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REFLECTED BROWNIAN MOTION: SELECTION, APPROXIMATION AND
LINEARIZATION

MARC ARNAUDON AND XUE-MEI LI

ABSTRACT. We construct a family of SDEs whose solutions select a reflected Brownian
flow as well as a stochastic damped transport process (). The latter gives a repre-
sentation for the solutions to the heat equation for differential 1-forms with the absolute
boundary conditions; it evolves pathwise by the Ricci curvature in the interior, by the shape
operator on the boundary and driven by the boundary local time, and has its normal part
erased on the boundary. On the half line this construction selects the Skorohod solution
(and its derivative with respect to initial points), not the Tanaka solution. On the half
space this agrees with the construction of N. Ikeda and S. Watanabe [30] by Poisson point
processes.

This leads also to an approximation for the boundary local time in the topology of
uniform convergence; not in the semi-martingale topology, indicating the difficulty for
the convergence of solutions of a family of random ODE’s, with nice coefficients, to the
solution of an equation with jumps and driven by the local time. In addition, We note that
(W74) is the weak derivative of a family of reflected Brownian motions with respect to the
starting point.

1. INTRODUCTION

A. Let M be a smooth connected d-dimensional Riemannian manifold with interior M °
and boundary OM, and v the unit inward pointing normal vector on 0 M. Observe that the
boundary is a smooth, not necessarily connected, manifold. Denote by A the Laplacian
on functions. Let A denote the space of differential forms of all degrees, d the exterior
differential, d* its dual operator on L2(A). Furthermore, let A = —(d*d+dd*) denote the
restriction of the Hodge-Laplace-Beltrami operator, to differential 1-forms. Throughout
the article, (€2, F, F¢,P) is an underlying filtered probability space satisfying the usual
assumptions.

Let us consider the following initial value and Neumann boundary problem, describing
heat conduction in a perfect insulator,

ou 1 ) ., Ou
E = §Au in M y 5
It is well known that any bounded classical solution u, from [0, 7] x M to R, is given
by u(t,z) = E[f(Y:)] where (Y}) is a reflected Brownian motion (RBM) with the initial
value z. Consider the following problems. (1) How would we simulate a RBM? (2) Could
we select a RBM so it gives a probabilistic representation for the solution to the following
heat equation on differential 1-forms, with initial value and Dirichlet boundary?
% - %Alqﬁ in M?, ¢(ta V)|<9M =0, ¢(07') = ¢o. 1.2)
If w solves (1.1), its exterior differential du solves (1.2). In general (1.2) is under deter-
mined, hence we impose the extra boundary condition: d¢(¢,)|sas = 0. This is known
as the absolute boundary condition which is automatically satisfied by ¢ = du. Once the
1

loar =0, u(0,-) = f. (1.1)
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Dirichlet boundary condition ¢ () = 0 is given, it is equivalent to V, ¢ — ¢(Vv) = 0 on
the tangent space of a point of the boundary.

The existence of a RBM is well known, we quote the following theorem, from the book
of N. Ikeda and S. Watanabe, which treats a more general problem and implies in particular
that a non-sticky SDE on a manifold has a unique local solution.

Theorem 1.1 ([30, Thm 7.2]). Let D = R} = {(21,...,2%),2¢ > 0}. Fori =1,...,m,
letop,b': D — Randd : 0D — R be bounded Lipschitz continuous functions. Suppose
that for some number C' > 0, >/, (0d)> > C and § > C. Then there exists a pair of
adapted stochastic processes (Yy, Lt), where (L) is a continuous and increasing process
with Lo = 0 and they satisfy the relation that fot Xv.copdLs = Lt forallt > 0 a.s. and
the equations below:

A =" o (Y)xpo(Y)dBf + 0 (Vi) xy,epodt, 1<i<d—1

=1 (1.3)

dY;' = o (V) xpo (Yo)dBy + b (Yo)xy;epodt + (Yi)dLy.
k=1
Furthermore uniqueness in law holds.

For the reflected problem in a local chart of a manifold, take 6 = 1. By this theorem,
other reflected stochastic processes, with not necessarily normal reflection, can also be
constructed. All reasonable constructions should lead to the same essential quantity: the
local time of the Brownian motion on the boundary. This philosophy follows from the
uniqueness to the associated sub-martingale problem.

To solve the heat equation on differential 1-forms with the absolute boundary condi-
tion, N. Tkeda and S. Watanabe sought a tangent space valued process (W;(v)) satisfy-
ing ¢(t,v) = E¢(0,W;(v)). They constructed the solution for the half space, by the
method of orthonormal frames and remarked that by working in charts this leads triv-
ially to the existence of a solution for general manifolds [30]. An ansatz for (1) is the
solution to the random (covariant) ordinary differential equation along the sample paths
of a given RBM: %Wt = f%Ric?}: (W:). Here D denotes covariant differentiation of

(W;(w)) along the path (Y;(w)), and Ric? is the linear map from T, M to T, M such that
(Ric*(u),v) = Ric(u,v) and Ric denotes the Ricci curvature. We use W;(w) to stand
both for a tangent vector W;(w) € Ty, ()M with initial value Wy (w) and the linear map
Wi(w) : Ty,M — Ty, M (the latter translates a tangent vector at Yy ‘by parallel’ to
a tangent vector in the tangent space at Y;(w)). The parallel equation is damped by the
Ricci curvature and hence the solutions are called ‘damped stochastic parallel transaltion/
transports’.

This representation holds for a manifold without a boundary and is essentially true for
the half space. The involvement of the Ricci curvature follows from the Weitzenbdck
formula: Al = traceV2¢— ¢(Ric#). As we will explain, it is also necessary to consider
the shape of the boundary and add the shape operator S : TM — T'M:

1.
DW, = —§Rlc§ (W)X (viemeydt — Sy, (Wi)dLy, a4

where (L) is the boundary time of the RBM. The shape operator S, (w) = S(w) is the
tangential part of —V,,v for w € Ty M where y € OM and v is the inward normal vector
field. It vanishes identically for the half space in which case the local time is not involved.
For a general manifold, the shape operator compensates with the variation of ¢ in the
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normal direction: if ¢(v) = 0 then V,¢(v) = ¢(Sy(w)), see (C.5) for detail. There
remains a term of the form fot Vor—s(w(Ys), WY)ds where W/ is the ‘normal part” of
W;. To solve the absolute boundary problem one simply assume that the normal part of
(W}) vanishes on the boundary. Such a process exists and has a number of constructions.
The basic idea for our construction is as follows. Denote by R; the distance of Y; to the
boundary. We erase the normal part of the solution to (1.4) at the ends of each excursion, of
size larger or equal to €, of the process (R;) into the interior M ° and obtain a process (Wy).
As e approaches zero, (W) converges to a process (W;) with the required properties. The
Poisson point process of (R;) determines the frequency of the projection, the ‘local time’
or the boundary time of the RBM is the local time of (R;) at 0 and is essentially the J-
measure on the boundary: fot don (Ys)ds. The point we wish to make is that our SDEs
choose the above mentioned damped parallel process.

B. A RBM on M is a solution to an SDE of the form: dY: = “dz¢”xv,emo +
v oan (Yi)dt. We seek an approximations of the form dY* = “dz,” + A%(Y,*)dt with
the additional properties: (1) L§ := fg |A*(Y2)||ds approximates fot don (Ys)ds; (2) as
a — 0, the solutions to the equations

1
DW= _§Ric§a (W)dt + Ve A¢ dt (1.5)

converge to (). Here we have extended S to level sets of distance to boundary. Observe
that dL¢ and dL; have mutually singular supports and it is clear that not every choice of
“dx,” yields an approximation.

Our aim is to construct a nice family of SDEs whose solutions (Y,*) are smooth and stay
in the interior for all time (in particular there is no boundary time), and also the solutions
together with their damped parallel translations (W) select a RBM (Y;) together with a
damped stochastic parallel transport (). Note that, although (Y,*) and (W;*) are sample
continuous, the selected stochastic process (Yz, W;) has jumps on the boundary. In addition
we observe that (/%) can also be obtained by an appropriate variation in the initial values
of the stochastic flow (Y;*).

This construction is motivated by the following well known facts for manifold without
boundaries: (1) damped parallel translations can be obtained from perturbation to a Brow-
nian system with respect to its initial data and (2) a formula for the derivative of the heat
semigroup follows naturally from differentiating a Brownian flow with respect to its initial
value. More precisely if (dF})(v) is the derivative of a Brownian flow (F};(x)) with respect
to its initial data « in the direction v € T,, M, then W;(v) is the conditional expectation of
(dFy)(v) with respect to the filtration of the Brownian flow. From our construction it would
be trivial to see the formula du¢(Yp) = 1 E (f(Y;)M,) for manifolds with boundary where
(M) is a suitable local martingale. Our choice is rather natural which we will elaborate in
Section 2 where we outline our main results.

C. Historical Remarks. Heat equations on differential forms on manifolds were al-
ready considered 60 years ago, [14, P. E. Conner], they are related to the existence prob-
lem for harmonic differential forms and were studied by P. Malliavin [35] and H. Airault
[2] using perturbations to a boundary operator. The space of harmonic differential forms
are related to the de Rham cohomology groups, the latter is the quotient of closed smooth
differential forms by exact differential forms and is obtained by L? Hodge decomposi-
tion theorems. De Rham cohomologies on compact manifolds are topological invariants;
the alternative sum of the dimensions of the de Rham cohomology groups is the Euler
characteristic. See A. Méritet [36] for the vanishing of the first de Rham cohomology on
manifolds with boundary. See also I. Shigekawa, N. Ueki, and S. Watanabe [38] who gave
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a probabilistic proof for the Gauss-Bonnet-Chern Theorem, on manifolds with boundaries,
a formula relating the Euler characteristics to the Gauss curvature.

The study of reflected Brownian motions, in conjunction with heat equation on func-
tions, goes back to the late 50’s and early 60’s, see [15, F. Dario], [27, N. Ikeda], [39, A.
V. Skorohod], and [28, N. Ikeda, T. Ueno, H. Tanaka and K. Sat6]. A weak solution for
smooth domains are given in [40, D. W. Stroock and S. R. S. Varadhan ], see also the book
[9, A. Bensoussan and J. L. Lions ]. On convex Euclidean domains this was studied by H.
Tanaka [41]. A comprehensive study can be found in [34, P. L. Lions and A. S. Sznitman],
see also [43, S. R. S. Varadhan and R. J. Williams]. In terms of Dirichlet forms, see [13,
Z.-Q. Chen, PJ. Fitzsimmons, and R. Song], and [12, Burdzy-Chen-Jones].

The study of stochastic damped parallel transports on manifolds with boundary began
with the upper half plane preluding which, the construction of the reflecting Brownian
motion (Y;) by a canonical horizontal stochastic differential equation (SDE) on the or-
thonormal frame bundle (OM) with drift given by the horizontal lift of the ‘reflecting’
vector field, see [26, N. Ikeda], [45, Watanabe], and [29, N. Ikeda and S. Watanabe]. The
same SDE on OM defines also the stochastic parallel transport process //;(Y"), which is
a sample continuous stochastic process. Their construction of the damped parallel trans-
lation is more difficult. The former reduces to solving a ‘reflected’ stochastic differential
equation while the latter is a stochastic process with seemingly arbitrarily induced jumps,
which are not at all arbitrary as can be seen by the argument of the current article.

Since a manifold with boundary can be transformed to the upper half plane by local
charts, c.f. [29, N. Ikeda and the S. Watanabe], this implies the local existence of damped
parallel transport on a general manifold. We note that the Dirichlet Neumann problems
were studied in [1, 2, H. Airault] using multiplicative functionals, which was followed up
in [25, E. Hsu] to give a neat treatment for the reflected SDE on the orthonormal frame
bundle. In Appendix C, we extend and explain Ikeda-Watanabe’s construction [30] for
damped parallel transport, the formulation involves an additional curvature term, the shape
operator of the normal vector v. For the upper half plane, the shape operator vanishes
identically.

In case of M having no boundary, the concept of stochastic parallel translation goes
back to K. Itd [31], J. Eells and D. Elworthy [17], P. Malliavin [35], H. Airault [2] and
N. Ikeda and S. Watanabe [29]. The damped parallel translations along a Brownian mo-
tion (z;) are constructed using stochastic parallel translation. Together with (z) it is an
L(T M, T M)-valued diffusion process along (z;) with Markov generator %Al. It is well
understood that Edf (W;), where f € BC?(M), solves the heat equation on differnetial
I-forms. See e.g. [18, D. Elworthy], [10, J.-M. Bismut], [29, N. Ikeda and S. Watanabe],
and [37, P--A. Meyer]. Furthermore if P; is the heat semi-group, the process dPr_; f (W)
is a local martingale. See [32] for a systematic study of probabilistic representations of
heat semigroups on differential forms using both the damped parallel translation and the
derivative flow to a Brownian system. It is also well known that (W;) can be obtained
from the derivative process of a Brownian flow by conditioning, from which information
on the derivative of the heat semigroup on functions can also be obtained. This method
was used by M. Arnaudon, B. Driver, K. D. Elworthy, Y. LeJan, Xue-Mei Li, A. Thalmaier
and Feng-Yu Wang [32, 20, 19, 22, 42, 5], and many other related works. This plays also a
role in the study of the regularity of finely harmonic maps, c.f. [8, M. Arnaudon, Xue-Mei
Li and A. Thalmaier]. The stochastic Jacobi field point of view is developed in [6, M.
Arnaudon and A. Thalmaier ], leading to estimates for the derivatives of harmonic maps
between manifolds and to Liouville-type theorems.



2. OUTLINE AND MAIN THEOREMS

The paper is organised as follows. We first construct, in §3, a family of SDEs whose
solution flows (Y;*, a > 0) exist and have a limit (Y;) which are RBM’s. The convergence
of their stochastic parallel translations, //s(Y;*), is given in §4, while the more difficult
convergence theorem for their damped stochastic parallel translations (W) is stated in §5
together with a detailed description for the limiting process (W;) and with a differentia-
tion formula for the heat semi-group with Neunman boundary condition. The proof for the
main theorem of §5 is given in §7. In §6 we study a variation (Y% (u),u € [0,1]) of (¥;*)
and discuss the convergence of their derivatives with respect to  to the damped stochastic
parallel translation process (W;). In the appendices we study the half line example, ex-
plaining notions of convergence of stochastic processes on manifolds, and the existence of
Ikeda and Watanabe’s stochastic damped parallel translation on manifolds with a boundary.
Their proof was explicit for the half plane and uses Poisson point processes.

Close to the boundary, (Y,*,a > 0) are Brownian motions with drift A%, where A*
is the gradient of Intanh (%) and R(z) is the distance from x to the boundary. This
construction selects a special reflected Brownian motion. For M/ = R, the solution to
the Skorohod problem is selected while the solution given by Tanaka’s formula is not, see
Appendix A for detail where we illustrate the construction. Furthermore they satisfy the
following properties.

Theorem 3.3.

(a) Foreacha >0, (Y,*) remains in M°;
(b) As a — 0, (Y,*) converges to the RBM process (Yz), in the topology of uniform
convergence in probability (UCP).

Let p denote the Riemannian distance in M and p > 1. If E [ sup p(Y,%, Y})p] — 0
0<t<T

we say that the family of processes (Y,*) converges to (Y3) in ., ([0, T']). One can also use
an embedding of M into an Euclidean space. Contrarily to UCP convergence, .#,([0, 1)
convergence in the target space equipped with the Euclidean distance depends on the em-
bedding. However if M is compact, convergence in .#, ([0, T]) in the manifold is equiv-
alent to convergence in .#, ([0, T']) in the target space independently of the choice of the
embedding, and it is also equivalent to UCP convergence in the target space. The notation
concerning the convergence of stochastic processes on manifolds is introduced in Appen-
dix B where we also summarise the relevant estimates for stochastic integrals in the .7},
and 77}, norm, as well as relating different notions of convergences.

The main idea behind the construction is to ensure that R(Y,"*) involves one single real
valued Brownian motion for all parameters a, and hence pathwise analysis is possible. The
construction involves a tubular neighbourhood of the boundary in which the product metric
is used for the estimation. By the construction, the convergence of {Y;*, @ > 0} in the ‘tan-
gential directions’ of the product tubular neighbourhood is trivial. Outside of the tubular
neighbourhood the drift A%(z) vanishes, while inside it converges to zero exponentially
fastas a — O forevery x € M°.

There also exists a family of stochastic processes { L¢,a > 0} which converges to the
local time L in ., ([0, T), but not in the 7%, ([0, T']) topology. The former convergence
is a key for the convergence of the damped stochastic parallel translations, while the lack
of convergence in the latter topology makes it difficult to follow the standard methods for
proving the convergence of solutions of SDEs with a parameter.
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Corollary 3.5 and Lemma 7.8 Let M be compact. Then for anyp > 1 and T > 0,

lim || L — Lt (o,17) = 0.

Despite of the above mentioned convergence, dL; and dL$ are mutually singular mea-
sures. In particular, as a approaches zero, the total variation norm of the their differ-
ence converges to a non-zero measure: |d(L; — L¢)| — 2|dL;|. We also observe that

|L¢ | s, 0,10) = |LE].7, 10,175 | Ltl e 0,77 = | Lt 7, (0,77 and
|Lt — L{| 5, 0,17) = |Ltlse,0,11) + 1LE 15, (j0,17)-

Below we state our main theorem, whose proof is the content of Section 7, a preliminary
and easier result on the convergence of the stochastic parallel transport is given in §4.
For the RBM (Y}), constructed in Theorem 3.3, there exists a damped stochastic parallel
transport process (W) along (Y;) such that the tangential parts of W converge to the
tangential part of (W) in .%,([0, T']) and the normal parts of W, converge to the normal
part of Wy in LP([0,T] x Q).

If v e TyM, where y € OM, we denote v and v” respectively its tangential and
normal component. Thus (Wt“’T) is the tangential part of W2, the latter solves (1.5), and

Wi = Wta’T + fa(®)v(V3").

Lemma 7.11, Lemma 7.12, Theorem 5.6 and Corollary 5.7. Let M be a compact
Riemannian manifold and let (1) be the solution to (1.4). Let p € [1, 00). Then

(1) limg_o W** = W7 in UCP.
(2) Write W, = W/ + f(t)vy,. Asa — 0,

E

/0 Falt) — f(t>|?dt] -0,

(3) For any C? differential 1-form ¢ such that ¢() = 0 on boundary,
lim sup B [6(W2) — 6(W.) = 0.
a—0 s<t

The family of sample continuous stochastic processes {(W;),a > 0} cannot con-
verge to the stochastic process (W;) with jumps, in the topology of uniform conver-
gence in probability, nor in the ., norm nor in the Skorohod topology. The uniform
distance between a continuous path and a path with jumps is at least half of the size
of the largest jump. In Lemma 7.9 and Corollary 7.10 we see the simple ideas which
are key to the proof. We show that there exists a real continuous process ¢, (u) such
that df,(t) = —ca(t)fa(t) dt + other interacting terms, and — fot cq(u) fo(u) du is the
only term that contributes to creating jumps as a approaches 0. More precisely, if a; =
sup,,{s <t:Y, € IM} andt & Z(w), then for all s,¢ € [0, 5] satisfying s < ¢,

rt
limoe*js cal)du — 1 if g> o
a—r

t
lin%)e*fs cCalWdv — g if 5 < .
a—r

This particular construction and the formula for the normal part of (W) are given in sec-
tion 5. Let us follow Appendix C and explain the jumps in the limiting process W;. Denote
by p(-, OM) the distance function to the boundary and set R; = p(Y;, OM). Viewed by the
distance process Ry, the RBM reaches the boundary at a stopping time ¢ where it makes



excursions into the interior. By an equivalent change of probability measures, these ex-
cursions are similar to those made by a real valued RBM. The complement to the set of
boundary points of R; are disjoint open intervals. Let % (w) denote the set of the ‘right
most points’ of the excursions of the distance function R; and %, (w) its subset coming
from excursions of length at least e.

The stochastic process W; € L(Ty, M;Ty, M) is the unique cadlag process along the
RBM (Y}) which satisfies the following equation during an excursion to the interior:

Wilw) =v = 3o [ )Rk, Wee(ids = [ 7S, (W)L,
— Y W@ ) e Ya),

SEZ(w)N[0,t]

2.1)

where s+ = //s:(Y.) denotes the parallel transport process along (Y.) from Ty, M to
Ty, M. We abbreviate //p , to /;. If we remove only the normal part of W; on excursion
intervals equal or exceeding size €, the above stated procedure makes sense and the result-
ing processes (W) has a limit. The above equation is understood in this limiting sense.
More precisely, let W, the solution to

1.
DW? = _§R1cﬁ(Wf) dt — S(W§)dLy — X(tear. () (Wi, vy ) vy,
VVO‘€ == IdTyoj\/[.

(2.2)

There exists an adapted right continuous stochastic process W, such that lim._,o W = W,
in UCP, and in .¥}, where p > 1 for M compact. Furthermore for any o € 7, the set of
stochastic processes with values in bounded 1-forms above Y; vanishing outside some
compact set, c.f. (C.6),

([ sa0w) 2 ([ o)

This construction agrees with the derivative flow of the Skorohod reflected Brownian mo-
tion in the half line, extending stochastic damped parallel translation of Ikeda and Watan-
abe to general manifolds with boundary. This was further elaborated in Section 6 where
we prove damped parallel translation is a weak derivative of the reflected Brownian flow.
See also [25, E. Hsu] and [44, F. Wang] for two other constructions for damped parallel
translations. In Proposition 5.1 we explain that removing the normal part of the damped
parallel translation at the beginning of excursions leads to the same object in the limit,
using the fact that the beginnings of excursions are left limits of the ends of excursions.
In Theorem 5.3 we observe that (W;) has the local martingale property when composed
with the differential of a solution to the heat equation with Neumann boundary condition,
c.f. [30, N. Ikeda and S. Watanabe]. A stochastic representation for the semigroup on
differential one forms with absolute boundary conditions follows.

Theorem 5.2 Suppose that the tubular neighbourhood of the boundary has positive
radius, the curvatures Ric? and S are bounded Sfrom below. If ¢(t,-) is a solution to the
heat equation with absolute boundary conditions, then ¢(t,-) = E¢(0, W (+)).

Finally we consider the problem of obtaining (W) by varying the initial value in a
family of stochastic flows. We have previously obtained a family of processes (¥;*,0 <
a < 1) which converges as a — 0 to a RBM in LP. For a fixed we consider a variation
(Y2 (u),u € [0,1]) satisfying Y (u) = ~(u) where v(u) is a C! curve and 9, Y% (u) =
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W (u)3(u), see [4, M. Arnaudon, K.A. Coulibaly and A. Thalmaier] for the construction.

Proposition 6.1, Theorem 6.2 and Theorem 6.3 If M is compact, then the family of
two parameter stochastic processes {(Y;*(u)):e[o0,1],uel0,1]> @ € (0, 1]}, indexed by a, is
tight in the weak topology. Furthermore for each sequence {ay} of numbers of converging
to 0 and such that (Y"* (u)):c[o,1],uc[0,1] converges weakly to (Yi(u))icio,1],ucf0,1] the
following statements hold.

(1) foreveryu € [0,1], Y;(u) is a RBM on M with initial value y(u);
(2) for every p € [1,00) there exists a number C' (p,T) s.t. for all 0 < uj,us <1,

sup B [pP (Y (u1), Yi(u2))] < C'(p, T) |4l o lur — ual?. (2.3)
0<t<T

(3) Forall f € C*(M) with df |an(v) =0,

E |f(Yiua) - F(¥iw) ~ [ df(Wilu)i(w) du| =0,

The last identity implies that if 4(u) = v, then é%Yt('y(u)) = Wi(u)(v). Thus the
damped parallel translation can be interpreted as a derivative of the RBM with respect to
the initial point, making connection with the study of K. Burdzy [11], S. Anders [3], and
J.-D. Deuschel and L. Zambotti [16] for Euclidean domains. It would be interesting to
prove that (T¥;) can be constructed from the derivative of the flow in strong sense.

3. A REFLECTED BROWNIAN FLOW

We define a RBM as a solution to the Skorohod problem: it is a sample continuous
strong Markov process satisfying the following properties: (1) its Markov generator £
restricted to C% (M°) is 1 A; (2) it spends almost all the time in the interior of the manifold
(with respect to Lebesgue measure on time set); and (3) its drift on the boundary is colinear
with v, the inward-pointing unit normal vector field on M. By inward-pointing we mean
the sign of v is chosen so that the exponential map, for sufficiently small ¢ > 0, exp(tv)
belongs to M. If {o1,...0,,} is a family of vector fields spanning the tangent space at
each point, we associate to it a bundle map o : M x R™ — TM given by o(z)(e) =
Y opeq ox(x)(er, e) where {e;} is an orthonormal basis of R™. Let ¢ be a smooth vector
field. Let (B;) be an R™-valued Brownian motion. A Brownian system is a stochastic
differential equations (SDE) of the form dz; = o () o dB; + 0o (x:)dt with infinitesimal
generator %A where o denotes Stratonovich integration. Such equations always exist and
are not unique, for example if o; are the gradient vector fields obtained by an isometric
embedding of M into R™, the SDE is a gradient Brownian system.

Definition 3.1. A stochastic flow is a Riemannian RBM if it solves the Skorohod problem
dY; = o(Y;) 0 dBt + 0o (Yz)dt + A(Yi)d Ly, 3.1)

where A is a smooth vector field extending the inward normal vector field and L; is the
local time of Y; at M, a non-decreasing process satisfying

t
/ Xanm)e (Ys)dLs = 0.
0

Since dL; is supported on the boundary of M, Y; behaves exactly like a Brownian
motion in the interior.



The aim of the section is to construct a family of Brownian systems on M with large
drift A% pushing away from the boundary, approximating a reflected Brownian motion in
the topology of uniform convergence in probability. Furthermore the following proper-
ties are desired: the convergence is ‘uniform’ and the limiting process is continuous with
respect to the initial data.

3.1. Let p denote the Riemannian distance function on M and R the distance function to
the boundary, R(z) = inf{p(z,y) : y € OM}. By the tubular neighbourhood theorem,
there exists a continuous function 6 : M — (0,00) such that for Ey = {(z,t) : = €
OM, 0 <t < d(z)}, the map

d: Ey— Fpy 2:@(E0>CM

(z,t) — exp, (tvs) (3-2)

is a diffeomorphism such that ¥(y) = (7(y), R(y)) on Fy where m(y) is the boundary
point given by p(y, 7(y)) = R(y) and ¥ = &, In other words, on Fy, R(@(z, t)) =t
and the distance function R is smooth. For 0 < ¢ < 1, define

E.={(z,t):0<t< (1—-0)d(2)}, F.=D(E,).

Since OM is a Riemannian manifold of its own right, we may represent Agys =
Z;.n:Q ; as the sum of squares of vector fields, for example by taking {7;,j = 2,...,m}
to be a gradient system on O M.

In the tubular neighbourhood around a relatively compact set U of the boundary, the
width §(x) can be taken to be a positive constant 3dy. Let R be a real valued 1-Lipschitz
smooth function on M which on F} /3 agrees with the distance function to the boundary
and such that R > 6 on FY /3 This can be obtained by modifying the distance function to
the boundary.

Proposition 3.2. Let r > 1 and c € (0,1). Let {Gg, 7,5 = 2,...,m} be a family of C"
vector fields on OM with the property that

1 & 1
B Z Ls,Ls; + L5y = §A6M'
j=2
Suppose that Ey has strictly positive radius, i.e. gjl\g 0 > 0. Let §y be a positive number

such that § > 36o. Then there exist a finite number of C” vector fields {c;,j =0,...,N}
on M such that

(1) 337 Loy Lo, + Loy = 34,

(2) 01 =VRon Fy3,

(3) For2 < j<m, oj extends o,

(4) Forallp € ®(OM x [0,0]), forall j > 2: (c1,05)p = 0.

In the sequel we denote A = o1.

Proof. We first assume that there exist a family of vector fields 0,1 < j < m defined in
the tubular neighbourhood Fy. Denote o : M x R™ — T M the corresponding bundle
map, as indicated earlier. Let us extend the construction to M and then return to the local
construction.

Let5;,m + 1 <4 < m + m’ be a family of vector fields in M such that

’
m-+m

Z Ls Ly, = A.

i=m-+1
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Let ¢ be the corresponding bundle map from M x R™ — TM andlet N = m +m’. We
take a real valued function 3 € C°°(M; [0, 1]) with the property that /3 and /1 — 3 are
smooth (this is implied by the other assumptions), /3|F2/3 =1, and B|M\F1/3 = 0. Let us

define a new bundle map 6 : R™ X R™ — TM as following:
G(e1,e2) = V/Boler) +/1— Bé(ea),
and prove that it is a surjection. Let
()" (v) = (V/Bo™ (), V1= B(5)"(v)).
Then (6)* : T,M — RY is the right inverse to 6. Indeed
66" = Boc* + (1 — P)a(6)" =1id,
and ¢ induces the Laplace-Beltrami operator. It is the desired map.
Let us now construct o on Fy. If y € m, let w(y) denote the projection of y to M, ~,,
the geodesic from 7(y) to y, and //(,) the parallel transport along -y, which is a linear

map from 77,y M to T, M. For j # 1, along a geodesic normal to the boundary, we may
extend &; by parallel transport along the geodesic in the normal vector direction:

aj(y) = /[ (7)7;(7(y))-
In other words it is constant along the geodesic. It is clear that (c;(z), o1 (z)) = 0 for all
7 >1landx € Fy.
From the assumption, § 37", V2 65, + 5o = 0 on OM and Y7, 5;(x)5; (z) =

Id7, 5. Here 5? (x) denotes the 1-form (o (), -). Let us prove that for all z € Fy,
Z of (x)a? () =1dr, m
j=1

where a;(x) is defined in a similar way. Since the vectors {oy(x)} generate T, M, it is

sufficient to prove that forall k = 1,...,m,

> 0i(@)a; (@) | (ox(x)) = or(a).

For k = 1:

For k > 2:

aj(x)(o;(z), o (x))

I
NE

Z g (x)a? (@) | (ox(z))

= /()7 (n(2))(0; (m(2)), Gk (n(x)))
= /| (v2)ar(m(2)) = ox(2).

To complete the construction, we take the drift vector with the following property:

1 R
oo(z) = ) Zvoj(m)aj =73 Zvaj(w)gjv z € Fo.
j=1 j=2
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This completes the proof. O

The vector field A = o1, constructed in Proposition 3.2 extends the unit inward normal
vector field, defined on M, and coincides with VR on F5, /3 Off the cut locus of the R,
VR exists almost everywhere. For the Skorohod problem, we will only need the informa-
tion of A on F' := Fy/3 and in particular we do not need to worry the effect of the cut
locus.

Next we take a family of additional drift vector fields converging to O in the interior of
M and to the local time on the boundary. We divide the manifold M into three regions:
inner tubular neighbourhood, the middle region and the outer region. The inner region, a
subset of E with the product metric is quasi isometric to its image, i.e. there is a constant
C' > 0 such that for all z,y € M, for all s,t € [0, §p], denoting p the distance in IM,

& () +1s = 71) < p(®(,5), B(y.1)) < C () + s — 1]}

Outside of the tubular neighbourhood the drifts will be chosen to be uniformly bounded and
to converge to zero uniformly. If z,, is a sequence of points in the outer region with limit
xg, we need to assume that the solution with initial value z,, converges in some sense. In
the first region we have convergence in probability and in the second we will need a control
on the rate of convergence that induces the property of a flow.

By the convergence of the manifold valued stochastic process (Y;*) to (Y:) we mean
that H(Y,®) converges to H(Y;) where H : M — RF is an embedding, with the same
notion of convergence. We recall that (V%) converges to Y; in UCP implies that for any
e > 0, the explosion times £* of Y,* and its exit times from relatively compact sets, for
sufficiently small a, are bounded below by the corresponding ones for Y; = Y,” minus €
(in other words liminf,_,o £ > &Y). Also, if we assume sufficient growth control on the
curvatures and the shape of the tubular neighbourhood, the convergence will be in .,. We
only discuss this aspect for a compact manifold.

Let R : M — R be a smooth function such that R|F is the distance to the boundary,
and R|pc > § for some number 5, and R(x) is a constant on the complement of F°.

Theorem 3.3. Let a be a positive number. For oy, A satisfying properties stated in Propo-
sition 3.2, let Y;* and Y; denote respectively the maximal solution to the equations, with
initial value x,

m Ya
ayy = Z (V) 0 dBF + 00(Y)dt + VIn (tanh (M)) dt, (3.3)
a
dy, = Z x(Y2) 0 dBF + oo(Yy)dt + A(Y;)dLy. (3.4)
k=

Suppose that p(Yy", YO) converges to 0 in probability.
(1) Thenlim,—oY* =Y, in the topology of uniform convergence in probability.
(2) If M is compact, then the SDEs do not explode and for all p € [1,00) and for all
T >0, Y* convergesto Y in 7,([0,T)), i.e.
lim E sup p(Y.', Ys)P =0.
a—0  0<s<T
Proof. Since UCP convergence is local and is implied by local convergence in ., (1) is
a consequence of (2). See Corollary B.4. So we assume that M is compact and choose a
constant §g > 0 such that the function ¢ is bounded below by 35y. Then we replace ¢ by
34 in the definition of Fy, Fy, E., F..
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We define h%(x) = In (tanh (M) ) and

2V R(z)
a sinh (%(z))
This is an approximation for a vector field that vanishes on M° and exerts an ‘infinity’

force in the direction of VR = A on the boundary.
Let Ry = R(Y;®). Then

t 1 t t
Rf:Rg+Z/O (dR,ak(Y5“)>dB§+§/ AR(Y;)ds+/O
k

0

A%(x) = Vh(z) =

2

—ds
asinh(222)

a

Let us denote by 3¢ the stochastic term:
2

1 t t
R} = Ry + B + —/ AR(}/Sa)ds+/ SR ds
2 Jo 0 asinh(==)

For Y}* € Fy/3 the tubular neighbourhood of dM, we have by Proposition 3.2 (2) that
djB¢ = dB} is independent of a and of Y,%, which will be crucial for the sequel:

1
dR} = dB} + 5AR(Yﬁ)dt + dt. (3.5)

a sinh( 21:”? )

Since we assumed that M is compact, |AR| is bounded, so the drift is essentially
— and I?{ never touches the boundary and the equation is well defined.
asinh(==)

Recall that 7 is the map that sends a point x € M to the nearest point on dM, it is
defined on Fy. The tubular neighbourhoodmap ¥ : Fy — Ej splits into two parts, ¥ (z) =
(w(z), R(x)). Since ¥ is a diffeomorphism onto its image, on {Y; € Fy}, the processes
Y,® converges to Y; in the Riemannian metric on M if and only if U(Y,*) converges to
U(Y;) in the product metric of 9M x [0, 4].

On any subset of M not intersecting the tubular neighbourhood that is distance ¢ from
OM for some ¢ < 1, the functions |V A*| are uniformly bounded in @ and converge to zero
as a — 0. The local time does not charge any real time if Y; is not on the boundary. For a
C? embedding ® : M — R,

O(Y)") — (V) =2(Yg') — ®(Yo) +/O (0"Ve)(YS) = (0" VP)(Y;),dBs)

+3 | (@em) - 20w as

By standard estimates, if Y§* — Y} in probability, the processes ®(Y,*) started outside the
closed tubular set F% and stopped at the first entrance time of Fg converge to ®(Y;) in
UCP. In particular this holds for isometric embeddings and since the intrinsic Riemannian
distance is controlled by the extrinsic distance function, we see that the stochastic process
p(Y,*,Y;) converges in UCP.

Splitting in a proper way the times, for the UCP topology it is enough to prove that the
processes (Y,*) started inside the open set F% and stopped at exiting F% converge to (Y3)
whenever Y — Yj.

So we assume that " and Yy belong to F5 /5 and p(Y{', Yp) converges to 0 in probabil-
ity. We let

T=inf{t >0, R(Y}) =26}, 7% =inf{t>0, R(Y?) =2}
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We first prove that for all 7" > 0,

VT >0, limE [ sup pQ(Yt",Yt)] =0. (3.6)
a—

t<TaATAT

Notice if (3.6) holds, sup,<, R(Ys) < 28y implies that sup,, R(Y) < 24¢ for suffi-
ciently small a, consequently,

lim E [ sup p*(Y?, Yt)] = 0. (3.7)
a—0 t<rAT
This in turn shows that
Iminf 7* AT > 7 AT (3.8)
a—r 00

and the convergence of Y,* to Y} in the UCP topology follows.

Let Ry = R(Y®) and R, = R(Y}). Denote p the Riemannian distance on M. Using
the tubular neighbourhood map, proving (3.6) will be equivalent to prove the following
two limits:

1imE[ sup (R?Rt)2]0, 1imE[ sup () (m(V),7(Ve))| =

a—0 t<TeATAT a—0 t<TaATAT
3.9)

Fort < 7% A 7 we have by (3.5) and (3.1),

ds

t
R“th:RSfRowL/ —
! 0 asinh(%&)

t
th+%/ (AR(Y®) — AR(Y)) ds. (3.10)
0

We remark that in the above equation there is no martingale part. Let € > 0, and

t

~ d

L?Z/ %_Lt-
0 asinh(fS)

We apply It6-Tanaka formula to the convex function max(y, ) to obtain:

t t
eV I|R{ — Ry| =|R§ — Ro| Ve +/ X{Rs—R;>e} dLg — / X{Rs—R;<—¢} dLg
0 0

I o

45 [ X nsa (ARKY) — AR(Y.)) d,
0

It is vital to remark that L > 0 if and only if R — R; = RZ. Also R? — R, < —¢, if only

if Ry # 0, and so —dL? is a negative measure. We may ignore the third term on the right

hand side of the identity. For each @ > 0 and £ > 0, there exists a number a(e, o) > 0
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1

such that for all @ < a(e, ) and r > ¢, (2] < «. Hence,
t ~
/ X{Rg—R3>a,RS:0}dL§
0 t 1
< / - (R R X{Ra—R.>e,R.=0}ds — Ly < o,
0 asinh (Sf)

1

t t
/ X{Rg—R3>a,RS¢O}dLZ :/ 721@)({}?};—1%5>8,R3750}d5
0 0 asinh( 3)

It follows that
1 t
SVIR— Ry < |R87R0|+5+2at+§||VAR||Lm(FU)/ sup p(Y",Y,) ds. (3.11)
0 r<s
So

E| sup (R —Ry)?| <AE [(R§ — Ro)?] +4¢* + 821>+
t<TATANT

. (3.12)
2HVARHL°°(F0)/O E|: sup p2(Y5a7Y5):| dt.

s<TATANE

Before continuing with the estimate above, we estimate p(m(Y,®, w(Y;)). The distance
function p is not smooth on M x M. So we will consider an isometric embedding
11 OM — R™ (in fact since M is compact any embedding would do) and instead of
proving the second limit in (3.9) we will prove that

lim E [ sup  («(n(Y)) — z(7r(Y})))2] =0 (3.13)

a—0 t<TeATAT

We extend ¢ to Fy to obtain i(y) = (¢ o 7)(y), then
t
(V) — i(YV3) = (V) — (Vo) + / (0" Vi(Y) — 0" Vi(Y,), dB,)
0

+%/0 (AT(YS) — A(Y)) ds+/0 di(A“(yS))dS/O di(A(ys))dLs.
(3.14)

Since drr(A) = 0 and dn(A®) = 0, the last two terms vanish. By standard calculation,

E[ sup  [JE(Y) —i(Yt)HQ]

t<TATAT®

T
<AB[3) ~ (00)7] + 16190 Vil ey [ B s p v ar

S<EATATE

T
FAV Ay [ B s 200
0

sSTATANL

(3.15)
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Since OM is compact, Fyy is compact. The quantities Vo* and Vi = Vr (Vi) are bounded.
Similarly ||V Ail| o (r,) is finite. For z € Fp, set
H(z) = (i(z), R(z)) € R™ 1. (3.16)
Let Cy > 0 be a constant such that for all z, 2’ € F,
1

oy 11 (@) = H(a")|| < plw,2’) < Cl|H(x) — H(2')]|. (.17
Define

C= (16 IV Vil (g + 2HVAH|\L00(FO)) (Cr)?. (3.18)

From (3.15), using Gronwall lemma we obtain that if a < a(e),

E [ sup  [|H(Y®) - H(Y5)||2] <4 (IHYE) - B + &+ a2T2) 7.
sSTATAT®
(3.19)

Since € and « can be chosen as small as we like and C'is independentof €, «, a, Yy — Yo
and H is bounded, we obtain that

lim E { sup  ||H(YS) — H(Y;)||2] =0. (3.20)
a—0 s<TATATE
Together with (3.12), we see that
hmE[ sup p2(5f;,5fs)] =0. (3.21)
a—0 s<TATAT®

This implies that 7* A 7 — 7 almost surely, and since the distance is bounded,
lim E [ sup p?(Y2, YS)} = 0. (3.22)
a—0 s<TAT

This completes the proof for the convergence of Y to Y in UCP, and also in .#}, for
compact manifold M. O

It would be interesting to use the method in [33] to study whether there exists a global
smooth solution flow to the SDEs. It is also worth noting that if 7Y (Y") (resp. 7U(Y)) is
the exit time of Y. (resp. Y.*) from a relatively compact open set U, then

liminf 79 (Y%) > 7Y(Y).

a—0

Corollary 3.4. Let S1, Sy be stopping times such that S, < S and ag a positive constant.
Suppose that Y,* € Fy for a € (0,a0] and t € [S1,S2]. Then on the interval [S1, S2],

limg_o m(Y.%) = w(Y.). The convergence is in the semi-martingale topology. If moreover
M is compact and S, is bounded, then the convergence holds in ¢, for all p € [1, 00).

Proof. Since the drifts A and A® belong to the kernel of the differential 7’7, we obtain
with It6 formula the following equations:

ZTWO’k ) o dBF 4+ T o oo(Y,2) dt
k=1

Z T ook(Yy) 0 dBF + Trooo(Y,) dt.
k=1

Since % 2?21 Vs, 0% + 00 = 0, we only need to be concerned with the following term
from the It6 correction: 1 ") | VT'n(-) (0%, o). By Theorem 3.3, both T'm o o, (Y,*) and
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VTr(Y?)(ok, ok) converge in the UCP topology, and they are locally uniformly bounded.
The limits are respectively T'woy(Y;) and VT'w(Y;) (0%, 0r). By Theorem 2 in [23, M.
Emery], see [7, M. Arnaudon and A. Thalmaier] for the manifold case, 7(Y.*) converges
to 7(Y") in the semi-martingale topology. O

Define L¢ = fot asmhd% Then in the tubular neighbourhood,

a a a d a
AV = VR(Y) S T4
Corollary 3.5. Suppose that M is compact. Then forallp > 1 and T > 0,

lim E (sup |Ly — Ls|p) = 0.
a—0 s<T
Moreover, letting L° = L, for all \ > 0, there exists C(T, \) such that for all a € [0, 1],
E [&L%} < O(T, \). (3.23)

Proof. Firstly we take Y, Yy in Fy/3, the % tubular neighbourhood of the boundary. Let
7 =1inf{R(Y;) = 200} and 7% = inf{ R(Y;*) = 200} be respectively the first exit times of
Y and Y from {z : R(z) < 280} C F2. On {t <7 A7} we have (3.10):

1 t
L§— L= ~R§+Ro+ R — Ry - 5 / (AR(Y®) — AR(Y,)) ds.  (3.24)
0

By the convergence of Y* to Y in ., ([0, T1),

E sup |L{ — Li|P < cc.
t<TANT

Outside of the 2/3 tubular neighbourhood F§» #@)) converges to 0 uniformly in x

asinh(

and L, vanishes. Note that lim, o = 0 for any » > 0. The required convergence

_ 1
sinh( QTT)
result follows.

To prove (3.23) we write for a € [0, 1]

t t
Lf:Rf—RS—I—/a‘;ng—i—/ﬁgds
0 0

where for all a, Z is a real valued Brownian motion, and |R} — R§|, o and 5§ are
uniformly bounded independently of a. The result immediately follows. (|

4. CONVERGENCE OF THE PARALLEL TRANSPORTS

Let (Y7) and (Y;*) be respectively the solutions of (3.4) and (3.3). The parallel transport
along (Y;) and (Y;*) are respectively the solution to the canonical horizontal stochastic
differential equations on the orthonormal frame bundle with drift the horizontal lift of the
drift vector fields A and A“ respectively.

Denote by //# the parallel transport along Y%, //; the parallel transport along Y;. Recall
that oy : T, M — R™ is the right inverse to 0. Take v* € TyaM and v € Ty, M with
the property that lim,_,o 0*(Y*)(v*) = o*(Y;*)(v). Let U be a continuous vector field.
Then

(0", UY) = (" (V) (Jfv"), o (V) (U (V1))
Since V;* — Y; as a — 0, so does o*(Y;*)U(Y;®) to o*(Y;)U(Y:). We prove below that
o (V) (o) = o" (Vo) (Jlrv)-



17

Proposition4.1. Ler v € Tye M and v € Ty, M. Suppose that ag‘/oa v® converges to oy, v
in probability as a — 0. Then limg_,0 o™ (Y*)(//fv®) = o*(Yz)(/}rv), with convergence
in the semi-martingale topology. Also lim,_,q //fv® vgp /.

If M is compact, the convergences hold respectively in 7,([0,T]) and #,([0,T]) for
allT >0andp > 1.

Proof. Since Vogys(//{v®) = 0 by the definition, the stochastic differential of //v® sat-
isfies the following equation:

m

d(o* (V) J{0%) = Veaypo™ (V) " = 3 (Vo vy o) 0" o dB]

Jj=2
where we used the fact that V,,6* = 0. Upon converting the Stratonovich integral on the
right hand side we see that

m

d(o™ (V) [f0") =Y (Vo, (v ") {0 dB] + 5 Zd 0;(ve)o ") v dB]

j 2

( o; (YO //ta adBJ+ Z o; (Y, 0] (y»o //ta “dt.

<.
/|
N

t”13

<.
/|
N

This can be rewritten as

m

(o™ (V) fiv™) = D (Voyvmyo™) o(¥0) (07 (V) o) dB]

Jj=2

+ (Vaj v Ve, (veyo*) oY) (0 (V1) Jfv®) dt

N | =
= L]

Since the coefficients of the SD converges as a — 0 uniformly in probability, we get that

o* (V) J#v® converges to o*(Y}) /v in semi-martingale topology, see Theorem 2 in [23,
M. Emery].

Finally, since the linear maps o(Y;*) : R™ — TyasM converge to o(Y;) : R™ —
Ty, M in UCP topology and //# = o(Y,*)o™(Y®) /¢, we see that //i* converges to //; in the
same topology.

(I

5. CONVERGENCE OF THE DAMPED PARALLEL TRANSLATIONS

Let (Y;) be the reflected Brownian motion and (Y}*) the approximate reflected Brownian
motions, constructed by (3.4) and (3.3) respectively. Let A* = VIn tanh(%). Denote
(W£) the damped parallel translations (Y;*), solving the equation

DWwg

dt
Let (1) the the damped parallel translation along (Y;). We take the version constructed by
Theorem C.3 so (W;) is an adapted right continuous stochastic process such that lim Wy =

e—0
W, in UCP where (W) are solutions to the equations (2.2).

Our aim is to prove that W converges to W;. It is fairly easy to see the convergence
when Y and Y; are in M 0. When they are in a a neighbourhood of OM, we use the
pathwise construction for W. Let (£,,),>0 be a sequence of positive numbers converging
to 0. As soon as a continuous version of (Y;) and parallel translations along (Y;) are

1
— 7§Ric#(Wt‘1) + Vs A, W =1d. (5.1)
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chosen, each We~ is constructed pathwise. Moreover We» converges to W locally in .7,
and there exists a subsequence of &, such that W« (w) converges locally uniformly for
almost surely all w.

Denote £(w) the set of times Y; spend on the boundary. Let F{y be a tubular neighbour-
hood of M. On {Y; € Fy}, we write

Wy =W/ + f(t) vy,, (5.2)

where £(t) is its component along vy, and W, its orthogonal complement.

The proposition below is a local result. We prove the following two ways of removing
the normal part from the damped parallel translation are equivalent. (1) During an excur-
sion (I, 7q), evolve (W) with the continuous damped parallel translation equation, then
remove the normal part at the touching down time r,,; (2) at the beginning of every ex-
cursion remove the normal part of W; and then evolve (W;) with the continuous damped
parallel translation equation during an excursion. This equivalence is due to the fact that
every beginning of excursion is the right limit of ends of excursions and every end of ex-
cursion is the left limit of beginning of excursions. Notice the integral with respect to the
local time is well explained by the approximation by W and later by the approximation
by W, but is absent of the description here.

Proposition 5.1. Let Sy, S2 be stopping times and t € [S1(w), Sa(w)]. Let ¢ = inf{t >
0:Y; € OM}. We assume the following conditions.

(1) The Ricci curvature and the shape operator are bounded on Es.

(2) Yi(w) € Fo whenevert € [S1(w), Sa(w)].
Then for almost surely all w, Wy = WI + f(t) vy, where f(t,w) is a right continuous
real-valued process vanishing on [S1(w), S2(w)] N £(w). Furthermore,

r if t<¢
) ={ N (5.3)

where oy (w) = sup{s < t, Ys(w) € OM} = sup ([S1(w), t A S2(w)) N £(w)), and

1 t
o= W, (Ve )) - 5 [
S1

t

RiC(WS,VYS)dS-i-/ (Ws, Dvy,), (5.4)
S1

on [S1(w), S2(w)]. Furthermore,

1
DWI =— 5Ricﬁ(Wt)T dt — SWT)ydL, — (W, Dvy,)vy,

L (5.5)
— <Wt; l/yt>DI/yt — 5 Z<Wt, Vak(yt)l/(}/t»vgk(yt)l/dt.
k=2
Conversely, if a right-continuous L(Ty, M, Ty, M)-valued process W/ satisfies (5.2-5.5),
then it satisfies (C.7).

As a local result, this can be reduced to the half plane model, the latter was dealt with
in [30, N. Ikeda and S. Watanabe]. Our global description and the proof we give below
will be used for our approximation result (Theorem 5.6 and Corollary 5.7).

Proof. Denote fy = f(t) = (Wi, vy,). The formulas below in the proof are interpreted
and obtained as following: we first prove the corresponding identity for W; and then take
€ — 0. Firstly we compute the stochastic differential of f;:

1.
dft = —§<R1cﬁ(Wt), Vyt>dt + <Wt, DVyt> — X{te%(w)}<Wt—7 l/yt>7
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for which we used the fact that S(W,') = S(W;) is orthogonal to vy,. Then from W' =
Wi — fivy,,
1
DW/" = DW, — dfyvy, — fiDvy, — 3 DLyl

where the covariant square bracket D[f., vy, ]; is the martingale bracket including the jump
part. The jump part of the bracket disappears since vy, is a sample continuous process.
Thus

1. 1
DW= fi(Rlcﬂ(Wt))Tdt —SWT)ydL, — (W;, Dvy,)vy, — fiDvy, — 5Dy,

where D(f., l/y )¢ is the continuous part of the martingale bracket. The martingale part of
L8 Y5 Vo, (v, v dBY; while the martingale part of (W;, Duy,) is

NE

<Wt7 Vak(YY)V(}/t)>dBf

el
U

2
This means that

f7l/Y Z Wt) Uk Yt (n)>v0k(}/t)ydt’
k=2

concluding (5.5).

Fort < ¢, (5.3) clearly holds. We prove it holds also for ¢t > (. Ift € Z(w) = {rqo(w)},
ft = 0 by the definition. This agrees with (5.3): o =tand r, — r,, = 0.

On [Sy,S5] the process R; is equivalent in law to a reflected Brownian motion see
Lemma C.1. So for every t € £(w)\Z(w), there exists an increasing sequence (t,)neN
of elements of % (w) converging to ¢. For all n € N we have f(t,) = 0 and

ﬂﬂ.mw+£#@0ﬁ£@me+LF%Dm%

This formula makes sense by choosing a continuous version of the integral | 51 (Ws, Duy,)
and by remarking that (W) is the pathwise solution to equation (C.7).
So we have

ﬂw=[2ﬂgﬁw+llww#@
/tt 2f(s) (DWs,vy,) + (Ws, Dvy,)) + /tt trace(Ws, V.v) (W, V.v)

+ Z <W57VY5>2

SEtn t]NZ(w)

/tt 2f(s) <<%Ricﬂ(ws)ds — S(W,)dLs, uy5> + (W, DVYJ)

+ /tn trace(W, V.v) (W5, V.v) — Z f(s)2.

SE]tn tINZ(w)

Notice that the last term combines the jump term from (DWj, vy.) and from (W, vy, )2
It is the sum:

-2 > fEOWemw)+ Y W)

$E]tn,INZ%(w) $E]tn,tINR(w)
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Since the jumps are all non-positive and (S(W5), vy,) = 0, we get

07 < [ 2105 (~§Ric (Worr, s + i, Do)

n

t
+/ trace(Ws, V.v)(Ws, V.v).
t

n

But W is pathwise bounded in compact intervals, and

/ut f(s)(Ws, Duy,), /ut trace(Ws, V.v) (W, V.v)

are continuous in u. So the right hand side converges to 0 as n — oco.

This implies that f(t) = 0 for all t € £(w). In particular for all ¢ > &, f(ay) = 0 and
the second equality of (5.3) is valid.

Conversely let W/ be a right-continuous process satisfying the conditions of Proposi-
tion 5.1. Clearly W/ satisfies (C.7) when Y; € MP. On the other hand f(t) vanishes on
left hand sides of excursion, it is right continuous, and all right hand times of excursions
are limits of decreasing sequences of left hand times of excursions, again by Lemma C.1.
So it also vanishes on %, and consequently W, = W;.

O

We can now state the representation theorem for the heat equation on differential 1-
forms, c.f. (1.2), with the absolute boundary conditions ¢(v) = 0 and d¢(v) = 0.

Theorem 5.2. Suppose that the tubular neighbourhood of OM has positive radius, the
curvatures Ric* and S are bounded from below respectively on M° and on OM. If ¢y is
a solution to the heat equation on differential 1-forms, (1.2), with the absolute boundary
conditions, then for any v € Ty, M, ¢+(v) = E¢y, (W (v)).

Proof. Tt is clear that the reflected Brownian motion (Y7) is globally defined. Let ) be a
C? differential 1-form. Since v, (w) is linear in w € T, M and £ >} | V,, 05 4+ 009 = 0,
we see that

B m. ot ! t .
B0 =0(00) + 3 [ (Vowtry)(Wec B+ 5 [ ANV

+ /0 V(v y(We)dL, — /0 $(S(W._))dL,
-y

(Ws,vy,) — (Ws—,vy,)) ¥(vy,).
s€22(w)N[0,1]

We used Weitzenbock formula Ay = traceV21) — ¢(Ric?). By Palais’s formula for two
vector fields v and V:

dp(v,V) = Ly ($(v)) = L (¢(V)) = (v, V]) = (Vo)) (V) = (Vve)(v).  (5.6)

Hence we may commute the directions in V,,(y, _y1(W,_).

Suppose that 1) satisfies the additional condition: 1(r) = 0 and dy(v,-) = 0 on the
boundary. Since Y is continuous, ¢ (vy,_) = 0 at the ends of an excursion, the last line
vanishes. For any vector w in the tangent space of the boundary, L., (¢(v)) = 0 and
s0 (Vut0)(v) — ¥(S(w)) = 0. Since vy, (Ws_,vy,) vanishes on the boundary and L,
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increases only on the boundary,

/0 (Vo) (o, (Wi, vv.) )AL, = 0.

Together with the earlier argument we see the sum of the terms in the second line vanishes:

| Tovypwiydz.~ [w v,
0 0
— [ Tt OV Tty (W Ve YY) = (SO ) d =

The last identity follows from the fact that V, v vanishes. The above argument should be
interpreted in the following way: we first replace W; by Wy everywhere for € fixed and let
€ — 0 as in Theorem C.3.

If ¢(¢, -) is the solution to the heat equation on 1-forms with absolute boundary condi-
tions and initial value ¢, on a neighbourhood of the boundary,

mo ot
B =6(t.Wo) + Y [ (Voycvsylt — 5. W k. 57)
k=170
Note that ¢ is bounded and E sup |W; |2 is finite, c.f. Lemma 7.6, we take expectations of
s<t
both sides of (5.7) to obtain ¢(t, v) = E[¢p(W;(v))]. O

Let T > 0. If F'(t, z) is a real valued function on [0, T] x M, we denote by dF (¢, z) its
differential in the second variable and V F (¢, z) the corresponding gradient.

Theorem 5.3. Let (W,) be the solution of (C.7). If F : [0, T] x M — R is a C12 function
such that F(t,Yy) is a continuous local martingale (or equivalently F solves (5.9) below),
then dF(t,Y;)(Wt) is also a local martingale.

Remark 5.4. The statements in Theorem 5.3, also in Corollary 5.5 and Theorem 5.2, are
valid with W, replaced by W;. But they are more powerful (and more intrinsic) with W4,
for the reason that || is expected to be smaller than |[W¢|.

Proof. It is clear that, on {Y; € M°}, d((VF(t,Y;),W;)) is the differential of a local
martingale, hence we only need to prove the result on {Y; € Fy}. We write the 1td formula
for F'(t,Y}), the It6 differential d(F'(¢,Y})) satisfies the following identity:

d(F(t,Y:)) =(VE(1,Y,),0(Y;) dB,)

1 5.8
+ (8t+§A) F(t,Y;)dt + (dF(t,Y:),vy,) dLs. ©:8)
By the local martingale property of F'(¢,Y:) the last two terms vanishes and
1
O+ =A | F(t,y) =0, (t,y) € [0,T] x M°,
(24 32) Pt =0, (1) € 07 5

vy € kerdF(t,y), (t,y) € [0,T] x OM.
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Since W; has finite variation on the set {Y; & OM} there is no covariation term between
dF(t,Y:) and W;. Writing an It6 formula for (dF (¢, Y;), W;) yields

d(VF(t,Y:), W) = VAF(t,Y;)(o(Yz)dBt, Wi) + VAF (¢, Y:) (vy,, W:) dL¢

+ <at + %trace VQ) dF(t,Y;)(W,) dt

- % <VF(t, Yt),Ricﬂ(Wt)> dt — (VF(t,Y:)S(W,)) dL,.

where in the last term we used (5.9). We note that A! = trace V2 — %Ricﬁ and Ald = dA.
This together with (5.9), (8; + 3A!) dF(t,y) = 0, yields

d(VF(t,Y:), W) =VdF(t,Y:)(o(Ye)dBy, Wy)
+ VdE(t,Y;)(vy,, Wi )dLy — (VF(t,Y;),S(Wy)) dLy.

Now fory € OM and w € T,,M, since v(y) € ker dF (t,y) € T,0M we have

—(VF(t,y), S(w)) = (VF(t,y), Vur)
= —(VwdF(t,y),vy) = —=VdF(t,y)(vy, w).

For the second equality we used the fact that v(y) € ker dF (¢, y). Putting all the calcula-
tions together we finally get

d{dF(t,Y;), Wi) = VAF(t,Y;)(o(Y1)dBy, Wy),

which proves that (VF (¢, Y;), W) is a continuous local martingale.
(I

Applying this theorem to F'(t,y) = E[f(Yr—_:(y))] where (Y.(y)) is reflected Brow-
nian motion started at y € M, f is a smooth function on M with df(v) = 0 on the
boundary, (under this condition F' is C 12 gee e.g. [44, F.-Y. Wang]), we immediately get
the following Bismut type formula:

Corollary 5.5. Assume that M is compact. Let f : M — R be a smooth bounded function
with (df,v) = 0 on the boundary and T > 0. Let QQ; be the semi-group associated to the
reflected Brownian motion on M. Lety € M, v € T,M and (Y;) a reflected Brownian
motion started at y € M, constructed as in Theorem 3.3. Then

AQr i) = 7B

F(v7) / (Wi(v), 0(Y)dBy)

For the analogous formula for manifold without boundary, see [32, Li] and [21, K. D.
Elworthy and X.-M. Li]. Such results are also obtained in [46, L. Zambotti] and [24, T.
Funaki and K. Ishitani].

Let T and a be positive numbers. Recall that the damped parallel translation along
a sample continuous stochastic process (V%) is the solution to the stochastic covariant
differential equation with initial value W§ = IdTyoa M>

1
DW§ = (VW;A“ — 5Ricﬁ(l/vgl)> dt. (5.10)

The following Theorem will be proved in Section 7
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Theorem 5.6. Let M be a compact Riemannian manifold. Let
A%(xz) = VIntanh (M) .
a

Let (Y,*,t € [0,T)) and (Y, t € [0, T]) be the stochastic processes defined in Theorem 3.3.
Let W denote the damped parallel translation along Y,*. Then for all p € [1, 00) and for
any C? differential 1-form ¢ vanishing on the normal bundle v(OM ),

lim sup E [|o(W) — ¢(W;)[P] = 0.
a—0 s<t
For a non-compact manifold, we have the following result, see Appendix B.

Corollary 5.7. Let M be a Riemannian manifold, not necessarily compact. Then for any
C? differential 1-form ¢ such that ¢(v) = 0 in M, ¢(W?) converges to p(W) in UCP
topology.

6. DAMPED PARALLEL TRANSLATION AS A DERIVATIVE FLOW

In this section M is a smooth compact manifold with boundary. We prove that the
damped parallel translation 1/, along reflected Brownian motion is the weak derivative of
a flow which we explain below.

Let : [0,1] — MP° be a C'* map. Here again for a > 0, A%(z) = V Intanh (_R(z))
a

We will built a family of Brownian flows with drift A® starting at -y(u) whose derivative
with respect to u is locally uniformly bounded for a.s. w. Let us return to (3.3).

AY{ = 3 on(Vit) 0 dBE + oo(Y{)dt + A(Y) dr.
k=1

Let us consider its solution flow ¥®. Let Y,*(0) = ¥*(y(0)). For u € (0,1], let Y;*(u)
denote the solution to the following Itd equation:

AY(u) = flo,u(Ye(-)dY(0) + A (Y, (u))dt,
Yo' (u) = v(u)

where //o..(Y;*(-)) denotes parallel translation along the C* path u +— Y,%(u). Recall that
the Itd differentials Y% (u) in (6.1) are defined by

ave) = ot ([ Jitodvew) 62)

t
where /)y, is parallel transport along ¢ — Y,*(u), and they formally are tangent vectors.
Notice that the first differential in the right is an It6 differential in a fixed vector space and
the second one is a Stratonovich differential in a manifold. More precisely, putting (3.3) in

(6.1)

Itd form dY* = Z or(Y9)dBy + A*(Y,*) dt we have
k=1

{ AV (u) =300 fo.u(YVE()) (01 (Yi(0))) dBE + A%(Yi(u)) dt 63)
Yo' (u) = ~(uw). '
The existence of a solution should follow from an iteration method. A proofis given in [4,
M. Arnaudon, K. A. Coulibaly and A. Thalmaier], where an approximation procedure with
iterated parallel couplings is used to obtain a Cauchy sequence in Hs. The advantage is that
at each step and each value of v we have a diffusion with the same generator %A + A°,
and as the mesh goes to 0 all problems with cut locus disappear. The solution curves
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u +— Y (u) are almost surely differentiable and that their derivatives 9, Y;*(u) are locally
uniformly bounded for almost surely all w and
0uY{ () = W (3(w)), (6.4)

where W,"" is the damped parallel translation along Y%(u). This is, to our knowledge,
the only known construction for 9,,Y,”(u) a.s. locally uniformly bounded. Our aim is to
obtain a similar property for reflected Brownian motion. For this we will let a — 0 in (6.4)
and obtain a limiting identity in a weak sense. However we believe that our construction
indeed yields (6.4) for a = 0 in a strong sense.

Proposition 6.1. The family {(Y;*(u))o<t<T, o<u<1, @ € (0,1]} of two parameter sto-
chastic processes is tight.

Proof. We will use the Kolmogorov criterion. For ¢, t2, u1, ug satisfying 0 < ¢; <to < T
and0 <wuy <wug <landp >1,

E [pP (Y (w1), Y (u2))]

<277 (E [p" (Y5 (), Y5 (w)] + B [p7 (V5 (ua), Y55 (u2))])

e (E (07 (Y (), Y ()] + B [(/uu W ()] Iv(u)ldu)pD

B2 P) o)

Uz

<! (E 7 (Vi (), Y ()] + (2 = 005 |

1

<21 (E [0 (Y (u1), Y ()] + (uz —w)"illoc sup B HW?W)'”)
u€l0,1], t€[0,T)

<2271 (E [p7 (Vi (wn), Vi ()] + C' (0, T) (uz = ur )[4 oc)

where C’(p, T') is a constant. We used an estimate on |WW,;""| given in (7.13) below. Here
and several time in the sequel, we use the equality in law of the processes (Y% (u), W*(u)),
for each fixed u, and (Y*, W*). The latter process was constructed in Sections 3 and 5.

For the first term on the right hand side we again use the fact that u; is fixed and use
estimates for Y, from Theorem 3.3. Since M is compact we can replace the distance
p(z,y) on M by the equivalent distance |H (z) — H(y)|| where H : M — R% s an
embedding. We can also assume that H = (2, R) is an extension of the construction
in (3.16) around the boundary. In particular we can assume that the image of 0M by H is
included in { R = 0}. Then we easily check that

o the drift of 7(Y;*(u1)) is bounded,

the drift of (R(Y;*(u1)) — R(Y," (ul)))4 is bounded on { R(Y;*(u1)) > do},
the drift of (R(Y;*(u1)) — R(Y," (ul)))4 is negative on

{R(Y{(u1)) < 0o} N{R(Y (u1)) < {R(Y; (w1))},
the drift of (R(Y,*(u1)) — R(Y (w1 )))4 is positive on
{R(Y (1)) < 6o} N{R(Y (w1)) = {R(Yy] (u1))}

and bounded above by b (R(Y,*(u1)) — R(Y(w1))) ® where b > 0is independent
of a (this is a consequence of (3.5)).

This implies, by a standard calculation, that for some constant C’ > 0,

B [[|H(Ys () ~ HYS @))|'] < 'tz = 0. (6.5)
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Finally, for some positive constant C,
E [p* (Y (u1), Y (u2))] < 8CJta — t1]* +8C"(4,T) (u2 — u1)*|| 4| oo- (6.6)

This concludes the required tightness. (|

With this result at hand we construct our limiting process.

Theorem 6.2. There is a two parameter continuous process (Yi(w))o<i<T, 0<u<1 with the
following properties:

(1) for every u € [0,1], Yz(u) is a reflected Brownian motion on M started at y(u);
(2) forevery p € [1,00) there exists a number C' (p,T) s.t. for all 0 < up < ug <1,
sup E [p"(Ye(u1), Y2 (u2))] < C'(p, T)||Hlloo (u2 — u1)”. (6.7)
0<t<T
Proof. By Proposition 6.1, there exists a sequence ax — 0 such that the two parameter
family of stochastic processes Y.**(-) converges in law whose limit we denote by Y.(-).
Let us fix u € [0, 1]. Since the convergence considered is in the weak topology, we are
allowed to use another construction of Yt"(u) namely part (2) in Theorem 3.3, in which
the convergence is stronger. The limit is reflected Brownian motion started at v(u). This
yields (1).
Let us then take ¢; = t» = ¢ in the computation for tightness in Proposition 6.1. Then
take £ — oo to obtain (2). O

For each u € [0, 1] fixed, the stochastic processes Y;** (u) converges in law to Y (u). So
the damped parallel translations W;** (), as stochastic processes on [0, T'], converge in law
to Wy (u) in the following sense: if ¢ is a C? differential 1-form such that ¢p|OM (v) = 0,
then ¢(W* (u)) converges in law to ¢(W:(w)). This is due to the fact that W is a
functional of Y¢, W is a functional of Y, so we can apply Corollary 5.7.

Unfortunately this argument does not allow us to prove the convergence of W™ (u)
converges to Wy (u), which would yield 9, Y;(u) = Wy (u)(%(u)). However the following
theorem asserts this equality in a weak sense.

Theorem 6.3. Let M be compact. For all f € C*(M) satisfying (Vf,v) = 0 on the
boundary, then

u2

E | £(¥;(u2)) — f(Yi(u)) — / (A (Y(w)), Wo() (4 )y du| = 0. (6.8)

Ul

Proof. By (6.4),

FY (ug)) = fOV™ (u)) — / (df (V" (), W™ (u)¥(w)) du = 0.

ul

Since all the terms are integrable we can take the expectation, So

Uz

E[f(Y " (u2))] = E[f (Y (u1))] */ E [{df (Y™ (), Wi (u)§(w))] du = 0.

U1

Now by Theorem 3.3 and Corollary 5.7 and dominated convergence theorem:

U2

E[f (Y™ (u2))] = E[f (Y™ (u1))] = / E [(df (V" (w)), We(u)(u))] du = 0.

U1

Finally we use Fubini-Tonelli Theorem to obtain (6.8). (]
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7. PROOF OF THEOREM 5.6

We first reduce the proof of Theorem 5.6 to the class of C? differential 1-forms ¢
vanishing in a neighbourhood of the boundary, this is the content of Section 7.1. We then
prove the convergence of the tangential part of the parallel transport in the topology of
UCP, followed by the convergence of its normal part f{. By the latter we mean that for all
smooth ¢ : M — R vanishing in a neighbourhood of M, ¢(Y,*) fo(t) — ¢(Y2) f(t) in
the UCP topology. See Sections 7.4 and 7.5.

We describe briefly the strategy and the main difficulties. Thanks to the convergence
of parallel transports established in Proposition 4.1 we only need to prove that wi — w;
where w¢ = (//#)7'W and w; = ( ;) ='W, more precisely that, writing

we = w4 fa(t)ng (7.1)
with n¢ = (//*)~w(Y,%) and w®" orthogonal to n%, w? — w! and for any C* map
¢ : M — R vanishing in a neighbourhood of OM, ¢(Y,®) fa(t)nd — &(Yz) f(t)ns.

Firstly, the integral equation for (f,, w®T) has the following form

( ﬁ?@ ) N ( J;l(‘i((p )+/0th?( {,ﬁla(? )+( fa(o)e(;éa(t) ) 1.2)

where (M) is a matrix valued process for the following form
0 ug
M = ( aN  arT ) (7.3)
U Uy

whose components are to be specified later. Also,

(5 )=C5 ) [ () (FO577)

where M is of the following form:

Mt< 0 “;) (1.5)

Uy b

If (V}) is a vector valued stochastic process, denote

IVIl.#,q0,r) = E ( sup E|Vs|p) :
0<s<T

We will see that the components of M® converge to the corresponding components of
M in J£,([0,T)) for all p > 1, T > 0, with the exception %® which contains e~“a(*)
and v{" which contains local time of the distance to boundary. The main difficulty is the
convergence of f,(0)e~%=(*) to £(0)e=“®). The convergence is only in LP(dt x P), see
Corollary 7.10. Also the convergence of L{ to Ly: it is in .#,([0, T']) but not in .57, ([0, T])
and will require several integrations by parts. We note in the last term in equation (7.2),
the tangential and the normal part decouples. The matrix (7.3) is in the lower triangular
form. It is therefore possible to split the proof into the convergence of w®” to w” and the
convergence of f,(t) to f(t). This procedure is essential for our proof to work.

7.1. Localisation.

Lemma 7.1. Let Sy and Ss be stopping times such that for a sufficiently small, Y; € Fy
and Y € Egon {w: S1(w) <t < Sa(w)].
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(1) If Theorem 5.6 holds for the class of C? differential 1-forms ¢ with ¢(v) vanishing
in a neighbourhood of the boundary, then it holds for all C? 1-form ¢ such that
¢(v) = 0o0n OM.

(2) It is sufficient to prove that for t € [S1, Sa], (W *) converges to $(W) in UCP.

3) If p(W*) converges to $(W) in the UCP topology and M is compact, then

lim Bsup [6(1) — (V)" = 0.

s<t

Without loss of generality we will assume that S; = 0 and let So = S.

Proof. Let ¢ be a C? differential 1-form such that ¢(~) = 0 on M. Then there exists a
family of C? differential 1-forms ¢¢ such that (¢, v) = 0 in a neighbourhood of M and

sup e [|0°(2) — ¢(z)|| < e: choose for instance ¢ (u) = ¢(u) — (u, v) f* (7 (u))d(v)
where f¢ is a smooth function on M satisfying
o fe=0o0n{R > a},
o fe=1on{R < a/2},
e 0<f<1lonM,
and « € (0, dp) is chosen in such a way that |¢(v)| < e on {R < a}.
By the assumption, ¢*(W*?) — ¢°(W) in ., ([0, T). On the other hand

(W) = o(Wi)| < [o(We') — " (W[ + [¢7 (W) — ¢ (Wi)| + [¢°(W3) — o(W3))]
< e[Wi| + (67 (W) — ¢ (Wh)| + e[Wr].

If a is sufficiently small then ||¢°(W®) — ¢*(W)|.»,(0,r) < € by Theorem 5.6. Using
lemma 7.5 we get

lp(W*) — (W) ., (0,17) <e(l+2C)

for a sufficiently small. Taking e — 0 we obtain [[¢(W*) — ¢(W)|| 5 (j0,77) — 0.

(2) We note that ;% converges to Y; in UCP topology and inside M the coefficients for
W, converge smoothly and uniformly to the coefficients of the equation for ;. If for any
t € [S1, S2] where S1, S2 are stopping times such that for all ¢ € [S1, S| and a sufficiently
small, Y; € Ep and Y;* € Ey, then ¢(W*) converges to ¢(1V) in UCP.

(3) By Lemma 7.8 below, f(f m ds convergesto L; in .7, forall p € [1, 00).

Let ¢t > 0. Since M is compact, by corollary B.5 and lemma 7.5, if ¢(W®) converges to
¢(W) in UCP topology,

iy B (sup (1) — 6(¥.)1") =0,

s<t

O

7.2. Preliminary Computations. Let ¢ > 0. The damped parallel translation along Y;*
satisfies the following equations:

1
DW{ =Vya A" dt — §Ric§,ﬂ (W) dt.
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In the tubular neighbourhood Fpy on which the approximating SDEs were constructed, take
y € M°and w € T,M. Then

2
vaa :vaIH tanh (5) = Vw ig}?/
a asinh (7)

== %% <%) (w, vy)vy — asi%(%%)s(w)’
Let us define Ry = R(Y?), Ry = R(Y4),
ca(t) = %;;’1—112 <2ft) : (7.6)
and
fa(t) = (wi,nf) = (W v(Y0)). (1.7
We also denote Wta’T the tangential part of W*:
Wit = Wi — fa(t)v(Y). (1.8)
Definition 7.2. Let ,
LY :/ ;ds. (7.9)
0 asinh (%)

Below //; ! is shorthand for //,”*(Y.%). Forz € M, denote | Vv (z)||? = 3, | Vo, V|2
The latter is the Hilbert-Schmidt norm of the linear operator Vv : T, M — T, M. In the
following formulas we should consider the integrals are in Itd form. Hence the equation
for W" should be interpreted as for /1 W',

Lemma 7.3. In the tubular neighbourhood the following formulae hold.
1
DWS = ngic“(Wt") dt — co(t) fa(t) (V) dt — S(WE) dL2,
1
A (Y)dt = 7Y Vo v (YV)ABE + o i trace VAp(Y,)dt,

k

Finally the stochastic differential of the tangential part of W* has the following tangential
and normal decomposition

DWeT = - % (Ricﬂ(Wta’T))T dt — % falt) (Ric“(y(yﬂ)))T dt — S(We) dL¢
— fa()V o, v(Y)dBE — % fa(t) trace V2u(Y,*)dt
T Vg (V) T (V) d
— > (W Vo v () (Y)dBY — (WiT trace V2o (Y, )w (Y, )dt
k
+ L Ve (V) P (Y dt,

Aalt) = —calt)Falt)dt — SRIC(WE, (V) + ST, Vo (Vi) dBE
k

1
(W trace Vv (Y,"))dt — 5 LIV,

N =

+
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Proof. The first formula is clear, the second is straight forward after applying Itd’s formula
to the equation for (Y;*):

) Do) = () ((Tm,0d¥e) + 5 traco V2u(v7) )

Since (Vv, A%) = 0, this yields

()~ DY) =(J) ™ (Z (Vv,ou(Ye")) dBf + %trace VQV(W)C”)

k
+ (//ta)ilvAAa(yta)l/dt.

Note that v = VR. If 7 is the geodesic from x to 7(z) then 4(¢t) = VR(+(¢)) and hence
V.,v = 0 and the second formula follows. We note also that

(WD) = S0V Vo (V)BE + (0. 5 trace VAw(Y") di

1
=Y (W, Vo, v(Y)dBf — §ft|\VV(Yta)H2
k
1
§<WtaT trace V2u(Y,%))dt.

Note that the left hand side is in Stratonovich form and the right hand side in Itd form. We
work on the third equation:

dfy =(DW, v(Y)) + (W, D(v (Y1)
= — co(t) fu(t)dt — %Ric(Wta, v(Y,))dt + Z<Wta, Vo, v(Y,)) dBY
k

(W, trace Vv (Y,"))dt.

N)I»—l

All stochastic integrals in the above formula are in It6 form. The required identity follows
from the observation below:

O V(ok,00), ) = =Y (Vo v, Vo v) = || V||,
k

k
Next we compute the tangential part of the damped parallel translation.

DWt%T = DW{ — D(fw(Y}"))

= SRICWE) dt — ealt) fuAY) dit — S(WF) dLE — D (¥,).
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For the normal part of the damped parallel transport, we use product rule

D(fo(Yy")) =v(Y)dfe + fe D(v(Y,")) + dfy D(v(Y"))

o (57) (~calt) (00~ GRICOVE (37t

1
oY) (ZW:, Vo (V")) dBE + 5 (W7, trace v%(Yﬂ»dt.)
k

1
+f (Z Vo (V)dBY + 5 7 trace v?mmms)
k

+ Z<Wta7 Vak (Y;‘)V>Vak (Y{‘)V dt.
k

Since (V.v,v) vanishes, (Vs A%, v(Y,*))dt = S(W)dL{. Finally, we bring the above
formula back to the equation for Wta’T and observe that the cancellation of the term in-
volving fo(t).

1 1
pwrT = — 5Ricﬁ(vv;) dt = S(W) dL{ + SRie(W, v(Y)w(Y,")dt

a a a 1 a
=Y (W Vo (Y)Y, )dBE + S il VelPr(vy)
k

1
— W trace VAo (V) (Vi )dt = fi ) Vo, v(Yi")dB]
k
1
- §ft trace V2I/(}/ta)dt - Z<Wta’ ng (Yta)l/>vo.k (Yta)l/ dt.

k
Following this up and observing that
1 1 1
—SRIGHIVE) + SRic(W, w(¥)w(¥;?) = — (Rick (W),
we see

1
DW=~ Q(Ricu(Wta))T dt = S(Wi) dLi = (W, Vo, v(Y,))dBE
k

1 1
+ 5 Rl VoI = S (W trace VAu(Yi))dt — fi ) Vo, (V) dBY
k
- ft trace VZZ/(}/ta)dt - Z<Wta’ ng(yta)y>vak (Yta)l/ dt.

k

This completes the proof.
O

Lemma 7.4. Let n = (/&) 'v(Y,2). Then lim,_on® = n, in the topology of semi-
martingales.

Proof. By the definition, (7.15), the stochastic differential Dv(Y;*) is essentially n{:

dn = ()t (<vu, o (V%)) dBF + %trace Vi (Y,) dt) . (7.10)
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By the same computation,
1

dng = (J)™* ((Vy, or(Y3)) dBF + 3 trace V2u(Y;) dt) . (7.11)

We recall that Y* — Y and //*(Y*) — /J/(Y). Let
App v = trace V2y,
where the trace is taken in the vector space orthogonal to v. It follows that
VoY) = Vu(Y), o?) =oY), Aauv(Y?) — Apuv(Y),

all in the topology of UCP. This implies that n® converges to n in the topology of semi-
martingales.

O
Let us define
Ric(z) = inf {Rlc(v v)},z€M and Ric= inf Ric(z).
veTL M, |v|= rEM
We also define
S = inf eM d S=inf §
_(x) ueTmM,\u|1£1,<u,VR>:0{ (U U)} . an mlélM ( )
Lemma 7.5. Foranyt > 0 and a,
|Wta|2 S |W(l)1|2 e— fJ@(Y:)ds—QI& §(Y:)dLg. (712)

Suppose that Ric and S are bounded. Then sup,, ||W*|| 5 (j0,17) is finite. Furthermore
Esup [W}[7 < [Wg[Pe P C(T, —pS) (7.13)
t<T

where C(T, \) is defined in (3.23)
Proof. We begin with W?. Firstly,

t t
W =g - [ v, weyas -2 [ (sove.we as
0 0
t
- / W vya)ds
0
where c? is the scalar normal part of W, see (7.6). It is easy to see that c2 > 0. So
t
Wl <wg [ Rieove,weyas —2 [ (sove, weyans
0
t
<l — [ 1w PRy as 2 [ wepsorars,
0 0
This implies (7.12) and (7.13) immediately follows.
Lemma 7.6. We also have

W% j0.17) < WolPe PHREC(T, —pS) (7.14)

Proof. Since W*¢ converges to W, a similar computation holds for W¢, the conclusion for
(W) follows. O
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7.3. The Local Time. Let us recall the notation
ng = () (), ricd = () RiH(J0)), s = (SIS, (7.15)
Denote w§ = //; (Y *)W¢. Then
dwy = —co(t) fo(t)nidt — si (wi)dLE — %ric?(wf) dt.

Recall ¢, is a real valued stochastic process defined in (7.6). Let us define a new sto-
chastic process

~ 1 a 1 :a a a
alt) = calt) + 5 IV s, + 5 rici (), nf), (1.16)
and also
t ~ t
Co(t) = / ca(s)ds, Co(s,t) = / Co(s)ds. (7.17)
0 s
In the tubular neighbourhood, the following holds.

Lemma 7.7. Let S be a bounded stopping time such that Yy € Fy on {t < S}. For
0<s<t<S, define

t t
1
7 :/O (W™, Vo, (veyv)dBY = 5/0 (ricg (wg™), ng) ds

Lot (7.18)
+ 5/ (wT ()9~ trace V2 (Y®)) ds
0
Then
t
Falt) = fa(0)e™ Jo Calr)dr o / e Ji ar)dr gra (7.19)
0

Proof. By Lemma 7.3, the function f,(t) is a solution to the following equation,

dfy = —ca(t) fa(t)dt — %Rie(Wf, v(Y")dt+ Y (Wi, Vo, v(Y,")) dBf
k

1 1
+5 (W trace V2 (V) dt — o fa ()Y (V).
Split the W terms into its tangential and normal parts:
1 . " “ 1
dfy = — co(t) fo(t)dt — §fa(t)R1c(V(Yt ), v(YE))dt — §fa(t)||V1/H2dt

1. a a a
- §R1C(Wt ,Tv V(}/t ))dt + Z<Wt ,Tv V(J'k(Y{l)V>de{c
k

1
+ §(Wta’T,trace V2u(Y,®))dt.

The required identity follows from the variation of constant method .

Lemma 7.8. Let S be a stopping time as in Lemma 7.7. Define for t € [0, 5],

¢ 2
o [ 2ds (7.20)
t . 2Ra
0 asinh (—5)

a
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1 1 1
Let p,q € [1,00] and r defined by — = — + —. Let Z# and Z; be continuous real
r p q
semimartingales defined on [0, S|. Then
’/ ngLg—/ Z. dL,
0 0 A (7.21)

<12 = 2|l L8], + 1L = Ll (12117, + 1 Z]ls,)

Proof. We have fort € [0, 5]
t t
/ngLgf/ Z,dL,
0 0
t t
- [@-zyaz+ [ zoaw:- L)
0 0

t t
— [(zi-zyare+ [ s -r)iz.r 2z - L.
0 0

Since L® is nondecreasing we have

£ %, 0.7 = B (i‘i@ |Lg|q) = 110

so we get by (B.2),
| [z -z <12° — Z o5y 171, o 51
0 #:(10,9])

Similar estimates holds for the last two terms on the right hand side of the identity. This
concludes the proof. ([

Let S be a stopping time such that Y; € Fj on {t < S}.

Lemma 7.9. Let oy = sup,;{s <t : Y, € OM}. Suppose thatt ¢ %#(w). For all
s, t € [0, 5] satisfying s < t,

ta .
111%6_ Jocatwdu — 9 4r 5> @
a—

. (7.22)
lim e~ /i ca(@ du — if s<a.
a—0
The convergence is in probability. As a consequence, for all p > 1,
% |o-catt ?
. —Cy(t —0-
il_)mOE /0 e — X{s>a,}| dt| =0; (7.23)
S t . p
lim E / (/ ‘e_ JoeatWdu v o0 ds) dt| =o. (7.24)
a—0 0 0

Proof. From (7.22) it is easy to get (7.23) and (7.24) using the fact that e~ JLea(w)du gpq
X{s>a,} are uniformly bounded and Fubini-Tonelli theorem.
So let us prove (7.22). Write

t t 2 cosh (2?‘ ) 9
/ cq(u) du = / —- X — du.
s s asinh (25“) a sinh (25“)
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If s > a4 then there exists e(w) > 0 such that for u € [s,t], R, > &(w). Since R* —
R in UCP topology, sup,,c [, cq(u) converges to 0 in probability, and this implies that
e Jocalw)du _y q

If s < a; then Ly — L > 0. Indeed, this would be true if R; was a reflected Brownian
motion. But by Girsanov transform we obtain that the law of R, is equivalent to the one of
a reflected Brownian motion (Lemma C.1). So this is true.

Now we have

t2COSh(2§z) 9 tg 9
/ X )du>/ - X ——du

. 2Ra . 2Ra . 2Ra
asmh( 1;”) asmh( I:” ;@ asmh( 1;”)

2
=—(Ly — LY%).
a( t 5)

Since R* — R in UCP topology we have that L* — L in UCP topology. So for all ag > 0
2

the lim inf of the right hand side is larger than — (L; — L;). This yields
ao

4 L
1imsupe*fs ca(u)du o =75 (Le=Ls)

a—0

in probability. Letting ag — 0 we get

lim e~ J¢ ce(®du — 0 in probability.

a—0
O
From this result we get the following
Corollary 7.10. Define
- 1 1, .
&(t) = =5 Vv (¥ llis. — 5 (rice(ne), na) (7.25)
where ric; is defined in (C.9). For s,t € [0, 5] satisfying s < t we define
t )
Ss ) — [, cls)ds, if s> 79
C(s.1) {m’ A (7.26)
Then the following convergence holds in probability for C‘a(s, t) defined in (7.17):
lim ¢~ Ca(s:t) — =Cls0), (7.27)
a—0
Consequently, for all p > 1,
o ~ 0 |P
lim E / ’e_c“(t) - e_c(t)’ dt| =0, (7.28)
a—0 0
s t ) ) »
lim E / (/ e~ Calsit) _ g=Clst) ds) dt| = 0. (7.29)
a—0 0 0

With these notations Equation (5.3) rewrites as

t
£() = F(0)e=C® ¢ / e=Cs) g, (7.30)
0
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where

t 1 t
Tt :/ (wz,vak(ys)l/>dB§ - 5/ (rics(w?), ns) ds
0 0 (7.31)

1 t
+ 5/ (wl') )t trace V2u(Yy)) ds.
0

Proof. The convergences are obvious. For equation (7.31), we see if t < ¢, e~ ¢ (5t — 0
for any s > 0. Hence

f(t) = 1(0) + /0 a7, = £(0) + 7.

t N t N
/ e—Cs,t) dF, = / e—C(s:t) dFs
0 a(t)

£(t) = / dF, = #(t) — F(a(t)).

Ift >,

and so

The new expression (7.30) for f(¢) is the same form as the equation for f,(¢):

t .
Falt) =Lo(O)c iy [ om0 g

0
N t N
:fa(())e_c“(t) —|—/ e~ Calst) dre.
0

We observe also that ¢, (t) does not converge to a finite stochastic process, hence we only
expect that f,(¢) converges to f(t) in a weak sense. Especially it is only for a set of ¢ of
full measure that f,(¢) — f(t). This will be made precise in part 7.5

7.4. Convergence of the tangential parts. We will see that tangential parts of W con-
verges in UCP topology, as for normal parts we have to exclude the boundary times. But
both of them converge in L?([0, T] x £2), this will be proved at the very end of the proof.
Let us begin with the first convergence.

Lemma 7.11. Asa — 0, W*T — W7 in UCP topology.

Proof. Since /) — //; in the UCP topology it is sufficient to prove that w®” — w7 in the
UCP topology. We recall from Lemma 7.3, the term involving ¢, (¢) cancels and we have

1 T 1 T
Wt == 3 (Ricﬂ(Wta’T)) dt = 5 falt) (Ric“(y(yﬂ))) dt — S(We) dL¢
— faO)V v (Y )dBY — % frtrace V2 (Y,*)dt
1 a, a a
= W Vo (V) Vo, n(Y)) dt
= D AW Vo (V) (V) dBY — (Wi trace V2u(Y,))v(Y,")dt

k
+ [l Ve (V) |Pr (Y.
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Hence
dwf’Tff%rlct (wT) tf% falt) (Rick (Y )))T dt — ¢ (wi"") dL§
O Vo VEABE — L Fu (1)) trace V(Y )dt
- 1<w§”T, (//f)*lvak.um“»(//f)*vakuma) dt .
—Z T Ve v (V) dBY
- <wt ¥ trace({) T VAU(Y )i dt
+ La(®) V() ngdt

T oan
We define the processes v;”", vy"""

1 u u
() == [ i [ sia
2 0 0

1 v a\—1 a a\—1 a
-3 / ) V() () Vo (V)
u (7.33)
- / ()1 p (Y) 0 d B
= Jo
- (- trace(J) " VPA(YE)ng dt.
Also,
u1 T u
oo =— [ Lm (R v)) de— [ () Vo (ve)dBE
/0 2 ( ) /0 (7.34)

1

=5 [ U e vuvea + [ v Pagde
0 0

With these notations and the expression for f,(¢) in formula (7.19) we have
dwi" = dvi " (W) + fa(t)dof”

and so
dwp" = dvp T (w") + (fa(O)e_é“(t) + /Ote— J; Za(w) du dfg) dvf”. (7.35)
We also have
dth = dv;r(th) + (f(O)e_é(t) + /Ot e—Cls:t) dfs) dvy , (7.36)
(recall that e Ot —0if s < ay), where
[ et des [Pt~ [ Vo anr
-5 [ AT

vV, = —

(7.37)

[\3|>— N | —
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A0 =g [rie@ = [Cs@dii [0 o o0 anin

-5 [ A -
_Z/ Vo, o) (Je) ™ Vo, v dt.

We investigate further (7.35)

du =T () + Fu(0)e O o

t
+ (/ 6_ fs’ éa(u) du <’U_}g’T7 Vo'k (ysa)l/>dB§) d’U?W
0

L/ s
~3 </ e~ i Calw) dupica e Ty pay ds> dvy””
0

t v
- % </ e~ Js talw) duga T (oY1 trace V2p(Y2)) ds> dvi” .

0

From this the requlred convergence should follow: when a approaches zero, v;"” ap-
proaches v® and v approaches v . If furthermore if f,(0) — £(0), then

lim fa(O)e_C“(t) = f(O)e_C(t).
a—0

Hence the components of w{"” is the solution to a system of non-Markovian stochastic
differential equations whose coefficients converge, and furthermore v;’ T (wy ’T) converges
only in UCP, not in ., ([0, T]). These factors explain why the proof below is long given
this simple explanation. To prove that vf’T — v in UCP topology, c.f. (7.33) and (7.38),

we only need to prove that / s¢(-)dLy — / st(+) dL; in UCP topology. This is a

0 0

consequence of Lemma 7.8, together with the facts that UCP topology is equivalent to

local convergence in .#}, and that the random variables L% are uniformly bounded in L.
To make the rest of the proof more transparent let us define

t N
g :/ eic(syt)<'avoT(Ys)sty>
0

Lo . (7.39)
__/ e—C(s’t)(rics(-),ns)ds—i——/ e—C(s,t)<,7//s—lAh,TV(YS»ds;
2 Jo 2 Jo
t
ay :/ e_ca(s’t)<"VJT(YS“)dBSV>
01 , L (7.40)
—5 [ O en ) gy s+ 5 [ e SN AT () ds
2Jo 2 Jo
Then, by Lemma 7.3, we may write
falt) = fa(0)6—0a<t>+/ dii® (wT), (7.41)
0

~ t
f(t) = f(0)e " 4 /0 diig(w?). (7.42)
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Take these equalities back to equations (7.35) and (7.36), we see

N t
dwi" = vl (i) + (fa(0>e—0a<t> + / daZ(wz’T>) dv;".
0

We also have
aof =t @) + (100 + [ t diu) ) dot.
Let us simply compute the difference of the two matricgs:
d(wp™ — wf)
=d(oT — o) T) + dol (T — wl) + fult) (o — of)
+ dvy (ful0)e™ %O = f(0)e=¢0) (743)

t t
+ dvy / d(a? — &s)(wZ’T) + dvé’/ dﬂs(wZ’T — wST)
0 0

Now we recall that convergence in UCP topology is implied by local convergence in
7. For a stopping time S’ smaller than S we have

. 5’
(/ dv] (™ —th)
0

Since v = 0 and v* has locally bounded .5, norm we can split the time interval and we
only have to make the proof on [0, S’] where S’ < S is a stopping time so that

WD) || e < 1. (7.45)

Then using an argument analogous to that for (7.44) we see

. t S’
</ dv,’;/ ditg(wT — wsT)
0 0 -

. S’
< 1) e - ( | dutu™ - wZ)
0 7

<) ot - 1@ [l - 1w = wD) |5,
Since v and @ have locally bounded 5%, norms, with the same argument we can take S’
so that

< 0T ot - I(@™T = ") )5 (7.44)
S

(7.46)

10") e @) e < 1. (7.47)
We want to prove that ||(w®” — wT)5"|| %, — 0as a — 0. Using (7.43-7.45), (7.46),
(7.47) and Gronwall lemma, it is sufficient to prove that

. S’
lim ( / (v — ] )(wf’T)> =0, (7.48)
0 7
. 5 5 S’
lim ( / dv? (fa(O)e’Ca(t) - f(O)eC(t))) —0. (7.49)
a—0 0
1
and
. t S’
lim (/ dv;/ d(agas)(wgf)) =0. (7.50)
a—0 0 0 P
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For (7.48) we write

t t
[T = Ds) —up Tt o) - [T < DaueT. asy
0 0

From (7.32) and Lemma 7.5 we see that the processes w®” are uniformly bounded in /%.

Sincev”" — vI in UCP topology, v"" — v] locally in .%,,. We have
. s
([ e otyauzT)
0
d

!
[T @ =0Ty < @™ = 0T) o - T

< 3T = 0" [ - " |-

< T =) [l - s Tz

2

an

From this, (7.51) and the fact that ., norm is smaller than .5 norm, we obtain (7.48).
For (7.49) it is sufficient to compute the .54 norm of

</° i (Jo(@)e 0 1 (0>eé<t>)) )

and to use the dominated convergence theorem.

Finally let us prove (7.50). This can be done by modifying S/, using the facts that the
processes W1 have uniformly bounded . norms and @* — @ in UCP topology. For
this last point, use (7.29) in Corollary 7.10 and Corollary B.4. O

7.5. Convergence of the normal parts.

Lemma 7.12. Forallp € [1,00) and T > 0,

E

/0 falt) - f(t)|pdt] 0. (7.52)
Proof. Write
falt) = F(8) = (£a0) = £(0) =) 4 £(0) (7 — =€)

+ /t (e_é“(s’t) - e_é(s’t)) A + /t e Gl (70 — 7).
0 0
The first term in the right converges to 0 in L?([0,T] x P) due to the positiveness of
C'a(t). The second term in the right converges to 0 due to (7.28). For the last term in
the right we use boundedness of e~¢(**) and the fact that #¢ — 7 in 7,([0,T]) due
to (7.18) and (7.31) together with (B.2) and Lemmas 7.11 and 7.5 which allow to prove
that w" — w! in.7,([0,T)), q € [1,0).
We are left to prove that

t N N
/ (fca(&’f) - e*CW)) di* 0 in LP([0,T] x P.
0
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Here it is easier to replace S by T' > S which is deterministic. We have

T s ~ _ p
/ / (e_c“(“’s) — e_c(“’s)) dry ds]
0 0
T s N - P
:/ E [/ (e_Ca(“’s) - e_c(“’s)) dry, } ds
0 0

T s ~ )
< C(paT)/ E [/ ‘e_ca(uas) _ e—C(u,s)
0 0

The last inequality comes from the fact that the identity map from .#,([0, s]) to 22, ([0, s])
is continuous and bounded by C'(p, s) satisfying 0 < C(p, s) < C(p,T)). Notice that the
fact that u — e~ Ce(®3) — ¢=C(w:3) 5 not adapted is not a problem since in dr? there is

no integration with respect to B!. We conclude with (7.29) which is easily seen to be true
with S replaced by 7. O

E

P
du} ds.

Lemma 7.13. Forallp € [1,00), T > 0 and all smooth ¢ : M — R vanishing in a
neighbourhood of OM, ¢(Y,*) fo(t) — ¢(Yy) f(t) in #,([0,T]).

Proof. Since ¢ is bounded and the processes f,(t) are uniformly bounded in ., ([0, T'))
independently of a, it is sufficient to prove convergence in UCP topology.
We have

O(RE) fa(t) — ¢(Re) f(t) = (@(RE) — ¢(Ry)) fa(t) + ¢(R:) (fal(t) — f(2)) -

Since the processes f,(t) are uniformly bounded in .#,([0,T]) independently of a and
R¢ — Ry, in .#,([0,T1]), the fist term in the right converges to 0 in UCP topology. Let us
consider the second term:

d(P(Re)(falt) = (1)) =(fa(t) = f(£))dp(Re) + ¢(Re)d (fal(t) — f(1))
+do(Re)d (fa(t) — f(2)) -
The integral of the first term in the right converges to 0 in UCP topology, due to (7.29) and

the fact that ¢(R,) has uniformly bounded absolutely continuous local characteristics.
On the other hand

P(Re)d (fa(t) — f(1))
= — Ca(t)P(Re)(fa(t) = f(8)) dt + &(R:)(e(t) — a(t)) f(2) dt
+ d(Re)(falt) — f(£))dFa(t) + G(Re) f(H)A(FY — 7).
From subsection 7.4 together with (7.18) and (B.2) we get that 7* — 7 in semimartin-
gale topology.
So due to the presence of ¢(R;) which vanishes in a neighbourhood of M all the terms

behave nicely, with the help of (7.52).
Finally the covariance term can be treated with similar methods. (]

With this we completed the proof of Theorem 5.6 and close this section.

APPENDIX A.
THE HALF LINE EXAMPLE

On the half line we select a reflected Brownian motion with ‘good’ sample path prop-
erties. To begin with, we consider two reflected Brownian motions: the solution to the
Skorohod problem associated with a Brownian motion z + B; and the solution to the



41

Tanaka problem associated with = + fg sign(x + B;)dBs. The first is a stochastic flow,
see Lemma A.1 below, while the second is not.

The solution and the derivative flow to the Skorohod problem for x4 B, is approximated
by solutions and derivative flows to a family of SDEs with explicit drifts. Furthermore, its
derivative flow is shown to coincide with the damped parallel translation introduced in
Appendix C.

Denote the space of real valued continuous function with f(0) = 0 by Cp(R;R) and
its subset of non-negative valued functions by Co(R;R4). To each > 0 and f €
Co(R, R) there exists a unique nondecreasing function h € Cy(R, R ) such that, for
g(t) :=x+ f(t) + h(t), fot X{01(g(s))dh(s) = h(t). The pair (g, h) is the solution to the
Skorohod problem associated to (x, f) and is denoted by

®.(, f) = (g.h). (A.D)

It is well known that h(t) = — info<s<:{(z + f(s)) A 0}.

If B; is a standard real valued Brownian motion, then the Skorohod problem defines
the pair of stochastic processes (X:(x), L:(x)), and L:(z) is called the local time at 0 of
X¢(z) and

On the other hand, the process (|z + B|) is also a reflected Brownian motion. In fact,
by Tanaka’s formula, |x + B;| = x + B¢ + 29 (w) where 3; = fot sign(z + Bs)dBs
is a Brownian motion and #? is the local time of  + B;. The local time £ is also the
boundary time, i.e. the total time spent by « + B; on the boundary {0} before time ¢. The
local time of a brownian motion was introduced by P. Lévy (1940) as a Borel measurable
function Q x Ry x R — Ry such that (1) for all f € By(R;R), fot f(z + Bs)ds =
Jr f(a)tida, and (2) (t,a) — £7(w) is continuous a.s.. It is also well known that £ =

lim. %fot X[0,e) (% + By)ds = lim. o 2_15 fot X(—¢c,e)(x + Bs)ds. It is clear that (| +
Bi(w)|, 262 (w)) is the solution to the Skorohod problem associated with = + f3.(w), and
|x 4+ Bq| is not a stochastic flow.

It turns out that X;(x) = x + By + L¢(x) has many nice properties. Despite that
the probability distribution of X;(x) is that of a reflecting Brownian, on a sample path
level it is not at all the reflected path! It is rather, a lifted path, by ‘the lower envelope’
curve. The lower envelope curve is the unique continuous decreasing curve that is below
the given curve (B;). Let 0 < z < y. Let 7(y) = inf{¢t > 0 : X;(y) = 0}. Itis clear that
Xi(y)— Xi(x) = y— x until X;(x) reaches zero and the two stochastic processes coalesce
when X (y) reaches zero. If we compensate x by L;(x), the two processes X;(x + L:(x))
and X, (z) are equal for all ¢.

In Lemma A.1 we summarise the sample properties of X;(z) and discuss differentia-
bility of X;(z) with respect to x. These properties are elementary and not surprising. It
is perhaps more surprising that these elementary properties of X;(x) are passed to the
reflected Brownian motion on a manifold with boundary. We should mention that differen-
tiability with respect to the initial value was studied in [11, K. Burdzy] and [3, S. Andres]
for domains in R? and polygons.

For s < t define ;B = B;s;. — Bs. Let £ be an F5 measurable random variable and
(Xs,4(€,05B), Ls 1(£,05B)) the solution to the Skorohod problem for (¢, 0, B),

Xs,t(€7 eéB) = € + (HSB)t—S + Ls,t(ga 953)
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Define L (€,0sB) = 0 for 0 < ¢ < s. For simplicity we also omit B in the flow, and
write X, (z) for X;(z, B). Let T'(z,y) = inf{t > 0, Xy(x) = Xi(y)} be the first time
Xi(x) and Xy (y) meet.

Lemma A.1. The following statements hold pathwise.
(1) Forall0 < s <t z €R,

Xst(Xs(x,B),0,B) = X¢(x,B), Li(x,B) = Ls(x,B)+ Ls(Xs(x,B),0:B).

(2) Let 0 < x < y, then X¢(x) and X:(y) coalesce at the finite time T'(x,y). Fur-
thermore T'(x,y) = 7(y) and L., (z) =y — .

(3) Forallt > 0and x > 0, Xi(x 4+ Li(x)) = Xe(x) .

4) Forallx > 0andt > 0,

1, t<7(x)

OuXi(z) = {0, t>7(x)’

Proof. For part (1), we observe that,
Xst(Xs(z,B),0sB) =z + By + Ls(z, B) + Ls +(Xs(x),05B).

Define L(r) = L (x, B) whenr < s and L(t) = Ly(x, B) + Ly +(X,(x),0,B) for t > s.
Then L € Co(R,R.), and (X, (X, (x, B),0,B), L) solves the Skorohod problem for
(z, B). By the uniqueness of the Skorohod problem, X;(z, B) = X, (X;(z, B),05B)
and L(t) = Lq(z, B).

Part (2). From the construction of the solution of the Skorohod problem, it is easy to see
that 7(z) < 7(y) and X;(y) — X¢(z) =y — v on {t < 7(z)}, and X, () (y) = Xr () ()
on {t = 7(y)}. By the flow property, 0 < X;(z) < X;(y) a.s. for all time. In other
words, the two curves {X;(z),s < t} and {X(y),s < t} are parallel on {t < 7(z)},
until the lower curve hits zero after which the distance between the two curves decreases
until X, (y) reaches zero, upon which point the two curves meet. The accumulated upward
lift that X (x) receives up to 7(y) is

Ogsgf(yﬁw){(fc Y+y+Bs(w)) A0} =y — =
This shows that X (,)(x) = 0 and together with the flow property we see the coalescence.
We completed the proof that T'(z, y) = 7(y) and L, (,(z) = y — .
Part (3). On {t < 7(2)}, Xi(z + Li(z)) = Xy(x) trivially. If ¢ > 7(z + Li(x)),

(
)

Xi(z+ Li(z)) = 2 + Li(x) + Be(x) — 1nf ((,7: + Li(z) + Bs) A O)
) — odnf ((

=1z + Li(z) + Be(x mf x+ Bs) AN0) — Li(z) = Xy(x).
If 7(z) <t < 7(x+ Li(z)), Xe(z+ Le(z )) =z + Li(x) + B; while X, (z) receives the
kick of the size L;(z): Xi(z) = = + By + L(z).

Part (4). Take t < 7(z). Thent < 7(x+¢) fore > t—7(x) and X (x+¢) = X¢(x)+e,
consequently 0, X;(x) = 1. Suppose t > 7(z). Then by part (2), X;(x) = X;(z — ¢) for
any € < 0.If0<e< Lt(IE), 0 < Xt(l' + 5) — Xt(l') < Xt(IE + Lt(ZE)) — Xt(l') = 0.
We used part (3) in the last step. Hence 0, X;(z) = 0 for ¢ > 7(z). This completes the
proof. (]

A consequence of Lemma A.1 is the following. If we pick up a time ¢t > 7(x), then
Xt(z + Li(x)) must reach 0 between 7(x) and ¢.
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In the following we construct a family of stochastic processes {X%(x),a > 0} with
the properties stated below illustrating the general construction. (1) For each a, X? is a
stochastic flow and x — X{(x) is a diffeomorphism on its image; (2) they approximate
the reflected Brownian motion; (3) their derivatives approximate 9, X (x).

2
Let ¢(z) = [ e e~ dy. Forz > 0and a > 0 let

w(a) = P(r(a) > 0) =2 () = 2P )

where P; denotes the heat semigroup. Thus d,u* = 2p, where p, is the Gaussian kernel.
Formally u°(0) = P(7(0) > 0) = 0 and for x > 0, u’(x) = P(r(x) > 0) = 1, and
L Inu’(@) = LX(—oow) = o(x), the Dirac mass at 0. Note that Inu® is a concave
function with positive gradient:

Iylnu* = —(ng¢)(—=)= > 0; (A3)

N

1 x re e~ %
Z(nu*) = —(Ing)(—=)= — — < 0. (A.4)
a Va a%qﬁ(%) aqﬁ(ﬁ)
Proposition A.2. Let X[ (x) be the solution to
t
X z)=xz+ B + / Op Inu®(X2(x))ds. (A.5)
0

Then x — X{(x) is an increasing function, a — X{(x) decreases as a decreases to zero.
For every (t,z,w), limg o X (2) exists. For every x > 0, the following holds for almost
surely all w: limg o X7 (z) = X(x) for all t.

Proof. That X/ (x) increases with z follows from the comparison theorem one dimen-
sional SDEs. We also observe that the drift 9, In u®(z) in (A.5) increases with a.

T

0.0, " =~ (o) (=) - s () () >0

2a2
For y > 0, define
F(y) = y(In )" (y) + (In 9)’ (y).
Itis clear that F'(y) is negative for y sufficiently large. By the comparison theorem, X' ()
increases with a and X, (z) = lim, o X{*(x) exists for every ¢, x, w. Consequently
t

Af :=1lim | Oy Inu*(X{(x))ds
al0 Jq

exists and -

Let f(t,a) fo 0 Inu*(X%(x))ds, which is positive and increasing with ¢. Thus A7 is
non-negative and nondecreasing in ¢.
Note that lim,_,¢ 9, In u®(x) = 0 for x > 0, but the convergence is not uniform in x.

For z € (0,/al,

N

x

e 2a 17— 1
Oz Inu® >— —=za
Va \/_ T 2$
2

By comparison with the Bessel square process Bes” or standard criterion for diffusion
process, for almost surely all w, X/ (x) cannot reach 0. Next we observe that, X;(y) is a
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flow, X (y) > X{(x) whenever y > x. Thus X7(x) > 0 for all @ > 0. The limiting

process X (x) has the property:
Xo(z) = =, Xi(x) > 0.
Let S < T be random times with X, (x,w) > 0 fort € [S, T). Let
§(w) = inf{Xy(7,w), t € [S(w), T (w)]} > 0.

The function z — 9, Inu®(x) decreases,

T T

/ azlnua()_(s(ac))dsg/ O Inu®(6(w))ds.
S S

> X, (),

Ar(w) — As(w) = liﬁ} Oy Inu® (X (w))ds
a S

T
<lim [ 0, Inu*(X,(w))ds
aJ,O S
T
< lim Oy Inu®(6(w))ds = 0.
al0 Jg

Then, since X%(x) >

This implies that

t
/0 X{Xs(m)>0}dA§ =0
and (X (z), A) solves the Skorohod problem associated to = + B;. O
Lemma A.3. Forall z > 0and a > 0, 92 Inu® > 0.
Proof. 1t is clearly sufficient to consider the case a = 1.
A(z) = 0, Inut(z) = ¢/ ().

We have from (A.4)
Al(z) = —2A(z) — A?(x)

and this implies

" (x) = A" (x) = (2% — 1) A(x) + 3z A% (x) + 243(z). (A.6)
It is clearly positive when x > 1. For 0 < x < 1,
e—e’/2 1—22/2 1— a2
A(z) = fox 2 gy > - / >—
Hence
¢ (z) > A(z) ((z° — 1) 4 3zA(x)) > 0.
This completes the proof. O

Since In uf () is smooth, the derivative flow V% (x) = 0, X{(x) exists and satisfies the
linear equation V% = (92 In u®)V;*. We prove that V% converges to 1 when ¢ < 7(x) and
converges to 0 when t > 7(x). In the sequel, by V5. ;) (x) we mean 0y X (2)]s=r (241)
and 7(x + h) is not differentiated.

Theorem A.4. Let X{(x) be the solution to (A.5). Let V2(x) = 0, X[ (x). Then the
following holds.
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(1) For all positive a and t, x — V,2(x) is increasing and t — V,%(x) decreases. For
anyy > x,

(2) For almost all w thefollowmg holdsfor all x > 0and t > 0 such thatt # 7(x):
liﬁ} Vi () = 0 X ().

Furthermore,

a—0

T

lim B / Ve (&) — 0, X4(2)] dt = 0.
0

Proof. We observe that

d a a a
LV (@) = 92 (X () Vi (),
and V() = 1, leading to the formula,
‘/ta( ) — 6‘[0 62(11171, (Xg(m))ds. (A7)

(1) Since 92(Inu?) < 0, V,2(x) decreases with t. We differentiate (A.7) to see that

0.V (w) = V(o) [ (@2 mut) (X2 @) Vi )i

Firstly, letting V{* = 1. By Lemma A.3, 93 Inu® > 0, so z +— V,%(z) is increasing.
Let z,w be fixed. Lett # 7(z,w) be a non-negative number and h > 0. There is a
number 0(w) € [0, 1] s.t.
XHx+h)—X
h
Since 7(z + h,w) # 7(z,w) for a.e. w, for almost all w we may set t = 7(z,w):

Xwem @ +1) = X2 (@) _ Xleym (@ + 1)
h - h :

1) _ o xo(x+ 0n) > 0, X5 ().

0 < 0p X (&) t=r (wtn) <
Take h = L;(x). By Proposition A.2
m X201 1) (@ 4 Li(@) = Xr (ot L)) (7 + Le(x)) = 0.

a—0
Thus for any h > 0,

(2) Let > 0. By Lemma A.1, Xt(m + Li(x)) = X¢(x) forall t > 0. Soif t > 7(x),
then ¢ > 7(xz + L(x)). Suppose that t > 7(z). Since V,*(x) decreases with ¢,
0 < V(@) < Viigsr, (a)(®)-

By the conclusion of part (1), the right hand side converges to 0 as a — 0.
Ift < 7(x), X2(z) > X;(z) > 0by comparison theorem for SDEs. Also 8% Inu® < 0,

1>hmexp (/ D2 Inu(X2( ))ds) > exp (hm/ 02 Inu( ))d)

On the other hand for every y, 92 In u“(y) — O andinfc[o 4 X, () > 0fort < 7(z). This
concludes that limg o exp (fg 92 1n ua(Xg(x))ds) = 1. Note that V,%(x) is uniformly

bounded to conclude the convergence in L*. O
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APPENDIX B.
CONVERGENCE IN .P AND IN 7P

Let ap > 0 and let {(Y,%, t < &%),a €[0,a0)} be a family of continuous semi-
martingales with values in a manifold M. If U is an open domain in M, let 7Y denote
the exit times:

U = inf{t >0:Y* ¢ U}.

Definition B.1. (1) We say that Y converges to Y in the topology of uniform con-
vergence in probability on compact time sets (UCP) if
(la) for all relatively compact open domain U C M,

U,0

liminf 79% > 7
a—0

(1b) for all ¢t > 0, the following convergence holds in probability:
lim sup p (Y2, YD) D

a‘ﬁosgt/\TUv“/\TUv0

0

(2) Letp € [1,00). We say that Y® converges to Y locally in .7, if there exists an
increasing sequence of stopping times (7}, )n>1 With lim, 00 T3, = £9 such that
for some a; > 0 andforalla < a; andalln € N, T,, < £* a.s. and

lim E [sup pp(Yta,Yoa)] =0 (B.1)
a—0 t<T,
Notice that given (1b), condition (1a) is equivalent to lim igf > €0,
a—

Let D denote the space of real-valued adapted, Cadlag stochastic processes, defined on
some filtered probability space (2, .#, (% )>0, P) satisfying the usual conditions. We are
mainly interested in special semi-martingales from ID. Below an element of D is assumed
to be also a special semi-martingale.

For two real valued semi-martingales X, Y € I we define the distance functions:

r(X,Y) = Z 27"E (1 A sup |X;— Y}|) ,

n>0 ostsn

#(X,Y) = sup r </Ot Hyd(Xs — Ys)) ;

|H|<1
where the supremum is taken over all predictable processes H bounded by 1. The distance
r is compatible with UCP:
sup |X(™ — X,| - 0 (in probability )
0<s<t

for each ¢t > 0 if and only if »(X™ — X) converges to 0. The distance 7 induces the

semi-martingale topology on the vector space of semi-martingales.
Define

ST ={XED: | X]lzr = [ sup|Xyf[lr < oo},

HP={XcD: |X|%”pinf{

Xol + M, ], + / dA,|
0

<oo}.
Lp

where the infimum is taken over all semi-martingale decompositions X = Xo + M + A.
When the time interval is restricted to a finite time interval [0, 7] the notations will be
#7(10,7]) and 77([0, T)).
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A semi-martingale is locally in .7 and P if there exists a sequence of stopping
times 7, increasing to infinity such that X T"X{Tn>0} are in these spaces. It is prelocally
in these spaces if all X"~ x (7, 5.0y are, where X7~ (t) = Xy x(0,1)(t) + X1— X[7,00)(1).
Let (X(™) and X be semi-martingales. Let 1 < p < oo. If X(™ converges to X is
the semi-martingale topology, then there exists a subsequence that converges prelocally in
7. 1If X converges to X prelocally in P then it converges in the semi-martingale
topology. Extension to R*-valued processes is done by considering the components.

The following estimate of M. Emery is useful: If Y is a semi-martingale and H a left
continuous process with right limit, and % + % = 71 where p, g € [1, 0], then

‘ / H.dZ,
0

We review these convergence in the settings that the semi-martingales may have finite
life times or take values in a manifold. See [7, M. Arnaudon and A. Thalmaier] for details.

Let Z; = Zy + M; + A; be a semi-martingale in R* with lifetime ¢ and the canoni-
cal decomposition of Z; into starting point, local martingale M, starting at 0 and a finite
variation process A; starting at 0. Define

< [ Hllze || Z]| 54 (B.2)
%7‘

k

t
v<Z>t=Z(lZé|+<Mi,Mi>i/2+/0 |dAi|s), t<e. (B.3)

i=1
Let T > 0. We say that a family of semi-martingales Z (™) converges to 0 in .%, ([0, T) if
E {Sup |z |P} — 0. It converges to 0 in 7,([0, T)) if v(Z™) — 01in .7, ([0, T}).
s<T

To define this for a manifold valued stochastic process, we will use an embedding ® :
M — RF. The definition will in fact be independent of this embedding.

Definition B.2. Let (Y,*) be a family of semi-martingales indexed by a.

(1) We say that Y* converges to Y in semi-martingale topology or in SM topology
if the semi-martingale norm of ®(Y*) — ®(Y?), v (®(Y*) — ®(Y?)), converges
to 0 in UCP topology.

(2) Let p € [1,00). We say that Y* converges to Y locally in .7, if the processes
v (®(Y*) — ®(Y?)) converge to 0 locally in .7,.

The convergence in the semi-martingale topology is stronger than convergence in the
UCP topology. However it is a remarkable fact that they coincide on the subset of martin-
gales in the manifold. The following characterisations of convergence will be very useful
(see [7, M. Arnaudon and A. Thalmaier]).

Proposition B.3. e IfY* - Y%asa— 0in UCP topology then for all p € [0, 00)

there exists a sequence ay, — 0 such that Y — Y as k — oo locally in .5,

e IfY* — Y% as a — 0in SM topology then for all p € [0,00) there exists a
sequence ay, — 0 such that Y — Y as k — oo locally in 7.

o [ffor somep € [1,00) Y* — Y% as a — 0 locally in .7, then Y — Y° as
a — 0in UCP topology.

o [ffor somep € [1,00) Y* — Y% as a — 0 locally in 7, then Y* — Y° as
a — 0in SM topology.

As a consequence, a standard way to establish UCP or SM convergence given by the
following:
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Corollary B.4. o Y = Y% asa — 0in UCP topology if and only if there exists
p € [1,00) such that for any ar, — 0 there exists a subsequence ay, such that
Y% — YO locally in .7,
e Y% = Y%as a — 0in SM topology if and only if there exists p € [1,00) such
that for any aj, — O there exists a subsequence ay, such that Y “ ¢ — Y locally
in 7,

For processes which take their values in a compact manifold and which are defined in
bounded times, we have the following easy relations.

Corollary B.5. Assume that M is compact and that all processes are defined on some
deterministic time interval [0, T|. The following equivalences hold:

e Y+ Y%asa — 0in UCP topology;

e Y~ Y%asa — 0in.%, for some p € [1,00);

e Y5 Y%asa—0in.,forallp € [1,00).
Similarly, we have the equivalences

e Y = Y% asa — 0inSM topology;

oY 5 Y%s5a —0in J, for some p € [1,00);

e Y5 Y%asa — 0in ., forallp € [1,00).

APPENDIX C.
IKEDA AND WATANABE’S DAMPED PARALLEL TRANSLATION

The parallel transport P; along a semi-martingale (Z;) is the semi-martingale with val-
ues in L(Tz, M, Tz, M) solving the Stratonovich SDE

odP, = hp,(0dZ;), Py =1dr, m (C.1)

where b p, denotes horizontal lift to the orthonormal frame bundle. We have identified R¢
with Tz, M. Parallel transport is an isometry, a proof for its existence on manifolds with
boundary can be found in [30, N. Ikeda and S. Watanabe]. For simplicity we also use the
notation //(Z).

If Z; is a diffusion process with generator £ = %A + U, where U is a time depen-
dent vector field, remaining in the interior of M for all time (which happens if M has no
boundary or if U is sufficiently strong in a neighbourhood of the boundary), then the paral-
lel transport P; along Z; is the diffusion process whose generator on differential 1-forms is
1 trace VZ 4+ Vy. If A' = —(d*d + dd*) is the Hodge Laplacian, traceV? = A! + Ric.
The damped parallel translation I¥; along Z, is the solution to the equation

1
DW, = (thU — §Ricﬁ(Wt)) dt, Wy =1Idr, u, (C2)

where the covariant derivative DW is defined to be /id (/" W;). The process (W) is a
diffusion process with generator on 1-forms L" :

1
LYo = §A1a +Vya+a(V.U). (C.3)
The fundamental property of £" is its commutation with differentiation:
d(Lf) =LV (df),  feC®(M). (C4)

As a consequence, if ' € C12([0,T] x M, R) is such that F(t, Z;) is a local martingale,
then dF (¢, W) is also a local martingale, where dF is the differential of F' in the sec-
ond variable. On the other hand, (C.2) together with the fact that P, is an isometry yield
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estimations on the norm of W;. This allows to estimate the norm of dF'. Another funda-
mental property is that W is the derivative of the flow corresponding to parallel couplings
of L-diffusions.

We construct a damped parallel transport along Brownian motion in a manifold with
boundary. The covariant derivative DW; has three components: one coming from the
behaviour in M? (the usual one), one tangential to M absolutely continuous with respect
to dL; and involving the shape operator of M, and the third is normal to M and has
jumps. This is similar to what happens for the half line. Concerning the half line case the
flow corresponding to parallel coupling of reflected Brownian motion is 9, X¢, so in this
case Wy = 0, X; and the study is complete.

We also define the second fundamental form and shape operator for level sets of the
distance function to the boundary. Let S(r) = {y € Fy, R(y) = r}. Within a tubular
neighbourhood Fy of the boundary, R is smooth around . Let r = R(x) and v, =
o1(z) = VR(z). Forw € T, M, w" € T, S(r) we define I1,, : T, M x T,,S(r) — R and
Sy : ToM — T,5(r) by

M(w,w") = (S(w),w') = —(Vyr,w') = —VdR(w,w") (C.5)
The bilinear map 1T is said to be the second fundamental form of S(r) and S, its shape
operator or the Weingarten map.

Assume that there exists dg > 0 and a tubular neighbourhood of OM with radius 3dg.
If D is a set denote 7p the exit time of Y from D.

Lemma C.1. Let U be a relatively compact set of M. Let Ry < do, Yo € U, Y; the
reflected Brownian motion, and

7250 = inf{t : Rt = 250}.

Then under a probability measure equivalent to P, { Ry, t < 75, A 7y AT} is the solution
to a Skorohod problem for a one dimensional Brownian motion on R ;.

Proof. Within Ej, because of Proposition 3.2 (2),
t
Ri =Ry + B} +/ AR(Yy)ds + Ly.
0

Let @ be the probability measure whose density with respect to P is the exponential mar-
tingale of — fot AR(Y,)dB!. Then under Q, B} := B} + fot AR(Y;)ds is a Brownian
motion. On the other hand, L; is nondecreasing and dL; vanishes when R; # 0. Since
R; > 0 we have (R, L) = ®(0, B'), the solution to Skorohod problem. See (A.1). By the
uniqueness of the Skorohod problem, under @, {R:,t < 725, A T A T} has the law of a
one dimensional reflected Brownian motion. [l

Let £(w) = {t > 0: Yi(w) € OM } be the set of times that Y; spends on the boundary.
It has Lebesque measure zero for a.s. all w and its complement
(0,00) \ £(w) = Ua(la(w), 7a(w))

is the union of countably many disjoint open intervals, the excursion intervals. Denote the
set of right end times of excursions by % (w):

Z(W) = Ua{ra(w)}.
We are interested in defining a damped parallel translation W; along Y;, which agrees

with the usual one during an excursion, and pick up a change of direction when exiting the
boundary. The normal direction on the boundary is zero: we remove — (W, v(Y;))v(Yy)
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upon the process entering the boundary. We would have liked to define a stochastic pro-
cesses (W3), if it were possible, with values in n X n matrices, satisfying

)Wy =(fo) Wi, — 2 / (o) RiG(fam) ()
- / ) SUm) (J0) " WE) dLa, 1€ (ras o)

(ras) ™ Wraia
= (//(Ta+l)7) W(T&+1)7 - <W(Ta+1)*’ VY(TQ+1)*>(//T(a+1)7)_1yy(ra+1)* :

Given (ly, 74 ), for any € > 0 there is an excursion (I, 7o) such that 0 < I — ro < €,
and so the heuristic definition given above does not make sense.

We remedy this problem with an approximation adding jumps only on excursions of
size greater or equal to e. We consider the set of excursions of lengths greater or equal to a
given size ¢ > 0 and define

Re(w) ={s=ra(w) € Z(W) : (W) — la(w) > €},

where the excursions of size greater than or equal to € are ordered with /; the first time Y;
hits the boundary and we consider only « € N. If r,, — [, > ¢,

) WE = (o) W2, — 2 / (o) RicH (o) ()~ WE) ds
= [ TS () WE) dLey EE (rarasa)

Vras) T Wi,
1 -1
= (//(Ta+1) ) W(ra+1) <W(ra+1)—7VY(TQ+1)7>(//T(Q+1)—) YYrar) -

where (W) denotes the tangential part of ;. This takes into consideration those times
slightly before (1,41, 7o+1) and is relevant to the integration with respect to L.

Since Y; spends Lebesgue time 0 on the boundary, for integration with respect to a
continuous process we could ignore the boundary process. We would like to simply remove
the normal part of 1/, upon it touches down to the boundary. We are lead to the following

alternative description. Let v € Ty, M and ¢ > 0, for almost surely all w, the following
folds,

(o)~ W5 —Id*—/ ()~ RiH (=) ((f1s) "' WE) ds

- / (o) LS (=) () W) dLy,  t & 2-(w)
W =(fo) " WE — S (W ) () o
5<t,5€R: (w)

In other words, Wy is continuous at any time ¢ that is not an element of %. (w), and satisfies
the following covariant equation

1
DW, = —§Ric#(Wt) dt — S(Wy) dLy.
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If ¢ is the right hand side of an excursion, we remove the normal part of its component.
This description will be used in Theorem C.3.
Define

T ={o € #%([0,T]) : ay € Ty, M,y = 0 on {Y; & D} for some D}. (C.6)

where D is relatively compact subset of M. This is the set of bounded semi-martingale
with values in the pull back cotangent bundle by Y;, with the property that there is relatively
compact subset D of M such that a; = 0 whenever Y; & D. Denote by 77 the first exit
time from D by Y;.

Definition C.2. The limit process W, € L(Ty, M, Ty, M), below in Theorem C.3, is said
to be a solution to the following equation

1.
DWt = —il%lcj:t (Wt) dt — S(Wt) st — x{teg;(w)}(Wt_, Vyt>l/yt, WO = IdTy0 M-
(C.7)

Theorem C.3. Let W the solution to

DW; = — R (W) dt — S(WF) dLe — Xquese. oy Wi v, Wi = Ty, ar

(C.8)
There exists an adapted right continuous stochastic process Wy such that lim._,o W =
Wt in UCP and in .}, for M compact, and any p > 1. Furthermore for any o € T,

iy ([ onow) 2 ([ axtoma)).

The same result but with different formulation can be found in [30, N. Ikeda and S.
Watanabe]. We give a proof close to [30, N. Ikeda and S. Watanabe], which will be used
for our approximation result (Theorem 5.6 and Corollary 5.7).

Proof. Since the definition and convergence are local in Y, we can assume that M is
compact. Since Y;(w) has a finite number of excursions larger than e, the process Wy is a
well defined right continuous process. We first prove that as ¢ — 0, (W );¢[0,7] converges
in .7}, to a process which we will call (W;)¢[0,1)-

Using the parallel translation process //; along Y;, we reformulate the equation as an
equation in the linear space L(Ty, M, Ty, M). Set

ric, = /)t o Ricg,t offiy si= /it oSy, o e, =/ (vy,). (C9)

Then W is a solution to (C.8) if and only if w§ = (/;) "W satisfies the following
equations. For any r,, € Z.(w),

1 t t
wi=—ui, =5 [ Q0 e ds — [ swddLe te Garan)
wia+1 :wfra+1)7 - <w‘(€ra+1))75 ﬁ(Ta+1)_>ﬁ(Ta+1—)7

This means (w$) satisfies the following equation:

1.
dw; = —§r1ct(w§) dt —sy(w7) dLs — Xres. )} (Wi, ne)ne,  wo =1d.  (C.10)
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Let 0 < ¢’ < ¢, the difference between w¢ and we' is given b
t t g y

’ ¢ 1 1 / ¢ /
wi — wy /0 <§rics(w§) + §ric5(w§ )) ds +/O (fss(wi) + ss(ws )) dLs

- Z (wi_,ns)ns + Z (Ws_ ng)ng

{s€Z-(w)N[0,t]} {s€Z .1 (w)N[0,t]}
I , t ,
=— —/ rics(wE — ws ) ds —/ ss(ws —ws ) dLg
2 Jo 0
- (Wi —wi_ ny)n, + 3 (e, nohns.
{s€2-(w)N[0,¢]} {5€(%.r (w)\2)N[0,t]}

Consequently,
t t
= wf I == [ e wf —wf)ut —wiyds —2 [ s -
0 0

-2 Z (we_ —ws_,n,)?
{s€Z-(w)N[0,t]}

’

), wf —w ) dL,

+2 3 (ws ng) (ngywh —wil)
{s€(%r (w)\Z:)N(0,t]}

which yields
Jlw§ —wf ||* <2 > (W, n) (ng, wi_ — wil)
{s€(Z.r (w)\Z:)N[0,t]}
[t — w2 (~Rie(v2) ds — 28(¥)dL)
and ’

t
s — w2 < K, +/ s — w' |2 (pds + 20dL) 11
0

where p, C > 0, —p is a lower bound for the Ricci curvature, C' is an upper bound for the
norm of the shape operator, and

K; =sup|2 Z (we e (e, we_ —ws )| (C.12)
= re@ @)\ @)n(0,8])
So using Gronwall lemma we get
sup || — we ||> < KpePt 20T (C.13)
s<t

On the other hand it is a remarkable but not surprising fact that each term

<w§77 7’Ls> <n57 w; - ’LU§7>
can be written as a stochastic integral over an interval not containing any excursion of size
larger than €. This comes from the fact that the normal part of w; is set to zero at the end

of each excursion of size at least €. More precisely,
,

S
(WS ) (. — ) = / A ny) (g, wE — ws)
u

. . . . ’ . .
where w is the last vanishing time of (w¢ ,n,.) before s. Now since we are outside excur-
sions of size larger than &’ the process inside the integral has no jumps, and since the range
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of s, is orthogonal to n,., the process inside the integral is a continuous semi-martingale
whose drift is absolutely continuous with respect to ds with bounded derivative, see (C.10)
and (7.11). Consequently letting

Cy:=2 Z (wi/_,nsﬂns,wi_ - wf/_>
{s€(Z.r(w)\2:)N[0,1]}

we can write ,
Cy = / asds + bsdB (C.14)
0

where ag, bs are uniformly bounded, B, is a real-valued Brownian motion and as, bs
vanish outside U(e) N [0,¢] where U(e) is the set of times not contained in excursions
larger than €.

From this we get forg > 1

E[K{]"? < C,ENU() N[0, 7)) (C.15)

for some C; > 0, where A is the Lebesgue measure in R. On the other hand by (3.23)
in Corollary 3.5 the random variable e?”T2¢L7 has finite moments of any order. As a
consequence, using (C.13) and Holder inequality, for any p > 1

E[|supwi —wi [P]'/? < C/E\(U(e) N[0, T))).
t<T

for some C}’, > 0. The left hand side goes to 0 as ¢ — 0, so for ¢, — 0, w®" is a
Cauchy sequence in ., it converges to some process w. Clearly w does not depend on
the sequence. Letting W, = //;w; then W¢ converges to W in .%),.

Let us now prove that DW¢ converges to DW in the sense given by theorem C.3. Let
(at)tejo,7) be a H%, semimartingale taking its values in 7y, M, bounded by 1. We have

for0<e' <e
t t ,
/as (DWj)—/ s (DWj)
0 0

or (i -w7) - [ (7).

By (B.2), aresult of M. Emery, we see that

/ o (DWE)) — / o (Dws’)ﬂ

< el s qo,rp IWE = W | g0, + IWE = WE | sy 0,7 |l 7 (10,10 -

E (sup

t<T

From the first part of the proof and the assumption on «, we get that for ¢, — 0,
(fo as (Dwﬁ"))te[o 7] is a Cauchy sequence in .#%2([0, T]), so it converges to some pro-

cess which is linear in as. Consequently we denote it by (( [ as (DWS))te[o oL O

REFERENCES

[1]1 H. Airault, Probléemes de Dirichlet-Neumann étalés et fonctionnelles multiplicatives associées. (French)
Séminaire sur les Equations aux Dérivées Partielles (1974-1975), III, Exp. No. 3, 25 pp. Collége de France,
Paris, 1975.

[2] H. Airault, Perturbations singuliéres et solutions stochastiques de problemes de D. Neumann-Spencer.
(French) J. Math. Pures Appl. (9) 55 (1976), no. 3, 233267

[3] S. Andres, Pathwise differentiability for SDEs in a smooth domain with reflection, Electron. J. Probab. 16
(2011), no. 28, 845-879.



54 MARC ARNAUDON AND XUE-MEI LI

[4] M. Arnaudon, K.A. Coulibaly and A. Thalmaier, Horizontal diffusion in C path space Séminaire de Prob-
abilités XLIII, 73-94, Lecture Notes in Math., 2006, Springer, Berlin, 2011

[5] M. Arnaudon, B. Driver and A. Thalmaier, Gradient estimates for positive harmonic functions by stochastic
analysis, Stochastic Process. Appl. 117 (2007), no. 2, 202-220.

[6] M. Arnaudon and A. Thalmaier, Stability of stochastic differential equations in manifolds, Séminaire de
Probabilités, XXXII, 188-214, Lecture Notes in Math., 1686, Springer, Berlin, 1998.

[7] M. Arnaudon and A. Thalmaier, Complete lifts of connections and stochastic Jacobi fields, J. Math. Pure
Appl. (9) 77 (1998), no. 3, 283-315.

[8] M. Arnaudon, Xue-Mei Li and A. Thalmaier, Manifold-valued martingales, changes of probabilities, and
smoothness of finely harmonic maps, Ann. Inst. H. Poincaré Probab. Statist. 35 (1999), no. 6, 765-791.

[9] A. Bensoussan and J.-L. Lions. Contr6le impulsionnel et inéquations quasi variationnelles. (French) [Im-
pulse control and quasivariational inequalities] Méthodes Mathématiques de 1’Informatique [Mathematical
Methods of Information Science], 11. Gauthier-Villars, Paris, 1982

[10] J. M. Bismut, Mécanique aléatoire, Lecture Notes in Mathematics, 866, Springer-Verlag, Berlin New York,
(1981)

[11] K. Burdzy, Differentiability of stochastic flow of reflected Brownian motions, Electron. J. Probab. 14 (2009),
no. 75, 2182-2240.

[12] K. Burdzy, Zhen-Qing Chen, and P. Jones. Synchronous couplings of reflected Brownian motions in smooth
domains. llinois J. Math. 50 (2006), no. 1-4, 189-268

[13] Zhen-Qing Chen, P.J. Fitzsimmons,and R. Song. Crossing estimates for symmetric Markov processes.
Probab. Theory Related Fields 120 (2001), no. 1, 68-84.

[14] P. E. Conner. The Neumann’s problem for differential forms on Riemannian manifolds. Mem. Amer. Math.
Soc. 1956 (1956), no. 20, 56 pp. 31.0X .

[15] D. Farst. Il caso limite del problema della rovina dei giocatori nell’ipotesi di riserva limitata. (Italian) Giorn.
Ist. Ttal. Attuari 20 1957 120-143.

[16] J.-D. Deuschel, L. Zambotti, Bismut-Elworthy’s formula and random walk representation for SDEs with
reflection, Stochastic Process. Appl., 115(6):907-925, 2005.

[17] J. Eells and K. D. Elworthy Wiener integration on certain manifolds. Problems in non-linear analysis
(C.ILM.E., 1V Ciclo, Varenna, 1970), pp. 6794. Edizioni Cremonese, Rome, 1971.

[18] K.D. Elworthy, Stochastic differential equations on manifolds, London Mathematical Society Lecture Notes
Series, 70, Cambridge University Press, Cambridge New York, (1982).

[19] K. D. Elworthy, Y. Le Jan, and Xue-Mei Li. Integration by parts formulae for degenerate diffusion measures
on path spaces and diffeomorphism groups. C. R. Acad. Sci. Paris Sr. I Math. 323 (1996), no. 8, 921-926.

[20] K.D. Elworthy and Xue- Mei Li, Differentiation of heat semigroups and applications. Probability theory
and mathematical statistics (Vilnius, 1993), 239-251, Vilnius, 1994

[21] K. D. Elworthy and Xue-Mei Li. Formulae for the derivatives of heat semigroups. J. Funt. Anal. 125 (1994),
no. 1; 252-286

[22] K. D. Elworthy and Xue- Mei Li, Bismut -type formulae for differential forms C.R. Acad. Sci. Paris Sér I
Math. 327 (1998), no. 1, 87-92.

[23] M. Emery, Equations différentielles stochastiques lipschitziennes : étude de la stabilité, Séminaire de Prob-
abilités XIII, pp 281-293, Lecture Notes in Math., 721, Springer, Berlin, 1979.

[24] T. Funaki and K. Ishitani Integration by parts formulae for Wiener measures on a path space between two
curves. Probab. Theory Related Fields 137 (2007), no. 3-4, 289-321.

[25] E. P. Hsu Multiplicative functional for the heat equation on manifolds with boundary. Michigan Math. J.
50 (2002), no. 2, 351367.

[26] N. Ikeda. On the construction of two-dimensional diffusion processes satisfying Wentzell’s boundary con-
ditions and its application to boundary value problems. Mem. Coll. Sci. Univ. Kyoto Ser. A Math. 33
1960/1961 367427.

[27] N. Ikeda. On the construction of two-dimensional diffusion processes satisfying Wentzell’s boundary con-
ditions and its application to boundary value problems. Mem. Coll. Sci. Univ. Kyoto Ser. A Math., 33,
pp367-427, 1960/1961.

[28] N. Ikeda, T. Ueno, H. Tanaka and K. Saté A boundary-value problem for multi-dimensional diffusion pro-
cesses. (Japanese) Sgaku 13 1961/1962 37-53.

[29] N. Ikeda and S. Watanabe, Heat equation and diffusion on Riemannian manifold with boundary, In Pro-
ceedings of the International Symposium on Stochastic Differential Equations (1976), Res. Inst. Math. Sci.,
Kyoto Univ., Kyoto, 75-94, 1978.

[30] N. Ikeda and S. Watanabe, Stochastic differential equations and diffusion processes, second edition, North
Holland Mathematical Library, 24, 1989.



55

[31] K. Itd. Stochastic parallel displacement. Probabilistic methods in differential equations (Proc. Conf., Univ.
Victoria, Victoria, B.C., 1974), pp. 17. Lecture Notes in Math., Vol. 451, Springer, Berlin, 1975.

[32] Xue-Mei Li, Stochastic Flows on Noncompact Manifolds University of Warwick Ph.D. thesis (1992).

[33] Xue-Mei Li. Strong p-completeness of stochastic differential equations and the existence of smooth flows on
non-compact manifolds. Probab. Theory Relat. Fields, 100 (4), 485-511 (1994).

[34] P.L.Lions and A. S. Sznitman, Stochastic differential equations with reflecting boundary conditions Comm.
Pure Appl. Math. 37(4), pp 511-537, (1984)

[35] P. Malliavin. Formules de la moyenne, calcul de perturbations et théoremes d’annulation pour les formes
harmoniques. J. Functional Analysis 17 (1974), 274291.

[36] A. Meéritet. Théoreme d’annulation pour la cohomologie absolue d’une variété riemannienne a bord.
(French) Bull. Sci. Math. (2) 103 (1979), no. 4, 379400.

[37] P. A. Meyer, Géométrie stochastique sans larmes, Séminaire de Probabilités, XV, Lecture Notes in Mathe-
matics, 850, Springer-Verlag, Berlin New York, 1981

[38] I. Shigekawa, N.Ueki, and S. Watanabe, Shinzo, A probabilistic proof of the Gauss-Bonnet-Chern theorem
for manifolds with boundary. Osaka J. Math. 26 (1989), no. 4, 897930.

[39] A. V. Skorohod. Stochastic equations for diffusion processes with a boundary. (Russian) Teor. Verojatnost.
i Primenen. 6 (1961) 287-298.

[40] D. W. Stroock and S. R. S. Varadhan, Diffusion Processes with boundary conditions, Comm. Pure Appl.
Math. 245, pp147-225 (1971).

[41] H. Tanaka Stochastic differential equations with reflecting boundary condition in convex regions. Hiroshima
Math. J. 9 (1979), no. 1, 163-177.

[42] A.Thalmaier and F. Y. Wang, Gradient estimates for harmonic functions on regular domains in Riemannian
manifolds, J. Funct. Anal. 155 (1998), no. 1, 109-124.

[43] S. R. S. Varadhan and R. J. Williams. Brownian motion in a wedge with oblique reflection. Comm. Pure
Appl. Math. 38 (1985), no. 4, 405-443.

[44] F. Y. Wang, Analysis for diffusion processes on Riemannian manifolds, Advanced Series on Statistical Sci-
ence and Applied Probability, Vol. 18, World Scientific (2014)

[45] S. Watanabe. Construction of diffusion processes with Wentzell’s boundary conditions by means of Poisson
point processes of Brownian excursions. Probability theory (Papers, VIIth Semester, Stefan Banach Internat.
Math. Center, Warsaw, 1976), pp. 255271, Banach Center Publ., 5, PWN, Warsaw, 1979.

[46] L.Zambotti, Integration by parts formulae on convex sets of paths and applications to SPDEs with reflection.
Probab. Theory Relat. Fields 123, 579-600 (2002).

INSTITUT DE MATHEMATIQUES DE BORDEAUX

CNRS: UMR 5251

UNIVERSITE DE BORDEAUX

F33405 TALENCE CEDEX, FRANCE

E-mail address: marc.arnaudon@math.u-bordeaux.fr

MATHEMATICS INSTITUTE

THE UNIVERSITY OF WARWICK

COVENTRY CV4 7AL, UNITED KINGDOM

E-mail address: xue-mei.li@warwick.ac.uk



