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NEW EXTREMAL DOMAINS FOR THE FIRST EIGENVALUE OF THE
LAPLACIAN IN FLAT TORI

PIERALBERTO SICBALDI

Abstract. We prove the existence of nontrivial compact extremal domains for the first eigen-
value of the Laplacian in manifolds R™ x R/T Z with flat metric, for some 7" > 0. These domains
are close to the cylinder-type domain By x R/T Z, where Bj is the unit ball in R™, they are in-
variant by rotation with respect to the vertical axe, and are not invariant by vertical translations.
Such domains can be extended by periodicity to nontrivial and noncompact domains in Euclidean
spaces whose first eigenfunction of the Laplacian with 0 Dirichlet boundary condition has also
constant Neumann data at the boundary.

1. STATEMENT OF THE RESULT

An open problem is to find the domains Q2 C R"*!, n > 2, for which the over-determined
problem

Agu+Adu = 0 in Q
(1) u = 0 on 0f)
g(Vu,v) = constant on 99,

has a positive solution u € C%%(Q). Naturally g is the Euclidean metric, ) is a positive constant
(i.e. the first eigenvalue of the Laplacian), and v is the normal unit outward vector about 9.
It is known (see [10]) that smooth bounded domains in Euclidean spaces for which the Laplace
equation with right hand side constant, Dirichlet boundary data and constant Neumann data,
are round balls. Tt is an open problem to study noncompact domains where this overdetermined
problem is solvable.

We denote the coordinates of R"*! as (z,t), z € R" and t € R. We want to prove the following
result.

Theorem 1.1. There exist a real positive number T, < a sequence of real positive

27
Vn—1’
numbers T; — T, and a sequence of nonzero and nonconstant functions v; € C**(R) of period
T; converging to 0 in C>*(R) such that the domains

Qj = {(.’E,t) S Rn-‘rl , ‘l’l < 1+7)j(t)}
T;
have a positive solution u; € C**(§;) to the problem (1). Moreover/ vjdt =0.

0
1
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We remark immediately that the domain £2; can be constructed starting from the cylinder-type
domain

Cy = {(z,t) € R+ , |z| < 1}

(where it is also known that there exists a positive solution u € C%(C}) to the problem (1)) and
modifying his boundary by a function only depending on the variable ¢, periodic and nonconstant
(this implies that €; is invariant by rotations with respect to the vertical axe and is not invariant
by vertical translations). Then, if T} is the period of the function v;, such a domain arise to a
compact domain homeomorphe to Bi x R/T; Z in the manifold R” xR /T; Z with flat metric, where
the problem (1), adapted to this new manifold, has a solution (naturally B; denotes the unit ball
centered at 0). From the proposition 2.1 of [9], also proved in [4] and in [3], it is clear that such a
domain §; is extremal with respect to the first eigenvalue of the Laplacian in R™ x R/T; Z for the
fixed volume T vol(B;), in the sens that for any volume preserving deformation {€2s}se(j—c jte)
of g, we have
% Is:O =0 5

where A, is the first eigenvalue of —A, on €2, with 0 Dirichlet boundary condition. Naturally we
understood that {Qs}sc(j—c jte) is a deformation of €y, if there exists a vector field = such that
Qs = £(s, Qo) where £(s, -) is the flow associated to =, and the deformation is said to be volume
preserving if the volume of 4 does not depend on s.

On the other hand, given an extremal domain with respect to the first eigenvalue of the Laplacian
in the manifold R" x R/T'Z, obtained by deformation of the boundary of the cylinder-type domain

CT = {(z,t) eR" xR/TZ lz| < 1}

by a function v(t) € C?*(R/TZ) of mean 0, then such a domain arise to a noncompact domain
homeomorphe to By x R defined by periodicity, where there exists a solution to the problem (1).

We can conclude that an alternative version of the theorem 1.1 is the following:

Theorem 1.2. There exists a real positive number T, < T a sequence of real positive

n —
numbers Tj — T and a sequence of nonzero functions v; € C**(R/27Z) of mean 0 converging
to 0 in C>*(R/27Z) such that the domain

2
Qj:{(x,t)eR”xR/TjZ , |z| <14 wv; (;t)}
J

is extremal with respect to the first eigenvalue of the Laplacian in the manifold R™ x R/T; Z with
flat metric.

This will be our main theorem, and we will prove it.

As a final remark, we observe that this result can give an answer, with a counterexample, to
the conjecture of Berestycki, Caffarelli and Nirenberg proposed in [1], p. 1110. According to this
conjecture, if €2 is a smooth domain such that R"T1\Q) is connected and there exists a bounded
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positive solution of

Agu+ flu) = 0 in Q
(2) u = 0 on 0f)
g(Vu,v) = constant on 09,

for some Lipschitz function f, then €2 should be either a half-space, a ball, the complement of a
ball, or a circular-cylinder-type domain R? x B, with B a ball.

2. REPHRASING THE PROBLEM

We want to show that for some T > 0 (we will see that we have to choose T close to a fixed real
positive number T,) we can modify the boundary of C¥ in order to find an extremal domain, of
volume T vol(By), with respect to the first eigenvalue of the Laplacian in the manifold R” x R/TZ
with flat metric. Given a continuous function f: S"~! x R/TZ — (0,00) we define

C'fT = {(z,t) e R" x R/TZ : 0<|z| < f(z/|z|,t)} .

Our aim, following the caracterization of extremal domains given in [9], is to show that there
exists a T > 0 and a nonconstant function v : S"~! x R/TZ — R of mean 0 such that the
over-determined problem

Agp+Aro = 0 in Cfl,
(3) ¢ = 0 on OCL,,
g(Vo,v) = constant on OCT,,

has a nontrivial positive solution, where v is the normal vector field about dCT s A I8 a positive
constant and ¢ represent the flat metric on R™” x R/TZ.

By symmetry, it is clear that the function v does not depend on the variable z € S®~!. Then
v = v(t). Moreover we can also require the function v to be even.

Let us denote by A; the first eigenvalue of the euclidean Laplacian in the unit ball By of R"
centered at the origin, with 0 Dirichlet boundary condition. We denote by ¢; the associated
eigenfunction

Aggl + )\1 le = 0 in Bl
(4) : .
¢1 = 0 on 331

which is normalized to have L?(B;)-norm equal to 1/27. Then ¢y (x,t) = ¢ (z) solve the problem
{ Ag¢1 + )\1 gf)l = 0 in ClT

(5)
¢ = 0 on 9CT
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(6) ¢2 dvoly = 1
fordd

Because ¢1 do not depend on ¢, sometimes we will write simply ¢1(x).

Let C2* ((R/27Z) be the set of even functions on R/277Z of mean 0. For all T' > 0 and all

even,0

fecke (R/2nZ) we set

even,0
C} :={(z,t) eR" xR/TZ : 0 < |z| < f(2rt/T)} .

For all function v € Ci’,ﬁ‘n’o(R/ 2nZ) whose norm is small enough, the domain C{,, is well defined

for all T > 0. Standard results on Dirichlet eigenvalue problem (see [5]) apply to give the
existence, for all T > 0, of a unique positive function

¢ = ¢7),T S cx (01T+U)

and a constant A = A, 7 € R such that ¢ is a solution to the problem

(7)
¢ = 0 on 9CT,,

which is normalized by

(5) [ (o(~ ;t)) dvol; = 1

1+4+v

In addition ¢ and A depend smoothly on the function v, and ¢ = ¢1, A = A\; when v = 0.
After canonical identification of dC{,, with S"~* x R/TZ, we define, the operator N :

N(0,T) = §(Vé,v) |gcr !

e — é(V(ﬁ,I/) dVOl° 5
fio ™ Vol ,(0CT,,,) /acﬂ /

where v denotes the unit normal vector field to dC{,, and ¢ is the solution of (7). A priori
N(v,t) is a function defined over S"~! x R/TZ, but it is easy to see that it depends only on the
variable ¢t € R/TZ because v has such a property. For the same reason it is an even function, and
moreover it is clear that its mean is 0. If now we operate a rescaling and we define

F(u,T)(t) = N(v, T) (;t)

Schauder’s estimates imply that F is well defined for v in a neighborhood of 0 in C2% (R/277Z)

even,0

and T € R, and takes its values in C1;% (R/27Z). Our aim is to find (v, T) such that F(v,T) = 0.

even,0

Observe that, with this condition, ¢ will be the solution to the problem (3).

Our next task will be to understand the structure of Lg, the operator obtained by linearizing
F with respect to v at a general point (0,7).



NEW EXTREMAL DOMAINS FOR THE FIRST EIGENVALUE OF THE LAPLACIAN IN FLAT TORI 5

3. THE STRUCTURE OF THE LINEARIZED OPERATOR

We already have recalled the existence of a unique positive function ¢ € C**(CT, ) (close to
¢1) and a constant A € R (close to A1), solutions to the problem (7) so we are going to construct
an expansion of ¢ and X in powers of v and its derivatives. This will lead to the structure of the
linearized operator Ly.

Recall that A; is the first eigenvalue of —A; in CT" with 0 Dirichlet boundary condition and
¢1 is the associated eigenfunction which is normalized as in (6). Observe that in principle ¢, is
only defined in the cylinder, however, this function being radial in the first n variables and not
depending on ¢, it is a solution of a second order ordinary differential equation and as such can
be extended at least in a neighborhood of CT .

Let v € C;ﬁnyo(R/ 27Z). By Fourier expansion v can be written as

9) v = Z ay, cos(kt)

k>1
We start with the easy :

Lemma 3.1. Assume that v € C2% (R/2xZ) and write v as in (9). For T > 0 we define

even,0
do(x,t) = Ord1(x)v(2mt/T)
where r = |z|. Then

2
(10) Agdo 4+ A g = Zak %2 Or¢1 cos (T) ln —-1- <2Z}k) 7"2]

k>1

Proof : This is a straightforward exercise. Using the fact that

-1
By 0y = =M 0,61+ = 0,61

we find
ANgdo = vAOd1 + 0rd1 Ay + 2V VO, ¢y
—1 ok ) ® okt
= U (>\1 aT(ybl + nTT 8r¢1) - Zak (;) ar¢1 CcoSs <7;)
k>1
1 2kt ok \ 2
= —MN ¢+ ; U 5 O, 1 cos (T> ln _1_ <T> 7,2]

This completes the proof of the result. |
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For all v € C%* (R/27Z) and all T > 0 let ¥ be the (unique) solution (periodic with respect

even,0

to the variable t) of

Agp+ My = 0 in Cf
(11)
Y = —0rp1v(2nt/T) on oct
which is L?(CT)-orthogonal to ¢1. We define
(12) Hr(v) == (0,9 + 92¢n U(27Tt/T))|801T

By symmetry it is clear that ﬁT(v) is a function only depending on ¢, then changing the variable
we can define

(13) H2(0)0) = i) o)

27
Let V} be the space spanned by the function cos(kt). We will need the following result :
Proposition 3.2. The operator
Hr: CSégn,o(R/QWZ) — C;v’gn,o(R/QWZ%

is a self adjoint, first order elliptic operator that preserves the eigenspaces Vi, for all k and all

T > 0. There exists a positive real number T, <

T i such that the kernel of Hr, is given by
m—
Vihb ®---@® Vi, with1 =ky < ko <--- < k. Moreover the eigenvalue associated to the eigenspace
Vi, considered as a function on T, changes the sign at Ty, and the eigenvalues associated to the
other eigenspaces Vi, , ..., Vi, , always considered as functions on T', do not change the sign at T.

There exists a constant ¢ > 0 such that
lwllcz.ar/2nzy < cllHr, (w)llera®/2rz)
provided w is L*(R/2wZ)-orthogonal to Vo & Vi, & --- @ Vi, where Vy is the space of constant

functions.

Proof : The fact that Hr is a first order elliptic operator is standard since it is the sum of
the Dirichlet-to-Neumann operator for Az + Ay and a constant times the identity. In particular,
elliptic estimates yield

| Hr(w)|lct.er/2xz) < € llwlle2.e®/2xz)
The fact that the operator Hy is (formally) self-adjoint is easy. Let 91 (resp. t2) the solution of
(11) corresponding to the function w; (resp. ws). Let ;(x,t) = v;(z, Tt/21). We compute

2 2 5 N
D1 (1) /0 (Hp (1) ws —wy H(ws))dt = 9,61 (1) /O (O w3 — Oy wn)

27
| o~ doda
0
1 7 ~ ~ ~
= Vol (571 /C ($1 Agha — 2 ) dvol,
= 0
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To prove the other statements, we define for all v € Ci’,(:n‘yo(R/%rZ) written as in (9), ¥ to be
the continuous solution of

1 2kt omk\ 2
g = — —_— 1= 2 ; T
(14) AVAE IR k2>1ak 2 Or¢1 cos ( ) [n ( ) r ] in o
v o= 0 on oCcT .

Observe that 0,.¢1 vanishes at first order at » = 0 and hence the right hand side is bounded by
a constant times r~! near the origin. Standard elliptic estimates then imply that the solution
W is at least continuous near the origin (the right side of (14) belongs to the space LP(CYT) for
each p < n, then the solution ¥ belongs to the Sobolev space W2P(CT) for each p < n, and
by the Sobolev embedding theorem for a compact domain ©Q we have W2?(Q) C C%*(Q) for
p > 57=). A straightforward computation using the result of Lemma 3.1 and writing ¥(z,t) =
P(x,t) + Op 1 (x) v(27t/T), shows that
(15) Hy(v) i= 0,9|g0r

With this alternative definition, it should be clear that Hp preserves the eigenspaces Vi and

in particular, Hy maps into the space of functions whose mean is 0.
Then

(16) Hy(v) = ox(T) ax cos (27;’“)
E>1

where oy (T) are the eigenvalues of Hr with respect to the eigenfunctions cos(kt) and are given
by

(17) or(T) = 0,by(1)

where by, is the continuous solution on [0, 1] of

n—1 o7k \ 2 1 21k \ 2
(18) (83 + - O +)\1> b — (T) by, = 2 ln— 1- <T) 7"21 Or 91,

with b (1) = 0. From (12), (16) and (11) we deduce that

=" cr(r)ax cos (27;“>

k>1

where ¢y is the continuous solution on [0, 1] of

n—1 2k
(19) <83 + ” 3T + )\1) Cr — (T> C = 0
with ¢g(1) = —0,¢1(1). Then an alternative characterization of the eigenvalue o (T') is
(20) 01.(T) = Orer(1) + 07 (1)

We want to show that there exists T, > 0 such that the kernel of Hr, is finite-dimensional and
contains Vi, the space of functions of the form a; cos(t). For this aim we have to find a T, > 0
such that 01 (T,) = 0 and o4 (T%) # 0 for almost & > 1.
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To simplify the notation, we set o1 = 0. We need the following Lemma :

Lemma 3.3. The function o(T) is analytic on (0,+00) and has the following properties:
o lim o(T) =40
T—0t
27
n—1
In particular o has at least a zero where it changes the sign, and the set of the zeros of o is a
discrete finite set.

e o(T) <0 forT >

Proof : The fact that o is analytic comes from the following remark : if F' is an invertible
operator and I is the identity, then for 7' > 0 and any continuous function v the solution u of

1
(F—szl> U =0

is analytic on T for each constant p; this comes from the equality
(I—sF)~ =) s"F"
n>0
for each s € R. Then to prove that ¢y is analytic on T it suffices to take

n—1

Fz(@f—i— (9r+)\1> v=20 p=(2n)?

We conclude that 9,.¢1(1) is analytic with respect to T, and from (20) follows the analyticity of
.

We study now the behaviour of & when T — 07. For T small enough, it is well defined the

quantity
472
=V M
s

Let é(s) = 1 (5) for s € [0,¢]. We remark that
Tlln&+ Orci(1) = gggloo 0+¢(§)

Then we are interested in the behaviour of 9,¢(§) at +o0o0. From (19) (considered for k = 1) we
obtain that ¢ is a continuous solution of the differential equation

(21) (a§+”glas—1>5:0

in the interval [0, ] with ¢(&§) = —0,¢1(1). The previuos equation can be transformed into a well
known Bessel’s differential equation by the substitution

2—n

(22) f=s7 ¢
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2-n)2
a§+iﬁs<1+(§2)>] é=0

that is the modified Bessel’s differential equation of order Q*T" (for an introduction to Bessel’s
equations see for example [2] or [6]), and its general solution is given by

(24) 6(8) ZAI%(S)—FBK%(S)

It follows that ¢ satisfies

(23)

for some constants A, B € R, where I,,,(s) and K,,(s) (for m € R) are the well known modified
Bessel functions given by

Ln(s) = ;W(;)mm
Kolo) = Jim 3 [

where I' is the Gamma function

F(s):/ ettt at.

0
I, and K, are independent solutions of the modified Bessel’s differential equation of order m

1 2
8§f+sasf<1+zg) f=0

It is well known that the behaviour of I,, at oo is

. I’H’L(S) _
(25) QETDO 1 s =1,
e

V27s
while that of K, is

K
(26) fim Em(8)

§— 400 m s
2s
From (22) and (24) we have that
&(s) = 57" (A Inu(s)+ BK2u (s))

The behaviour of  at oo can’t be that of the function s 2" K 2n (s) because of the continuity

of ¢ at 0. In fact, if it was like that then we could integrate over [0, +o0] the function ¢ with its
derivatives, and from (21), multiplying by ¢s"~! and integrating by parts, we would obtain

“+o0
/ ((83 E)2+62) s"lds=0
0
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that would imply ¢ = 0. Hence, by (25) and (26), the behaviour of ¢ when s — 400 is that of

the function s 2" I%Tn (s), i.e. there exixts a constant A # 0 such that

lim #
sot0 AsTz €f

It follows that 95¢(§) — +o0o when £ — +o00, and then, coming back to the definition of £, we

conclude that

=1

lim o(T) = +oo.
T—0+

Now we will show that for T big enough the function o is negative. Let Ar(r) be the solution
of the following differential equation
e ()
AT

and Brp(r) be the solution of this other differential equation
e (2
AT

h—n-Dar— () B
1=n— T — T T

n —

(27) ?Ar+ Lo ar+

1
AT = 7287‘¢1a
T

r

BT = 87“¢1 )

1
(28) 02Br + "T 8, Br +

with Ap(1) = Bp(1) = 0. It is easy to see that

We have

2
O’(T) = (n - 1) 8TAT(1) — (2,17;[-) GTBT(l)

We claim that A7 > 0, By > 0 and Ar — By > 0. Moreover 9, Ar(1) < 0, 9,Br(1) < 0 and
OrAr(1) < 0, Br(1). This follows from the maximum principle.
Proof of the claim : By definition of A1, the operator Ag + A; is non-positive, in the sense that

(29) —/ u (A + A1) udvoly = / (IVulf — A1 w?) dvoly > 0.
B, B,
Specializing this inequality to functions u(z,t) = u(|z|), we get
1
(30) | (@ = xu) a0
0

where r = |z|, provided v € H}(B1). Assume now that A7 < 0 in [rq,r2] with Az(r;) = 0, then
multiplying (27) by A7 7"~ ! and integrating the result by parts between 71 and 72, we get

To 9 2 o
/ ((0,A7)* = M AZ) 7~ Hdr + (;) / AZ " dr <0

T1

because 9,.¢1 < 0. Hence, by (30), necessarily Ar = 0 on [ry,72]. This proves that Ar > 0 on
[r1,72] and by the maximum priciple Ar > 0 on [0, 1]. It follows from this fact that 9, Ar(1) <0,
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because Ar(1) = 0. If it was 9,A7(1) = 0 then necessarily we would have §2Ar(1) > 0 but
evaluation of (27) at r = 1 implies that

0=(n—1)0,Ar(1) = 0,$1(1) — D?Ar(1) < 9,¢1(1) <0

which immediately leads to a contradiction. Hence, 0, Ar(1) < 0. The same reasoning applies
starting from (28) to show that By > 0 and 9,Br(1) < 0, and starting from the difference
between (27) and (28) to show that Ay — By > 0 with 8,.(Ar — Br) < 0. This completes the
proof of the claim.

Let now
T 27
n—1
From the previous claim we have
2
2
— (T) GTBT < —(TL — 1)6TBT < —(n — 1)67,AT
that means
o(T) <0
This completes the proof of the Lemma. ]

Let {01,02,...,0,} the finite set of the zeros of o, and let T the smallest zero such that o
changes the sign at 7%, say that T, = 04. It is clear then V; is in the Kernel of Hy,. To prove
that the kernel of Hr, is finite-dimensional we have to show that if T' = T} then 9,b;(1) # 0 for
almost k£ > 1. For this we set

E_1
T 7
for T'> 0 and from (18) we obtain that
ok (T) = o(7)

This implies that o is analytic on T' and the set of the zeros of o is {k01,k02,...,k0,}. It is
clear that if k is big enough, say k > k;, then Ty ¢ {k01,kO02,...,k0,}, and this means that V}, is
not a kernel of Hp, for k > k;. This implies that the kernel of Hr, is of the form Vi, & --- @ Vg,
with 1 = ky < -+ < k;. Moreover if V},, € Ker(Hr,) and k; # 1 then the function oy, (T) does
not change the sign at T} because oy, (T%) = o(Ty/k;) and T, /k; < T,. This completes the proof
of the proposition 3.2. ]

The main result of this section is the following :
Proposition 3.4. The operator Lg is equal to Hr.

Proof : By definition, the operator L is the linear operator obtained by linearizing F' with
respect to v at (0,7"). In other words, we have
F(sw,T)—F(0,T)

Lofi) = iy ===
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For y € R” and t € R we consider the parameterization of CT. 1, given by

Y(y,t) = ((1+sx(y) w) Y, g:)

where x is a cutoff function identically equal to 0 when |y| < 1/2 and identically equal to 1 when
ly| > 3/4. We set

§=Y"g
so that ¢ = Y*¢ and A = A are solutions (smoothly depending on the real parameter s) of
Ngp+Ad = 0 in CFF
¢ = 0 on 9C
with
/ ¢* dvoly = 1
o
We remark that ¢21 := Y*¢; is a solution of
AV b1+ A b1 =0

since g = Y*g. Moreover

. Tt
(31) i) =on (45w 5, 5 )

7
on AC?™. Writing qAS = qgl + 1[1 and A\ = \; + 1, we find that

Agh+ M +wd+pd = 0 i CF
(32) . R
Y = —¢; on CH
with
(33) / (261 ¢ + 9?) dvol, = ¢2 dvoly — / ¢? dvol,
c2r c3r O s

Obviously 1/3 and p are smooth functions of s. When s = 0, we have ¢ = ¢; and A = ).
Therefore, ¥ and p vanish and ¢1 = ¢1, when s = 0. Moreover § = g when s = 0. We set

1/’ = 8377[;‘5::07 and fr= asﬂ's:Oa
Differentiating (32) with respect to s and evaluating the result at s = 0, we obtain

Agh+ b +ad = 0 in C2
(34) .
v = —O.prw on AC

because from (31), differentiation with respect to s at s = 0 yields 88¢A51|5:0 = 0r¢1 w.
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Differentiating (33) with respect to s and evaluating the result at s = 0, we obtain
(35) ¢1 ¢ dvoly =0
o

Indeed, the derivative of the right hand side of (33) with respect to s vanishes when s = 0 since
¢1 vanishes identically on dC?™.

If we multiply the first equation of (34) by ¢; and we integrate it over C™, using the boundary
condition and the fact that the average of w is 0 we conclude that 4 = 0. And hence 9 (27t/T)
is precisely the solution of (11). To summarize, we have proven that

(2, t) = ¢p1(x,t) + s(x, Tt/21) + O(s?)

where 1) is the solution of (11). In particular, in C37 \03274’ we have

o(y,t) = ¢1((L+sw)y, Tt)2m) + sy, Tt/2m) + O(s?)
= &1 (y,Tt)2m) + s (wr D + P(y, Tt/27)) + O(5?)

where we have set r := |y]|.

To complete the proof of the result, it suffices to compute the normal derivative of the function
¢ when the normal is computed with respect to the metric g. We use cylindrical coordinates
(y,t) = (r z,t) where 7 > 0 and z € S"~!. Then the metric § can be expanded in C37 \ 0574 as

g = (+sw)idr’+srw (1+sw)drdt+ (T/2n)% + s*r? (w')?) dt* + 17 (1 + sw)? h
where £ is the metric on S"~1 induced by the Euclidean metric. It follows from this expression
that the unit normal vector field to dC?™ for the metric § is given by

v=(1+sw) ' +0(s%) 9, + O(s) 0,
Using this, we conclude that
§(Vo1,0) = 0:61 + 5 (w r + 0y, Tt/2m)) + O(s°)

on JC#™. The result then follows at once from the fact that d,¢; is constant while the term
w2y + 0p1h(y, Tt/27) has mean 0 on the boundary C?™. This completes the proof of the
proposition. O

4. A LYAPUNOV-SCHMIDT ARGUMENT

Our aim is to prove that for some T' € (0, +00) there exists a nonzero (and obviously noncon-
stant) function v that solves the equation

F(v,T)=0.
Unfortunately we will not be able to solve this equation at once. Instead we can split the image

of the operator F' into two spaces, one infinite-dimensional and one finite-dimensional, and solve
the equation over the infinite-dimensional space.
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It follows from the previous paragraph that the kernel of the operator Hp, is finite-dimensional
and given by Vi, ®---® Vj,. Based on this fact we will be interested in the method of Lyapunov-
Schmidt, that is a procedure to reduce the dimension of the space in which we try to solve our
equation F'(v,T) = 0 near a singular point from infinite to finite dimension. The idea is to split
the space into two subspaces and to project the equation into each one of them. One of the two
equations obtained can be solved by the implicit function theorem.

Let @ be the projection operator onto the image of Hy, and @ o F' the composition of operators
F and Q. Let v = v/l +v* with vt € (KerHy, )" for a generical function in C§;§H7O(R/2wZ). The
next result follows from the implicit function theorem :

Proposition 4.1. For all vl € (KerHz,) which norm is small enough and all T sufficiently close
to T, there exists a unique function v = ’UL(’UH,T) defined in a neighborhood of (0,T,) such that

QoF (UH +vL,T> —0.
Proof : We can define the operator
J(’UH,UJ',T) =QoF (1}“ + UJ‘,T)

The operator J maps from KerHy, x (KerHp,)* x (0,40c) into the image of Hz,. By the
proposition 3.2 the implicit function theorem applies to get the existence of a unique function
v (vl T) € (KerHy,)* smoothly depending on v/l and T in a neighborhood of (0, T%) such that

J ot 1), 7) = 0.

5. A BIFURCATION ARGUMENT

We are now able to prove our main theorem 1.2. We will use a bifurcation argument. For
the sake of completeness we recall the concept of bifurcation and bifurcation point (see [8] and
[11] for details). Let f be an operator on B; x A into By, where By and By are Banach spaces
(or subspaces) and A is an interval of R. Thus suppose that I' = (z(s), s) is a curve of solutions
of the equation f(z,s) = 0. Let (x0,80) = (2(s0),S0) be an interior point on this curve with
the property that every neighborhood of (xg,sg) in By x A contains solutions of the equation
f(x,s) = 0 which are not in T'. Then (zg, so) is called a bifurcation point with respect to I' and
we say that in that point there is a bifurcation of the solution of f(x,s) = 0.

In relation to our problem we will show that (0,7%) is a bifurcation point with respect
to the curve I' = (0,7) for the solution of the equation F(v,T) = 0. Here A = (0,+00),
B, = C2% o(R/27Z) and By = CL%, ,(R/277Z). We remark that this is equivalent to the existence

even,0 even,0
of a sequence of real positive numbers T; — T and a sequence of functions v; € C§;§n7O(R/ 21Z)
converging to 0 in C*»*(R/27Z) such that the points (vj,7};) are solutions of the equation
F(v,T) = 0. And such a result is exactly our main theorem 1.2 (moreover the functions v,

are even).
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We have proven that for each (vl,T) in a neighborhood of (0,T) there exists a function
vt € Ker(Hr,)* smoothly depending on vl and T such that

QoF (v” + vl(v”,T),T) = 0.
Let I be the identity operator. We remark that if we find (v“,T) such that
(I-Q)oF (v” + vHv”,T),T) = 0.
then it will be verified the equation
F (v” +vl(v”,T)7T> = 0.

Let us define
G, T)=(I-Q)oF (v“ + vi(v“,T),T)
We will prove that (0,7%) is a bifurcation point with respect to the curve
{(0,7) , T in a neighborhood of T}

for the finite dimensional operator G. It will follow the existence of a sequence of real positive

numbers 7; — T, and a sequence of functions vj” converging to 0 such that the points (UJ”,T]')

are solutions of the equation G(v!l,T) = 0. Then the sequence (v;,T;) with v; defined by
v; = v}l +vJ‘(UJ”,T)
will satisfy the statement of the main theorem 1.2.

We recall the concept of odd crossing number following the approach of [8]. Let we come back
to the operator f, with finite-dimensional Banach spaces B; and By. A necessary condition for
bifurcation is that 0 is an isolated eigenvalue of finite algebraic multiplicity, say [, of the operator
obtained by linearizing f with respect to x at (0, sg), which can be denoted by D, f(0, sg). It is
crucial to know how the eigenvalue 0 perturbs for D, f(0, sp) when s varies in a neighborhood
of sg. It is possible to show (see [7]) that the generalized eigenspace Ej, of the eigenvalue 0 of
D, f(0,s0) having dimension [ is perturbed to an invariant space Es of D, f(0,s) of dimension
[ too, and all perturbed eigenvalues near 0 (the so-called O-group) are eigenvalues of the finite-
dimensional operator D, f(0, s) restricted to the /-dimensional invariant space Es. Moreover the
eigenvalues in that 0-group depend continuously on s. Motivated on these facts we can give the
definition of odd crossing number.

Definition 5.1. Let ©(s) = 1 if there are no negative real eigenvalues in the 0-group of D,G(0, s),
and

@(8) _ (_1)ll+-+lh,
if p1,...,un are all the megative real eigenvalues of the 0-group having algebraic multiplicity
li,....ln, respectively. If D, f(0,s) is regular in a neighborhood of sy (naturally except in the
point so) and ©(s) changes the sign at so then D, f(0,s) has an odd crossing number at sg.

In presence of an odd crossing number there exists a standard result known as the Krasnosel’skii
Bifurcation Theorem (see [8] for the proof):
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Theorem 5.2. If D, f(0,s) has an odd crossing number at sq, then (0,s0) is a bifurcation point
for f(x,s) = 0 with respect to the curve {(0,s) | s in a neighborhood of s¢}.

Thank to this result, our main theorem 1.2 follows from the following proposition:
Proposition 5.3. D, G(0,T) has an odd crossing number at T.

Proof : We observe that we can write

1
ol = Zaki cos(k; t)
i=1

where 1 = ky < -+ < k. It is clear, from the definition of G, that D, G(0,T) preserves the
eigenspaces, and

D,1G(0,T) = Hrlv,, &0,
Then the 0-group of eigenvalues is given by oy, (T), ..., 0%, (T), where oy, (T') = o(T). For T = T,
they are all equal to 0. Moreover, by the proposition 3.2 only oy, (T) changes sign at Tk, and its
associated eigenspace has dimension 1. This means that D, G(0,T) has a crossing number at T
and completes the proof of the proposition. |
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