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Strongly anisotropic diffusion problems; asymptotic analysis

Mihai Bostan *

(October 7, 2013)

Abstract

The subject matter of this paper concerns anisotropic diffusion equations: we con-
sider heat equations whose diffusion matrices have disparate eigenvalues. We determine
first and second order approximations, we study the well-posedness of them and estab-
lish convergence results. The analysis relies on averaging techniques, which have been
used previously for studying transport equations whose advection fields have disparate

components.
Keywords: Anisotropic diffusion, Variational methods, Multiple scales, Average operator.

AMS classification: 35Q75, 78A35.

1 Introduction

Many real life applications lead to highly anisotropic diffusion equations: flows in porous me-
dia, quasi-neutral plasmas, microscopic transport in magnetized plasmas [7], plasma thrusters,
image processing [18], [23], thermal properties of crystals [13], [19]. In this paper we investi-
gate the behavior of the solutions for heat equations whose diffusion becomes very high along

some direction. We consider the problem

Opu® — divy(D(y)Vyu®) — édivy(b(y) ®@b(y)Vyu®) =0, (t,y) € Rp xR™ (1)
w(0,9) = uip(y), y € R™ (2)

where D(y) € M,,(R) and b(y) € R™ are smooth given matrix field and vector field on R™,

respectively. For any two vectors &, 7, the notation & ® i stands for the matrix whose entry
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(4,7) is &n;, and for any two matrices A, B the notation A : B stands for trace(*AB) = A;; B;;
(using Einstein summation convention). We assume that at any y € R™ the matrix D(y) is

symmetric and D(y) + b(y) ® b(y) is positive definite
‘D(y) = D(y), 3d>0 suchthat D(y)¢- &+ (by)-€)* 2 d[¢*, €€R™, yeR™. (3)

The vector field b(y), to which the anisotropy is aligned, is supposed divergence free i.e.,
divyb = 0. We intend to analyse the behavior of (1), (2) for small €, let us say 0 <e <1, in

which cases D(y) + 1b(y) ® b(y) remains positive definite

1
D(y)g- €+ =(b(y)-€)* = D)E- £+ (by) - €)* 2 dl¢f, (€R™, yeR™  (4)
If (uf,)e remain in a bounded set of L2(R™), then (uf). remain in a bounded set of L> (R ; L*(R™))
since, for any ¢ € Ry we have, thanks to (4)

3 [t ayrd [ [ vl aps < [ @)

m m

+ /ot/ m{D (y) + é%) ® b(y>} : Vyus(s, y) ® Vyu'(s,y) dyds
— 5 | (W) d.

m

In particular, when ¢ \, 0, (uf). converges, at least weakly x in L>°(Ry; L?(R™)) towards
some limit v € L®(R; L?(R™)). Notice that the explicit methods are not well adapted for
the numerical approximation of (1), (2) when ¢ \, 0, since the CFL condition leads to severe

time step constraints like
d At

1
e|Ayl? — 2

where At is the time step and Ay is the grid spacing. In such cases implicit methods are
desirable [2], [21]. For the numerical resolution of diffusion equations on distorted grids we
refer to [17], [16], [20]. Finite volume methods have been discussed in [14], [1]. Recent results
concerning anisotropic elliptic problems and non linear heat equations were obtained in [11],
[12], [15].

In plasma physics, the collision operator gives rise to anisotropic diffusion in velocity
space due to the interaction between particles and waves [22]. The applications we have in
mind concern the magnetic confinement. This analysis is required when studying the energy
(temperature) anisotropic diffusion inside a tokamak [9]. In that case the diffusion along
the magnetic lines dominates the diffusion along the other directions and the temperature

satisfies a heat equation like (1) where m € {2,3}, b(y) stands for the magnetic field and



D(y) is the diffusion matrix along the perpendicular directions to b(y)

bly) ® b(y)>
b)> )

Rather than solving (1), (2) for small € > 0, we concentrate on the limit model satisfied by

D(y)=d (Im -

the limit solution u = lim.\ o u®. We will see that the limit model is still a parabolic problem,
decreasing the L2(R™) norm and satisfying the maximum principle. At least formally, the

limit solution w is the dominant term of the expansion
uf = u+ eut + %’ + ... (5)
Plugging the Ansatz (5) into (1) leads to
divy(b® bVyu) =0, (t,y) € Ry xR™ (6)

dyu — divy (DV,u) — div, (b ®@ bV,u') =0, (t,y) € Ry x R™ (7)

Under suitable hypotheses on b, the constraint (6) says that at any time t € R, b-V,u =0

(see Proposition 3.3), or equivalently u(t,-) remains constant along the flow of b, see (16)
u(t,Y(s;y)) =u(t,y), seR, yeR™

The closure for u comes by eliminating u' in (7), combined with the fact that (6) holds true at
any time ¢t € Ry. The symmetry of the operator div,(b®bV,) implies that dyu —div,(DV u)

belongs to (ker(b- V,))* and therefore we obtain the weak formulation

A u(t,y)e(y) dy + i DVyu(t,y) - Vyp(y) dy =0, ¢ € H'(R™) Nnker(b-V,). (8)

The above formulation is not satisfactory, since the choice of test functions is constrained by
(6); (8) is useless for numerical simulation. A more convenient situation is to reduce (8) to
another problem, by removing the constraint (6). The method we employ here is related to

the averaging technique which has been used to handle transport equations with disparate

advection fields [3], [4], [5], [6]
1
o +a(t,y) - Vyu® + gb(y) -Vyut =0, (t,y) e Ry xR™ 9)

u®(0,y) = ui(y), y € R™. (10)

Using the same Ansatz (5) we obtain as before that b- Vyu(t,-) = 0,t € Ry and the closure
for u writes

Projker(b,vy){atu +a- Vyu} =0 (11)

3



or equivalently
d

dt Je

for any smooth function satisfying the constraint b-V,¢ = 0. The method relies on averaging

mU(t,y)sO(y) dy — / u(t,y) a-Vyp dy =0 (12)

m

since the projection on ker(b-V,) coincides with the average along the flow of b, cf. Proposition
3.1. As u satisfies the constraint b- Vyu = 0, it is easily seen that Projye..v,)0iu = dsu.
A simple case to start with is when the transport operator a -V, and b - V, commute i.e.,
[b-Vy,a-V,] = 0. In this case a-V, leaves invariant the subspace of the constraints, implying
that Projiep.v,)ta - Vyu} = a- Vyu. Therefore (11) reduces to a transport equation and
it is easily seen that this equation propagates the constraint, which allows us to remove it.
Things happen similarly when the transport operators a-V,,b-V, do not commute, but the
transport operator of the limit model may change. In [4] we prove that there is a transport

operator A -V, commuting with b- V,, such that for any v € ker(b- V,) we have
Projker(b-vy){a ) vyu} = A-Vyu.

Once we have determined the field A, (11) can be replaced by dyu + A - Vyu = 0, which
propagates the constraint b- V, u(t) = 0 as well.
Coming back to the formulation (8), we are looking for a matrix field D(y) such that

div,(DV,) commutes with b -V, and
Pr0jier(-v,) {divy (D(y) Vyu)} = divy (D(y) Vyu), u € ker(b- V).

We will see that, under suitable hypotheses, it is possible to find such a matrix field D, and

therefore (8) reduces to the parabolic model
dyu — divy (D(y)V,yu) =0, (t,y) € Ry x R™, (13)

The matrix field D will appear as the orthogonal projection of the matrix field D (with
respect to some scalar product to be determined) on the subspace of matrix fields A satisfying
[b-V,,div,(AV,)] = 0. The field D inherits the properties of D, like symmetry, positivity,
ete.

Our paper is organized as follows. The main results are presented in Section 2. Section
3 is devoted to the interplay between the average operator and first and second order linear
differential operators. In particular we justify the existence of the averaged matrix field D
associated to any field D of symmetric, positive matrices. The first order approximation is
justified in Section 4 and the second order approximation is discussed in Section 5. Some
examples, in particular the application to the magnetic confinement, are treated in Section

6. Several technical proofs are gathered in Appendix A.
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2 Presentation of the models and main results
We assume that the vector field b : R™ — R™ is smooth and divergence free

be Wh*(R™), divyb=0 (14)

loc

with linear growth
3C >0 such that |b(y)| < C(1+]y|), y€R™ (15)

We denote by Y (s;y) the characteristic flow associated to b

dy

5 = bY(s;y), Y(O;y) =y, s€R, yeR™. (16)

Under the above hypotheses, this flow has the regularity Y € WI’OO(R x R™) and is measure

loc

preserving.

We concentrate on matrix fields A(y) € LL (R™) such that [b(y) -V, div,(A(y)V,)] = 0,

loc

let us say in D'(R"™). We check that the commutator between b -V, and div,(AV,) writes

cf. Proposition 3.7
(b(y) - Vy,divy(A(y) V)] = divy([b, A]V,) in D'(R™)
where the bracket between b and A is given by the matrix field
(b, A] := (b- V) A — 0,bA(y) — A(y) '0,b, y € R™

with ((b-Vy)A);; = (b-Vy)Aij, 4,5 € {1,...,m}. Several characterizations for the solutions
of [b, A] =0 in D'(R™) are indicated in the Propositions 3.8, 3.9, among which

A(Y (s1y)) = 0,Y (s;9)A(y) '9,Y (s1y), s €R, y €R™. (17)
We assume that there is a matrix field P(y) such that
tP=P P(yE-£€>0, E€R™, yeR™, P ' PelLl (R™), [b,P]=0inD'(R™). (18)

loc

Observe that any vector field ¢ in involution with b i.e., (b-Vy)c — 0yb ¢ = 0 let us say
in D'(R™), provides a symmetric matrix field P.(y) = c(y) ® c(y) satisfying [b, P;] = 0 in
D'(R™). Indeed, thanks to Proposition 3.4 we have

cY(s;9)) = 0,Y (s;9)c(y), seR,yeR™



and therefore (17) holds true

Pe(Y(s;59)) = c(Y(s;9)) © c(Y(s3y))
= (0,Y (s;9)c(y)) @ (8, (s;9)c(y))
= 0,Y (s:9)(c(y) ® c(y)) ‘0yY (s3y)

= 0,Y (s;y)P:(y) tﬁyY(s; y), seRyeR™

When a family {c¢;}i1<i<m of vector fields in involution with b is available, and {¢;(y) b1<i<m
form a basis of R™ at any point y € R™, it is easily seen that the symmetric matrix field
P(y) =>1", ci(y) ® ¢i(y) is positive definite and satisfies [b, P] = 0 in D'(R™).

We introduce the set
Ho={A=Aly) : | QWAW): Ay)Q) dy < +oo}
where Q = P~!, and the scalar product (see Section 3.3)
(ABlo= | QA:BQdy, A BeHq

The equality (17) suggests to introduce the family of applications G(s) : Hg — Hg, s € R,
G(s)A = (0,Y) (s;)A(Y (s3)) 1(0,Y)"Y(s;-) which is a CYgroup of unitary operators
on Hg cf. Proposition 3.12. This allows us to introduce L, the infinitesimal generator of
(G(s))ser. The key points are that L becomes skew-adjoint on the weighted L? space Hg and
that its kernel coincides with {A € Hg C LL (R™) : [b, A] = 0 in D'(R™)} cf. Proposition

3.13. The averaged matrix field denoted (D>Q, associated to any D € Hg appears as the

long time limit of the solution of
A —L(L(A)) =0, teR; (19)

A(0) = D. (20)

The condition D € Hg comes since we intend to use the CO-group theory in L? spaces
(weighted by Q). In particular Hg contains any matrix field D bounded, compactly supported
in R™. The notation (-) stands for the orthogonal projection (in L*(R™)) on ker(b - V).

Theorem 2.1 Assume that (14), (15), (18) hold true. Then for any D € Hg N L>*(R™) the
solution of (19), (20) converges weakly in Hg ast — +oo towards the orthogonal projection

of D on ker L

lim A(t) = (D), weakly in Hq, (D)q = Projie D.

t——+oo



If D is symmetric and positive, then so is the limit (D)g = lim¢ 1o A(t), and satisfies
L({D)g) =0, Vyu-(D)yVyv=(Vyu-DVyv), u,v€ HY(R™) Nker(b-V,) (21)
(Vyu- (D) Vyb- V) =0, uwe H'R™) Nker(b- V), v € C2R™).  (22)
The first order approximation (for initial data not necessarily well prepared) is justified by

Theorem 2.2 Assume that (14), (15), (18), (49) hold true and that D is a field of symmetric
positive matrices, which belongs to Hg. Consider a family of initial conditions (uf,). C

L2(R™) such that ((u,))e converges weakly in L*(R™), as ¢ \, 0, towards some function ui,.

in

We denote by u® the solution of (1), (2) and by u the solution of
du —divy((D)g Vyu) =0, t€Ry, y € R™ (23)

u(0,y) = uin(y), y € R™ (24)

where <D>Q is associated to D, cf. Theorem 2.1. Then we have the convergences

lim u® = u weaklyx in L°°(Ry; L*(R™))
e\0

lii% Vyuf = Vyu weakly in L*(Ry; L*(R™)).
13
The derivation of the second order approximation is more complicated and requires the

computation of some other matrix fields. For simplicity, we content ourselves to formal

results. The crucial point is to introduce the decomposition given by

Theorem 2.3 Assume that (14), (15), (18), (49) hold true and that L has closed range.
Then, for any field of symmetric matrices D € Hg, there is a unique field of symmetric

matrices F' € dom(L?) N (ker L)* such that

—divy(DV,) = —div,((D), Vy) + divy (L*(F)V,)

that is
DV yu-Vyv dy — / (D)o Vyu - Vyv dy
Rm m
_ / LF)Vu- V(b V,v) dy + / LIF)V,(b- V) - Vo dy
m Rm

=— [ FVy(b-Vy(b -Vyu))- - Vyudy— 2/ FVy(b-Vyu) - Vy(b-Vyv) dy
Rm R™

—/ FVyu-Vy(b-Vy(b-Vyv))dy

for any u,v € C2(R™).



After some computations we obtain, at least formally, the following model, replacing the

hypothesis (18) by the stronger one: there is a matrix field R(y) such that

det R(y) #0, y € R™, Q="RRand P=Q ' € L} (R™), (b-V,)R+ R,b=0in D'(R™).
(25)
The condition (b- V,)R + RIyb = 0 says that the columns of R~! form a family of m

independent vector fields in involution with respect to b (see Remark 5.2).

Theorem 2.4 Assume that (14), (15), (29), (49), (25) hold true and that D is a field of
symmetric positive matrices which belongs to Hg N L*°(R™). Consider a family of initial
conditions (us,): C L?(R™) such that (M)DO converges weakly in L2(R™), as ¢ \, 0,
towards a function viy, for some function ui, € ker(b-V,). Then, a second order approzima-

tion for (1) is provided by
Ot — divy ((D) g Vy©) + e[divy ((D) g Vy), divy (F'Vy)]a® —eS(a°) =0, (t,y) € Ry x R™
(26)
ﬂe(ov y) = uin(y) + g(vin(y) + win(?/)): Win = diVy(Fvajn), (RS R™ (27)

for some fourth order linear differential operator S, see Proposition 5.3, and the matrix field

F' given by Theorem 2.3.

3 The average operator

We assume that the vector field b : R™ — R™ satisfies (14), (15). We consider the linear

operator u — b Vyu = divy(ub) in L?>(R™), whose domain is defined by
dom(b-V,) = {u € L*(R™) : div,(ub) € L*(R™)}.
It is well known that
ker(b- V) = {u € L*R™) : u(Y(s;-)) = u(-), s € R}.

The orthogonal projection on ker(b - V) (with respect to the scalar product of L?(R™)),
denoted by (-), reduces to average along the characteristic flow Y cf. [4] Propositions 2.2,
2.3. The fact that the average along the characteristic flow belongs to ker(b - V) is easily
seen. For any point y € R™, the average along the characteristic issued from y depends only
on the invariants of this characteristic and not on the particular point y of it. Therefore, the

average depends only on the invariants of the flow, and thus it belongs to ker(b- V).



Proposition 3.1 For any function u € L*(R™) the family (u); = %fOT u(Y(s;-))ds, T >0
converges strongly in L*(R™), when T — +o00, towards the orthogonal projection of u on
ker(b- V)
Tlirf (u)yp = (u), (u) € ker(b-Vy) and / (u—(u))pdy=0,Vepecker(b-V,).
—T 00 m
Since b - V, is antisymmetric, one gets easily

Range (b-V,) = (ker(b- V,))* = ker(Projye,5.v,)) = ker () . (28)

Remark 3.1 Ifu € L*(R™) satisfies [pnu(y)b-Vyyp dy =0,V ¢ € CL(R™) and [pup dy =
0,V ¢ € ker(b- V), then u = 0. Indeed, as u € L>(R™) C LL (R™), the first condition says

loc

that b- Vyu = 0 in D'(R™) and thus u € ker(b- V). Using now the second condition with

p =u one gets meUQ dy = 0 and thus u = 0.

In the particular case when Range (b- V) is closed, which is equivalent to the Poincaré

inequality (cf. [8] pp. 29)

1/2 1/2
3Cp>0: </ (u — (u))? dy> <Cp (/ (b-Vyu)? dy) , uedom(b-V,) (29)
(28) implies the solvability condition

Ju € dom(b- V) such that b-Vyu=v iff (v)=0.

If || - || stands for the L?(R™) norm we have

Proposition 3.2 Under the hypothesis (29), b -V, restricted to ker () is one to one map
onto ker (-). Its inverse, denoted (b-V,)~!, belongs to L(ker (-}, ker (-)) and

16 V) Ml £ (ker() ker()) < C-
Another operator which will play a crucial role is 7 = —div, (b ® bV,) whose domain is
dom(7) = {u € dom(b-V,) : b-Vyu e dom(b-Vy)}.

The operator 7 is self-adjoint and under the previous hypotheses, has the same kernel and

range as b- V.
Proposition 3.3 Under the hypotheses (14), (15), (29) the operator T satisfies
ker T = ker(b-V,), Range7 = Range (b-V,) = ker (:)

and |ju — (u) || < C3||Tul|,u € dom(T).



Proof. Obviously ker(b- V,) C ker7. Conversely, for any v € ker7 we have [g,, (b-
Vyu)? dy = [emuTu dy = 0 and therefore u € ker(b- V).

Clearly Range 7 C Range (b- V,) = ker (). Consider now w € ker (-) = Range (b- V).
By Proposition 3.2 there is v € ker (-) N"dom(b- V) such that b-V,v = w. Applying one more
time Proposition 3.2, there is u € ker (-) Ndom(b- V) such that b- V,u = v. We deduce that
u € dom7,w = 7 (—u). Finally, for any v € dom7 we apply twice the Poincaré inequality,

taking into account that (b- Vyu) =0
lu = (w) || < Cpllb- Vyull < CB|Tul.
[

Remark 3.2 The average along the flow of b can be defined in any Lebesgue space L1(R™),

q € [1,400]. We refer to [4] for a complete presentation of these results.

3.1 Average and first order differential operators

We are looking for first order derivations commuting with the average operator. Recall that
the commutator [ - V,,n - V] between two first order differential operators is still a first
order differential operator, whose vector field, denoted by [£, 7], is given by the Poisson bracket

between & and n

[«S-Vy,n-Vy] ¢:f‘vy(77'vy) —n-Vy(ﬁ-Vy) = [¢,7] - Vy

where [£,n] = (£ Vy)n — (n- Vy)&. The two vector fields ¢ and 7 are said in involution iff
their Poisson bracket vanishes.

Assume that c(y) is a smooth vector field, satisfying ¢(Y (s;y)) = 0,Y (s;9)c(y), s € R,y €
R™, where Y is the flow of b (not necessarily divergence free here). Taking the derivative
with respect to s at s = 0 yields (b- Vy)e = 0yb c(y), saying that [b,c] = 0. Actually the
converse implication holds true and we obtain the following characterization for vector fields

in involution, which is valid in distributions as well (see Appendix A for proof details).

Proposition 3.4 Consider b € W’lifo(Rm) (not necessarily divergence free), with linear

growth and ¢ € L _(R™). Then (b-Vy)c— dybc =0 in D'(R™) iff
c(Y(s;:9)) = 0,Y (s;9)c(y), s €R, yeR™ (30)

We establish also weak formulations characterizing the involution between two fields, in

distribution sense (see Appendix A for the proof). The notation ws stands for w o Y (s;-).
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Proposition 3.5 Consider b € T/Vlicoo(Rm), with linear growth and zero divergence and c €

LL (R™). Then the following statements are equivalent
1.
[b,c] =0 inD'(R™)
2.
/ (c-Vyu)v_g dy = / (c- Vyus)v dy, Vu,ve CHR™) (31)
3.

/C'Vyub-vyvdy—i—/ c-Vy(b-Vyu)vdy =0, Yuec C3R™), ve CLR™). (32)

Remark 3.3 If [b,c] = 0 in D'(R™), applying (31) with v = 1 on the support of us (and

therefore v_s =1 on the support of u) yields

/ c-Vyudy = / c-Vyus dy, ue CHR™)
saying that divyc is constant along the flow of b (in D'(R™)).

We claim that for vector fields ¢ in involution with b, the derivation c - V, commutes with
the average operator. This comes easily by the commutation property between the flows of
b and c. Indeed, if Z(h;y) stands for the flow of the vector field ¢ (assumed smooth for the

moment) we have, thanks to the involution property between b and ¢
Z(h;-)oY(s;)=Y(s;-)o Z(h;-), s,heR.

In order to establish (¢ - Vyu) = ¢-V,, (u) it is enough to prove that (w o Z(h;-)) = (u)oZ(h;-)

for any h € R. At least formally we can write

T
(wo Z(h:)) = lim /0 wo Z(h;) o Y(s: ") ds

1 /T
:TEIBOOT/O uoY(s;-)o Z(h;-)ds
1 T
—( 1im = Y(s:-) ds ) o Z(h:
(T—1>I£oo /Ouo (s;) s)o (h;+)
:<U>OZ(h,>

The rigorous statement and proof of this result follow below.

Proposition 3.6 Consider a vector field c € Llloc(]Rm) with bounded divergence, in involution

with b, that is [b,c] =0 in D'(R™). Then the operators u — c¢- Vyu, u — divy(uc) commute

11



with the average operator i.e., for any v € dom(c - Vy) = dom(divy(- ¢)) we have (u) €

dom(c - Vy) = dom(divy(- ¢)) and
(¢-Vyu) =c-Vy(u), (divy(uc)) = divy((u)c).
Proof. Consider u € dom(c- V,),s € R and ¢ € C}(R™). We have
/musc -Vypdy = /mu(c -Vyp)—s dy (33)
= /mu(c Vy)p—s dy
=— [ divy(uc)p_s dy

Rm

- / (divy(uc))se(y) dy

saying that u, € dom(c-V,) = dom(divy(- ¢)) and divy(usc) = (divy(uc))s. We deduce
c-Vyus = (c¢- Vyu)s cf. Remark 3.3. Integrating (33) with respect to s between 0 and 7" > 0

I e
= ugds ¢V gody:/ /usc'V © dyds
/RmT/O Y T Jo Jem Y

= _% /0 ' / m(divy(UC))sSD(y) dyds
_ _/Rm; /OT(divy(uc))st p(y) dy.

By Proposition 3.1 we know that %fOT usds — (u) and %fOT(divy(uc))sds — (divy(uc))

one gets

strongly in L2(R™), when T' — 400, and thus we obtain

[ e Vypdy=— [ v (ue) oty dy

saying that (u) € dom(c- V) and div,((u) ¢) = (divy(uc)), ¢- Vy (u) = (c- Vyu). O

3.2 Average and second order differential operators

We investigate the second order differential operators —divy(A(y)V,) commuting with the
average operator along the flow of b, where A(y) is a smooth field of symmetric matrices. Such
second order operators leave invariant ker(b-V, ). Indeed, for any u € dom(—divy(A(y)Vy))N
ker(b- V,) we have

—divy (A(y)Vyu) = —divy(A(y) (v)) = (—divy(A(y)Vyu)) € ker(b- V).

For this reason it is worth considering the operators —div,(A(y)V,) commuting with b- V,,.

A straightforward computation shows that

12



Proposition 3.7 Consider a divergence free vector field b € W2°(R™) and a matriz field
A € W22(R™). The commutator between b -V, and —divy(A(y)V,) is still a second order
differential operator

[b-Vy, —div,(AV,)] = —div,([b, A]V,)

whose matrix field, denoted by [b, A], is given by
(b, A] = (b-V,)A — 0,bA(y) — A(y) '0yb, y € R™.

Remark 3.4 We have the formula t[b, A] = [b,tA]. In particular if A(y) is a field of symmet-
ric (resp. anti-symmetric) matrices, the field [b, A] has also symmetric (resp. anti-symmetric)

matrices.

As for vector fields in involution, we have the following characterization (see Appendix A for

proof details).

Proposition 3.8 Considerb e 1/Vl1 2(R™) (not necessarily divergence free) with linear growth

and A(y) € LL (R™). Then [b, A] =0 in D'(R™) iff
A(Y (s59)) = 0,Y (s:9)A(y) "0,Y (s1y), s€R, y €R™. (34)

For fields of symmetric matrices we have the weak characterization (see Appendix A for the

proof).

Proposition 3.9 Consider b € I/Vli)’coo(]Rm) with linear growth, zero divergence and A €
L%OC(Rm) a field of symmetric matrices. Then the following statements are equivalent
1.

[b,A] =0 in D'(R™).

/ A(y)Vyus - Vyv, dy = / A(y)Vyu - Vyv dy
for any s € R, u,v € CL(R™).
3.

/ AV, (b-Vyu) - Vo dy + / AWV V(b Vo) dy =0

m

for any u,v € C2(R™).

We consider the (formal) adjoint of the linear operator A — [b, A], with respect to the
scalar product (U, V) = [p.U(y) : V(y) dy, given by

Q — —(b-V,)Q —',bQ(y) — Q(y)d,b

13



when divy,b = 0. The following characterization comes easily and the proof is left to the

reader.

Proposition 3.10 Consider b € W,">°(R™), with linear growth and Q € L. (R™). Then

loc loc

—(b-V,)Q — 19,bQ(y) — Q(y)d,b = 0 in D'(R™) iff
QY (559) = '9,Y " (;9)Q)d,Y '(s39), s€R, yecR™ (35)

Remark 3.5 If Q(y) satisfies (35) and is invertible for any y € R™ with Q= € L _(R™),

loc
then Q=YY (s;9)) = 9,Y (s;9)Q 7 (¥)19,Y (s;y), s € R,y € R™ and therefore [b,Q'] =0 in
D'(R™). If P(y) satisfies (34) and is invertible for any y € R™, then

PUY (5:9) ='0,Y  (s:0)PT (0)0,Y T (siy), s €R, y €R”
and therefore —(b-V, )P~ —19,bP~1(y) — P~1(y)d,b = 0 in D'(R™).

As for vector fields in involution, the matrix fields in involution with b generate second order

differential operators commuting with the average operator.

Proposition 3.11 Consider a matriz field A € Ll _(R™) such that divyA € Ll _(R™) and
[b,A] = 0 in D'(R™). Therefore the operator u — —divy(AVu) commutes with the average
operator i.e., for any u € dom(—div,(AVy)) we have (u) € dom(—div,(AV,)) and

— (divy (AVyu)) = —divy(AV, (u)).

Proof. Consider u € dom(—divy(AV,)) = {w € L*(R™) : —div,(AV,w) € L*(R™)}. For
any s € R, ¢ € C2(R™) we have

/ us divy ("AV ) dy = / u (divy(TAV,))—s dy. (36)

By the implication 1. = 2. of Proposition 3.9 (which does not require the symmetry of
A(y)) we know that

[ taVie Vi dy= [ taVyen Vi dy

m

for any 1 € C?(R™). We deduce that

—/ div, ("AV,0)hs dy = —/R divy ("AV,0_s)¢ dy

m

and thus (div,(*AV,p))_s = div,(*AVyp_s). Combining with (36) yields

—/ usdivy (FAVy ) dy = — [pmu divy(PAV ;) dy (37)
= — me divy (AVyu)p_s dy
= — me(diVy(Avyu))s(P(y) dy

14



saying that u, € dom(—div,(AV,)) and
—divy (AVyus) = (—divy (AVyu))s.
Integrating (37) with respect to s between 0 and T' we obtain

e , I
/RmT/o us ds divy (*AV,p) dy = /RmT/o (divy (AVyu))s ds p(y) dy.

Letting T' — 400 yields

[ twdivy(1A9y0) dy = [ (divy(4V,0)) o(0) dy

m

and therefore (u) € dom(divy(AVy)), divy(AV, (u)) = (divy(AVyu)). ]

3.3 The averaged diffusion matrix field

We are looking for the limit, when e — 0, of (1), (2). We expect that the limit v = lim\ o u®
satisfies (6), (7). By (6) we deduce that at any time ¢t € R, u(t,-) € ker(b-V,). Observe also
that div,(b®@bV,u') =b-V,(b-V,ul) € Range (b-V,) C ker (-) and therefore the closure for

u comes by applying the average operator to (7) and by noticing that (Jyu) = 9 (u) = dyu
Owu — (divy(DVyu)) =0, te Ry, yeR™. (38)
At least when [b, D] = 0, we know by Proposition 3.11 that
(divy(DVyu)) = divy(DVy (u)) = divy(DV u)

and (38) reduces to the diffusion equation associated to the matrix field D(y). Nevertheless,
even if [b, D] # 0, (38) behaves like a diffusion equation. More exactly the L?(R™) norm of
the solution decreases with a rate proportional to the L?(R™) norm of its gradient under the
hypothesis (3)
1d 9 _
537 [ (wty) dy= | (divy(DVyu))u(t,y) dy
= / div, (DVyu)u dy

=— DVyu-Vyu dy
Rm

:/ (D+b®0b): Vyu® Vyudy

m

< —d/]R Vyu(t,y)|* dy.
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We expect that, under appropriate hypotheses, (38) coincides with a diffusion equation,

corresponding to some averaged matrix field D, that is
dD(y) : [b,D] =0 and (—divy(DVyu)) = —divy(DVyu), YV u € ker(b-V,). (39)
It is easily seen that in this case the limit model (38) reduces to
Owu — divy(DVyu) =0, te Ry, yeR™.

In this section we identify sufficient conditions which guarantee the existence of the matrix
field D. We will see that it appears as the long time limit of the solution of another parabolic
type problem, whose initial data is D, and thus as the orthogonal projection of the field D(y)
(with respect to some scalar product to be defined) on a subset of {4 € LL (R™) : [b, A] =

loc

0 in D/(R™)}. We assume that (18) holds true. We introduce the set

Hg={A=A(y) : Rm@(y)A(y) t A(y)Q(y) dy < +oo}

where Q = P~! and the bilinear application

(m)e:Hox Hg =R, (A4,B)g= IRmQ(y)A(y) : B(y)Q(y) dy

which is symmetric and positive definite. Indeed, for any A € Hg we have
(A, A)Q _ / Q1/2AQ1/2 . Ql/QAQl/Q dy >0
]Rm

with equality iff Q1/24Q"2 = 0 and thus iff A = 0. The set Hg endowed with the scalar
product (-, ) becomes a Hilbert space, whose norm is denoted by |A|g = (4, A)lQ/z, A€ Hg.
Observe that Hg C {A(y) : A € LL (R™)}. Indeed, if for any matrix M the notation |M|
stands for the norm subordonated to the euclidian norm of R™

|M|= sup LM&‘ < (M : M)l/2
cerm\{0} €]

we have for a.a. y € R™
A(y)§ -
Aly)] = sup ——>—
[4w)l enzo €l [nl
— s Ql/QAQl/QPl/Qf X ]31/277 ‘Pl/Qé-’ ’P1/27’]|
ento [P |PYA) €] ]
|Q1/2AQ1/2| ’P1/2|2

(40)

IN

S (QI/QAQI/Q . Q1/2AQ1/2)1/2 ’P|
We deduce that for any R > 0

1/2
/ |A(y)| dy < / (QY2AQY? : Q12 AQY?)1/? rPrdysm,A)éf(/ \P(y)de) .
Br Br B

R
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Remark 3.6 We know by Remark 3.5 that Qs ='0,Y ~1(s;y)Q(y)9,Y ~1(s;y) which writes
tO(s;y)O(s;y) = I where O(s;y) = ;/28yY(s;y)Q_1/2. Therefore the matriz O(s;y) are

orthogonal and we have
QY20,Y (5;9)Q V2 = O(s;) =10 ' (559) = Q; V2 19,y ' Q1/? (41)
Q1?2 tByY(s;y)Qi/Q ='0(s;y) = O Y(s;9) = Ql/ZByYlesfl/Q. (42)

As said before, the set of matrix fields in involution with the vector field b will play a crucial

role. By Proposition 3.8 such matrix fields are characterized by
A(Y (5;9)) = 0,Y (s;9)A(y) '0,Y (s;9), s€ R,y e R™
which also writes
0,y s:w)A(Y (5:9)) '0,Y " (s9) = A@), s €R.y €R™

It is natural to consider the family of linear applications A — 9,Y ~1(s;-)A(Y (s;-)) t8yY71(s; ), s €

R, whose fixed points are exactly the matrix fields in involution with b.

Proposition 3.12 The family of applications A — G(s)A = 9,Y ~1(s;-) A, tOyY_l(s; )) s

a CO- group of unitary operators on Hg.
Proof. For any A € Hg observe, thanks to (42), that
|0, (53 )As DY T (530)], = / QoY ALY TIQU? QVP0, Y T ALY, Y TIQY dy
= Hgg(S;y)Qi/QAsQi/QO(S;y):tO(S;y)Qi/QASQi/z@(S;y) dy
— [ QIPA.Q QP AQl ay
Rm
_ / Q2AQ"? - QY2 A0\ dy
Rm
= Al
Clearly G(0)A = A, A € Hg and for any s,t € R we have

G(s)G(H)A =0, Y ! (53-)(G()A)s'0,Y "' (s3)
=0, Y "M (s:)(9,Y) TH(H: Y (5:)) (A0)s (0,Y) THE Y ()9, Y~ (s5)

=0,Y Nt 4 8;)As'0,Y Lt +5;-) = G(t +5)A, A€ Hg.

It remains to check the continuity of the group, i.e., lim,_o G(s)A = A strongly in Hg for

any A € Hg. For any s € R we have

|G(s)A = Ay =G (s)Alj + Al§ — 2(G(5)A, A)q = 2|A[§) — 2(G(s)4, A)q
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and thus it is enough to prove that lims_.g G(s)A = A weakly in Hg. As |G(s)| = 1 for any
s € R, we are done if we prove that lims_o(G(s)A4,U)g = (A4,U)q for any U € C2(R™) C Hy,.
But it is easily seen that lims_o G(—s)U = U strongly in Hg, for U € C2(R™) and thus

lim (G(s)4, U)q = lim(A, G(=5)U)q = (A4, U)g, U€ COR™).

s—0

We denote by L the infinitesimal generator of the group G

L:dom(L) C Hy — Hg, domL ={A¢c Hg : 3 hn%M in Hg}
s— S

and L(A) = limg_, W for any A € dom(L). Notice that C}(R™) C dom(L) and L(A) =
b-Vy,A—0,bA— Aoy, A€ CLHR™) (use the hypothesis Q € L (R™) and the dominated
convergence theorem). In other words L(A) coincides with the bracket between b and A for
any smooth matrix field A. As we will see in a moment (cf. statement 4 of Proposition 3.13),
this equality holds in distribution sense for any matrix field A € dom(L) and justifies the
consideration of the C%-group {G(s)}ser, leading to the infinitesimal generator L. Observe
also that the group G commutes with transposition i.e. G(s) ‘A ='G(s)A, s € R,A € Hg
and for any A € dom(L) we have 'A € dom(L), L(*A) = 'L(A). The main properties of the
operator L are summarized below (when b is divergence free). In particular the operator L

is skew-adjoint on Hg, which is a direct consequence of our choice of () in the weighted L?

scalar product (-,-)g.

Proposition 3.13
1. The domain of L is dense in Hg and L is closed.
2. The matriz field A € Hg belongs to dom(L) iff there is a constant C' > 0 such that

|G(s)A—A|lg < Cls|, seR. (43)

8. The operator L is skew-adjoint.
4. For any A € dom(L) we have

—divy(L(A)Vy) = b- V,(—div,(AV,)) + divy(AV,(b- V,)) in D'(R™)
that s
/mL(A)Vyu -Vyvdy = — /RmAVyu -Vy(b- Vyv) dy — /RmAVy(b -Vyu) - Vyo dy
for any u,v € C2(R™).
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Proof. 1. The operator L is the infinitesimal generator of a C°-group, and therefore dom(L)
is dense and L is closed.

2. Assume that A € dom(L). We know that < 1:G(s)A = L(G(s)A) = G(s)L(A) and thus

G(s)A - A|Q_‘/G

Conversely, assume that (43) holds true. Therefore we can extract a sequence (sg)x converging

/rG Alg dr| = |s| |L(A)lg: s € R

to 0 such that
. G(sp)A—A
lim —————

=V weakly in Hp.
k——+o00 Sk weakly i He

For any U € dom(L) we obtain

<G(sk)A -4 U)Q _ <A7 G(—sp)U — U)Q

Sk Sk

and thus, letting £ — 400 yields
(V,U)q = —(A, L(U))q- (44)

But since U € dom(L), all the trajectory {G(7)U : 7 € R} is contained in dom(L) and
G(=sp)U =U + [, ™ L(G(7)U)dr. We deduce

(Gls)A— A, U)o = (A, /0 T Lem) d7>
_ /0 A LGE))g dr
— [ wemedr
__ (v, O_Sk G(r)\U dT)

Q

Taking into account that ‘fo_s’“ G(T)UdT‘Q < Isk| |U|g we obtain

(G(sk)A A U>Q

; < [VIglUlg, U € dom(L)
k

and thus, by the density of dom(L) in Hg one gets
‘ G(sp)A—A

‘ < ‘V‘Q, ke N.
G(Sk)A—A

G(sp)A—A
Sk : - V

Sk

strongly in Hg. As the limit V' is uniquely determined by (44), all the family (M>

Since V' is the weak limit in Hg of ( )k, we deduce that limg_, 1

s

converges strongly , when s — 0, towards V in Hg and thus A € dom(L).

3. For any U,V € dom(L) we can write
(G(s)U-U,V)g+ (U, V -G(-s)V)g =0, seR.
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Taking into account that

lim W = L(U), lim L(_S)V =L(V)

50 s 50 s
we obtain (L(U),V)g + (U,L(V))g = 0 saying that V € dom(L*) and L*(V) = —L(V).
Therefore L C (—L*). It remains to establish the converse inclusion. Let V' € dom(L*), i.e.,
3C > 0 such that
[(L(U), V)l < ClUlg, U € dom(L).

For any s € R, U € dom(L) we have
(G = VU)o = (V.G(=slU ~U)g = (V. [ LG dr)g = [ (ViLG(U)q dr

implying
[(G(s)V =V, U)ql < Cls| [Ulg, s €R.

Therefore |G(s)V — V|g < Cls|, s € R and by the previous statement V' € dom(L). Finally
dom(L) = dom(L*) and L*(V) = —L(V),V € dom(L) = dom(L*).

4. As L is skew-adjoint, we obtain
—/ L(A)Vyu-Vydy = —(L(A),Q 'V @ VyuQ ™ g = (A4, LQ'V,yu e VyuQ™) ).

Recall that P = Q™! satisfies L(P) = 0, that is, G(s)P = P,s € R and thus

Q™ 'V,00V,uQ ) = lim G(s)PVyv @ Vyuf — PV, 0 ® V,uP
0,Y ~1(8; ) Ps(Vyv)s @ (Vyu)s P8y Y ~1(s;+) — PV,v ® V,uP
= :inz P9,Y (s;-)(Vyv)s @ (Vyu)say;(s; P — PV, ® V,uP
_ j;: PV, vs @ Vyus P — PVyv @svyup
5—0 s

= PV, (b-Vyv) ® VyuP + PV, 0 ® V,(b- V,u)P.

Finally one gets
—/ L(A)Vyu-Vyudy = (A, PVy(b- Vyv) ® VyuP) + PV,v ® Vy(b- Vyu)P)g

= / AV u - Vy(b-Vyv) dy + / AVy(b-Vyu) - Vyv dy.
Rm

m
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We claim that dom(L) is left invariant by some special (weighted with respect to the ma-
trix field Q) positive/negative part functions. The notations A stand for the usual posi-

tive/negative parts of a symmetric matrix A
AT = SATIS, A=SA'S

where A, A* are the diagonal matrices containing the eigenvalues of A and the positive/negative
parts of these eigenvalues respectively, and S is the orthogonal matrix whose columns contain

a orthonormal basis of eigenvectors for A. Notice that
AT A =0, AT—A " =A AT AT+ A A" =A: A

We introduce also the weighted positive/negative part functions which associate to any field

of symmetric matrices A(y) the fields of symmetric matrices A9F(y) given by
Ql/QAQi Q1/2 — (Q1/2AQ1/2)i.

Observe that A9T — A2~ = A. We intend to study the trajectories of (19) and in particular,
we want to prove that for any initial positive matrix field, the corresponding trajectory
remains positive. We need to analyze how the infinitesimal generator L behaves when the
matrix field splits into positive/negative parts. It happens that L separates the weighted
positive/negative parts, which justifies their definitions. The detailed proof of this result is

technical and can be found in Appendix A.

Proposition 3.14
1. The applications A — AQ* leave invariant the subset {A € dom(L) :'A = A}.
2. For any A € dom(L),*A = A we have

(AQ+7AQ_)Q =0, (L(AQ+>7L(AQ_))Q <0.

We want to solve the problem (19), (20) by using variational methods. We introduce the
space Vg = dom(L) C Hg endowed with the scalar product

(4, B))q = (4, B)q + (L(A), L(B))q, A,B € V.

Clearly (V,((-,-))q) is a Hilbert space (use the fact that L is closed) and the inclusion
Vo C Hg is continuous, with dense image. The notation || - || stands for the norm associated

to the scalar product ((-,-))qg
1A = (A, A)q = (A4, A)q + (L(A), L(A)q = |Alg +|L(A)f, A€ Vo
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We introduce the bilinear form o : Vg x Vg — R
o(A,B) = (L(A),L(B))g, A,BeVy.
Notice that o is coercive on Vg with respect to Hg
o(AA) + ]A|2Q = ||AH2Q, Ae V.

By Theorems 1,2 pp. 620 [10] we deduce that for any D € Hg there is a unique variational
solution for (19), (20) that is A € Cy(Ry; Ho) N L*(Ry; Vo), & A € L*(Ry; Vp)

d

A(0) =D, =
=D,

(A(t),U)g +0(A(t),U) =0, in D'(R™), VU € Vo.

The long time limit of the solution of (19), (20) provides the averaged matrix field in (39).
The key point is the skew-adjointness of the operator L. On the one hand it is easily seen
by the energy dissipation that L(A(-)) € L?*(R4;Hg) and therefore L(limi— oo A(t)) =
lim; 4 o0 L(A(t)) = 0. On the other hand the orthogonality between the kernel and range of
L ensures that (lim; 1o A(t) — A(0)) L ker L, implying that lim;— . A(t) = Projye, 1, A(0).
Proof. (of Theorem 2.1) The identity

1d

55\14(15)% +[L(AW)[G =0, teRy

gives the estimates
+o00 9 1 9
AWMl < IDlg, t € R, / IL(AW)F dt < 3 |DIR,

Consider (tx)y such that ¢ — 400 as k — +oo and (A(tx))r converges weakly towards some

matrix field X in Hg. For any U € ker L we have

d

S(A(1),U)q =0, teR,

and therefore
(Projier D U)q = (D, U)q = (A(0),U)q = (A(tr),U)g = (X,U)q, U €kerL.  (45)

Since L(A) € L*(Ry; Hg) we deduce that limy_, o0 L(A(tr)) = 0 strongly in Hg. For any
V € Vg we have

(X, L(V))q = lim (A(t), L(V))g = = lim (L(A(t)),V)q = 0.

We deduce that X € dom(L*) = dom(L) and L(X) = 0, which combined with (45) says that
X = Projye 1D, or X = (D). By the uniqueness of the limit we obtain lim¢ . o A(t) =
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Projie, 1, D weakly in Hg. Assume now that *D = D. As L commutes with transposition, we

have 8;'A — L(L(*A)) =0, 'A(0) = D. By the uniqueness we obtain A = A and thus

"(D)g="(w— lim A(t))=w— lim "A(t) =w— lim A(t)=(D),.

t——+o0 t—4o00 t—4o00

Suppose that D > 0 and let us check that (D)Q > 0. By Proposition 3.14 we know that
ARE(t) € Vg, t € Ry and

(A9 (1), A9 (1)) = 0, (L(A?T (1), L(A®~(1))g < 0, t € Ry.

It is sufficient to consider the case of smooth solutions. Multiplying (19) by —A%~(t) one

gets

1d

5 YT DG + LAY (1[5 = (BA%F, AP (1) + (L(AYH (1), LAY~ (1)) (46)

< (9 AV A (1))
But for any 0 < h <t we have
(A9F(t) — AT (t = h), AV () = (A (t = h), AV (1))@ < 0

and therefore (9, AT (t), A9~ (t))g < 0. Observe that Q/249~(0)Q'/? = (Q'/2DQ/?)~ =
0, since Q/2DQ'/? is symmetric and positive. Thus A9~ (0) = 0, and from (46) we obtain

1 _ _
S1AQ (0 < 142 O)} =0

1
2
implying that Q/2A(t)Q'/? > 0 and A(t) > 0, t € R,. Take now any U € Hy, 'U = U,

U > 0. By weak convergence we have

((D)g.U)g = lim (A(t),U)g= lim [ QY*A®)QY*:Q*UQ'*dy>0

t—+00 t—-4o00 R™

and thus (D), > 0. By construction (D) = Projie, D € ker L. It remains to justify the
second statement in (21), and (22). Take a bounded function ¢ € L*°(R™) which remains
constant along the flow of b, that is s = ¢, s € R, and a smooth function u € C'(R™) such

that us = u,s € R and
/ (Vyu-Q 'V,u)? dy < +oo.

We introduce the matrix field U given by

Uy) =»)Q ' (y) Vyuo Vyu Q@ '(y), yeR™
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On the one hand notice that U € Hg
|U|22 _ /Rle/zUQl/Q L QV2UQY? ay = /Rm902Q_1/2va|4 dy
<l [ (V- @7V ay.
On the other hand, we claim that U € ker L. Indeed, for any s € R we have
Vyu = Vyus = '0,Y (s;9)(Vyu)s
and thus

QsUsQs = s (Vyu)s @ (Vyu)s
= (tayyilvyu) ® (tayyilvy“)
=0 '0,Y 1 V,yu® Vyu o,y !
="',y 'QUQo,Y .
Taking into account that Qs = '9,Y ~1Q9,Y ~! we obtain
to,Y~'Qo, Y 'Usto, Yy tQo,Y ! =19,y 'QUQo, Y !

saying that Us(y) = 0,Y (s;y)U(y)'0,Y (s;y). As (D)g = Projye, D one gets

0= (D~ (D). U)o = [ (D~ (D)g): QUQdy
— [ el)lD = (D)g): Vyue Vyudy
= [ eV D= Ty (D)g Vi)
In particular, taking ¢ = 1 we deduce that Vyu - (D), Vyu € L' (R™) and

Vyu- (D)o Vyudy = [ Vyu-DVyudy= (D, Q'VuaV,yuQ Yy < +oo
R™ R™

since D € Hg, @ 'V,u® V,uQ™! € Hp. Since (D)q € ker L, the function Vyu - (D)o Vyu

remains constant along the flow of b
(Vyu)s - ((D)g)s(Vyu)s = (Vyu)s - 9,Y (s39) (D) 10,Y (5:9)(Vyu)s = Vyu - (D)q Vyu.
Therefore the function Vyu - (D) o Vyu verifies the variational formulation
Vyu- (D)o Vyu € LY'(R™), (Vyu- (D)g Vyu)s = Vyu- (D)o Vyu, s€R (47)
and

Vyu-DVyupdy= | Vyu-(D)gVyuepdy, Ve LPR™), ps=¢p, seR. (48)
R R™
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It is easily seen, thanks to the hypothesis D € L*>°(R™), that (47), (48) also make sense for

functions u € H'(R™) such that us = u, s € R. We obtain
Vyu- (D)o Vyu = (Vyu-DVyu), ue H'(R™), us=u, s€R
where the average operator in the right hand side should be understood in the L!(R™) setting

cf. Remark 3.2. Moreover, if u,v € H(R™) Nker(b-V,) then <D>22/2 Vyu, <D>g2 V,v belong

to L%(R™) implying that V,u- (D)o Vyv € LY(R™). As before we check that V,u- (D)g Vyv

remains constant along the flow of b and for any ¢ € L>°(R™), ps = ¢, s € R we can write
2| Vyu-DVywoepdy= [ Vy(u+v) - DVy(u+v)pdy
R'IYL Rm

—/ Vyu-DVyugody—/ Vyv-DVyv pdy
m Rm

— [ Vy(utv) - (D)yV,(u+0v) ¢ dy

Rm
s Vyu- (D)o Vyu ¢ dy — A Vyv - (D)o Vyv ¢ dy
=2 [ Vyu-(D)yVyv pdy.
Rm

Finally one gets
Vyu- (D)o Vyv = (Vyu- DVyv), u,v€ H'(R™) Nker(b- V).

Consider now the functions v € H'(R™) Nker(b- V,) and ¢ € C2(R™). In order to prove
that <Vyu (D)g Vyl(b- qu/))> = 0, where the average is understood in the L!(R™) setting,

we need to check that

[ 60) Vyu- (D1 0,0 F,) dy = 0

for any ¢ € L*(R™), ps = ¢, s € R. Clearly B(y) := ¢(y) (D) (y) € ker L and therefore it
is enough to prove that

Vyu-BVy(b-Vyp)dy =0

Rm

for any B € ker L, which comes by the third statement of Proposition 3.9. ]

What is remarkable is that the averaged matrix field, which appears as the long time limit
of a partial differential equation, can be computed point by point, under certain hypotheses,

as explained below.

Remark 3.7 Assume that there is ug satisfying uo(Y(s;y)) = uo(y) + s, s € R,y € R™.

Notice that ug could be multi-valued function (think to angular coordinates) but its gradient
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satisfies for a.a. y € R™ and s € R
Vyup = tayY(SS Y)(Vyuo)s

exactly as any function u which remains constant along the flow of b. For this reason, the
last equality in (21) holds true for any u,v € H'(R™) Nker(b- V,) U {ug}. In the case when
m — 1 independent prime integrals of b are known i.e., Juy, ..., upm—1 € H(R™) Nker(b- V,),

the average of the matrix field D comes by imposing

Vyu; - (D) g Vyu; = (Vyu; - DVyug), 0,5 € {0,...,m — 1}.

4 First order approximation
We assume that the fields D(y), b(y) are bounded on R™
D e L*®(R™), be L>®(R™). (49)

We solve (1), (2) by using variational methods. We consider the Hilbert spaces V :=
HYR™) C H := L*(R™) (the injection V' C H being continuous, with dense image) and

the bilinear forms a® : V x V — R given by

1
a®(u,v) = | D(y)Vyu-Vyvdy + 6/ (b-Vyu) (b-Vyv) dy, u,veV.

Rm m

Notice that for any 0 < e <1 and v € V we have

m

@(o,0) +dolly = [ D)0 Tyt 0 Vo) (0 Vo) dy+d [ (0 dy
>d [ WPy +d [ (o) ay
= djof§,
saying that a® is coercive on V with respect to H. By Theorems 1,2 pp. 620 [10] we

deduce that for any v, € H, there is a unique variational solution for (1), (2), that is

uf € Cp(Ry; H)N L2(Ry; V) and

d
W) =t [ w(t0)o) dy+ 0w (0.0) =0, mD(R"), VoeV.
Rm

By standard arguments one gets

Proposition 4.1 The solutions (u®). satisfy the estimates

€ < 5 oo \v4 12 duydt < ‘ulen’%{
[|u ||C’b(R+;H) < |uy|m, | yU |= dydt < od
0 RrR™
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and
- 1/2
3
I Vol < (575 ) il =€ 0.1,

We are ready to prove the convergence of the family (u®)., when e \, 0, towards the solution of
the heat equation associated to the averaged diffusion matrix field (D>Q. Roughly speaking,

the first order approximation is given by

Oru — (divy(DVyu)) =0
which becomes a parabolic equation, since the properties of the averaged diffusion matrix
ensure that (divy(DVyu)) = divy((D), Vyu) fon any u € ker(b- V).

Proof. (of Theorem 2.2) Based on the uniform estimates in Proposition 4.1, there is a

sequence (gx)k, converging to 0, such that
utt — u weakly x in L°(Ry; H), V,u® — V,u weakly in L*(Ry; H).

Using the weak formulation of (1) with test functions n(t)p(y), n € CLR,),o € CLR™)

yields

“+00 “+00
- / / 7 (e (y)u (£, y) dydt —n(0) /R put dy + / / VUt - DV, dydt
0 m m 0 m
1 [t
— = [ w0096 V) st (50)
k Jo m

Multiplying by € and letting kK — 400, it is easily seen that

+o0
/ / n(b-Vyu) (b Vyp) dydt = 0.
0 m

Therefore u(t, ) € ker T = ker(b- V,), t € Ry, cf. Proposition 3.3. Clearly (50) holds true

for any ¢ € V. In particular, for any ¢ € V Nker(b- V,) one gets
+oo +o0o
—/ / n'u* o dydt — 77(0)/ uFo dy + / / nVyu - DV, dydt = 0. (51)
0 m R™ 0o Jrm
Thanks to the average properties we have
/ Ui P dy:/ <Ufr’f><pdy—>/ uing dy
R™ R™ R™
and thus, letting k& — +oo in (51), leads to
+o00 +o00
/ / n'up dydt — n(0) / Uinp dy + / / nVyu - DVyp dydt = 0. (52)
Since u(t,-),p € V Nker(b- V,) we have cf. Theorem 2.1

A Vyu - DVyp dy = A Vyu- (D)o Vyp dy
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and (52) becomes

+oo “+o0o
—/ / n'up dydt — n(0) / Uinp dy + / / nVyu - (D)o Vyp dydt = 0. (53)
0 m 0 Jrm

But (53) is still valid for test functions ¢ = b- V1, ¢ € C2(R™) since u(t,-) € ker(b- V),
Uin = W — lime\ o (uf,) € ker(b- V) and (D) € ker L

/ u(t,y)b-Vyp dy =0, / uinb - Vy1p dy = 0, / Vyu- (D)o Vy(b-Vyh) dy =0
cf. Theorem 2.1. Therefore, for any v € V' one gets

d
— [ ult,y)vy)dy+ | Vyu-(D)oVyody=0 inD "(R™)
dt Rm R™m

with %(0) = uin. By the uniqueness of the solution of (23), (24) we deduce that all the family

(uf). converges weakly to wu. O

Remark 4.1 Notice that (23) propagates the constraint b - Vyu = 0, if satisfied initially.
Indeed, for any v € CLH(R™) we have

— [ ult.y)vy)dy+ | Vyu-(D)gVyody=0 inD "(R™). (54)

Since <D>Q € ker L, we know by the second statement of Proposition 3.9 that

Vyus - (D)o Vyv dy = Vyu- (D)o Vyv—s dy.
R™ R™
Replacing v by v_s in (54) we obtain
d . !/ m
— [ usvdy+ [ Vyus- (D)o Vyvdy =0 in D'(R™)
and therefore us solves

dus — divy((D)g Vyus) =0, (t,y) € Ry x R™

and us(0,y) = uin(Y (s;9)) = uin(y),y € R™. By the uniqueness of the solution of (23), (24)

one gets us = u and thus, at any time t € Ry, b- Vyu(t, ) = 0.

5 Second order approximation

For the moment we have determined the model satisfied by the dominant term in the expan-

sion (5). We focus now on second order approximation, that is, a model which takes into
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account the first order correction term eu'. Up to now we have used the equations (6), (7).

Finding a closure for u + eu! will require one more equation
dput — divy(DVyul) — divy (b ® bV,u?) =0, (t,y) € Ry x R™, (55)

Let us see, at least formally, how to get a second order approximation for (uf)., when &
becomes small. The first order approximation i.e., the closure for u, has been obtained by

averaging (7) and by taking into account that u € ker(b- V)
Oru = (divy(DVyu)) = divy((D)g Vyu).
Thus u! satisfies
divy ((D) g Vyu) — divy (DVyu) — divy (b @ bV,u') = 0 (56)
from which we expect to express u!, up to a function in ker(b - Vy), in terms of u. In order

to do that we need Theorem 2.3.

Proof. (of Theorem 2.3) We claim that Range L? = Range L and thus Range L? is closed
as well. Clearly Range L? C Range L. Consider now Z = L(Y) for some Y € dom(L). But
Y — Projie 1Y € ker L+ = (ker L*)* = Range L = Range L and there is X € dom(L) such
that Y — Projy, /Y = L(X). Finally X € dom(L?) and
Z = L(Y) = L(Y = Projye, 1Y) = L(L(X)).

By construction we have D — (D), € (ker L)t = (ker L*)* = Range L = Range L =
Range L? and thus there is a unique F € dom(L?)N (ker L)+ such that D = (D)g— L(L(F)).
As F € (ker L)*, there is C' € dom(L) such that F' = L(C) implying that ‘F' = 'L(C) =
L(*C). Therefore 'F € dom(L?) N (ker L) and satisfies the same equation as F'

By the uniqueness we deduce that F is a field of symmetric matrices. By Proposition 3.13
we know that

—div,(L(F)V,) = [b- V,, —div,(FV,)] in D'(R™)
1.e.,
/mL(F)Vyu -Vyvdy = — /RmFVyu -Vy(b-Vyv) dy — /RmFVy(b -Vyu) - Vyv dy
for any u,v € C2(R™). Similarly, E := L(F) satisfies
~divy(L*(F)V,) = —divy(L(E)V,) = [b- V,, —div,(EV,)] in D'(R™)
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and thus, for any u,v € C3(R™) one gets

/ ((D)g — D)Vyu- Vyv dy = / L*(F)V,u- Vv dy

m

=— /mL(F)Vyu -Vy(b-Vyv) dy — / L(F)Vy(b-Vyu) - Vyv dy

m

= [ FVyu-Vy(b-Vy(b-Vyv))dy+ / FVy(b-Vyu)-Vy(b-Vyv) dy
Rm m

+ | FVy(b-Vyu) - Vy(b- Vyv)dy —l—/ FVy(b-Vy(b-Vyu)) - Vyv dy.

Rm m

[

The matrix fields F' € dom(L?) and E = L(F) € dom(L) enter the second order approxi-
mation model, and therefore we need to compute them. For that notice that we have the

following properties.

Proposition 5.1 For any u,v € C'(R™) which are constant along the flow of b we have in

D'(R™)
DVyu-Vyv — (D)o Vyu-Vyv = =b- Vy(EVyu - Vyv) = —divy (b ® bVy(FVyu - Vyv))
and
(EVyu-Vyv) = (FVyu - Vyv) = 0.
In particular

EVyu-Vyudy = / (EVyu-Vyv) dy =0
Rm m

/Fvyu-vyvdy:/ (FVyu-Vyv) dy =0

saying that (divy(EVyu)) = (divy(FVyu)) =0 in D'(R™).

Proof. Consider ¢ € CL(R™), u,v € C'(R™) such that us = u,vs = v, s € R and the matrix
field U = Q 'Vyv ® V,uQ ™ € Hy. Actually U € dom(L) and, as in the proof of the last

statement in Proposition 3.13, one gets

LU)=(b- vy@)Q_lva ® vyuQ_l +o L(Q_lvyv ® vyuQ_l)

=(b-Vyp)Q 'Vyu @ V,uQ ™

since Q 'V, v ® V,uQ ™! € ker(L). Multiplying by U the equality D — (D)g = —L(B),
E = L(F), one gets

/mQP(D - <D>Q)Vyu Vyvdy = —(L(E),U)q = (E,L(U))q = /Rm(b’ Vyp)(EVyu-Vyv) dy
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implying that DVyu - Vyv = (D)o Vyu - Vyv —b- Vy(EVyu - Vyo) in D'(R™). Multiplying
by U the equality £ = L(F') yields

/mevyu-vyv dy = (E,U)g = (L(F),U)g = —(F,L(U))g = —/ (b-Vy0) FV,u-Vyov dy.

m

We obtain
EVyu-Vyv=0-Vy(FVyu-Vyv) in D ’(Rm)

and thus
DVyu-Vyv —(D)g Vyu-Vyv = =b- Vy(EVyu - Vyv) = =b- Vy(b- Vy(FVyu - Vyv))

in D/(R™). Consider now U = pQ 'V, v @ V,uQ ! with ¢ € ker(b- V,). We know that
L(U) = 0 and since, by construction F € (ker L)+, we deduce

/ eFVyu-Vyody=(F,U)g=0
]Rm
saying that (FV,u - V,v) = 0. Similarly E = L(F) € (ker L)+ and (EV,u-V,0) =0.

The matrix fields £ and F', constructed in Theorem 2.3, can be computed easily, point by
point, under the same hypotheses which guarantee the explicit computation of the averaged

matrix field, see next remark.

Remark 5.1 Assume that there is ug (eventually multi-valued) satisfying uo(Y (s;y)) =
uo(y) + s, s € Ryy € R™. Its gradient changes along the flow of b exactly as the gra-
dient of any function which is constant along this flow cf. Remark 3.7. We deduce that
Q7 'Vyv @ V,uQ ! € ker L for any u,v € ker(b- V) U{ug} and therefore the arguments in
the proof of Proposition 5.1 still apply when u,v € ker(b-Vy)U{ug}. In the case when m —1
independent prime integrals {ui,...,um—1} of b are known, the matrixz fields E, F come, by

imposing for any i,j € {0,1,...,m — 1}
bV, (EVyui - Vyu;) = DVyu; - Vyu; — (DVyus - Vyu;), (EVyui - Vyug) =0

and

b Vy(FVyui - Vyuj) = EVyu; - Vyuj, (FVyu; - Vyuj) = 0.

We indicate now sufficient conditions which guarantee that the range of L is closed. Basically
we will prove that, up to a isomorphism, the operator L on Hg reduces to the operator b-V,

on L%(R™). In that case if the range of b -V, is closed, then so is the range of L.

Proposition 5.2 Assume that (14), (15), (29) hold true and that there is a matriz field R(y)
such that (25) holds true. Then the range of L is closed.
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Proof. Observe that (25) implies (18). Indeed, it is easily seen that b- V,R + RO,b =0 in
D'(R™) is equivalent to R = Rs0,Y (s;-), s € R. We deduce that P = R~! tR™ satisfies

G(s)P = 0,Y 1(s;)P'0,Y 1(s;-) = 0,Y (55 )Ry ! 'R, L9, Y (s;) = R! ‘R'=p

saying that [b,P] = 0 in D'(R™). Therefore we can define L as before, on Hg, which
coincides in this case with {4 : RA'R € L*(R™)}. We claim that io L = (b- V,) o i where
i:Hg— L*(R™), i(A) = RA'R, A € Hp, which comes immediately from the equalities

(ioG(s))A = RG(s)A'R = RO,Y ' (s;-)A,'0,Y "R = R,AS'R, = (i(A))s, s € R, A € H.

In particular we have

ker L ={A e Hgy : i(A) € ker(b-V,)}

and
(ker L)t = {A € Hy : / i(A): Udy=0VU €ker(b-V,)}
Rm™m
={AcHg : i(A) € (ker(b-V,))*}.

For any A € (ker L)' we can apply the Poincaré inequality (29) to i(A) € (ker(b- V,))* and

we obtain
|Alg = [i(A)|2 < Cplb- Vy(i(A))[r2 = Cpli(L(A))|2 = Cp|L(A)lq.

Therefore L satisfies a Poincaré inequality as well, and thus the range of L is closed. O

Remark 5.2 The hypothesis b- V,R + ROyb = 0 in D'(R™) says that the columns of R™!

form a family of m independent vector fields in involution with respect to b, cf. Proposition

3.4
R y) =0,Y(s;9)R"(y), seR, yeR™

S

Remark 5.3 For any U € ker L, that is i(U) € ker(b- V), we have

R(D —(D)g)'R :i(U) dy = 0.
Rm
As (D)q € ker L, we know that i((D),) = R (D}QtR € ker(b- Vy) and thus the matriz field
R (D)Q 'R is the average (along the flow of b) of the matriz field RD 'R, which allows us to

express (D) in terms of R and D
R(D),'R=(RD'R).
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From now on we assume that (25) holds true. Applying the decomposition of Theorem 2.3

with the dominant term u € ker(b- V) in the expansion (5) and any v € C2(R™) yields

/ (D — (D)) Vyu- Vyo dy = - /Rvayu V(b V,(b-V,0)) dy.

m

From (56) one gets

/ (D —(D)g)Vyu- Vyv dy — / u'b - Vy(b-Vyv) dy =0

m

and thus
u' = div, (FVyu) + b, vl € ker(b- Vy(b-V,)) =ker(b- V,). (57)

Notice that (u!) = v!, since (div,(FV,u)) = 0, cf. Proposition 5.1. The time evolution for

v! = (u') comes by averaging (55)

O — (divy(DV,v')) — (divy (DV(divy(FVyu)))) = 0.
As vt € ker(b- V) we have
- <divy(Dva1)> = —divy((D)q Vyo')
and we can write, with the notation w! = div, (FV,u)

O{u +eu'} — divy ((D)g Vy{u + cul}) = e — edivy((D)q Vyw') + ¢ (divy(DV,w')).
(58)

But the time derivative of w! is given by
Oyw' = divy (FV0u) = divy(FV(divy((D) g Vyu)))
which implies

drw' — divy ((D)q V') = divy (FV(divy((D)g Vyu))) — divy((D) g Vy(divy (FVyu)))

= —[divy((D)g Vy), divy (F'Vy)]u.
Up to a second order term, the equation (58) writes

Or{u+eu'} — divy(<D>Q Vy{u+ eu'}) + E[divy(<D>Q Vy), divy (FVy){u + eu'}

— e (divy(DV,(divy(FV,u)))) = O(?).  (59)
We claim that for any u € ker(b - V,) we have
(divy (DVy(divy (F'Vyu)))) = (divy (EVy(divy (EVyu)))) . (60)
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By Proposition 5.1 we know that (div,(F'Vyu)) =0. As L({D)g) = 0 we have
[b-Vy, _divy(<D>Q V)l = _diVy(L(<D>Q)Vy) =0

and thus divy({D)g V) leaves invariant the subspace of functions which are constant along
the flow of b. By the symmetry of the operator div,((D), V), we deduce that the sub-
space of zero average functions is also left invariant by div,((D)q Vy). Therefore we have

<divy(<D>Q Vy(divy(FVyu)))> =0 and
(divy (DV,(divy(FV,u)))) = <divy((D - (D)Q)Vy(divy(FVyu)))> .
Thanks to Theorem 2.3 we have
div, (D = (D))Vy) = [b- V. [b- Vs —div, (FV,)] |

= [b- Vy, =divy(L(F)Vy)]
=[b-Vy, —divy(EV,)]

which implies that
(divy (DY, (div, (FV,u))) = (div, (D = (D) )V, (div, (FV,u))
= (divy (EVy(b- Vy(divy (FVyu)))) — b - Vy(divy (EVy(divy (F'Vyu)))))
= (divy(EVy(b - Vy(divy (FVyu))))) -
Finally notice that
—divy (EVyu) = —divy(L(F)Vyu) = [b- Vy, —divy(FVyu)] = —=b- V,(divy(FVyu))

and (60) follows. We need to average the differential operator div,(EV,(div,(EV,))) on
functions u € ker(b- V,). This is not a trivial task, due to the high order of derivatives
entering this operator (nevertheless, any other differential operator can be treated in a similar
way). For simplicity we perform these computations at a formal level, assuming that all fields
are smooth enough. The idea is to express the above differential operator in terms of the
derivations tR_IVy which commute with the average operator (see Proposition 3.6), since

the columns of R~! contain vector fields in involution with b(y).

Lemma 5.1 Under the hypothesis (25), for any smooth function u(y) and matriz field E(y)

we have
div,(EV,u) = div,(R'E) - (‘R™'Vyu) + RE'R: (‘R™'V,® 'R™'V,)u. (61)
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Proof. Applying the formula div,(A¢) = div,'A - £ + A : §,¢, where A(y) is a matrix field
and £(y) is a vector field, one gets
divy (EVyu) = divy(E ‘R 'R™'Vyu) = divy (R 'E) - ("R™'Vyu) + R'E : 9,('R™'Vu).
The last term in the above formula writes
R'E:0,('R'V,u) =R'E'R'R™": 9,('R'V,u)
—R'E'R:0,('R 'V,u)R™"
= RE'R:'R™"9,('"R™'V,u)
= RE'R: ('R'V,®"'R'V,)u
and (61) follows. O
Next we claim that the term (div,(EV,(divy(EV,u)))) reduces to a differential operator, if

u € ker(b- V) (see Appendix A for proof details).

Proposition 5.3 Under the hypothesis (25), for any smooth matriz field E there is a linear
differential operator S(u) of order four, such that, for any smooth u € ker(b- V)

(divy (EVy(divy (EVyu)))) = S(u). (62)
Combining (59), (60), (62) we obtain
Or{u +eut} — divy ((D)g Vy{u + eu'}) + eldivy({D)g Vy), divy (F'Vy)[{u + cul}

—eS(u+eu') = O(?)
which justifies the equation introduced in (26). The initial condition comes formally by
averaging the Ansatz (5)

(u) = u+ev! + O(e?).

One gets

(ufy) — tin

v1(0, ) = w- lim ~B 1 = g
e\.0 €

implying that u!(0,-) = viy + div, (FV,u), cf. (57), which justifies (27).

6 Examples

Let us consider the vector field b(y) = Ly := (y2, —y1), for any y = (y1,72) € R? and the

matrix field

0 2
D(y) = , yER
0 A2(y)
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where A1, Ay are given functions, satisfying minyege2{A1(y), A2(y)} > d > 0. We intend to

determine the first order approximation, when ¢ \ 0, for the heat equation
1
Oru® — divy(D(y)Vyu®) — gdivy(b(y) @b(y)V,us) =0, (t,y) € Ry x R? (63)

with the initial condition
u®(0,y) = uin(y), y € R

The flow of b is given by Y (s;y) = R(—s)y, s € R,y € R? where R(«) stands for the rotation
of angle o € R. The functions in ker(b- V,) are those depending only on |y|. Notice that the

matrix field

1 Y2 —hn
R(y) = ﬂ
4 Y1 Y2
satisfies b - V,R + ROyb = 0 and Q = "RR = I. The averaged matrix field (D), comes,

thanks to Remark 5.3, by the formula R (D), ‘R = (RD 'R) and thus

<>\1y22‘-72/\29f > < (/\1—|>\‘22)y1y2 >

_t t tp\ y y

(D)g = R(RD'R)R, (RD'R) = <()\1—|>\‘22)y1y2> <>\1yf|—&|-2>\2y§>
Yy Yy

In the case when A1, Ay are left invariant by the flow of b, that is A;, A2 depend only on |y,

(o) =(pe) =3 () =0
|y|? |y|? 27\ |y|?

A+ Ao AL+ A2
IR —
5 LR 2

it is easily seen that

and thus
<D>Q ='R

1.
The first order approximation of (63) is given by

dyu — div, (nyu) —0, (ty)eRy xR?
u(0,y) = uin(y), y € R2.

We consider the multi-valued function ug(y) = —6(y), where y = |y|(cos 6(y), sin #(y)), which
satisfies b- Vyug = 1, or uo(Y'(s;y)) = uo(y) + s. Notice that the averaged matrix field (D)
satisfies (with u;(y) = |y[?/2 € ker(b- V) )

Vyui - (D) Vyus = (Vyus - DVyug), iy j € 0,1}

as predicted by Remark 3.7. In order to write the second order approximation, we need to

compute the matrix fields £ and F'. By Remark 5.1 we have for any i,5 € {0,1}
—b-Vy(EVyu; - Vyuj) = DVyu; - Vyu; — (DVyu; - Vyus), (EVyu; - Vyus) =0
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b-Vy(FVyu; - Vyu;) = EVyu; - Vyuj, (FVyu; - Vyu;) =0

leading to

M= 01 M- (10
== Fy) =
10 0 -1

E(y)

For simplicity, for now on we assume that A1, A are constant, saying that div, ({(D), Vy) and
div,(F'V,) are differential operators with constant coefficients. Therefore their commutator
vanishes

[divy((D>Q Vy),div, (FV,)] = 0.

It remains to compute the average of div,{EV,[div,(EV,)]} on functions u € ker(b- V,).
A direct computation shows that for any function u € ker(b- V,) (that is, for any function
u(y) = U(ly|*/2) ) we have

(A= A)?

(divy { EVy[divy(EV,u)l}) = 39

Ay(Ayu).

In this case, by Theorem 2.4, we obtain the second order model

AL — Ag)?
A — 5(1322)Ay(Aya5) = 0.

A1+ Ay

opus —

We consider now the problem related to the anisotropic diffusion of the temperature inside
a tokamak. In the two dimensional case, a divergence free magnetic field writes b(y) =
LVyul, y € R? for some function u; (the previous case corresponds to the particular function
u1(y) = |y|?/2,y € R?). In the general case we detail only the first order approximation. We
suppose that there is a (multi-valued) function ug(y) such that b- V,ug = 1 (indeed, ug can
not be smooth everywhere on R?, otherwise 1 = (b- V,ug) = 0). Since the parallel diffusion
along the magnetic lines is much larger than the perpendicular diffusion, we are led to the

equation

1
Owu® — divy(D(y)Vyu®) — gdivy(b(y) ®b(y)Vyu') =0, (t,y) € Ry x R?

with
D(y) = I, — MW @) _ Lb(y) ® Lb(y)
[b(y)[? b(y)[2
We need to compute (D) o- For that, we introduce the vector field
Vv ul
by = (I — b® Vo) —Y"L
1 ( 2 & yUO) |Vyu1’2

that is, the vector field satisfying by - Vyug = 0, b1 - Vyu1 = 1. Notice that, with the notation
bo := b, we have

b; - vaj = 51'3', 1,] € {O, 1}
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saying that at any point y € R?, {bo(y),b1(y)} is the dual basis of {V,uo(y), Vyui(y)}. It is

easily seen that for any matrix field M (y) we have the decomposition
My)= Y (M(y): Vyu ® Vyu;) b @ b;.
0<i,5<1
In particular, thanks to Remark 3.7
<D>Q = Z (<D>Q : Vyui X Vyuj) bl X bj = Z <D : Vyuz- & Vyuj> bl (9 bj
0<i,j<1 0<i,5<1
and thus we need to compute the coefficients (D : Vyu; ® Vyu;), i,j € {0,1}. We obtain

(Vyuo - vy“l)2

D:V \Y% =
WD 2 Vyto ® Vyo) < [Vyuil?

)e (09,0 V) = (V)
(D : Vyug ® Vyul) =(D: Vyu; ® Vyuo) = <Vy’LLO : Vyu1>
implying that
Vyuo - Vyup)?
(D) = <W> bo ® by + (Vyug - Vyur) (bo ® by + by ® bo) + (|Vyur|*) b1 ® by
y

and the first order approximation becomes dyu — div, ((D) 0 Vyu) =0.

A Proofs of Propositions 3.4, 3.5, 3.8, 3.9, 3.14, 5.3

Proof. (of Proposition 3.4) For simplicity we assume that b is divergence free. The general
case follows similarly. Let ¢(y) be a vector field satisfying (30). For any vector field ¢ €
C}(R™) we have, with the notation u, = u(Y (7;-))

/m0~(¢h—¢) dy:/]IQTYL(Ch—C)-qﬁdy:/Rm(ayY(h;y)—I)C~¢dy-

Multiplying by h~! and passing to the limit when h — 0 imply

—/ c(b-Vyop) dy = Oybc - ¢ dy
m Rm

and therefore (b- V,)c — 9ybc =0 in D'(R™).

Conversely, assume that [b,c] = 0 in D/(R™). We introduce e(s,y) = c(Y(s;y)) —
9yY (s;y)c(y). Notice that e(s,-) € Li (R™),s € R and ¢(0,-) = 0. For any vector field
¢ € CL(R™) we have

Bo(s)i= [ elss)- o) dy= [ ely)-omudy~ [ 0Y(s0)clw) - o(w) dy

Rm
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Bo(s) = = [ )+ (0 V)o)-dy = [ 0,000 (5) o) - (0) dy
== [ e Vo dy— [ 907 (59)0,Y (s50)els) - 6(0)

Rmﬁyb c(y) - ¢—s dy — Rmﬁyb(Y(S; Y))9yY (s;y)c(y) - ¢(y) dy

Fyb(Y (s;9))(c(Y (559)) — 9,Y (s;9)e(y)) - #(y) dy

Rm

N /me(s’y) LOyb(Y (559))9(y) dy.

In the previous computation we have used the fact that the derivation and tranlation along

b commute
((b-Vy)p)—s = (b-Vy)p_s

After integration with respect to s one gets

— /05 /me(T, y) - 10,b(Y (139))o(y) dy dr.

Clearly, the above equality still holds true for any ¢ € C.(R™). Consider R > 0,7 > 0 and

let K = ||'0yb o Y||poo(—7,1x By)- Therefore, for any s € [T, T] we obtain

le(s;)lzee(Br) = suptlEs(s)] = ¢ € Ce(Br), [0llp1mm) <1}

<1<L/ T ——

By Gronwall lemma we deduce that |le(s,)|[f~p, = 0 for =T < s < T saying that
c(Y(s;y)) = 9,Y (s;9)c(y) = 0,5 € R,y € R™. -

Proof. (of Proposition 3.5)
1. = 2. By Proposition 3.4 we deduce that c¢(Y (s;y)) = 9,Y (s;9)c(y) and therefore

[ (e Ty dy = [ e (si) - (T (¥ (si)ely) dy

= [ ) 0 () (V¥ (5:9))o(w) dy = [ (elw) - Tyu)olw) dy.

2. = 3. Taking the derivative with respect to s of (31) at s = 0, we obtain (32). 3. = 1.
Applying (32) with v € C}H(R™) and u; = yip(y), ¢ € C?(R™), » = 1 on the support of v,
yields

/mci b-Vyv dy+/mc-Vybi v(y)dy =0
saying that b- Vy¢; = (9yb ¢); in D'(R™), ¢ € {1,...,m} and thus [b,c] = b- Vyc — dybc = 0
in D/(R™). O
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Proof. (of Proposition 3.8) The arguments are very similar to those in the proof of Proposi-
tion 3.4. Let us give the main lines. We assume that b is divergence free, for simplicity. Let

A(y) be a matrix field satisfying (34). For any matrix field U € C1(R™) we have

[ A WO (ki) = U dy = [ (A (i) = A : U dy
= [ @Y () A0, Y (i) = Alw) U () dy
= [ 10 (hi9) = DAW3,Y (hi9) : U(w) + AW (@Y (i) = 1) : Uw)} d.

Multiplying by % and passing h — 0 we obtain

[ Aw): -0 dy = / (O,bA() + Ay)',0) - Uly) dy
Rm™ Rm™

saying that [b, A] = 0 in D/(R™).

For the converse implication define, as before
f(s.9) = AY (s39)) — 9,Y (i) A(y)'9,Y (s3y), s €R, y €R™.

For any U € C}(R™) we have

Fy(s) := Rmf(s,y) U(y) dy
= | AW U sy dy = | 0¥ (s:0)Aw)'0,Y (s19) : Uly) dy
and thus
SR == [ AW (090 )dy = [ 3,0 (s50)AW Y (s19) : Ulw) dy

— Rm@yY(s; y)A(y)tOy(b(Y(s; y))) : U(y) dy

=— RmA(y) 2 (b-Vy)U_s dy — Rmﬁyb(Y(s;y))ﬁyY(s;y)A(y)tayY(s;y) U dy

— RmayY(s;y)A(y)t(‘?yY(s;y)tﬁyb(Y(s;y)) :U(y) dy

= Rm{ayb(Y(S; S (s,9) + f(5,9)'0,0(Y (s39))} : Uly) dy

= Rmf(s,y) {'0,b(Y (5;9))U (y) + U(y)0yb(Y (s; 1))} dy.

The previous equality still holds true for U € C.(R™), and our conclusion follows as in the

proof of Proposition 3.4, by Gronwall lemma. O
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Proof. (of Proposition 3.9)
1. = 2. By Proposition 3.8 we deduce that A(Y (s;y)) = 8,Y (s;9)A(y)'0,Y (s;y). Using
the change of variable y — Y'(s;y) one gets

. A(y)Vyu - Vyo dy = A A(Y (539))(Vyu) (Y (s;9)) - (Vo) (Y (s;9)) dy

= R"LA(y)t@yY(S; Y)(Vu) (Y (s59)) - 10, Y (s;9) (V) (Y (s;y)) dy

= / A(y)Vyus - Vyvs dy.

m

2. = 3. Taking the derivative with respect to s at s = 0 of the constant function s —

JamAW)V yus - Vyyvs dy yields

A(y)Vy(b-Vyu) - Vyody+ | A(y)Vyu-Vy(b-Vyv) dy =0.
R™ R™

3. = 2. For any u,v € C?(R™) we can write, thanks to 3. applied with the functions us, v

d

& Js A(y)Vyus - Vyvs dy = / A(y)Vy( (b-Vyu)s) - Vyvs dy
+ e A(y)Vyus - Vy( (b- Vyv)s) dy
= A A(y)Vy(b- Vyus) - Vyvs dy

+ / A(y)Vyus - Vy(b- Vyvs) dy = 0.
Therefore the function s — [, A(y)Vyus - Vyv, dy is constant on R and thus

/ A(y)Vyus - Vyv, dy = A(y)Vyu-Vyv dy, seR.
]R'm

m

Up to now, the symmetry of the matrix A(y) did not play any role. We only need it for the
implication 2. — 1.
2. = 1. We have
A(y)Vyu-Vyo dy = [ A(y)Vyus - Vyus dy
R™ R™

= | AWOY (s:9)(Vyu)s - 0,Y (5:5)(Vy)s dy

= Rm(?yY(s; y)A(y)tayY(s;y)(Vyu)s - (Vyv)s dy

= / (0,YA'0,Y)_sVyu-Vyvdy

m

where (9,Y A'0,Y)_s = 0,Y (5; Y (—s;9))A(Y (—s;v))! 0, Y (s; Y (—s; y)). We deduce that

/ (A(y) — (0,YA'9,Y)_s)V,yu-Vyody =0, u,ve CLHR™).

m
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Since A(y) — (0,Y A '9,Y)_s is symmetric, it is easily seen, ¢f. Lemma A.1 below, that
A(y) — (0,Y A '9,Y)_s = 0. Therefore we have A(Y (s;y)) = 9,Y (s;y)A(y)'0,Y (s;y), s €
R,y € R™ and by Proposition 3.8 we deduce that [b, A] = 0 in D'(R™). O

Proof. (of Proposition 3.14)
1. Consider A € dom(L),*A = A. It is easily seean that ‘A9F = AY* and

AQH2 + |49, = /Rm(Ql/2AQ1/2)+ (QV2AQYA)* dy
+ [ (@124Q) (@A@Y ay
_ /RmQ1/2AQ1/2 LQUZAQY? dy = Al < +o0
and therefore A9* ¢ Hg. The positive/negative parts AQ* are orthogonal in Hg
(497, 4% )g = [ (@24Q)" : (@24Q) dy=0.

We claim that AT satisfies (43). Indeed, thanks to (42) we can write, using the notation
X?=X:X

G(s) A% — A%y = [ Q30,1 (4%%), 0,y ! — A%)Q12)2 4y (64)
= | {Olsy)Q2(A%),Q170(ssy) - Q2A%Q12) dy
= | {'0(s;9)(QY?AQY*)*O(s;y) — (Q'2AQY*)*}2 dy.
R’VVL

Similarly we obtain
IG(s)A— Alg = / {10(s;9)QY 2 AQL*O(s;y) — QY2 AQY?}2 dy. (65)
Rm

We are done if we prove that for any symmetric matrices U,V and any orthogonal matrix R

we have the inequality
(‘RUR—V*): ('RU*R—-V* )< ('RUR-V ): ('‘RUR—-V ). (66)

For the sake of the presentation, we consider the case of positive parts U, V. The other

one comes in a similar way. The above inequality reduces to
2'RUR:V —2'RUTR:Vt <'RU R:'RUR+V~ :V~
or equivalently, replacing U by Ut — U~ and V by VT —V~, to
—2'RUTR: V™ —2'RUR:Vt' +2'RUR: V- <'RUR:'"RUR+V ™ :V".
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It is easily seen that the previous inequality holds true, since ‘RUTR : V— > 0, ‘RU™R :
V* >0 and

2'RUTR: V™ <2('RUR:'RUR)\*(V~: V)2 <!'RU R:'RUR+V~:V~.
Combining (64), (65) and (66) with
U=QY?A4,Q\2, v =QY?4Q'% R=0
yields
sup |G(s) A%E — AQE|g < sup G4~ Alg

50 || s#£0 ||
saying that A%* € dom(L).

< [L(A)lq

2. For any A € dom(L), 'A = A we can write
(AQJr,AQf)Q — Ql/QAQ+Q1/2 . Q1/2AQ7Q1/2 dy
Rm
_ / (QI/QAQ1/2)+ . (Ql/ZAQl/Z)— dy —0.

Since A?* € dom(L) we have

L(AQ%) = Jipy C8/DAY — G(=5/2) A%

s—0 S
and therefore, thanks to (42), we obtain

(a(;)A@+ —G(-$)A% G(5)A% - G<—5>AQ>
Q

(L(A9%), L(A?7))q = lim

s—0 S S

i [ @PEGAY —G9AT QY QG54 ~G(-5)A% )@Y
s—0 Jpm s : .
) tO(%? y)(QI%hA%Ql%ﬂ)—i—O(%; y) — t(’)(—%; y)(Ql_/gAngl_/g)"_O(—%; )
= lim
s—0 Jpm s
'O(3)(@Y 49" 05w — 'O 5i(@A QY 05w
| Yy
s
) tO(%?y)(Q%/QA%Q%ﬁ)—f—O(%;y) . to(_%;y)(Qi/gA—ng,/g)_O(—%;y) )
= —lim ,
s—0 R™ 82
CO-5)@QYIAQYDTO(-51w) 105 w) QY7 45Q V) 055 w)
— lim 2 2 g 3 dy
s—0 Rm s
<0
since

‘0(+s/2;-)(Q?AQ?), ,O(£5/2;-) > 0, 'O(Fs/2;)(QV2AQY?)7, ,O(Fs/2;-) = 0.

[
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Proof. (of Proposition 5.3)

For any smooth functions u, ¢ € ker(b-V,) we have, cf. Lemma 5.1

| i, (B9 i, (B9 ) oy = [ div, (B, div, (EV,u)))p

= /mdivy(EVyu) div, (EVyp) dy

- Rm{divy(R 'E)-(‘R™'Vyu) + RE'R: ‘{R7'V, ® 'R"'V,)u}

x {divy(R'E) - ({R™'V,0) + RE'R: 'RV, ® 'R™'V,)¢} dy

_ / [divy(R ') @ divy(R 'B)]: (R0 RV, dy

+ / [RE 'Redivy(R 'E)]: [((R7'V, ® 'RV, ) u® 'RV, dy

+ / m[divy(R 'E)® RE 'R]: [((R™'V,u) ® (‘R™'V, @ 'R 'V,)¢] dy

+ /m[RE 'R®RE 'R]: [(R™'V,®'R'V,)u® (R"'V,® 'R'V,)¢| dy
Recall that tR71V,, leaves invariant ker(b - V) and therefore

'R'V,u® 'R 'V, € ker(b- V,)
implying that
/ m[divy(R 'E) @ divy(R 'E)]: [[R™'V,u®'R V| dy
_ / {divy(R 'B) @ divy(R 'E)): [R'Vyu e R Vy6) dy.

Similar transformations apply to the other three integrals above, and finally one gets

| i, (B9 i, (BT ) o dy = [ X5 (970w ] ay

Ly [(VE® VE)ue Vi dy

+ /mZ ([VEu® (V@ V)] dy

n /mT (VR VR e (VR © VR dy
= I (u, ) + Ia(u, ) + I3(u, ) + L4(u, )

where V# = tR_lvy and X,Y, Z,T are tensors of order two, three, three and four respec-

tively
X;; = {divy(R 'E); divy(R 'E);), i,j € {1,...,m}
Yijk = ((RE 'R);j divy(R "E)i), Ziji = (divy(R 'E); (RE 'R)), i,j,k € {1,...,m}
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Tijii = ((RE 'R)ij (RE 'R)i), i,5,k,1€{l,..,m}.
Integrating by parts one gets
Li(u, @) = IRmXVRu Vo dy = RmR_lXVRu -Vypdy = Rméﬁ(u)«p dy
where S (u) = —div,(R™1 X V%u). Notice that the differential operator

¢ — divy(R7'€) =div, ('R - ¢+ 'R~ : 9,¢

maps (ker(b- V,))™ to ker(b- V), since the columns of R~! contain fields in involution with
b, and therefore S; leaves invariant ker(b - V,), that is, for any u € ker(b- V), £ = XVFu €
(ker(b - V,))™ and Si(u) = —divy(R7!XVu) = —div,(R71€) € ker(b- V,). Similarly we

obtain

I(u,p) = . So(u)p dy, I3(u,¢) = A Ss(u)e dy, Is(u, @) = A Sa(u)p dy

where S5, 53, Sy are differential operators of order three, three and four respectively, which

leave invariant ker(b - V,). We deduce that
| taiv, (B9, divy BV, )¢ dy = [ (e dy
for any u, ¢ € ker(b- V), with S = S + So + S5 + 54, saying that
(divy (E'Vy(divy(EVyu)))) — S(u) L ker(b- V).
But we also know that
(divy (EVy(divy(EVyu)))) — S(u) € ker(b- V)

and thus (62) holds true. .

Lemma A.1 Consider a field A(y) € LL _(R™) of symmetric matrices satisfying
/ A(y)Vyu-Vyody =0, u,v € CLR™). (67)
Therefore A(y) =0 a.a. y € R™.

Proof. Applying (67) with v; = y;v, v € CHR™), u; = y;¢(y) where p € CL(R™) and ¢ =1
on the support of v, yields

A A(y)e; - (y;Vyv + vej) dy = 0. (68)
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Applying (67) with v and u;; = y;y;¢(y) one gets

. A(y) (yjez- + y,-ej) . Vyv dy = 0. (69)

Combining (68), (69) we obtin for any i,j € {1,...,m}

2/ (A(y)ei - ej) v(y) dy = / (A(y)e: - e; + A(y)e; - ei)v(y) dy = 0

m m

saying that A(y) =0, a.a. y € R™. O
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