N

N

Derivation of the magnetic Euler-Heisenberg energy
Philippe Gravejat, Mathieu Lewin, Eric Séré

» To cite this version:

Philippe Gravejat, Mathieu Lewin, Eric Séré. Derivation of the magnetic Euler-Heisenberg energy.
2016. hal-01270637v2

HAL Id: hal-01270637
https://hal.science/hal-01270637v2

Preprint submitted on 30 Mar 2016 (v2), last revised 9 Jun 2017 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01270637v2
https://hal.archives-ouvertes.fr

DERIVATION OF THE MAGNETIC EULER-HEISENBERG

ENERGY

PHILIPPE GRAVEJAT, MATHIEU LEWIN, AND ERIC SERE

ABSTRACT. In quantum field theory, the vacuum is a fluctuating medium
which behaves as a nonlinear polarizable material. In this article, we
perform the first rigorous derivation of the magnetic Euler-Heisenberg
effective energy, a nonlinear functional that describes the effective fluc-
tuations of the quantum vacuum in a classical magnetic field.

We start from a classical magnetic field in interaction with a quan-
tized Dirac field in its ground state, and we study a limit in which
the classical magnetic field is slowly varying. After a change of scales,
this is equivalent to a semi-classical limit & — 0, with a strong mag-
netic field of order 1/A. In this regime, we prove that the energy of
Dirac’s polarized vacuum converges to the Euler-Heisenberg functional.
The model has ultraviolet divergences, which we regularize using the
Pauli-Villars method. We also discuss how to remove the regularization
of the Euler-Heisenberg effective Lagrangian, using charge renormaliza-
tion, perturbatively to any order of the coupling constant.

CONTENTS
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1. INTRODUCTION

In quantum field theory, the vacuum is a fluctuating medium which be-
haves as a nonlinear polarizable material [11], 21} [65]. It modifies the ordinary
properties of light, for example through the addition of nonlinear terms in
the classical Maxwell equations.
In this paper we consider a classical electromagnetic field in interaction
with a quantized Dirac field representing the quantum vacuum. For time-
independent fields in the Coulomb gauge, the general form of the Maxwell
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equations for the classical field is

—AV = 4me(puac(eA) + pext )
—AA= 47T€(jvac(eA) +jext)7 (1)
div A = div jext = 0.

Here e is the elementary charge of an electron, A := (V, A) is a classical,
R%-valued, electromagnetic potential, with corresponding field

F = (E,B) = (—VV,curl 4),

and pext and jext are given external charge and current densities. The vacuum
charge pyac(eA) and current jy,c(eA) densities are nonlinearly induced by
the vacuum polarization according to the formulae

0 0
epvac(€A) := W}"\,ac(eA), and  €jyac(eA) = —a—AfvaC(eA),

where Fyac(eA) is the energy of a quantized Dirac field in the external four-
potential A, assumed to be in its ground state. In particular, the nonlinear
Maxwell equations in () arise from the Lagrangian action given by

L(A) = — FuncleA) + e /]R (et (2) - A@) = pea(2)V (2) da

to [ (B@P - 1B@)P) da.
RS

(2)

The nonlinear terms pyac(eA) and jyac(eA) are negligible in normal con-
ditions and they only start to play a significant role for very large electro-
magnetic fields. The critical value at which this starts to happen is called
the Schwinger limit and it is several orders of magnitude above what can
now be produced in the laboratory. The detection of these nonlinear effects
is nevertheless a very active area of experimental research [3 54]. In addi-
tion, these terms are believed to play an important role in neutron stars with
extremely high magnetic fields (magnetars) [2, 50, [7]. The equations (I do
not seem to have attracted much attention on the mathematical side.

The exact vacuum energy Fy,c(eA) is computed by assuming that the
quantized Dirac field is in its state of lowest energy. It is a very complicated
nonlocal functional of A which, in addition, has well-known divergences. Its
precise definition will be recalled in Section 2.1 below.

A simple and useful approximation, often used in the Physics literature,
consists in replacing the complicated functional Fyac(eA) by a superposition
of local independent problems, that is,

Frac(eA) ~ /RS fvac(eE(x),eB(x)) dx (3)

where fyac (eE, eB) is the energy per unit volume, found for an electromag-
netic field F = (FE, B) which is constant everywhere in space (hence for a
linear electromagnetic potential A). Our purpose in this article is to justify
the approximation (B]) in a limit where the electromagnetic field F is slowly
varying.

The (appropriately renormalized) function fvac(eE, eB) has been com-
puted by Euler and Heisenberg in a famous article [37] and it is given by the
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expression

1 0o e—sm2 6252 9 9
fvac(eEaeB):@/O 53 (T (|E| _|B| )_1

N

N Recosh (es(|B]* — |E|* +iE - B)

+ e?s? (E
Im cosh (es(|B|? — |E|> + iE - B)

S

;) ds. (4)

Here m is the mass of the electron and we work in a system of units such
that the reduced Planck constant A and the speed of light ¢ are equal to 1.
An alternative computation of the Euler-Heisenberg formula () has been
discussed later by Weisskopf [65] and Schwinger [56]. For weak fields the
leading correction to the usual Maxwell Lagrangian is given by

64

" 360m2ma

This expression has a form similar to the first-order Born-Infeld theory [41],
42] and it has played an important role in the understanding of nonlinear
effects on the propagation and dispersion of light [40l 53], 51, [43].

It is well-known that the Euler-Heisenberg vacuum energy in formula ()
has to be handled with care, since the integrand may have poles on the real
line. The proper definition requires to replace s by s + in and to take the
limit n — 0 [56) [39]. The function fy..(eE, eB) defined in this way may have
an exponentially small non-zero imaginary part, which is interpreted as the
electron-positron pair production rate and corresponds to the instability of
the vacuum (see [30, Paragraph 7.3] and [I13] 39, 14} I5]). However, under
the additional constraints that E-B = 0 and |E| < |B|, then there is no pole,
the integral in ([l) converges absolutely and the vacuum energy fiac(eF,eB)
is real, as expected. In particular, this is the case for a purely magnetic field,
E =0, that will be the object of our paper.

The purely magnetic case has been particularly discussed in the Physics
literature [11 [6] [63] [64], 52]. The corresponding energy is independent of the
direction of the magnetic field B and simplifies to

fuac(eE, eB) = (UBI = 1B2)? +7(E- B)?) + o EI" + |B[*).

2
—sm
e

1 o e2s?| B|?
fvac(0,eB) = W/o =3 <es]B\ coth (es|B|) — 1 — %) ds. (5)

This function is concave-decreasing and negative, which corresponds to the
usual picture that, after renormalization, the vacuum polarization enhances
an external field instead of screening it as one would have naturally expected
at first sight. As an illustration, the function behaves as

e4

_7360772m4’B‘4 for |B] — 0,
fvac(oa eB) ~ 2 12 (6)
B B
—ulog ¢|B| for |B| — oo
2472 m2 '

Note that the energy diverges faster than |B|? at infinity. The total energy

1

- - |B(;c)|2d;c—i—/R3 fvaC(O,e|B(x)|) dz
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is unbounded from below. The implications of this instability for strong
magnetic fields were studied by Haba in [32], 33].

The function |B| +— fyac(0,eB) has a non-convergent Taylor series in
powers of B. In fact, the series is

Bon 2¢| B[\ *"
87‘(‘2 “ 2n(2n —1)(2n — 2) m?

and the Bernoulli numbers

(2n)!

BQH = (_1)n+1 (271')2"

¢(2n)

(with ¢ the Riemann zeta function) diverge extremely fast. This phenome-
non has played an important historical role in quantum field theory, where
perturbative arguments are often used. It can nevertheless be shown that
fvac(0,eB) is the Borel sum of its Taylor expansion [4].

Our main goal in this paper is to provide a rigorous derivation of the
purely magnetic Euler-Heisenberg vacuum energy in (B, starting from the
true vacuum energy JFy,c of a quantized Dirac field, in the regime where B
varies slowly in space. To be more precise, we assume that the magnetic field
takes the form B(ex) with a fixed smooth function B (which corresponds to
the strong magnetic potential A.(x) = e~ A(ex)) and then look at the limit
€ — 0. The expectation is that the vacuum energy is locally given by the
Euler-Heisenberg formula, leading to the limit

Frac(0,€A.) ~ fvaC(O eB(ex)) / fvac(0,eB(x))dx.  (7)

e—0

After a change of scale, the problem coincides with a semiclassical limit
h = e — 0 with a very strong magnetic field of order B ~ 1/h. This
magnetic field strength is critical: any B < 1/h would disappear in the
leading order of the semi-classical limit. Here B does contribute, and deriving
the exact form of the energy is a very delicate matter. This regime of strong
magnetic fields has been the object of several recent studies in different
situations [47, 25 61, (67, 16}, 17, 18 19} 23], 22| 24} 38], none of them covering
the continuous spectrum of the Dirac operator, to our knowledge. A result
similar to ([]) has recently been obtained in the simpler case of a scalar field
in [44], which is a more conventional semiclassical limit.

In addition to the criticality of the magnetic field strength, we have to face
the other difficulty that the vacuum energy Fi,c has divergences that must be
regularized. Different regularization schemes are possible. In this article we
use the Pauli-Villars method as in [27] and obtain a result similar to (), with
a Pauli-Villars-regulated function fLY(0,eB). After charge renormalization,
this function coincides with the original Euler-Heisenberg fyac(0,eB) in (4)
up to an exponentially small error, as we will prove. We expect the same for
other regularizations, which will however not be discussed in this article.

In the next section we properly define the Dirac vacuum energy Fu,. using
the Pauli-Villars scheme, before we are able to state our main results.

2. MAIN RESULTS
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2.1. The Pauli-Villars-regulated vacuum energy. We start by recalling
the definition of the Pauli-Villars-regulated vacuum energy [55] which was
rigorously studied in [27] (see also [26], [46]).

The vacuum energy Fyac(eA) in ([2)) is given by the formal expression

1
Frac(eA) = ) tr {Dm,eA{- (8)
In this formula,

Dmeai=0c-(—iV —ecA) +eV +mp, (9)

is the Dirac operator for one electron in the classical electromagnetic field [62]
20], a self-adjoint operator acting on L?(R3,C*). The four Dirac matrices
a = (o, ag, a3) and B are given by

(0 o (I O
ak'_<0'k 0), and B.-(O _I2>,

with Pauli matrices o1, o9 and o3 equal to

{01 (0 —i q (1 0
o1 ‘= 1 0/ o9 = i 0 , an g3 = 0o -1/

The Dirac matrices satisfy the following anti-commutation relations
oo+ oo = 25]'7]“ Qj B+ ,@aj =0, and ,@2 = 1Iy. (10)

The trace in (§) means that all the negative energy states are filled by virtual
electrons, according to Dirac’s picture [8, @] 10} 12} 1T]. The operator

]l(Dm,eA < 0) - ]l(Dm,eA > 0)
2

in the trace arises from the constraint that the system must be charge-
conjugation invariant. We refer to [35] 27] for detailed explanations.

Of course, the trace in (§)) is infinite. In order to give a proper meaning
to Fuac(eA), we start by subtracting an infinite constant, namely the free
vacuum energy corresponding to A = 0 given by

1
_§|Dm,eA| = Dm,eA

1
Foac(0) = —5tr | Dy o] -

We therefore consider the relative vacuum energy

Fune(€A) — Fune(0) = %tr (1Dl ~ [Deal)- (11)

Removing an (infinite) constant does not change the variational problem in
which we are interested, as well as the resulting equations.

For most electromagnetic potentials A, however, the relative vacuum en-
ergy in () is not yet well defined due to ultraviolet divergences. This
additional difficulty can be overcome by applying a suitable regularization.
Various methods are employed in the literature, among which are the famous
dimensional regularization [31] and the lattice regularization [66]. Here we
are going to use the Pauli-Villars method [55] which was studied in [27]. This
technique consists in adding fictitious particles with high masses m; > 1 in
the model. These particles have no physical significance, but their introduc-
tion provides an ultraviolet regularization, which is sufficient to rigorously
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define the vacuum energy. More precisely, we consider the so-called Pauli-
Villars-regulated vacuum energy given by the formula

2
fg\cl(eA) = %tchj <{Dm].,0{ - ‘ij’eAD' (12)

Jj=0

In this expression, the coefficient ¢y and the mass mg are respectively equal
to 1 and m. The corresponding term is exactly the relative vacuum energy
in (). The ultraviolet divergences are removed if the coefficients ¢; and co
satisfy the Pauli-Villars conditions

2 2
Yo=Y ¢m;=0, (13)
j=0 j=0

which amounts to choosing them as

ms —mg mi —mg
a=-——5—5 and o=-—5—y7.
my —my my —my

In the following we always assume that m = mg < m; < mo for simplicity,
hence ¢; < 0 and ¢3 > 0.

We now describe some known mathematical properties of -V . Through-
out the article we work in the electromagnetic field energy space, namely, we

assume that £, B € L?(R3). This amounts to assuming that
Ve H'(RY) = {V e ISR, R) : |[VV|2, < oo}
and
Aec H (R?) = {A € LS(R*,R?) : divA =0 and | curl A%, < oo}
The precise result proved in [27] is the following.

Theorem 1 (Definition of LY in energy space [27]). Assume that the co-

vac
efficients co = 1, ¢1 and co, and the masses 0 < m = mgy < my1 < Mo satisfy

the Pauli-Villars conditions (I3]).
(i) When V€ H'(R®) and A € H}. (R?), the operator

2
Ta =3 ¢; (|Dm,0] = D, al) (14)
=0
18 compact.
(ii) When V € L'(R3) N H'(R?) and A € LY(R%*) N HL (R3), we have
tr [trca Ta| < oo, hence

vac

1
FPV(A) = 5 tr (trea Ta)

is well-defined. Moreover, FLY can be uniquely estended to a continuous

mapping on H'(R3) x HL (R3).
(iii) When V =0, and A € L'(R®) N HL (R?), the operator T 4 is trace-
class on L*(R3,C*), that is, tr [Ty a| < oo, hence Fiv (0, A) = tr(Tp.4)/2.

vac
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The result says that the vacuum energy FLV (A) is well defined by a trace
(possibly first doing the C* trace), when A and V are smooth and integrable,
and that it has a unique continuous extension to the energy space, still
denoted by FLY(A). In the case V # 0, we do not believe the operator
Ta to be trace-class without taking first the C*-trace. But the terms in Tg
which are (possibly) not trace-class do not contribute to the final value of
FPV(A), due to gauge-invariance.

With FPV at hand, it is now possible to define the associated Lagrangian

vac
action, in external charge and current densities,

LEV(A) = — FPV(eA) + e/ (jext (x) - A(z) — pext(x)V(m)) dx
“ (15)
+ 8_71' (|VV(:U)|2 — [curl A(z)|?) dz.

provided that div jext = 0 and
Pext ]ext € {f € Lloc Rg / / ‘ ‘f dﬂcdy < OO}
R3 JR3

Cdmlr —y|
In [27] we have constructed the electromagnetic field F' = (E, B), in presence
of time-independent, weak enough, external charge density pext and current
density jext, as a local min-max critical point of £FV. The corresponding
four-potential A = (V, A) satisfies the nonlinear Maxwell equations in ().
We refer to [27), 46}, 26] for more details.

2.2. Derivation of the Euler-Heisenberg vacuum energy. We now
come to our rigorous derivation of the Euler-Heisenberg vacuum energy in (B])
starting from the Pauli-Villars-regulated vacuum energy.

As announced we restrict our attention to purely magnetic fields by setting

V =0.

We next consider a scaled magnetic field of the form B.(z) = B(ex), with a
given B = curl 4 € L*(R3), and A € H}, (R3). Our main result requires a
bit more regularity.

Theorem 2 (Derivation of the Euler-Heisenberg vacuum energy). Let B €
CO(R3,R3) be such that div B =0 and

B e LY(R?) N L™ (R?), VB e L}Y(R3) N L(R3), (16)

and let A be the associated magnetic potential in Hclﬁv(R?’). Set finally
Ac(x) = et A(ex). Then, we have

SFN0.eA) = [ R (elB@)) do +0(e) (1)
where
(e e] 2 2 S
PY(b) == # ; <ch est) (sb coth (sb) — 1>% (18)
7=0

is the Pauli-Villars-requlated Fuler-Heisenberg vacuum energy.



8 P. GRAVEJAT, M. LEWIN, AND E. SERE

The theorem provides a limit in the same form as in (), except that
the effective energy fLV(b) still depends on the regularization parameters
c1,c2,m1, mo. In the next section we discuss the link with the original Fuler-
Heisenberg energy fiae. We remark that the function fLY is non-negative
and behaves as

21312 2
B
% cj logmj_2 for |B| — 0,
=0
fiae (€B) ~ B )’ (19)
32 chmg logm? for |B| — oo,
j=0
where
2 2
ch log mj_2 >0 and chm? log m? >0,
j=0 j=0

as we show in Lemma [I1I] below. Note that the field energy is of the same
order £73 as the vacuum in this regime,

/RS B(ea) R do = == /[R B(x) da.

Therefore, in the limit € — 0 we get the effective local Lagrangian

(g [ Beraes [ anee).

The two terms have the same sign, hence the corresponding model is stable,
contrary to the renormalized functional based upon the Euler-Heisenberg
function fyac.

Remark 3. The technical conditions on B in ([I8) are certainly not optimal.
It would be interesting to prove ([IT) with O(e) replaced by o(1), under the
sole assumption that [ps fh¥ (|B(z)]) dz < co. Due to [I9), this condition is
equivalent to

B@E
/Rsl+|B<x>|d < oo

2.3. Charge renormalization & the Euler-Heisenberg energy. The
function fLY defined in (I8) and obtained in the limit ¢ — 0 is different
from the Euler-Heisenberg energy fuac. In particular, fEV is positive convex
increasing, whereas fya. is negative concave decreasing. The reason is that
oV does not include the quadratic term (sb)?/3 that is present in the for-

mula () of fyac. Indeed, integrating by parts using the first Pauli-Villars
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condition in ([I3]), we find

V() = / <Z ¢j e~ > (sbeoth (sb) (83)2)§
2

b? 0 —em2 ) ds
+24772/0 <ZCJ6 J>s

Jj=0

m2
2
my

2472
(20)

mi m’ m3 log(A
:fvac( )+Cl 4fvac< 2b> +e2 vaac( b) + g( )b2
my

where

Frac(b) = % /0 s (sb coth (sb) (35)2) ds

8 3 /83
is the original Euler-Heisenberg energy with mass m, and where the averaged
ultraviolet cut-off A > 1 is defined by
2
log A = — Z cj logm; > 0. (21)
§=0

The second and third terms in (20) are small since

4 2
m; m C; .
Cj m_i Jvac <Wb> =0 <’m—]4‘b4> , 7 =1,2.
J J

In particular, we can take mq, mg — oo while keeping c¢q, co bounded. How-
ever, the last term in (20) is logarithmically-divergent.

The correct way to remove the divergent term is to include it in the def-
inition of the charge, a procedure called charge renormalization. Here we
explain this procedure on the real function b+ LV (eb). By superposition,
the same holds for the local function

B [ B do

obtained in the semi-classical limit. Following [36] [34] 28] 29], we define the
physical charge ey, by

2 e?
Con = m (22)
and the physical magnetic field by, by the relation
eb = epp bph-
It is convenient to introduce the renormalization parameter
Jyim — L c(01) (23)

+ 2 log A

in such a way that ey, = +/Z3e and by, = /Z30.
We would like to take A — oo, which however imposes that

< Sl —0
e
ph = 2log A




10 P. GRAVEJAT, M. LEWIN, AND E. SERE

It is not possible to remove the ultraviolet regularization and keep the phys-
ical charge ey, fixed, a phenomenon related to the Landau pole [45]. The
best we can do is to fix eih log A, which is equivalent to fixing Z3, then let
eph g0 to zero and verify that the chosen value of Z3 does not appear in the
perturbative series in ey [29]. In this regime, our goal is to compare the
total magnetic energy per unit volume

b2 1Y%
8_7T + fvac (6 b)
with the physical energy involving the Euler-Heisenberg magnetic energy
(bph)2
8

The following says that these two energies are exponentially close to each
other in a neighborhood of 0. In particular, they have the same Taylor
expansion at ey, = 0 which, however, is divergent as we have recalled above.

+ fvac(eph bph)-

Theorem 4 (Renormalization of f&Y). We have for a universal constant K

b? bon)?
8_7'(' + f\f;\c/(e b) - M - fvac(eph bph)

8T
eonbpn \ 1-Z
< Kle| p= exp (—67‘(‘ (eph)?’2> . (29)

Proof. Inserting (20) and using the definition of by, we see that the quadratic
terms cancel exactly and therefore obtain

2
ﬁ + fpv(e b) — M — fvac(eph bph)

8 vae 8
4 2 4 2
mj m ms m
=c1—+ fv —eb —= f. —eb|. (25
Clm4fac<m%6>+C2m4fac<m%e> ( )

Using then | fyac(z)| < K(x/m)*/2, we obtain

K C1 C9 4
<% (g ) o

Kle 4
— (m1)4 (ephbph) )

E + PV(eb) _ (bph)2

S vac S - fvac(eph bph)

since ¢ = —1 — ¢1 and m; < msy. Recall that
3rl—Z2
o ;’:—logAzlogm+C1logm1—i—czlogmg
2 (eph)

> logm + (¢1 + ¢2) logmy = log m
my

which gives us

. 1-Zg
1 e (eph)?
(m1)4 - m4

and concludes the proof. O
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Our conclusion is that the Pauli-Villars-regulated function fLY coincides

with the original Euler-Heisenberg energy fi.c to any order, after charge
renormalization. It would be interesting to relate the original Dirac energy
Fryac with foac directly, by performing the charge renormalization at the same
time as we take the limit € — 0. We do not discuss this further, since this
would force us to take e — 0.

2.4. The semi-classical limit. Let us now explain the main ideas behind
the convergence in (7). We stay here at a formal level. In the next section
we give the detailed proof of Theorem [ which takes a slightly different
route. Using that

2

2 _
‘Dm70,eA’ - < 0 e@eA"’mQ
where
2
Pop = (a =iV + eA)) = (—ieV +eA)? —co - B (27)

is the Pauli operator, acting on 2-spinors, we can rewrite the vacuum energy
as

2
]-"VP;‘C/(O, eA;) = trrz(rs c2) ZC]' (\/L@o + m? - \/gzeAE + m§>
j=0

Next we use the integral formula

Zc‘ oL—l—mQ-:—L h ic‘esm? e*s“ﬁ (28)
X J J Qﬁ 0 =0 J 83/2’

for a > 0, which is proved by an integration by parts. Note that the integral
on the right converges at s = 0, thanks to the Pauli-Villars condition (I3)).
We obtain

2

1 o0 7 d
fXIIDa\C/(O’ eAE) = m tI‘LQ(R?)’CQ) / (Z Cje_5m5> <675]eA5 _ 6*3320) 83_2
0

j=0

Exchanging the trace with the integral, we need an expansion in € of
tr(e™*7eae — ¢7570). Changing units, we recognize here a semi-classical
limit. The idea is, therefore, to replace the trace by an integral over R3, of
the value of this trace per unit volume for a constant field.

We recall that for a constant magnetic field B, the operator %.4 com-
mutes with the translations in the direction of B. For each value £ of the
momentum in this direction, the corresponding fiber Hamiltonian has the
energy levels

(2n+1+4v)e|B| + m? + €2
where n > 0 is the index of the Landau band and v = 41 is the spin variable.
These energies are infinitely degenerate with respect to the angular momen-

tum along the field B. The number of states with fixed energy per unit area
in the plane perpendicular to B is e|B|/(2m). Semi-classical analysis then
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suggests that

tr (673326145 _ 75?0)

6|B | —s(2n+14v)e|B(ex)| 7552 dg
/R3 { Z Z/ 2m

v=+1n>0
d
_2/ il G p)g}dx. (29)
R3 T
Using [a e=sIP* dp = (w/5)¥/? and

Z Z/ —s(2n+1+v)e|B| _ (1 +e ZS\B\) Ze—ane\B\ — COth(€S|B|),

v=+£1n>0 n>0

we can compute the right side of (29) and obtain

-3
—5Pere _ =570\ v & _
tr (e e ) ~ 13353 /RS (es|B(z)| coth(es|B(z)|)—1)dz. (30)

Inserting in (29), this is exactly the limit (I7)) stated in Theorem

There are serious technical difficulties in the rigorous justification of these
arguments. The first is that the trace is everywhere formal, since the oper-
ators are usually not trace-class. When A is assumed to be integrable, the
operators are trace-class and many of our arguments become simpler. But
the integrability of A will fail for physically relevant magnetic fields. The
second difficulty is of course the justification of the semi-classical limit (30I),
which involves the whole spectrum of the two Pauli operators and not only
the negative eigenvalues.

In [32] [33], Haba has used the Feynman-Kac formula to study the limit
of the kernel (e5%e4 — ¢=*70)(z,z) for large fields but he did not state
the semi-classical limit ([B0). He also used the strong assumption that A €
LY(R3) N L% (R3) (see [32, Thm. 2]).

In the literature there are simple variational arguments (e.g. based on
coherent states [48], [49] [59], including the case of magnetic fields [47, [25] (67,
17, 18,191 23, 22| 24]) which provide the first order semi-classical term. So far
these seem to have been mainly used for eigenvalues and it is not clear how
to adapt them to our particular limit ([B0]) of a difference of two heat kernels.
Instead, we will prove Theorem 2l using another integral representation which
involves the resolvent of the two Pauli operators instead of their heat kernels,
as in [27].

3. PROOF OF THEOREM

In this section we describe the main steps of the proof of Theorem
Some technical details will be provided later. Everywhere we use the simpler
notation D,, 4 instead of D, o 4, since there will be no electric potential V'
from now on.

Step 1: Estimates on A. We start with an elementary result which provides
useful estimates on the magnetic potential A, for a magnetic field B which
satisfies the assumptions of Theorem
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Lemma 5 (Estimates on A and its derivatives). Let B € C°(R3,R?) be
such that div B = 0 and satisfying the assumptions ({I6) of Theorem[2. The
magnetic potential

1 Yy 1 (curl B)(z — y)

x B(x —y)dy = —

Al) = A Jrs |y

—— —— d 31
4r Jgs |y|3 vy (31

is the unique potential in H} (R3) such that B = curl A. It is in C*(R3)
and satisfies

Ae PR3  for3/2 <p< oo,

VA€ LI(R3) forl<q<oco.

Proof. Since y|y|=3 is in L%V/ 2 (R3), the Hardy-Littlewood-Sobolev inequality
gives that A € LP(R3) for every 3/2 < p < co. The case p = oo follows from
the fact that y|y| = € L*(R3?) + L?(R?) and B € L?(R3) N L>®(R3). Next we
write

A L S e L[ B d
(””)_E/Ra oo (x—y)y+E/RS o7 B - ) dy

1 1 — e ¥l 1 e~ 1Yl
=—— V<7>xBx—y dy + — curl B(z — y) dy.
i e "\l ooyt g fo ur P Y

and obtain

— e lul
0;A(x) = ! o;V <u> X B(z —y)dy

A R3 vl
! / o [ cant Bl — ) d
+ — i| —— | cur r—1y)ay.
4 Jps 7\ lyl

Since 9; (|Jy|~te=M) € LY(R®) N L5/4(R?) and curl B € L} (R%) N L?(R3), the
second term is in L'(R3) N L®°(R3). Similarly, 9;V|y|~(1 — e~ 1) € LP(R3)
for all p > 1 and B € LY(R3) so the first term is in LP(R3) for all p > 1. O

Step 2: Expression in terms of the resolvent of the Pauli operator. Here we
summarize some of the findings of [27] which are useful for the proof of the
main theorem. Following [27], we use the integral representation

1 2 1 2
]m\:—/xidw:—/ LA,
T Jr 22 + w? T Jr 22 4+ w?

which allows to express the operator T, 4 as
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Using that
2 2
1 1 1
=0, chx+mzzzcj<$+m2_$+m2>
j= J 7=0 J
2
2 212

= (m5 — 33
]:OC](m] ) (m+m§)(:ﬂ+m2)2 ( )

and the fact that [Dy,; ca|* > m? (since Dy, ea has the same gap [—my, m;]
in its spectrum as when A = 0, see [27, Lemma 2.1 (iv)]), we deduce that

ic. 1 B 1 - C
Jj=0 ’ |ij,eA‘2+UJ2 ‘ij,o|2+w2 = (m? 4+ w?)?’

Therefore the integral in (B82]) converges in the operator norm. Using (26]), we
find that T¢ 4 is block-diagonal in the two-spinor basis, which we can rewrite
as

2
1 1 1
Tog=— [ wldw c; — ®1
ed 7T/R jzt)]<ﬁeA+m?+w2 ﬁo%-m?%—w?) ©

where . 4 is the Pauli operator defined in (27)). The integral representation
used in the previous section has the nice feature that the regularization gives
rise to the simple term Z?:O cjefsm? . Here the regularization parameters
cannot be separated from the other terms in the integral. Nevertheless,
resolvents are simpler to handle and we will be able to apply several estimates
proved in [27] in this setting.

To be more precise, it was proved in [27] that when A € L'(R3)NH}, (R?)
and B € L'(R3) N L?(R3), the operator

= J 96A+m?+w2 ﬁo—l—mg—i—w?

is trace-class and that the trace can be integrated over w:

2
1 1 9
tr C; - wdw < 0o
J Z%J(ﬂmm%w %+m§+w2>

which then proved that T4 is itself trace-class, as stated in Theorem [Il In
our situation, we have B € L' N L™ but A is not necessarily integrable, so
the operator is not necessarily trace-class. However, the non-trace-class part
is easy to extract and happens to be linear in A. This is the content of the
following

Proposition 6 (Extracting the non-trace-class part). We assume that B
satisfies the conditions ([I6) of Theorem[2 and let A be the unique potential
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in H}, (R3) such that B = curl A. Then

o

2

1
Z; < Pea+m’ + w? ﬁo—i—m?—i—cﬂ

1 1
- (p-A+Ap)——— )| 34
%+m§+w2(p * p)ﬁo+m§+w2>‘w w<oo (34)
and
1 2 1 1
FEV(eA ——/t : -
e (¢4) er{jZOcj<ﬁeA+m§+w2 Py +m2 + w?
A+ Ap)— 240, (35)
e — . . e — w w
%+m§+w2p p%+m§+w2 ’

where p := —iV. If additionally A € L*(R3), then

2
1 1
t i————p- A+ A - p)——5——=7 =0
r{jzocjﬁo%-m?%-cﬂ(p + p)ﬂo%-m?%—oﬁ}

for every w € R, where the operator in the trace is trace-class.

Note that
p-A+A-p=2p-A=2A4-p
since div A = 0, but this is not used in the proof.

Proof. We only give a sketch of the proof, which relies on the techniques
used in [27]. It is based on the 5th-order resolvent expansion

4
=3 T8 (@) + T (w). (36)

where the operator S.4 is defined by
SeA::yeA_QOZ_e(p'A+A'p)+62|A|2_eB'U (37)
=—e(o p)(o-A) —e(o-A)o-p)+|AP. (38)
It was proved in [27] that Te(z) (w) is trace-class, with
/tr ‘Te(z)(w)‘ wldw < oo

whenever A € L"(R%) N H}. (R?) and B € L*(R?). From Lemma [5, we have
A€ L2(R3) N L®(R3) and B € L*(R3) N L°(R?) hence only the first order
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term Te(i‘) (w) is possibly not trace-class under the condition (I€). All the
other terms are trace-class. The term involving p- A + A - p which we have
subtracted in the statement is exactly the non-trace-class part of Te(i‘), as
we will explain below. Formula (B5) follows from the continuity of FLY in
Theorem [I1

Let us briefly explain how to estimate Te(z) (w) using ideas from [27]. For
the 5th order term, we use directly the Kato-Seiler-Simon inequality (see [58],
Thm. 4.1])

lo(=iv)f@)||s, = [F@a(=iD)]s, < CO 7|l llol o (39)

which holds for any number p > 2, and any functions (f, g) € LP(R3)2. Here,
the notation ||-||g, stands for the norm of the Schatten class &,(L?*(R?, C*)).
Using Hélder’s inequality in Schatten spaces and the positivity of &.4 > 0,
we find

2 5
¢l 1
‘T(Z)(w)‘ < § : 2| J S A
- 2 2 2 e
e &1 j:Omj+w ﬁ0+mj+w -
Here it is convenient to use that
Sea=—2ep-A+2|AP —eB-o (40)

since div A = 0. By the triangle inequality and the fact that || < |[g,
for ¢ < p, we obtain

L S
Do+ m2 12 A
o+ m; +w &
<2e|—P  _A@)| +|—t @)
TP mE 4 w? p? +m? + w?
S5 J G3
¥ 1B
e|—=———|B(z
p?+ m? + w? o
2
2
< elAlLs e |Alzs e|B| 2

~ (m?+w2)1/5 (m?+w2)1/2 (m?+w2)1/4

which, by the Sobolev inequality, gives the final estimate
2
| <ZjWﬂ<éM@y+eme1>

&~ m2+w? \m2tw?  (m? 4 w?)/?
and proves that [p HTS‘) (W) ||, w? dw < oo, as we wanted.

15 )

The argument for the lower order terms Te(z) (w) is slightly more com-
plicated, since we need to use the Pauli-Villars condition (I3)) in order to
increase the decay in momentum. Let us start with the proof for the first or-
der term Te(i) (w). The idea is to insert the resolvent with the mass m = mg
using the Pauli-Villars conditions (I3). For shortness, it is convenient to

introduce the notation

Kj(w) = Py + m? +w?=-A+ m? + w?, (41)
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for the Klein-Gordon operator. We then use the relation

= ic m5 —m ! S !
=t K@) Ko(w) " K (w) Ko(w)
—l—io(mQ—mZ)2 ! S =
ST Kow) S (@) Ko (w)?
P et omr— s Ly
2 ) R R Role)

Arguing as before using the Kato-Seiler-Simon inequality (B89), we obtain
that the second and third terms in the definition ([B7) of S, are trace-class
with

2

2.4
J

(e*|A]* —eB - o)

2
|AlZ2 + [ B s

2 2\2 2 232
< (]01’(m1 —-m ) +]02](m2—m ) ) (m2 +w2)5/2 :

The term involving p- A+ A-p can be treated in the same way, but it is only
trace-class when A € L'(R3). It is not trace-class under our assumptions
on A and this is the term which has been subtracted in the statement of
the proposition. Fortunately, when A € L!(R3) its trace vanishes due to the
invariance under complex conjugation. Namely, the operator

p A+ A-p)

2
ZO Kj(w)

is self-adjoint, so its trace is real. Applying complex conjugation we find

2 2
Z p A+ A. p Z p A+A-p)

7=0 j=0 KJ (w)
since p = —p and K(w) and A are both real. So its trace is imaginary, and

thus equal to 0.
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The proof that the second order term Te(i) (w) is trace-class under our
assumptions (I6) on B is similar and relies on the following identity:

1 1 1
w) ngocj (m3 - mg)Q(Kj(w)Ko(w)Q Sea o) Soa ety

1 1 1
T Rl " K@) Ko@) " R @)
1 1 1
T R " Ro) " @) Ko@)
+ ! Ses ! Sea !
Ko(w) Kj(w)Ko(w)? ™" Kj(w)
+ 1 S, 1 Siu 1
Ko(w) " Ko(w)? 7 K, () Ko(w)
b Sop e Sea ) (43)
Ko(w) 7 Ko(w) " K;(w)Ko(w)?

The third and fourth order terms Te(i) (w) and Te(j) (w) are somewhat easier
to handle since only the first Pauli-Villars condition in (I3)) is necessary. For
the third-order term we use

1 1 L 3
]ZOC] <Kj(w) Ko(w) (SeA Kj(w)>
1 1 1 1 2
1{0(w) K (W) Ko(w) <5%A-K3(W)) (44)
1 2 1 1
(Ko(w SEA) Kj(w) Ko(w) e Kj(w)
1 1 1

* (Ko(w) S“‘)?)m Ko(w)>'

The fourth order term is similar and this concludes the proof of Proposition 6l

O

Step 3: Localization. Since we will be considering slowly varying potentials,
it will be useful to localize our energy to sets of fixed size p, where the mag-
netic field will be essentially constant. We introduce the Gaussian function
G, given by

and recall that
Gole —y)*dy = 1, (45)
R3
for any = € R3, which we interpret as a continuous partition of unity. The
following is well-known.

Lemma 7 (Localization of a trace-class operator). Let T be a trace-class self-
adjoint operator on L?(R3,C?) and G,(- —y) be the multiplication operator
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by the function x — G,(x —y). Then G,(- —y)TG,(- —y) is also trace-class
with
[ 1GuC = TGy = )l dy < 1e]T] < o0

and
trT = / trG,(- —y)TG,(- —y)dy = / tr (G,7—y Ty G,) dy
R3 R3
where (1, f)(x) = f(x—y) is the unitary operator which translates by y € R3.

Proof. It is clear that G(- —y)T'G,(- —y) is trace-class since x — Gp(x —y)
is bounded, hence defines a bounded operator. Now, we can diagonalize
T =3 ;51 tjluy) (u;| with Zj>1 |tj| < oo and obtain
Go(- —y)TGp(: =3 151G — y)u)(u; G, (- — y)|
j>1
with the sum being convergent in the trace-class. In particular, by the

triangle inequality

tr|Go(- —y)TGy(- —y)| < Z 5] tr[Go(- — y)us) (uiGp(- — y)|

j=1

= Gox > Its] [l | ()

j>1

The rest follows from the fact that [p; > i>1 1] luj|> = > ois1 It =t [T
- - U

Using this lemma, we can localize the operator appearing in the paren-
thesis in ([B5]) and obtain, after changing y into ey and using the translation-
invariance of &y = —A,

-3
.7-"‘2\0/ eA.) / wldw /R3 dy fu(eAsy) (46)

with
A y(z) = TA(y + ex)

and

2
1 1
W(A) =t G j -
fu(A) rLQ(R?’KCQ){ pjgoc]<9A+m?+w2 e@o+m?+w2

1 1
- A+ A p)———— |G, . (47
L@o—i-m?—i-aﬂ(p - p)90+m§+w2> p} ()

From (34) and Lemma [7l we also know that

/wzdw/ dy | fu(eAcy)| < oo.
R R3

Since the localization length p will not play an important role, we do not
mention it in our notations.

The reason for subtracting the term with p- A+ A-p was that it is not trace-
class, although its trace vanishes when A € L'(R®). With the localization
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G, this operator has now become trace-class and it still has a vanishing
trace, which simplifies a bit our reasoning.

Lemma 8. For every fired p > 0, and every A € H} (R3), the operator

2 1 1

K= Gy—g—s(p- A+ A p)—o—iCG
];Oc] ”%+m§+w2(p * p)%+m§+w2 P

1s trace-class and its trace vanishes.

Proof. Using ([@2) and the Kato-Seiler-Simon inequality (B9)), it is easy to
see that K is trace-class. Ehe trace vanishes for the same reason as without
G), namely K* = K and K = —K. O

As a corollary, we immediately deduce that

2
1 1
Retehen) =t {63 +m§+w2—%+m;+w2>Gp}

=0
(48)

with the operator being trace-class under our assumptions (@) on B.

Step 4: Localized energy with unbounded potentials. Using the localization
G, the idea is now to replace in ([48) the potential A, ,(z) = A(y+ex)/e by
the potential B(y) x z/2 of the constant field B(y), up to a small error. On
the contrary to all the potentials we have considered so far, the latter has
a linear growth at infinity. It is therefore necessary to extend the definition
of f, to potentials growing at infinity, which is the content of the following
result.

Proposition 9 (Uniformly bounded magnetic fields). Let p > 0. Consider
a magnetic potential A € C1(R3,R3) for which B = curl A € L>™°(R3) and let
P4 be the Friedrichs extension of the corresponding Pauli operator. Then,
for every w € R the operator

2 1
Gp jzo ¢ m%
is trace-class. In particular, we can define
2 1 1
fuld) = tria@e e | G jzo “ (9,4 +m? +w? P+ m? + w2>GP
(49)

This is a gauge-invariant functional: for any function § € C?(R3,R), we
have

fw(A) :fw(A+v9)- (50)

Remark 10. Using the exponential decay of G,, it is possible to generalize
the result to any potential A for which B has a polynomial growth at infinity,
but we do not discuss this further.

Proof of Proposition[d The proof of Proposition [ is based on the following
observation.
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Lemma 11 (Positivity). Assume that the coefficients co = 1, ¢1 and c3, and
the masses 0 < m = mgy < my < my satisfy the Pauli-Villars conditions (I3]).

Then
2

> cif(m3) >0

J=0

for every convex function on [0,00). In particular

2
=0 s—i—mj

1

2

Ci _ 2

) >0 and E cje *™Mi >0,  for every s > 0.
J=0

Proof of Lemmalldl By convexity we have, using the Pauli-Villars condi-

tion (I3),
Fm?) + eaf (md) > (1 + ) f (

m? + czmg

7o > = —clf(m%).

O

By Lemma [I1] we have 2520 ci(Pa+ m? + w?) 7! > 0, in the sense of
operators, and therefore the same is true with G, on both sides. The trace
is then always well-defined in [0, 00| and it suffices to estimate it in order to
prove that the operator is trace-class. We use ([B3), ¢; < 0, and obtain

& 1 2 1 1
2 212
Cj———— = cj(m; —m
jz(]]x—i—m?—i—w? Z]( J )x—i—mz—i—w?(x—i—mz—l—wz)z

hence

22: 1 ca(m3 —m?)? 1
.
= TPa+mitw? T mi+w? (Pa+m?+w?)?

in the sense of operators. We can multiply by G, on both sides without
changing the inequality and obtain after taking the trace
1 ca(m3 —m?)?

2
1
o szcjﬁA+m2+w2Gp = m3 + w?
§=0 j

CPa T mE g

(GD)

It is therefore sufficient to show that G,(Z4 + m? + w?)~! is a Hilbert-
Schmidt operator, under the assumptions of the proposition. This is the
content of the following lemma.

Lemma 12 (Magnetic Kato-Seiler-Simon-type inequality). Consider a mag-
netic potential A € C*(R3,R3) for which B = curl A € L>®(R3). Then we
have, for every 2 < p < oo and every p > 0

2
_1 Bllpe\? 3_1
b (14 B by, e

AN

[f@)(Pa+w) s, <27
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Proof. Since 4 > 0, we have ||(Za+u)~!|| < p~! and the bound is obvious
for p = co. For p = 2 we write
L 1 L Patp|Blr=
Pa+p  Pa+p+||Blre Pa+ 1

and use that

Pa+p+|BlL~
Pa+p

Therefore, it suffices to estimate the Hilbert-Schmidt norm of f(%4 + p +

|BllL<)"!. Now we use the fact that the integral kernel of (P4 + u +

| Bl L)~ is pointwise bounded by that of (—A + u)~1:

(Pa+p+|Bllre) " @, y)| < [(=A+p) 7 (z,y)| (52)

where |- |o is the sup norm of 2 x 2 hermitian matrices. The proof of (52J) is
well known and goes as follows. First we reduce it to the similar pointwise
bound on the heat kernels

Bl|f,
4 1Bl

|7 ZatutlBlis) (g y)| < e A (z,y) (53)
using the integral formula H~! = foo —sH ds. Then, we use Trotter’s for-
mula

e*S(WAwLquHBIILoo)(m Y)
= lim (6 S (=iVH+AP+p) - (fa-B+||B||Loo)> (z,9)
:7}1_{%0 g dxl.../RB dz,_q e (= iV+A)? +u)($ 1) X
w e~ n (o B@)+[BlLe) o — ((*iV+A)2+H)(x17x2) o
. x e~ n((=iV+A4)? ) (21, y)e” 7 (=0 B)+|BllLe) (54)

The estimate (53] follows from the diamagnetic inequality [60]
—S((—i 2 _S(—
e n (CVHDHD (@ )l < e n R (2, y)
and the fact that
le~w (o B@+IBle)| <1,

since —o - B(z) + || B/ = is a non-negative 2 x 2 symmetric matrix for every
x € R3. We therefore conclude that

| £ @) (@i + i+ 1 Blle=) " |5,

= [ [ @ (24t 1Ble) ) ey
R3 JRR3

d 72
<28+ 5, =2 Ul [ s =

and

Bl| 2
Iexa g, < (14 120=) M )

as we wanted. The estimate for 2 < p < oo follows by complex interpola-
tion [58]. O
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We conclude the proof of Proposition[@ by recalling the (time-independent)
gauge transformation Zy

Ty(h) = e4p. (56)
This is a unitary operator which satisfies
IH:@AI;I = ﬁA.ﬁ_vg and IngIgl = Gp-

Therefore, (B0) follows from the invariance of the trace of the first term
under conjugation by a unitary operator, and this concludes the proof of
Proposition O

Step 5: Replacement by an almost constant potential. After these prepara-
tions we are ready to start the proof of the semi-classical limit (7). The
first step is to replace A, , by the potential B(y) x /2, up to a small error.
We would like to express the error only in terms of the magnetic field B, up
to a gradient term that will then be dropped using gauge invariance. The
following simple formula is well known (see e.g. [5, Compl. Dry]).

Lemma 13 (Fundamental theorem of calculus in Poincaré gauge). Let A €
CY(R3,R?) be any vector field. Then we have

Aly +x) =V, <x-/01A(y+tw)dt> —xx/ol(curlA)(y—i-tx)tdt. (57)

Proof. Using
V(z-a) =z x (curla) + (z- V)a + q,
we can write the right side of (57)) as

1 1
Va (m . / Ay + tz) dt) —x X curly / Ay + tz) dt
0 0

1
:/0 <tm-VA(y+t:c)—|—A(y—i—t:c)>dt:A(y+x).

%tA(y—I—ta:)

O

The idea of the decomposition (57)) is that the first gradient term can be
dropped using gauge invariance, leading to a new magnetic potential

1
Ay(r) = —x X /0 (curl A)(y + tx) tdt ~ B(y) x x/2.

This potential does not belong to the Coulomb gauge anymore, but rather
satisfies the Poincaré (also called multipolar and Fock-Schwinger) gauge con-
dition at y
z-Alx+y)=0.
Applying formula (57) in our situation gives

Aly +ex) v, (az ‘ /1 Ay + tex)
0

. . dt) + B(y) xx/24+¢e R y(x) (58)

where

R. y(z) = x x /01 Bly) - Bg(y +tew) tdt (59)

is an error term.
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The following gives some simple properties of the error term R, .

Lemma 14 (Estimates on R. ). Let p,e > 0, and y € R3. Then we have
for a universal constant C

HRE,y(x)HLg(RS) + |2 curl R&y(x)”Lg(RS)
. | Bl o (gs
< Clz| min <|w| VBl oy — = | (60)
and
|div R&y(x)”Lg(R?’) < CHVB”LP(RS) |- (61)
Proof. We have

1
x
Ryl <5 (1B +2 [ 1B+ teoar).
Integrating over y gives
|z]
|Rey (@) ya) < 1Bl
On the other hand, using

B(y) — B(y + tex)

3 1
= —tZ/ xj(0;B)(y + tsex) ds,
j=17"

g
and the identity

1,1 1y _ 2

/ / f(ts)t3dt ds = / f(t)dt,

o Jo 0o 2

we can write
-2 g
Re,(2) = —a x / 2;(9;B)(y + tex) dt (62)
0 -
7=1

hence
”Rz-:,y(x)”LP(RS) < Claf? ||VB||LP(]R3) :

Finally, we have

B - B 1
curl Re () = v+ 6? (y), divR. y(z) = x- / curl B(y + tex) t* dt
0
and the estimates are similar. O

Since B € L®(R3), we have | curl R, ,| < C/e and we can apply Proposi-
tion [@ The following is then an immediate consequence of (B0) and (5S]).

Corollary 15 (Replacing by an almost constant field). Assume that B sat-
isfies the conditions (I8) of Theorem[d. Then for anyw € R and any y € R?,
we have

e
fuleAey) = fu (5B(y) x -+ esRey) (63)
where we recall that R, is defined in (59).
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Step 6: Computation for a constant field. First we discard the error term
R. , in (63) and compute the exact value of the energy. Of course, we find
the localized Pauli-Villars-regulated Euler-Heisenberg energy.

Proposition 16 (Constant field). If B is constant and A(z) = B X x/2,
then the function defined in (49)) equals

(B x 2/2) :47#3/2/ <Zc] —s >( |B| coth (s|B]) 4)%.
(64)

Note that the value does not depend on the localization parameter p > 0.
From (64]), we obtain after integrating over w that

%/ fu(B x 2/2)wdw = fiv (|B)), (65)
R

the Pauli-Villars-regulated Euler Heisenberg energy defined in (I8]). The
integral over y then gives [ fEV(|B(y)|)dy as we wanted. The proof of
Proposition [I6] is merely a computation, explained in Section [ below.

Step 7: Bound on the error. At this step of the proof, we have shown
in (Z6), ([©3) and (©64) that
3fPV(A

vac

= / dy/w dw f,(eAsy)
R3

= —/ dy/ w? dw f., —B(y) X -+ 66R€,y>
R3 2

=/ 4 ) dy
+;/RS dy/Rw dw {fw <gB(y) X -+eaRg,y> — £, <gB(y) x )}

and there only remains to evaluate the error term. The difficulty is, of course,
to have an estimate on the integrand that can be integrated over y and w.
This is the content of the following result.

Proposition 17 (Bound on the error term). Assume that B satisfies the
conditions of Theorem [2. Then we have for every 0 < e <1

/11@3 dy‘fw (SB(ZJ) X -+€€R57y) — fo (SB(y) > )‘ < C(

m? 4+ w?)?’

with a constant C' which only depends on B, on p and on the c;’s and m;’s

(66)

Integrating over w we find

/RwQ dw /RS dy ‘fw (SB(y) X -+ esR&y) — fu (SB(y) X )‘ < Ce,

which ends the outline of the proof of Theorem [2

The proof of Proposition [I7 is the most tedious part of the proof of our
main result, and it is provided later in Section[Bl The next section is devoted
to the proof of Proposition [I6] whereas Appendix [Al gathers some important
estimates for the resolvent of the Pauli operator with constant magnetic field.
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4. COMPUTATION FOR A CONSTANT FIELD: PROOF OF PROPOSITION

Applying a rotation and using the invariance of —A as well as the Gaussian
G, we can always assume that B is parallel to es,

B =(0,0,b),

which we will do for the rest of the proof.

Since we have shown in Proposition [@ that the two terms are separately
trace-class, we can compute their trace separately. The computation is easier
if we go back to heat kernels using H~! = fooo e ds:

2 2
§ : 1 > § : —sm? —sH
P C]m = /0 ( cje J)e ds. (67)

J=0

We recall from Lemma [TT] that Z?:o cje” 7 > 0. We conclude that

tr{ G ZH—i—wQ—i—m G

2

oo
= / o’ Z cje_sm? tr {GpeszGp} ds >0
which will be used for H = —A and H = Pp, ;.
For the Laplacian, we have
1 1
sA — 2 e 5P - -
trGpe®=G, =2 (/Gp> <(27T)3 /]12{3 dp) 132532
SO
2 c 1 > 2 2\ ds
J — —sw? omsmy | 22
G”.ZO—Aer?er;G” _47r3/2/0 c Zocﬂe =
Jj= Jj=

On the other hand, we recall in (82)) (Appendix [A]) that the heat kernel
of the Pauli operator with constant magnetic field B = beg is
g b
[e—SjBxx/Q](x7y) — T X
8m3/2572 sinh(bs)

bs
_b Loyt —L(zg—ys)? —ibgt e 0
x e~ cothbs)lz™—y =" oo (z3—ys)” o —F@ Xy < e—bs> (68)

L = (z1,29) and y* = (y1,y2), which gives us

sbcoth(sb) "

3
4m3/252
1 2 ib oL s ol
e~ 4coth(bs)|:r —yt|? e*@({rg*yg) 67%:1: Xy (69)

where z

tree [efsyB“‘/Q] (z,y) =

and therefore, the function being continuous at x = y, we deduce from [58],

Thm. 2.12] that

sbcoth(sb)
A73/25%

which ends the proof of Proposition O

—sZp 2 —
tr Ge xe/2(G, =

)



DERIVATION OF THE MAGNETIC EULER-HEISENBERG ENERGY 27

5. BOUND ON THE ERROR TERM: PROOF OF PROPOSITION [I7]

We follow here the same strategy as in the proof of Proposition [ with
Py = —A replaced everywhere by the Pauli operator &, p(,)x./2 With con-
stant magnetic field B(y). We will use pointwise estimates on the kernel of
the resolvent of &2.p(y)x./2 Which are recalled in Appendix [Al that will es-
sentially reduce the problem to the free case, up to a multiplicative constant.
This method cannot be easily coupled to operators bounds, which forces us
to use a 6th order expansion. In particular we will use that the operators
appearing in the 6th order have a sign.

In order to simplify our notation, we introduce the Klein-Gordon operator
with constant magnetic field B(y)

Kj(w,y) == Pepy)x.ja +m; +w’.

Using the resolvent expansion as in (30), we have to estimate the trace of

2
T(w,y) =G, ch <(Kj(w’y) + Ss,y)il - Kj(w,y)_l) Gp
i=0
5 . 2 1 n 1
- GP;(_D ;)C] <Kj(way)se’y) Ky y)

1
7 2"
x-/2+4esR.,, T M tw

2 3
1
- GP Z “ K'(w7 y) SE,Z/) e@eB(y)

where the operator S, , is defined by

Se,y ::gzeB(y)X-/%resRE’y - '@eB(y)X-/2
=c¢’*|Rey [ —ec(0 - py)(0 - Reyy) —ec(0 - Rey)(0 - py)
26262|R5,y|2 —ee(py - Reyy + Rey - py) — €0 - curl Ry, .,

with p, = p —eB(y) x -/2 the magnetic momentum. The main result of this
section is the estimate

/R/]RS HT(")(w,y)H@;1 dy w? dw < Ce™, 1<n<6, (70)

where the constant depends on B, on p and on the ¢;’s and m;’s, which
clearly ends the proof of Proposition [I7]

In order to prove ([[0), we will use pointwise kernel estimates, and in
particular the fact that when T and 7" are two trace-class operators such
that

T(e.a')] < T'(2,2')

with the kernel of 7" being continuous in a neighborhood of the diagonal,
then |tr(T)| < tr(T) = [gs T' (2, x) da.
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Our proof will rely on the following pointwise estimates on the kernels of
the resolvents of the Pauli operator with constant magnetic field, proved in
Proposition [[8 in Appendix [Al

|Kj(w,y) " (z,2")| < C(1 +¢| Bl r) gu(x — &) (71)
and

Iy Kj(w,9) "} (,2)] < 022 (1 + €| B[Eoe) oo (2 — 2), (72)

with the functions

1 1 R
@) = (= 4 e ) eV 73
() <|33| m2+w2>6 ()

and
1 1 —vVm24+w?|z
he () = <| |2+| z|? + m+m?+w2>e ezl o (7g)
Note that
C C
| 9wl e @3y < L, [l pp 3y < £ , (75)
LP(R3) (m? +w )3/2 1 Lr(R?) (m? + w?) 8/p=2

for all 1 < p < oo. There are similar estimates for |x|%g,, and |z|*h,,, with a
better decay in w when a > 0.

Sixzth order term. We start by estimating the kernel of the 6th order term
T7©) (w,y). We are going to estimate the trace of each of the terms in the sum
over j = 0,1,2, which involves a non-negative operator and is thus always
well defined. We first use the operator bound

1 < 1
<(1+4)
PeBy)x/2+eRe,, T ] + W m2) Py« jateR., + M +w? +p

as in the proof of Lemma [T2 with
= [eB(y) + ec curl Rey o es) < 26 Bllpe o

where the last estimate follows from Lemma [I4. We obtain

/ W2 / dy |7 (w, )e,
R R3
2el|Bl| 7 s
- <1+ I HL 2e|| Bl| oo r3) >Z‘J’/ 2dw/ dy tr {T\"(w, )}

where
(6) 1 s
W) =G (Kj(w,y)sa’y> .
1 1 3
X S G, > 0.
P eBy)x-j2+ecRe, + M5 w2+ ( =Y Kj(w,y)> P

We estimate the kernel of T(G) (w,y) by writing

Sey = e*e*|R.y|* — ec(2p, - Ry +idiv R. ) — eco - curl Ry,



DERIVATION OF THE MAGNETIC EULER-HEISENBERG ENERGY 29

for the term on the left and using 2R, , - p, — idiv R, , for the term on the
right. We also use the diamagnetic-type inequality (52))

(Pengysesprecre, +m3 +w? + 1)~ (2,2)]

—vVm24w?|z—7z'| _ !
2 2\—1 / € gu(z — 2)
g‘(—A—i—mj—i-w) (x,x)|00: prp i

for the kernel of the middle operator, as well as g, < Ch,, to simplify our
bounds. We find

|Tj(6)(w,y)(x,x')| < C’Gp(x)/ dzy - / dzg
R3 R3

5
(x -2 H ew(2k) o (2k = 2k41) ey (26) Mo (26 — )G p(2)

with
hey(2) == ee|Re y(2)| + ee| div Re (2)| + ee| curl R. (2)| + €2€*|Re y(2)
< ee(1+ €| Bl oo ms)|2]) [ Re y (2)] + eg| div Re y(2)] + ec| curl Re ()]

Using Lemma [[4] together with the assumption that B,VB € LP(R3?) for
1 < p <6, we obtain

VI<p<6,  hey()l oy < O+ =), (76)

Next we integrate over y, use Holder’s inequality and the bound (76]) for
p = 6. We arrive at

/ ‘T].(G)(w7y)(x,x’)]dy < Ceb Gp(x)/ dzl---/ dzg hy(x — z1) %
R3 R3 R3

5
s JT0+ ot = 1)1+ o 20 = )G (o)

We can put the polynomlal terms together with the functions h,, using that
J J-1

T+ < o [T A+ zea YA zs—' ) (Ao P (=1 )

k=1 k=1

(77)
and
_leta’ 24 |a—a!|? leta’|2
(+|z—2'1*)G,p(2)G,(2") = (mp) > (1+|z—2'|)e 2? <Ce 2%

The above bound becomes
| 212

_lete ] *
[ 0@ ealdy < 0t {1 P} @ - )
R3

where f*" is the n-fold convolution of a function f. By Young’s inequality
and (75]) we find

/R T w,y) dy < C° (14 |- P ages) [+ 1 Pl es)

Ceb
— (m? +w?)?’



30 P. GRAVEJAT, M. LEWIN, AND E. SERE

Suming over j, we have proved that

/R/R3 IT©) (w0, ) le, dyw? dw < C<5,

as we wanted, where the constant depends on B, on p and on the ¢;’s and
m;’s.

The proof for the other terms is very similar, and relies on the Pauli-Villars
condition (I3]), exactly as in the proof of Proposition [6l We only sketch it.

First order term. We write

2

1 1
70 () = G ( e — m2)? g
() =G D s =) e e ot VR g Ralon)

—

<

2

1 1
2 22
+j:1 S ) o) R ) Kol
—l—ZQ:CA(mZ—mQ)2 ! S ! )G
€, .
j=1 ’ ! Kj(w7y)K0(way)2 yKO(way) P

Since S¢ , contains only one operator p,, estimating the kernel of the above

operators will involve one function h,, and three functions g,. The argument

is exactly the same as before, using this time |he y(2)] 11 gs), with the final
Yy

bound

|+’ |2

/ T (w,y) (@, )| dy < Cee” 27 {(1+]-[)h}x{(1+]-[*) g} (x—2')
RS
and thus

/ | tr T (w, y)] dy
R3
<Ce H(l + | : |3)hWHL1(R3) H(l + | : |3)9WHL1(R3) H(l + | : |3)ngiz(R3)

€
< -
- C(m2 + w?)?

which proves ({Q) for n = 1.



DERIVATION OF THE MAGNETIC EULER-HEISENBERG ENERGY 31

Second order term. For the second order term, we use as in ([43))

2
:E cjm—m0 Zx
=0

1 1 1
x G S S
”(Kj(w,y)Ko(w,y)Q YV Kj(w,y) Y Kj(w,y)
1 1 1
+ S, S
Ko(w,y)? " Kj(w,y)Ko(w,y) Y Kj(w,y)
1 1 1 78)
+ S S (
KO(w’y)2 =Y KO(W,y) =Y Kj(W,y)KO(W,y)
L 1 S 1
Ko(w,y) Y Kj(w,y)Ko(w,y)? Y Kj(w,y)
1 1 1
+ S, S,
KO(W,y) =Y KO(way)2 =Y Kj(W,y)KO(W,y)

1 1 1
+ s s G
Ko(w,y) 7Y Ko(w,y) =Y Kj(w,y)Ko(w,y)z) ?

and apply the same argument. There are two functions h,,, three functions
Jw, and the LZ norm of h.,. We get

/]12{3 ‘ trT(Q)(w,y)‘ dy

< C¢? (IR *)he, HLl (R3) I+ ngLl(RS l(+1-] ngL2 (R3)

82

<o— =
(m? + w?)z

Third, fourth and fifth order terms. For the other terms we only use the first
Pauli-Villars condition, in order to simplify the argument. For instance, we
write

2ol _mz){Ko(w YE;(w.y) (ngymf

1 1 1 2
* Ko(w,y)s Y Ko(w,y)Kj(w,y) (Sg’ij(w,yJ

1 2 1 1
* (KO(w7y) S€7y> KO(w7y)Kj(way) S&ij(w?y)
3 1
! <K0<w,y> S) Kol )5, ) }GP
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and estimate its kernel as before. There are three functions h,,, two functions
Ju, and the Lg norm of h.,. We get

/RS { trT(?’)(w,y){ dy

e3

3 2
<Ce|(1+]- |3)thL1(R3) (1 +1- |3)g‘“HL2(R3) < Cm-

The argument for the fourth and fifth order term is exactly the same. This
ends the proof of Proposition [I7] O

APPENDIX A. THE PAULI OPERATOR WITH CONSTANT MAGNETIC FIELD

In this appendix, we gather some useful properties of the Pauli operator
with constant magnetic field B € R?

Ppsja= (0 (=iV - B x 2/2))". (79)

The Pauli operator naturally splits into a two-dimensional Pauli operator in
the plane orthogonal to B and a Laplacian in the direction of B. Here as
in the sequel, we denote by z1 the projection of any vector € R3 on this
plane.

In the text we need the following pointwise estimates on the kernel of the
resolvent of Zp, /5 as well as on (—i0; — (B x x);/2) times the resolvent.

Proposition 18 (Pointwise estimates for a constant magnetic field). Let
B € R3 be a constant magnetic field. Then we have the pointwise estimates

1 + @)e—u\x—y\ (80)

R I (e

and

[(=i0; = (B % 2);/2)(Pcpp + 1) @y)|

B 2 2 5|BJ?
< <u + H | | ‘.%'J‘
2r  wlz—vyl?  wle—y| 4drp

_ yl,>ew\%y\ (81)

for every u > 0 and j = 1,2,3, where |M|s = sup ||z|| 7| Mz]| is the sup
norm of 2 X 2 matrices.

Similar estimates were derived in [19] Lemma A.10]. We have already
shown a pointwise bound in Lemma [I2] for the resolvent (80), but the esti-
mate (81 requires a bit more work.

Proof. For the proof of the proposition we can assume, after applying a
suitable rotation, that B = |Bles and then rewrite

Ppy.jp = —(01 + | Blre/2)* — (85 — i| Blz1/2)* — 85 — |Blos.

Next we express the resolvent using the heat kernel as follows

o0

-1 —s9 _su2
(‘@BX~/2+M2) (Cﬂay):/o e jBX'/Q(:U,y)e " ds.
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Note that the operators |B|og and 93 commute with each other, as well as
with the first two terms. Hence

e~ TBx 12 (2, y)

_ (z3—y3)? |Bls
(1 1Bl /2)% 50—l Bla /)2 (1, L J_) 4 (e 0 )

i 2¢/ms 0 eIBls
with 2+ = (21, 22). The kernel of the two-dimensional Pauli operator is

65(81+i|B|m2/2)2+s(82—i|B|ac1/2)2 (ml, yL)

— ‘B’ 6_% coth(|B|s)|zt—yt|? e—@aﬁxyL
47 sinh(|B|s)

(see e.g. [57, Chapter 15]). As a consequence, we find

g B| |B] L2
P2 () = | — LBl coth(|Bls)lat —yt 2
¢ (@y) 87T3/2\/§sinh(]B\s)e

Bl 1, @a-up)? (elBls
X e 2 Y e Is 0 o—|Bls (82)

and

\B\xLXy Bls
2y -1 |B| el 0
(e@BX~/2+M ) ('I;y) 87T3/2 / \/ESth ‘B’ ) < e—‘B‘S X

|B| (z3-y3)>
x e 1 coth(Bls)|et —y[? o~ S ms? g g (83)

In order to bound this quantity, we split the domain of integration into
two pieces. When |B|s < 1, we use the inequalities |B|s < sinh(|B|s),
|B|scoth(|B|s) > 1 and exp(|B|s) < 1+ (e —1)s|B| < 1 + 4s|B|. When
|Bls > 1, we also use the inequality |Bl|scoth(|B|s) > 1, as well as the
bound exp(|B|s) < 4sinh(|B|s). This gives

‘(«@Bx-/Q + ,UQ) (3572/)‘

S/B ds o—sii? — el yP |B| /°° ds e*sﬂQe*m_y‘Q.
0 (4713)

It then remains to recall the following formulae for the kernels of the resolvent
of the one-dimensional and three-dimensional Laplace operators

00 2 —pur
/ ds e e T = & , (84)
0

respectively,

*  ds 2 e kKT
/ e e = o (85)
0 (4rms)2 dmr

in order to obtain the estimate (80).



34 P. GRAVEJAT, M. LEWIN, AND E. SERE
Concerning (81]), we first derive from (83]) that

[(—i01 + |Bl2) (P + 12) "' (1)

_ ABP amga /ooe L3 coth(|Bls)art —y 2 (AT
204m)3 0
|B|s 0 > e /.142st
e
% B xg — Y2 +i(x1 — y1) coth(|Bls)) ——————
< 0 i) ( )s2smh<\B! )

Arguing as in the proof of (80), and applying the inequalities | B|s exp(|B|s)
coth(|B|s) < 8 for | B|s < 1, respectively coth(|B|s) < 4 for |B|s > 1, we are
led to the estimate

U%&+BWMQMﬁ+MVWLMw

i _ 28 _‘x_y‘2
<ot~y (21 | et
(4ms) 5

[ee) o—yl2 2 o] Y
+167T/ ds _ €_M2S€_‘ 4;4\ I 5‘3’ / ds e_uzse_\ 4Sy\ >
0 (4ws)2 2 Jo 4s

Inequality (BI)) then follows from (84)), (8H), as well as the identity

which can be derived from (84]) and (85) by integrating by parts.
Finally, the kernels of the two other operators are given by

[(—i8s — | Bl1)(Pps.j2 + 12) (2, y)

_ |B|2 e "B‘xny /Oo o ‘B‘ coth(|B|s)|z+—y+|? 677(13133)2 %
2(4m)3 0
Bls 0 > e M5 ds
e .
X B y1 — x1 + i(z2 — y2) coth(bt)) ———.
( 0 e IBl ( ) 52 sinh(|Bls)

and
[(—ia:s)(c@Bx-/Q + MQ)_l] (z,y)

"B‘xny © g ( )2
1 1 r3—Y
/ o1 coth(|Bls)|zt—y*|? — =4
0

e 7
2(4r)?
y (eBS 0 > |B|6_8M2d5.

0 e Pl s%sinh(\B]s)

and the proof of (&) for j = 2,3 is similar. This completes the proof of
Proposition [I8 O

= (y3 — x3)
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