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Abstract

We perform an asymptotic analysis of general particle systems arising in collective
behavior in the limit of large self-propulsion and friction forces. These asymptotics impose
a fixed speed in the limit, and thus a reduction of the dynamics to a sphere in the velocity
variables. The limit models are obtained by averaging with respect to the fast dynamics.
We can include all typical effects in the applications: short-range repulsion, long-range
attraction, and alignment. For instance, we can rigorously show that the Cucker-Smale
model is reduced to the Vicsek model without noise in this asymptotic limit. Finally, a
formal expansion based on the reduced dynamics allows us to treat the case of diffusion.
This technique follows closely the gyroaverage method used when studying the magnetic
confinement of charged particles. The main new mathematical difficulty is to deal with

measure solutions in this expansion procedure.
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1 Introduction

This paper is devoted to continuum models for the dynamics of systems involving living
organisms such as flocks of birds, school of fish, swarms of insects, myxobacteria... The
individuals of these groups are able to organize in the absence of a leader, even when starting
from disordered configurations [37]. Several minimal models describing such self-organizing
phenomenon have been derived [38, 28, 19]. Most of these models include three basic effects:
short-range repulsion, long-range attraction, and reorientation or alignment, in various ways,
see [33] and particular applications to birds [32] and fish [1, 2].

We first focus on populations of individuals driven by self-propelling forces and pairwise
attractive and repulsive interaction [34, 25]. We consider self-propelled particles with Rayleigh

friction [17, 16, 11, 14], leading to the Vlasov equation in d = 2,3 dimensions:
1
Of* + v Vaf* +a*(t,) - Vo + —dive{f*(a — Blv*)v} =0, (t,z,v) € Ry x RExRY (1)

where f¢ = f(t,z,v) > 0 represents the particle density in the phase space (z,v) € R x R¢

at any time ¢t € R,, a® stands for the acceleration
as(ta‘) = _va*ps(ta‘)a ps(ta) = fs(ta‘av) dU,
Rd

and U is the pairwise interaction potential modelling the repelling and attractive effects.
Here, the propulsion and friction forces coefficients a® = 2 > 0, 5° = g > 0 are scaled in
such a way that for ¢ — 0 particles will tend to move with asymptotic speed \/% . These
models have been shown to produce complicated dynamics and patterns such as mills, double
mills, flocks and clumps, see [25]. Assuming that all individuals move with constant speed
also leads to spatial aggregation, patterns, and collective motion [21, 26].

Another source of models arises from introducing alignment at the modelling stage. A
popular choice in the last years to include this effect is the Cucker-Smale reorientation pro-
cedure [20]. Each individual in the group adjust their relative velocity by averaging with
all the others. This velocity averaging is weighted in such a way that closer individuals in
space have more influence than further ones. The continuum kinetic version of them leads to

Vlasov-like models of the form (1) in which the acceleration is of the form
a(t,") = —H = f°(t,-),

where * stands for the (z,v)-convolution, abusing a bit on the notation, with the nonneg-
ative interaction kernel H : R?¢ — R? 1In the original Cucker-Smale work, the interac-

tion is modelled by H(z,v) = h(z)v, with the weight function h being a decreasing radial



nonnegative function. We refer to the extensive literature in this model for further details
31, 29, 12, 13, 35].
In this work, we will consider the Vlasov equation (1) where the acceleration includes the

three basic effects discussed above, and then takes the form:
aF (L) = —VaU s (8, ) — H x f7(t, ). (2)

We will assume that the interaction potential U € CZ(R?), U bounded continuous with
bounded continuous derivatives up to second order, and H(z,v) = h(z)v with h € C}(R)
and nonnegative. Under these assumptions the model (1)-(2) can be rigorously derived as a
mean-field limit [36, 9, 24, 10, 3] from the particle systems introduced in [25, 20].

We will first study in detail the linear problem, assuming that the acceleration a = a(t, x)
is a given global-in-time bounded smooth field. We investigate the regime ¢ \, 0, that is
the case when the propulsion and friction forces dominate the potential interaction between

particles. At least formally we have

fo=f+efM 424 (3)

where
dive{f(a = Blv[)v} =0 (4)
A f + dive(fv) + divy(fa(t, z)) + divy{fV(a — Blv[*)v} =0, (5)

up to first order. Therefore, to characterize the zeroth order term in the expansion we need
naturally to work with solutions whose support lies on the sphere of radius r := \/04/7
denoted by rS with S = {v € R?: |v| = 1}. In turn, we need to work with measure solutions
to (4) which makes natural to set as functional space the set of nonnegative bounded Radon
measures on R? x R? denoted by M, (R? x R?). We will be looking at solutions to (1)
which are typically continuous curves in the space MZ(Rd x R?) with a suitable notion
of continuity to be discussed later on. We will denote by f¢(t,x,v)d(x,v) the integration
against the measure solution f¢(¢,z,v) of (1) at time ¢. For the sake of clarity, this is done
independently of being the measure f¢(¢) absolutely continuous with respect to Lebesgue or

not, i.e., having a L'(R% x R%) density or not.

Proposition 1.1 Assume that (1 + |[v|*)F € M} (R?). Then F is a solution to (4) if and
only if supp F C {0} UrS.

The condition (4) appears as a constraint, satisfied at any time ¢t € R;.. The time evolution

of the dominant term f in the Ansatz (3) will come by eliminating the multiplier f(!) in (5),



provided that f verifies the constraint (4). In other words we are allowed to use those test

functions v (z,v) which remove the contribution of the term div,{f™®(a — g|v|?)v} i.e.,

/ (o — Blv)?)v - Vb fO(E, 2, 0) d(2,v) = 0.
R

dwRd
Therefore we need to investigate the invariants of the field (o — B|v|?)v - V,,. The admissible
test functions are mainly those depending on x and v/|v|,v # 0. The characteristic flow
(s,v) — V(s;v) associated to %(a — Blv|?)v -V,

v
ds

= (@ = BIV(s 0)E)V(s0), V(00) =

will play a crucial role in our study. It will be analyzed in detail in Section 3. Notice that the
elements of {0} UrS are the equilibria of (o — B|v|*)v - V,,. Tt is easily seen that the jacobian
of this field

Ou{(a = Bluf*)v} = (a = Blo|)] —28v® v

is negative on rS, saying that rS are stable equilibria. The point 0 is unstable, 9,{(a —
Blv|*)v} =0 = aI. When ¢ \ 0 the solutions (f¢). concentrate on R? x ({0} UrS), leading to
a limit curve of measures even if (f¢). were smooth solutions. We can characterize the limit

curve as solution of certain PDE whenever our initial measure does not charge the unstable

point 0.

Theorem 1.1 Assume thata € L®(R; WHe(RY)), (1+]v]?) £ € M (RIxRY), supp fin C
{(z,v) : [v| > 719 > 0}. Then (f%). converges weakly  in L=(Ry; My(R? x R?)) towards the
solution of the problem

atf+divx(fv)+divv{f (1—“|ST;’> a} —0 (6)
divo{ fla — Blof)o} = 0 (7)

with initial data f(0) = <fin> defined by

0G0 () @) do) = [ v () F e, 0) A, v)

Rex R4 dx R4 v

for all 1 € CO(R4 x RY).

In the rest, we will refer to < fm> as the projected measure on the sphere of radius r
corresponding to f™. Let us point out that the previous result can be equivalently written
in spherical coordinates by saying that f(¢,x,w) is the measure solution to the evolution

equation on (z,w) € R? x rS given by
1
O f + divy(fw) + div, {f (I - r—2(w ®w)) a} =0.
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These results for the linear problem, when a(¢,z,v) is given, can be generalized to the non-
linear counterparts where a (¢, x) is given by (2). The main result of this work is (see Section

2 for the definition of P;):

Theorem 1.2 Assume that U € C(RY), H(z,v) = h(z)v with h € C}(R?) nonnegative,
e PR x RY), supp f* € {(z,v) : |2| < Lo,m0 < |v| < Ro} with 0 < rg < r < Ry < oo.
Then for all § > 0, the sequence (f€). converges in C ([, 00); P1(RExR?)) towards the measure

solution f(t,z,w) on (x,w) € R x rS of the problem

ouf +aiva() v { 1 (1= 0 90)) (VU pt H f) | =0 5)

with initial data f(0) = < fi“>. Moreover, if the initial data ™™ is already compactly supported
on Br, x 1S, then the convergence holds in C(Ry;P1(R? x R%)).

Let us mention that the evolution problem (8) on R? x rS was also proposed in the
literature as the continuum version [23] of the Vicsek model [38, 18] without diffusion for the
particular choice U = 0 and H(x,v) = h(z)v with h(x) some local averaging kernel. The
original model in [38, 18] also includes noise at the particle level and was derived as the mean
filed limit of some stochastic particle systems in [4]. In fact, previous particle systems have
also been studied with noise in [3] for the mean-field limit, in [30] for studying some properties
of the Cucker-Smale model with noise, and in [22, 27] for analyzing the phase transition in
the Vicsek model.

In the case of noise, getting accurate control on the particle paths of the solutions is a
complicated issue and thus, we are not able to show the corresponding rigorous results to
Theorems 1.1 and 1.2. Nevertheless, we will present a simplified formalism, which allows
us to handle more complicated problems to formally get the expected limit equations. This
approach was borrowed from the framework of the magnetic confinement, where leading order
charged particle densities have to be computed after smoothing out the fluctuations which
correspond to the fast motion of particles around the magnetic lines [5, 6, 7, 8]. We apply

this method to the following (linear or nonlinear) problem
1
O f° + dive{ fv} + divy{fa} + gdivv{fg(a — Blv[P)v} = A, f° 9)

with initial data f°(0) = f™ where the acceleration a € L>®°(R,;WH>®(R?)) and fi* ¢
M (R? x RY). By applying the projection operator (-) to (9), we will show that the limiting

equation for the evolution of f(t,z,w) on (z,w) € R? x 7S is given by
1
atf—l—divx(fw)—kdivw{f (I— T2(w®w)) a} =A,f (10)

!



where A, is the Laplace-Beltrami operator on rS.

Our paper is organized as follows. In Section 2 we investigate the stability of the char-
acteristic flows associated to the perturbed fields v -V, + a - V, + 1(a — Blv[*)v - V,. The
first limit result for the linear problem (cf. Theorem 1.1) is derived rigorously in Section 3.
Section 4 is devoted to the proof of the main Theorem 1.2. The new formalism to deal with
the treatment of diffusion models is presented in Section 5. The computations to show that
these models correspond to the Vicsek models, written in spherical coordinates, are presented

in the Appendix A.

2 Measure solutions

2.1 Preliminaries on mass transportation metrics and notations

We recall some notations and result about mass transportation distances that we will use in
the sequel. For more details the reader can refer to [39, 15].

We denote by P;(R?) the space of probability measures on R? with finite first moment.
We introduce the so-called Monge-Kantorovich-Rubinstein distance in P;(RY) defined by

Wa(7,0) =sup | [ o)) ~ g0 du] o € Lin( Lin(e) < 1

where Lip(R?) denotes the set of Lipschitz functions on R? and Lip(y) the Lipschitz constant
of a function ¢. Denoting by A the set of transference plans between the measures f and
g, i.e., probability measures in the product space R? x R? with first and second marginals f

and g respectively
1) = [ w2 dz )= [ a2y
R R

then we have

TEA

Wit =it { [ = sln(2)d) |

by Kantorovich duality. P;(RY) endowed with this distance is a complete metric space. Its

properties are summarized below, see[39].
Proposition 2.1 The following properties of the distance W1 hold:

1) Optimal transference plan: The infimum in the definition of the distance Wy is

achieved. Any joint probability measure w, satisfying:

Wilha)= [ ly=sldm(y.2)



is called an optimal transference plan and it is generically non unique for the Wi-

distance.

2) Convergence of measures: Given {fi}x>1 and f in P1(R%), the following two as-

sertions are equivalent:

a) Wi(fx, f) tends to 0 as k goes to infinity.

b) fr tends to f weakly * as measures as k goes to infinity and

sup/ |v| fr(v)dv — 0 as R — +oc.
k>1J|v|>R

Let us point out that if the sequence of measures is supported on a common compact set,
then the convergence in Wj-sense is equivalent to standard weak-x convergence for bounded
Radon measures.

Finally, let us remark that all the models considered in this paper preserve the total mass.
After normalization we can consider only solutions with total mass 1 and therefore use the
Monge-Kantorovich-Rubinstein distance in P;(R? x R?). From now on we assume that the

initial conditions has total mass 1.

2.2 Estimates on Characteristics

In this section we investigate the linear Vlasov problem
1
O f¢ + dive{fv} + divy{fa} + gdivv{fg(a —Blu)v} =0, (t,z,v) € Ry x R x R? (11)

f20) = (12)

where a € L®°(Ry; WH*(R?)) and f" € M (R? x RY).

Definition 2.1 Assume that a € L®°(Ry; WL°(R?)) and f™ € M (R x RY). We say
that f& € L®(R; My(R? x RY)) is a measure solution of (11)-(12) if for any test function
o € CHRy x RY x RY) we have
1
/ (040 Vot a-Vo+ (= Bo2)o-Vo o f(t e, v) d(x, v) dt
Ry JRI xR €

—1—/R ©(0,z,v) f%(z,v) d(z,v) = 0.

dyRd
We introduce the characteristics of the field v - Vg +a -V, + (a — Blv[*)v - V,

X< _ . ave
ds =V(s), ds

= als, X°()) + (o~ BV () PIV(5)



X(s=0)=z, V(s=0)=no.

We will prove that (X, V) are well defined for any (s, z,v) € Ry x R x R%. Indeed, on any
interval [0, 7] on which (X¢,V?) is well defined we get a bound

sup {|X*(s)[ 4+ [V=(s)[} < +o0
s€[0,T

implying that the characteristics are global in positive time. For that we write

LdjvepP? e e 1 e e
34 = U X(8) VE(s) + —(a— BV ()H)IVE(s)*. (13)

and then, we get the differential inequality

d‘V€|2
ds

2
< 2fallz=[VE(s)l + Z(a ~ BIVE(s)P)VE(s)?
for all s € [0, 7], so that
sup |VE(s)| < +o0, sup |X°(s)| <|z|+T sup |[VE(s)| < +o0.
s€[0,T s€[0,T s€[0,7T
Once constructed the characteristics, it is easily seen how to obtain a measure solution for

the Vlasov problem (11)-(12). It reduces to push forward the initial measure along the

characteristics, see [10] for instance.

Proposition 2.2 For any t € Ry we denote by f(t) the measure given by

Pz, 0) f*(t, x,v) d(z, v) = V(X5 VE)(8:0,2,0)) [ (z,0) d(2,v) (14)

Rd xRd Rd xRd
for all ¢ € C%(R? x RY). Then the application t — f°(t), denoted f# (X%, Ve)(t;0,-,-) is
the unique measure solution of (11), (12), belongs to C(Ry; My(R% x RY)) and satisfies
/ fe(t,x,v)d(z,v) = / fi(z,v)d(z,v),t € Ry.
R9 xRd RY xRd

Proof. The arguments are straightforward and are left to the reader. We only justify
that f& € C(Ry; Mp(R? x R?)) meaning that for any o € C%(R? x RY) the application
t — Jgaypat (@, v) fE(t,,v) d(z,v) is continuous. Choose 1) € CY(R? x R?). Then, for any

0 <t; <ty we have

V@) (o) d@ o) = [ bl o) f (e d@ )
RIxR4 Ry Rd
= /RdXRd[T/J«XE,Vf)(t2;t1,$,v)) — (x,0)] Fo(t, 2, v) d(z, v).



Taking into account that (X¢, V¢) are locally bounded (in time, position, velocity) it is easily

seen that for any compact set K C R? x R? there is a constant C'(K) such that
[ X=(t2s b1, @, 0) — x| 4 [V (tasty, @, v) — o] < [tz — 1] C(K), (z,v) € K.

Our conclusion follows easily using the uniform continuity of ¢ and that ||f(t1)||sm, =
| £™|la1,- Notice also that the equality (14) holds true for any bounded continuous func-
tion . O
We intend to study the behavior of (f¢). when ¢ becomes small. This will require a more

detailed analysis of the characteristic flows (X¢,V¢). The behavior of these characteristics

depends on the roots of functions like A + %(a — Bp?)p, with p € Ry, A € R.

Proposition 2.3 Assume that A < 0 and 0 < & < 2ar/(|A|3v3). Then the equation
M (p) == eA+ (a— Bp?)p = 0 has two zeros on Ry, denoted p5(A), p5(A), satisfying

r
0<pi<—=<p5s<r
£1 \/g P2
and
& _ A
limﬂ——’ ‘, limL p2:—| |
e\o0 & o e\.0 £ 2cy

where r = \/a /3.

Proof. It is easily seen that the function A° increases on [0,7/+/3] and decreases on
[r/+/3, +0c[ with change of sign on [0,7/v/3] and [r/+/3,7]. We can prove that (p5)e, (p5). are
monotone with respect to € > 0. Take 0 < £ < & < 2ar/(]A|3v/3) and observe that A\® > \°.

In particular we have

X (pT) < A%(p) = 0= A (pf)
implying p§ < p§, since A% is strictly increasing on [0,7/+/3]. Similarly we have
X°(p3) < A%(p3) = 0 < A°(p5)

and thus p§ > p5, since A® is strictly decreasing on [r/v/3,7]. Passing to the limit in A*(pf) =
0,k € {1,2} it follows easily that

lim pS =0, lim p5 = r.
lim pf lim p =7

Moreover we can write

d 2 : [Oé ﬁ(ﬂi)ﬂpi : eA
a=—{(a=0p")p}po0 lim : o



and
_ £\271 & A
[Oé ﬁ(pQ) ]p2 — — lim €

20 = L{(a = Bp?)pHpmr = lim

dp e\0 p5—T N0 p5 — 7
saying that
lim pj — @ lim 7’—7[)% — ‘ﬂ
N0 € a’ N0 € 20

The case A > 0 can be treated is a similar way and we obtain

Proposition 2.4 Assume that A > 0 and ¢ > 0. Then the equation X\°(p) = ¢A + (a —

Bp?)p =0 has one zero on Ry, denoted p5(A), satisfying

_ps—r |4
5 >r, lim——— = —.
Ps =T al\rfg) € 2cy

Using the sign of the function p — ¢lla||L~ + (o — B3p?)p we obtain the following bound for
the kinetic energy.

Proposition 2.5 Assume that a € L®(Ry; WH2(RY)), (1 + [vf?) f* € M} (R x R?) and

let us denote by f¢ the unique measure solution of (11), (12). Then we have

Proof. We know that

/ W2/, 2,0) d(, v)
R4 x R4

< [ Pl ) da)

Lo(Ry)  JRIXR

d _
3 VI* < 2lallo<[VE®)] + g(a = BIVEOP)IVER)P = glVa(t)W(\Va(t)\), teRy.

By comparison with the solutions of the autonomous differential equation associated to the

righthand side, we easily deduce that
[VE(t;0,2,0)| < max{v|, p3([lallz~)}
for any T € R, , (z,v) € R? x R%. This yields the following bound for the kinetic energy

/ (02 f(T, 2, 0) d(z, v) = / VE(T: 0, 2,0) £ (2, v) d(x, 0)
R R

dxR2 dxR?

< /R (65 + o)™ (s v) d (2, v).

dyRd
]

The object of the next result is to establish the stability of V¢ around |v| = r. We will
show that the characteristics starting at points with velocities inside an annulus of length

proportional to € around the sphere S get trapped there for all positive times for small e.

10



Proposition 2.6 Assume that €||al|L=~ < 2ar/(3v/3) and that p5(—|la|L=) < |v| < p5([lallL=)-
Then, for any (t,z) € Ry x R? we have
pa(=llallze) < [VE(E:0,2,0)| < p5([lallze=).
Proof. As in previous proof, we know that
d €12 2 € € E(F
Sivep < Jve o (vea, ek,

By comparison with the constant solution p5 to the autonomous differential equation as-
sociated to the righthand side, we get that sup,cg, [V(¢;0,2,v)| < p5. Assume now that
there is T' > 0 such that |[V¢(T")| < p5 and we are done if we find a contradiction. Since
[VE(0)| = |v] = p3, we can assume that mingcpo 77 |V(¢)| > pi > 0 by time continuity. Take

now t € [0,7] a minimum point of ¢ — |V(¢)| on [0,7]. Obviously ¢ > 0 since
VE@OI < VAT < ps < Jof = [VE(0)].

By estimating from below in (13) and using that ¢ is a minimum point of ¢ — |V4(¢)| > 0 on

[0,T], we obtain

d _ a— BIVE@)|P)|VE(t Ne(|VeE(t
03 L) > e + @IV DRV XQVDY

t 3 €
But the function A° has negative sign on [0, p7]U[p5, +oo[. Since we know that min,e(o 77 [V (t)|
p7, it remains that

min V()] = [VE@) = o}
which contradicts the assumption |V¢(T)| < p5. ]
Let us see now what happens when the initial velocity is outside [p5(—||a|| L), p5(||a|| L= )].
In particular we prove that if initially v # 0, then V¢(¢),t € R4 remains away from 0. We
actually show that the characteristics starting away from zero speed but inside the sphere rS
will increase their speed with respect to its initial value while those starting with a speed out-

side the sphere rS will decrease their speed with respect to its initial value, all for sufficiently

small e.

Proposition 2.7 Consider € > 0 such that ¢||al| L~ < 2ar/(3V/3).

1. Assume that p§(—|lal|L=) < |v] < p§(—||allL=). Then for any (t,z) € R% x R? we have
pi(=llallzee) < ol < |[VE(E 0,2, 0)] < p3(llal| L)
2. Assume that p§(||allr=) < |v|. Then for any (t,z) € R% x R? we have

p3(=llallLe) <[VE(E 0,2, 0)] < ol

11



Proof. 1. Notice that if [VE(T';0,z,v)| = p§ for some T' > 0, then we deduce by Proposition
2.6 that p5 < |VE(t)| < p§ for any t > T and thus [V=(£;0,z,v)| > p§ > |v|,t > T. It remains
to establish our statement for intervals [0, 7] such that [VE(t)| < p§ for any t € [0,T]. We
are done if we prove that ¢ — |V¢(t)| is strictly increasing on [0,7]. For any 7 €]0, 7] let us
denote by f a maximum point of ¢ — [VE(£)| > 0 on [0, 7]. If £ € [0, 7[ we have $|VE()] <0

and thus

(a=BIV=@P)IVOI _ (V@D
9

d _
0> —|VE(t)| > — oo
> SIVE@] = —llalli~ + -

By construction |V¢(¢)| < p5 and moreover,
V()] = max|[VF] > o] > pi,
[0,7]

and thus, A°(|[V=(t)|) > 0 for all t € [0,T]. Consequently, we infer that t — [V¢(t)| is strictly

increasing on [0, 7] since

(a = BV-OP)VE@ _ A (V@D _
3

SVl > ~lallie + g
Therefore we have t = 7 saying that |Ve(7)| > |v| for any 7 € [0,T].

2. As before, it is sufficient to work on intervals [0, 7] such that [VE(t)| > p5(||al|z) for
any t € [0,7]. We are done if we prove that ¢ — |V¢(t)] is strictly decreasing on [0,7]. We

have for any ¢ € [0, 7]

(a = BVEOP)VE@ _ A (V@D _
9

d
—|VE(t)| < oo
SIVED)] < flallze + -

where for the last inequality we have used |V(t)| > p§,t € [0,T]. O

3 The limit model

We investigate now the stability of the family (f¢). when £ becomes small. After extrac-
tion of a sequence (ej); converging to 0 we can assume that (f€#); converges weakly x in

L®(Ry; My(R? x RY)), meaning that

lim /RJF/RdXHzod(t,x,v)fsk(t,z,v)d(:p,v) dt = /IR‘F/RdXI@(t,x,v)f(t,x,v) d(z,v) dt

k—+o0
for any p € LY (R ; C2(R?x R?)). Using the weak formulation of (11)-(12) with test functions
n(t)p(z,v), n € CH(R), ¢ € CH(R? x RY) one gets

/]R Rd H{JJ "t)o +n(t)v - Vap +n(t)a - Vop} f(t, x,v) d(z,v) dt

Jrglk /IR+/R«1><]1gd(t)(a - /6|U’2)U Voo f(t, z,v)d(z,v) dt

:—/ n(0)p(z,v) (2, v) d(z, v).
R

dyRd

12



Multiplying by e and passing to the limit for k& — 400 yields
[ [, noa= Py Vaes o) o) dt =0
Ry JRIXRE
and therefore one gets for any ¢t € R, and ¢ € C}(R? x RY)

[ o= BloP)o- Tupstt.,0)d(z. ) =0,
R xRd

Under the hypothesis (1 + [v]?)f* € M} (R? x R?) we deduce by Proposition 2.5 that (1 +
[v2) f(t) € M (R? x R?) and therefore, applying the (z,v) version of Proposition 1.1 (whose

proof is detailed in the sequel), we obtain
supp f(t) C RY x ({0} UrS), teR,.

The proof of Proposition 1.1 is based on the resolution of the adjoint problem
—(a = Blu)o - Vg = (v), vER?

for any smooth righthand side 1) with compact support in ¢({0} U rS).

Proof. (of Proposition 1.1) It is easily seen that for any F' € M (R?xR?), supp F' C {0}UrS

and any ¢ € C}(R?) we have

/Rd(Oé — B|U|2)v -Vop()F(v)dv =0

saying that div,{F(a — B|v[*)v} = 0. Assume now that div,{F(a — B|v|*)v} = 0 for some
F € M (RYxR?) and let us prove that supp F C {0}UrS. We introduce the flow V = V(s; v)

given by
% = (a = BV(s;0)*)V(s;0), V(0;v) = v. (15)

A direct computation shows that [y are left invariant

(= Blof*)v -V, (“) = (a — Bv]?) (1 - ”ﬁ;’) S,

[l [l

and therefore

V(s;v) = \V(s;v)||2—|, v #0.

Multiplying (15) by V(s;v)/|V(s;v)| yields

% VI = (a— BV(s;0) ")V (s; )]

whose solution is given by

re®s

V(s;v)|=|v
VG500 = o e

13



Finally one gets

,r.eas

V(s;v) = ;
(S U) \/‘U’2(e2as _ 1) 472 v

s €]S(v), 40|

with S(v) = —00 if 0 < |v| < 7 and S(v) = 5= 1In (1 - %) < 0if |[u| > r. Notice that the

characteristics V(-;v) are well defined on R for any v € R? and we have

lim V(s;v)zri ifv##0, lim V(s;v)=0 ifv=0

s§—+00 ’fU| s§—+00

and

lim [V(s)|=0i0<|v|<r, lim [V(s)|=rif|v]=r, lim |V(s)| =400 if |v| >
sN\S(v) sN\S(v) sN\S(v)

Let us consider a C* function 1 = 9(v) with compact support in ¢({0} UrS). We intend to

construct a bounded C! function ¢ = ¢(v) such that
—(a = Blv*)v - Vg = h(v), veRL
Obviously, if such a function exists, we may assume that ¢(0) = 0. Motivated by the equality
d
~ eV} = e(s0), 0< ol <7, —o0 <5 <0
and since we know that lims_,_ o V(s;v) = 0 for any 0 < |v| < r, we define

0
o(v) = —/_ W(V(riv)) dr, 0< o] <. (16)

Let us check that the function ¢ in (16) is well defined and is C*! in |v| < 7. The key point
is that ¢ has compact support in ¢({0} UrS) and therefore there are 0 < r; <7y <r <r3 <
r4 < 400 such that suppy C {v € R : 7 < |v| <} U{v € R? @ r3 < |v| <1y} Tt is
easily seen that 7 — |V(7;v)| is strictly increasing for any 0 < |v| < r. Therefore, for any

[v| <7y we have |V(1;0)| < [V(0;v)] = |v| <ry, 7 <0, implying that

0
o(v) = —/ Y(V(r;v))dr =0, 0< |v| <ry.

For any v with r; < |v| < rp there are 71 < 0 < 7 such that |V(r1;v)| = r1 < rep = [V(m2;0)|.

The time interval between 71 and 7o comes easily by writing

Vel
(a=BY(T)P)V()l
implying that
[T + | =72 =7 _/”dp
ATEE R L (=B

14



From the equality

/wTUdT—/wTv /1/171}

T2 d
o)l < Il o < [ =

Assume now that ro < |v| < r. There is 7o > 0 such that v = V(7y; rgh%‘) and therefore

0 0 v
S RGOS / VY4 mira)) dr

—T9

[l = - / B = ().

[l

we deduce that

1%l co- (17)

In particular, the restriction of ¢ on ry < |v| < r satisfies the same bound as in (17)

o) < [ = Wlloo, 72 < bl <

It is easily seen that ¢ is C' on 0 < |v| < r. For that it is sufficient to consider rq < |v] < 9.

Notice that

L ),

and therefore the gradient of ¢ remains bounded on 1 < |v| < ro

Otav

Vip(v) == | 5 (mo)VH () dr

since on the interval 7 € [y, 0] we have |V(7;v)| € [r1,|v|] C [r1,r2]. Taking now as definition

o) = (rar)

we obtain a bounded C* function on |v| < r satisfying

for |v| =r

o — Bl - — (v . " dp
(o= By Vup = 000). feto) < [

We proceed similarly in order to extend the above function for |v| > r. We have for any s > 0

[¥llco, |vf <7

—p(V(s;0)) +p(v) = /Osw(V(T;U)) dr, |v] >r.

As limg o0 V(s50) = 77y We must take

o(v) = lim { (5:0) /w 710) df}: <’r>+ 0+°O¢(V(T;v)) dr, o] > r.

s§—+00 | ‘

Clearly, for any |v| > r the function 7 — |V(7;v)| is strictly decreasing. Therefore, for any

o=s(0) =+ (o)

15
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since [V(7;v)| < |v| < rg and Yp(V(m;v)) = 0, 7 > 0. If r3 < |v| < 74 let us consider
74 < 0 < 73 such that [V(13;v)| = r3 < r4 = |V(74;v)|.- The time interval between 74 and 73
is given by

r3 dp
!Ts|+|74\—73—74—/ < 400,

r (= Bp?)p

and therefore one gets for r3 < |[v| < ry

(0] < 'so ()

< [/ et o) Wl (18)

Consider now |v| > r4. There is 74 > 0 such that 7“4‘%‘ = V(74;v) implying that

_l’_

bV(riv)) dr
0

o) = o (r )+ [T uvmanar=o (k) + [ s ar

|v] [v] -
—+o00

—o (P2 )+ [T dr = (r ) 4 [ el dr
< |U|> 0 < |U|> 0

vl
v
= (7"4> .
|v]

We deduce that the restriction of ¢ on {v : |v| > rs} satisfies the same bound as in (18).
Moreover the function ¢ is C! on {v : |v| > r}, with bounded derivatives. Indeed, it is

sufficient to consider only the case rs3 < |v| < 14, observing that

T VRV v s toy ‘ '
Vop(v) = o (I B ) Voo <T2|v|> + Srr (t;0)VY(V(1;v)) dr
. " dp
V(r;0)| € [rs, |v]] C [r3,r4], T €[0,73], |13] + |74] = /T4 m < +o0.

By construction we have —(a — B[v|?)v - Vo = ¥(v), |v| > r.

Consider a C! decreasing function on R such that X|[0,1] = 1, X[2,400[ = 0. We know that

/Rd(oz — Blv]?)v - Vs, {@(U)X (g)} F(v)dv=0, R>0,

saying that

[l

/Rdx <‘Z’> (@ — Blof?)o - Vop Fo)dv+ /Rd(a ~ Blo)p(o) <‘“R’> Fo)dv =0,

Since ¢ and 1 = —(a — B|v|?)v - V¢ are bounded and F has finite mass and kinetic energy,
we can pass to the limit for R — 400, using the dominated convergence theorem. We obtain

for any C! function 1, with compact support in ¢({0} U rS)

/ Y(v)F(v)dv = —/ (o — Blv*)v - Vo F(v) dv = 0.
R4 Rd

Actually the previous equality holds true for any continuous function v with compact support

in ¢({0} UrS), since [paF(v)dv < 400, so that supp F' C {0} UrS. O
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In order to obtain stability for (f*); we need to avoid the unstable equilibrium v = 0. For
that we assume that the initial support is away from zero speed: there is ro > 0 (eventually

small, let us say ro < r) such that
supp f C {(z,v) € REx R : |u| > 7). (19)
Proposition 3.1 Under the hypothesis (19) we have for any € > 0 small enough
supp fé(t) € {(z,v) e REx R? : |v| > ro}, t €R,.

Proof. Take £ > 0 such that ¢||a||z~ < 2ar/(3v/3) and p5(—||al/z=) < ro. For any continu-

ous function ¢ = 1 (x,v) with compact support in R? x {v : |v| < 70} we have

q/)(x,v)f(t,g:?v) d(a:,v) = w(XE(t;O,I,U), Vs(t;0,$,v))fin($,v) d(a:,v)
Rd xRd Rd xRd
Rd R;!J(‘ig(t;(],x,v), ! E(t;Oam7v))1{|v|2"‘0}fin(l',’0) d(l‘,’l}).

But for any |v| > ro > p] we know by Proposition 2.7 that |V¢(¢;0, z,v)| > |v| > ro, implying
that 1 (X*(t),V=(t)) = 0. Therefore one gets [p4, pa ¥(z,v)f*(t, 2,v)d(z,v) = 0 saying that
supp f<(t) C {(z,v) : [v] = 7o} O

We are ready now to establish the model satisfied by the limit measure f. The idea is to
use the weak formulation of (11), (12) with test functions which are constant along the flow
of (= Blv[*)v- V,, in order to get rid of the term in 1. These functions are those depending

v v

on x and ol Surely, the invariants ol have no continuous extensions in v = 0, but we will

see that we can use it, since our measures f¢ vanish around v = 0.

Proof. (of Theorem 1.1) We already know that f satisfies (7). Actually, since supp f¢(t) C
{(z,v) : |v| > ro},t € Ry,e > 0, we deduce that supp f(t) C {(x,v) : |v| > ro} and finally
supp f(t) C R¢xrS,t € R,. We have to establish (6) and find the initial data. Consider a C'!
decreasing function x on Ry such that x|[jp1) = 1, X|240c] = 0. For any n = n(t) € ClR,),

¢ = ¢(x,v) € CHR? x R?) we construct the test function

o(t, z,v) = 1(t) [1 —y @?ﬂ v <x r|v”’> .

Notice that 6 is C! and 6 = 0 for [v| < 2. When applying the weak formulation of (11)-(12)

with 6, the term in % vanishes. Indeed, we can write

L/ + [, nota - e v, { [1 ~x (2‘0’>] 0 <m||) } F (b, v) d(z,v)
_ i/R+ n(®) /Mzm(a Bl -V, {w <xr|z> } FE(t, 2, 0) d(z,v) dt = 0.

17



For the term containing 0,6 we obtain the following limit when & — 400

Tf = / 00k (t, x,v)d(z,v) dt — 00f(t,z,v)d(x,v) dt
Ry JRIXRA R JRIxRA

_ /Mn'(t) /vzmgo (;M’Z‘) £t 2,0) d(x, v) dt
:/Mn'(t) /U_rcp<x,7“’z’> £t 2,0) d(x, v) dt

= "(t xz,v) f(t,z,v)d(x,v) dt
/R+77 <>/Mso< ) £tz 0) d(z,0)
_ / 01 (n) f (¢, 2, v) d(x, v) dt.

Ry JRAxRE

Similarly, one gets

T2.—// vV 0fk(t,x,v)d :Uvdt—>// vV 0f(t,z,v)d(x,v)dt
R, JRIxRE R, JRIxRE

/na+/RdXRd )t z,v)d(z, v) dt.

For the term containing a - V,6 notice that on the set |v| > ro we have

Y | B (R e

and therefore we obtain

T '_/IM/IR{dx%dv Ofk(t,x,v)d(z,v dt—>/R+/RdXIgdV@fta:v)d(a:,v)dt
VRV
= [0 f i (1= ) o 70 () s s
/R/Rd Rd( |U|2U>a Vo(ne) f(t, 2, v) d(z, v) dt.

For treating the term involving the initial condition, we write

T, ::/R G(O,x,v)fin(x,v)d(w,v):/R n(0)p (x,rv) £z, 0) d(z, v)

dxRd dx R4 |v]
= /RdXR?(O)np(x, v) <fi“> (z,v)d(x,v).
Passing to the limit for £ — +o00 in the weak formulation TF + T¥ + TX + Ty = 0 yields the
problem
0,f + dive{fo} + dive {f <I— ”,f”;’) } —0, £(0) = (f")
as desired. O
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Remark 3.1 The constraint (7) is propagated by the evolution equation (6). This comes by

the fact that the flow (X, V') associated to the field v-V, + (I - Tﬁ;’) a - Vy leaves invariant
RY x rS. Indeed, if (X, V) solves

dX dv Vi(s)®V(s)
=V = (1= TR e xe)
X(s;0,z,v) =z, V(s0,2,0) =v#0
then
1d V(s) @ V(s)
V)P = - —t X(s))-V(s)=0
s Ver = (1= HO ) s x (e ve)
saying that |V (s;0,2,v)| = |v| for any (s,x) € Ry x R In particular, for any continuous

function ¢ = (x,v) with compact support in ¢(R? x rS) we have

b, 0) fs,z o) d@v) = [ 9(X(5:0,2,0), V(s:0,,0)) (/) (2, 0) d(z, 0)
Rd xRd Rd xR
= ol 1/)(X(S;0,CC,’U),V(S;O,$,U)) <fin> (SC,’U) d(SE,’U) =0

since supp <fin> C RExrS. Therefore for any s € Ry we have supp f(s) C R? x S implying
that div,{f(s)(a — Blv|?)v} = 0,5 € Ry.

Remark 3.2 By the uniqueness of the solution for (6) with initial data <fin>, we deduce
that all the family (f%). converges weakly  in L™ (R ; My(R? x R?)).

4 The non linear problem

Up to now we considered the stability of the linear problems (11)-(12) for a given smooth

field a = a(t,z) € L®(Ry; WH(R?)). We concentrate now on the non linear problem
1
O f° + divy{fv} + div,{fa®} + g{f‘a(a — B} =0, (t,z,v) € Ry x R xRT  (20)

with a® = =V ,U * p° — H % f¢. The well posedness of the non linear equation (20) comes by
fixed point arguments in suitable spaces of measures, and it has been discussed in [10, 4] in

the measure solution framework. We summarize next the properties of the solutions (f¢)z>0.

Proposition 4.1 Assume h € C}(RY),U € CZ(R?) and (1 + |[v]?)f™ € M} (R x RY). For
all € > 0, there is a unique solution (f¢,a%) € C(Ry;P1(RY x RY)) x L®(Ry; WL (RY)) to

O f® +divg{fev} +div,{fa®} + édivv{fs(a —BlvHvy =0, (t,z,v) € Ry x RTxRY (21)

a® =-V,Ux [ fSdv—Hxf* H(z,v)=h(z)v (22)
R4

19



with initial data f€(0) = fi*, satisfying the uniform bounds

sup [ ol F (2,0 d(aw) < oo
e>0,teR; JRAxRA

sup [|a[| poo (r ;oo (me)) =1 A < 400, SUP [|Va®|| poo(r, ;100 (Re)) =1 A1 < +00.
e>0 e>0

Moreover, if the initial condition satisfies
supp f* {(z,v) € R? x RY |z| < Lo, 70 < |v] < Ro}
for some Ly > 0,0 < rg <r < Ry < +o0, then for any € > 0 small enough we have
supp f5(t) € {(z,v) € R x R? : |z| < Lo +tRo, 70 < |v| < Ro}, t € Ry.

Proof. Here, we only justify the uniform bounds in €, the rest is a direct application of the
results in [10, 4]. The divergence form of (21) guarantees the mass conservation
[, renden=[ Peodeo. ek
Rax R4 R4 xR4
Notice that the term —div,{f¢H % f¢} balances the momentum
/ vdiv {f°H * f°} d(z,v) = / h(z — ") (v —v)fe(t, 2, 0') fe(t, z,v) d(2',v")d(z,v) = 0
R2d R4d

and decreases the kinetic energy

4d

/ lv2div,{ fCH % f¢} d(z,v) = 2/ h(z — 2 ) (V' —v) -vfet, ', ") fE(t, z,v) d(z’,v")d(x, v)
R2d R
= —/ h(z — ') v — o P fo(t, 2 W) f2 (¢, 2z, v) d(2/, v')d(z, v).
R4d

In particular, as [v|>f € M; (R? x R?), then the kinetic energy [p.q |[v|2f°(t,z,v) d(z,v)
remains bounded, uniformly in time ¢ € R} and € > 0. Indeed, using the continuity equation
one gets
(> € 1 d (> (>
v (VU x p®) fe(t, z,0) d(z,0) = = — (U *p°(t))(z)p° (¢, z) dzx
RdxRd th Rd

[v]?

and after multiplying (21) by 5~ together with (22), we obtain

G o <|2|2 + Uf) Fetta o) de) = 2 [ (alof = B0l 0) dao)
= _1/ h(ZE — aj’)|v — v,‘QfE(t, m’,v')fs(t,m,v) d(x',v')d(x,v) <0. (23)
2 R4d

Consider now t¢ a maximum point on [0,7],7 > 0, of the total energy

We(t) = /RR(’”; + U’;pe) FE(t, 2, 0) d(z,v), teo,T).
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If t* = 0 then it is easily seen that for any ¢ € [0, T

2 2 . 2
/ Mf‘s(t,aj,v) d(z,v) < / ﬁf”“(:L‘,v) d(z,v) + ||U|| L (/ m d(a:,v)) .
RéxRE 2 RixRd 2 R x R4

If t* €]0, T then %W‘E (t°) > 0 implying from (23) by moment interpolation in v that

sup [ (L ol 2,0) (o) < o

e>0,7>0 JRIxRd

and thus the inequality We(t) < We(t¢),t € [0,T] yields

Kl |v]?

sup }/R — fe(t,x,v) d(z,v) < sup / —f(t%, z,v) d(z,v)

e>0,t€[0,7] JRixRA 2 £>0,T7>0 JRIxRE 2

2
+ |1U|| oo </ fin d(x,v)) < +00.
R4 xR4

Therefore the kinetic energy remains bounded on [0,7], uniformly with respect to ¢ > 0,
and the bound does not depend on T" > 0. The uniform bounds for a®* come immediately by

convolution with V,U and H, thanks to the uniform estimate

sup / [v| fE(t, z,v) < +o0.
£>0,t€R 4 JRIXRI

We analyze the support of (f¢)c0. Take € > 0 small enough such that e¢A < 2ar/(3v/3) and
pi(—A) <ro, p5(A) < Ro. By Proposition 3.1 we already know that

supp f5(t) € {(z,v) € R x R? : |v| > 7o}, t €R,.

For any continuous function 1) = v(z,v) with compact support in R? x {v € R? : |v| > Ry}

we have
7/}(357 U)f“:(t, Z, ’U) d(CC, ’U) = 1/1(X6(t), Ve(t))fin(x’ U) d(x, U)
RdXRd RdXRd
- Rde;ﬁ(Xe(t)a Ve(t))l{rogv\g}zo}fin(x,v) d(z,v).

We distinguish several cases:
1. If ro < |v| < p5(—A) we deduce by Proposition 2.7 that |v| < |VE(¢;0,z,v)| < p5(A) <
Ry, teRy,e>0.

2. If p5(—A) < |v] < p5(A) we obtain by Proposition 2.6 that p5(—A) < |[VE(t;0,z,v)| <
p5(A) < Ry, teRy,e>0.

3. If p5(A) < |v] < Rp one gets thanks to Proposition 2.7 p5(—A) < |VE(¢;0,z,v)| <
|v| < Ryp.

In all cases (X°¢, V¢)(¢;0,2,v) remains outside the support of ), implying that

Y(x,v) fE(t, z,v) d(x,v) = 0.
R4 xRd
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Thus for any ¢t € Ry and € > 0 small enough one gets
supp f(t) C {(z,v) € RE x R? : 7y < |v| < Rp}.

Consider § € C'(R) non decreasing, verifying 6(u) = 0 if u < 0, #(u) > 0 if u > 0. Applying
the weak formulation of (21)-(22) with the test function 6(|z| — Lo — tRp) yields

/ (2] — Lo—tRo) f(t,,v) d(z,v) = / 0(12] — Lo)f™(z,v) d(z, v)
R R

dxR? dxR?

+ /Ot/R 9/(|$| — Loy — sRp) <v P R0> fe(s,z,v) d(z,v)ds <0

dxRd |$‘

implying that supp f°(t) C {(x,v) € R x R?: |z| < Lo +tRo},t € R,. O

The uniform bound for the total mass allows us to extract a sequence (e;)r C R% con-
vergent to 0 such that (f*); converges weakly % in L™ (R, ; My(R? x R%)). The treatment
of the non linear term requires a little bit more, that is convergence in C(R;P;(R? x R?))
or at least in C([6, +-o0[; P1(RY x RY)) for any 6 > 0. The key argument for establishing that

is emphasized by the lemma

Lemma 4.1 Consider € > 0 small enough.
1. For any (z,v) € RY x R with rg < |v| < p5(—A) — ¢, the first time t5 = t5(x,v) such that
|[VE(t5;0,2,0)| = p5(—A) — e satisfies

£ r—7To
tt < 1 .
1= 952 n( e >

2. For any (z,v) € R? x R? with p§(A) + ¢ < |v| < Ry, the first time t§ = t5(z,v) such that

[VE(t5:0,2,v)| = p5(A) + € satisfies

€ Ro—r
t5 < 1 .
2= 257 “( E >

Proof. 1. During the time [0, 5] the velocity modulus |V(¢)| remains in [rg, p5(—A) — €] C

[p5(—A), p5(—A)] and we can write for any ¢ € [0, ¢5]

qve| ave|
T > d& —
—eA+ (= BIVEDP) VEO ™ as(t, X2(1) -ty + Lo = BIVEOR) [VE(D)

E E

since —eA + (o — Bu?)u is positive for u € [p5(—A), p5(—A)]. Integrating with respect to
t € [0,t5] yields

ps5(—A)—e du p3(—A)—e du
€ < < .
den<e [U7 S s, o

v| ()
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Recall that p5(—A) is one of the roots of u — —eA + (o — Bu?)u and therefore a direct

computation lead to
—cAt(a—Bu)u = B(ps—u)[uP+ups+(p5)>—1] > 2B8r3(p5—u), u € [ro, p5], € small enough
implying that

e [P du £ Ps —To < .
ti(z,v) < - tn { = : 1 '
l(xv)_QﬁT‘g/m % —u 2ﬂ7‘8n< 5 >_2ﬁ7“(2)n< £

2. During the time [0, #5] the velocity modulus |V¢()| remains in [p§(A)+¢, Ro] C [p5(A), +0o0]

and we can write for any ¢ € [0, t5]

djve| djve]
€

dt dt -1

AT (a—AVEDP) VD] - as(t, X2(t)) - ey + Lo = BIVE®)2) [VE(D)|

since €A + (a — Bu?)u is negative for u € [p§(A), +ool. Integrating with respect to ¢ € [0, 5]

] p5(A)+e du p3(A)+e du
¢ < < '
o) = €/|v| eA+ (o= Bud)u ~ E/Ro e+ (o= fu)u

yields

By direct computation we obtain
eA+(a—Bu*)u = —B(u—p5)[u? +ups+(p5)* —r% < —28r%(u—p5), u > p§, € small enough

implying that

Ry d N _
tg(x,v)gg/ U _f g (fezes) o g (o)
23r? pite U P3 23r2 € 2312 €

[

We intend to apply Arzela-Ascoli theorem in C'(R ; P1(R? x R9)) in order to extract a conver-
gent sequence (f°*); with limg_, 1o € = 0. We need to establish the uniform equicontinuity

of the family (f€)e~0. The argument below is essentially similar to arguments in [10].

Proposition 4.2 1. If the initial data is well prepared i.e., supp f™ C {(z,v) € R x R? :

|z| < Lo, |v| =r} then there is a constant C (not depending ont € Ry, e > 0) such that
Wi(f5(t), f°(s)) < Clt —s], t,s € Ry,e>0.

2. If supp f* C {(z,v) € R xRe : |z| < Lo, 70 < |v] < Ro} then there is a constant C (not

depending ont € Ry, e > 0) such that for any § > 0 we can find g5 satisfying

Wa(fe(), fe(s)) <Clt—s|, t,s>96, 0<e<es.
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Proof. 1. Consider ¢ = ¢(z,v) a Lipschitz function on R? x R? with Lip(¢) < 1. For any

t,s € Ry, e > 0 we have

Rdxﬂgf(XE(t% VE() = o(X°(5), VE() 1" (2, 0)d (2, v)

S/ {1X(8) = X7 ()| + [VE(t) = VE(8) [} L gjoj=ry S (2, 0).
Rd xRd

/ S(F() — f5(s))d(z, )
R

dyRd

Thanks to Proposition 2.6 we have for any (7,z,v) € Ry x R? x 7S

p(-A) —r _ [VE(ri0.2,0) 1 _ p5(A) —r

€ o € o €
and it is easily seen, integrating the system of characteristics between s and ¢, that
’Xa(t;(),{I,‘,’U)—XE(S;(),.ZL',’IJ)’: SRO‘t_S’

t
/ VE(r;0,2,v) dr

and

|V€(ta 0,$,’U) - VE(S; 073:77))’ <

[ ot o+ 2= AR, o

3

h {A+ﬁ(r + Ry Ry (p‘g’(i) —r = p‘i(—A)) } .

Our conclusion comes immediately by Propositions 2.3, 2.4.

2. Consider § > 0 and &5 small enough such that 257% In (T;"O) < 9, QBET In (ROE*T) < 0 for

0 < € < 5. For any Lipschitz function ¢ with Lip(p) < 1 and any t,s > § we have

/ S(F () — £(s)) d(a,v)
R

dyRd

S/R {1X°()=X=(s)|[+VE) =V () [} fry<ppl <oy f dla, 0).

dwRd

For any (7,z) € Ry x R p§(—A) — e < |v] < p5(A) + ¢ we have by Propositions 2.6, 2.7
p3(—A) —e < [VE(r;0,2,0)] < p5(A) +e.

The same conclusion holds true for any 7 > §, z € R% and |v| € [rg, p5(—A)—€[U]p5(A)+e, Ro),
thanks to Lemma 4.1, since § > max{t{(x,v),t5(x,v)} (after a time ¢, the velocity modulus
|[VE(T;0,2,v)| is already in the set {w : p5(—A) —e < |w| < p5(A) +€}). Our statement

follows as before, integrating the system of characteristics between s and t. O

Applying Arzela-Ascoli theorem, we deduce that there is a sequence (e1), C RY, convergent

to 0 such that

klilf Wi (fe:(t), f(t)) = 0 uniformly for t € [0,T], T >0

for some f € C(Ry;P1(R? x RY)) if supp f* C {(z,v) € R x R? : |z| < Lo, |v| =} and

khT Wi (f*(t), f(t)) = 0 uniformly for t € [6,T], T >6 >0
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for some f € C(R%; P1(R? x RY)) if supp f C {(z,v) e RIx R? : |2| < Lo, < |v] < Ro}.
It is easily seen that if the initial condition is well prepared then there is a constant C' cf.
Proposition 4.2 such that Wi(f(t), f(s)) < C|t —s|, t,s € R;. The same is true for not
prepared initial conditions f*. Take § > 0 and 5 as in Proposition 4.2. For any 0 < € < &4
we have Wi(fe(t), fé(s)) < C|t —s|, t,s > J. For k large enough we have ¢, < 5 and
therefore Wi (f<x(t), f¢*(s)) < C|t — s|, t,s > 6. Passing to the limit as k goes to infinity
yields Wi(f(t), f(s)) < C|t —s|, t,s > J. Since the constant C' does not depend on § one
gets
Wh(f(t), f(s)) <Clt—s|, t,s>0.

In particular we deduce that f has a limit as t goes to 0 since (P;(R% x R?), W) is a complete
metric space and therefore we can extend f by continuity at ¢ = 0. The extended function,

still denoted by f, belongs to C(R;P;(R? x RY)) and satisfies
Wi(f(t), f(s)) <Clt —s|, t,s €Ry.

The above convergence allows us to handle the non linear terms. We use the following

standard argument [24, 10].

Lemma 4.2 Consider f,g € P1(R? x R?) compactly supported supp f Usupp g C {(z,v) €

R x R? : |2 < L,|v| < R}, and let us consider

af:—VxU*/ fdv—Hx*f, ag:—VzU*/ gdv— H %g.
R4 Rd

Then we have
1/2
lag = gl < {IIV2U I + (IRl + ARZVahlE=) "} Wi (£, 9)
where Br stands for the closed ball in R? of center 0 and radius R.

Proof. Take 7 to be a optimal transportation plan between f and g. Then for any z € R?

we have, using the marginals of m

(VU x () = (VU x g)(2)| =

/R VoU(z — ) {F (o) — g(a',v)} A&, ')

dyRd

/ / V.U(x — ') = V,U(z — 2")]dr(2, 0, 2" 0")
RdxRYRI

xRd

< HV2UHL°° / x//| dﬂ(x’,v’,a:”,v”)
R xR4 Rded

< IV2U|L=Wi(f, 9)-
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The estimate for H x f — H x g follows similarly observing that on the support of 7, which is

included in {(z',v',2",v") € R4 . |v/| < R, |v"| < R} we have

|h(z — 2" (v — ") — h(z — 2") (v — ")
< |h(z — 2" )" =)+ |h(z — ") — h(x — 2")| |[v — V"

1/2 1/2
< (IRl + 4R Voh||2) 2 (12 — "2 + o — 0" 2) 2.

We are ready now to prove Theorem 1.2.

Proof. (of Theorem 1.2) The arguments are the same as those in the proof of Theorem 1.1
except for the treatment of the non linear terms. We only concentrate on it. Consider (f¢*)g
with limg_, 4o €5 = 0 such that limg_, oo Wi(f<*(t), f(¢)) = 0 uniformly for ¢t € [0,7],7 > 0
if supp f* C {(z,v) : |z| < Lo, |v] = r} and limy_. ;o Wi(f*(t), f(t)) = 0 uniformly for
t € [6,T),T > 6§ > 0if supp f* C {(x,v) : |z| < Lo,70 < |v| < Ro} for some function
f € C(Ry;Pi(R? x RY)). Thanks to Proposition 1.1 we deduce (for both prepared or not
initial data) that
supp f(t) € {(z,v) e R xR? : |v| =r}, ¢t >0.

The previous statement holds also true at ¢ = 0, by the continuity of f. The time evolution

for the limit f comes by using the particular test functions

0(t,x,v) = (t) [1 - X <27|az|>} 14 <xrlzl>

with n € C}(R,), ¢ € CH(R? x R?). From now on we consider only the not prepared initial
data case (the other case is simpler). We recall the notation a® = —V,U % [pq f€ dv — H * f¢
and we introduce a = =V, U * [pq f dv — H % f. Since f satisfies the same bounds as (f°).,

we deduce that ||al|p~ < A, ||Vza||p~ < A;. For any § > 0 we can write

k. V0 fF d(x,v)dt‘

/ {a°* -V,0 f* —a- Vef}dxvdt‘
R

+JRIxRE Rded
4 —+00
+ / / a-Vy0 fd(z,v)dt| + {a®% - V0 f* —a-V,0 f} d(a:,v)dt’
0 JRIxRd RExR4
+oo
SQA(SHVUGHC[)/ fm (x,v) Vol 1yj<roy f°F d(z, v)dt‘
dx RdXRd
+oo
a-Vu0 (f* — f) d(z,v)dt|. (24)
RIxR4

We keep 6 > 0 fixed and we pass to the limit when k goes to infinity. Lemma 4.2 implies

that the second term in the last right hand side can be estimated as
la* = allpee®ix g, = lassr —agpllpo®axpp,) < C(Ro)Wi(f(t), f(t)) — 0 when k — +oo
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uniformly for ¢ € [0, T], implying, for T large enough

“+oo

- VL0fk d(z,v)dt| < C(Ro) \9|ycl/ Wi (o5 (t), £(t) dt — 0

|’U|<R0
when k goes to infinity. For the third term in the right hand side of (24) we use the weak

convergence limy,_, oo f*(t) = f(t) in M; (R? x R?) for any ¢ > 4, cf. Proposition 2.1

lim a-V,0(f*(t) — f(t) d(z,v) =0, t>6
k—+oco JRrdxRd

and we conclude by the Lebesgue dominated convergence theorem

+o0
lim / a- Vo 0(f*(t,z,v) — f(t,z,v)) d(z,v)dt = 0.
R

k—-+o00 dwRd

Passing to the limit in (24) when & goes to infinity, we obtain

lim sup
k—4o00

/ {a® -V, 0f% —a-V,0f} d(x,v>dt‘ < 248]Vob]co -
R+ R{iXRd

Sending ¢ to 0 we obtain that

lim / / a - V0 f* d(z,v)dt :/ / a-V,0 fd(z,v)dt
k—+oo Jr, JRIXRI Ry JRIXRE

5 Diffusion models

We intend to introduce a formalism which will allow us to investigate in a simpler manner
the asymptotic behavior of (11) and (9). This method comes from gyrokinetic models in
plasma physics: when studying the magnetic confinement we are looking for averaged models
with respect to the fast motion of particles around the magnetic lines. The analysis relies
on the notion of gyro-average operator [6], which is a projection onto the space of slow
time depending functions. In other words, projecting means smoothing out the fluctuations
with respect to the fast time variable, corresponding to the high cyclotronic frequency. This
projection appears like a gyro-average operator. Here the arguments are developed at a
formal level.

We first introduce rigorously the projected measure on the sphere rS for general measures.
Let f € Mj (R? x R?) be a non negative bounded measure on R? x R%. We denote by (f)
the measure corresponding to the linear application

v [, v s e + [ w(xu) Lo f (2, 0) d(z,v)

R xR4 dxRd
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for all v € CO(R? x RY), i.e.,

P ) @) de) = [ v i@ do+ [ v (el e,
R4 x R4 v=0 v#0 vl
for all 1 € C9(R? x R?). Observe that (f) is a non negative bounded measure,
[ 0@vden= [  feodeo,
R x R4

R xR4

with supp (f) € R? x ({0} UrS). We have the following characterization.

Proposition 5.1 Assume that f is a non negative bounded measure on R x RL. Then (f)

is the unique measure I satisfying supp F C R? x ({0} UrS),

il

/ P (q:,rv> F(z,v)d(z,v) = / p ($,TU> f(z,v)d(z,v), ¥ e COR?x RY)
v#0 v#0 |v]
and F = f on R% x {0}.

Proof. The measure (f) defined before satisfies the above characterization. Indeed, supp (f) C
RY x ({0} UrS). Taking now ¢ (z,v) = o(z)x(|v|/d) with ¢ € CO(R?) and § > 0 one gets

L pon (5t @oaen = [ e

v=0
|v]

v JRECx <5) F(,0)d(,v).

Passing to the limit for § N\ 0 yields

/ @) ) ) (o) = / (@) f(z,0) d(z,v), o € CORY)

v=0

meaning that (f) = f on R? x {0}. Therefore one gets for any 1) € CO(R? x R?)
/ W <$ﬂ“v) () (z,v)d(z,v) = Pz, 0) (f) (2, 0) d(z, )
v#0 |U| |v|=r

= ¢($,’U) <f> (x,v)d(m,v)

v#0

- () (@, v) d(z, v) - / () (2, 0) d(z, v)
R4 xR =0

- () (@, v) d(z, v) - / f (z,0) d(z, )
R4 xR v=0

_ /v#ow (xr’;) Fz,v) d(z, ).
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Conversely, let us check that the above characterization exactly defines the measure (f). For

any ¢ € CY(R? x R?) we have

Y(x,v)F(z,v)d(z,v) = /_0 YF(x,v)d(z,v) + /7&0 YF(x,v)d(z,v)

R4 xRd

- /Uow(a:,v)f(m,v)d(:n,v) +/U¢O¢ (:w”) F(z,v)d(z,v)
= /U_Ow(ac,v)f(:r,v)d(:r,v) + /U#OT/J <96‘,7“> f(z,v)d(z,v)

saying that F' = (f). O

By Proposition 5.1 it is clear that (-) leaves invariant the measures with support in
RIU({0}UrS). Consider f € M; (R xR?). We say that div,{f(a—BJv|[*)v} € My(R?xR?)

if and only if there is a constant C' > 0 such that

/R (o — Blo*)v - Vb f(x,v) d(z,v) < O]z, € CHR? x RY).

dyRd

In this case there is a bounded measure p such that

—/ (o — Bv|*)v - Vpib f (2, v) d(z,v) = Y, € CHRY x RY).
R

dxRd R xR4

By definition we take div,{f(a — B|v|?>)v} = u. The main motivation for the construction of

the projection (-) is the following result.

Proposition 5.2 For any f € M (R? x RY) such that div,{f(a — Blv|*)v} € My(R? x RY)
we have (divy,{f(a — Blv[*)v}) = 0.

Proof. Let us take div,{f(a— B|v|?)v} = u. We will check that the zero measure 0 satisfies
the characterization of (1) in Proposition 5.1. Clearly supp 0 = () € R% x ({0} UrS). For any
¢(x) € CY(R?) we have

il

[ vtz vden =l [ oo (5> (e, v)d(z,v)

1 [ otan () Blia = sy o0y o

by dominated convergence, since

o (5D Blia = sy

Therefore we deduce that div,{f(a—g8[v|?)v} = 0 on R?x {0}. Consider now 1 € C}(R?xR%)

3|‘

< asup |x'(u)u] + 46% sup [x ' (u)u
u>0 u>0

and lets us compute

/#ow <m,r|z‘>u(x,v) d(z,v) = lim RdXRC}u <$r|z‘> <1 —x <@‘>> pw(z,v) d(z, v)

i [ (’“’H) X' (Q) o~ B (.0 () = 0

29



since v - Vo, {¢(z, T )} = 0. By density, the same conclusion holds true for any ¢ € CO(R? x
Rd) and thus <d1vv{f(oz — ﬁ\v|2)v}> =0. -

Remark 5.1 When f € M (R? x R?) does not charge R? x {0}, (f) is given by

supp () C RY x 1S, /#0¢<wrv><f>=/ w( |>f,¢600( x RY)

[l

or equivalently

[ vwn=] w(x,r”)f, b e CORY x RY). (25)
R x R4 v#£0 v

Using Proposition 5.2 we can obtain, at least formally, the limit model satisfied by f =
limen o f©. By (4) we know that supp f € R? x ({0} U7S). The time evolution of f comes
by eliminating f(!) in (5). For that it is sufficient to project on the subspace of the measures

satisfying the constraint (4), i.e., to apply (-).

(0cf) + (dive{fv}) + (dive{fa}) = 0. (26)
It is easily seen that (0,f) = 0; (f) = Oif since supp f C R% x ({0} UrS) and therefore

(f) = f. We need to compute the last two terms in (26). We show that

Proposition 5.3 Assume that a = a(x) is a bounded continuous field. Then we have the

following equalities

(div.{fv}) = div.{fv} if supp f C R? x ({0} UrS)

(divy{fa}) = div, {f <I - v‘ﬁ;)) a} if supp f C R? x rS.

As a consequence, (26) yields the transport equation (6) obtained rigorously in Theorems 1.1

and 1.2.

Proof. For any 1 € C}(R? x RY) we have

pldive{fop) = [ vdivi{fo} + / w(

R xRd

e ,) div, {fv)

=t o, (5) oty [ (o) (ox (5) et
T |v] : v |v]
=1 o o () 9o (o) (2 (5))

= [ v /7&0” W(“r |)

__ /]R v VoS = | dive{fo)

dxRd R xR4
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saying that (div,{fv}) = div,{fv}. Assume now that supp f C R?xrS. It is easily seen that
div,(fa) does not charge R? x {0}. Indeed, for any ¢» € CO(R? x R?%) we have by dominated

convergence
| | o
div, =1 d
[ v =t [ o (B s
. AT v1 (I
— 1 v, 1 1 wr =o.
51\‘1% RdXRda wx( f (SI\I_T(I) RdXRd "U|5 ) wf

Therefore we can use (25)

i = v iv
/R%l’b (divi(fa)) = /v¢o¢ ($’rv|> divolfa)

o |v]

_%li% Rded<1_ <5)> <£U ’I“H> divy(fa)

T
N0 JRd xRd [v] |v[? ° "ol

1,
3 g 3 < )| w( |\)f

:_/ (I U®2U>a Vo f = wdlvv{f<f U®2U>a}.

v#£0 v Rd xR v

[

We investigate now the limit when € \, 0 of the diffusion model (9). We are done if we
compute (A, f) for a non negative bounded measure with support contained in R? x rS. As

before we can check that A, f does not charge R x {0} and therefore, thanks to (25), we

obtain after some computations

_ v _ v 2md ., md
Rdey) (Buf) = /v¢o¢ <$7T’U|> Bof /7)7$0 B {UJ <$’T\U>}f’ v € CRIXRY). (27)

Lemma 5.1 For any function ¢ € C?>(R%\ {0}) and any r > 0 we have
2 v Vo (T
e ()= () () e () i v
[l [v] il il vl [l

Combining (27), Lemma 5.1 and the fact that supp f C R? x rS we obtain

oo 558 )

Rax R4

We deduce the formula

. . VR U v
(A, f) = div, {dlvv [f <I— ’U|2>] +2f|v‘2}
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for any f satisfying supp f C R? x rS and the limit of the Vicsek model (9) when & \, 0

becomes

Bf + dive(fo) + divy {f <1 - “’53”2“) a} — div, {divv [f <I . ”ﬁ;’)] + 2f‘;2} (28)

with the initial condition f(0) = (f™), as stated in (10).

A Spherical coordinates and the Laplace-Beltrami operator

In this appendix, we show the computations to relate the equations written in original vari-
ables (x,v) to the equations in spherical coordinates (z,w). Our limit densities have their
support contained in R? x 7S and thus reduce to measures on R? x rS. For example, let us

consider the measure on R? x 7S still denoted by f, given by

b)) dlew) = [ K (i) 0 de0

RéxrS
for any function ¢y € C2(R?xrS). In particular, to any f € M, (R?xR%) not charging R%x {0}

it corresponds (f) € M, (R? x R?), with supp (f) C R? x 7S, whose characterization is

0(o0) (1) (00 o) = [ X () 0 de o),

RexrS
We intend to write the previous limit models (in Theorems 1.1, 1.2, and (28)) in spherical

coordinates.

Proposition A.1 Assume that [ € M;(Rd x R, supp f C R? x S and let us denote by

F € M (RY x rS) its corresponding measure on R? x rS. Therefore we have
(divy(fv)) = divy(Fw), (divy(fa)) = div,, {F (I - %(w ® w)) a} , (Ayf) = ALF.
r

Proof. Thanks to Proposition 5.3 we have for any ¢ € C}(R? x rS)

v

. . v
v v
= A¢OTM . wa (x7r|v|> f = /R;dxréu . V:H/J(I‘,M)F
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and thus (div;(fv)) = divy(Fw). Similarly we can write

(2, w) (divy (fa)) = / ¥

RixrS

xr|:}}‘> div, {f (1 - “ﬁ’;’) a}

= Lt (=) (= ) ver ()
L) e (=) v ()2
e - e
[ e

— [ g, w)div, {F <I L ®w)> a}

RexrS
and therefore
1
(divy(fa)) = div,, {F <I - —(w ®w)> a} .
r
Here div,, stands for the divergence along rS (notice that (I — 7ﬂ%(w ® w)) a is a tangent field
of rS) and V,, = (I - T%(w ® w)) V., is the gradient along rS. For the last assertion we appeal

to the following well known result asserting that the Laplace-Beltrami operator coincides with

the Laplacian of the degree zero homogeneous extension, see also [4].

Proposition A.2 Consider ¢ = p(w) a C? function on rS and we denote by ® = ®(v) its

degree zero homogeneous extension on R4\ {0}

v

v(0) = p (v ). v

Therefore we have for any w € rS
App(w) = AP (w).

Let us come back to the proof of Proposition A.1. For any ¢ € C2(R? x rS) we introduce
its degree zero homogeneous extension ¥(x,v) = ¢ (x, rﬁ) Thanks to Proposition A.2 we

can write

W) (AL f) = ,U>Av: Uz, 0)A, f = AU
[ b)) /v#)w(mw (Auf) /#0 wdef = [ A

= Aw@ZJ(%U)f = Aww(l‘?w)F = I,Z)(IL‘,UJ)AWF

|v|=r RaxrS RaxrS

meaning that (A, f) = AL F. O
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For the sake of completeness, we finally write the equations in spherical coordinates in
R3. We introduce the spherical coordinates w = 7(cos  cos ¢, cos § sin ¢, sin §) with the angle

variables (0, ¢) €] — /2, 7/2[x[0, 27|, and the orthogonal basis of the tangent space to rS
ep = (—sinf cos p, —sinfsin ¢, cos ), e, = (— cosfsinp, cos b cos ,0)

with |eg| =1, |e,| = cosf. For any smooth function u on S we have

Vou = (Vyu-epleg+ (Vou - ew) 62 7 ;(%u eq + ﬁ@wu €y
and for any smooth tangent field £ = {yeg + {, e, we have
div,¢ = ! { ! Oy (&g cosh) + 8¢§¢} .
r | cosf
The coordinates of the tangent field £ := F (I — T%(w Qw))aare {§ =£&-eg = Fag, & =
Ci:fg = Fa, and we obtain

1 1 1
(divy(fa)) = div,, {F <I - r—z(w ® w)) a} = {Coseﬁg(Fag cosf) + aW(FCL(P)} .
The spherical Laplacian is given by

1 1 0 (cosf 0 1
AF = divy(VF) = 1L L9 F I
dive (Vo F) 7"{005989( r 89) Dy <r0052«96¢ >}

1 (1 0 1
=3 {coseae(cose OpF) + s QPF}.

Proposition A.3 The limit transport equation obtained in (28) for R3 is

0p(Fag cos ) B 1 1 0 2
OF +w -V, F+ — {cos@ + 0,(Fay) Coseae(coseﬁgF) 29(‘)@

We recall here the proof of Proposition A.2. It is a consequence of a more general result.

Proposition A.4 Let us consider a function ¢ = @(v) € C?(RY), d > 2 which writes in

polar coordinates p(v) = ¢(p,0), p=|v| >0, o= ﬁ € S. Therefore for any v # 0 we have

1 0
Nlap

_ N 1 - v
Ayp(v) = (PN 10,p) + pngasO(p,o)v p=v>0, o =—.

[v]
Proof. Consider a smooth function 1) = v(v) € C? with compact support in R \ {0}, which

writes in polar coordinates 1 (v) = ¢(p,0), p=|v| >0, o= ry €S. We have

P op

aﬁp:vv¢~0', Vop=(Vpp-0)o+ (I —0®0)Vyp a—pa—l—vw —po P
and ~ -

0 0 ~

5 = Vot 0 Vot = (Vo 0) + (1 =0 90,6 = G0 Vil
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Integrating by parts yields

—/ Avp $(v) dv:/ vygo-vmdv:/ / {&"BM 1.5 vgw} dop 1 dp
Rd d R+ SN-1 8/)8

~ N_l ~
o ) e [ s
SN-1 JR, 9 dp Ry P SN-1

1 0 1 N
=~ [ v { A o008+ e}

and therefore

1 0 1 v
Apo(v) = ————(pVN718,8) + =Asp(p,0), p=|v]| >0, 0 =—.
o(v) pN_lap(p L P) p @(p, o), p=|v| o]

[
Proof. (of Proposition A.2) The degree zero homogeneous extension ®(v) = ( B |) does
not depend on the polar radius ®(v) = ®(0) = p(w = r0), 0 = ITUI Thanks to Proposition

A4, we deduce A, P = p%Agfi = ;—zAwgo. Taking p = r, which means v = ro = w we obtain
AP (w) = App(w), wers. O
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