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Abstract

In this article, we investigate Gevrey and summability properties of
formal power series solutions of certain classes of inhomogeneous linear
integro-differential equations with analytic coefficients in a neighborhood
of (0,0) € C% In particular, we give necessary and sufficient conditions
under which these solutions are convergent or are k-summable, for a con-
venient positive rational number k, in a given direction.
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1 Setting the problem

For several years, various works allowed to formulate many results on Gevrey
properties, summability and multisummability of divergent solutions of some
linear partial differential equations or linear integro-differential equations with
constant coeflicients (see [1,3,6,7,16,25] etc.) or variable coefficients (see [5,10-
13,17-19,23,24,27-29,32-34] etc.) in two variables or more.

In this paper, we are interested in inhomogeneous linear integro-differential
equations of the form

(1.1) Du= f(t,x) , D:=1-P(9;",0,)

Pi
where P(T,X) = ZZa(i’q)(t,x)Tin € O(D,, x D,,)[T,X] is a nonzero
1€Kq=0
polynomial in two variables T and X satisfying the following conditions

(C1) K is a nonempty finite subset of N* (= the set of positive integers),

(C3) p; > 0 is a nonnegative integer for all i € K,



(C3) the coefficients a9 (¢, z) are holomorphic in the two variables ¢ and z in
a polydisc D, x D,, centered at the origin (0,0) € C* (D,, denotes the
disc with center 0 and radius p; > 0) for all ¢ € K and ¢ € {0, ..., p; },

(Cy) alP)(0,2) # 0 for all i € K.
and where f(t,z) € O(D,,)[[t] ! may be smooth or not. Notation 9; 'u stands
t

for the anti-derivation / u(s, x)ds of u with respect to ¢ which vanishes at ¢ = 0.
0

Notation 1.1 For any series u(t, z) € O(D,,)[[t]], we denote in the sequel

tI - " t g
) = uje(@) =D )y = D Wiin 1T

j>0 ’ n>0 ’ 7,m>0

Under conditions above, it is easy to check that equation (1.1) has a unique
solution in O(D,,)][[t]]. More precisely, we have the following.

Theorem 1.2 D is a linear automorphism of O(D,,)[[t]].

Proof. Let us begin by observing that D is a linear operator acting inside
O(D,,)[[t]]. Indeed, (O(D,,)[[t]], O¢, 0) is a C-differential algebra stable under
anti-derivation d; * (and anti-derivation ;' too) and the coefficients a(»% (t, x)
belong to O(D,, x D,,) C O(D,,)][t]] for all ¢ and g. On the other hand, given

ft,z) e O(D,,)[[t]], a series u(t, x) ZuL — is a solution of Du = f(t, z)
7>0
if and only if its coefficients u; () satisfy, for all j >0, the identities

pi J—i

(1.2)  wju(z) = fi.(z +ZZZ< ) 9 ()00 _ i 0 ()

1€Lq=0m=0

with the classical convention that the third sum is 0 if j < ¢. Thereby, equation
Du = f(t,x) admits a unique solution u(t,z) € O(D,,)[[t]], which proves the
bijectivity of D and ends the proof. m

Corollary 1.3 Equation (1.1) admits a unique formal series solution u(t,x) €
O(D,,)[[t]]. Moreover, its coefficients u;.(x) € O(D,,) are recursively determ-
ined for all j > 0 by identities (1.2).

Note that u(t,x) is divergent in general.

Remark 1.4 Let k € N* and K a nonempty subset of {1, ..., k}. Let the Cauchy
problem

(1.3) <5{" =D at0 (t,x)af"’ag) U = §(t,z)

: 1€Kg=0
NHU(t,x) =0 = pj(x) , j=0,...,5—1

1We denote fwith a tilde to emphasize the possible divergence of the series f



with inhomogeneity q(t,z) € O(D,,)|[t] and initial conditions ¢;(z) € O(D,,)
for all j. Then, the change of unknown function U to u by

Z% +a fult, z)

allows to reduce problem (1.3) to equation (1.1) with

bi tj—f-i-‘ri

k—1
ft,z) = q(t,z) — ZZZ a9 (t, )0 ()m

1€Kq=0j=Kr—1

More precisely, it is easy to check that the unique solvability in O(D,,)[[t]] of
equation (1.1) (which is proved in theorem 1.2 above) is equivalent to the unique
solvability in O(D,,)[[t]] of problem (1.3). Besides, these two solutions have
the same Gevrey and summability /multisummability properties since po(x) +
01(2)t+ ...+ pe_1(2)t" 1 /(k—1)! is analytic at the origin (0,0) € C?. Thereby,
it is equivalent to work with the Cauchy problem (1.3) or with the integro-
differential equation (1.1). For both calculations and notational conveniences,
it is this latter point of view we have chosen to adopt here.

In this article, we propose to study some Gevrey and summability proper-
ties related to the unique formal solution u(t,z) of equation (1.1). Denoting
Ik :={i € K ; p; > i}, we first show in section 3 that u(¢,z) and the inhomo-
geneity f(t,x) are together convergent when Zx = () and 1/k-Gevrey, with k
the smallest positive slope of the Newton polygon at ¢ = 0 of D, otherwise.
Then, in this latter case, and under two additionnal conditions on D, we invest-
igate the summability of u(¢, ). In particular, we prove in section 4, through a
fixed point method, a necessary and sufficient condition under which u(t, z) is
k-summable in a given direction arg(t) = 6.

2 Gevrey order and summability of formal series

In this section, we recall, for the convenience of the reader, some definitions and
basic properties about the Gevrey order and the summability of formal power
series in O(D,,)[[t]], which are needed in the sequel.

All along the article, we consider ¢ as the variable and = as a parameter.
Doing that, any formal power series u(t,z) € O(D,,)[[t]] can be seen as a
formal power series in ¢ with coefficients in the Banach space O(D,,). Thereby,
to define the notions of Gevrey classes and summability of such formal series, one
extends the classical notions of Gevrey classes and summability of elements in
C][t]] to families parametrized by x in requiring similar conditions, the estimates
being however uniform with respect to z. For a general treatment of this theory,
we refer for instance to [2].

2.1 s-Gevrey formal series

The classical notion of s-Gevrey formal series is extended to z-families as follows.



Definition 2.1 Let s > 0. A series u(t, ) Zuj’ O(D,,)[[t] is said
7>0

to be Gevrey of order s (in short, s-Gevrey) if there exist 0 < r9 < pg, C > 0

and K > 0 such that inequalities

luj«(z)| < CKIT(1+ (s +1)j)
hold for all j > 0 and x € D,.,.

In other words, definition 2.1 means that u(¢,x) is s-Gevrey in ¢, uniformly
in z on a neighborhood of x = 0.

We denote by O(D,,)[[t]]s the set of all the formal series in O(D,,)[[t]] which
are s-Gevrey. Note that the set O(D,,)[[t]]o coincides with the set C{¢,z} of
germs of analytic functions at the origin (0,0) € C2. Note also that the sets
O(D,,)[[t]]s are filtered as follows:

C{t,z} = O(Dp,)[[tllo € O(Dp,)[[t]]s € O(Dy,)[[H]sr < O(Dp, )][1]]

for all s and s’ satisfying 0 < s < s’ < +o0.
Following proposition 2.2 precises the algebraic structure of the O(D,,)[[t]]s’s.

Proposition 2.2 Let s > 0. Then, (O(D,,)[[t]]s, 0% 0z) is a C-differential
algebra stable under anti-derivations 9; ' and 0, *.

Proof. See for instance [32, Prop. 1] or [2, p. 64]. =
Let us now define the notion of k-summability of a series u(t, z) € O(D,,)[[t]]
at t = 0.

2.2 k-summability

Among the many equivalent definitions of k-summability in a given direction
arg(t) = 6 at t = 0, we choose in this article a generalization of Ramis’ definition
which states that a formal series (¢, z) € C[[t]] is k-summable in direction 6 if
there exists a holomorphic function g which is 1/k-Gevrey asymptotic to g in
an open sector Xy - ./ bisected by # and with opening larger than 7 /k [30, Def.
3.1]. To express the 1/k-Gevrey asymptotic, there also exist various equivalent
ways. We choose here the one which sets conditions on the successive derivatives
of g (see [20, p. 171] or [30, Thm. 2.4] for instance).

Definition 2.3 (k-summability) Let & > 0 and s = 1/k. A formal series
u(t,x) € O(D,,)[[t]] is said to be k-summable in the direction arg(t) = 0 if there
exist a sector Yy s, a radius 0 < 73 < po and a function u(t, z) called k-sum
of u(t,x) in direction 0 such that

1. w is defined and holomorphic on ¥g > s X Dy,;
2. For any z € D,,, the map t — u(t, x) has u(t, z) Zuj «(x)— as Taylor

7>0
series at 0 on g >rs;

3. For any proper? subsector ¥ € Xy <5, there exist constants C' > 0 and
K > 0 such that, for all £ >0, allt € ¥ and all x € D,

2 A subsector ¥ of a sector ¥/ is said to be a proper subsector and one denotes & € ¥/ if
its closure in C is contained in ¥/ U {0}.



|0fu(t, )| < CKT(1+ (s + 1)0).

We denote by O(D,, ){t}#.¢ the subset of O(D,,)[[t]] made of all the k-summable
formal series in the direction arg(t) = 6. Obviously, we have O(D,,){t}re C

O(Dp,)[1]]-

Note that, for any fixed « € D,.,, the k-summability of @(¢,z) coincides with
the classical k-summability. Consequently, Watson’s lemma implies the unicity
of its k-sum, if any exists.

Note also that the k-sum of a k-summable formal series u(t, z) € O(D,,){t}k;0
may be analytic with respect to x on a disc D,, smaller than the common disc
D, of analyticity of the coefficients u; . (z) of u(t, ).

Obsviously, the set O(D,,){t}r.0 is a subspace of O(D,,)][[t]]s. Proposition
2.4 below precises its algebraic structure.

Proposition 2.4 Let k > 0 and 0 € R/27Z. Then, (O(D,,){t}k6,0: 0x) is a
C-differential algebra stable under anti-derivatives 8[1 and 9,7t

Proof. It is sufficient to prove that O(D,,){t} ;s is stable under multiplication,
derivations and anti-derivations.

A Multiplication. Let u(t,x),v(t,z) € O(D,,){t}r0 be two k-summable formal
series in direction 6 with k-sums u(t,z) and v(t,z) and w = wv. In definition
2.3 above, we can always choose the same constants ro, C' and K and the same
sector Yg »rs both for @ and v. Obviously, the product w(t, x) = u(t, z)v(t, z)
satisfies conditions 1 and 2 of definition 2.3. Moreover, given a proper subsector
> € Y¥g,>rs and using Leibniz formula, we get, forall £ > 0,t € ¥ and z € D,,,

otue. ) < (1)

Jj=0

dlult, x)’

o) Ju(t,x)

14
< C’KYY (f) T(1+ (s+1))IA+(s+1)(¢—3))
=0

ar,j

where, according to relations between the Gamma and Beta functions,
1
ap; =T(2+ (s + 1)6)/ ts+DI (1 — )FVED g < T2 4 (s + 1)0).
0

Thereby,

4
Ofw(t,z)| < CAKT2+ (s + 1)0)S (f)
j=0

= C?(2K) (1 + (s + DOT(1+ (s + 1)¢)
< 02(2K)261+(8+1)2F(1 + (S + 1)6)

and, consequently,

|0fw(t,z)| < C'K"T(1+ (s + 1)0)



with C' = eC? et K’ = 2Ke**t!. This proves condition 3 of definition 2.3; hence
the stability of O(D,,){t}k;s under multiplication.

< The stability of O(D,,){t}«;s under derivation 0; and under anti-derivations
O; ! and 9, ! is straightforward and is left to the reader.

< Derivation 0. Let u(t,z) € O(D,,){t}rp and w(t, z) = Oyu(t,x). Let u(t,x)
be the k-sum of @(¢,z). Then, w(t,z) = Jyu(t,z) satisfies conditions 1 and 2
of definition 2.3. Let us now fix a proper subsector ¥ € Yy ».s and choose a
sector X’ such that ¥ € ¥/ € Ly »rs. By assumption, there exist C, K > 0 such
that [0fu(t, )| < CKT(1+ (s+1)¢) forall £ > 0,t € ¥’ and @ € D,,. Let §
be so small that, for all ¢ € 3, the closed disc with center ¢ and radius [¢|§ be
contained in . Then, denoting wu,(t, ) = dfu(t,r) and choosing 0 < 14 < 79,
Cauchy integral formula yields relation

1 up(t', x")
3fw(t,x) = &cw(t,x) = (227‘(’)2/ |t'7t|:|t|5 m(lt/dl’/,

|m'7m‘:r27r2

hence, the inequality

Ofw(t,2)| < ——  sup  [ue(t, o)
T2 =Ty (t,0')€S' XD,y
B7dA . / C
<C'KTA+ (s+1)f) withC' = ;
Ty — Ty

forall £ >0, ¢t € X and € D,,. This proves condition 3 of definition 2.3 and,
consequently, the stability of O(D,,){t}r,¢ under derivation d,. m
With respect to ¢, the k-sum u(t, z) of a k-summable series u(t, z) € O(Dp, ){t} 0

is analytic on an open sector for which there is no control on the angular opening
except that it must be larger than 7/k (hence, it contains a closed sector ig)ﬂ Jk
bisected by 6 and with opening 7/k) and no control on the radius except that it
must be positive. Thereby, the k-sum wu(t, x) is well-defined as a section of the
sheaf of analytic functions in (¢,x) on a germ of closed sector of opening w/k
(i.e., a closed interval jg’ﬂ- /i of length 7/k on the circle S ! of directions issuing
from 0; see [21, 1.1] or [14, 1.2]) times {0} (in the plane C of the variable x).
We denote by OTa,ﬂ/kX {0} the space of such sections.

Corollary 2.5 The operator of k-summation

Sk O(Dpz){t}k;G - OYB,Tr/kX{O}
ﬂ(t,x) [— U(t,fl:)

is a homomorphism of differential C-algebras for the derivations 0; and 0.
Moreover, it commutes with the anti-derivations 0; ' and 9, *.

Let us now turn to the study of the unique formal series solution u(t, z) €
O(D,,)[[t]] of equation (1.1).
3 Gevrey properties of u(t, x)

The aim of this section is to investigate Gevrey properties of u(t, z). In partic-
ular, we propose to give necessary and sufficient conditions under which @ (¢, x)



is s-Gevrey for some s > 0. Before starting the calculations, let us define the
Newton polygon of D at ¢t = 0.

3.1 Newton polygon

As definition of the Newton polygon, we choose the definition of M. Miyake [24]
(see also A. Yonemura [34] or S. Ouchi [27]) which is an analogue to the one
given by J.-P. Ramis [31] for linear ordinary differential equations. Recall that,
H. Tahara and H. Yamazawa use in [33] a slightly different one.

For any (a,b) € R?, we denote by C(a,b) the domain

C(a,b) ={(z,y) € R% 2 <aandy > b}.

For any formal series a(t,z) € O(D,,)[[t]], we also denote by vali(a) the
valuation of a(t,x) with respect to ¢, i.e., the order of the zero of a(t,z) at
t=0.

Definition 3.1 The Newton polygon N¢(D) of D at t = 0 is defined as the
convex hull of the union of sets C(0,0) and C (q —i,valy (a(i’Q)) + z) for i €
and ¢ € {0, ...,p;}:

Ny(D)=CH |C(0,0)U U C (q —i,val (a(i’q)) + z)
i€
q€{0,....p; }
where C'H[-] denotes the convex hull of the elements in [-].
Following lemma 3.2 gives us some properties of N;(D).

Lemma 3.2 Let Ix :={i € K;p; > i}.

1. Assume Ixc = 0. Then, Ny(D) = C(0,0). In particular, Ny(D) has no
stde with a positive slope.

2. Assume Ixc # 0. Then, N¢(D) has (at least) one side with a positive slope.
Moreover, its smallest positive slope k is given by

k:min( ! ,;iEI;C)
pi—t

and the side of slope k has for length p;, — 1o, where

iozmax<i€/C; ! ,:k‘>.

pi—1t

Proof. Point 1 stems obvious from the fact that condition Zx = @ implies
C (g —i,val; (a9) + i) C C(0,0) for all i and g. As for point 2, it suffices to
remark, on one hand, that condition (Cy) implies C (q — i,valy (a(i"n) + 7,) C
C(p; — 4,4) for all 4,q and, on the other hand, that the segment with two end
points (0,0) and (p; —14,4) has a slope equal to i/(p; — ) which is positive if and
onlyifieZx. m



In the sequel, we set k := “__ when Zx # (. Note that the following
Piy — 0
inequalities ’
(3.1) Do > I
10 (3

hold for all 7 € K.
Let us now turn to the Gevrey properties of u(t, x).

3.2 Gevrey order
Let us begin by observing that proposition 2.2 implies the following.

Lemma 3.3 D(O(D,,)[[t]]s) C O(D,,)[[t]]s for all s > 0.

Main theorem 3.4 below precises this statement by showing more especially
that D is actually a linear automorphism of O(D,,)][[t]]s for some s > 0.

Theorem 3.4 Let I := {i € IC;p; > i} and s the rational number defined by

_J 0 ifIx =0
T Yk =pifio—1 ifIc£0

Then, D is a linear automorphism of O(D,,)[[t]]s-

In particular, theorem 3.4 gives us Gevrey properties of u(t,z) in view in
this section. More precisely, it provides, in the case Zx = (), necessary and
sufficient condition under which @(¢, ) is convergent and, in the opposite case
Txc # (0, necessary and sufficient condition under which u(t, x) is s-Gevrey with

s = pio/iO —1.
Corollary 3.5 Let Ix := {i € K;p; > i}.

1. Assume Ixc = 0. Then, u(t, ) is convergent if and only if the inhomogen-

eity f(t,x) is convergent.

2. Assume Ixc # 0 and let s = p;,/io — 1. Then, u(t,z) is s-Gevrey if and
only if the inhomogeneity f(t,x) is s-Gevrey.

Note that point 1 can be actually extended to any integro-differential equa-
tion of the form (1.1), where condition (Cy) fails, but is replaced by the very
general condition a(*P?) # 0 for all i € K. We shall come back later to this (see
remark 3.10). For the moment, let us prove the main theorem 3.4.

3.3 Proof of theorem 3.4

According to theorem 1.2 and lemma 3.3, D is an injective linear operator
acting inside O(D,,)][[t]]s. To prove the surjectivity of D, we shall use below an
approach based on Nagumo norms [9,26] and majorant series; approach which
is similar to the ones developed by W. Balser and M. Loday-Richaud in [5] and
by the author in [32] for some classes of linear partial differential equations.



Definition 3.6 (Nagumo norms) Let f € O(D,), ¢ >0and 0 <r < p. Let
d,(xz) = r — |z| denote the Euclidian distance of z € D, to the boundary of the
disc D,.. Then, the Nagumo norm | f||, . of f is defined by

[fllg,r := sup [f(z)dr(2)].
zeD,.
Proposition 3.7 (Properties of Nagumo norms) Let f,g € O(D,). Let
q,q >0 and 0 <r < p. One has the following properties:
1. |l is @ norm on O(D,).
2. For allz € Dy, |f(2)] <|Ifll,,, dr(z)~7.

3. |\ fllg., = sup |f(z)| is the usual sup-norm on D,..
’ zeD

4' ||fg||q+q r — Hf”qr ||g||q T
5 02 fllgyrr < ela+ D) I1F g0

Note that the same index r occurs on both sides of inequalities 4 and 5. In
particular, we get estimates for the product fg in terms of f and g and for the
derivative J, f in terms of f without having to shrink the disc D,.

Let us now turn to the proof of the surjectivity of D. Let us fix f(t,x) =

me O(D,,)[[t]]s and let us write u(t,z) € O(D,,)[[t]] in the same

7>0

form u(t,x) Zu o . By assumption, the coefficients f;.(z) satisfy
7>0 !

conditions

o fin(z) € O(D,,) for all j >0,

e there exist 0 < ry < pa, C > 0 and K > 0 such that |f;.(z)] < CKIT(1+
(s+1)j) forall j >0and z € D,,.

We shall now prove that the coefficients uj*(a?) satisfy similar conditions. Cal-
culations below are analogous to those detailed in [5,32], but are much more
complicated because of the many terms 9, ‘02.

< From now on, we denote by & the maximum of the i € I (hence, 1 <i < &k
for all ¢ € K). We also denote by p the positive integer defined by

L K ifI}C:(Z)
P piy T #0

From identities (1.2), it results relations

uj,*(x) o f], LN ] azuj—m—i,*(x)
L1+ (s+1)5) T(1+( s+1 ZZZ( > m* )I‘(1+(s+1)j)

1€EKLg=0m=0




10

for all 7 > 0 (as before, we use the classical convention that the third sum is 0
if j < 7). Applying then the Nagumo norm of indices (pj,r2), we deduce from
property 4 of proposition 3.7 that

[« (@)1, 5. @) ] .
T(1+(s+1)7) ~ T(1+ (s + 1)j)

> (2) o)

1€Kq=0m=0

Haguj_m_”v*(x)Hp(j—m—inmz
p(m+i)—q,r2 F(l + (S + 1)])

and from property 5 of proposition 3.7 that

g (@)l .0, 15 s
1+ (s+1)j) ~ T+ (s+1)j)

L (4,9)
pi j—i Ham’7* z

(m+i)—q,
IR

1€KLg=0m=0

where

(ﬁ(j—é)) (ﬁ<p<j—m—i>+q—e'>)

£=0 £'=0
L1+ (s+1)7)
with the convention that the first product is 1 when m = 0 and the second

Aigm =

product is 1 when ¢ = 0. Note that the norms Ha%’fi) (m)H sy are well-
p(m+i)—q,r2
defined for all 4, ¢ and m. Indeed, in the case Zx = (), conditions x >4 > 1 and

i = p; imply
p(m+i)—q>pi—q=kri—q>kKi—p; >i(k—1)>0
and, in the opposite case Zx # 0, relations (3.1) and condition 7y > 1 imply
p(m +1i) —q > pi — q=piyi — q > piio — q > pito — pi = pi(io — 1) > 0.
Following technical lemmas allow to bound the A; 4 ’s.

Lemma 3.8 Leti € K and j > i. Then, for allm € {0,...,5 —i},

m—1

[HG-0

=0 < 1
FA+(s+1)j) “ T+ (s+1)(j—m))

Proof. Lemma 3.8 is clear for m = 0. For m > 1, we deduce from identity

m—1

P14 (s+ 1)) =T+ (s+1)j—m) [ (s + 1) —0)
=0

the following

= 1
T+ (+1))) TOUtlstl)j-m “TU+rlj—m
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Lemma 3.8 follows then from inequalities
L+ (s+1D)j—m>1+(s+1)(j—m)>1+(s+1)i >2

(indeed, i € K = ¢ > 1) and from the increase of the Gamma function on
[2,+o0. =

Lemma 3.9 Leti € K, q € {0,...,p;} and j > 4. Then, for allm € {0, ...,j—1i},

q—1

I G -m=i)+q-20)

=0 < KA .
'+ (s+1)(GF—m)) ~TA+(s+1)({—m—1))

Proof. e Let us first assume Zxc = @) (hence, p = k and s = 0). Since ¢ < p; <
i < K, identities

T 66 -m-+a-0) -] (g=meeet3)

/=0 =0
and
i—1
P+ (s+1)(G—m)=T(1+j-m)=T(1+j-m-i)[[(G—m—1)
£=0
imply relation
o
q—1 a—lj—m—1+ ¢
(p(j—m—1i)+q-1) ‘
[]/go K? /=0 J—m—= v

TA+GEDG—m) —T+j—m—q) i

[[G-m-0)

o=

with, when the products make sense,

. g

J—m—1+

(3.2) _ E’H <landj—m—/¢>1
j—m—

Note that the first inequality of (3.2) stems from inequalities

_g/
—it+ 2

tr<—iv+diic1<d 1<o
K K

(indeed, we have 0 < ¢/ < ¢—1 <i—1and ¢ < k). As for the second inequality
of (3.2), it is straightforward from inequalities ¢’ < i — 1 and m < j —i. Hence,
the following

qg—1

[ eG-m=i)+q-20)

/=0 Kk k4

T(1+ (s+1)(j—m)) SF(lJrj—m—i) ST+ (s+1)(G—m—1i))
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which proves lemma 3.9 for Zxc = 0.

e Let us now assume Zx # 0 (hence, p = p;, and s = p;,/io — 1). When
m < j — 14, we proceed in a similar way as the case Zx = ). Let us first observe
that condition k > iy implies p/x < s+ 1 and, thereby,

q—1 q—1

[T -m—i)+a-) <w ] ((s+0G-m-0+ L),

=0 =0

Writing then T'(1+ (s 4 1)(j —m)) in the form

q—1

T+ (s+1)(G—m) =T+ (s+1)(G—m)— ) [[((s+1)(G —m)—¢)
=0

(note that I'(14+(s+1)(j—m)—q) is well-defined since conditions (m < j—i; ¢ <
p;) and relations (3.1) imply 1+ (s+1)(j —m) —¢> 1+ (s+1)i —p; > 1), we
get
_
q-1 q*1(3+1)(j7m7i)+q :
S iy q
}i[o(p(J m—i)+q—") ﬁ}—_[o TG =7
Z < =
FA+(s+D@G-m) —  TA+(s+1)(G-m)—q)

where the product on the right-hand side is < 1. Indeed, inequalities (3.1)
implying (s +1)i > p;, it stems from conditions ¢ < p; and x > 1 that relations

-V 1
(s 1)i+—+l < (p;— 1) (—1) <0
K K
hold for all ¢'. Lemma 3.9 follows then from inequalities

1+ (s+1)(j=m)—g > 14 (s1)(j—m) —p; > 1+(s-+1)(j—m—i) > 1+(s+1) > 2

and from the increase of the Gamma function on [2, +00[. Note that the second
inequality stems again from relations (3.1) and that the third inequality stems
from condition m < j — 1.

In particular, this latter inequality shows that calculations above do not
allow to prove lemma 3.9 when m = j — i, since it fails in this case. To get
around this problem, we shall proceed as follows. Let us first recall we must
prove the following

I
=0 Klq q
(3:3) T+ G+l ) ™

For all ¢ € {0, ..., p;}, we have

g—1

[[G@—¢)=T0+q) <T(1+p).
0'=0
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On the other hand, if p; = 0, inequality 14 (s+1)i > 2 implies I'(1+ (s +1)3) >
I'2) =1=T(1+p;) and, if p; > 1, inequalities 1 + (s + 1) > 1+ p; > 2 (use
again relations (3.1)) imply T'(1 + (s + 1)i) > I'(1 + p;) too. Consequently,

T@-0)
51;[() ! < I'(1+pi)
T+ s+ 1)) - T(1+p)

=1<k? (since k >1).

Hence, inequality (3.3). This achieves the proof. m
Applying then lemmas 3.8 and 3.9, we get

A w
; <
YT =T+ (s+ D) (G —m —1i))

and, thereby, the following inequalities

s ir < gy + 35 it

D+ G+ 1)) =9 L DA G ) —m—i)
hold for all 7 > 0 with
(1,9)
Hf] *(III)HPJ ) Pi A, % (.’I?) L
. P TP d P q p(m+i) oz
SR ey o 2 m

q=0

< Let us now bound the Nagumo norms ||u;.(z)l|,;,,. To do that, we shall
use a technique of majorant series. Let us consider the nonnegative numerical
sequence (v;) defined for all j > 0 by the recurrence relations

j—i
vj =g;+ E E Q4 mUj—m—i

ieKm=0
where, as above, the sum is 0 when j < ¢. By construction, we have

g @),

— T P2 gy o 1175>0.
STty = =0

Furthermore, the v;’s can be bounded as follows. By assumption on the f; . (z)
(see the beginning of section 3.3), we have

j .
0<g < CK'T(14 (s+1)j) p;

S N ) B

for all j > 0 and the series g(X) := Zngj is convergent. On the other
Jj=0

hand, all the coefficients a(*% (¢, z) belong to O(D,,){t}. Then, there exist two

am"i)(x)‘ < C'K'™m! for all 1 € K,

positive constants C’, K’ > 0 such that
q€{0,...,p;}, m>0and x € D,,. Hence,

pi
(er)IC'K'™m)! pm+i)— P
e P



14

Pi q
with O] = C’ré”z <> > 0 and, consequently, the series 4;(X) := Zaw-XJ
T2 :
q=0 j=0
are convergent for all ¢ € K too. In particular, these calculations show us that

the series v(X) := Zva J is also convergent. Indeed, due to the recurrence
Jj=0
relation on the v;’s, the series v(X) satisfies the identity

(1 - ZXUQ(X)) v(X) = g(X).

i€

Therefore, there exist C”, K" > 0 such that v; < C”K"7 for all j > 0. Hence,
the following inequalities

[wjs (@), < C"K"T(1+ (s+1)j) forall j >0

and we are left to prove similar estimates on the sup-norm of the u; ,(z)’s. To
this end, we proceed by shrinking the domain D,,. Let 0 < 74, < ro. Then, for
all j > 0 and x € D,;, we have

1

1
INGCEE

dy, (x)PI

[, (2)] = |« (), ()7 <

|0 () dry ()|
and, consequently,

[wj (@),
sup. fuj(o)] < s s
IGDT/z (TQ - T2)

<c” <(K”>I)>J 1+ (s+1)j).

ro — T4
This achieves the proof of the main theorem 3.4.

Remark 3.10 When Zx = (), calculations above show that just the condition
p; < i is required. In particular, condition (Cy) on the a(*?")(0,z)’s may fail
and, as we previously said, point 1 of corollary 3.5 is actually valid for any
integro-differential equation.

4 Summability of u(t, x)

In previous section 3, we have shown that the formal solution u(t,z) and the

inhomogeneity f(t, x) of equation (1.1) are together s-Gevrey for a convenient
s > 0 (see theorem 3.4). In particular, this has allowed us to display in the case
T = 0 a necessary and sufficient condition under which (¢, z) is convergent
(see corollary 3.5).

In the present section, we consider the opposite case Zx # (). Moreover, we
assume from now on that equation (1.1) satisfies besides the following addi-
tional two conditions

(Cs) ip = k the maximum of the i € K,

(Cs) al"P=)(0,0) # 0.
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T
Note that condition (C5) implies, on one hand, that the slope k = 0 —
Piyp — %0

is actually the unique positive slope of the Newton polygon Ny(D) of

P — R
operator D (see section 3.1) and, on the other hand, that inequalities (3.1)
become

(4.1) Pr > Pi for all i € K.
K i

Under these conditions, we propose here below to prove a necessary and suffi-
cient condition under which %(t, ) is k-summable in a given direction arg(t) = 6.

Remark 4.1 When condition (Cs) fails, the Newton polygon Ny(D) of D may
have several positive slopes. Then, as in the theory of linear ordinary differential
equations (see for instance [2,4,8,14,15,21,22] etc.), the notion of k-summability
ceases generally to be sufficient and must be replaced by the notion of multisum-
mability. This will be investigated in further articles.

4.1 Main result
Before stating the main result of this section, let us start by a preliminary remark
on u(t,x). Writing the coefficients a(»9) (t, ) of D on the form a(»9(t,z) =

Za(l’q — with a(Z Q)( t) € O(D,,), an identification of the powers in z in
n>0 nl
equation

_ ol - "
S ] = S Fentt)
n>0 n>0

provides for all n > 0 the recurrence relations

n
K ~ ra n WK - ~
00 T, =T = Fon = 3 (1) a5 00 e,

m=1

TS () 00

1€ELqeEQ ; m=0

where the @;’s are defined by

_ [ A0, pi} ifi<rk

In particular, these relations tell us that each u. ¢(¢) (hence, u(¢,z) too) is
uniquely determined from f(¢,z) and from the @, ,(¢) with n = 0,...,p, — 1.

Indeed, condition (Cg) implying a('{ Px) (0) # 0, the quotient l/a KoPr) (t) is well-
defined in C[[t]].

More precisely, we have the following main result.

Theorem 4.2 Let us assume that equation (1.1) satisfies Ixx # 0 and condi-
tions (C1)—(Cg). Let s = pi/—1, k =1/s and arg(t) = 0 € R/277Z a direction
issuing from 0. Then,
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1. The unique formal series solution u(t,x) € O(D,,)|[t] of equation (1.1)
is k-summable in direction 0 if and only if the inhomogeneity f(t, x) and
the coefficients t. ,(t) € C[[t]] for n = 0,...,px — 1 are k-summable in
direction 0.

2. Moreover, the k-sum u(t, z) in direction 0, if any exists, satisfies equation
(1.1) in which f(t,x) is replaced by its k-sum f(t,z) in direction 6.

Note that the necessary condition of point 1 is straigthforward from propos-
ition 2.4 (indeed, s, (t) = 97 u(t, z)|,—0 and f = D) and that point 2 stems
obvious from corollary 2.5. Thereby, we are left to prove the sufficient condition
of point 1. To do that, we shall proceed through a fixed point method similar
to the ones already used by W. Balser and M. Loday-Richaud in [5] and by the
author in [32].

4.2 Proof of theorem 4.2

As we said just above, it remains to prove the sufficient condition of point 1.
Let us write u(t,x) on the form

u(t,z) = U (¢ ) +3 Peai(t, x)

with v(t, ) € O(D,,)][[t]] and let us set w := J; "v. Then, since condition (Cj)
implies that 1/a("P=)(t,z) is well-defined and holomorphic in a neighborhood
of (0,0) € C? and since "9, " = 0; " for all i € K (indeed, we have i < k by
definition of k), equation (1.1) becomes

(4.3) Aw = g(t,z)
with
o A=1—brP) ()00 + 3 Y b0 (¢ )98 Py
1€qeQ;
1 Pr—1 Pr—1l—q

'§=m Zu*n ZZ Z ’q)u*n+q t)%_f

1€ELqeQ; n=0

The Q;’s are the sets already introduced in (4.2) and the b(»9)’s are the holo-
morphic functions defined by

1 . .
plia) o (0) = (5,p)
= (i,0)
a . .
Gy (E0) # (K pe)

We denote below by D, x D, , with p, py > 0, the common domain of (0,0) €
C? where all the b(i’Q)’s~are holomorphic.

Let us now assume f(t,z) and the @, ,(t)’s k-summable in a given direction
6. Then, g(t,z) is k-summable in direction 0 (see proposition 2.4) and calcu-
lations above tell us it suffices to prove that it is the same for w(¢,x). To this
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end, we shall proceed similarly as [5,32] through a fixed point method.

Let us set w(t,x) = Z W (t, ) and let us consider the solution of equation
m>0
(4.3), where the w,,(t,z)’s belong to O(D,)][t]] for a suitable common p > 0
and are recursively determined, for all m > 0, by the relations

ﬁjO = gv
(4.4) Wi g1 = bOP) (8, 2) 0 PO Wy, — > bED (¢, )09 PO .
1€ELqEQ;

Note that, for all m > 0, the formal series Wy, (¢, z) are of order O(z™) in  and,
consequently, the series w(t, x) itself makes sense as a formal series in ¢ and x.

Let us now denote by wq(t, z) the k-sum of wy = g in direction 6 and, for
all m > 0, let wy,(t,z) be determined as the solution of system (4.4) in which
all the w,, are replaced by w,,. By construction, all the w,,(t,z) are defined
and holomorphic on a common domain ¢ >rs X Dy, where the radius py of
Y9, >xs and the radius py of D,y can always be chosen so that 0 < pi < p}
and 0 < py < min(pe, p5). To end the proof, it remains to prove that the series
Zwm(t,x) is convergent and that its sum w(¢,x) is the k-sum of w(¢, z) in
m>0
direction 6.

According to definition 2.3, the k-summability of wg implies that there exists
0 < ry < p4 such that, for any proper subsector ¥ &€ 3g ~rs, there exist
constants C' > 0 and K > 1 such that, for all £ > 0 and all (¢,z) € ¥ x D,,, the
function wy satisfies the inequalities

(4.5) |0fwo(t, 2)| < CKT(1+ (s +1)0).

Let us now fix a proper subsector ¥ € Xy s and let us denote by ry its
radius. Note that inequalities (4.5) still hold with the same constants C' and K
for any 0 < 75, < 7r9. In particular, we can always assume in the sequel that
ro < 1.

Proposition 4.3 below provides us some estimates on the derivatives dfw,,
of w,,. Before stating it, let us first begin by given some estimates on the
holomorphic functions 9/, Let

B := max max
(7’1Q) (t,:E)GDplllXDp/z/

b(iyq)(t, x)‘) ,

where ﬁp denotes the closed disc with center 0 and radius p > 0. Note that B
is well-defined since all the (9 are holomorphic on Dy x Dy, and 0 < plf < pf

j
for 7 = 1,2. Then, the Cauchy integral formula

~ 1l b (¢ 2)
£ (i,9) - " ) ! 7.0
9, b (t,z) = (2“7)2 ﬁt/7t|:p/{7?”1 (t — t)@-i—l (.’JS/ _ .’L‘) dt'dz
o' —z|=pf 7

implies inequalities

L
‘afbw)(t,x)) < 0B ( ! )

P — T
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for all £ > 0 and (¢t,z) € ¥ x D,,. In particular, these estimates only depend
on the radius r; of ¥ and not on ry. Thereby, the constant K being chosen
> 1/(pf —r1), we get

(4.6) )afbw(t, x)‘ < 0BK*
for all (4,q),¢ > 0 and (t,z) € ¥ x D,,,.

Proposition 4.3 Let B’ := (k+1)?B and (P,,(x)) the sequence of polynomials
in RY[x] recursively determined by

Py(z) =1,

Ppi(z)= |07 + Z Z mpj 0,1 | Pyn(z) form >0,
2, (mpx + i)
with K' :={i € K ; p; > 1} and Q) := {max(px — pi,1),...,px — 1}. Then, the
following inequalities

(4.7) |0 Wi, (t,2)| < CB™ K" T (1 + (s + 1)(km + €)) P (|2])
hold for all m,€ > 0 and all (t,z) € ¥ x D,.,.

Note that the set K’ is never empty since p, > k > 1 implies k € K'. The
following proof of proposition 4.3 proceeds by recursion on m > 0.
Proof. The case m = 0 is straightaway from inequalities (4.5). Let us now
suppose that inequalities (4.7) hold for a certain m > 0. Then, according to
relations (4.4), we deduce from Leibniz formula and from inequalities (4.6) and
K >1 that, for all £ > 0 and (t,2) € & x D,,,

|0fwmsr (t, )] < CBB™ESmH0H N 6, N (9277 P ) (Ja]) |
ieU{0} qeEQ;

where we set Qo := {0} and where Sy ; is the sum defined by

¢
!
Spii= Y =T+ (s + 1) (sm+k+j — ).
— ]
7=0
This latter can be bounded as follows by applying successively technical lemmas
4.4, 4.5 and 4.6 below.

¢
Se,z'SZF(1+(3+1)(nm+n+j—i)+€—j)
=0
=T(1+ (s + 1) (km+ k+ £ —1i))x

CTA+ (s+ 1) (km+k+j —i) +0— )
N1+ (s+1)(km+k+£—1))

j=0
<K+ DL+ (s +1)(km + £+ L — 1))
_ (mp)t

L1+ (s + 1)(k(m +1) + 1))

S (mpi + pi)!
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with the convention that pg = 0. This leads then us to the following
0w (t,2)| < (5 + CBB™ K™ UMD (1L 4 (s + 1)( (m+1)+1))

XD et el ga-pe ) ()

ZGICU{O}QGQ mps + pi)!

and inequalities (4.7) follow by observing that the double-sum of the right-hand
side satisfies

> Y ot ) dapn b (2]) < (5 4 1) (057 P (2]

zeKu{O}qu mpr + pi)!
(mp _
£33 o) el
zEIC’qGQ’ ® i)

hence,

PO N et )l pare P (a]) < (5 4 1) P ().

zeKu{O}qu mps + pi)!

Indeed, (mpy)!/(mp,; +pi)! < 1 for all 4, £ C {1,...,x} and the coefficients of
polynomial P, are positive. This ends the proof of proposition 4.3. =

Lemma 4.4 Let i € KU{0}. Then, for all £ >0, j € {0,...,£} and m >0,
£
ﬁr(1+(s+1)(mm+m+j—z‘))gr(1+(s+1)(ﬁm+m+j—i)+£—j).

Proof. Lemma 4.4 is clear for j = £. Let us now assume j < £ and let us write
2!/4! on the form

¢
= Hn— H (G+n-—7).

n=j+1 n=j+1
Then,

o ‘ o )
=< I (G+DEm+r+i—i)+n—j)
7S

L—j

=TI (s + D(wm+ 545 —i)+n)

n=1

and relation

i+ (s+)(km+r+j—i)+L—5)=TA+(s+1)(km+r+j—1))
X ﬁ((s—i—l)(mm—i—m—i—j—i)-ﬁ-n)

~

completes the proof. m
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Lemma 4.5 Leti € KU{0}. Then, for all £ >0 and m > 0,

Zé:r I+ (s+1D)(km+r+j—i)+L—j)

F(1+4(s+1)(km+x+£—1))

(4.8) <k+1

j=
Proof. < Let us first suppose £ < k. When m # 0 or i # &, we have, for all
j € 0,0},

I+ (s+1)(km+r+j—i)+l—j=1+(s
<1+ (s

+1)(km+k—13)+L+sj
+ 1) (km+r+L—1)
and

1+ (s+1)(sm+r+j—i)+L—j>1+(s+1)(km+Kr—1)>2.

Hence, using the increase of the Gamma function on [2, +o00],

0 i—q j
r(1 1)( —i) Ll
Z t s+ DEmtrtj—i)+Ll—j) 1=(+1<kr+1

N1+ (s+1)(km+r+£€—1))

AN
1M

and so inequality (4.8). When m = 0 and ¢ = k, we must prove the inequality

i:r (1+(s+1)j+0—7)
Jj=

1+ (s+1)¢)

<k+4+1.

This one is clear for £ = 0. Otherwise, we have
2<144—5<14(s+1)j+L—j=14sj+L<1+(s+1)¢
for all j < ¢; hence,
¢

= 1+ s+1

—
Zl+1=£+1§f<¢+1.
§=0

< Let us now suppose £ > k and let us write the sum of (4.8) on the form

14 l—K £
(4.9) Y=+ > ()
j=0 j=0 j=0—r+1

The second sum of the right-hand side of (4.9) is treated as in the previous case

and we get
¢
Yoo Y 1==x

j=t—r+1 j=t—r+1
On the other hand, for j € {0, ...,¢ — k}, similar calculations as above lead us
to the following inequalities
2<1+k
<l+(s+)(rm+r+j—i)+l—j<1+(s+1)(km+xr+{—1)— sk
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Thereby, the first sum of the right-hand side of (4.9) gives us

S F1+4+(s+1)(km+rK+£€—1) — sk)
jz::o("‘)g(f*”+1) T(1+ (s+ 1)(km+ & +€—1))
B l—r+1 QA+ (s+1)(km+Kr+L€—1)—sk)
s+ D)(Em+r+L—10) T(1+ (s+ 1) (km+r+£—1i)—1)
{—k+1

= (s+1)(km+r+L€—1i)
Indeed, we have £ > k > 1 and sk = p, — k > 1; hence,
2<1+4+k
<l+G+D)Em+r+l—10)—se <1+ (s+1)(km+r+L—1i)—1
and, consequently,

M1+ (s+1)(km+rK+L€—1) — sk)
'+ (s+1)(km+r+L—1i)—1)

<1

We then conclude by observing that

{—Kk+1
_ < <
(s+1)(km+Kr+£€—14) ~ s+1~

for all £ > 0. This ends the proof of lemma 4.5. =

1

Lemma 4.6 Leti € KU{0}. Then, for all ¢ >0 and m >0,

(mpy)!

F(l+(s+1)(nm+n+€fi))§m

P+ (s+1)(k(m+1)+2)),

where we set py := 0.

Proof. Lemma 4.6 is clear for ¢ = 0. When ¢ > 1, let us first observe that
relations (4.1), which stems from condition (Cj5), imply

1+(3—|—1)(;~z(m—|—1)—|—€):1+(s+1)(ﬁm+/€+€—i)+%i

>1+(s+1)(km+r+L—1)+p;.
Thereby, since

1+p.>2 ifi==x
1+rk—i>2 ifi<k

1+ (s+1)(km+r+L€—1i)+p > {
we deduce from the increase of the Gamma function on [2, +-o00[ that
T+ s+ D(k(m+1)+0))>TA+ (s+1)(km+r+L€—1i)+p;);
hence the inequality

FA+(s+D)(km+1)+£) 2T+ (s+1)(km + K+ £ —1i))

X ﬁ((s+1)(nm+n+€fi)+n).

n=1
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Lemma 4.6 follows then from relations
Pi Ppi
H((s+1)(nm+n+€fz +n) ZH (s+ 1)km+n)

n=1

Pi
(mpn +p7,)'
H mpl‘é + n (mpﬁy 9

which ends the proof. m
Let us now give some estimates on the P, (z)’s. We have the following.

Proposition 4.7 Let m > 0. Then, P, (x) reads as
2P

(4.10) P (x) = ZM

mpn

where M, (z) € RT[x] is the polynomial with positive coefficients defined by

§ E E A]lf SJn (m*n)Pn+qz'1,j1+qu'n,jn
215+ 7Z'n

(i17~--/,in)1§j1 <o <Jn<m(qiq gy v Qin i)
eKH™ €Qj, x...xQp,

with

AJLrdn 1 - ((Je — Dpx)! .
ot (mo= )P+ Qi gy i) 2 ((Ge = Do +i,)!

Moreover, the coefficients AJ1 I e RT satisfy

(4 11) Ajl """ j" < (2pn(1 +pn)pﬁ71)m
. B1yeenyly — (mpﬁ)!

foralln=1,...m

and the following inequality

(Lt p)e )™

KD 2
(112) Pulla) < CPEE L

holds for all x € D,,.

Proof. < Formula (4.10) can be proved by recursion on m > 0 and stems
from the definition of the sequence (P,,(z)) given in proposition 4.3 above. The
calculations are left to the reader.

< To bound the coefficients Ah’ ’]" , we proceed as follows. Let us first denote
by a, the positive integer deﬁned by

— 1 ifig =k
T P, iic# s
so that g, j, > ag for all £ = 1,...,n. In particular, we get

1 1
<
((m —n)ps + qiy j, + @i 3,)0 — (M — n)pn +ay+ ... +ay)!

S T = n)pe) ,HBe
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with
ap 1
By := .
¢ T:r[lal—i—...ag,l +7r

On the other hand, we have

ﬁ ]Z_lpn ﬁﬁ
o (G = Dps + pi,)! élrl'”_lp +r
n Pig
< = B
él_[lrl_[lﬁflp +r  (npy) 'HZ
with
1 ifig =k
B/ o Pr—Pip
¢ II (=Dpu+pi,+7) ifir#x
r=1

This brings then us to the following inequality

AJl ----- In <

j mpg
Ul yeesln — ( . (npn> HBZB/

where the product B,Bj satisfies

1
BB, = <1=(1 Px—Piy  if 5, —
e +CL[1+1_ (+p) 1T 7¢ K
and
Pr—Piy
lpy — (P — piy) — Q1 — oo — Ap—1
B B/ = 1 ¢
o E ( ’ ar+...+ag1+r
Pr—Piy Ep
<10 (%)
r=1

= (1+pu)P="Pie if iy # k.

Indeed, we have p, > p, —p;, > 1 and a; > 1 by definition. Hence,

1 mp : .
1y 7Jn < K NMPr—Piq ——Pip
Azl, Y T (mp,.)! <npl{> (1 +pn) 1

and inequality (4.11) follows from relations
mp W (mp
K < K — 2777,1)K
() =% ()

and
0 <np.—pi, — ... — i, <n(px—1) <m(pe —1).

Note that this latter relation stems from inequality p, > k > 1 and from the
fact that p, > p; > 1 for all : € K'.
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< We are left to prove inequality (4.12).This one is clear for m = 0 since Py(z) =
1. For m > 1, let us first observe that the assumption ro < 1 and inequalities
pe > 1and g, j, > 1 imply |z|™ < |z|™ and |z|™ Pt dinin < g™
for all £ =1,...,n. Then, since 2P~ (1 + p, )P=~1 > 1, we get, for all z € D,.,,

(2P (1 +pe)P—h)™
(mpy)!

by |2|™

Po(lz]) <

with

L0 D I SIS

”:1(i17~"yin)1§j1<-'~<jn§m(qq,j1; iy, _]7,,)
e(xH” €Q;, X...xQ;

<1+Z< ) —1))"

= (L4 r(ps —1))™ < (kps)™

Indeed, we have K' C K C {1,...,x} and Q;, C {1,...,px — 1} forall £ =1,...,n
This proves inequality (4.12) and completes thereby the proof of proposition
4.7 =

Let B" := B'K"kp,2P(1+p,)P=~ 1. Then, we deduce from propositions 4.3
and 4.7 that, for all £ > 0 and (¢,z) € ¥ x D,.,,

in

> |0fwm(t, )| < CKT(A+ (s +1)0) > A o(2)

m>0 m>0

with
1+ (s+1)(sm+0)) (B"|z))™
1+ (s+1)0) (mpy)!

Let us now observe that inequality s + 1 < p, implies

Am,,f (JC) =

D1+ (s+ D(sm=+0) =T + (s + 1)l + mp,)
=T(1+(s+ 1)£)ﬁ((8 +1l+7)
<T(14 (s + 1)£)nﬁ(5pn +J)

j=1

=T(1+ (s+ 1)) R

and, thereby,

Ip.+mp,
F(l + (8 + 1)(’%m + f)) < (Epn + mpn) < P Zp (gpn ""' mpm) _ 2€p~+mpn.
(mp)'T(1 + (s + 1)) MpPy; J

j=0
Consequently,
> |0fwn(t,2)] < CEPE)T+ (s +1)0) Y (2B [a)"

m>0 m>0
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for all ¢ > 0 and (¢,2) € ¥ x D,,,. Let us now choose 0 < r < min(rq, 2 P~ /B")
and let us denote C’ := CZ(?’“B”T)"‘ € RT and K’ := 2P~ K. Then, for all

m>0
¢>0and (t,x) € ¥ x D,, we get

(4.13) > Ofw(t,2)| < C'K'T(1+ (s + 1)0).

m>0

In particular, for ¢ = 0, the series Zwm(t,m) is normally convergent on
m>0

3 X D,.. Therefore, its sum w(t, z) is well-defined and holomorphic on ¥ x D,..
This proves condition 1 of definition 2.3 if we choose for ¥ a sector bisected by
6 and opening larger than ws = 7/k. Note that such a choice is already possible
due to the definition of proper subsector (see note 2).

For all £ > 1, the series Z Ofw, (t, ) is also normally convergent on X x D,..

m>0
Thereby, the series Z wm (t, ) can be derivated termwise infinitely many times
m>0

with respect to ¢ and inequalities (4.13) imply

|0fw(t,z)| < C'K"T(1+ (s + 1)¢)

for all £ > 0 and (¢,z) € ¥ x D,.. This proves condition 3 of definition 2.3 (we
consider here proper subsectors of ¥).

Note that the fact that all derivatives of w(t, x) with respect to ¢ are bounded
on ¥ implies the existence of }E% Otw(t,x) for all € D, and thereby the

tex
existence of the Taylor series of w at 0 on ¥ for all x € D, (see for instance

[20, Cor. 1.1.3.3]; see also [15, Prop. 2.2.11]). On the other hand, considering
recurrence relations (4.4) with w,, and the k-sum g(¢,z) instead of w,, and
g(t,x), it is clear that w(t, x) satisfies equation (4.3) with right-hand side g(¢, x)
in place of g(t,z) and, consequently, so does its Taylor series. Then, since
equation (4.3) has a unique formal series solution w(t,x) (see theorem 1.2 by
exchanging the roles of = and t), we then conclude that the Taylor expansion of
w(t, z) is w(t, z), which proves condition 2 of definition 2.3.

This achieves the proof of the k-summability of w(t, z). Hence, the sufficient
condition of point 1 of theorem 4.2, which ends the proof.
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