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BERRY-ESSEEN’S BOUND AND CRAMER’S LARGE DEVIATION
EXPANSION FOR A SUPERCRITICAL BRANCHING PROCESS
IN A RANDOM ENVIRONMENT

ION GRAMA, QUANSHENG LIU, AND ERIC MIQUEU

ABSTRACT. Let (Z,) be a supercritical branching process in a random environ-
ment & = (§,). We establish a Berry-Esseen bound and a Cramér’s type large
deviation expansion for log Z, under the annealed law P. We also improve some
earlier results about the harmonic moments of the limit variable W = lim,, oo Wi,
where W,, = Z,,/E¢Z,, is the normalized population size.

1. INTRODUCTION AND MAIN RESULTS

A branching process in a random environment (BPRE) is a natural and impor-
tant generalisation of the Galton-Watson process, where the reproduction law varies
according to a random environment indexed by time. It was introduced for the first
time in Smith and Wilkinson [24] to modelize the growth of a population submit-
ted to an environment. For background concepts and basic results concerning a
BPRE we refer to Athreya and Karlin [4, 3]. In the critical and subcritical regime
the process goes out and the research interest is concentrated mostly on the sur-
vival probability and conditional limit theorems for the branching process, see e.g.
Afanasyev, Boinghoff, Kersting and Vatutin [1, 2], Vatutin [26], Vatutin and Zheng
[27], and the references therein. In the supercritical case, a great deal of current
research has been focused on large deviation principle, see Bansaye and Berestycki
[5], Béinghoff and Kersting [12], Bansaye and Boinghoft [6, 7, 8], Huang and Liu [17].
In the particular case when the offspring distribution is geometric, precise asymp-
totics can be found in Kozlov [19], Béinghoff [11], Nakashima [21]. In this article,
we complete on these results by giving the Berry-Esseen bound and asymptotics of
large deviations of Cramér’s type for a supercritical BPRE.

A BPRE can be described as follows. The random environment is represented by a
sequence & = (&, &1, ...) of independent and identically distributed random variables
(i.i.d. r.v/s); each realization of &, corresponds to a probability law {p;(&,) : ¢ € N}
on N={0,1,2,...}, whose probability generating function is

(1‘1> fén(5> = fn(5> = i;)pi(gn)si7 ERS [O’ 1]: pz(én) = 0, i)pz(gn) =1
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Define the process (Z,),>0 by the relations
Zn

(12) Z() = 1, Zn+1 = ZNYLJV fOI' n 2 0,
i=1

where N, ; is the number of children of the i-th individual of the generation n.
Conditionally on the environment &, the r.v’s N, ; (i =1, 2, ...) are independent of
each other with common probability generating function f,, and also independent
of Z,.

In the sequel we denote by P the quenched law, i.e. the conditional probability
when the environment £ is given, and by 7 the law of the environment £. Then
P(dx,df) = Pe(dx)7(d€) is the total law of the process, called annealed law. The
corresponding quenched and annealed expectations are denoted respectively by [
and E. We also define, for n > 0,

[e.9]

My, = my,(§) = Zipi(ﬁn) and II,, = E¢Z,, = mg...my_1,
=0

where m,, represents the average number of children of an individual of generation
n when the environment ¢ is given. Let

Z

1.3 W, = ==, >0,
(13) oo
be the normalized population size. It is well known that under Pe, (W,),>0 is a
non-negative martingale with respect to the filtration
Fo=0( Ne;, 0<k<n—1i=12..),

where by convention Fy = o(§). Then the limit W = lim W, exists P - a.s. and
EW < 1.
An important tool in the study of a BPRE is the associated random walk

Sp=logll, =Y X;, n>1,
i=1

where the r.v’s X; = logm;_; (i > 1) are i.i.d. depending only on the environment
€. It turns out that the behavior of the process (Z,) is mainly determined by the
associated random walk which is seen from the decomposition

(1.4) log Z, = S, + log W,,.
For the sake of brevity set X = logmy,
p=EX and o®=E(X —p)
We shall assume that the BPRE is supercritical, with p € (0,00); together with
E|log(1 — po(&0))| < oo this implies that the population size tends to infinity with

positive probability (see [4]). We also assume that the random walk (S,,) is non-
degenerate with 0 < 02 < oo; in particular this implies that
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Throughout the paper, we assume the following condition:

Zlogt Z
(1.6) e Mt N
Mo
which implies that the martingale W, converges to W in L'(P) (see e.g. [25]) and
P(W > 0) =P(Z, = o0) = lim P(Z, > 0) > 0.

Furthermore, we assume in the sequel that each individual has at least one child,
which means that

(1.7) po=0 P-as.

In particular this implies that the associated random walk has positive increments,
Z, — oo and W > 0 P - a.s. Throughout the paper, we denote by C' an absolute
constant whose value may differ from line to line.

Our first result is a Berry-Esseen type bound for log Z,,, which holds under the
following additional assumptions:

A1. There exists a constant € > 0 such that

(1.8) EX?* < oco.
A2. There exists a constant p > 1 such that
NP
(1.9) E (1> < 0.
Mo
Theorem 1.1. Under conditions A1 and A2, we have
log Z, — nu C
sup |P [ 222~ <z ) — ®(2)| € —,
up < o ) @< /&

where ®(x ~P/2dt is the standard normal distribution function.

)= [
Vo
Theorem 1.1 completes the results of [17] by giving the rate of convergence in

the central limit theorem for log Z,,. The proof of this theorem is based on Stein’s

method and is deferred to Section 2.

Our next result concerns the asymptotic behavior of the left-tail of the r.v. W.
For the Galton-Watson process this problem is well studied, see e.g. [14] and the
references therein. For a BPRE, some interesting results have been obtained in
[15] and [17]. In particular, for the annealed law, Huang and Liu ([17], Theorem
1.4) have found a necessary and sufficient condition for the existence of harmonic
moments of W, under the following hypothesis:

(H) 36>0and A> A; > Lsuch that A; <mg and > i pi(&) < A as.
i=1

However, this hypothesis is very restrictive; it implies in particular that 1 < A; <

mo < A. We will show (see Theorem 1.2 below) the existence of harmonic moments

under the following significantly less restrictive assumption:
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A3. The r.v. X = logmg has an exponential moment, i.e. there exists a constant
Ao > 0 such that

(1.10) EetX = Emg° < oo.

Under this hypothesis, since X is a positive random variable, the function \ — Ee*X
is finite for all A € (—o0, Ag] and is increasing.

Theorem 1.2. Assume condition A3. Let

Ao P
(111) ag = 1—logEm30/long1 Zf (pl > O) > 07
Ao otherwise.
Then, for all a € (0, ag),
EW™® < 0.

Yet, a necessary and sufficient condition for the existence of harmonic moments
of order a > 0 under condition A3 is still an open question.

The previous theorem allows us to obtain a Cramér type large deviation expansion
for a BPRE. To state the corresponding result we need more notations. Let L and
1 be respectively the moment and cumulant generating function of the random
variable X:

(1.12) L(\) =B = E (m))
(1.13) () = log L(N).
Then ¢ is analytical for A < Ao and we have (X)) = Y222, A", where v, = %(0)

is the cumulant of order k£ of the random variable X. In particular for £ = 1,2, we
have v; = p and v, = 02. We shall use the Cramér’s series of the associated random

walk (Sy,)n>0 defined by
— 372 210 1573
(1.14) L) = 7?:)3/2 V472 ; V3, 057 7473/”22 T 105
67, 2473 1207,
(see Petrov [22]) which converges for || small enough.
Consider the following assumption:

+ ...

A4. There exists a constant p > 1 such that
P

Z
(1.15) E-L < .
mo

Note that under (1.7) condition A4 implies A2. The intuitive meaning of these
conditions is that the process (Z,) cannot deviate too much from its mean II,,.
The following theorem gives a Cramér’s type large deviation expansion of a BPRE.

Theorem 1.3. Assume conditions A8 and A4. Then, for 0 < x = o(y/n), we
have, as n — o0,

(1.16) P(%x; ) exp{j; “ (fﬁ» [1 vo (1\%%)]
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and

o Dl G (o)

As a consequence of this result we obtain a large deviation approximation by the
normal law in the normal zone z = o(n'/®) :

Corollary 1.4. Under the assumptions of Theorem 1.3, we have for 0 < x =
o(n'/%), as n — oo,

log Zn—np T LC3
(1.18) IM1?2@;>:1+O<WJ
and
()

Note that Theorem 1.3 is more precise than the moderate deviation principle
established in [17], and, moreover, is stated under weaker assumptions. Indeed, let
a, be a sequence of positive numbers satisfying * — 0 and % — 00. Then by

Theorem 1.6 of [17], under hypothesis (H), we have, for x,, = £% with fixed = € R,

T
. 2
(1.20) 1%PC%Z”7W>I)N—?.

Qn

Using the weaker condition A3 (instead of condition (H)) Theorem 1.3 implies that
(1.21)

()0 (G () 0 (55

which sharpens (1.20) without the log-scaling.

The rest of the paper is organized as follows. In Section 2, we prove Theorem 1.1.
In Section 3, we study the existence of harmonic moments of W and give a proof of
Theorem 1.2. Section 4 is devoted to the proof of Theorem 1.3.

2. THE BERRY-ESSEN BOUND FOR log Z,

In this section we establish a Berry-Esseen bound for the normalized branching
process
log Z,, — nu
ovn
based on Stein’s method. In Section 2.1, we recall briefly the main idea of Stein’s

method. Section 2.2 contains some auxiliary results to be used latter in the proofs.
In Section 2.3, we give a proof of Theorem 1.1.
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2.1. Stein’s method. Let us recall briefly some facts on the Stein method to be
used in the proofs. For more details, the reader can consult the excellent reviews
[10, 23] or the more complete book [9]. The main idea is to describe the closeness
of the law of a r.v. X to the standard normal law using Stein’s operator

(2.1) Af(w) = f'(w) —wf(w),
which can be seen as a substitute of the classical Fourier-transform tool. For any
x € R let f, be a solution of Stein’s equation :

(2.2) I(w < z) = (z) = f,(w) — wfa(w),
for all w € R. The Kolmogorov distance between the law of the random variable X
and the normal law N (0, 1) can be expressed in term of Stein’s expectation EAf,(X).

Indeed, substituting w by X in (2.2), taking expectation and the supremum over
r € R, we obtain

(23)  sup|P(X <a) = @(@)] = sup[E (£(X) = X£,(X))| = BAL(X)

The key point is that Stein’s operator A characterizes the standard normal law, as
shown by the following Lemma.

Lemma 2.1 (Characterization of the normal law). A random variable Z is of normal
law N(0,1) if and only if BAf(Z) =0 for all absolutely continuous function f such
that E|f'(Z)] < oc.

By Lemma 2.1, it is expected that if the distribution of X is close to the normal
law N(0,1) in the sense of Kolmogorov’s distance, then EAf(X) is close to 0 for a
large class of functions f including the solutions f, of Stein’s equation (2.2). This
permits to study the convergence of X to the normal law by using only the structure
of X and the qualitative properties of f,. We will use the following result, where
we use the notation || - || for the infinity norm.

Lemma 2.2. For each x € R, Stein’s equation (2.2) has a unique bounded solution
(see [16], Lemma 1.1) given by

(2.4) folw) = ev*/? / T e (D(2) — 1(t < 2))dt

B 2me?’ 2d(w) [1 — (z)] if w < z,
B { 2me?’ 2P (z) [1 — ®(w)] if w > .
Moreover, we have for all real x,
(2.5) Ifl<1, Il <1,
and for all real w, s and t (see [16], Lemma 1.3),
[folw+s) = folw+ )] < (t+[s)(lw+1) + 1Lz —t<w <z —s)I(s < t)
(2.6) +l(x —s<w <z —t)1(s > t).

The next result gives a bound of order n='/2 of Stein’s expectation of a sum of
iid. r.v’s.
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Lemma 2.3. Let X;,..., X, be a sequence of i.i.d. r.v.’s with p = EX; € R,
o? = E[X; — ]’ < o0 and p = E|X;|* < 0o. Define Y, = 1= S50, (Xx — p). For
each x € R, the unique bounded solution f, of Stein’s equation (2.2) satisfies

(2.7) B [f2(Ya) = Yafa(Va)ll < Cp/v/n,

where C' is an absolute constant.

Note that from (2.3) and (2.7) one gets the classical Berry-Esseen theorem. The
proof of Lemma 2.3 can be found in [16].

2.2. Auxiliary results. In the proof of Theorem 1.1 we make use of the follow-
ing two assertions. The first one is a consequence of the Marcinkiewicz-Zygmund
inequality (see [20], Lemma 1.4), which will be used several times.

Lemma 2.4 ([20], Lemma 1.4). Let (X;)i>1 be a sequence of i.i.d. centered r.v.’s.
Then we have for p € (1,00),

Sxf < BrEGs, 1 <p<
=1

(BpVE (IX,[P)n?/?, if p>2,
where B, = 2min {k1/2 ke Nk > P/Q} is a constant depending only on p (so that
B,=21if1<p<2).

(2.8) E

The second one is a result concerning the exponential rate of convergence of W,
to W in LP(P) from [18], Theorem 1.5.

Lemma 2.5. Under A2, there exist two constants C' > 0 and § € (0,1) such that
(E|W, — WP)Y? < 8.
The next result concerns the existence of positive moments of the r.v. log W.

Lemma 2.6. Assume that E|logmg|®’ < oo, for some p > 1. Then we have, for all

q € (0,p),
E|llogW|? < oo and sup E|llogW,|? < oco.
neN

We prove Lemma 2.6 by studying the asymptotic behavior of the Laplace trans-
form of W. Define the quenched and annealed Laplace transform of W by

Ge(t) = Eee ™ and  ¢(t) = Ede(t) = Ee ™V,
where ¢t > 0. Then by Markov’s inequality, we have for ¢ > 0,
(2.9) P(W <t <eRBe ™ =¢ ¢(t).

Proof of Lemma 2.6. By Holder’s inequality, it is enough to prove the assertion of
the lemma for ¢ € (1,p). It is obvious that there exists a constant C' > 0 such that
E|llogW|T1(W > 1) < CEW < oo. So it remains to show that E|log W |1 (W <
1) < co. By (2.9) and the fact that

+oo ]
(2.10) EllogW|"1(W < 1) =q [ 5 (logt)™ POW <t7)dt,
1
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it is enough to show that, as t — oo,

¢(t) = O(logt)™"

It is well-known that ¢¢(t) satisfies the functional relation

(211) o) = fo (0re ().

where fy is the generating function defined by (1 1) and T™ is the shift operator
defined by T"(&o, &1, - .) = (&nyEnst,---) for n > 1. Using (2.11) and the fact that
¢T§ (mo) < QSTE ( ) for all k > 2, we obtain

de(t) < pi(&o)ore <nz;0> + (1 —=p1(&) ¢T§< )
(2.12) = ¢r¢ <7:Lo> (pl(fo) (1 = p1(&0))ore (t>)

By iteration, this leads to

n—1

TT (&) + (0~ mi&)ore (o).

j=0 n

(2.13) Pe(t) < Prng (rL)

Taking expectation and using the fact that ¢rne(t) < 1, we get

é(t) <E nﬁ: <p1(§j) + (1 = p1(&))) drme (i))

Using a simple truncation and the fact that ¢¢(-) is non-increasing, we have, for all
A>1,

o) < E Ho<pl &)+ (1= pi(&)ore (55 ) ) 10 < A7) | + P(TL, > 47)
<= E(pm@)ﬂl—pl(@))qsm ()] +ean > a9,

Since T™¢ is independent of o (&, ..., &,—1), and the r.v/s pi(&;) (i > 0) are i.i.d., we
have

6(0) < [Eni(60) + (1~ Em(60))6 ()| + P01, > )

By the dominated convergence theorem, we have lim; .., ¢(¢) = 0. Thus, for any
€ (0,1), there exists a constant K > 0 such that, for all ¢ > K, we have ¢(t) < 7.

Then for all t > KA", we have ¢ (ﬁ) < 7. Consequently, for ¢t > K A",
(2.14) o(t) < a™ 4+ P(IT, > A"),

where, by (1.5),

(2.15) a=Epi (&) + (1 —Epi(&))y € (0,1).
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Recall that 4 = EX and S,, = logll,, = > ; X;. Choose A such that log A > p
and let 6 = log A — p > 0. By Markov’s inequality and Lemma 2.4, there exists a
constant C' > 0 such that, for n € N,

P(I1, > A") < P(|S, — nul = no)
E 3 (X — M)|2p

<
= n2pry2p

C

ﬁ.
Then, by (2.14), we get, for n large enough and t > K A™,

(2.16) o) < £

npP

VAN

For t > K, define ng = no(t) = [lﬁiéﬁ;)} > 0, where [z] stands for the integer part
of x, so that
log(t/K) | - _ log(t/K)
log(A) log(A)

Coming back to (2.16), with n = ng, we get for t > K,
C(log A)P

o(t) < LB
(log(t/K))

which proves that E|log W ¢ < oo for all ¢ € (1, p), (see (2.10)). Furthermore, since

x — |log?(x)|1(z < 1) is a non-negative and convex function for ¢ € (1,p), by
Lemma 2.1 of [17] we have

sup E [logW,, | 1(W,, < 1) =E [logW|! (W < 1).

neN

and t > KA™.

C(logt)™?,

By a standard truncation we obtain
(2.17) sup E [logW,,|? < CEW + E [logW|?1(W < 1) < o0,
neN
which ends the proof of the lemma. Il
The next result concerns the exponential speed of convergence of log W, to log W'.

Lemma 2.7. Assume A2 and there exists a constant ¢ > 2 such that E|logmg|? <
00. Then there ezist two constants C > 0 and § € (0,1) such that for alln > 0,

(2.18) E [log W,, — logW| < C§".
Proof. From (1.2) and (1.3) we get the following useful decomposition:
1 &n Ny,
2.19 Wopar — W, = — (W—q
(2.19) +1 I ; .
which reads also
Wn+1 1 Zn (an )
2.20 —1=—= - —1).
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By (2.20) we have the decomposition

(2.21) log W, — log W, = log(1 + n,),
with
(2.22) _Wonn 1%( ’”-1)
‘ = W B " =1
Under P¢ the r.v’s =%+ — 1 (i > 1) are i.i.d., centered and independent of Z,.

Choose p € (1, 2] such that A2 holds. We first show that
(2.23) (Elma|?)"" < C8",

for some constants C' > 0 and 0 € (0,1). Applying Lemma 2.4 under P and using
the independence between the r.v’s N”n’ (¢>1) and Z,, we get

p
an

Eelnl” < 27Ee |23 Ee -1

By A2 and the fact that under the probability P the random variable —* Mol has the

4 2L we obtain

same law as
Z p

(2.24) E[n.|P < 2°E ’1 - 1‘ E[Z)"].
mo

We shall give a bound of the harmonic moment EZ!~P. By (1.2), using the convexity
of the function 2 — x'~? and the independence between the r.v.s Z,, and N,,; (i > 1),
we get

-, .
E|Z3%] = E <ZNn> ]
)
- ) 7

ole (4 (£07)

N
&=

/N

:

=1

_ E[Z|E [N
= E|Z?|E[2177)].

By induction, we obtain

B[z, < (B2177)".

By (1.7), we have EZ,” < 1. So the above inequality (2.24) gives (2.23) with
1
C=2 (E 2L _ 1‘p) & < ooand 6 = (IEle*p)l/p < 1.
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Now we prove (2.18). Let K € (0,1). Using the decomposition (2.21) and a
standard truncation, we have

ElogWiyi1 —logWy| = Ellog (1 + n,)[L(nn 2 —K) + E[log (1 +n,)| L(m, < —K)
(2.25) — A, +B,.

We first find a bound for A,,. It is obvious that there exists a constant C' > 0 such

that for all x > —K, |In(1 + z)| < C|z|. By (2.23), we get

(2.26) A, < CElny| < C (Blya[P)? < Co™.

Now we find a bound for B,,. Note that by (2.21) and Lemma 2.6, we have, for any

r € (0,q/2),

(2.27) sup E|log(1 +n,)|" < cc.
neN

Let r,s > 1 be such that % - = 1land r < ¢/2. By Hélder’s inequality, (2.27),
Markov’s inequality and (2 23) we have

B, < (Efog(1+n)) P (. < —K)"*
CP (jna| > K)"*
C (Elna|)"*
(2.28) s,
Thus by (2.25), (2.26) and (2.28), there exist two constants C' > 0 and § € (0,1)
such that
(2.29) E |log W11 — log W, | < Cd".
Using the triangular inequality, we have for all k € N,

E [log Wos —logW,| < C (8" 4. 40"*)

C

< —
1-0

NN N

N

Letting k — oo, we get

C
1-96
which proves Lemma 2.7. U

E |logW —log W, | < o,

We now prove a concentration inequality for the joint law of (S5,,log Z,).

Lemma 2.8. Assume A1 and A2. Then for all x € R, we have

log Z,, — np Sp — e C
. - = < 9 = < =
(2.30) P ( o x “odn x) NG

and

(2.31) P(logz"_”“>x5 _W\x>< ¢

o ey ST S
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Before giving the proof of Lemma 2.8, let us give some heuristics of the proof,
following Kozlov [19]. By (2.20), we can write

(2.32) Wit = ( —1 i N”’) .

11m”

nz

Since Z, — oo, by the law of large numbers, Z; ' % 1 7o 1s close to 1, and then

Wii1 /W, is also close to 1 when n is large enough. Therefore we can hope to
replace log W, by log W,,, without loosing too much, when m = m(n) is an increasing
subsequence of integers such that m/n — 0. Denote
"X — log W,,
(2.33) Y= ay & Wm

o= oy o\/n

Then, the independence between Y, ,, and (Y, V) allows us to use a Berry-Esseen
approximation on Y, ,, to get the result.

Y,=Y, and V,, =

Proof of Lemma 2.8. We first prove (2.30). Let a,, = ﬁ and m = m(n) = {nl/ﬂ,
where [z]| stands for the integer part of z. Let D, = V, — V,,. By a standard

truncation, using Markov’s inequality and Lemma 2.7, there exists § € (0,1) such
that

PY,+V,<z,YV,22) < PY,+V<z+4+a,Y,>2)+P(|Dn] > )
(2.34) < PY,+Vi<z+a,Y,>x)+0m

Now we find a bound for the right-hand side of (2.34). Obviously we have the
decomposition

(2.35) Y, =Yy + Vi

Forz € R, let Gy, n(2) = P (Y < ) and G, (z) = Gon(z). Denote by vy, (ds, dt) =
P(Y,, € ds, V,, € dt) the joint law of (Y;,, V;,). By conditioning and using the inde-
pendence between Y, , and (Y, Vi), we have
PY,+ Vi <z+a,Y,>x)
= P+ Y+ Vi <o+, Yo, +Yn > 2)

— /IP (Yoon +s+t < x+ay, Ynn+s =) vn(ds, dt)
(2.36) = /]1 ) (G (T — 5 — £+ @) — G (T — 8)) vim(ds, dt).

For the terms Gy, n(x — s —t + a,) and G, (x — $) we are going to use the normal
approximation using the Berry-Esseen theorem. Since (1—z)7"/? = 14+Z+0(z) (z —

0), we have \/KLm =(1-2)""2=1+R,, where 0 < R, < C/y/n and n > 2
Therefore, we obtain

Gon(z) =P (_znj i\;ﬁ” < :v) = Goim <\/”;{7”m> = Grm(@(1+ Ry)).
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Furthermore, by the mean value theorem, we have

R,e~1/? C
S =
21 Vn
where we have used the fact that the function z — z®'(x) = :L'e*xQ/z/\/ 21 attains

its maximum at x = +1. Therefore, by the Berry-Esseen theorem, we have for all
r eR,

Gnn(@) = (2)] < [Grom(@(1 + Ry)) — @(x(1+ Ro))| + [@(x(1 + Ry)) — ()]
C
(2.38) <

From this and (2.36), we get
P(Y,+ Vi <2+ a,Y, > )

(2.37) [P(z(1+ Rn)) — ()] < Rnlad'(z)] <

C
(2.39) /]1 <) [P(r—s—t+a,) — P(z —s)| ym(ds,dt)+ﬁ.
Using again the mean value theorem and the fact that |®'(z)| < 1, we obtain
1
(2.40) ]@(m—s—t—i—an)—@(aj—sﬂ:\—t—i—ozn\<]t|+ﬁ.
Moreover, by Lemma 2.6 and the definition of v,,, we have
E|log Win| |

2.41 [ 18] vn(ds, dt <—.
(2.41) s de) = =252l <
Hence, from (2.39) and (2.40), we get

C
Implementing this bound into (2.34) gives (2.30). The inequality (2.31) is obtained
in the same way. U

2.3. Proof of Theorem 1.1. In this section we prove a Berry-Esseen bound for
log Z,, using Stein’s method. In order to simplify the notational burden, let

1 & log W, ~ log Z, — nu
Y, =—+¢ Xi—p), Vo= d Y,=——
o\/n 12::1 ( 2 o\/n an ov/n

By (2.3), it is enough to find a suitable bound of Stein’s expectation
(2.42) E[f2(Yn) = Yafu(Ya)]l,

where x € R and f, is the unique bounded solution of Stein’s equation (2.2). For
simplicity, in the following we write f for f,. By the triangular inequality, we have

E[f'(Ya) = Yo f (V)| < E[f'(Ya) = Yaf (Ya))ll )
(2.43) HEYaf (V) = Yaf (Yl + [E[Vif (Vo).

=Y, +V,.
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By A1l and Lemma 2.6, we have sup E |log Wn|3/ % < 00. Therefore, by the definition

of V,,, we have

1/l C
sup E|log W,
Vr "pEllos Wl < 5

Moreover, using the fact that f is a Lipschitz function with || f’|| < 1, together with
Holder’s inequality and Lemma 2.4, we get

E[Yaf(Ya) = Yaf (Yl < E[Ya] [f(Ya) = £(Ya)l]

(2.44) [E[Vaf (Ya)]l <

< IFINE[Ya] [Vall
. . 371/3 /
2/3
< CEX&-m| | [E logWal"]
i=1
< €(B3E|X \3n3/2)1/3
C
2.45 < —.
(2.45) =

Again, by the triangular inequality, we have

E[f'(Y2) = Yo f (VI < [ELf/ (Yo + V) fY)]l
(2.46) +HEL(Ya) = Yaf (V).
Applying (2.6) for w =Y, s =V, and t = 0, we get
ELf' (Yo + Vo) = (V) < E(Yal[Val) + E[Val + P (Y, + Vo <2,V 2 )
+P (Y, +V, > x,Y, <z).

As for (2.44) and (2.45), we have E|V,,| < & and E(|Y,[ |[Va]) < 5. From these

bounds and the concentration inequalities of Lemma 2.8, we have
C

2.47 E[f' (Y, +V,) — f'(V,)]] < —.

(2.47) |[f(+)f()]!ﬁ

Furthermore, since Y,, is a sum of i.i.d. random variables, by Lemma 2.3, it follows
that

(2.48) ELf(Ya) =Y f(Ya)]l <

Thus, coming back to (2.43) and using the bounds (2.44), (2.45), (2.46), (2.47) and
(2.48), we get

ELf(V,) - Y f(Va)]] < 55

which ends the proof of Theorem 1.1.
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3. HARMONIC MOMENTS OF W

In this section, we study the existence of harmonic moments of the random vari-
able W. Section 3.1 is devoted to the proof of Theorem 1.2. For the needs of
Cramér’s type large deviations, in Section 3.2 we shall prove the existence of the
harmonic moments of W under the changed probability measure, which generalizes
the result of Theorem 1.2.

3.1. Existence of harmonic moments under P. Following the line of Lemma 2.6
we prove Theorem 1.2 by studying the asymptotic behavior of the Laplace transform
of W. Actually Theorem 1.2 is a simple consequence of Theorem 3.1 below. Recall
that

de(t) = Eee ™™ and  ¢(t) = Ede(t) =Ee™™, ¢t >0.

Theorem 3.1. Assume condition A3. Let ag > 0 be defined by (1.11). Then for
any a € (0,ay), there exists a constant C' > 0 such that for all t > 0,

o(t) < Ct .
In particular EW=* < oo for all a € (0,ap).
Proof. By (2.14), we have for A > 1 and t > KA",

(3.1) o(t) < o + P(II, = A™),
where
(3.2) a=Epi(§) + (1 —Epi(§))y € (0,1).

Using Markov’s inequality and condition A3, there exists A\g > 0 such that

EI  (Em)*\"

= An/\o A}\o

2\ 1/X0
Setting A = <E”;00) > 1, we get for any n € Nand t > KA",

(3.3) o(t) < 2a".
Now, for any ¢ > K, define ng = ny(t) = {%} > 0, where [z] stands for the
integer part of x, so that
log(t/K)
log A

log(t/K)

d t > KA™.
log A o

_1\n0\

Then, for t > K,
é(t) < 2a™ < 2071 (t/K)led = Cot ™,

with Cy = 207 'K® and a = _112231 > 0. Thus we can choose a constant C' > 0 large

enough such that for all ¢ > 0,
(3.4) o(t) < Ct™°.
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This proves the first inequality of Theorem 3.1. The existence of harmonic moments
of W of order s € (0,a) is deduced from (3.4) and the fact that

1

—+oo
Ot dt
) | e,
where I' is the Gamma function.
Now we prove (ii). By the definition of a, A and «, we have

EW™ =

1
4 — ) og o

0log Em(’}o —log
log (Ep; + (1 — Epy)7)
-0 ;
log Emg° — log (Epy + (1 — Ep1)7)

where v € (0, 1) is an arbitrary constant. Since a — ag as v — 0, this concludes the
proof of Theorem 3.1. Il

3.2. Existence of harmonic moments under P,. In this section, we establish a
uniform bound for the harmonic moments of W under the probability measures Py,
uniformly in A € [0, A).

Let m(x) = E[Z1|& = =] = 302 kpr(x). By A3, for all A < \g, we can define
the conjugate distribution function 7y, as

m(z)*

L\

Note that (3.5) is just Cramér’s change of measure for the associated random walk
(Xn)n>1. Consider the new branching process in a random environment whose en-
vironment distribution is 7, = TOQ?)I\\I . The corresponding annealed probability and

expectation are denoted by

(3.5) Tox(dx) =

To(dzx).

(3.6) Px(dz, d§) = Pe(dz)7a(dE)
and E, respectively. Note that, for any F,-measurable random variable 7', we have
EernT
: E\T = ——.

It is easily seen that under Py, the process (Z,,) is still a supercritical branching pro-
cess in a random environment, which verifies the condition (1.7), and that (W,,),en
is still a non-negative martingale which converges a.s. to W. We shall show under
the additional assumption A4 that there exists a constant a > 0 such that for all
be (0,a),

sup E\W° < 0.
0<A< Ao

Denote the Laplace transforms of W under Py by
OA(t) = Exge(t) = Exe ",

where ¢ > 0 and A < A\g. The following theorem gives a bound on ¢,(t) and E W/~
uniformly in A € [0, A).
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Theorem 3.2. Assume conditions A3 and A4. Then there exist constants a > 0
and C' > 0 such that for allt > 0,

sup ¢A(t) < Ct™°.

0<A< Ao

In particular, we have sup ExW=° < oo for all b € (0,a).
0<A<Ao

For the proof of the previous theorem we need to control the exponential speed
of convergence in L? of W, to W, uniformly under the class of probability measures
(P A)og,\g)\o'

Lemma 3.3. Assume that A3 holds for some Ao > 0, and A4 holds for some

p € (1,2]. Then for \g > 0 small enough, there exist constants C > 0 and &y € (0,1)
such that, for allmn > 1,

sup (Ex|W, — WP < o6p.

0<A< Ao

Pmof Applying Lemma 2.4 under E¢ to the decomposition (2.19) and using the
et (i > 1), we get

N
Ee|Wopr = Wal” < 2TLPEeZ,Ee|

p

2P TP E, 1

E
Note that under ]P’,\, the r.vs mg,...,m,_1 are i.i.d., independent of %, and %
has the same law as <-. Thus, takmg expectation ]E,\, we get

4y
mo

Recall that mg > 1. Choose Ay > 0 small enough such that p—Ag > 1. By condition
A4 for all 0 < A\ < Ao,

ZNP 1 7v z
Eyx{— )] ==E|—— | <E <
A <m0) Em}) <mg_’\ mo oo

Since 1 — p + Ao < 0, we have, for all 0 < A < Ao, Eamy? = L Emg "™ <

Emg

p\ 1
Emj 7" < 1. Hence by (3.8), for 6y = (Emp 7)) < Land € = 2 (E (2" 4 1) <
o0, we have

(3.9) sup (Ey [Wpsr — WaP)Y? < C687.

0<AS Ao

p

(3.8) By Wit — WalP < 27 (Ekmé‘p) E,

Using the triangular inequality, for all k € N,
sup (Ey [Wosw — Wo)'? < C (53 NI 561+k—1>

0<A< Ao
C
1 —do

< 5.
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Letting k — oo, we get

C
(3.10) sup (Ey |W —W,[))"? < s,
0<A< o 1— g
which concludes the proof of Lemma 3.3. O

Now we proceed to prove Theorem 3.2.

Proof of Theorem 3.2. Let ¢ € (0,1). By a truncation argument, we have for all
A € [0, \], and n € N,

oa(t) = Exe™ [L (W, = W|<e™) +1(|W, —W|>e")]

(3.11) < By L PA(|W, — W > e™).
Using Markov’s inequality and Lemma 3.3, there exists dy € (0, 1) such that
(3.12) sup Py(|W,, — W] >¢e") < CPT,

0<A< g

where 8 = dg/e < 1 for € > .

Now we proceed to bound the first term in the right-hand side of (3.11). Recall
that L(-) is increasing. Furthermore, since x — e~ is a non-negative and convex
function, we have (see Lemma 2.1 of [17]) that sup,.yEe ™" = Ee™™ = ¢(1).
Then, again using truncation, we have for all A € [0, Ao], n € N and ¢ > p,

Exe ™n = Eye ™" [1(S, < cn) +1(S, > cn)]
(3.13) < eM(t) + PA(S, > cn).
By the exponential Markov’s inequality, we have for A < A\g/2,
Py(S, > cn) < (EAe)‘X)n een
EnHEN (N =x)
where () = log Ee* and ¢(2)\) —9(\) —Ac = App—Ae+o0(A) as A — 0. Since ¢ >

we can choose A > 0 small enough, such that for all 0 < A < Ag, ¥(2)\) —9(A) — A <
AMp —¢)/2 < 0. Thus we have

(3.14) sup Pr(Sn > en) < B,

0<A< )\

where 3, = eM#=9/2 < 1. Furthermore by Theorem 3.1, for all a € (0,a0), there
exists C' > 0 such that ¢(t) < Ct~° for all ¢ > 0. Thus implementing (3.12), (3.13)
and (3.14) into (3.11) leads to

(3.15) sup oa(t) < e (eAOC"tha + ﬁ;l) + CpY.

0<A< Ao

Since ¢, (t) is decreasing in t, we have for any ¢t > ¢, = ™",

(3.16) sup 6(t) < sup da(t) < e (XTC + BY) + OB

0<A< Ao 0<A< Ao
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Choosing Ao > 0 small enough such that 33 = e*°® < 1, we find that there exists
a constant C' > 0 and = max {f1, 2, B3} € (0,1) such that, for any ¢t > ™",

(3.17) Sup éx(t) < CB"
0<A< o
The rest of the proof is similar to that of Theorem 1.2, starting from (3.3). O

4. PROOF OF CRAMER’S LARGE DEVIATION EXPANSION

In this section, we prove Theorem 1.3. The starting point is the decomposition
(1.4). We will show that the Cramér-type large deviation expansion of log Z,, is
determined by that of the associated random walk (.S,). Our proof is based on
Cramér’s change of measure Py defined by (3.6). An important step in the approach
is to have a good control of the joint law of the couple (S, log Z,,) under the changed
measure Py uniformly in A € [0, Ao], for some small Ao, which is done in Section 4.1.
The proof of Theorem 1.3 is deferred to Section 4.2.

In the sequel we shall use the first three moments of the r.v. X = logmg under
the changed probability measure Py:

’ - 7 _
(4.1) o= X =00) = 3 N
(42) 7= B ) =y =X g
(4.3) pr = EAlX =l

with 1 defined in (1.13).

4.1. Auxiliary results. In this section we prove a uniform concentration inequality
bound for the class of probability measures (Py)o<yc,,- First we give uniform bounds
for the first three moments of X under IP,. It is well known that, for Ay small enough
and for any A € [0, Ag],

(4.4) [y — p| < C1A, oy — o] < o, [px — pl < O3,

where C, Cs, C3 are absolute constants. These bounds allow us to obtain an uniform
rate of convergence for the process (log W,,) under P,.

Lemma 4.1. Assume A3 and A4. Then there exists §y € (0,1) such that
(4.5) sup E, |logW,, —log W| < §(.

0<A< A
Proof. The proof is similar to that in Lemma 2.7: it is enough to replace E by E,
and to ensure that all the bounds in that proof still hold uniformly in A € [0, Ag],
for Ay > 0 small enough.
We first prove that for some constants Ay > 0, 6 € (0,1) and C > 0,

(4.6) sup (Ex|n,. ") < €67,

0<A< o
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where 7, is defined (2.20). In fact, we have, for p € (1, 2),

Ex[rn|” < 27E, NZ;O - 1‘p (B [277])"

By the dominated convergence theorem and the fact that mg > 1, we have EyZ; ? <
EZ, Pm)) P EZ|? < 1. Thus there exists a Ay > 0 small enough such that

E\Z, P <EZ Pm)° < 1.
By A3 and A4, for some small enough A\g € (0,p — 1] and all A € [0, \g] we have,
Zl A -1 Z:f Z{J

1/p

P 1
Therefore, (4.6) holds with C' < 2 (E%) v + 1} < ooand § < (EZI ) /\0> <1

Next we show that

(4.7) sup sup E,|log(1+n,)|" < oo,
neN 0<A<Ao
for all » > 0. It is easily seen that there exists a constant C,. > 0 such that
Ey[logW| < C, (EA\W= +E\W) < C,. (E\W~*+1). Then, by A3 and Theorem
3.2, for all » > 0, we have
(4.8) sup E,|logW|" < 0.
0<A<Ao

Thus by (2.17) and (2.21) we get (4.7).
We finally end the proof in the same way as in Lemma 2.7, using the uniform
bounds (4.7) and (4.6). O

Now we give a control of the joint law of (S,,,log Z,,) for the convergence to the
distribution function ®([0,z])1(x > 0), z € R, uniformly in A € [0, o], where
O([0,z]) = ®(x) — @(0) (recall that @ is the distribution function of the standard
normal law).

Lemma 4.2. Assume A8 and A4. There exist positive constants C, (1, B2 and
d € (0,1) such that for any x > 0,

P, (SUA_\/T_‘“ W > 0) ([0, 2])| <

\/_

(4.9) sup
0<A<Ao

and

Sp—np log Z,, — np
sup P <—z,—— >0
0<)\<p>\0 A ( O'A\/_ O'Aﬁ

1
(4.10) <C ({E + \/_) e PV L min (e—ﬁzxx/ﬁ’ 5\/ﬁx—1/2n—1/4) .
n
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Proof. Let m = m(n) = [nl/ﬂ, with [z] denoting the integer part of z, and

"X — log W,,
Y = , .
mn i:%;rl O')\\/ﬁ O')\\/ﬁ

The proof of (4.9) is similar to that of Lemma 2.8 with P replaced by P,. The only
difference is that the bounds (2.38) and (2.41) have to be uniform in A € [0, Ag].
The uniformity in (2.38) is ensured by the Berry-Esseen theorem and (4.4) which
imply that

Y = Y[))‘n and V)=

C

(4.11) sup ’G (z) — (I)(CE)‘ < 7’

A€E[0,M0]

where G, (z) = P, (Y%n < :L‘) The uniformity in (2.41) is a consequence of
Lemma 4.1. Further details of the proof are left to the reader.

Now we prove (4.10). Let D, =V} —V,». By considering the events {|D;,| < %}
and {|D;,| > £} we have

Py (V)< -2,Y) +V)>0) < Py (YnA <Y 4V > _x)

2
(4.12) +P, (|D > 2)
We first find a suitable bound of the first term of the right-hand side of (4.12).
Again by decomposing Y} =Y}, + V), using (4.11) and the fact that ®([a,b]) <

b — a, we have

n

Py (YA <—2, Y+ V> —‘;)

= /]l<t>;c>]P’>\<YA G{—i—s—t,—x—s])yﬁl(ds,dt)
< /]l<t>;> [@([—;—s—t,—x—sDJr\%] v (ds, dt)
< /1<t>;> (t 2)+%1 VA (ds, dt)

< mfar(e> D)) [fr Glng)

By Markov’s inequality, we have Py (VTQ > %) < e~ 27V" Moreover, using Hélder’s
and Markov’s inequalities, we get by (4.8) and the definition of V,, that

1/2 x\1/2 C .
E, [V (VA > x)] < (B\V2) P (VA > ) < —foavi,
)\[ m m 9 ( )\| m| ) A m 9 U)\\/ﬁe 1
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Since, by (4.4), oy is bounded uniformly in A € [0, A, there exists $; > 0 such that
for any A\ € [0, o],
1

4.1 Py (Y < -2, Y2+ V) > —x> <Clat—|ePovm
( 3) A < n T, Y, + Vi 9 T+ \/ﬁ €

We now search for a suitable bound for the second term of the right-hand side of
(4.12). By Holder’s inequality and Theorem 3.2, there exist some constants C' > 0,
a>0and 0 < a < min(1/2,a/2) such that, for all A € [0, \¢] and n € N,

Wi\ 90\ 1/2 Cog\ 1/2 90\ 1/2 oo\ 1/2
E, (Wm) < (B2)” (Baw,)"” < (Baor>)"” (Ba>) " < C

Thus, by Markov’s inequality and (4.4), there exists a constant 35 > 0 (independent
of (\,n,x)) such that, for all A € [0, A\],

A T n>0¢ aoyy/nZ < m>0t aoxyy/nZ
— < P — AW 4+ P 2
Py <|Dm|> 2) ,\((W > e ) ,\( W, > e

(4.14) < Ce PV,

Moreover, by Markov and Jensen’s inequalities and Lemma 4.1, there exists dp €
(0,1) such that for A € [0, Ao],

1/2,.1/4
Py (ID)>3) < Py (rlogwn—logwml”%“’ - )

V2

(4.15) < O 2p 1A,
From (4.14) and (4.15) we have, for any A € [0, o],

(4.16) P, (|D;| > ;’) < Cmin (e VA, G2 18

Using (4.12), (4.13) and (4.16), we get (4.10) with § = 5(1)/2. This ends the proof of
the lemma. O

4.2. Proof of Theorem 1.3. We shall prove only the first assertion, the second
one being proved in the same way.

For 0 < x < 1, the theorem follows from the Berry-Esseen estimate in Theorem
1.1. So we assume that 1 < 2 = o(y/n). Using the change of measure (3.7), for any
A € 10, \o], we have

log Z,, — n _
P (M > x) = L(\)"E, [e A (log Z,, — np > xa\/ﬁ)} :
o\v/n

Denote

Sn — TN IOg Wn
4.17 yr =" 22 d VA= .
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Using the decomposition (1.4), centering and reducing S,, under Py, we get

] _
(o)
o\v/n

= exp (np(A) — npa) Ex [e_AUAﬁY$ﬂ (Yn)\ LV s xa\/n ;Ar,f/(ﬁm _ M))] |

with ¢ defined in (1.13). It is well known that for = o(y/n) as n — oo, the
equation

(4.18) zroy/n = n(pu\ — 1),
has a unique solution A(x) which can be expressed as the power series
t W M2 — 37

4.19 M) =—— —St"— ———1t"+...

(4.19) @)= =t = e

with ¢ = Z= (see [22] for details). Choosing A = A (z), it follows that
log Z,, —

P (M > :1:) = exp (nY(A) —nuy) Ey [e"\”*‘/ﬁy’?]l(Yn’\ + VA > O)}
ovn
(4.20) = exp (np(A) —npa) 1,
where

I = Ey[e V™MLY 4+ V) > 0)]
(4.21) - / e AV (YA L VA S 0)dPy.
Using the fact that
e ANV — )\aM/ﬁ/R]l(Yn’\ < y)e MV y
and Fubini’s theorem, we obtain
I = doy/n /R eV, (Y2 <y, Y2+ V) > 0) dy.
Obviously I = I, + I_, with

I, = AJ,\\/E/ e AP, (YnA <y, Y 4V > O) dy,
0

0
[ = /i / VI (Y2 <y, Y2+ V) > 0) dy.
We shall show that
(4.22) I=0L14+0\),

where

(4.23) L = )\UM/E/OO e V[0, y])dy.
0
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By Lemma 4.2 (i) we get by a straightforward computation that

C
(4.24) L- L)<~

NG

By Lemma 4.2 (ii), we have

0
I < C)\O'A\/ﬁ/ eAa)\\/my\ |: <|y| + \/1_> 6—51\y|\/ﬁ
—00 n

+ min (e’ﬁﬂywﬁ, 5‘/’7]y|’1/2n’1/4) ]dy.

Recall that, by (4.4), oy is bounded for A small enough and, by (4.19), we have
A — 0 asn — oo. Then for 0 < ¢ < min(f, B2), we have Ao, < ¢ for all n large
enough. Thus, by a straightforward calculation and by choosing € > 0 small enough,
it can be seen that

0 1
I < C )\\/ﬁ/ <|y| + \/ﬁ> e~ (Br=e) Vg,

—1
+C M\n / e~ (52=2) lulvin g

0
+C A\/ﬁ/,l 5\/ﬁ|y|—1/2n—1/4 e° \ylx/ﬁdy
CA

NG

By (4.19), we get, as n — oo,

1
4.2 I_=o0|—|.
) (%)
From (4.24) and (4.25) it follows that

C
4.26 I -1 < —.
The intergal I, appears in the proof of the Cramér’s large deviation expansion
theorem for the i.i.d. case. For convenience, we state here some well known results
concerning the asymptotic expansion of the cumulant generating function ¢(\) and

of the integral ;. For details we refer the reader to [22].

Lemma 4.3. Let X be a r.v. such that E[eX]] < oo for some \g > 0. For
A € (=Xo, Xo), let p(\) = logE[eM], uy = ¢'(N) and oy = " (N\). Set p = EX.
Then for 1 <z = o(y/n), A = X(x) solution of (4.18) and n large enough, we have:

(i) the cumulant generating function ¢ ()\) = log E[e*X] satisfies the identity

(4.27) L n(u) ~ M) = j‘;z (jﬁ)

where £ (t) is the Cramér’s series defined by (1.14);
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(ii) the integral I, defined by (4.23) satisfies the property that there exist some
positive constants Cy,Coy > 0 such that

(4.28) Cy < Aoavnly < Cy

moreover, the integral Iy admits the following asymptotic expansion:

7 T
4.2 I = —|[1—-2 1 — .
2 mew(3) -2l (10 (7))
Now we can end the proof of Theorem 1.3. By (4.26), (4.28) and (4.19), we have

I=L(1+0M\) =15 <1+O<jﬁ>>.

Coming back to (4.20) and using (4.29), we get

P (bgf"\/%”” > x) — oxp (f + () — )\m)> (1— () (1 +0 (\%)) |

Then, by (4.27), we obtain the desired Cramér’s large deviation expansion

i (552 ) o) 1 20(5)

which ends the proof of the first assertion of Theorem 1.3.
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