N
N

N

HAL

open science

Efficient Bayesian Computation by Proximal Markov
Chain Monte Carlo: When Langevin Meets Moreau.

Alain Durmus, Eric Moulines, Marcelo Pereyra

» To cite this version:

Alain Durmus, Eric Moulines, Marcelo Pereyra. Efficient Bayesian Computation by Proximal Markov
Chain Monte Carlo: When Langevin Meets Moreau.. SIAM Journal on Imaging Sciences, 2018, 11

(1), 10.1137/16M110834 . hal-01267115

HAL Id: hal-01267115
https://hal.science/hal-01267115
Submitted on 4 Feb 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01267115
https://hal.archives-ouvertes.fr

Sampling from convex non continuously differentiable
functions, when Moreau meets Langevin

1 2

Alain Durmus Eric Moulines Marcelo Pereyra 3

February 3, 2016

Keywords: Markov Chain Monte Carlo, Metropolis Adjusted Langevin Algorithm, Rate of con-
vergence

AMS subject classification (2010): primary 65C05, 60F05, 62L10; secondary 65C40, 60J05,93E35

Abstract

In this paper, two new algorithms to sample from possibly non-smooth log-concave prob-
ability measures are introduced. These algorithms use Moreau-Yosida envelope combined
with the Euler-Maruyama discretization of Langevin diffusions. They are applied to a de-
convolution problem in image processing, which shows that they can be practically used in a
high dimensional setting. Finally, non-asymptotic bounds for one of the proposed methods
are derived. These bounds follow from non-asymptotic results for ULA applied to prob-
ability measures with a convex continuously differentiable log-density with respect to the
Lebesgue measure.

1 Introduction

Sampling for high-dimensional distribution, known up to a normalizing constant, is the crux
for Bayesian inference. Assume that we are willing to sample a distribution with density =«
with respect to the Lebesgue measure on R? of the form = — e_U(’”)/ fRd e~ VW dy, for some
measurable function U : R — (—o00, +00], which satisfies the following condition.

H1. U = f+g, where f : RY = R and g : R? — (—o0, +00] are two lower bounded, convex
functions satisfying:

(i) f is continuously differentiable and gradient Lipschitz with Lipschitz constant Ly, i.e. for
all z,y € R4
IVf(@) = Vil < Lsllz -yl - (1)

(ii) g is lower semi-continuous and [, e~ 9™ dy € (0, +00).
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In the Bayesian setting, f is the opposite of the log-likelihood. A typical example is the
regression model where f(z) = ||y — Mz||, where y € RY are the responses (N being the number
of observations), M € R¥¥ is a known regression matrix, and = are the regression parameters.
The function g is the potential of a prior distribution. Since we willing to cover classes of prior
which favors sparsity, we do not assume that g is differentiable. For example, taking a Laplace
prior g(z) = ||z||; in a regression problem leads to the Bayesian LASSO regression; see Park and
Casella [2008].

If U is continuously differentiable on R?, the Langevin stochastic differential equations (SDE)
associated with m is given by

dXF = —vU(XF)dt + v2dBY (2)

where (Bfl)tzo is a d-dimensional Brownian motion. Under mild assumptions, this equation has
a unique strong solution; the semi-group associated with the Langevin SDE is reversible and
ergodic with respect to m which is hence stationary, see Khas'minskii [1960]. To sample 7, this
suggests to consider the Markov chain given by the Euler-Maruyama discretization of (2), defined
given the current state Xj by

Xpt1 = Xp — 1 VU (Xi) + V27541, (3)

where (y;)r>1 is a nonincreasing sequence of stepsizes and (Zy)r>1 is a sequence of i.i.d. d-
dimensional standard Gaussian random variables. This scheme has been first introduced in
molecular dynamics by Ermak [1975] and Parisi [1981], and then popularized in the machine
learning community by Grenander [1983], Grenander and Miller [1994] and computational statis-
tics by Neal [1993] and Roberts and Tweedie [1996]. Following Roberts and Tweedie [1996], this
algorithm is referred to as the Unadjusted Langevin Algorithm (ULA). Under additional assump-
tions on U and if limg_ 400 7% = 0, ZZOZO vE = 400, it has been shown in Lamberton and Pages
[2002], Lemaire [2005] that for all h in an appropriately defined class of functions
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This result was later extended in Durmus and Moulines [2015], which provides non-asymptotic
deviation bounds. Under weak additional conditions, a central limit theorem can be obtained.

For constant stepsizes v, = -y for all k, the Markov chain associated to the Euler-Maruyama
discretization also converges (under weak additional technical conditions) to a probability mea-
sure 7., which is different from 7. Dalalyan [2014] and Durmus and Moulines [2015] give non-
asymptotic bounds for the total variation between these two probability measures with explicit
dependence on the stepsize v and the dimension d. To get a reversible Markov chain with respect
to m, and therefore drop the asymptotic bias, Rossky et al. [1978] and Roberts and Tweedie [1996]
have suggested to include the one-step transition kernel of the Euler-Maruyama discretization
(3) as a proposal kernel in a Metropolis-Hastings algorithm. Because 7 is this time the target
distribution, this algorithm is called the Metropolis Adjusted Langevin Algorithm (MALA), a
term coined by Roberts and Tweedie [1996].

As mentioned earlier, the main motivation of this paper is to provide efficient methods to
sample high-dimensional regression model with sparsity inducing prior g, which satisfies H1-(ii).
In the Bayesian linear regression with Laplace prior for example, U is differentiable almost every-
where, and being a proper convex function, has subgradient everywhere. Therefore, whereas U is
not differentiable, the ULA and MALA algorithms could still be formally applied. This solution
is not satisfactory. First, some technical difficulties arise however when defining the associated



SDE, which no longer has strong solutions. Second, experimental evidence shows however that
the MALA algorithm mixes poorly, see [Pereyra, 2015, Figure 4]. In some applications, VU is not
even well defined on a subset of R? with non null Lebesgue measure. This problem occurs when
sampling a distribution supported on on a bounded convex set K. In such case, the potential g
is bounded on K and infinite outside .

On the other hand, new efficient first-order optimization algorithms have been recently in-
troduced in the convex optimization literature to compute a Maximum a posteriori of such
non-smooth convex potential; see Parikh and Boyd [2013] and the references therein. These
optimisation algorithms use gradient descent for the smooth part of the the potential combined
with a proximal step for the non-smooth part.

In this paper, we introduce two new algorithms designed to sample from 7 = e~V where the
potential U satisfies H1. The idea is to construct an convex and smooth distribution using the
Moreau-Yosida proximal operator, and then apply either the ULA or MALA algorithm to these
approximations. Second, to compute expectation under the target distribution 7, an importance
sampling step is introduced.

The paper is organized as follows. In Section 3, the Moreau-Yosida regularization is in-
troduced and the properties of the regularized target distribution is presented. In Section 3
non-asymptotic bounds in total variation for the ULA algorithms are presented, since it is the
first step of one of our algorithms. To illustrate our findings, a limited Monte Carlo experiment
is presented in Section 4. We consider a high-dimensional Bayesian linear inverse problem to
illustrate the practical feasibility and validity of the proposed algorithms in a realistic context.

Notations and Conventions

Denote by B(R?) the Borel o-field of R%. For all A € B(R?), denote by Vol(A) its Lebesgue
measure. Denote by M(RY) the set of all Borel measurable functions on R? and for f € M(R9),
[l fllooc = supgega |f(z)|. For g a probability measure on (R?,B(R%)) and f € M(R?) a u-
integrable function, denote by p(f) the integral of f w.r.t. u. For two probability measures p
and v on (R?, B(R?)), the total variation of ;1 and v is defined as

[ s@ante) = [ s

(4)

| —vlrv = sup
FEM(R?),[| flloo <1

Let f : R — (—o0,+0cc] be a proper function, denote by df(z) the subdifferential of f at
x € R% If f is a Lipschitz function, namely there exists C' > 0 such that for all 2,y € R%
(@) = f(y)] < C e =yl then denote | f|l;;, = inf{| f(x) = FW)| & =yl |2,y € RYz #y}.
For k > 0, denote by CF(R?), the set of k-times continuously differentiable functions. For
f € C*(R%), denote by Af the Laplacian of f. Denote for all q > 1, the ¢, norm |-|Ol on R¢ by

for all z € RY, [zll, = (Z?Zl |z;|)/9. For all z € R? and M > 0, denote by B(z, M), the ball
centered at z of radius M. For a closed convex K C R%, denote by proj (-), the projection onto
KC, and i the convex indicator of K defined by txc(x) =0 if x € K, and ¢ (z) = 400 otherwise.
For all subsets Ey,E; C R, denote by Ey + Ey = {x +y | # € E;, y € Ex}. In the sequel, we
take the convention that inf( = oo, 1/00 = 0 and for n,p € N, n < p then > = 0 and [[}} = 1.
Denote by ® and @~ ! the cumulative distribution function and the quantile function of the a
standard Gaussian variable.



2 Moreau-Yosida Regularized Langevin Algorithms: MYULA
and MYMALA

The key tools in this work are proximal operators and Moreau-Yosida envelopes; see Parikh and
Boyd [2013] and Polson et al. [2015]. Let h : R¢ — (—o0, +00] be a Ls.c convex function and
A > 0. The A\-Moreau-Yosida envelope h* : R — R and the proximal operator proxﬁ :R? - R?
associated with h (see [Rockafellar and Wets, 1998, Chapter 1 Section G]) are defined for all
x € R? by
b(z) = inf {h(y) + @)z - y)*} <h@), (5)

y€eRd
For every = € R, the minimum is achieved at a unique point, proxﬁ (z), which is characterized
by the inclusion

x — proxj (x) € yoh(prox; (z)) . (6)

The Moreau-Yosida envelope is a regularized version of g, which approximates g from below. The
proximal (or proximity) operator specifies the (unique) point solving the optimization problem.
The parameter A defines a trade-off between the two objectives of minimizing g and staying

close to z. Since for 0 < A < X, {h(y) + (2N) 7|z — y||2} < {h(y) + (2N o — yH2} for all

z,y € R, we get b (2) < h*(z). In addition, as A | 0, converges h* converges pointwise h, i.e.
for all x € R?,
h*(z) T h(z), asAl0. (7)

Furthermore, the function h* is convex and continuously differentiable with gradient given by
Vh*(z) = A~Y(z — prox} (z)) . (8)

The proximal operator behaves like a gradient-descent step for the function h in the sense that
proxj (z) = z — AVh*(z). The proximal operator is a monotone operator [Rockafellar and Wets,
1998, Proposition 12.19], i.e. for all z,y € RY,

(prox}(z) — proxi(y), @ — y) > 0, (9)
which implies that the Moreau-Yosida envelope is smooth in the sense that its gradient is Lipshitz:
HVhA(.’E) — VhA(y)H <A 7Yz -y, for all z,y € RY.

For example, the proximal operator associated with the ¢;-norm and the parameter A on R?
is the soft thresholding operator defined by for all z € R?, p]roxl)j|1 (x) is the d-dimensional vector
whose component ¢ € {1,--- ,d} is equal to sign(z;) x max(|z;| — A, 0) (see e.g. [Parikh and Boyd,
2013, Section 6.5.2]). In the case where g = i for a closed convex subset K C R?, the proximal
operator is simply the projection onto K for all A > 0.

Under H1, if g is not differentiable, but the proximal operator associated with g is available,

its \-Moreau Yosida envelope ¢* can be considered. This leads to the approximation of the
potential U : R? — R defined for all z € R? by

UNa) = f(z) + ¢*() .

U

The following proposition implies that the function e~ * can be renormalized to define a density

of a probability measure 7* on R%.
Proposition 1. Assume H1. Then for all A > 0, it holds 0 < fRd e_UA(y)dy < 4o00.

Proof. The proof is postponed to Section 5.1. O



Under H1 and using (5), U? is continuously differentiable and gradient Lipschitz. Given a
regularization parameter A > 0 and a sequence of stepsizes {7, k € N*}, the algorithm produces
the Markov chain {XM, k € N}: for all £ >0

XM =X = e {Vf(X}cVI) + AT X - PTOX;\(XIICVI))} + V241241 (10)

where {Zj, k € N*} is a sequence of i.i.d. d dimensional standard Gaussian random variables.
Since, as shown in Durmus and Moulines [2015], the ULA algorithm can be used to target 7*
(provided that the sequence of stepsize {vx, k € N} decreases to zero at an appropriate rate),
the algorithm (10) target the smoothed distribution 7*. Hence, to compute the expectation of a
function h : R4 — R under 7 from {XM ; 0 < k < n}, an importance sampling scheme is used to
correct the smoothing. This step amounts to approximate fRd h(z)m(z)dx by the weighted sum

n n -1
SZ _ Zwk,nh(Xk) , with wy, = {Z,ykeg%(xllf)} %eg»(x,y) ’ (11)
k=0 k=0

where for all 2 € R4

7\(z) = () — g(z) = g(prox)(x)) — g(x) + (22)~* || — prox (@)]|”

This algorithm will be called the Moreau-Yosida Unadjusted Langevin Algorithm (MYULA).
Note that if the stepsize 4 = « is constant, the ULA sequence { XM, k € N} does not longer
target 7, but a distribution wfy‘ which depends on the stepsize (note that the approximation

error || — Wi\”TV = O(y'/?) - see Proposition 5). To remove this bias, we can add an Hastings-

Metropolis step, which will produce a Markov chain {f( ,;\, k € N} which is reversible this
time with respect to 7* and use similarly an importance sampling step to correct for the bias
introduced by smoothing. This algorithm will be called the Moreau- Yosida Regularized Metropolis
Adjusted Langevin Algorithm (MYMALA).

To justify, the importance sampling step, we give in the following some results and bounds
on the behaviour of ||7* — 7||rv in function of \.

Proposition 2. Assume H1.
(a) Then, limy_q |7 — 7||rv = 0.

(b) Assume in addition that g is Lipschitz. Then for all A > 0,
[7* = wllrv < AllglFy, -
(c) If g = 1 where K is a convex body of R:. Then for all A > 0 we have
|7 = 7llrv <2(1+D(,N) (12)

where D(K, \) is explicit in the proof, and is of order O(A~1) as A goes to 0.

Proof. The proof is postponed to Section 5.2. O



3 Main results

In this section, we fix the regularization parameter A > 0 and for ease of notation denote by V'
and p, U and 7 respectively. We apply in MYULA, a ULA step to sample from the distribution
1 having a potential V' which satisfies the following conditions.

H2 (V). i) The function V : RY — R is continuously differentiable, convex and gradient
Lipschitz with constant L.

ii) There exist p. > 0 and Re > 0 such that for all x € R?, |z — 2*|| > Re
) P ; )
V(@) - V(a*) 2 pelle — 2| (13)
where * is a minimizer of V.

It has been observed that ¢g* is A~!-gradient Lipschitz, which implies that a upper bound
for L. is Ly + A~!1. However, this bound strongly depends on the decomposition of U, which is
arbitrary, so can be pessimistic. For instance, if U is continuously differentiable, g can be chosen
to be 0 which implies V = U and L, = L;. Furthermore, H2-ii) holds for V since by Lemma 6
and Proposition 1 there exists Cy, Co > 0 such that V(z) > Cy ||z||— C2, which easily implies (13)
with pe < C1/2 and R¢ < 2(Cy + ||2*|| + V(2*))/C1. But these constants are non-quantitative
and that is why we assume they can be estimated. To get non-asymptotic bounds for MYULA,
we are interested in this part to get non-asymptotic to ULA applied to the probability measure
-

For v > 0, consider the Markov kernel R, associated to the Euler-Maruyama discretization
(10) is given, for all A € B(R?) and x € R? by

R (o) = ()7 [ exp (@) Iy = 2+ AV @) dy (14)

The sequence { XM, n € N} is an inhomogeneous Markov chain associated with the sequence of
kernel {R,,, n > 1}. Denote for 1 < n < p,

QP =Ry, Ry, , Q)=0Qy". (15)

By convention for n > p > 0, we set Q5 = Id where Id is the identity kernel. Denote for
n,p € N by

Yn?

14
F’fhp = Z Ve, I'n= Fl,n . (16)
k=n

In this section we derive non-asymptotic bounds on the difference between 1oQ7 and p in total
variation. Such bounds have been obtained in Dalalyan [2014] and Durmus and Moulines [2015],
but the assumptions considered here are weaker. Similar to what is done in Durmus and Moulines
[2015], we consider the following decomposition: for alln >0, p > 1 and n < p,

[10Q% — pllrv < ||M0QZP%,L+1,,, — pllrv + [|1QEQETP — MonP%nH,pHTV ; (17)

where (PF);>o is the Markov semigroup of the Langevin SDE associated with V. The first
term will be bounded using new quantitative results on the convergence of (P¥);>¢ to 7 in total
variation, given in Section 7. On the other hand, the second term will be bounded using the
Pinsker inequality allowing to compare the total variation distance with the relative entropy
combined with the Girsanov theorem; see Dalalyan [2014] and Durmus and Moulines [2015]. To
complete this step, it is required to control some moments of the gradient of the potential, which
is achieved by using establishing a drift conditions for R, with v > 0; see Section 8.



Theorem 3. Assume H2(V ). Let {vy, k € N*} be a nonincreasing sequence with 1 < L7 *.
Then, for alln >0, p>1, n < p, and x € R?

”5sz —pllrv < CCHERH'F {ﬁcegl + 7‘51‘”WC(33) +ce(1 - 7"51'”)/(1 - 7»31)} + An,p(x;’Y) )

where Ce, ke, Oc, Be are given in Theorem 12, Ae in (53), ce in (57), W, : R — R is defined for
all z € R4 by

Wel) = exp (pe (e —#*)| + 1)) | (15)

(Anplasy)> =27 WZ{ OB/ (10 {1+ 1og {Welw) +ec 1-22) 7' }})’

+dyig ) -
Proof. The proof is postponed to Section 8.1. O

More precise bounds can be obtained under more stringent assumption on V. We consider
the case where V is strongly convex outside some ball; see Eberle [2015].

H3 (V). There exist Ry > 1 and mgs > 0, such that for all x,y € R, ||z —y|| > R,
(VV(z) = VV(y),z — y) > 2mq ||z — y||”

Note that in the case where g = ¢, where K is a convex body, then by (9) and the Cauchy-
Schwarz inequality, we have (Vg* () — Vg (y), — y) > A7 (|l — y|* =2 {sup,cxc | 2I[} = — wl)),
which implies H3(V).

Theorem 4. Assume H2(V ) and H3(V ). Let {vi, k € N*} be a nonincreasing sequence with
y1 <4mgL7t. Then, for alln >0, p>1,n <p, and x € R?

||51Q177 - M”TV < CsﬁgrnJrl’an,p(m;’Y) + Cn,p(xvly) 3

where Cs, ks are given in Theorem 13, ks in (59), cs in (61),

d 1/2 9 1_ Fl,n 1/2
L1, s
Bup(zv) =41+ <2ms s) + | Al — 2" + Csw

p—1
(Coplwsn))? =27 L2 { G /DLE {llo = 2" IP + (1 =22} +drfa | -
k=n

Proof. The proof is postponed to Section 8.2. O

In the case of constant stepsizes v, = +y for all k& > 0, we can achieve a level of precision
e >0, ie [|0,QF — 7|ty < ¢, setting n = 0 and carefully choosing v and p > 1 in the bounds
given by Theorem 3 and Theorem 4. We summarise the dependence of v and p in function of
the dimension d, the precision ¢ and the other parameters of V' in Table 1. The following result
gives also the order in the stepsize v of the asymptotic bias.

Proposition 5. Assume H2(V') and let v < L,. Then R, has a unique invariant probability
measure ji,, which satisfies ||pn — 1 ||rv = O((y1log(7))/?).

Proof. The proof is postponed to 8.3. O



d € L.
O(*/log(e™")) | O(L?)
p| OW) | O ?log*(e™h) | O(L?)

2
S

5
]

Table 1:  For constant stepsizes, dependence of v and p in d, ¢ and parameters of V to get
[0,QF — 7||rv < € using Theorem 3

d g Lc mg RS
O(d™) | O(e?/log(c™!)) | O(L;?) | O(ms) | ORY
p | O(dlog(d) | O=2log?(= 1)) | O(LZ) | O(m %) | O(RY)

S

=2

Table 2:  For constant stepsizes, dependence of v and p in d, € and parameters of V' to get
[0.Q% — ml|lrv < ¢ using Theorem 4

4 Numerical illustrations

In this section, the behavior of the MYULA algorithm is demonstrated on a Bayesian image
deconvolution model with a total-variation prior. This is a challenging high-dimensional and
non-smooth model that is widely used in statistical image processing and for which the state-of-
the-art MCMC algorithms are inefficient.

In image deconvolution or deblurring problems, the goal is to recover an original image x € R”
from a blurred and noisy observed image y € R" related to & by the linear observation model
y = Hx + w, where H is a linear operator representing the blur point spread function and w is
a Gaussian vector with zero-mean and covariance matrix o2I,,. This inverse problem is usually
ill-posed or ill-conditioned, i.e., either H does not admit an inverse or it is nearly singular, thus
yielding highly noise-sensitive solutions. Bayesian image deconvolution methods address this
difficulty by exploiting prior knowledge about x in order to obtain more robust estimates. One
of the most widely used image prior for deconvolution problems is the improper total-variation
norm prior, m(z) x exp(—a||Vaz|1), where V4 denotes the discrete gradient operator that
computes the vertical and horizontal differences between neighbour pixels. This prior encodes
the fact that differences between neighbour image pixels are often very small and occasionally
take large values (i.e., image gradients are nearly sparse). Based on this prior and on the linear
observation model described above, the posterior distribution for « is given by

m(z|y) oc exp [~|ly — Hz|*/20® — || Vaz||1]. (19)

Image processing methods using (19) are almost exclusively based on MAP estimates of x that
can be efficiency computed using proximal optimisation algorithms [Green et al., 2015]. Here we
consider the problem of computing credibility regions for x, which we use to assess the confidence
in the restored image. Precisely, we use MYULA to compute approximately the marginal 90%
credibility interval for each image pixel, where we note that (19) is log-concave and admits
the decomposition U(z) = f(x) + g(x), with f(x) = —|ly — Hz||?/20? convex and Lipschitz
differentiable, and g(x) = —a||Vaz||1 convex and with computationally tractable proximity
mapping that can be compute efficiently by using a parallel implementation of Chambolle [2004]).

Figure 1 presents an experiment with the Boat image, which is a standard image to assess
deconvolution methods [Green et al., 2015]. Figure 1(a) and (b) show the original image xo of
size 256 x 256 and a blurred and noisy observation y, which we produced by convoluting xy with



a uniform blur of size 9 x 9 and adding white Gaussian noise to achieve a blurred signal-to-noise
ratio (BSNR) of 40dB (BRSN = 10log,y{var(Hzo)/c?}). The MAP estimate of & obtained by
maximising (19) is depicted in Figure 1(c). This estimate has been computed with the proximal
optimisation algorithm of Afonso et al. [2011], and by using the technique of Oliveira et al. [2009]
to determine the value of a. By comparing Figures 1(a) and 1(c) we observe that this image
restoration process has produced a remarkably sharp image with very noticeable fine detail.

Figure 1: (a) Original Boat image (256 x 256 pixels), (b) Blurred image, (c) MAP estimate computed
with [Afonso et al., 2011].

Moreover, Section 4 shows the magnitude of the marginal 90% credibility regions for each
pixels, as measured by the distance between the 95% and 5% quantile estimates. For benchmark
purpose, Section 4(a) shows the estimates obtained by using the proximal MALA Pereyra [2015].
These estimates where computed from a 10000-sample chain generated with a thinning factor
of 1000 to reduce the algorithm’s memory foot-print, and by setting A = /2 and adjusting
~v = 0.004 to achieve an acceptance rate of approximate 50%. Figures 4(b) and Figure 4(c)
show respectively the approximate estimates obtained from 10 000-sample chains generated with
MYULA using v = 0.02 and a thinning factor of 100, and v = 0.2 a thinning factor of 10
(notice that from the viewpoint of the diffusion process, the chains generated with MYULA and
proximal MALA have evolved during the same “diffusion time”). Computing these estimates
required approximated 35 hours for proximal MALA, 3.5 hours for MYULA with A = 0.01,
~v = 0.02 and 100-thinning, and 20 minutes for MYULA with A = 0.1, v = 0.2 and 10-thinning.
By comparing Figures 4(a)-(c) we observe that the approximate estimates delivered by MYULA
are in good agreement with the estimations obtained with proximal MALA, and with a reduction
in computing time of a factor of 10 and 100.

5 Proofs of Section 2

5.1 Proof of Proposition 1
We preface the proof by a Lemma.

Lemma 6. Let h : RY — (—o0,+00] be a lower bounded, Ls.c convex function satisfying 0 <
fRd e "Wdy < +o0o0. Then there exists x, € R%, Ry, pn > 0 such that for all z € RY, x &
B(2n, Rn), h(z) — h(zn) > pn ||z — znl|.

Proof. The proof is a simple extension of the one of [Bakry et al., 2008, Theorem 2.2.2], where
h is assumed to be continuously differentiable.
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Figure 2: (a) Pixel-wise 90% credibility intervals computed with proximal MALA (computing
time 35 hours), (b) Approximate intervals estimated with MYULA using A = 0.01 (computing
time 3.5 hours), (c) Approximate intervals estimated with MYULA using A = 0.1 (computing
time 20 minutes).

We first show that h is finite on a non-empty open set of R?. Note since f]Rd e hWdy > 0,

the set {h < oo} can not be contained in a k-dimensional hyperplane, for k € {0,---,d — 1}.
Then, there exists d + 1 points {v;}o<i<¢ C {h < oo} such that the vectors {v; — vo}1<i<q are
linearly independent. Denote by co(vo, - - ,v4) the convex hull of {v;}o<i<q defined by
d d
co(vo, -+ ,Vq) = {Zam | > ai=1,%ie{0, . d}, a; > 0} .
i=0 i=0
Since h is convex, co(vg, - ,v4) C {h < oo} and we have
sup  |h(y)| £ Moo = max {[h(v;)[} . (20)
yEco(vo, - ,va) 1€{0,--- ,d}

It follows from {v;}o<i<q¢ C {h < oo} and h is lower bounded that M, is finite. Finally by
[Florenzano and Le Van, 2001, Lemma 1.2.1], co(vg, - - - , vg4) has non empty interior.

Consider now the set {h < M., +1}. We prove by contradiction that it is a bounded subset of
R<. Assume that for all R > 0, there exists g € {h < M, + 1} and xr € B(vg, R). Then since
{h < M., +1} is convex, it contains the convex hull of {vg, -+ ,v4,zg}. Since co(vg,- - ,vq4) has
non empty interior, the volume of co(vo,- - ,vq,zr) grows at least linearly in R and the volume
corresponding to {h < M., + 1} is infinite taking the limit as R goes to co. On the other hand,
by assumption since {vo,---,vq,zr} C {h < M, + 1}, we have using the Markov inequality

Vol ({h < M, + 1}) < eM“’“/ e "Wy < 400,
{h<Meo+1}

which is leads to a contradiction. Then there exists Ry, > 0, such that {h < M.,+1} C B(vq, Ry).
For all z ¢ B(vo, Ry), consider y = Ry(z — vo) ||z — vol| " + vo. Note that y & {h < M, + 1},
so h(y) > M., + 1. Now using the convexity of h, we have for all « & B(vo, Ry),

Mo +1 < h(y) < Ry [l — vl ™ (() — hi(vo)) + h(vo)

Since h(vg) < Me,, we get
(h(z) —h(vo)) > Ry ||z — vol|

and the proof is concluded setting x, = vg. O
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Proof of Proposition 1. By (5), U > U* and therefore 0 < fRd e VWdy < f]Rd e’UA(y)dy. We

now prove 9" is integrable with respect to the Lebesgue measure, which implies y — e UMW)
is integrable as well since f is assumed to be lower bounded. By H1 and Lemma 6, there exist
pg >0, z, € R? and M; € R such that for all z € RY, g(z) — g(xy) > My + py ||z — 24]]. Thus,
for all = € R%, we have

_ 2
g*x) —g(x,) > My + p, Hproxg(a:) - qu + (207! Hx — proxé‘(x)”
> M + yienﬂgd{Pg ly = zgll + 2N o — yl*} > My + 0 () (21)
where h*(z) is the A-Moreau Yosida envelope of h(x) = p,, ||z — x,|. By [Parikh and Boyd, 2013,
Section 6.5.1], the proximal operator associated with the norm is the block soft thresholding

given for all A > 0 and z € R?\ {0} by prox; (z) = max(0,1 — A/ ||z|)x and prox;(0) = 0.
Therefore, it follows that there exists My such that for all 2 € R?,

b y) > pg lly — gl + My .

Combining this inequality with (21) concludes the proof. O

5.2 Proof of Proposition 2

(a) For ease of notation we also denote by 7* the density of 7* with respect to the Lebesgue
measure. Since 7 has also a density with respect to the Lebesgue measure and U (z) < U(x)
for all x € R?%, we have for all A > 0

I — ey = / |7 (@) — m(z)| do < 24 | (22)
Rd

where

-1
Ay = / {1- egA(z)*g(z)}w)‘(x)dx =1- {/ eUA(f)da:} / e V@ g
Rd Rd R4

By (7), for all z € R?, we get limy o T U*(z) = U(z). We conclude by applying the monotone
convergence theorem.

(b) Using that for all x € R%, g*(z) < g(x) and 1 — e~ < u for all u > 0, (22) shows that
7 =l <2 [ {o(o) = (@) @)

Next, we show that sup,cra{g(z) — g*(x)} < A ||g||iip /2, which will conclude the proof. Using
that g is Lipschitz, we have by (5), for all x € R?

9(r) () = 9(x) — inf {o(u) + (20" o — )}

= sup {g(x) — 9(y) — 2Nl — ]’}

yeRd

_ 2 2
sup gl e = ol = @)z~ 9} < AlglE, /2.
yeR4

IN

where we have used that the maximum of u + au — bu?, for a,b > 0, is given by a?/(4b).
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(c) Consider the intrinsic volumes {¥%;(K)}o<i<q of K, which can be defined by Steiner’s
formula, which states that for all M > 0,

d
Vol(K +B(0, M)) =Y Ml =9/207 (1 + (d - i)/2) %(K) (23)
=0

where I' : R% — R is the Gamma function. We refer to [Schneider, 2013, Chapter 4.2] for this
result and an introduction to this topic. By definition of the projection onto a closed convex
subset of R%, g is given for all z € R? by g*(z) = (2)\)~! ||z — proj, (z)||>. Then by a direct
calculation, we get

|7 — 7llov = /Rd |7(x) — 7 ()] do = 2 <1 + {/Ce_wmdx}_l /’Ce_f(‘”)da:>_
<2 (1 + exp (H’%lcn(f) - mlgx(f)) {VOI(IC)/ / ) e~ llz—proic (@)I1* 4y }) - . (24)

In addition using [Kampf, 2009, Proposition 3|, we get
/ o= N T Hlz—projc (@)|1® 4, — Vol (K + B(0, t)) o=t/ (2N gy (25)
c Ry
Combining (24)-(25) and Steiner’s formula (23) implies that (12) holds with

-1

d—1
D(C, ) = exp (min(f) — max(f)) Vol(K) {Z(A/%)M—”/%(m}

=0

6 Proof of Section 3

7 Quantitative convergence bounds in total variation for
diffusions

In this part, we are interested in quantitative convergence results in total variation norm for
d-dimensional SDEs of the form

dX; = b(X;)dt + dB? , (26)

started at Xg, where (B{);>0 is a d-dimensional standard Brownian motion and b : R — R
satisfies the following assumptions.

G1 (b). b is Lipschitz and for all x,y € R%, (b(x) — b(y),x —y) <O0.

Under G1(b), [Ikeda and Watanabe, 1989, Theorems 2.4-3.1-6.1, Chapter IV] imply that there
exists a unique solution (X;);>0 to (26) for all initial distribution & on R?, which is strongly
Markovian. Denote by (P);>¢ the transition semigroup associated with (26). To derive explicit
bound for [|P;(x, ) — P(y,)|lTv, we use the coupling by reflection, introduced in Lindvall and

12



Rogers [1986]. This coupling is defined as (see [Chen and Li, 1989, Example 3.7]) the unique
strong Markovian process (X, Y;);>0 on R2?, solving the SDE:

dX, = b(X,)dt+ dB?
{ ¢ B b( ¢)dt + dB; where ¢; = e(X; — Yy) (27)

dY, (Y4)dt + (Id —2eiel )dBE
with e(z) = z/ ||z|| for z # 0 and e(0) = 0 otherwise. Define the coupling time
Te=1inf{s >0 | X; #Y,}. (28)

By construction X; = Y, for t > 7.. We denote in the sequel by I@(zyy) and E(myy) the probability
and the expectation associated with the SDE (27) started at (z,y) € R?? on the canonical space
of continuous function from Ry to R2?. We denote by (ft)tzo the canonical filtration. Since
B = fOt(Id —2]1{S<Tc}esesT)ng is a d-dimensional Brownian motion, the marginal processes
(X¢)i>0 and (Y,);>0 are weak solutions to (26) started at x and y respectively. Coupling by
reflection was introduced in Lindvall and Rogers [1986] to show convergence in total variation
norm for solution of SDE, and recently used by Eberle [2015] to obtain exponential convergence
in the Wasserstein distance of order 1. The result in Lindvall and Rogers [1986] are derived
under less stringent conditions than G1(b), but do not provide quantitative estimates.

Proposition 7 ([Lindvall and Rogers, 1986, Example 5]). Assume G 1(b) and let (X¢, Y¢)i>o0
be the solution of (27). Then for allt > 0 and z,y € R%, we have

~ ~ —1
B (2 ) = By (%0 £ Y <2 (2 (2077) o —ul} - 1/2)
Proof. For t < 7., Xy — Y, is the solution of the SDE
X, — Y, = {b(X;) = b(Y,)}dt + 2¢,dB} ,

where (B});>0 is the one-dimensional Brownian motion given by B} = [i 1., yeTdBZ. Using
the It6’s formula and G1, we have for all ¢t < 7,

t
1%, — Yol = o -yl + / (b(X.) — b(Y.) ) ds + 2B} < [le —y| + 2B} . (29)
0

Therefore, for all z,y € R? and t > 0, we get

0<s<t

P(z’y) (TC > t) < P(r,y) ( min B; > ||.’E — y” /2)

— Bloy) (max Bl < |z~ /2) = Bl (1BY < -yl /2) -

0<s<t
where we have used the reflection principle in the last identity. O

Define the set
Ap={z,yeR?| |z —y| < R} (30)

for R > 0 and the function w : (0,1) x R} — Ry by

w(e, R) = R*/ {281 (1 —¢/2)}” . (31)
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Proposition 7 and Lindvall’s inequality give that, for all € € (0, 1),

sup  [[Pe(2,-) = Pe(y,)llrv < (1 —¢), for any ¢ > w(e, R) , (32)
(z,y)EAR

To obtain quantitative exponential bounds in total variation for any z,y € R?, it is required to
control some exponential moments of the return times to Ag. This is first achieved by using a
drift condition for the generator .27 associated with the SDE (26) defined for all f € C?(R?) by

gf=(bVf)+(1/2)Af. (33)
Consider the following assumption:
G2 (W,0,8). (i) There exist W € C*>(RY), W > 1, and 0 > 0, 8 > 0 such that
dW < —60W + 3. (34)

(ii) There exists 6 > 0 and R > 0 such that ©s C Ar where
6 = {(z,y) € R* | W(z) + W(y) < 20715+ 6} . (33)

For t > 0, and G a closed subset of R??, let Tf’t be the first return time to G delayed by ¢
defined by
T —inf {s >t | (X,,Y,) € G} . (36)

For j > 2; define recursively the j-th return times to G delayed by ¢ by
TG — in {s > TG 1] (X,.Y,) € G} = T3 +TF 08 (37)

where S is the shift operator on the canonical space. By [Ethier and Kurtz, 1986, Proposition

1.5 Chapter 2], the sequence (Tl?’t)jzl is a sequence of stopping time with respect to (F¢)¢>o.
For all j > 1 and € € (0,1), set

T; = T ™ (38)
where §, R are given in G2(W, 0, 8), w in (31) and © in (35).

Proposition 8. Assume G 1(b) and G2(W,0,5). For all 7,y € R?, e € (0,1) and j > 1, we
have ; . .
Bio g [0] <107 {(1/2)(W(2) + W(p)) + 015}

where B ~ B
§=025(28+05)"", K=0"18 (1 + e9w<€vR)) +o/2. (39)

Proof. Note that for all z,y € R?,

AW(z) + A W(y) < —0(W(z) +W(y)) +261e(,y) (40)
Then by the Dynkin formula (see e.g. [Meyn and Tweedie, 1993, Eq. (8)]) the process

tr (1/2) exp (8 (T1 AD) W (X, p0) + W (Y, )}

is a positive supermartingale. Using the optional stopping theorem and the Markov property,
we have

Bl 7] < (1/2)(W(w) + W(y)) + ™R53

The result then follows from this inequality and the strong Markov property. O
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Theorem 9. Assume G1(b) and G2(W,0,3). Then for all e € (0,1), t >0 and x,y € RY,
IPu(e, ) = Puly, ey < (1 =€) + (1/2) {W(z) + W(y) st
where w are defined in (31), 6,K in (39) and
log(r) = Alog(1 — €)(log(K) — log(1 — €))7t .
Proof. Let x,y € R? and ¢t > 0. For allm > 1 and € € (0,1),
Plyy) (e > 1) S Pl (e > ¢, Ty < ) + Py (Trn > 1) (41)

where Ty, is defined in (38). We now bound the two term in the right hand side of this equation.
For the first term, since © C Ag, by (32), we have conditioning successively on Fr,, for j =
., 1, and using the strong Markov property,

Ploy) (e > £, Tin <) < (1— )™ (42)
For the second term, using Proposition 8 and the Markov inequality, we get

Blo) (T > 1) < ¢ KL (1/2)(W(a) + W(y)) + P 0515 (43)

Combining (42)-(43) in (41) and taking m = Pt/(log(K) —log(1 — e))J concludes the proof. [

More precise bounds can be obtained under more stringent assumption on the drift b. We
consider the case where b is strongly convex outside some ball; see Eberle [2015].

G3 (b). There exist Ry > 1 and mg > 0, such that for all z,y € R, ||z — y|| > Rs,

(b(x) = b(y), @ —y) < —ms |z —y|* .

ARS ;W(€7Rs)
J

For all j > 1 and ¢ € (0,1), set T; = T where T “") is defined in (36)-(37).
Proposition 10. Assume G1(b) and G3(b).

a) For all z,y € R? and € € (0,1)
E(sy) [exp (ms/2) (e AT1))] < 1+ o = y|| + (1 + Ry)em(oR)/2
b) For all z,y € R%, e € (0,1) and j > 1
E g lexp ((7s/2) (7e ATy))) < DI {14 [l = | + (14 Ry)em(R/2

where D is defined in (47).

Proof. a) Consider the sequence of increasing stopping time 7, = inf{t > 0| k=1 < [|X; — Y| <
k}, for k > 1 and set n, = 7, AT1. We derive a bound on E(w,y) [exp{(ms/2)nk }] independent on k.
Since limy_, 1 oo T 7% = 7, almost surely, the monotone convergence theorem implies that the same
bound holds for E(, ) [exp{(ms/2)(7. AT1)}]. Set now Wy(z,y) = 14|z — y||. Since Wy > 1 and
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T. < 00 a.s by Proposition 7, it suffices to give a bound on E(myy) lexp{ (s /2)ni } W (X, Yo )]
By 1t6’s formula, we have for all v,t < 7., v <t

t
Mt PW (X, Yy) = €™V 2 W (X, Y,) + (s /2) / MU 2W (X, Yo )du
t B ! t B
+ / /2 (X ) — b(Ya), eu) du + 2 / M U2qBL | (44)

By (44) and G3(b), we have for all k > 1 and v,t > 0, w(e, Rg) <v <t

_ _ N At B
PN (X, 1 Yng) < /DO (X, Yy 4o / /2Bl

Nk AV

So the process
{exp ((ms/2) (e A 1)) Ws(Xip, at Y"]k/\t)}tzw(e7ﬁs) )

is a positive supermartingale and by the optional stopping theorem, we get

E(z.y) [e(ms/2)nkWS(Xnk7Ynk)] < E(y) [e(ms/m(mm(s,m))ws(wa i Yorwein)| s
B B (45)
where we used that 7, A w(e, Rs) = 7, Aw(e, Rs). By (44), G1(b) and G3(b), we have

By |:e(77ls/2)(Tk/\w(€,Rs))Ws(Xﬂc/\w(e’RS),YTk/\w(ﬁRS))} < Wy(z,y) + (14 Rs)emsw(e,ﬁs)/z 7

and (45) becomes

E(m’y) [e(mS/Z)nkWS(X’flk7Y’rlk)i| < Ws(w,y) + (1 + Rs)emsw(e,ﬁs)/Q 7

which concludes the proof of the first point.

b) The proof is by induction. For j = 1, it is the first point. Now let j > 2. Since on the
event {7, > T,_1}, we have

Te N Tj = Tj,1 + (Tc A\ Tl) o ST,.71 s

J

where S is the shift operator, we have conditioning on ]?ij1: using the strong Markov property,
Proposition 7 and the first part,

E(I7y) []170>ij1 exp ((mb/z) (TC A T]))] < D]E(x,y) []ch>Tj—1 exp ((ms/Q)ijl)] )

Then the proof follows since D > 1.

O
Theorem 11. Assume G1(b) and G3(b). Then for all e € (0,1), t >0 and x,y € RY,
1Pe(z,) =Py, )lrv < {1 =€) 2+ 1+ [|lz —yll} &L,
where w is defined in (31) and
log(ks) = (1ms/2) log(1 — €)(log(D) — log(1 —€)) ™" (46)
D = (14 ™ (©R)/2)(1 4 Ry) . (47)
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Proof. The proof follows the same line as the proof of Theorem 9. Let z,y € R? and t > 0. For
allm > 1 and € € (0,1),

ﬁn(zw) (TC > t) < ]I}(w,y) (TC >t Ty < t) + H}(Iﬂ/) (Tm NTe > t) . (48)

For the first term, by (32) we have conditioning successively on ij, for j =m,---,1, and using
the strong Markov property,

Ploy) (T > 6, Ty <t) < (1— €)™ . (49)
For the second term, using Proposition 10-b) and the Markov inequality, we get
Plag) (T Ao > 1) < ™2 1 4 g -y 4 (14 Ry)em™@R/2 - (50)

Combining (49)-(50) in (48) and taking m = |[(mst/2)/(log(D) —log(1 —€))| concludes the
proof. O
Application to the Langevin SDE

Recall that (PL);>0 is the Markov semigroup of the Langevin equation associated with and let
o/ be the corresponding generator. Since (P,{“)tgo is reversible with respect to u, we deduce
from Theorem 9 quantitative bounds for the exponential convergence of (PF);>o to u in total
variation noting that if (XF);>0 is a solution of (2), then (X.tL/Q)tZQ is a solution of the rescaled
Langevin diffusion:

dXt = —(1/2)VU(XF)dt + dB¢ .

Theorem 12. Assume H2(V ). Then for allt >0, z,y € R%, we have
[P{ () = P{(y, )llrv < Cerg {Welz) + We(y)} (51)
HPtL(x’ ) - MHTV < Ccni {WC(‘T) + Bcac_l} (52)
where R, p is given in (13), W, in (18),

log(re) = ~2log(2)0 (log (8. {2+ 20, "e* " }) + 10g(2)) L Co—s,
8. = (p/4)(p/4-+ d+51p (e oy (VU

X max {1, (a2 4+ 1) 2 exp(p(a2 + 1)1/2/4)} ,
ac = max(R,4d/p,1) ,0. = p*/8 ,we. = w(271,(8/p) log(46, 1 B.)) .

Proof. Under H2(V), [Durmus and Moulines, 2015, Proposition 1] shows that (34) holds for
W, with constants 6. and .. Using that for all a;,as € R, e(@1192)/2 < (1/2)(e® + e*), G
2-(ii) holds for § = 207'3. and R = (8/p)log(40.18.). As a consequence (51) follows from
Theorem 9 with € = 1/2. In addition, [Meyn and Tweedie, 1993, Theorem 4.3-(ii)], (34) implies
that [p, We(y)p(dy) < B0 . The proof of (52) is then concluded using this bound and (51).
O

Theorem 13. Assume H2(V ) and H3(V). Then for allt >0, z,y € R? we have
IPE(2,) = Py )llry < Co {1+ [l — 2™ + [ly — 2|} 3
[PEG ) — v < Cu {1+ flo — o + (0 2mo) + R M2} a2

where ks is defined by (46) and Cy = 5/4.
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Proof. The first bound is straightforward application of Theorem 11 and the triangle inequality.
For the second one, integrating with respect to p implies that

PE) — ey < {5/ = a4 [ = o) + (1 Rgeme 2 2
R

It remains to show that [p. [ly — 2*| du(y) < ((d/2ms) + Rs)'/2. For this, we establish a drift
inequality for the generator 7% of the Langevin SDE associated with . Consider the function
W, (z) = ||z — 2*||*>. For all z € R%, we have using VF(z*) = 0,

W (z) = — (VU (z) = VU (z*),z — z*) +d .
Therefore by G3, for all z € RY, ||z — 2*|| > Ry, we get
YWy (z) = —2m W (z) + d |

and for all 2 € RY,
%LWS(QJ) = —2mWs(z) + d 4+ 2msR; .

By [Meyn and Tweedie, 1993, Theorem 4.3-(ii)], we get [z, Ws(y)du(y) < d + mgRs, and the
Cauchy-Schwarz inequality concludes the proof. O

8 Drift inequalities for ULA

We now study the stability of {XM, k € N} defined by (3) under H2(V). For this purpose, we
establish a geometric drift condition for R, with v > 0.

Proposition 14. Assume H2(V ). Then for all v € (O,Lgl} and x € R?,
R,We(z) < MW () + (e(p07/4)(d+(pc/8)) _ 7»3) epc(Mf+1)1/2/4]lB(r*7Mc)(x) ’
where M, = max(1,2d/p.,Re) and
e = 2 122121 (53)

Proof. Set a = pc/4 and for all z € R?, f(z) = (|2 — z*||* + 1)¥/2 . Since f is 1-Lipschitz, we
have by the log-Sobolev inequality [Boucheron et al., 2013, Theorem 5.5] for all = € R9,

R’ywc(x) < eawa($)+a2’y < ea\/Hx—’yVV(x)—m*H2+2'yd+1+o¢2'y ) (54)

Under H2 since 2* is a minimizer of V, [Nesterov, 2004, Theorem 2.1.5 Equation (2.1.7)] shows
that for all z € R?,

* — 2 *
(VV(2),z =) > 2L) M [VV(@)° + pe |z = 2| Lgjo—ar >R »
which implies that for all z € R? and v € (0, L7 1), we have

e =49V () = *? < e — a1 = 2ype & — @*| Ljamsrjon - (55)
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Using this inequality and for all u € [0,1], (1 —u)"/?2 —1 < —u/2, we have for all z € R?,
satisfying ||z — z*|| > M. = max(1, 2dp; ', Re),

1/2
(le = v9V(@) = 2" P + 2vd + 1) = () < f) { (1 = 290 2@)pe o — 2*| = ) /* = 1}
< @) (pe o = a*|| = d) < =(pev/2) lx — 27| £ (2) < =27 2pey .
Combining this inequality and (54), we get for all z € R?, ||z — z*|| > M.,

Ry W (x)/We(x) < (@250

By (55) and and the inequality for all a,b > 0, vVa+ 1 +b—+/1+b < a/2, we get for all z € R?,

Vllz =19V () - 24 + 29d + 1~ f(z) < 7d
Then using this inequality in (54) concludes the proof. O
Corollary 15. Assume H2(V ). Let {7, k € N*} be a nonincreasing sequence with v; < L7 1.

a) For alln >0 and z € R?
QIWe(z) <A We(w) + ce(1—Agtm) /(1 =22, (56)
where

ce = 71 {(pe/2)(d + (pe71/4)) — log(he)} ePeMet D/t (per1 /) (d+(per1/4) (57)

b) For alln >0 and x € R?,

Tin 2
n — 1-— >\«c '
/Rd ly — 2*[* Q2 (z, dy) < {4,% ' (1 +log {lgl‘"Wc(l‘) + Cl?ﬂl}) } ’

Proof. a) By Proposition 14 and the inequality for all ¢ > 0, e’ — 1 < te’, we have that for
all x € R and v <,
R\We(z) <M We(z) +cey -

By a straightforward induction, we get for all n > 0 and z € R?,

QIWe(z) S AT We() +ce Y yikt o+ . (58)
i=1
Note that for all n > 1, we have

n n

(L) 3 gdlivte = 3 qafivss = qalie < 308w —afiw) < (1 AT
=1 =1

i=1 i=1

The proof is then completed using this inequality in (58).
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b) Let n > 0 and « € R?. Consider the function h : R — R defined by for all t € R,
h(t) = exp {(p/4)(t + (4/p)?)'/?}. Since this function is convex on R, we have by the Jensen

inequality and the inequality for all ¢ > 0, h(t) < el /H+)?

b([ o= Qgean) < @pweto).

The proof is then completed using (56) and that h is ono-to-one with for all ¢ > 1, h=1(¢t) <

(4p71 log(t))z.
O

Assuming the additional assumption H3(V), an other drift inequality is derived in the
following Proposition.

Proposition 16. Assume H2(V) and H3(V ). Then for all v € (0,4msL;') and x € RY,

/d ly = 2*|I* Ry (z,dy) < A [le = 2% + (29d + (RyvLe)?)
R

where
As = (1 - ’Y(Qms - "YLC)) . (59)

Proof. For all z € R, we have by VV (z*) = 0 and H2(V') and H3(V)

/d ly = &*|* Ry (2, dy) = |l& — 2* +4(VV(2*) = VV(2))[|* + 2vd
R

< (14 (Ley)?) [lo = 2*||* = 29(VV (2) = VV (2*), 2 — 2*) + 2yd . (60)
Then for all z € R?, ||z — 2*|| > Rg, we get

/d ly = 2" 1* Ry (w, dy) < A flw — 2*|* + 2vd .

R
Using again (60) and H2(V), it yields for all z € R?, ||z — z*|| < R,
[ =l Ry o) < s
Rd

which concludes the proof. O

Corollary 17. Assume H2(V ). Let {vx, k € N*} be a nonincreasing sequence with v, <
dmgL7Y. For alln >0 and x € RY,

/d ly = 21 Q5 (z,dy) <AL [lo — 2*|* + (L = A0 /(1= 231)
R

where
cs =1(2d + 71(RSLC)2) . (61)

Proof. The proof is the same as the one of Corollary 15 and is omitted. O
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8.1 Proof of Theorem 3

We bound the two terms of the decomposition given in (17). By Theorem 12 and Corollary 15-a),
we get

HMOQW Totip —pllrv < Cc"fgnﬂ’p {569;1 + 7»51‘"Wc($) +ce(l - 7‘51'")/(1 - 7"::“)} .

It remains to bound the second term. Using [Durmus and Moulines, 2015, Section 3, Eq. 24], it
holds

”(SJJQ:JFLP - 6$PFn,+1,pH"2[‘V
<riy { Ot [ VYOI Q) + it - (62
Using VV (z*) = 0, H2(V) and Corollary 15-b), we have for all k € {n,...,p},

2
/ IVV )1 Q. dy) < L2 (497" {1+ Tog { We(w) + e (1 =22) 7' }})
Rd
Using this inequality in (62) concludes the proof.

8.2 Proof of Theorem 4

The proof is the same as the one of Theorem 3 using Theorem 13 instead of Theorem 12 and
Corollary 17 instead of Corollary 15.

8.3 Proof of Proposition 5

Under H2, R, is irreducible with respect to the Lebesgue measure and weak Feller, which implies
by [Meyn and Tweedie, 2009, Proposition 6.2.8] that every compact set is small. Using [Meyn and
Tweedie, 2009, Theorem 14.0.1] and Proposition 14, R, admits a unique invariant probability
measure 7. By Theorem 3, there exists some constant C'; and C» such that

IR — s llvv < (Cisd? + Corp'/*)We () - (63)

Using again [Meyn and Tweedie, 2009, Theorem 14.0.1] and Proposition 14, 7, (W,) < +00. So
integrating (63) with respect to m., and choosing p = max(1, —log(y)/) concludes the proof.
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