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Abstract

In this paper, we are interested in real-valued backward stochastic differential equations
with jumps together with their applications to nonlinear expectations. The notion of nonlinear
expectations has been studied only when the underlaying filtration is given by a Brownian motion
and in this work the filtration will be generated by both a Brownian motion and a Poisson random
measure. We study at first backward stochastic differential equations driven by a Brownian
motion and a Poisson random measure and then introduce the notions of f-expectations and of
nonlinear expectations in this setup.

Keywords: Backward stochastic differential equations, Jumps, Non linear expectation, Doob-
Meyer decomposition.

1 Introduction

Linear backward stochastic differential equations (BSDEs in short for the remaining of the paper)
first appeared ago as adjoint processes in the maximum principle for stochastic control problems
and in the Black-Scholes formula for the pricing of options. In 1990, E. Pardoux and S. Peng
introduced the notion of nonlinear BSDE in [19].

Since then, the interest in BSDEs has increased. Indeed, BSDEs provide connections with a large
range of domains such as mathematical finance (we refer to [10]), stochastic control (see [21]) and
partial differential equations. In our paper, we mainly focus on the latest.

Let us first consider a BSDE in the classical framework namely when the terminal time is deter-
ministic, as introduced in [19].

We consider a Brownian motion (Wt) >0 and we denote by (gt) >0 its natural filtration. We look
for a couple of processes (Yt, Zt) 507 (Qt) t>0—adapted and satisfying the following equation

T T
Y;:n-|-/ 9(s,Ys, Zs) ds—/ Zs dWs, 0<t<T, (1)
¢ t

where 7 is a Gp-measurable random variable called the terminal condition and g is the generator.

Of course, we need suitable assumptions on 1 and ¢ in order to obtain the existence of a solution.

In [19], E. Pardoux and S. Peng stated the following theorem: in any dimension there exists a
unique solution to (1) as soon as g is Lipschitz w.r.t. y, z, and 7 is square-integrable.

Since then, some improvements have been obtained. For instance, S. Peng first introduced monotone
generators in [20]. Besides, in the one-dimensional case, J. San Martin and J.-P. Lepeltier de-
scribed the case of BSDEs with continuous generators and M. Kobylanski considered generators
with quadratic growth in z.

S. Peng introduced in 1997 the notion of g-expectation in [22]. More precisely, the g-expectation
for a random variable 7 is defined as the initial value of a classical BSDE driven by a generator



¢ and with a terminal value 7. In other words, if we consider the BSDE (1), then we call by
g-expectation the operator &,, where £;(n) = Y. Let us note that simple conditions on g provide
essential theorems for associated BSDEs : existence and uniqueness theorem, comparison theorem.
Consequently, we derive existence and comparison theorems for g-expectations. A deeper study
shows that g-expectations preserve all properties of classical expectation (except the linearity).
And similarly to the classical case, we can define a related conditional g-expectation with respect
t0 (Gt)y<yep» the natural filtration generated by the Brownian motion W. We also naturally
motivate the notion of g-martingale by the economic theory (the wealth process of an investor in
a stock market is a g-martingale if its consumption is negligible). In [23], S. Peng states that any
cadlag g-supermartingale bounded in L’isa g-supersolution.

A general non linear expectation is introduced in [6]. This notion is very close to g-expectations as
particular cases. It is defined as an operator preserving monotonicity and constants. The notion
of non linear expectation is very close to the classical expectation. Indeed, it satisfies almost all
the classical properties, except the linearity. Thus, we can define concepts such as conditional non
linear expectations and nonlinear martingales . Even though the linearity is missing, the theory
can be carried on: for instance, under mild assumptions, the Doob—Meyer decomposition is proved.
But the main result is an inverse theorem which allows any non linear expectation to be expressed
as a g-expectation, i.e. as a solution of a BSDE.

The notion of nonlinear expectations has been studied studied in [6] under the assumption that
the underlaying filtration is generated by a Brownian motion. One of the main goal of this paper is
to obtain results for nonlinear expectations when the filtration is generated by a Brownian motion
together with a Poisson random measure. In particular, this will lead to nonlinear martingales
with jumps.

The main results of this paper are the proof of a strict comparison theorem for BSDEs with jumps,
and a representation theorem that identifies, under reasonable conditions, any abstract non linear
expectation as a solution of a BSDE with jumps.

The paper is organised as follows. In section 2, we study BSDEs with jumps and we prove a
comparison theorem. In section 3, we treat f-expectations and thanks to the theory of BSDEs, we
give a Doob-Meyer decompsition for f supermartingales. In section 4, we extend the result to any
non linear expectation, which can then be identified as an operator associating the initial value of
a BSDE to its terminal value.

2 BSDEs with jumps
2.1 Context

We fix T' > 0 and consider a filtration generated by the two mutually independant processes

1. a d-dimensional standard Brownian motion (Wt) on the probability space (22, F,TP),

0<t<T

2. a Poisson random measure p on (IRJr X B), where B = IR* is equipped with its Borel field
B*, with compensator v(dtdz) = dt* A(dz) such that {f([0,T]x A) = (u—v)([0,T] x 4) }¢>0
is a martingale for all A € B* satisfying A(4) < oo.
A is assumed to be a o-finite measure on B such that [, (1 A 2?) A(dz) < oo.

We introduce (.7-})0<t<T
continuous filtration.

the natural filtration generated both by W and p. It is a complete right

We define the following sets of (F;)-progressively measurable IR-valued processes,



S’ = { cadlag processes 1 ; IE< sup |7,/1t|2> < oo},

0<t<T
L’ () = {73 ® B*-measurable processes v ; (fo I lvs(z dsc)ds) }
and the set of (F;)-progressively measurable IR~valued processes,
L (W) = { predictable processes 6 ; ]E(fOT ||93||2ds) < oo},
where P denotes the o-field of predictable sets on [0, 7] x .

Let n € Yo (]—'T) be the terminal condition.
We consider f: Qx[0,7] x R x R x ,CQ(B,B*,)\;IR) — R.

Definition 2.1

Solution of the equation (f,n) is a triple of processes (Y, Zy, Ur)o<i<T € S*x L’ (W) x L7 (ﬁ)
such that Yt € [0,T)

t

Remark that processes Z and U have to be predictable. In the classical case, notions of optionality
and predictability are equivalent whereas in our context a cadlag adapted process is not necessarily
predictable. So, we are led to use predictable stopping times instead of (optional) stopping times.
For details about these notions, see [14] or [7].

Specific conditions are needed on generator f in order to ensure existence of a solution. S. Tang
and X. Li stated such a theorem for Lipschitz generators in [25]. But this result was improved by
E. Pardoux in [17], who proved that in the k-dimensional case, (k € IN*), a unique solution to the
equation (f,n) exists under the following assumptions, denoted by (Hem):

(¢)  f is Lipschitz w.r.t. z,u
3K > 0 such that V¢ € [0, T],Vy € R,Vz, 2 € R, Vu, v’ € L*(B, B*,\)
|f(t,y72,7.t) - f(tay,zlvu/)‘ S K”Z - Z/” + K( fB |U(£L') 7%’(55)‘2 )\(dlL’) )

(#¢)  f is continuous w.r.t. y and

1/2

J an IR -valued adapted process (¢1)o<t<T such that IE(fOT 2 ds) < 00
1/2
and [f(t,y,2,u) < g0+ K (lyl + 2] + [ lu@)? Ad) )7

(¢i7)  f is monotone w.r.t. y:
Ja € R such that V¢ > 0,Vy,y' € R,Vz € R, Vu, o’ € £7(B,B*,)\)
(=9 (f(t,y,2,u) = [y, 2,u) <aly—y|> Pps.

Let us give an a priori estimate.

Proposition 2.2
Let f and f' be generators satisfying (I—Iem) We consider two terminal values n and ' in L (Fr).
We denote by (Y, Zy, Up)o<i<r and (Y, Z;, U{)o<i<t the respective solution of each BSDE.

Then, for any constants o > 0 and € > 0,
T T
IE(/ 0 | Zo— 2P ds ) + IE(/ /ew Us(a) — UL(a)|? A(da)ds )
t t JB
T
FE(e y-vR) s - B( [ e vovRas)
t

T
TRy )+ B [ e 5V 2 U~ F 5 Y ZLUDP ds ).
t



2.2 Comparison theorem

Let us denote by M the set of square integrable martingales. Thanks to Martingale representation
theorem, we can define the mapping ® : M — [P (W) x L (ﬁ), M — (6,v) such that M; =
f(f 0s dWs + fot [ vs(z) i(dsdz). We then denote by M the following subset:

M = { (M)ozi<r € M? ‘Hesu < C, oy(@)] < C(LAJal), vy(@) > 1, where (6,v) = ®(M)}.

VM e M, we call Doléans-Dale exponential Ep(M) = eMr—z(M)r H (1+ AM,) e 2Ms,
0<s<T

Theorem 2.3 Girsanov’s theorem

Let (Z,U) € LY (W) x L*(f). We denote Ky = [} Zy AW, + [ [, Us(2) fi(dsdz).
We consider M € M., with (0,v) = ®(M) and we compute K = K — (K, M).
Then process K is a martingale under the probability measure IP := Ep(M). TP.

In order to introduce the notion of non linear expectation (operator preserving monotonicity and
constants), we need a tool to compare solutions of BSDEs. Let us recall a comparison theorem
stated by G. Barles, R. Buckdahn and E. Pardoux in [2].

Theorem 2.4 Barles, Buckdahn and Pardouz’s theorem
Let the generator be of the kind: f(w,t,y,z,u) = h(w,t,y,z, [z u(@)¥,(z) A(dz)).
where 7y : Qx[0,T] x B— IR is P® B*-measurable and satisfies 0 <7, (zx) < C(1A|z|),Vz € B
and h : Qx[0,T]x RxR*xR — TR isP QB B® B-measurable and satisfies
(W ty,2,9) —  hlwtyzq)
(Hpp) () ([, |h(s.0,0,0) ds) < ox,
(i)  h is Lipschitz w.r.t. y,z,q,

(#i1) h is non-decreasing w.r.t. q.

Let m1 and 1o be two terminal conditions in Fr for BSDEs driven by the same generator f.
Denote by (Y1, ZY UY) and (Y2, Z% U?) the respective solutions.
If m <ma, then Vte[0,T], Y!<Y2

In order to weaken the previous assumptions on f, we introduce the following hypothesis :
(A.,) There exists —1 < C7; < 0 and C5 > 0 such that
VyelR, Vze RY Vu,u' € ﬁg(B,B*,)\;]R), we have
fty,z,u) = f(ty, 2,0) < [pu() —u'(z) 77" (2) Adz),
where 4% #%% : Q x [0,T] x B — R is P ® B*-measurable
and satisfies C1 (1 A |z|) < ye(z) < Co(1 A z|).

Furthermore, condition (A'y) implies that f is Lipschitz in u, and we denote by I its coefficient:

1/2
753,20 = (s, 2,0)] < C fy Ju(@)—w' (@) (A2 Adz) < T ([ lute) = (2) P Adz) )

This property will be useful to guarantee existence of solutions.

We can notice that the mapping v will play the same role as 7 in Theorem 2.4, but we allow ~ to
depend on y, z,u, v’ and it can be also negative as soon as it remains larger than Cy(1 A |z|).

We will consider the following list of conditions, weaker than (H BB p):



(Hcomp) (4) IE(fOT |f(s,0,0,0)|? ds) < 00,
(#4)  f is Lipschitz w.r.t. y,z (with a constant denoted by K),
(iii) f satisfies (A ).

Theorem 2.5

We consider a generator f1 satisfying (Hew) and we ask fo to verify (Hcomp).

Let n1 and 12 be two terminal conditions in Fr for BSDEs driven respectively by f1 and fs.
Denote by (Y1, Z1, U and (Y2, Z%,U?) the respective solutions.

If m <12 and fl(taYz-Sl’ZtlvUtl) SfQ(t»Y;IthlaUtl)f then Vt € [O’TL Yt1 SY?

If moreover Y3 =Yg, then Vte[0,T], Y} =Y?2, hence Z'=27? and U'=U>
Proof.

Note that if we assume (Hcomp), then a fortiori conditions (Hew) are verified. It allows us to
consider the unique solution (Y1, Z1,U') and (Y2, Z2,U?) of each BSDE.

Weset 0 = m1—1m0, Y =Y'-VY2 7 =2'-22 U =U'-U2
Given that f is Lipschitz in y and in 2, then we can define the real process a:

fo(s,¥2,2 U )~ 2 (s, ¥2,21 UL)

o, = YTv? it Y #Y7,
0 otherwise.
P (5220 0) £ (sY2.22.01) (0 o el oo
s s s s s s ZY _ Z f ZY Z\
and the IR%valued process 0: Bs = |z§_zg 2 ( s s) it2; # 25,
otherwise.

Next, we denote by R; = edo @udu and we apply Ito’s formula to Ry 37; between ¢ and T'.
T
RV = Bei+ [ R (A2 ZLUN - fa(s Y2 280D ) ds
t
T
b [ R (B2 220 - (2 22,07) ) ds 2)
t

T R T R T ~
+ / R, Bs.Zsds — / R, Z,dW, — / /Rs Us(z) p(dsdx).
t t t JB

Taking into consideration the assumptions on generators and terminal values, and using (A,,,), we
obtain
Y2,z2,UtUu?

T T
R Y, < / /Rs vs° e (z) Us(x) M(dx)ds + / Ry Bs.Zsds
t JB t
T T R
- / Ry ZsdW, — / /Rs Us(x) p(dsdx).
t t JB

~ t t Y2 22 Ul U‘Z .
Let us denote by K; the right hand side and set M; = / Bs dW, +/ / s = T e (1) p(dsd).
0 0o JB

Girsanov’s theorem ensures that the process I?t is a martingale under probability measure _
P := &Ep(M). IP. Taking conditional expectation with respect to F; under probability measure P,
we get that R lA/t <0 ]l~3a.s., and so IP-almost surely.

Hence Vt €[0,T], V! < Y2 Pa.s.

The first part of the proof is done, we have now to establish a strong version of the theorem. We
add from now and on the further assumption g = Y. Remember that we still have Yy < Y.



We repeat the previous computation with ¢ = 0 in (2), and we consider again the probability
measure IP given by Girsanov’s theorem where IE denotes the associated expectation.
Then, we obtain the following inequality

T
0 < IE(RT ﬁ) n ]E(/ R, (fl(s Y2, 20,00) - f2(3’Y51,Z;,U81))d3> < 0.
0
Taking into account equality (2), we deduce that

T
R Y, = /Rs(fg(s,YQ Z3,UY) - fo(s, Y2, 22,U2) ) ds
t

T T
+ / R, /BS'ZS ds — / Ry ZgdW, / /R U dsd:v)
t t

In order to prove that R, }7} is nonnegative, we use assumption (A,y). Indeed, we can consider a

2 2 1 2
process (*yft 2o Ul (x)) such that
0<t<T

/ YLV () Uy(a) Mdz) < fa(s, Y2, 22,UL) — fols, Y2, Z2,U2).

Finally, applying Girsanov’s theorem, we get that V¢ € [0, T, R,Y; > 0 Pa.s. Thus, Y1 = Y2,
Substituting in the initial BSDE solved by (f/, 7 , U ), we get that the predictable process of finite
variation fot( fi(s, Y, ZEUY) — fos, Y}, Z2,U2) ) ds is equal to the martingale fot Zs dWs +
fo U p(dsdz).

Consequently, we deduce that ]E( Iz, H2ds) =0, and IE( AR A(da:)ds) = 0.

Hence, Z' = Z? and U' = U?. The proof is complete.
O

We can improve again the comparison Theorem 2.5 by considering a monotone generator. Never-
theless, we are not able to obtain a strict version of this result.

Theorem 2.6
We consider a generator f satisfying (Hem), and we suppose that fo satisfies the following as-
sumptions:

(i) fo is continuous w.r.t. y and

3 an adapted R ™ -valued processus(pi)o<t<T Such that IE)(fo 302 ds) < 00
1/2
and | fa(ty,2,u)| < oo+ K (gl + 2] + [ [u(@)]? Ada) )

(ii’) fa is monotone w.r.t. y, with a monotonicity constant o < 0,

(iii’) fa satisfies (Av)’
(iv’) fa is Lipschitz w.r.t. z, with a Lipschitz constant denoted by K.
Let m1 and 1o be two terminal conditions in Fr for BSDEs driven respectively by f1 and fo.

Denote by (Y1, Z1,UY) and (Y2, Z2,U?) the respective solutions.
If m<m and fi(t,Y,',Z},U}) < fo(t, Y.L, ZE, UL,  then Vte[0,T], Y} <Y2.



Proof.

Similarly as in the proof of Theorem 2.5, we consider the equation solved by (}A/, A , 17), and we
define the process .

Next, we apply Tanaka-Meyer’s formula between ¢t and T'. Taking into consideration the assump-
tions on generators and terminal values, and using (A.Y)7 we obtain that

~ T 2 2 1 2 ~ T ~
Gt < [ [ g o @) O Neyds + [0y, BeZuds
T

T
- / Ny o ZsdWs — / /]1}77>0 Us(z) p(dsdx).
t s t B s

Girsanov’s theorem provides that V¢ € [0, T7, (f@)+ < 0, hence V! < Y2 Pa.s.
O

Whereas we required in Theorems 2.5 and 2.6 hypothesis (Heg) for fi, the proofs only needed
existence for (Y}, Z},U}'),.,<p» and no particular additional condition on f; is really necessary.
Actually, it is sufficient that there exists process (Y;', Z}, Ut1)0<t<T eS*x L (W) x o (1) which
satisfy the equation (fi,7:). Furthermore, G. Barles, R. Buckdahn and E. Pardoux give in [2] a

counterexample which underlines the necessity of monotony for h. Studying the same example
provides a contradiction if the assumption (Aw) is not satisfied.

We consider a Dirac measure A(dz) = d1(dzx), and the generator f(t,w,y,z,u) = cu(l),
with some real ¢ < —1. Then f satisfies (Hem) but not (Hcomp) since v (1) < e < —1.

t
We denote by N, = / / l;z—1y p(dsdx) a standard Poisson process.
0o JB

We consider two terminal values and we associate the respective solution of each BSDE.

On the one hand, we take & = 0 and f; the null generator, then (Y}, Z},U}) = (0,0,0).

On the other hand, &, = Nz and f, = f, then (Y2, Z? U?) = (Nt +(c+1)(T =), 0, Ny_ry )
As a consequence, we have & < &, and f1(t, Y, Z},U}) = fo(t, Y, 21 UE) = 0,

whereas P(Y! >Y?) = P(N; <|c+1[(T'—t)) > 0, which contradicts the conclusion of the
comparison Theorem 2.5.

3 Non linear expectations

We look for a natural generalization of the classical expectation preserving as many properties as
possible, except linearity. The concept of non linear expectation introduced in [6] answers to this
issue. We recall that the notion of non linear expectation was introduced in [6], in the context of a
filtration generated by a Brownian motion. In this particular case, the non linear conditional ex-
pectation is continuous. Here, we consider a filtration generated by both a d-dimensional Brownian

motion (Wt)o << and a Poisson random measure f.

3.1 Definition

Definition 3.1
We say that an operator & : c’ (]—'T) — IR is a non linear expectation if

e VcelR, &(c)=c
o Ifny <my TIPa.s., then 5(771) < 8(772), If moreover 5(171) = 5(772), then ny =n2 Pa.s.



Obviously, any classical expectation is a non linear expectation. For example, an operator associ-
ating the price of an option of strike K at maturity 7" to the payoff of this option is a non linear
expectation. A lot of examples of non linear expectations appear in finance, with the notion of
risk measure or utility function in particular.

Ezample
h is a continuous, strictly increasing function
|h(z)| < 2® V|z| > 20, h(0)=0

Let i be in £7(Fr), then, we can define &'(n) = h~L (]E(h(ﬂ)))

Consider a function h : IR — IR such that

The operator £ provides a non linear expectation, where £’(n) represents the amount of money
an agent will accept to pay at initial time in order to get n at terminal time 7.

Comparison Theorem 2.5 allows us to define the main case of non linear expectations represented
by BSDEs.

Proposition 3.2
Consider a BSDE driven by a generator f such that

(i) f(s,4,0,0) =0, Yy € R,
(ii) f is Lipschitz in y, z,
(iii) f satisfies (Ay) .

Conditions (Hew), and (Hcomp) being satisfied, for any n fized in L (Fr), we denote the unique
solution of the related BSDE by (Y",Z",U"). And we set & (17) =Y, the initial value of the
solution.

Then &y is a non linear expectation called f-expectation.

Generally, f-expectations are not linear, except when, for instance, f has a linear form :

fty, z,u) =az +B/Bu(x) A(dx).

3.2 Filtration-consistent expectations

Definition 3.3
A non linear expectation & is said to be filtration-consistent if
Ve L2(Fr), Vt € [0,T), 3& € L7(F,) such that E(nla) = E(&1a), VAE F.

In this case, we denote 5(77|.7-'t) = & which is called the non linear conditional expectation of n
with respect to Fy.

Proposition 3.4
Any f-expectation is filtration-consistent and, with the same notations as in the Proposition 3.2,

5f(17|}"t) =Y,". Moreover, ]E( SUPg<i<T |5f(n\ft)|2 ) < 0.

Exzample: The operator £’ is a non linear filtration-consistent expectation, with

& (nF) =n~* (B(rm)|7)) -



3.3 Further properties

3.3.1 Additivity

Definition 3.5

Let € be a filtration-consistent expectation. We call additivity the following property:
2 2

vne L(Fr), vte[0,T), V&€ L7(F) E(E+n|F) =E+EM|F).

3.3.2 EmCi_domination

Let p € IR and —1 < C; < 0. We denote by EmCL = gfu,cl and

linear expectations, with f,, ¢, and ?#701 respectively defined by
fucn(tzu) = pllzll + [ul [ Afz]) ut(z) A(dz) — Cr [p(1A]z]) u™(2) A(dz),

Frotzu) = —pllzl = lpl [ Afel) (@) Mdz) + C1 [p(1A[2]) ' (z) Mdz).

Proposition 3.6
We fiz p >0 and —1 < C; <0.

We consider the set of probabilities Q = {pmbabiliti@s QNQ = ET(M). P ‘ M e M }, with

w,C .
= 5? two particular non
n,Cq

M ={MeM ‘||§5|| <, TH() < p (LA Jo), B (@) < Cy (1A o) where (3,5) = B(M) }.

1,C1

Then &7 '(n|F) = jnvaE@(nL?:t) and  EWCi(n|F) = sup Eg5(n|Ft).

GeQ 0eQ
Proof.
We fix n € EQ(]:T).

We sketch the proof for £4¢1, and the result for "™ can be derived easily thanks to the property
(issued from the Proposition 2.2) that links both operators :

,C1

-H,C1

ETN (| F) = =& (= | Fe).

We denote by (Y, Z,U) the solution of the BSDE (f..c,,7n).
On the one hand, Girsanov’s Theorem allows us to identify £#:¢1 as an expectation Eg, with
respect to the probability Q = Er(M) . IP where M = ®(6,v) with

. = { Wil €270 { Ui CLUZ0) (1 A fa]) i Uy() £0

and wvs(z) =

Us (2)
’ o otherwise 0 otherwise

We recall that for any R%valued vector z, z; denotes its iy, coordinate. B
On the other hand, we apply the comparison Theorem 2.5 to the generators f, ¢, and f,
with f(t,y,2z,u) = 5.z + Us(z)u(x). O

Definition 3.7
Let € be a filtration-consistent expectation.
We say that it is £ -dominated if I > 0 and —1 < C; < 0 such that

vn,n' € EQ(]-"T), Em+n) —E&(n) <&Er“(n).

Example
Any f-expectation with a generator f independent of y is additive and £*1-dominated.

Proposition 3.8
If € is an EMC1 -dominated filtration-consistent expectation, then

ol € L(Fr) (| F)se(nrn | F) - (| F) < (of | F),



Corollary 3.9
Let € be an EMC1-dominated filtration-consistent expectation. Consider n and 1’ in L’ (Fr).

Then, E( [E0IF) — EGIF)[*) < @ HDT0B( [n— o2 ) withy = (ju] = C1)(1+T).

3.4 Down-crossing

In the current subsection, we assume that & is an £#“1-dominated filtration-consistent expectation.

3.4.1 Regularity of an £-martingale

Definition 3.10
Let (Xt) e eq be a cadlag process in ﬁ;([O,T]).

We say that (Xt) is an E-martingale (resp. £-supermartingale, £-submartingale ) if

0<t<T
VO<s<t<T X,=E&(X|F) (resp.>, <).
We shall denote it respectively E-mg , £E-Smg and E-smg.

Lemma 3.11

Let (Xt)ogth
Then for almost all w, for any t € R, 11i)m¢t Xs(w) exists and is finite.
seD,s

be an E-supermartingale and D be a countable dense subset of R™.

Proof. We can refer to [5] for a proof in the Brownian case. O

Theorem 3.12

Let (Xt) be an E-supermartingale such that IE( sup |Xt\2) < 00,

Ost<T 0<t<T

then the process X possesses a cadlag modification.

Proof.

Since X is an £-supermartingale, then we can consider the right-limit process X , as defined in

Lemma 3.11. By construction, X is a right-continuous process.

First, we prove that Vt € [0,T], X; > X;. Given that X is an &-supermartingale, we get that

for any countable dense subset D of IRT, Vs € [0,¢[ND, we have X; > £(X,|F;). Moreover, the
2

dominated convergence Theorem applied in the Corollary 3.9 provides that £(X|F) T )/(\'t,
seD,s|t

hence X; > )?t.

Then, according to the definition of a non linear expectation, stating that &(X;) < E()A(t) is
sufficient to ensure that X; = Xt IPa.s. The inequality stated in the Corollary 3.9 provides that
IE( ‘ S(Xt) - Xy |2> < eV’ +IT IE( ‘)?t —X5’2 ) Vs > t,s € D. Passing to the limit on s € D,

we obtain that & ()?t) = Xo . And we derive that X possesses a cadlag modification. O
Corollary 3.13
Letn € ﬁz(}'T). We set Xy = E(n|Fy).

Then X possesses a modification in the space S’ In particular, it possesses a cadlag modification.

From now on, we will always consider X as its cadlag modification.

10



3.4.2 Doob’s sampling Theorem

Theorem 3.14
Let £ be an EMC1-dominated and additive filtration-consistent expectation.
Let 7 and o be two stopping times such that 0 <o <7 <T.

If (Xt)0<t<T is an E-supermartingale satisfying IE( sup |Xt|2) < 00, then E(XT |fc,) < X,
<t< 0<t<T

Proof.
We begin with the construction of sequences of finite valued stopping times decreasing to 7 and o
respectively.
on

e s o= T N + Tl

On = Zk:l ];% ]1{7““;},” <o< T}y + TH{U:T}'
Let Abein F,. Then (X, 14) < &(X,, la) (see [5]). Since the process (Xt)0<t<T is cadlag,
then we are ensured of the almost sure convergences X, Pas. X; and X,, Pas. X, .

n—-+4oo n—-+oo

Referring to Corollary 3.9, dominated convergence Theorem provides that <5 (]l AXT") ) con-
n>0
verges towards S(HAXT) in £°.

Consequently, we can extract a subsequence that converges almost surely. We do the same for stop-
ping time ¢ and after extracting a common subsequence, we can pass to the limit in the inequality
and finally get that E(XT | }"g) < X,. O

4 Inverse Theorem
4.1 Doob-Meyer decomposition

4.1.1 Results for f-expectations

Theorem 4.1 Doob-Meyer’s decomposition for E7-Smg
Suppose that (i)f(s,y,0,0) =0, VyeR

(i1)f is Lipschitz w.r.t. y,z
(iti)f satisfies (A)

be in 8 If (Vi) geper
e L’ (W) X £2(ﬁ), and an increasing cadlag predictable process (At)

Let (Yt)

(Ztv Ut)OStST
with Ag = 0, IE(A%) < oo such that

T T T
Y, = Yr + / f(s,Ys,ZS,US) ds + (AT—At) — / Zs AW, — / /US(:C) w(dsdz).
t t t JB

Moreover, processes Z,U and A are unique in their respective spaces.

0<t<T is an Er-supermartingale, then there exists processes

0<t<T

Proof.

S. Peng had already studied this question in [23] in the context of a Brownian filtration. We follow
the same approach. The main idea is to apply a penalization method introduced in [9] (so as to
solve the problem of option pricing in incomplete markets).

The difficulty here lies in the fact that a stopping time is not necessarily predictable. See the proof
in Annex. O
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Theorem 4.2 Doob-Meyer’s decomposition for Ep-smg

Under the same hypotheses as in the Theorem 4.1, we consider (Y ) in S>. If (Y’) 18

0<t<T 0<t<T
2
0<t<T€£< )xﬁ()andan

with A = 0, IE(A) 2) < oo such that

an Er-submartingale, then there exists unique processes (fo, U’)

increasing cadlag predictable process (A:f)0<t<T

T T
Y] = Y + / f(s,Y),Z,,U)) ds + (A} — AL) — / Z! dW / /U’ fi(dsdz).
t t

Corollary 4.3

Let £ be an EMC1 -dominated filtration-consistent expectation.
. 2

Consider (Yt)ogth eS”. If (Yt)ogth

predictable process A (resp. A’) such that Y + A (resp. Y — A’) is an g -myg (resp. EM1-mg).

an E-Smy (resp. E-smy), then there exists an increasing

4.1.2 Decomposition Theorem for an £-Smg

In this subsection, we assume that £ is a filtration-consistent expectation which satisfies both
properties of £#C1-domination and additivity.

Proposition 4.4

Let (Yt)ogth and (Yt)ogth N
Then there exists functions g, g and couples of processes (Z7 U), (Z, U) € 52(W) X £2(ﬁ) such

that r
}N’t:EN/T—i—/ESds—/ZdW // fi(dsdz),
t t
. . T
Y, Yr —|—/ Js ds —/ Z, dW, // p(dsdx).
t t

Moreover, ?;L,Cl(& Zs— 2, Uy — (75) < Gs—0s < fuc (s, Zs— 2, Uy — U, ).

€S’ be E-martingales.

Proof.
We apply Corollary 4.3 to }7, that gives processes A and A’. Next, with dA; = a; dt and dA} = a} dt,

we construct gs = “L'%Cl Jp@A |2))Us () A(dz) + 3 (as — al,). We proceed similarly for Y. O

Theorem 4.5 Doob-Meyer’s decomposition for £-Smg

Let (Yt)0<t<T eSS If (Y;)O<t<T is an E-supermartingale, i.e. Y; > E(YS’]-}) Vs > t,

then there exists an increasing cadlag predictable process (At)0<t<T such that Ag = 0, IE(A%) < oo
and (Yt + At) is an E-martingale, i.e., Yy + Ay = S(YT + AT’]-}).

0<t<T
Proof. It is important to point out that even if this theorem has a familiar formulation, we cannot

use the classical proof which is fundamentally based on the linearity of expectation IE. The proof
is given in Annex. O

4.2 Inverse Theorem

We defined f-expectations as particular cases of filtration-consistent expectations. It means that a
large range of non linear expectations can be seen as solutions of BSDEs driven by some generator
f- Actually, the aim of this study is to prove that any filtration-consistent expectation can be
expressed as an f-expectation, under reasonable conditions.

12



Theorem 4.6 Inverse theorem
Let £ be a filtration-consistent expectation which satisfies both properties of E*C1-domination and
additivity. Then there exists a function f: Q x [0,T] x R? x 52@) — R such that & =&y.

Moreover, f satisfies
CL) ?#Cl(tvzau) S f(t,z,u) S f,u,C1(tazvu)a

b) foranyprocessesceﬁ( )andﬂeﬁ( ), VYr<tel0,T],
/f 1 Csy0s)ds + /Cde + //19 (dsdx)‘]—'r) = 0.
Proof.

The idea of the proof is to construct a function f from an £-martingale.

For any fixed zy € R? and ug € ,C2(B,IR;)\)7 we set

Y0U = —t fuo(t 20,u0) + 20 Wy + fOthuo(m) p(dsdz).

We consider (Yt, Zy,Up)o<e<r the unique solution of the BSDE (f,,c,, Y70"°).

The uniqueness of solutions of such BSDE provides that

(Y, Z,,U) = (Y7, 20,up) in the space S? x L2(W) x L2(f0).

As a consequence, we apply Theorem 4.5 to the process Y which is an £4¢1-martingale, hence
an E-supermartingale in S’ Consequently, there exists an increasing cadlag predictable process
(At)ogth such that A9 = 0, IE(A%) < co and (Yt + At) is an E-martingale.

Recall that from Proposition 4.4, there exists a function, which can be denoted by f(s, 2o, up), and
processes Z € ,CQ(W), Uel’ (1) satistying

0<t<T

T
Y; + A = YO + Ap + / f(s,z0,u0) ds — / Zy dW, / / u(dsdx),
t

t
with ?H,CH <87 ZS7 Us) < f(87 207’11,0) < fu,cl (57 ZS7 US)
We derive an equality between the cadlag finite variations process and the cddlag martingale,

which provides that (Z,U) = (z0,u0) in the space L:Q(W) X ﬁz(ﬁ).
Although we are ensured that f is well-defined, we need to check that the operator £; exists.

i) The inequality ?#701(5, 20,u0) < f(s,20,u0) < fuci(S,20,ug) yields that f(s,0,0) =0.
ii) Proposition 4.4 also provides that f is Lipschitz w.r.t. z.
iii) Using once more Proposition 4.4 we get that f satisfies assumption (A'*/)

Wlth ZD,uo,uo(x) = ( ‘/.L| HuOZué(x) —+ Cl ﬂu0§u6($) ) (1 A |1’|)

Thus &; defines a non linear expectation. Furthermore, it is additive and &£, ¢,-dominated.

Now we can prove point b). Indeed, for any r» < ¢ € [0,T], by construction of f,
Y; + Ay = Y, + A, —l—/fszo,uo)ds— /zodW //uo u(dsdz).
The additive property of £ and the martlngale property of Y 4+ A gives that the result holds for

simple F,-measurable functions ((w Zzz Ty, ( and 9(x Zul , Yw €

Q, where {A4;}N | is a F.-measurable partltlon of Q. Next we successwely Construct convenient
approaching sequences. Corollary 3.9 provides the convergences and we are allowed to deduce that
the result remains true for any processes ¢ € o (W) and 9 € L ().
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The last step deals with proving that it coincides with £. Let us fix n € o (fT).

We set l//\} = &(n|F:) and we can also define (?t, Z\t, fjt)0<t<T as the unique solution of the BSDE
(f,n). By construction (Y, Z,U) € S? % £2( W) x £2(~)_ B

Taking the non linear expectation of this BSDE and applying property b), we obtain that

E(n-Yy) = 5 —/0 £(s,2,,U,)ds + /0 Z,dW, + // dsdw)) = 0.

From the additive property of £, we deduce that Yo = & (n). Hence, & = &;.
O

Interest of inverse Theorem 4.6 lies in the fact that it allows to transpose a problem on a general
non linear expectation into a study of BSDEs.

In this way, we obtain the following result: since process A in Doob-Meyer’s decomposition of
Theorem 4.1 is unique, then we also get uniqueness of decomposition for Theorem 4.5.

Article [6] also states an inverse theorem in the framework of a Brownian filtration. The authors
express any non linear filtration-consistent expectation, as soon as it is additive and £#-dominated,
as a solution of a BSDE with the simple form

T T
Y, = 77—|—/ 9(s,Ys, Zs) ds—/ Zg dW.
t t

In our context, we obtain a representation for any variable in LQ(]:T), with (F;)o<i<r generated
by the two mutually independant processes: a Brownian motion and a Poisson random measure.
Consequently, we express a non linear expectation as the solution of

t

Thus, the first case refers to continuous conditional expectations whereas current Theorem 4.6
allows to identify discontinuous conditional expectations.

5 Appendix

5.1 Proof of Doob-Meyer’s decomposition for £;-Smg

Proof of Theorem 4.1

The key of the proof lies in approaching process Y by a penalized sequence (Y")n I’ where
(Y7, Z7,Ul) y<yerqp 15 defined as the unique solution of the BSDE with terminal value Y7 and
driven by fu(t,y, 1) = (L y, 2,u) + n(Y; — y)*, see [23].

Then (Yt") is a nondecreasing sequence such that Vn € IN, V¢ € [0, T,

ne IN

Er(Yr|F) <Y < Vi

Hence sequences (Y;")ne N, (Z7)ne w and (U{")ne v are bounded in respective spaces S? (W)
and L’ (11). We denote by C' the common bound. We then deduce the following estimate :

IE(fOT |Y, =Y |?ds) < 5, which allows to identify the almost sure limit of (Y;"),ec w as Y;. And
we even derive convergence in L? thanks to Lesbesgue’s dominated convergence Theorem. We also
get that IE(fOT |f(s, Y, Zn Um)|? ds) < C. Note that boundedness of all these sequences, only

14



needs following conditions :

1/2
v,z < w22+ T ( f5 U2 @) Ada) ) ®and f(5,¥7,0,0) =0,
Then we we can extract subsequences which weakly converge in the related spaces, and we call Z;,
U, and g; respective weak limits of subsequences from (Zt”)nE N’ (Ut")ne  and (f(t Yr, Zz, U”)n6 N
Let us consider a stopping time 7 such that 0 < 7 < T. By unlqueness of weak adherence value,
entire sequences weakly converge to their respectve limits in o (F;). By consequence, weak con-
vergence also holds for (Af)ne]N, where we set A} = n fo |Y; — Y| ds. We denote by A its
limit; it is an increasing process with Ay = 0 and IE(|Ar[?) < co. Given that A is equal to its dual
predictable projection, then it is predictable.

Hence T
AT:YOfYTf/gsder/ZdWJr// n(dsdr).
0 0

Since the processes are cadlag and equal for any stopping time 7, then they are indistinguishable.

It remains to express g5 as f(s,Ys, Zs, Us). For this purpose, we need to prove strong convergence
for sequences (Z”) e and (Ut")nE]N.

It’s formula yields that for any stopping times o and 7 such that 0 <o <7 < T,

B [z -ziras) v w( [ [ 0re - v@P ) ds) 3)

< By -viP) + 2m( [ (e Znun - ) (7 - V) ds )

+oom( [ A -vi)aa) +em( [ (o) aa),

where for any cadlag process X, AX, denotes the jump Xg — X,_.

From now and on, we have to face new difficulties because neither processes Y™ nor Y are contin-
uous. Their jumps come from Poisson stochastic integral and also process A (whereas each A™ is
continuous).

Let us denote by N; the following integral term N, = fg [ (UN(z) — Us(2)) f(dsda).
Boundedness of the sequence (Uf*) . in L’ (i) implies that IE(supg< ;<7 [V¢|?) < 4C. Conse-
quently, we can apply the following Lemma.

Lemma 5.1

Let A be an increasing predictable process. We consider its decomposition as a sum of a continuous
and a purely discontinuous process (see [11]) : Ay = A + A¢.

We also consider a cadlag martingale N, bounded in C°.

(a) For any stopping time 7 such that 0 <7 < T, IE(/ AN, dAg) = 0.
0

(b) For any predictable stopping time T such that 0 <7 < T,

]E(/OTANS dAfj) - IE( 3 AN, AAg).

0<s<t

Now, the key of the proof is a convenient choice of predictable stopping times. We may require that
the union of intervals |oy, 73] fulfill enough [0, 7], and also that jumps of process A¢ are controlled
on each interval Joy, 7x]. In other words, we fix € and ¢ in [0, 1] and we look for predictable times
Ok, Tk, k=0,1,---N such that ]o;,7;]N]o;, 7] =0, Vj#1,

N N
and IE( (Tk—ok)(w))ZT—E, 3 ]E( 3y |AA§|2)g§.

k=0 k=0 oK <t<T
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We recall that S. Peng had already constructed a sequence of stopping times with such properties, in
[23]. But in our framework, we need every oy, T to be predictable. Besides when filtration is only
generated by a Brownian motion, notions of optionality and predictability are equivalent, whereas
when the filtration is generated both by a Brownian motion and a Poisson random measure, an
adapted cadlag process is not necessarily predictable.

Nevertheless, we overcome the difficulty because A is a predictable process. Furthermore, we
approach suitable predictable stopping times by announcing sequences (nondecreasing sequences
of predictable stopping times).

Now, we set &/ = %. We obtain
N N N 1/2
IE( Y arr-v) dAS) < IE(Z AA, dAS) + 5’”%5(2 3 |ANS]2> .
k=0"%k k=0"%k k=00 <s<Tg
and

IE)( kf:_o/a:k 127 — Z|? ds) + IE)( Ié/g:k/BW;(x)_Us(x)F Adx) ds) < &6

Therefore, it provides a convergence in measure for processes Z and U. Denoting by m Lebesgue’s
measure on [0, 7], from the construction of the predictable times o and 7, we can state that

Ime{(w,s) € Qx1[0,7] ‘ ||zg_zs|\2za} < 2,

P x m { (w,5,2) € Qx[0,T] \ /B|Uf(x)—Us(x)|2/\(dz) > 5} < 2.

We finally get strong convergence for sequences Z and U because Z9 and U9 are uniformly inte-
grable for any real q in [1,2[.

Once stong convergence is proved for sequences Z and U, we can explicit the generator of the equa-
tion. Indeed, Minkovski’s inequality provides strong convergence of ( fe,ym znu ”))n>0 towards
(.Y, Z,U) in L%( [0,T] ) for any g in [1,2[. Taking into account uniqueness of weak limit, we
identify fot gs ds = fot f(s,Ys, Zs,Us) ds. Finally, we conclude that

T T T
Y, = Yo + / F(5,Yo, Z0,U) ds — / 7. dW, — / /Us(x) fi(dsdz) — A, + Ag.
t t t B

We observe that when f does not depend on y, the triple of processes
(Kg + Ay, Zy, Ut)O<t<T can be seen as the unique solution of BSDE driven by f and with terminal

value Y + Ap. And so Y+ Ay =E&;(Yr + Arp|F). O

5.2 Proof of Doob-Meyer’s decomposition for £-Smg

Proof of Theorem 4.5
We recall that in Theorem 4.1, we approached process Y by the way of penalization method. But if

we look at this proof from another point of view, we guess that sequence (Yt")n>0 can be expressed

as a non linear conditional expectation. Indeed, still denoting A} = n fot (Yo - st)+ ds, we
defined Y;* = &( Yr + A%} — A7 | F;). Existence Theorem in [17] ensured existence of such a
sequence whereas comparison Theorem 2.5 provided its monotony.

Hence, we are led to construct the following sequence Y;" = &( Y + A% — Ay ’ F;) with once
again A} = n fg (YS — YS”) ds, provided that such a sequence exists. Moreover, we may need a

comparison theorem in order to prove that sequence (Yt”) is nondecreasing.

n>0

By consequence, we study equations of a new kind: Y, = 5(77 + ftT h(s,Y,) ds ‘.7-} ), with
h(s,y) = n(Ys —y) and n = Yr.
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Lemma 5.2
We consider h : Q x [0,T] x R — IR Lipschitz w.r.t. y and such that for any fived y, h(.,y) €

EQ(W), For anyn € L’ (Fr), there exists a process Y such that Y, = E(n+ ftT h(s,Ys) ds |.7-'t ).
Moreover, Y is unique in S And for any0 <t <r < T, we haveY;, = 5(?r—|—f; h(s,Ys) ds |.7-"t )

Lemma 5.2 guarantees existence of sequence (Yt") and next one provides a comparison theorem

n>0
for such a sequence.

Lemma 5.3

Let ny,m9 € o (Fr) and @ : [0,T] — R a nonnegative function.

We denote h1(s y) = h(s,y) and ha(s,y) = h(s,y) + ®(s) _

Consider V' and ¥~ respectwe solutions of equatzons Y = 5(77Z + ft i,) ds |.7-'t )

If m < g, then v < v Moreover, v =7 if and only if m =n2 and ® =0 dIP x dt a.e.
Proof of Lemma 5.3

First part of the proof can be found in [6]. Nevertheless we cannot prove strong version of com-
parison theorem in the same way as in [6] because it lies on the continuity of process Y.

Suppose that 71 <1y, ® >0 and ?(1) = ?3.
Then, T o T o
5(771—1—/ h(s,YS)ds) = 5(772—1—/ (h(s,Ys)—i—CI)(s))ds).
0 0

Given that m + fOT h(s,Y) ds < mo+ fOT (h(s,Ys)+®(s)) ds,
then by strict monotonicity property of non linear expectation, we get that

T T
m o+ /0 h(s,Ys)ds = no + /0 (h(s,Y,)+ ®(s) ) ds.

Consequently, 171 =712 and & =0 dIP x dt a.e. This proves Lemma 5.3.
O

It yields that (Yt”)n>0 is an increasing sequence. Next, we adopt the same strategy as in the

proof of Theorem 4.1 and we show that Vn € IN, V¢t € [0,T], Y;* <Y;. Then increasing sequence
(Yt”)n>0 almost surely converges to some process and we need a further study to ensure that it
equals Y.

Lemma 5.2 provides that for any ¢, such that 0 < ¢t < r < T, we also have Y = 5( VAGE S
[ VP = Y| ds |F; ). In other words, Y;" + A} = &( Y,* + A|F, ). This corresponds to the
definition of an £-martingale.

Next, Proposition 4.4 allows us to express Y + A™ as a solution of a BSDE Thus for any integer

n € IN, there exists a function g™ and processes (Z™,U™) € L’ (W) x L7(@) such that

T
Y+ A} = Yr + A} + / gy ds — / Z? AW, //U" p(dsdz)
t t
with ?H,Cl(&Zg?Usn) < gg < fuyc&(S?ngUsn)'

We point out that we come to the same framework as for penalization method in the proof of
Theorem 4.1, except that initial generator ¢" also depends on n.

T
Y = Yr —|—/ (n|Ys = Y| +g2)ds — / Z dW //U" p(dsdx).
¢ ¢

Nevertheless, we can keep the same approach. Indeed, in the proof of Theorem 4.1, Step 3, we
1/2
only used the fact that |f(s, Y7, 27, U")| < Ki |27 + Ko (fB |Ug(x)|2/\(d:c)) ,

where it is sufficient that constants K7 and K5 do not depend on n.
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1/2
And in current context, |¢7| < |u| |22 + B (fB |Uf(x)|2)\(dx)> ,

1/2
with 8 = maz(|u|, —C1) ( [5(1A]2]?) /\(d:c))
In particular, there exists an increasing predictable process A such that

| Y = E(Yr+ A=A | Fo) | = |E(Yr+ AF =AY | Fy) = E(Yr+Ar— Ay | Fy) |

Corollary 3.9 provides convergence in £2, and by uniqueness of the limit, we obtain Y;
E(Yr+Ar — Ay | F). O
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