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Abstract: Wasserstein barycenters and variance-like criterion using
Wiasserstein distance are used in many problems to analyze the homo-
geneity of collections of distributions and structural relationships be-
tween the observations. We propose the estimation of the quantiles of the
empirical process of the Wasserstein’s variation using a bootstrap proce-
dure. Then we use these results for statistical inference on a distribution
registration model for general deformation functions. The tests are based
on the variance of the distributions with respect to their Wasserstein’s
barycenters for which we prove a central limit theorem.
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1. Introduction

Analyzing the variability of large data sets is a difficult task when the infor-
mation conveyed by the observations possesses an inner geometry far from
the Euclidean one. Indeed, deformations on the data such as translations,
scale location models for instance or more general warping procedures pre-
vent the use of the usual methods in statistics. Looking for a way to measure
structural relationships between data is of high importance. This kind of is-
sues arises when considering the estimation of probability measures observed
with deformations. This situation occurs often in biology, for example when

1
imsart-generic ver. 2013/03/06 file: NewTasio_long_2.tex date: March 28, 2016


mailto:tasio@eio.uva.es
mailto:loubes@math.univ-toulouse.fr

considering gene expression. However, when dealing with the registration of
warped distributions, the literature is scarce. We mention here the method
provided for biological computational issues known as quantile normalization
in Gallon, Loubes and Maza (2013) and references therein. Very recently us-
ing optimal transport methodologies, comparisons of distributions have been
studied using a notion of Fréchet mean for distributions, see for instance in
Agueh and Carlier (2011) or a notion of depth as in Chernozhukov et al.
(2014).

In Czado and Munk (1998) and Munk and Czado (1998), a pioneer work
study the existence of relationships between distributions F' and G by us-
ing a discrepancy measure between the distribution A(F,G) built using the
Wasserstein distance. The authors consider the assumption A(F,G) > Ay
versus A(F,G) < Ag for Ag a chosen threshold. Thus when the test is
rejected, this implies that there is a statistical evidence that the two distri-
butions are similar with respect to the chosen criterion. In this direction, we
build a test for a collection of J distributions p1, ..., ps. For this we define a
notion of variation of distributions using the Wasserstein distances W, over
probabilities with r > 1 finite moments W,., which generalizes the notion of
variance for random distributions over R%. This quantity can be defined as

1/r

J
1
Vi (pa,.-ospg) = inf = W (1g,m
( ) sont sy | 7 2 (5, m)

which measures the spread of the distributions. We will provide a criterion to
measure the similarities between the distributions by using this Wasserstein
variation. Further, we will show how this quantity can be bootstrapped in
order to build confidence tests.

The natural frame for application is given by observations drawn from a
deformation model in the sense that we observe j = 1,...,J independent
samples of random variables in R? following the distribution 5 such that

Xig = (¢) " (eny),

for i = 1,...,n where (g;;) defined for all 1 <i<n,1<j<J are iid.

random variables with unknown distribution . The functions cp; belong

to a class of deformation G, which models how the distributions p;’s can be

warped one to another by function in the chosen class. This model is the nat-

ural extension of the functional deformation models studied in the statistical

literature for which estimation procedures are provided in Gamboa, Loubes and Maza
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(2007) while testing issues are tackled in Collier and Dalalyan (2015). Within
this framework, statistical inference on deformation models for distributions
have been studied first in Freitag and Munk (2005), where tests are provided
in the case of parametric functions, while the estimation of the parameters
is studied in Agullo-Antolin et al. (2015).

This work introduces a general bootstrap approach based on the consider-
ation of Wasserstein variation for the assessment of deformation models. The
main facts about Wasserstein variation are presented in Section 2, together
with the key idea that fit to a deformation model can be recast in terms
of the minimal Wasserstein variation among warped versions of the distri-
butions. Later, in Section 3 we prove a Lipsichtz bound (Theorem 3.1) for
the law of empirical Wasserstein variations on R%. The implications of this
result include that quantiles of the minimal warped variation criterion can
be consistently estimated by some suitable bootstrap quantiles, which can be
approximated by simulation, yielding some consistent tests of fit to deforma-
tion models provided that the empirical criterion has some regular limiting
distribution. This issue, namely, Central Limit Theorems for empirical min-
imal Wasserstein variation is further explored for univariate distributions
in Sections 4, covering non parametric deformation models, and 5, with a
sharper analysis for the case of parametric deformation models. This sections
propose consistent tests for deformation models in the corresponding setups.
Finally, proofs are postponed to Section 6.

2. Wasserstein variation and deformation models for distributions

Assume we observe J samples of n i.i.d random variables X;; € R? with
d > 1, with distribution x; and empirical measure ,, ;. Much recent work has
been conducted to measure the spread or the inner structure of a collection
of distributions. In this paper we define a notion of variability which relies
on the notion of Fréchet mean for the space of probability endowed with the
Wasserstein metrics, which we will recall the definition hereafter. First, for
d > 1, consider the following set

Wi <Rd) = {P probability on R? with r finite moment} .

For two probabilities p and v in W, (]Rd) , we denote by II(u,v) the set
of all probability measures 7 over the product set R? x R? with first (resp.
second) marginal p (resp. v).

The transportation cost with quadratic cost function, or quadratic trans-
portation cost, between these two measures p and v is defined as
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Tiuv) = inf / Iz — ylI" dn(z,y).

rell(,

This transportation cost allows to endow the set W, (Rd) with a metric
by defining the r-Wasserstein distance between p and v as W,.(u,v) =
T (1, v)Y/7. More details on Wasserstein distances and their links with opti-
mal transport problems can be found in Rachev (1984) or Villani (2009) for
instance.

Within this framework, we can define a global measure of separation of
a collection of measures pj, j = 1,...,n as follows. Given probabilities
Ui, ...,y on R? with finite 7-th moment let for ~ > 1

1/r

J
1
Vipg,..., = inf — ,
(pias - 1) o JZ:: (11,7

be the Wasserstein r-variation of p1, ..., py or the variance of the pu;’s

The special case r = 2 has been studied in the literature. In Agueh and Carlier
(2011) the minimizer of n %ijl W3(uj,n) is proved to exist. This
measure pp is called the barycenter or Fréchet mean of pq,...,uy. Hence

1/2
Vg, pug) = (% Z}'le W2 (1, ,UB)> . The authors prove properties of
existence and uniqueness for barycenters of measures in W, (Rd), while the

properties of the empirical version are provided in Boissard, Le Gouic and Loubes
(2015).

This quantity, which is an extension of the variance for probability distri-
butions is a good candidate to evaluate the concentration of a collection of
measures around its Fréchet mean. In particular it can be used to test the
existence of a distribution’s deformation model, in the sense that all the dis-
tributions f; would be warped from an unknown distribution template p by
a deformation function ¢} which can be parametric or non parametric. More
precisely, consider a family of invertible warping functions G = Gy X --- X G
We would like to build a goodness-of-fit testing procedure for the following
model

There exist (¢],...¢%) € G and (g;;)1<i<n 1.1.d. such that
N
-1 )
Xij=(¢5) (i) VI<i<J (H)
Denote by G the distribution function of ¢ with law p with support (a,b),

while G, ; is the corresponding empirical version.
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We propose to use this Wasserstein 2-variation to build a goodness of fit
criterion for model (). Since the true distribution g is unknown, we first
try to invert the warping operator and thus compute for each observation its
image through a candidate deformation ¢;,

Zij(pj) =¢j (Xiy) 1<i<n, 1<j<J

Note that Z; j (¢;) ~ wi(e;). Now, if we set ¢ = (¢1,...,¢5) € G, then
the Fréchet mean of (11;(¢;)), ;< exists and can be written up(p) see for
instance Agueh and Carlier (2011). We will write p,, ;j(¢;) for the empirical
measure on Z; j(¢;j),1 < i < n and p, g(p) for the corresponding Fréchet
mean. It is important to remark that under (H),

p(e") = p=pu(¢;), V1 <j < J

Hence, a natural idea to test whether H holds, is to consider the Wasserstein
2-variation of the (1;(¢;)), 1 < j < J, that is to say the minimum alignment
of the candidate warped distributions (1j(¢;)),<;<; with respect to their
barycenter, namely pp(p). This optimization program corresponds to the
minimization in @ € G of the following theoretical criterion

J
U(6) = V2 (1 (1), oo 1)) :%Z (5(0), 15 (9)):

Its empirical version is given by U, (¢) = %E}le W3 (1in i (05), tn,B(0))-
Inference about model H can be based on the statistic

2 — inf Uy,(p).

Un peG

We will consider the following setting for testing a warping relationship be-
tween the distributions. Following Czado and Munk (1998) or Munk and Czado
(1998), for Ag > 0, consider

fU(p) > A Hl
;gg (¢) 0 (Hp)
inf U(p) < Ao. (H1)
»EG

Hence with these assumptions, the test decision of rejecting the null hypoth-
esis implies that there are statistical evidence that the deformation model is
approximately true.



3. Bootstraping Wasserstein’s variations

In this section we present general results on Wasserstein distances that will
be applied to estimate the asymptotic distribution of a statistic test based on
an alignment with respect to the Wasserstein’s barycenter. More precisely,
here we consider distributions on R? with a moment of order r > 1, that is,
distributions in W, (Rd). Recall that W, will denote Wasserstein distance
with L, cost, namely,

Wr(un) = inf / ly — 2" dn(y, =),
m€ll(p,m)

where ||-|| is any norm on RY. Finally, we write £(Z) for the law of any
random variable Z. We note the abuse of notation in the following, in which
W, is used both for Wasserstein distance on R and on R?, but this should
not cause much confusion.

The next result shows that the laws of empirical transportation costs are
continuous (and even Lipschitz) functions of the underlying distributions.

Theorem 3.1. Set v, v/, n probability measures in W, (Rd), Yi,...,Y, i.i.d
random vectors with common law v, Y{,..., Y, i.i.d. with law V' and write
Un, V), for the corresponding empirical measures. Then

Wr(ﬁ(WT’(Vny 77))7 ﬁ(WT’(V;w 77))) S WT(V7 V/)'

Our deformation assessment criterion concerns a particular version of the
Wasserstein r-variation of distributions vq,...,vy in W, (}Rd), that is de-
noted in its general form by

J
1 1r
Vi(ve, ..., ;= inf —E W/ (v, .

(1 & HEWs (BY) (J e v 77))

V. is just the average distance to the r-barycenter of the set.

It is convenient to note that V' (v1,...,v ) can also be expressed as
VIi(vi,...,vg) = inf /T(yl,...,yJ)dﬂ'(yl,...,yJ), (1)
w€ll(vy,...,v7)
where II(vq,...,vy) denotes the set of probability measures on R? with
. . J
marginals vy,...,v; and T'(y1,...,ys) = min,cpa % > 5= llys — =l

Here we are interested in empirical Wasserstein r-variations, namely, the
r-variations computed from the empirical measures vy ; coming from inde-
pendent samples Y1 j,...,Yy; ; of i.i.d. random variables with distribution
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vj. Note that in this case problem (1) is a linear optimisation problem for
which a minimizer always exists.

As before, we consider the continuity of the law of empirical Wasserstein
r-variations with respect to the underlying probabilities. This is covered in
the next result.

Theorem 3.2. With the above notation
J
r / / 1 r /
Wr (ﬁ(‘/T(VTH,lv s 7VnJ,J))7£(‘/;‘(VTL1,17 s 7VTLJ,J))) < j Z Wr (Vjv Vj)'
j=1

A useful consequence of the above results is that empirical Wasserstein
distances or r-variations can be bootstrapped under rather general condi-
tions. To be more precise, we take in Theorem 3.1 v/ = v, the empirical
measure on Y1,...,Y, and consider a bootstrap sample Y7*,... Y, of i.i.d.
(conditionally given Y7,...,Y,,) observations with common law v,,. We write

*

vy, for the empirical measure on Y7*,..., Y, and L*(Z) for the conditional

law of Z given Y7,...,Y,. Theorem 3.1 now reads
Wr(ﬁ*(Wr(V:nnaV)),ﬁ(Wr(anaV))) < Wi (v, v).

Hence, if W, (v, v) = Op(1/ry,) for some sequence r,, > 0 such that r,,, /ry, —
0 as n — oo, then, using that W, (L(aX), L(aY)) = aW,.(L(X),L(Y)) for
a > 0, we see that

Wi (L5 (rim, We (v, n?”))aﬁ(rmnWr(meV))) < it Wi (vn,v) =0 (2)

m
Tn

in probability.
If in addition r,W,.(vy,v) — v (v) for a distribution ~ (v) then

Tmn WT(ana V) - ’Y(V)

which entails that if é,(a) denotes the o quantile of the conditional dis-
tribution £*(ry,, W (v, ,v)) then under some regularity conditions on the
distribution ()

P (r Wy (vp,v) < ép(a)) > o asn — oo. (3)

We conclude in this case that the quantiles of r,,W,.(v,, ) can be consistently
estimated by the bootstrap quantiles, that is, the conditional quantiles of
the quantity rp,, W, (v, ,v) (which, in turn, can be approximated through

7



Monte-Carlo simulation).
As an example, if d = 1 and r» = 2, under integrability and smoothness as-

. 1 By 1/2
sumptions on v we have /nWs(v,,v) — (fo Wdt) , where f and
F~1 are the density and the quantile function of v as shown in del Barrio, Deheuvels and van de Geer
(2007).
For the deformation model described in (H), statistical inference is based
on v2 with r = 2 defined as the minimal quadratic Wasserstein variation

J
1
2 : 2
— inf § W2 (i (i), tin )
Uy, _;Ielg szl 2(/‘ J((')DJ) H ,B(‘P))

where pi, () denotes the empirical measure of Zy (), ..., Zy (@) defined
by Z; i(¢) = gpj_l (Xi,;)- Now consider v}, the corresponding version obtained
from samples with underlying distributions ,u;-, and denote by L (vy,) (reps.
L (v))) the law of the random variable v, (resp. v},). Then, the following
result holds, setting and assuming that ||¢;|| = sups [|¢;(z)|| < +oo0 and
that the deformation functions are continuously differentiable.

Theorem 3.3. Under Assumption AL, if for all j, sup,cg H%H < 00,
o0
then

J
1
W3 (L (vn), £(v4)) < sup |12 5 D7 W3 (j. 5)-

Hence the Wasserstein distance of the variance of two collection of distri-
butions can be controlled using the distance between the distributions.

In the same way the Wasserstein r-variation can also be bootstrapped as
soon as a limit theorem exists as in (3). This is the purpose of the following
sections in the framework of a deformation model for distributions on R. So
from now on consider d = 1.

4. A non-parametric deformation model for distributions

Recall that we consider p;’s distribution on R that may be warped from a
common unknown template by deformations ¢7’s that belong to a set G =
g1 % --xGy. We assume some regularity on the general class of deformations,
namely that

' . (cj,dj)—>(a,b) .. . . .
For all h € G;,h : s h(z) is invertible, increasing, (A1)

and s.t. —co<a<b<+oo, —oco<ce<c <dj <d<+oo.
8



For each p; set its distribution function Fj : (¢j,d;) — (0,1) with density
with respect to the Lebesgue measure f;. Let p, ; be the empirical measure
and empirical distribution function associated to the sample (X;;); i,

We consider the Wasserstein 2-variation for a given set of candidate de-
formation function o, namely U () := V2 (u1(¢1), - .., () and its em-
pirical version U, (¢). We prove a Central Limit Theorem for this quantity
in order to design a goodness of fit test for the deformation model.

4.1. Central Limit Theorem for Wasserstein’s variations

We provide in the section a CLT for inf,eg U, (¢) under the following set of
assumptions.

For all j, F; is C? on (cj;d;), fj(z) > 0 if z € (¢;;d;) and (A2)

sup Fj(m)(ljzg)(j))f;(m)<oo.
cj<z<d; J

(t(l =) )3

))
, ) and define on H; = Cl(c;;d;) N

For some ¢ > 1 and all 1 < j < J, fo 1k 7dt < 400 (A3)

For ¢ as in A3, we set pyp = max < 4
1

LPo (X;) the norm th”?—tj = SUp(c,.q,) [P + E[[h; (X;)["]70 , and on the

product space Hy x --- x Hy, [|hlly = ijl th”?—tj' The we make the

following additional assumptions.

G; C H; is compact for || - ||, and sup W (zhy — 0 (z) — 0.
heg; supheg, |2 —2|—0

(A4)

for some r >4 and 1< j < J, E[X;]"] < oo (A5)

for some r > max(4,pp) and 1 < j < J, E

sup \h(Xj)]T] <oo (.A6)

heg;

Under A1 to A6, we are able to provide the asymptotic distribution of
inf,eg v/nUn (). It is convenient at this point to give some explanation about
the meaning of these assumptions. A2 is a is a regularity condition on the

9



distributions of the X],-S (it holds, for instance, for Gaussian or Pareto dis-
tributions) required for strong approximation of the quantile process, see
Csorgd (1983) for details. The integrability condition A3 is satisfied by the
Gaussian distribution if ¢ < 2, see, e.g., Rajput (1972). A4 is related to
the regularity of the deformation functions. Finally, A5 and A6 are moment
assumptions on the (possibly warped) observations.

Theorem 4.1. Under Assumptions Al to A6

¢dgww—mmm

Bj —1_ -1
- ;Igfer/ ¢ o = p(pjo Fy ' = Fg ' (9)),

where I' = {p € G : U(p) = infyeg U(P)} and (B)), ;< are independent
Brownian bridges.

A proof of Theorem 4.1 is given in the Appendix below. We note that
continuity of U is follows easily from the choice of the norm on G. Recall
that G is compact and, consecuently, inf,cg U(yp) is attained. Hence, I' is a
nonempty closed subset of G (in particular it is also a compact set). We note

further that the random variables fo @; 0 FJ_ (90] oF; - F5l(y)) are

centered Gaussian, with covariance

/'<mmuw—swi—iﬁ<<F*@»—ﬂ?wxm
0,1]2 77 TO)
)

X L oy (51 (5)) - By (o)) dsdt

In particular, if U has a unique minimizer the limiting distribution in Theo-
rem 4.1 is normal. However, our result works in more generality, even without
uniqueness assumptions.

We remark also that although we have focused for simplicity on the case
of samples of equal size, the case of different sample sizes, n;, j = 1,...,J,
can also be handled with straightforward changes. If we assume

N ()P0, (4)

Vj:n; — 400 and —————
ny+---+nyg

then the result can be restated as

, , 2
\/( n...NyJ J_1<12fU"1"“’”J_12fU> Am jg

ny+---+ny)
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where U, .., denotes the empirical Wasserstein variation computed from

~ B, _ _
the samples and S;(p) = (Hp;,gjvp) fO 90] ol lf T (pjo F; = FBI(‘P))-
J

4.2. A testing procedure

In this setting, Theorem 3.3 can be written as follows. Set [|; || . = supye(c;:a;) [ (2)]-
then

J
1
W3 (L(on), £(v7) < sup |52 7 2 WA 1)
peG =1

Now consider bootstrap samples X7 ;,..., X, . of i.i.d. observations sam-
pled from p,, j, write P, j for the empirical measure on X 1, oo , X0 . (con-
ditionally to the X1 j,..., X, ) and denote V3 (uh, 1 (¢),. .. ,,umm (p) =

Up,,. (¢). Then we get

Corollary 4.2. If m,, — oo, and m,/\/n — 0, then under Assumptions Al
to A6, and if infg U > 0, writing v for the limit distribution in Theorem 4.1,
we have that

L <\/mn <iléf Un, — iléf U>> —

in probability. In particular, if ¢, (o) denotes the conditional (given the X; ;’s)
a-quantile of \/my, (infg Un,, — infg U) then

P <\/ﬁ (1ng ~—inf U> én (a)> — . (5)

This corollary enables to build a test H} versus Hi as follows. The test
statistic in this case is Uy, (Ao) := /n (infg U,, — Ag). Then, under assump-
tions of Corollary 4.2 (A1 to A6), if é,(«) denotes the conditional (given
the X; ;’s) a-quantile of the bootstrap version /m,, (infg Un, — Ao), under
Ho

]P)(un (AO) < én(a)) — Q,
which gives the asymptotic level of the reject region {U, (Ao) < én(a)},
where é,(a) can be computed using a Monte-Carlo method.

5. A parametric model for deformations

We have built a test where the null hypothesis is not that the deformation
model holds, but rather that the distributions are in a suitable neighborhood

11



of it. The more usual null of exact fit to the deformation model can be here
written as

inf U(p) =0 (Ho)
peG
inf U(p) > 0. (H1)
peG

In the case where H holds (when the data are actually drawn from the
deformation model), we have ¢; o Fj_1 = F3'(¢) for each ¢ € T, hence
up(e*) = pu = ,uj(cpy). Hence we are under the assumption Hg. Then, the
result of Theorem 4.1 becomes

inf \/nU,(¢) — 0.
peG

Hence, in this case we have to refine our study to understand well the behav-
ior of inf,eg Upn(p) when n tends to infinity. This is achieved by restricting
the non parametric class of deformation to a parametric class of deforma-
tions. So we consider in this section a semiparametric warping model where p
is unknown but where the deformations are indexed by a parametric family.

5.1. Estimation of the deformation model

In many cases, deformation functions can be made more specific in the sense
that they follow a known shape depending on parameters that are different
for each sample. So consider the parametric model 8* = (65, ... ,6%) such that
(,0; = %oy, for all j =1,...,J. Each (9)*» represents the warping effect that
undergoes the 7™ sample, which must be removed to recover the unknown
distribution by inverting the warping operator. So Assumption H becomes

Xi;= cpe_;_l (€ij), forall1 <i<n,1<j<

Hence, from now on, we will consider the following family of deformations,
indexed by a parameter A € A C RP:

p:Ax(¢;d) — (a,b)
(A z) = o (2)

Thus, the functions U and U,, are now defined on © = A”, and the criterion
of interest becomes infycg U(N). We also use the simplified notation 1;(6;)
instead of p; (gpgj), Fp () for Fg (g, ,.--,vs,) and similarly for the empir-
ical versions. Throughout this section we assume that model H holds. This

12



means, in particular, that the d.f.’s of the samples, F}, satisfy F; = G'o P
with G the d.f. of the ¢; ;’s.

For the analysis of this setup, we adapt Assumptions A1 to A6, replacing
them by the following versions.

;d) = (a3b) . . . . .

For all A € A, ) : (c; ’ is invertible, increasing, Al
PN ) 5 (A
and st. —co<a<b< 400, —oo<c<c¢ <dj <d<+oo.

We replace A2 by: G is C? with G'(x) = g(z) > 0 on (a,b) and

G(z) (1 - G(x)) g'(x)

sup < 00 A2
a<z<b 9(x)? (A2)
Now, instead of .43 to A5 we assume

 is continuous w.r.t. z and A (A3)

VA € A, oy is C! with respect to x, A is compact

dy is bounded on A x [¢;j;d;] and continuous with respect to A

supAeA|mﬁ—x|—>0

and sup |dp)y (:E?L) —dpy (x) (A4)

A€A

Vi<j<J E[X;]"] < oo for some r >4 (A5)

Here d is the derivation operator w.r.t. x, while 9 will be the derivation
operator w.r.t. A. Finally A6 becomes

Vi<j<J E [sup\g@,\ (Xj)@ < oo for some r > 4 (A6)
AEA

Note that Assumption A6 implies that € has a moment of order r > 4 and
also that Assumption A3 becomes simpler in a parametric model which does
not require a particular topology.

We impose as identifiability condition,

U has a unique minimizer, 6%, that belongs to the interior of A. (A7)

Note that, equivalently, this means that * is the unique zero of U, since we
are assuming that # holds.

13



Now, to get sharper result about the convergence of infgcg U™ (#), one has
to add the following assumptions, first on the deformation functions.

Vi<j<J 4,0(}_1 is C! wr.t. z and dgpg_*_l is bounded on [a, ] (A8)
J J

¢ is C% wr.t. z and A

Vi<j<J E [iléli ‘a%m (ng*_l (a)> (2] < (A9)

As said for Assumption 43, the following one is more restrictive on the tail
of the distribution of €, excluding the Gaussian case. Examples of such vari-
ables with unbounded support are given in del Barrio, Deheuvels and van de Geer
(2007) p.76. Note that distributions with compact support and strictly pos-
itive, continuous density satisfy this assumption.

/01 g;ﬂ%dt < 0 (A10)

Set Un(0) = Un(p) = V& (ptn1(¢0,)s - - - tin,s(0,)) and consider the esti-
mator R
0" inU"(0).
€ arg min (9)

The results in this section are stated in the case where A is a subset of
R. However they are still true if A C RP with corresponding changes. The
following result implies that 9" is a good candidate to estimate 6*. It is a
simple consequence of the continuity of U and the uniform convergence in
probability of U, to U, as shown in the proof of Theorem 4.1.

Proposition 5.1. Under Al to A7, then

9" — 0% in probability.
We can refine this result by making the following additional assumption,
R; := Oypps o cpe_;l is continuous and bounded on [a,b], 1 < j < J. (TCL)
Define now ® = [®; j]1<; j<s with

2
2

2(J — 1)

(I)i’j = J2

(Ri, Rj)u, 1 # J; Pii = 1Rl (6)

where |||, and (,-) , denote norm and inner product, respectively, in L3(p).

® is a symmetric, positive semidefinite matrix. To see this, consider z € R’
14



and note that

2 Or = %/(Z(J— DaiR} — 2 i RiR;)dp
i i<j
- %/Z(miRi — 2 R;)*du > 0.

1<j
In fact, ® is positive definite, hence invertible, unless all the R; are propor-

tional p-a.s.. Now, we can state the following Central limit Theorem.

Proposition 5.2. Under Assumptions A1 to A9 and TCL, if, in addition,
® is invertible, then X
V(" —6*) — 71y,

where Y < (Y1,...,Yy) with
B;
go G~V

2 [l )
Yj:j/o RjoG™

B; = Bj — 1 S By and (Bj)i<j<y independent Brownian bridges.

We note that, while, for simplicity, we have formulated Proposition 5.1
assuming that the deformation model holds, a similar version can be proved
(with some additional assumptions and changes in ®) in the case when the
model is false and 6* is not the true parameter, but the one that gives the
best (but imperfect) alignment.

Remark 1. The indentifiability condition AT can be too strong to be realis-
tic. Actually, for some deformation models it could happen that pgop, = Pg.,
for some 0 xn € ©. In this case, if X;; = @e_*l(em) with €;; i.i.d., then,
J
for any 0, X;j = ok (8i;) with &; = pp(eij) which are also i.i.d. and,
J
consequently, (0 x 07,...,0 % 6%) is also a zero of U. This applies, for in-
stance, to location and scale models. A simple fix to this issue is to select
one of the signals as the reference, say the J-th signal, and assume that 0%
is known (since it can be, in fact, chosen arbitrarily). The criterion function
becomes then U(01,...,05-1) = U(0y,...,05-1,07). One could then make

the (more realistic) assumption that 0* = (07,...,0%_,) is the unique zero
of U and base the analysis on Uy (01,...,057_1) = Un(61,...,05-1,0%) and
0" = arg ming Un(9). The results in this section can be adapted almost verba-

tim to this setup. Proposition 5.2 holds, namely, /n(0" —0*) — ®~'Y | with

15



y 4 (Y1,...,Y;1) and o = [®; j]1<ij<J—1. We note further that invertibil-
ity of ® is almost granted. In fact, arguing as above, we see that

x<I>:E—J2/ Z (ziR; — ;R;)* + Z x?R?)d,uZO

1<i<j<J—1 1<i<J—1

and ® is positive definite unless R; =0 p-c.s. fori=1,...,J — 1.

5.2. Asymptotic behavior of Wasserstein’s variation under the
null assumption

Here we are able to specify the rate of convergence of infygcg Uy, (0) to zero
when H holds, and to provide the asymptotic distribution of this statistic.

Theorem 5.3. Under assumptions Al to A10, TCL and invertibility of @,
J ~
: 1 3 2 1.1
né}leléU j:/o (goG 1) _§Y(I) Y

withY = (Y1,...,Yy), ¥; =2 [ RjoG™!
(Bj)1<j< s independent Browmcm bridges.

goG ey, Bj=B;— 1Y By and

Turning back to our goal of assessment of the deformation model H based
on the observed value of infgcg U™ (6), Theorem 5.3 gives some insight into
the threshold levels for rejection of H. However, the limiting distribution
still depends on unknown objects and designing a tractable test requires to
estimate the quantiles of this distribution. This will be achieved in the next
subsection.

5.3. Goodness of fit test for parametric deformation model

Now consider the parametric deformation model and note that the inference
about it is based on the minimal Wasserstein variation indexed by 6 € ©
V2= elgf V& (pna(0), ... i, (0)) = iréf Un(6),
where pi,, j(0) denotes the empirical measure on 7y (), ..., 2, ;(0), Z; ;(0) =
gpe_jl (Xi,;) and X j,..., X, j are independent i.i.d. samples from s;. We con-
sider v}, the corresponding version obtained from samples with underlying
distributions y;, and denote by L (vy,) (vesp. £ (vy,)) the law of the random
variable v, (resp. v],).
16



Then, mimicking the proof of Theorem 3.3 ,we are able to prove the fol-
lowing result.

Theorem 5.4. Under Assumptions A1, A3 and A4

J
1
W3(L(on), £(0})) < supdipa(2)[* 5 D> W3 (i, 15).
=

z€(c;d),AeA
Now consider bootstrap samples X7 ;, ..., X, . ofii.d. observations sam-
pled from /L;L, write u’:nmj for the empirical measure on X ik,j’ s X0 J (con-

ditionally to the Xj ;,..., X, ;) and denote sz(ufnml(e),...,,u’:nmJ(H)) =
Uy, (0).

Corollary 5.5. If m, — oo, and my/n — 0, then under Assumptions Al
to A10, TCL and writing v (G;0%) for the limit distribution in Theorem
5.3, we have that

L* <mn igf Un. (9)) — v (G;0%)

in probability. In particular, if é, (o) denotes the conditional (given the X; ;’s)
a-quantile of my, infg Uy, (0) then if the quantile function of v (G;0%) is
continuous w.r.t o

P <n inf U (0) < én(a)> S (7)

In the semi parametric model, we can now provide a goodness of fit pro-
cedure. Under Assumptions of Theorem 5.3 (A1 to A10 and TCL) one can
test the null assumption

inf U(0) =0 (Ho)
0O

versus its complementary denoted by H;.

In this case the test statistic is ninfg U, (#) and one can get the asymptotic
level of a reject region of the form {ninfyce U, (0) > Ay} by using Corollary
5.5.

More precisely, consider bootstrap samples X f i s X, j of i.i.d. obser-
vations sampled from fi,, j, and write U}y, (6) for the corresponding criterion.
Then, if ¢,(a) denotes the conditional (given the X ;’s) (1 — a)-quantile of

my, infe Uy,
P | n inf U,(0) > é, .
<n(51€1®U 0) >¢ (a)) -«
Thus {ninfpco U,(0) > é,(a)} will be a reject region of asymptotic level

a, and é,(a) can be computed using a Monte-Carlo method.
17



6. Appendix
6.1. Proofs of goodness of fit and bootstrap results

PROOF OF THEOREM 3.1. We set T, = W,.(vp,,n) and T, = W,(v/,,n) and
I1,,(n) for the set of probabilities on {1,...,n} x R? with first marginal equal
to the discrete uniform distribution on {1,...,n} and second marginal equal
to n and note that we have T, = inf ¢, () a(m) if we denote

1/r
a(m) = (/ 1y — z||"d7r(z',z)> .
{1,....,n} xRd

We define similarly o/(7) from the Y] sample to get T}, = inf e, () @' (7).
But then, using the inequality |||a|| — ||0]|| < |la — bl

1/r 1 n 1/r
|a(m)—a'(m)| < / IV = Y/|["dn(i,2) | = (=D _IIVi=Y/|I"
{17...,77/}>(Rd n i=1
This implies that
1 n
T =Tl < oI =Y
If we take now (Y,Y’) to be an optimal coupling of v and v/, so that

ElY =Y'|"] = W/ (v,v) and (Y1,Y]),...,(Ys,Y,) to be iid. copies of
(Y,Y") we see that for the corresponding realizations of T,, and T}, we have

E[|T, - T, ZE [1Y; = Y/|"] = Wi(w, /)"

But this shows that W,.(£(T,), L(T},)) < W,(v,1/), as claimed.

O
PROOF OF THEOREM 3.2. We write V;.,, = Vi (Vny 15+ -+, Vny ) and V), =
VeWny1s- -2V, 1) We note that
Vi o= inf /Ti,...,i dr(in, ..., 1y),
= gt T 7)dm (i1 7)
where Uj is the discrete uniform distribution on {1,...,n;} and T'(iy, ... ,i;) =
min, cpa + Z;}:l 1Yi; ; —=II"- We write T"(i1, ... ,is) for the equivalent func-

tion computed from the Yi’j’s. Hence we have

|T(i1,...,iJ)1/T—T/(Z'1,. ) 1/T|T ZHYZJ,J i/j,jHTv

18



which implies

</T(i1,...,iJ)d7T(i1, " ,zp;))w - (/T(il,...,Z'J)dﬂ(il,...,i])>1/r T

”}/ZJ,] ig’j“rdﬂ(’il,...,ij)

Il

Sl S~
' o Nl
i M-

<
Il

—
<.
Il

i

<
1

J nj
||}/Z'j,j _Y'i/j’jHwa(zl,..., jz (n_ZHYVZ,] _}/iij”r)
—1
So,

Vi = Vial" < Z ( Z 1Yij = YiijW) :

] 1
If we take (Y},Y]) to be an optimal coupling of v; and v} and (Y15, YY), ...,
(YHN,Y’ ) to be i.i.d. copies of (Y],Y]) for j =1,...,J, then we obtain

nj

1< (1 1<
EUVT,n jg n_];E[HYZ,]_ 1,J jg V]’ ]

The conclusion follows.

O

PROOF OF THEOREM 3.3. We can mimic the argument in the proof of
Theorem 3.2 to get an upper bound on the Wasserstein distance between
the laws of v, and v}, the corresponding version obtained from samples with
underlying distributions ,u;-. In fact, arguing as above, we can write

2 . . . | | |
v: = inf inf T(p;i1,...,07)dm(i1,...,57)|,
n <p€Q |:7T6H(U17---7UJ)/ ((10 1 J) ( 1 J)

where T'(p;i1,...,is) = mingeg & E}'le 1Zs, 5(¢) — ylI*. We write T" (g3 i1,
,i.7) for the same function computed on the Zéj(gp)’s and set

1¢'llo0 = sup [l¢;(z)]-
T,
peG
Now, from the fact ||Z; j(¢) — Z{J(QO)Hz < @21 X, — X{7j|]2 we see that
1 J
T(prin i)V = T (s, ig) PP < B D Xy 5 — X 512

j=1
19



and, as a consequence, that

V2 (11 (), -, 13 (0) = Va (//1”(90)7 ol (@) P

Z Z Hso 136115, .5 — X3 4112

] lzj—l

and then
1 J
na
(0 = o) < 9125 D (3 0 15— X,12) -
j=1
If, as in the proof of Theorem 3.2, we assume that (Xi,j,XZ(’j), i=1,...,n;

are i.i.d. copies of an optimal coupling for ;; and ,u}, with different samples
independent from each other we obtain that

J
1
B (o = n)") < 9 2 W)

O

PrROOF OF COROLLARY 4.2. In Theorem 3.3, take ,u;- = fipnj, and set

Up,, = infpeg Vo, 1(9), - -+ s 1y, (). Then, conditionally to the X1 ..., Xy 5,
the result of Theorem 3.3 reads now

W3 (L(vm,), L(v,,)) SupHsDjHoo JZW2 (5 im,)-
7j=1
Now, let v? := inf,eg M (). Then,
W (L(0m, ), L(vy,,)) = W3(L(Um, —v),L(v,, =) (8)

mn Mn

N

J
2 1 20, . .
Z‘ég H‘PJHOO 7 ; W5 (15 tin,)-

Now, recall that in the proof of Theorem 4.1 one gets that W22(,uj,,un,j) =
Op(f) Then, using that W, (L(aX), L(aY)) = aW,(L(X), L(Y)) for a > 0,
(8) gives

W3 (£ (Vi (vm,, = 0)), £ (/7 (07, = v))) (9)

J
m 2 1
< el ;”Wf(“ﬂ"“"ﬂ —0
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Moreover, under Assumptions A1 to A6, Theorem 4.1 gives /m, (vfnn — v2) -
v. If v > 0, the classical Delta Method (see for instance in Van der Vaart
(2000) p.25) gives

1
Vg (U, —v) = %7-

Hence (9) enables to say that that

1

Vg (v, —v) = 27"

Applying again a Delta Method leads to
Vi, (092, —v?) = ymy, <iléf U, — iléf U) — 7.

(5) is obtained by using Glivenko Cantelli Theorem and convergence of the
empirical quantiles.

O

6.2. Proofs for the deformation model

We provide here proofs of the main results in Sections 3 and 4. Our approach
relies on the consideration of quantile processes, namely,

(1) = VI (FT O)F ) — FH(1), 0<j<1,j=1,..J

and on strong approximations of quantile processes, as in the following result
that we adapt from Csorgé and Horvath (1993) (Theorem 2.1, p. 381 there).

Theorem 6.1. Under A2, there exist, on a rich enough probability space,
inependent versions of pyj and independent families of Brownian bridges
{B j}n=100, j =1,...,J satisfying

/2w |Pnj () = Bn ()] _ { Op(log(n)) if v =10

su 5 .
Uneterim (01 —10)) 0,(1) if 0 < v <1/2

We will make frequent use in this section of the following technical Lemma
which generalizes a result in Alvarez-Esteban et al. (2008).

Lemma 6.2. Under Assumption A6
1
i) SUbneg, /i [t (h(ES (6))2dt = 0, suppeg, v [i s (h(Fy ™ (1)))2dt —
0.
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ii) SUPpeg; \/7f0 nJ (t)))2dt — 0, SUPpeg, \/_fl_, Fn_,;(t)))2dt_>
0 in probability.

i11) If moreover A3 holds
1 —t)
vk, / Ay Sl (B 0) = Fe @ @] <o 10
fk soeg

i) In the parametric case, under Assumptions A3, A6 and if Yk, Fy, is
C! with F]g = fr >0 on (cx,dg)

(Yt —1) Ry _
s [ D upli (1 ) - 5t 0 ] < )

J

Our next proof is inspired by Alvarez-Esteban et al. (2008). The main
part concerns the study of \/nU,(¢) uniformly in ¢ in probability by using
strong approximations of the quantile process with Brownian bridges.

PrRoOOF OF THEOREM 4.1. We will work with the versions of p, ; and
By, j given by Theorem 6.1. We show first that

sup |V (Un () = U (¢)) -

J
Z g ( ‘ — 0 in probability (12)
peg j=1

with Sy ;(p) = 2]01 @) o F.‘l( ;o F._1 - Fgl(w))%. To check this we
J

note that the fact that 4 zj 1@ o F; ! Fgl(cp) and simple algebra yield
ViUn(p) = U(p)) = 2527 Sy + 3307 Ry with

1
Sus = Vi [ (o50 Frl =0 ey 0 B = F'(0))
x ! 1 1 1 1 2
Ry j = \/5/0 [(pjo b —wjo k") = (F ple) — Fg (0)]"
From the elementary inequality (a; + -+ + ay)? < Ja? + - + Ja% we get
that ; §
1 A 4y/n ! -1 —142
jZRn,j = TZ/O (pjo by j—wjo k)
j=1 j=1

Now, for every ¢t € (0,1) we have

070 FNE) — 050 P = (K, () (FL ()~ FE'(®) (19)



for some K, ,,,(t) between Fn_Jl(t) and F~1(t). Assumption A4 implies C; :=
SUDy, g, we(c;.d;) |#5(%)| < oo. Hence, we have

1 1
/0 (pj 0 Fnj} — ;o0 Fj—l)2 < 0]?/0 (Fnj; - Fj—1)2.

Now we can use A5 and argue as in the proof of Theorem 2 in Alvarez-Esteban et al.
(2008) to conclude that \/ﬁfol(Fn_} - Fj_l)2 — 0 in probability and, as a
consequence, that

J
1 _
sup ‘\/ﬁ (Un (@) —U () — 7 Z Sn.j (¢) ‘ — 0 in probability. (14)
On the other hand, the Cauchy-Schwarz’s inequality shows that

2

1
n(/o (g5 Fyd — 00 Fy s 0 F' = F5'(9)))
1 1
< \/ﬁ/o (pjoFyi—; on—l)2\/ﬁ/0 (pjo Fyt = Fgi(p)”

and using i) and ii) of Lemma 6.2, the two factors converge to zero uniformly
in . A similar argument works for the upper tail and allows to conclude that

~ x _1
we can replace in (14) S, ;(¢) with S, ;(¢) := 2y/n fi " (pj 0 Fn_Jl —$j°
Fj_l)(cpj o Fj_1 — F5'(p)). Moreover,

1
n _ B, B B
SUP‘/ (P;'OFJ- 1f7w_1((ﬁjoﬁ}l_FBl((P))‘
0 jor,

e
< 0/

and by iii) of Lemma 6.2 and Cauchy—Schwarz’s inequality

E[/j

su oI -1
f] weg! Fil = Fgl(9)]

B ‘ -1 -1
—> | sup o F7 — F5(v)) }
f_ ° F e ‘ J B |

< [y

sup |05 (F;1 (1) = Fig ' () (t)|dt — 0.

% —1 Bn,’ —1 —1 . .
Hence, SUPycg ‘ fO gp;. o F] ijF}l (pjo Fj — Fyg ((p))‘ — 0 in probability
and similarly for the right tail. Thus (recall (13)), to prove (12) it suffices to
23



show that

28 fj(Fj_ ®)
_ o o5 (K, .(t))M(sﬁ'(F-_l(t)) — Fg'(o)(t))dt| = 0
. P (F ) N

in probability. To check it we take v € (0,1/2) and use Theorem 6.1 to get

1-1 (+) — -
/ ’pn’}(?F—%’; ®) sup i3 (F}™ (1) = Fi' (o)1)t
n A c

(1 1) . .
<n op<1>/1 Ty S i )~ FR @0 o

(16)

in probability (using dominated convergence and iii) of Lemma 6.2).

We observe next that, for all ¢ € (0,1), sup,, g, [Kn,p; (t)—Fj_l(t)| — 0 al-
most surely, since K, ,,; (t) lies between F)- ]1 (t) and Fj_l(t). Therefore, using
Assumption A4 we see that sup,, cg [} (Kny,(t)) — ¢} (Fj_l(t)\l — 0 almost
surely while, on the other hand sup,, g, [ (Kn,p; (t)) — ¢} (F; (1)) < 2C;.
But then, by dominated convergence we get that

E| sup [} (Kn, (1) = ¢ (F )] = 0.
#j€Y;

. V-t -
Since by iii) of Lemma 6.2 we have that ¢ — ﬁ SUP,eg |©; (F] L)) —

Fz'(p)(t)] is integrable we conclude that

-1 _
Baup / |¢;<Kn,%(t))—w}(Ff(tm%|¢j<fyf1<t>>—Fgl<so><t>|dt

tends to 0 as n — oo and, consequently,

1
n

1_% / / - By, j - —
sup 1 ey () (5 1<t>>|ﬁm<ﬂ L(1)) - (o) (1)t

vanishes in probability. Combining this fact with (16) we prove (15) and, as
a consequence, (12).

1
n

24



Observe now that for all n € N, (S, j(¢))i<j<s has the same law as

(55 (#))1<j<y With
L 1 1 1 Bj
S =2 o F o FTl _Fz 3
=2 Lo e b F o)
and (Bj), < ; independent standard Brownian bridges. Set S = % ijl S
Now, (12) implies that

V(U™ () =U()) = S() (17)

in the space L>(G) (we denote by |||, the norm on this space). From
Skohorod Theorem we know that there exists some probability space on
which the convergence (17) holds almost surely. From now on, we place us
on this space. Then, for p,p € G

@i o Fyt = F3' (o)

1S;(¢) = Si(p)| < 2 Sup [ OF_ o F;

¢j,d;)

1
] —1 -1 -1
+2‘/0 fjoi}_lp;on (pjo B —pjoF; )‘

<2 sup \gpj—pj\sup‘/ T op T oF_ .on—l_Fgl((p))‘
J

(ej,d5)

_ _ 1/po
+2 sup |g] (o [ e !) (o leso N = pyo )

cj,d;j

But using iii) of Lemma 6.2

o [ 5 2o 7t - 1500

</0 fk Fl—l_(f sup |p; (F 1(15)) —Fgl (p) (t)‘dt<oo

goeg

Hence, almost surely, sup,cg ‘ fO Tro 5; —I(p; oF_ Fgl(gp))‘ < oo. Further-

more, from Assumption A3, we get that a.s.

and thus, for some random variable T a.s. finite , and ¢, p € G, we get

1S5 (0) =S (p)| < Tl —pllg -
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Thus, we deduce that (Sj), .., are almost surely continuous functions on

X,

G, endowed with the norm ||[|5.
Observe now that

: . < 7 = . ey
ﬁ(lgf U, 1gf U) < nlqu U, \/ﬁlqu U lIl_I\f vn (U, = U) (18)
On the other hand, if we consider the (a.s.) compact set I, = {p € G :
Ul(p) <infgU+ L Vi (Un = U)lloo}, then, if o ¢ I,

Un(p) 2 0t U +2[[(Un = U)o = |(Un = U)lloo -

which implies
Un () 2 i0E U + [ (Un = D)l
while if ¢ € I, then,

Un(p) =1t U +U" (¢) = U (p) <inf U + [|(Un — U)|

’oo'

Thus, necessarily, infg U,, = infr, U, = infr, (U, — U + U) > infp, (U, —
U) +infr, U = infr, (U, — U) + infr U. Together with (18) this entails

irnf\/ﬁ(Un -U) < \/ﬁ(igf Uy, — igf U) < iqu\/ﬁ(Un -U). (19)

Note that for the versions that we are considering ||v/n(U, —U) — S||cc — 0
a.s.. In particular, this implies that infr /n (U, — U) — infp S a.s.. Hence,
the proof will be complete if we show that a.s.

ilpf vn (U, —U) — iIllf S. (20)

To check this last point, consider a sequence ¢, € I';, such that \/n(Uy,(¢n)—
U(pn)) <infpr, /n(U,—U) +%. By compactness of G, taking subsequences if
necessary, ¢, — o for some G. Continuity of U yields U(p,) — U(go) and
as a consequence, that U(yg) < infg U, that is, ¢g € ' a.s.. Furthermore,

VU, — U)(en) = S(0)|
< |[Vr(Un =U) = 8|, +18 (¢n) = S (0)| = 0.

This shows that
liminfirnf\/ﬁ(Un —U) > S(po) = iquS (21)
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and yields (20). This completes the proof.
O

PROOF OF PROPOSITION 5.2. We denote by 0; the derivative operator
wr.t. 0, 1 < j < J and 0, for second order partial derivatives. We note
that H entails that the empirical d.f. on the j-th sample, F), ;(t), satisfies
F,;(t) = ij((pg;_« (t)) with Gy, ; the empirical d.f. on the &; ;’s (which are
iid. p, with d.f. G). We write now p, ; for the quantile process based on the
€;,5's. We write B, ; for independent Brownian bridges as given by Theorem
6.1 (observe that (A2) grants the existence of such By, ;’s).

Assumption TCL implies that 8(,09; € L2(Xj). Moreover, with Assump-
tions A8, A9 and compactness of ©, we deduce that supycp dpx € L*(X;).
On the other hand, since € has a moment of order r > 4, arguing as in the
proof of point 3 in Lemma 6.2 we have that

/1 7%dt < 0. (22)

From A8 and A9 we have that U, is a C? function and derivatives can be
omputed by differentiation under the integral sign. This implies that

2 ! 1
k=1

1
0,00 =~ [ e, (B0, (Bl (0)dt. p#a (29

and

0y pUn / 0%, ((Fnp) 1())(@9,, Z% )

2 [ o

Similar expressmns are obtamed for the derivatives of U(#) (replacing ev-
erywhere F - Wlth - = cpg* o G™1). We write DU, (0) = (3;Un(0))1<j<J,
DU(0) = (8 U(Q))lSJSJ for the gradients and ®,,(0) = [07 Un(0)]1<p.q<,
®(0) = [02 ,U(0)]1<p,q<sfor the Hessians of U, and U. Note that ®* = ®(6*)

is assumed to be invertible.
Recalling that R; = dpg: o gpe_*_l, from the fact DU (6*) = 0 we see that

2y Po(t)

E505 dt.  (24)

\/_8U 9* _ /R 7] an() (



Now, using Assumption TCL and arguing as in the proof of Theorem 4.1
we conclude that

e -ty Pk ®) [T ey Buk(®)
/ORJ(GHJ(t))g(G (t))dt /OR] (G (t))g( ())dt -0
in probability and, consequently,
a2 [N et gy Bra(t) = 5 i Buk(®)
nd; Uy, (0%) J/o R; (G (¢)) S (C-1(0) dt| — 0 (25)

in probability. R
A Taylor expansion of 9;U,, around 6* shows that for some 9;‘ between 6"
and 6* we have

05U (07) = Q;U™(6%) + (9};Un(67), .., 03;Un(67)) - (6™ — 6%)
and because 6" is a zero of DU, we obtain
~OUT(0%) = (DRUAG), ., O3, Un(B)) - (6" — %),

Writing ®,, for the (J = 1) x (J — 1) matrix whose J — 1-th row equals
(01][] (9") ,ngUn(H?)), j=2,...,J, we can rewrite the last expansion
as

— RDU, () = ®on/n (0" — 07). (26)

We show next that @, — ®* = ®(6*) in probability. Recalling (23), we
consider first fo a‘Pen( »(t)))?dt. We have

1/2

1
( /0 (03, (Fr (1)) — Doy (F; (1)) dt
1
< ([ sy — vy )

+( /01(3909*( 3(0)) — ooy (B (0)at)

1 1/2 .
< 82 (F: dat) ' |gn — o
= (/0 iuﬁ‘ oa(F, p ‘ > ARSI
1 1/2
([ Gy~ Ryte; @R 0
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in probability, where we have used assumptions A9, TCL and Proposition
.. 1 — — .
5.1. A similar argument shows that [ (gogg(Fn,;(t)) — o; (F, L(#)))2dt in

probability. As a consequence, we conclude
®,, — ®*, in probability. (27)

Now, (26), (25) (27) together with Slutsky’s Theorem complete the proof.
U

PROOF OF THEOREM b5.3. We consider the same notation and setup as in
the proof of Proposition 5.2. Since DU,,(6™) = 0, a Taylor expansion around
0" shows that
1 . .

S(Vn(@" —6%)@(0,) (V0" —6%)  (28)

nUy, (0*) — nUy, (0") = 5

for some 6, between 6™ and 6*. Arguing as in the proof of Proposition 5.2 we
see that ®(6,) — ®* in probability. Hence, to complete the proof if suffices
to show that

2
) “Z/ B

in probability. Since

2
9* . JZ/ pn,j lej(kt))lfnk( )) dt,

this amounts to proving that

in probability.
Taking v € (0, %) in Theorem 6.1 we see that

1-1 n,j(t) — Bnj(t ? 1 )i

using condition (Al()) and dominated convergence. From (A10) we also

see that fl 1 B"i((t))ydt — 0 in probability. Condition (A10) implies also

that fl 1 %dt — 0 in probability, see Samworth and Johnson (2004).

Similar considerations apply to the left tail and complete the proof.
O
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