if two words w and w’ represent the same element
of VBp,, then the corresponding cochain complexes F(w) and F(w') are
homotopy equivalent. This leads to a morphism from the group VBp, to
the group of isomorphism classes of invertible complexes up to homotopy,
which is not injective. We describe a part of its kernel. The bimodules used
here have been introduced by Soergel, they have become important in the
context of knot theory because they come up in the Khovanov-Rozansky
link homology (see, e.g., [KhoO7]). Our categorification extends Rouquier’s
weak categorification of generalized braid groups and our previous categori-
fication [Thil0Q] of the virtual braid group VB,,.

The paper is organized as follows. In Section [Il we recall the definition
of the virtual braid groups VB5,, and of an invariant of virtual braids due to
Manturov, which we see as a homomorphism of VB,, into the automorphism
group of a free group. In Section [2] we recall the definition of the generalized
braid group of type B,, and tom Dieck’s graphical description in terms of
symmetric braid diagrams.

We propose a definition of a generalized virtual braid group of type B,
in Section Bl We show that each of its elements can be represented by a
symmetric virtual braid diagram, but we do not prove the injectivity of this
representation. Using Manturov’s invariant, we show that certain relations
do not hold in this group although they look natural.

Section Ml is devoted to the Soergel bimodules of type B,,. In Section Bl we
associate a cochain complex of bimodules to each generator of our virtual
braid group of type B,,, and we show that this leads to a categorification of
this group in the weak sense of Rouquier.

1. VIRTUAL BRAIDS

We first recall the definition of virtual braid groups and of Manturov’s
invariant for virtual braids.

1.1. The virtual braid groups. Let n be an integer > 2. Following
[Man04], [Ver01], we define the virtual braid group VB, as the group gener-
ated by o1,...,0,-1 and (3,...,(,—1, and the following relations

0i0j = 004, if |’L —j| > 1, (11)
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0i0i110; = 04100411, 1 1<i<n-—2, (1.2)
GG = GG, i i =] > 1, (1.3)
CiCit1Gi = Gi+1GiGiv1, 1 <i<n-—2, (1.4)
=1, if1<i<n-—1, (1.5)
0i(j = ¢joi, if li—j] > 1, (1.6)

0iCit1Gi = Git1Gioip1, 1 <i<n—2. (L.7)
Relations (ILI]) and (2] are called braid relations and Relations (L3)—(LH)
permutation relations. Relations (L6 and (7)) are called mized relations
because they involve both generators o; and ¢;.

Elements of VB, can be represented by wirtual braid diagrams with n
strands. Such a diagram is a planar braid diagram with virtual crossings in
addition to the usual positive and negative crossings.

The generator o; can be represented by the usual braid diagram with a
single positive crossing between the ith and the i + 1st strand; see Figure [I]
whereas the generator (; is represented by the virtual braid diagram with a
single virtual crossing between the i¢th and the i + 1st strand; see Figure 2

% i+1 142 n

FIGURE 1. The braid diagram o;

7 i+1 142 n

1 i—1

FIGURE 2. The braid diagram (;

We use the following convention: if D (resp. D') is a virtual braid dia-
gram representing an element 3 (resp. ) of VB, then the product 85’ is
represented by the diagram obtained by putting D’ on top of D and gluing
the lower endpoints of D’ to the upper endpoints of D.

Relations (1)), (L3]), (I6) mean that we consider these planar diagrams
up to planar isotopy preserving the crossings. Relation (L.2]) illustrates the
classical Reidemeister III move for ordinary braid diagrams.

Relations (L4) and (LX) mean that we consider the virtual braid dia-
grams up to the virtual Reidemeister IT-TII moves depicted in Figure Bl
Relation (7)) is a graphical transcription of the mixed Reidemeister move



4 ANNE-LAURE THIEL

I AKX

FIGURE 3. Virtual Reidemeister moves

XA

FIGURE 4. The mixed Reidemeister move

of Figure @l (Note that this mixed move involves one positive crossing and
two virtual ones.)

The braid group B, is obtained by dropping the generators (i,...,(y—1.
There is a natural homomorphism B,, — VB, obtained by considering each
braid diagram as a virtual braid diagram without virtual crossings.

1.2. Manturov’s invariant. Manturov [Man03] constructed an invariant
of virtual braids, which he conjectured to be complete. Since we will be
using it in Proposition B4l we have to recall its definition. We use the
version that appeared in the review [Izm04].

In this version, Manturov’s invariant can be seen as a group homomor-
phism f : VB, — Aut(F, 1), where F},;1 is the free group on n + 1 genera-

tors ai,...,an,t. The homomorphism f is defined by the following formulas:
aj+1 if j =1,
floi)aj) =S ajtajqa; if j=i+1,
aj otherwise,

ta]’+1t71 if j =1,
fG)a;) =< t7 ajqt ifj=i+1,
a; otherwise,
and f(o;)(t) = f(¢)(t) =tforalli=1,...,n— 1.
Observe that this invariant specializes when t = 1 to an invariant con-
structed in [FRRO7| for welded braids; see also [VerO1].

2. BRAID GROUPS OF TYPE B AND SYMMETRIC BRAID DIAGRAMS

Let n be a positive integer. Consider the Coxeter group associated to the
Dynkin diagram of type B,; see [Hum90].
We denote the associated generalized braid group by Bp,. It has a pre-
sentation with n generators sg, s1,...,S,_1, and three families of relations
$iSj = 8;8i, if ‘Z —j‘ > 1, (2.1)

SiSi4+15i = Si+15iSi+1, if 1 S ) S n — 2, (22)
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50515051 = S1505150- (23)

In [tD94] tom Dieck gave a diagrammatic description of Bp, in terms of
symmetric braid diagrams with 2n strands.

Fix a vertical line {0} x R in the plane R2. Consider the reflection in this
vertical line. It acts on the underlying graph of a braid diagram. It lifts to
a reflection on braid diagrams by imposing that the sign of the crossings is
preserved. (Observe that if one identifies the plane R? with {0} x R? C R3,
this reflection can be viewed as a rotation of angle 7w around the vertical axis
{0}2 xR.) A symmetric braid diagram with 2n strands is a planar braid dia-
gram with 2n strands that is invariant under this reflection. To make things
precise, we assume that the upper (resp. lower) endpoints of each symmetric
braid diagram with 2n strands are the points {—n...,—1,1,...,n} x {1}
(resp. the points {—n...,—1,1,...,n} x {0}). We consider the symmetric
braid diagrams with 2n strands up to planar isotopy preserving the crossings,
and up to the classical Reidemeister IT-TII moves, as depicted in Figure Bl
We stress the fact that neither the isotopies nor the Reidemeister moves
have to be preserved under the reflection.

FIGURE 5. Classical Reidemeister II-11T moves

The equivalence classes of symmetric braid diagrams with 2n strands form
a group, which tom Dieck [tD94] proved to be isomorphic to the general-
ized braid group Bp, of type B,. In this isomorphism, the generator sg is
represented by the symmetric braid diagram with one positive crossing, as
in Figure [6 and each remaining generator si,...,S,_1 by the symmetric
braid diagram with two symmetric positive crossings, as in Figure [l From
now on, we will identify each generator s; of Bp, with the corresponding
symmetric braid.

F1GURE 6. The symmetric braid diagram sq

In terms of symmetric braid diagrams, we see that Relation (2.I)) holds
because the symmetric braid diagrams corresponding to each term of the
relation are isotopic. Similarly, the equality in Relation (2.2]) can be proven
diagramatically using Reidemeister IIT move. As for Relation (Z3]), it can
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-n  —i—2 —i—1 —1 —i+1 -1 1 i—1 % i+1 i+2 n

|V T T
\ \

FIGURE 7. The symmetric braid diagram s; (i > 0)

AN
AN AN \ AN
(\ AN AN AN L AN
AN W ) AN AN
AN \ AN AN
AN

FIGURE 8. Proving Relation (23]

be proven as shown in Figure 8l (Note that four Reidemeister IIT moves
have been used.)

Forgetting the symmetry condition yields an embedding of Bp, into the
group Ba, of usual braids with 2n strands. Before we give a precise for-
mula for this embedding, let us shift the indices of the 2n — 1 generators o;
of Bs, by —n; in this way the indexing set for the generators becomes the
set {—n+1,...,n — 1}. The re-indexed generators satisfy the same braid
relations (LI) and (L2). We then define an embedding of Bp, into the
group Bs, by sending sg to og, and each remaining s; to o_;0; = 0;0_;
(t=1,...,n—1).

3. SYMMETRIC VIRTUAL BRAIDS
We now define a group VBp, , which will be our generalized virtual braid
group of type B,.

Definition 3.1. The group VBp, has the following presentation: it is gen-
erated by 2n generators sg, S1,...,Sn—1 and 2o, 21, - - -, Zn—1, wWhere sg, 81, - . -,

Sn—1 satisfy Relations (1)), 2), Z3), 21,...,2n—1 satisfy the relations
Zizj = zjzi, if |t —j| > 1,
2iZi412i = Zip1%iziv1, f1<i<n—2,
202120721 = 21202120,
2=1, if0<i<n-—1,
and the following “mixed relations” are satisfied

W W w w
=W N

(3.1)
(3.2)
(3.3)
(3-4)

8i%j = Z;8q, if ‘Z —]’ > 1,
8iZi412i = Zip1%iSiv1, f1<i1<n—2

50212021 = 21202150,

A~ o~~~
W W W w

o ~1 &
N N N N

205812021 = 21205120,
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S0215021 = 21S0%”150- (39)

By analogy with tom Dieck’s graphical description, we want to repre-
sent elements of VBpg, by symmetric virtual braid diagrams with 2n strands.
These are planar virtual braid diagrams with 2n strands, as defined in Sec-
tion [[I], that are symmetric under the reflection in the vertical line {0} x R.
The reflection is supposed to preserve the virtual crossings as well as the pos-
itive (resp. the negative) crossings. We consider the symmetric virtual braid
diagrams with 2n strands up to planar isotopy preserving the crossings, up
to the classical Reidemeister IT-TIT moves of Figure Bl up to the virtual Rei-
demeister IT-IIT moves of Figure Bl and up to the mixed Reidemeister move
of Figure [4l

We represent the generators sg, s1,...,S,—1 by the symmetric braid dia-
grams of Section 2l The generator zg is sent to the symmetric virtual braid
diagram with a single virtual crossing, as in Figure [l Each remaining gen-
erator z1,...,2,_1 1S sent to a symmetric virtual braid diagram with two
symmetric virtual crossings as in Figure [I0l

—n -2 —1 1 2 n

FiGURE 9. The symmetric virtual braid diagram zq

-n  —i—2 —i—1 —1 —i+1 -1 1 i—1 % i+1 i+2 n

FIGURE 10. The symmetric virtual braid diagram z; (i > 0)

Proposition 3.2. Considering symmetric braid diagrams as elements of
VBay, yields a well-defined group homomorphism j : VBp, — VBa, defined
by
J(s0) =00, j(20) = Cos (3.10)
and
j(si) = 0_ioi = 0;0, J(zi) = (=i = GiC— (3.11)
for1 <i<n-—1.

Here again as in Section [, we have shifted the index of the generators of
the virtual braid group VBs, by —n.

This shows that the relations defining the virtual braid group VBp, of
type B are adequate.
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Remark 3.3. We do not claim that j : VBp, — VBa, is a monomorphism
but we conjecture that it is. Should this hold, then we could claim that the
defining relations are sufficient to define VBp, as a subgroup of VB,,.

Proof. Using the relations defining VBs, (see Section [[]), we now check
that j(s0),5(s1)s--+,J(Sn-1), 3(20),7(21), - - -, j(2n—1) satisfy the defining re-
lations of VBp,,.

Relations 2.I)—(23]) and BI)—(B6]) are obviously satisfied.
A graphical proof of Relation (B.7) is given in Figure [[T] where we use the

virtual Reidemeister 11T move of Figure B twice and the mixed Reidemeister
move of Figure M twice.

N
N
Ll Ll - -
AN
N

FIGURE 11. A graphical proof of Relation (8.7

We similarly obtain Relation (B.8) using four mixed Reidemeister moves,
as in Figure

SRR
W 1%

FIGURE 12. A graphical proof of Relation (3.8])

Finally, a graphical proof of Relation (3.9)) is given in Figure I3l

FIGURE 13. A graphical proof of Relation (3.9
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The inequalities recorded in the following proposition will come up in

Remarks
Proposition 3.4. (a) In VB, we have
0iGi # Gioi  and  (i0i410; # 0i410:Cit1.
(b) In VBpg, we have
20812081 7 S1208120-

Proof. (a) For each relation we will use Manturov’s invariant f (see Sec-
tion [L.2) to show that both sides of the relation do not have the same
invariant. This will imply the desired inequality in VB,,. For the leftmost
relation, we have

f(Goi) (@) =t 'ait and  f(04¢) (a;) = ta Haaiat™",

which are different.
For the righmost relation, we have

t —
a; o Qi42,
. -1 -1
[(Gioip103) 1 4 aiv1 = a;otaipit” aiqe,
—1,-1
Qjy2 ai+2t aitaHQ,
a; — aj ifj#4,i+1,94+2
and
t — t,
a; = Q;42,
-1 -1
f(Oi410iGiv1) © 8 @iy = ta; paip1ai40t 7,
-1, -1
a;r2 t ai+2aiai+2t,
a; = aj ifj%i,i—i—l,i—i—z

So f(Cioir104) and f(0i410:Ci+1) are not equal in Aut (Fyq1).

(b) We want to compare the two elements zgs1z9s1 and s1z9s120 of VBp,,.
Their image in VB, under the homomorphism j are respectively the ele-
ments (go_101{go_101 and 0_101(y0_101(p. To them, we apply Manturov’s
invariant, the group homomorphism f : VB, — Aut(Fb,11), where Fb, g
is the free group on the generators a_n41,...,a_1,09,0a1,...,ay,t, which is
given by the same formulas as in Section

A simple computation shows that

f(Coa_lalg“oa_lal)(ag) = a2_1t*1ao_1ta2a1_1t*la_ltalaz_ltflaotag
and

-1 -1 -1 -1 -1
f(0'_10'1C00'_10'1C0)(a2) = Q9 a4 azt 1a0 a_laotaz ajag ,
which are different. O

Remarks 3.5.
e The inequalities of Proposition B.4l(a) imply that, in VBp, we have

Sizi £z f0<i<n-—1

and
ZiSi4+1S5i 75 Si+1S5i%i+1 if 1 S ) S n—1.
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e The second inequality of Proposition 3.4](a) means that the mixed Rei-
demeister move of Figure [[4], involving one virtual crossing and two pos-
itive crossings, is not allowed. Specializing at ¢ = 1 one observes that
f(Cioiv104) and f(o;4104Ci+1) become equal in Aut (F,). Adding the re-
lation (04410, = 044+104(;+1 to the presentation of VB, one precisely ob-
tain a presentation of the group of welded braids with n strands defined

A-K

FIGURE 14. A forbidden Reidemeister move

4. SOERGEL BIMODULES

4.1. Generalities. We consider some bimodules which have been intro-
duced by Soergel [Soe92], [Soe95], [Soe07] in the general context of Coxeter
groups.

Let (W, S) be a Coxeter system with generating set S = {so, ..., Sn—1} of
cardinality n. As usual, we denote the order of st, where s,t € S, by m(s,t)
and we set

7'('
(si,85) = —Cosm e R.
Let R = R[ Xy, ..., X,—1] be areal polynomial algebra in n indeterminates
X0,y Xp_1-
For ¢ =0,1,...,n — 1 we define an algebra automorphism «; of R by
ai(Xj) = Xj -2 <3i7 Sj> Xz
forall j =0,1,...,n—1. It is easy to check that o; is an involution and that

there is a unique action of W on R by algebra automorphisms such that
si(P) = ai(P)

forallt=0,1,...,n—1and P € R.
For any w € W we consider the following objects:

(a) the subalgebra R™ of elements of R fixed by w;

(b) the R-bimodule B, = R ®pw R;

(c) the R-bimodule R,, which coincides with R as a left R-module
whereas a € R acts on Ry, on the right by multiplication by w(a).

Remarks 4.1.
e To avoid confusion, let us point out that:

- among these bimodules, the only ones which are commonly called
Soergel bimodules are the bimodules By for s € S,

- for an arbitrary w € W, Soergel uses the notation B, for different
bimodules than us (some indecomposables) that we will not consider
here.
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e The bimodules R,, already appeared in Soergel’s work and they turned
out to be important in the study of Soergel bimodules.

We introduce a grading on the algebra R by setting deg(X}y) = 2 for all

k=20,...,n— 1. It induces a grading on the bimodules we consider. We
will indicate a shift of the grading by curly brackets: if M = @M; is a
1€Z

Z—-graded bimodule and p an integer, then the Z-graded bimodule M{p} is
defined by M{p}; = M,_,, for all i € Z.

In the sequel we will systematically identify any bimodule R,, ®pr B,
(resp. By ®g Byy) with Ry ® gur R (resp. R ®pe R ® g R) since

Rw ®R Bw’ - Rw ®R R ®Rw’ R % Rw ®Rw’ R

and
By @ By = RQpw RO RQpu R= R®pve R®pw R.

The following lemma is straightforward. It will be used repeatedly in
Section

Lemma 4.2. For all w,w' € W, there are isomorphisms of R-bimodules
Ry ®p Ryt — Ry
sending a ® b to aw(b), and
Ri ®r By — Bywiw-1 @1 R
sending a ® b to a @ w(b) (a,b € R).
4.2. The type B,. When the Coxeter system (W, S) is of type B, then

(siysi) = —cos(m) = 1 ifi=0,...,n—1,
(siysj) = —cos(m/2) = 0 if i — j| > 1,
(siySiv1) = —cos(m/3) = —1/2 ifi=1,...,n—2,
(s0,81) = —cos(m/4) = —2/2.
See [Hum90].
It follows that the automorphisms ag, aq,...,a,_1 act on the polynomial
algebra R = R[Xy, ..., X,,—1] by the formulas
X() — —X(],
Qg - X, = X1+ \/5)(07
X, — X if 4 >1,
Xo = Xo+V2Xi,
ar X1 — —Xl,
') Xy = X1+ Xo,
For 1 < j < n, we have
Xj — —Xj,
;o Xz — Xl—l-X] ifi:j—l,j—l-l,
X, = X; ifi£j—1,7,5+1.

For future use, we shall need an explicit set of algebraically independent
homogeneous generators for certain subalgebras R of invariants. Using
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Chevalley’s theorem (see [Hum90, Chap. 3| or [TY05, Chap. 31] for more
details), one can verify that

R = R[V2Xo +2X1, X2, Xo,..., Xn_1],
R15051 = R[ X, X1 + X, X1(V2X0 + X1), X3, ..., Xn_1],

R =R[2X( +V2X 1, X1 4+ 2Xo, X2, X3, ..., Xn_1]
and

R*%150 = R[X( + vV2X3, X1, Xo(Xo + V2X1), X3, ..., Xp1] .

5. WEAK CATEGORIFICATION OF THE VIRTUAL BRAID GROUP OF
TYPE B,

5.1. Rouquier’s weak categorification of generalized braid groups.
We explain Rouquier’s construction following [Rou06]. It works for any
generalized braid group Byy associated to a finite Coxeter group W.

To each braid generator s; € Byy we assign the cochain complex F(s;) of

graded R-bimodules
F(s;) : 0 — R{2} 25 B,, — 0, (5.1)

where By, sits in cohomological degree 0. The degree-preserving R-bimodule
morphism rb; sends any a € R to aX; ® 1 +a® X; € By,.

To the inverse s, L of s; we assign the cochain complex F(s; 1) of graded
R-bimodules

F(s;Y): 0 — B, {—2} 2% R{-2} — 0, (5.2)

where B, {—2} sits in cohomological degree 0 and the degree-preserving R-
bimodule morphism br; is given by multiplication; in other words, it sends
a®be B, toab € R.

To the unit element 1 € By, we assign the trivial complex of graded
R-bimodules

F(1):0— R —0, (5.3)

where R sits in cohomological degree 0. The complex F'(1) is obviously a
unit for the tensor product of complexes.

Finally to any word w = sfll e sf: where €1, ...,ex = £1, we assign the
complex of graded R-bimodules F(w) = F(s;!) @ ... ®r F(s;¥).

In this context, Rouquier established that if w and w’ are words represent-
ing the same element of Byy, then F(w) and F(w’) are homotopy equivalent
complexes of R-bimodules. This statement is what we mean by Rouquier’s
weak categorification of generalized braid groups and what we want, for the
type B case, to generalize to virtual braids. But in fact, Rouquier enhanced
the above result in [Rou06]. He also conjectured his categorification to be
faithfull while it will not be true for our generalization to virtual braids; see

Remarks
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5.2. Weak categorification of VBp,. Our aim is to extend the con-
struction of Rouquier detailed in the former section to the virtual braid
group VBp, of type B,, defined in Section [3

The cochain complexes associated to the generators sgﬂ of VBp, are the
ones defined by (5.]) and (5.2]).

To the generator z; we assign the complex of graded R-bimodules con-
centrated in degree 0

F(z):0— Rs;, — 0. (5.4)

To any word w in the generators siil and z; of VBp, we assign the tensor
product over R of the complexes associated to the generators involved in
the expression of w.

We now state our main result.

Theorem 5.1. Ifw and w' are words representing the same element of VBpg,,,
then F(w) and F(w') are homotopy equivalent complezes of R-bimodules.

Proof. Tt is enough to check that there are homotopy equivalences between
the complexes associated to the pair of words appearing in each defining
relation of VBp,.

The checking of this for Relations (2.1), (2.2]), (23] is a consequence of
Rouquier’s work for generalized braid groups.

Relations (B.I)—(B4) only involve the virtual generators z;. In view of
the simple form of the complex F'(z;), the isomorphims of the corresponding
complexes directly follow from the first isomorphism in Lemma

Similarly, the isomorphism of complexes associated to Relations (B.5])
and (3.6) can be constructed as performed in [Thil0] in the case of the
categorification of the virtual braid group of type A.

We are left with the mixed relations (B.7)-(3.9]). Let us first deal with
Relation ([B7). We have to prove that the complexes F(soz12021) and
F(z1z02150) are isomorphic. A simple computation shows that the com-
plex F(z1292150) is isomorphic to the following:

d
0 — Rs 508 {2} — Rsy50s; ®r Bsg — 0,
where
d(a) = a(aagar (Xo) @ 1+1® Xp) =a(Xo® 1+ 1® X))

for all @ € R. The complex F'(sgz12021) is isomorphic to

d/
0 — Rs 505, {2} — Bsy ®Rr Rs,50s;, — 0,
where
d(a)=a(Xo®1+1® Xg)
for all a € R. Lemma provides an isomorphism
j RSISOSI ®R Bso i> B81808180818081 ®R RSISOSI 5

it is given by u(a®b) = a®ayapai (b), where a,b € R. Now by Relation (2.3)
the latter bimodule is equal to By, ®r Rs,s,s,- This allows us to build the
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following isomorphism of complexes between F'(z1z02150) and F(spz12021):

0—— RS18081{2} —d> Ry, 505y ®r Bsg — 0

idl MJ/
d/
0—— Rslsosl {2} - Bso QR R515051 —0

The vertical maps (and similarly their inverse) commute with the differen-
tials. Indeed, for a € R, sys;

pod(a) = pla(Xo®1+1® Xp))
= a(Xo®1+1®aiapa (Xo))
a(Xo®14+1® Xp)
= d'(a).

Similar arguments allow us to construct an isomorphism of complexes
between F'(z9s1z0z1) and F(z1z08120), which proves that (B.8]) is satisfied
on the level of complexes.

In order to handle Relation (B3], the first step is to find an isomorphism
between Bg, ®r Rs, ®r Bs, ®r Rs, and Rs, ® p Bs, ®r Rs, @ Bs,. Applying
Lemma again, we first observe that

BS() ®R Rsl ®R BS() ®R Rsl = Bso ®R B818081

and

R81 ®R Bso ®R R81 ®R Bso = lesosl ®R BS() .
Then using the generating set of R" for w € {sg, 515051} exhibited in Sec-
tion 2] we can make an isomorphism of R-bimodules

@ Bso ® B515081 — 3818081 @ BSO
explicit by setting

p(lel1el) = 10131,
p(1I®X®l) = 101® X,
Pp(leXi1®l) = -Xe114+1011 (X; + Xq),

p(leX;®l) = X;01®1 ifi>1.
The map ¢ is clearly surjective since any element of R can be written as

a sum of products of elements of R*© and R*'%°%0. Let us prove that this
isomorphism of R-bimodules is well-defined. We have to check that
v(lepel)=polel (5.5)
for all p € R*; and
e(lepel)=1018p (5.6)
for all p € R*1%0%1. It is enough to check (B.0]) (resp. (5.6])) for p equal to the
generating elements of R% (resp. of R®1%051).

For p = X (resp. p = X3) Equality (5.6]) (resp. Equality (5.5])) follows
directly from the definition of ¢. For p = X; with i > 2, Equalities (5.3
and (0.0) follow from the fact that X; € R% N Rs150%1,

It remains to deal with the elements v2Xy + 2X; and Xg of R%, and
with the elements X7 + X5 and X3 (\/EXO + Xl) of R#150%1 Equality (5.5
is obvious for on since Xg € R% N R*1%0%1 By definition,

P(1® (V2Xo+2X1)®1) = 2X>,®1®1+1®1® (V2Xy + 2X1 + 2X>).
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Now, v2Xg + 2X:1 + 2X, belongs to R% N R%1%0%1 | so we get the expected
equality

p(1® (V2Xo+2X1)®1) = (V2Xo +2X1) @ 1® 1.
For X1+ X», Equality (5.6]) follows directly from the definition of ¢; we have

@(1®(X1+X2)®1) = - XHe1014+110(X1+X2)+Xe®1®1
el (X)+ Xs) .

The last element p € R*150%1 for which we have to check Equality (5.6]) is
p=2X (\/§X0 + Xl). By definition,

p(1e X1(V2Xo+ X1)®1) = —X,®1®v2X)
F1R10V2X(X1 + X))+ X3 @1®1
—2Xo®1® (X7 + X2)
101 (X] 4 Xy)?
= 191® (V2Xo(X1 + X2) + (X1 + X2)?)
—Xo®1® (V2Xo + 2X1 + 2X2)
+X3®1®1.

Now remark that X3 can be written as follows:

X3 = (X1(V2Xo + X1) — (X1 + X2)? — V2Xo (X1 + X2))

+ (V2Xo + 2X1 +2X2) X .
One can check that both
X1(V2Xo + X1) — (X1 + X2)? — V2Xo(X1 + X»)
and v/2Xy+2X; 42X, belong to RN R1%051 . So replacing X2 by its latter
expression in the expression of cp(l ®R X 1(\/§X0 +X1)® 1), we obtain what
we expected, namely
p(1® Xi(V2Xo+ X1)®1) =1®1® X1(V2X) + X1) .
The existence of the bimodule isomorphism ¢ leads to an isomorphism

between the complexes F'(sgz15021) and F(z1802150). In fact, F(spz18021)
is isomorphic to the complex

O - R{4} BSO ®R lesosl I O

d2_2 %

BSIS()Sl {2}
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whose differentials are obtained by composing the ones of F(sgz150z1) with
the isomorphism of Lemma More precisely,

di%(a) = a(Xo®1+1® Xy),

—a (o (Xo)®@1+1® a1 (Xo))

—a ((Xo+V2X1) @ 1 +1® (Xo + V2X1))
difa®b) = a(1®a; (Xo)@1+1®1®a;(Xo))b

a(1® (Xo+VvV2X1)®1+1®1® (Xo+ V2X1)) b,
d'a®b) = a(Xo2121+12Xi@1)b

U
il
[\
—
S
~—
I

for all a,b,c € R. Similarly, the complex F'(z1592150) is isomorphic to

Bso{2}

0—— R{4} B818081 ®R Bso —0

dgx%

3818081 {2}

whose differentials are obtained by composing the ones of F(z1592150) with
the isomorphism of Lemma [.2] namely

d72(a) = —a(Xo®1+1® Xp),
dy *(a) = a(an(Xo)®1+ 1@ a1 (X))
= a((Xo+Vv2X1) ®1+1 (X0 +v2X1)),
T a®b) = alm (X)@101+1@a; (Xo)®1)b
= a((Xo+V2X1) @1®1+1® (Xo+v2X1) ®1)b,
dyt(a®b) = a(1®Xe®@1+1®1® Xq)b

for all a,b,c € R. We define an isomorphism between these two complexes
using the identity map (up to a sign) for all factors outside of cohomological
degree 0 and using ¢ in degree 0. This can be summarized by the following



VIRTUAL BRAID GROUPS OF TYPE B AND WEAK CATEGORIFICATION 17

commutative diagram:

BS() ®R lesosl —0

3818081 {2}

~id @
By, {2}
X’fl\
0—— R{4} B818081 ®R Bso —0
d'gx %
3513031{2}

This morphism of complexes is well-defined: the identities commute with

the differentials and for all a,b € R,

podi'(a®b) = ¢(a(1®(Xo+Vv2X1) @1+101® (Xo+v2X1))b)
= a(gXo+\/§X1)®1®1+1®1®(X0+\/§X1))b

dy (a®D)
since (Xo + \/§X1) € R%. We also have
pody(a®b) = pa(Xo®1®1+1® Xo®1)b)
= a(Xo®1®1+1®1® X)b
= dy '(a®b)
since Xg € R*1%0%1 This completes the proof. O

Remarks 5.2.

e It is important to work in the homotopy category rather than in the derived
category since the complexes F'(s;) and F (8;1) are both quasi-isomorphic
to F'(z;) while they are not homotopy equivalent to it.

e We observed in Proposition B.4] that quite unexpectedly the relation

20812081 = S12051<0

does not hold in VBpg,. Nevertheless the two complexes F(zps1z051) and
F(s1z08120) are isomorphic.

The existence of an isomorphism between these complexes follows from
the isomorphim of R-bimodules

,l/} : le ®R Bsoslso — BS()SlSO ®R le-

The isomorphism v can be expressed in a similar way as the isomorphism
¢ 1 By ® Bg,sgs; — Bsysgs; @ Bs,- Then, just as in the last part of the
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proof of theorem [B.1] this enable us to construct an isomorphism between
the complexes F'(z9s12051) and F'(s1208120)-

e As in the type A case (treated in [ThilQ]), the complexes F'(s;z;) and
F(z;s;) are isomorphic, which contrasts with the fact that the relation s;z; =
z;5; does not hold in VBpg, .

e Although we do not manage to state here that j : VBp, — VBj, is
injective, it would be interesting to know at least if, for any a € ker(j), the
complexes F'(a) and F'(1) are homotopy equivalent.

ACKNOWLEDGEMENTS

I thank my thesis advisor C. Kassel for his guidance and his help with
writing up this paper.
REFERENCES

[FRR97] R. Fenn, R. Rimdnyi, and C. Rourke. The braid-permutation group. Topology,
36(1):123-135, 1997.

[Hum90] J. E. Humphreys. Reflection groups and Cozeter groups, volume 29 of Cam-
bridge Studies in Advanced Mathematics. Cambridge University Press, Cam-
bridge, 1990.

[Izm04] I. Izmestiev. Review of “On the recognition of virtual braids” by V. O. Manturov.
Math. Reviews, MR2038828, 2004.

[Kau99] L. H. Kauffman. Virtual knot theory. European J. Combin., 20(7):663-690, 1999.

[Kho07] M. Khovanov. Triply-graded link homology and Hochschild homology of Soergel
bimodules. Internat. J. Math., 18(8):869-885, 2007.

[KK00] N. Kamada and S. Kamada. Abstract link diagrams and virtual knots. J. Knot
Theory Ramifications, 9(1):93-106, 2000.

[Kup03] G. Kuperberg. What is a virtual link? Algebr. Geom. Topol., 3:587-591 (elec-
tronic), 2003.

[Man03] V. O. Manturov. On the recognition of virtual braids. Zap. Nauchn. Sem. S.-
Peterburg. Otdel. Mat. Inst. Steklov. (POMI), 299(Geom. i Topol. 8):267-286,
331-332, 2003.

[Man04] V. O. Manturov. Knot theory. Chapman & Hall/CRC, Boca Raton, FL, 2004.

[Rou06] R.Rouquier. Categorification of sl> and braid groups. In Trends in representation
theory of algebras and related topics, volume 406 of Contemp. Math., pages 137—
167. Amer. Math. Soc., Providence, RI, 2006.

[Soe92] W. Soergel. The combinatorics of Harish-Chandra bimodules. J. Reine Angew.
Math., 429:49-74, 1992.

[Soe95] W. Soergel. Gradings on representation categories. In Proceedings of the Inter-
national Congress of Mathematicians, Vol. 1, 2 (Zirich, 1994), pages 800-806,
Basel, 1995. Birkhauser.

[Soe07] W. Soergel. Kazhdan-Lusztig-Polynome und unzerlegbare Bimoduln tiber Poly-
nomringen. J. Inst. Math. Jussieu, 6(3):501-525, 2007.

[tD94] T. tom Dieck. Symmetrische Briicken und Knotentheorie zu den Dynkin-
Diagrammen vom Typ B. J. Reine Angew. Math., 451:71-88, 1994.

[Thil0] A.-L. Thiel. Categorification of the virtual braid groups. PhD Thesis, 2010.

[TY05] P. Tauvel and R. W. T. Yu. Lie algebras and algebraic groups. Springer Mono-
graphs in Mathematics. Springer-Verlag, Berlin, 2005.

[Ver01] V. V. Vershinin. On homology of virtual braids and Burau representation. J.
Knot Theory Ramifications, 10(5):795-812, 2001. Knots in Hellas 98, Vol. 3
(Delphi).

INSTITUT DE RECHERCHE MATHEMATIQUE AVANCEE, CNRS & UNIVERSITE DE STRAS-
BOURG, 7 RUE RENE DESCARTES, 67084 STRASBOURG, FRANCE
E-mail address: thiel@math.unistra.fr



	Introduction
	1. Virtual braids
	1.1. The virtual braid groups
	1.2. Manturov's invariant

	2. Braid groups of type B and symmetric braid diagrams
	3. Symmetric virtual braids
	4. Soergel bimodules
	4.1. Generalities
	4.2. The type Bn

	5. Weak categorification of the virtual braid group of type Bn
	5.1. Rouquier's weak categorification of generalized braid groups
	5.2. Weak categorification of `39`42`"613A``45`47`"603AVBBn

	Acknowledgements
	References

