CCR- VERSUS CAR-QUANTIZATION ON CURVED SPACETIMES

CHRISTIAN BAR AND NICOLAS GINOUX

ABSTRACT. We provide a systematic construction of bosonic and fermionic lo-
cally covariant quantum field theories on curved backgrounds for large classes
of free fields. It turns out that bosonic quantization is possible under much more
general assumptions than fermionic quantization.

1. INTRODUCTION

Classical fields on spacetime are mathematically modeled by sections of a vector
bundle over a Lorentzian manifold. The field equations are usually partial dif-
ferential equations. We introduce a class of differential operators, called Green-
hyperbolic operators, which have good analytical solubility properties. This class
includes wave operators as well as Dirac type operators but also the Proca and the
Rarita-Schwinger operator.

In order to quantize such a classical field theory on a curved background, we need
local algebras of observables. They come in two flavors, bosonic algebras encoding
the canonical commutation relations and fermionic algebras encoding the canoni-
cal anti-commutation relations. We show how such algebras can be associated to
manifolds equipped with suitable Green-hyperbolic operators. We prove that we
obtain locally covariant quantum field theories in the sense of [[12]. There is a large
literature where such constructions are carried out for particular examples of fields,
see e.g. [[15,116, 17,22 30]. In all these papers the well-posedness of the Cauchy
problem plays an important role. We avoid using the Cauchy problem altogether
and only make use of Green’s operators. In this respect, our approach is similar to
the one in [31]]. This allows us to deal with larger classes of fields, see Section
and to treat them systematically. Much of the work on particular examples can be
subsumed under this general approach.

It turns out that bosonic algebras can be obtained in much more general situations
than fermionic algebras. For instance, for the classical Dirac field both construc-
tions are possible. Hence, on the level of observable algebras, there is no spin-
statistics theorem.

This is a condensed version of our paper [4] where full details are given. Here
we confine ourselves to the results and the main arguments while we leave aside
all technicalities. Moreover, [4] contains a discussion of states and the induced
quantum fields.
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2. ALGEBRAS OF CANONICAL (ANTI-) COMMUTATION RELATIONS

We start with algebraic preparations and collect the necessary algebraic facts about
CAR and CCR-algebras.

2.1. CAR algebras. The symbol “CAR” stands for “canonical anti-commutation
relations”. These algebras are related to pre-Hilbert spaces. We always assume the
Hermitian inner product (-,-) to be linear in the first argument and anti-linear in
the second.

Definition 2.1. A CAR-representation of a complex pre-Hilbert space (V, (-,-)) is
a pair (a,A), where A is a unital C*-algebra and a : V — A is an anti-linear map
satisfying:

(i) A=C*(a(V)),

(ii) {a(vy),a(v2)} =0and
(iii) {a(vl)*,a(vz)} = (V17V2) . 1,
for all vi,v, € V.

As an example, for any complex pre-Hilbert vector space (V, (-,-)), the C*-comple-
tion Cl(Vc,qc) of the algebraic Clifford algebra of the complexification (V¢,qc)
of (V,(-,-)) is a CAR-representation of (V,(-,-)). See [4, App. A.1] for the details,
in particular for the construction of the map a: V — Cl(V¢, qc).

Theorem 2.2. Let (V,(-,-)) be an arbitrary complex pre-Hilbert space. Let A
be any unital C*-algebra and a :V — A be any anti-linear map satisfying Ax-
ioms and of Definition Then there exists a unique C*-morphism
@ : Cl(Ve,qc) — A such that

V———=2A

7
a x.

Cl(Vc,qc)

commutes. Furthermore, & is injective.
In particular, (V,(-,-)) has, up to C*-isomorphism, a unique CAR-representation.

For an alternative description of the CAR-representation in terms of creation and
annihilation operators on the fermionic Fock space we refer to [10, Prop. 5.2.2].
From now on, given a complex pre-Hilbert space (V,(-,-)), we denote the C*-
algebra Cl(V¢,qc) associated with the CAR-representation (a,Cl(Vc,qc)) of
(V,(-,-)) by CAR(V,(-,-)). We list the properties of CAR-representations which
are relevant for quantization, see also [[10, Vol. II, Thm. 5.2.5, p. 15].

Proposition 2.3. Let (V,(-,-)) be a complex pre-Hilbert space and
(a,CAR(V,(-,-))) its CAR-representation.
(i) For every v €V one has ||a(v)| = |v| = (v,v)%, where || - || denotes the C*-
norm on CAR(V, (-,-)).
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(ii) The C*-algebra CAR(V,(-,-)) is simple, i.e., it has no closed two-sided x-
ideals other than {0} and the algebra itself.
(iii) The algebra CAR(V,(-,-)) is Z»-graded,

CAR(V,(-,-)) = CAR®(V, (-,-)) ® CAR®¥(V, (-,.)),

and a(V) C CARM(V,(-,-)).
(iv) Let f:V — V' be an isometric linear embedding, where (V',(-,-)) is another
complex pre-Hilbert space. Then there exists a unique injective C*-morphism

CAR(f) : CAR(V,(-,-)) — CAR(V',(-,-)) such that

T
CAR(V, (-,-)) — R CAR(V',(-,-))

commutes.

One easily sees that CAR(id) = id and that CAR(f" o f) = CAR(f") o CAR() for

all isometric linear embeddings V Iy v Ly v, Therefore we have constructed a
covariant functor

CAR : HILB — C*Alg,

where HILB denotes the category whose objects are the complex pre-Hilbert spaces
and whose morphisms are the isometric linear embeddings and C*Alg is the cate-
gory whose objects are the unital C*-algebras and whose morphisms are the injec-
tive unit-preserving C*-morphisms.

For real pre-Hilbert spaces there is the concept of self-dual CAR-representations.

Definition 2.4. A self-dual CAR-representation of a real pre-Hilbert space
(V,(-,-)) is a pair (b,A), where A is a unital C*-algebra and b:V — A is an R-
linear map satisfying:

(i) A=C*(b(V)),
(ii) b(v) =b(v)* and
(iii) {b(V1),b(Vz)} = (Vl,VQ) . 1,

for all v,vi,v, € V.

Given a self-dual CAR-representation, one can extend b to a C-linear map from
the complexification V¢ to A. This extension b : Vo — A then satisfies b(v) = b(v)*
and {b(vi),b(v2)} = (v1,%2) - 1 for all v,v;,v, € Vc. These are the axioms of a
self-dual CAR-representation as in [[1, p. 386].

Theorem 2.5. For every real pre-Hilbert space (V,(-,-)), the C*-Clifford algebra
Cl(Vc, qc) provides a self-dual CAR-representation of (V,(-,-)) viab(v) = ﬁv.

Moreover, self-dual CAR-representations have the following universal property:
Let A be any unital C*-algebra and b:V — A be any R-linear map satisfying

Axioms (i) and of Definition Then there exists a unique C*-morphism
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B : Cl(Ve,qc) — A such that

b
V——> >~ A
P

Cl(Ve,qc)

commutes. Furthermore, B is injective.
In particular, (V,(-,-)) has, up to C*-isomorphism, a unique self-dual CAR-
representation.

From now on, given a real pre-Hilbert space (V,(-,-)), we denote the C*-algebra
Cl(Vc,qc) associated with the self-dual CAR-representation (b,Cl(Vc,qc)) of
(V,(-,+)) by CAR(V, (+,-))-

Proposition 2.6. Let (V,(-,-)) be a real pre-Hilbert space and (b, CAR(V, (-,)))
its self-dual CAR-representation.

(i) Foreveryv €V one has |b(v)| = % v|, where || - || denotes the C*-norm on
CARu(V,(-,-)).
(ii) The C*-algebra CARy(V,(-,-)) is simple.

(iii) The algebra CARy(V,(-,-)) is Zy-graded,
CARSd(V7 ( ’ )) =CA ggen(v’ ( ) )) @CARggd(Vv ( ) ))7

and b(V) C CARYNY(V, (-, ).

(iv) Let f : V — V' be an isometric linear embedding, where (V' (-,-)) is another
real pre-Hilbert space. Then there exists a unique injective C*-morphism
CARy(f) : CARy(V, (+,-)) = CARw(V',(+,-)) such that

Vv ! 14

p v
CARG(V, () — ) CARG(V, (-, ))

commutes.

The proofs are similar to the ones for CAR-representations of complex pre-Hilbert
spaces as given in [4, App. A]. We have constructed a functor

CARy : HILBg — C*Alg,
where HILBr denotes the category whose objects are the real pre-Hilbert spaces

and whose morphisms are the isometric linear embeddings.

Remark 2.7. Let (V,(-,-)) be a complex pre-Hilbert space. If we consider V as
a real vector space, then we have the real pre-Hilbert space (V,Re(-,-)). For the
corresponding CAR-representations we have

CAR(V,(-,-)) = CARy(V,Re(-,-)) = Cl(Vc,qc)
and

b(v) (a(v) —a(v)).

V2
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2.2. CCR algebras. In this section, we recall the construction of the representa-
tion of any (real) symplectic vector space by the so-called canonical commutation
relations (CCR). Proofs can be found in [5, Sec. 4.2].

Definition 2.8. A CCR-representation of a symplectic vector space (V, ®) is a pair
(w,A), where A is a unital C*-algebra and w is a map V — A satisfying:
i) A=C*(w(V)),
(ii) w(0) =1,
(iii) w(—@) = w(p)",
(V) w(p+y) =PV () w(y),
forall o,y V.

The map w is in general neither linear, nor any kind of group homomorphism, nor
continuous [5, Prop. 4.2.3].

Example 2.9. Given any symplectic vector space (V, ®), consider the Hilbert space
H := L*(V,C), where V is endowed with the counting measure. Define the map w
from V into the space .2 (H) of bounded endomorphisms of H by

(W(Q)F)(y) := e @V)I2F (@ + ),

forall o,y € V and F € H. It is well-known that £ (H) is a C*-algebra with the
operator norm as C*-norm, and that the map w satisfies the Axioms (fi)-(iv) from
Definition 2.8] see e.g. [5] Ex. 4.2.2]. Hence setting A := C*(w(V')), the pair (w,A)
provides a CCR-representation of (V, ).

This is essentially the only CCR-representation:

Theorem 2.10. Let (V,®) be a symplectic vector space and (W,X) be a pair satis-
fying the Axioms ()-(v]) of Definition[2.8} Then there exists a unique C*-morphism
®: A — A such that ® ow = W, where (w,A) is the CCR-representation from Ex-
ample 2.9 Moreover, ® is injective.

In particular, (V, @) has a CCR-representation, unique up to C*-isomorphism.

We denote the C*-algebra associated to the CCR-representation of (V,®) from
Example [2.9| by CCR(V,®). As a consequence of Theorem [2.10, we obtain the
following important corollary.

Corollary 2.11. Let (V,®) be a symplectic vector space and (w,CCR(V,®)) its
CCR-representation.

(i) The C*-algebra CCR(V,w) is simple, i.e., it has no closed two-sided x-ideals
other than {0} and the algebra itself.

(ii) Let (V' ,@') be another symplectic vector space and f :V — V' a symplec-
tic linear map. Then there exists a unique injective C*-morphism CCR(f) :
CCR(V,®w) — CCR(V', ') such that

\% ! v’
CCR(V, 0) — 2 cer(v!, o)

commutes.
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Obviously CCR(id) = id and CCR(f” o f) = CCR(f") o CCR(f) for all symplectic
linear maps V EVEIVE , so that we have constructed a covariant functor
CCR : Sympl — C*Alg.

3. FIELD EQUATIONS ON LORENTZIAN MANIFOLDS

3.1. Globally hyperbolic manifolds. We begin by fixing notation and recalling
general facts about Lorentzian manifolds, see e.g. [26] or [5)] for more details.
Unless mentioned otherwise, the pair (M, g) will stand for a smooth m-dimensional
manifold M equipped with a smooth Lorentzian metric g, where our convention
for Lorentzian signature is (— +---+). The associated volume element will be
denoted by dV. We shall also assume our Lorentzian manifold (M, g) to be time-
orientable, i.e., that there exists a smooth timelike vector field on M. Time-oriented
Lorentzian manifolds will be also referred to as spacetimes. Note that in contrast
to conventions found elsewhere, we do not assume that a spacetime be connected
nor that its dimension be m = 4.

For every subset A of a spacetime M we denote the causal future and past of A in
M by J;(A) and J_(A), respectively. If we want to emphasize the ambient space
M in which the causal future or past of A is considered, we write J//(A) instead of
J+(A). Causal curves will always be implicitly assumed (future or past) oriented.

Definition 3.1. A Cauchy hypersurface in a spacetime (M,g) is a subset of M
which is met exactly once by every inextensible timelike curve.

Cauchy hypersurfaces are always topological hypersurfaces but need not be
smooth. All Cauchy hypersurfaces of a spacetime are homeomorphic.

Definition 3.2. A spacetime (M,g) is called globally hyperbolic if and only if it
contains a Cauchy hypersurface.

A classical result of R. Geroch [18] says that a globally hyperbolic spacetime can
be foliated by Cauchy hypersurfaces. It is a rather recent and very important result
that this also holds in the smooth category: any globally hyperbolic spacetime is of
the form (R x X, —Bdt> @ g, ), where each {t} x ¥ is a smooth spacelike Cauchy hy-
persurface, B a smooth positive function and (g; ), a smooth one-parameter family
of Riemannian metrics on X [[7, Thm. 1.1]. The hypersurface X can be even chosen
such that {0} x X coincides with a given smooth spacelike Cauchy hypersurface
[8, Thm. 1.2]. Moreover, any compact acausal smooth spacelike submanifold with
boundary in a globally hyperbolic spacetime is contained in a smooth spacelike
Cauchy hypersurface [8, Thm. 1.1].

Definition 3.3. A closed subset A C M is called
e spacelike compact if there exists a compact subset K C M such that A C
JM(K) :=JM(K)UJY(K),
e future-compact if ANJ,(x) is compact for any x € M,
e past-compact if ANJ_(x) is compact for any x € M.

A spacelike compact subset is in general not compact, but its intersection with any
Cauchy hypersurface is compact, see e.g. [5, Cor. A.5.4].

Definition 3.4. A subset Q of a spacetime M is called causally compatible if and
only if J$(x) = J¥ (x) N Q for every x € Q.
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This means that every causal curve joining two points in  must be contained
entirely in €.

3.2. Differential operators and Green’s functions. A differential operator of
order (at most) k on a vector bundle § — M over K = R or K = C is a linear map
P:C”(M,S) — C=(M,S) which in local coordinates x = (x!,..., x™) of M and with
respect to a local trivialization looks like

¥ a7

P = A(x (x)i.

Tk ox®
Here C~(M,S) denotes the space of smooth sections of § — M, a =
(o,...,0) € Ng x --- x Ny runs over multi-indices, || = o + ...+ o, and
% = M%. The principal symbol op of P associates to each covector
& € T'M alinear map op(&) : Sy — S,. Locally, it is given by

or(£) = ), Aa(x)E”
|ot|=k

where E* = &M ... £ and & =Y ; &;dx/. If P and Q are two differential operators
of order k and ¢ respectively, then Qo P is a differential operator of order k + ¢ and

0g0p(§) = 00(G) 0 0p(3)-
For any linear differential operator P : C*(M,S) — C*(M,S) there is a unique
formally dual operator P* : C*(M,S*) — C*(M,S*) of the same order characterized
by
/M<<P,Pv/> dv = /M<P*<p, y)dv
for all y € C*(M,S) and ¢ € C*(M,S*) with supp(¢) Nsupp(y) compact. Here
(-,-) : S*®S — K denotes the canonical pairing, i.e., the evaluation of a linear form

in S* on an element of S,, where x € M. We have op: (&) = (—1)*op(&)* where k
is the order of P.

Definition 3.5. Let a vector bundle § — M be endowed with a non-degenerate inner
product (-,-). A linear differential operator P on S is called formally self-adjoint if
and only if

/M<P<p, y)dv = /M<<p,Pw> dv
holds for all @, y € C*(M,S) with supp(¢) Nsupp(y) compact.

Similarly, we call P formally skew-adjoint if instead

/M<P<P,l/f>dV=—/M<<p,Pw>dV-

We recall the definition of advanced and retarded Green’s operators for a linear
differential operator.

Definition 3.6. Let P be a linear differential operator acting on the sections of a
vector bundle S over a Lorentzian manifold M. An advanced Green’s operator for
P on M is a linear map

G :CZ(M,S) —C”(M,S)
satisfying:
(G1) PoG. =ide
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(G2) Gyo Plois = dee g

(G3) supp(G1.¢) C J¥ (supp(9)) for any ¢ € C7(M.,S).
A retarded Green’s operator for P on M is a linear map G_ : C°(M, S) — C* (M, S)
satisfying (Gy), (G»2), and

(G3) supp(G-@) C J¥(supp(¢)) for any ¢ € C(M,S).
Here we denote by CZ°(M, S) the space of compactly supported smooth sections of
S.

Definition 3.7. Let P: C*(M,S) — C*(M,S) be a linear differential operator. We
call P Green-hyperbolic if the restriction of P to any globally hyperbolic subregion
of M has advanced and retarded Green’s operators.

The Green’s operators for a given Green-hyperbolic operator P provide
solutions @ of P = 0. More precisely, denoting Co(M,S) := {¢ €
C=(M,S) |supp(@) is spacelike compact}, we have the following

Theorem 3.8. Let M be a Lorentzian manifold, let S — M be a vector bundle, and
let P be a Green-hyperbolic operator acting on sections of S. Let Gy be advanced
and retarded Green’s operators for P, respectively. Put

G:=G,—G_:CZ(M,S) = CZ(M,S).
Then the following linear maps form a complex:
(1) {0} - C2(M.8) 5 €2 (M, ) % C2M.S) 5 C2M.S).

This complex is always exact at the first CZ*(M, S). If M is globally hyperbolic, then
the complex is exact everywhere.

We refer to [4, Theorem 3.5] for the proof. Note that exactness at the first C2°(M, S)
in sequence (I)) says that there are no non-trivial smooth solutions of P¢ = 0 with
compact support. Indeed, if M is globally hyperbolic, more is true. Namely, if
@ €C=(M,S) solves Pg =0 and supp(¢) is future or past-compact, then ¢ =0 (see
e.g. [4, Remark 3.6] for a proof). As a straightforward consequence, the Green’s
operators for a Green-hyperbolic operator on a globally hyperbolic spacetime are
unique [4, Remark 3.7].

3.3. Wave operators. The most prominent class of Green-hyperbolic operators
are wave operators, sometimes also called normally hyperbolic operators.

Definition 3.9. A linear differential operator of second order P : C*(M,S) —
C*(M,S) is called a wave operator if its principal symbol is given by the
Lorentzian metric, i.e., for all & € T*M we have

op() =—(&,6)-id

In other words, if we choose local coordinates x', ...
ization of S, then

P= _.Z g 8x’8x1 ;A (9xJ +B(x)

i,j=1

x™ on M and a local trivial-

where A; and B are matrix-valued coefficients depending smoothly on x and (g’ 7Y
is the inverse matrix of (g;;) with g;; = ( aal , ax]> If P is a wave operator, then so
is its dual operator P*. In [5), Cor. 3.4.3] it has been shown that wave operators are

Green-hyperbolic.
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Example 3.10 (d’ Alembert operator). Let S be the trivial line bundle so that sec-
tions of S are just functions. The d’Alembert operator P = 0 = —divo grad is a
formally self-adjoint wave operator, see e.g. [5, p. 26].

Example 3.11 (connection-d’ Alembert operator). More generally, let S be a vector
bundle and let V be a connection on S. This connection and the Levi-Civita con-
nection on 7*M induce a connection on 7*M ® S, again denoted V. We define the
connection-d’ Alembert operator 0 to be the composition of the following three
maps
C*(M,S) L C* M, T"M®S) s C*(M, T"M @ T*M® S) —2%, c=(Mm,5)

where tr: T*M @ T*M — R denotes the metric trace, tr(§ @ ) = (§,1). We
compute the principal symbol,

oyv(8)9 = —(r®ids)ooy(§)eov(S)(9) = —(r®ids)(E®E® Q) =—(E,8) ¢.
Hence OV is a wave operator.

Example 3.12 (Hodge-d’ Alembert operator). Let S = A*T*M be the bundle of
k-forms. Exterior differentiation d : C*(M,A*T*M) — C*(M,A*'T*M) in-
creases the degree by one while the codifferential § = d* : C°(M,AT*M) —
C*(M,A*"'T*M) decreases the degree by one. While d is independent of the
metric, the codifferential 6 does depend on the Lorentzian metric. The operator
P = —dd — 8d is a formally self-adjoint wave operator.

3.4. The Proca equation. The Proca operator is an example of a Green-
hyperbolic operator of second order which is not a wave operator.

Example 3.13 (Proca operator). The discussion of this example follows [31}
p- 116f]. The Proca equation describes massive vector bosons. We take S = T*M
and let mp > 0. The Proca equation is

() Po:=8do+mip =0

where @ € C*(M,S). Applying & to (Z)) we obtain, using §> = 0 and mq # 0,
3) o =0

and hence

4) (d8 +8d)p +mio = 0.

Conversely, (3) and (@) clearly imply (2). )
Since P :=d& + &d + m% is minus a wave operator, it has Green’s operators G.

We define

Gy :CT(M,S) — C2(M,S), Gy := (my2dS+id)o Gy = Gyo(my2ds +id).
The last equality holds because d and § commute with P, see [4, Lemma 2.16].
For ¢ € C°(M,S) we compute

G1PQ = G (my2dS +id)(8d +md)p = GLPp = ¢

and similarly PG = ¢. Since the differential operator m, 248 + id does not in-
crease supports, the third axiom in the definition of advanced and retarded Green’s
operators holds as well.

This shows that G and G_ are advanced and retarded Green’s operators for P,
respectively. Thus P is not a wave operator but Green-hyperbolic.
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3.5. Dirac type operators. The most important Green-hyperbolic operators of
first order are the so-called Dirac type operators.

Definition 3.14. A linear differential operator D : C*(M,S) — C*(M,S) of first
order is called of Dirac type, if —D? is a wave operator.

Remark 3.15. If D is of Dirac type, then i times its principal symbol satisfies the
Clifford relations

(iop(£))* = —op2(§) = —(£,€) -id,

hence by polarization

(iop(&))(iop(n)) + (iop(n))(ion(5)) = —2(§, M) - id.

The bundle S thus becomes a module over the bundle of Clifford algebras C1(7TM)
associated with (TM, (-,-)). See [6, Sec. 1.1] or [23] Ch. I] for the definition and
properties of the Clifford algebra C1(V) associated with a vector space V with inner
product.

Remark 3.16. If D is of Dirac type, then so is its dual operator D*. On a globally
hyperbolic region let G, be the advanced Green’s operator for D?> which exists
since —D? is a wave operator. Then it is not hard to check that Do G, is an ad-
vanced Green’s operator for D, see [25, Thm. 3.2]. The same discussion applies to
the retarded Green’s operator. Hence any Dirac type operator is Green-hyperbolic.

Example 3.17 (Classical Dirac operator). If the spacetime M carries a spin struc-
ture, then one can define the spinor bundle S = XM and the classical Dirac operator

m
D:C*(M,EM) — C*(M,EM), D@:=i) gje;-V,. .
j=1
Here (ej)1<j<m is a local orthonormal basis of the tangent bundle, £; = (ej,e;) =
41 and “” denotes the Clifford multiplication, see e.g. [6] or [3, Sec. 2]. The
principal symbol of D is given by

op(§)y =i&t-y.

Here &F denotes the tangent vector dual to the 1-form & via the Lorentzian metric,
ie., (E%Y) = E(Y) for all tangent vectors Y over the same point of the manifold.
Hence

0pe (&)Y = 0p(&)on(§)y = —EF- & -y = (§,&) v.
Thus P = —D? is a wave operator. Moreover, D is formally self-adjoint, see e.g.
[3 p. 552].

Example 3.18 (Twisted Dirac operators). More generally, let E — M be a com-
plex vector bundle equipped with a non-degenerate Hermitian inner product and a
metric connection VZ over a spin spacetime M. In the notation of Example [3.17]
one may define the Dirac operator of M twisted with E by
m
. . ) . oo oo
DF =i Zlejej VIMEE . C*(M,IM QE) — C*(M,EM Q E),
J:

where VEM@E is the tensor product connection on XM ® E. Again, DF is a formally
self-adjoint Dirac type operator.
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Example 3.19 (Euler operator). In Example replacing AXT*M by S =
AT*M®C = &}_ A*T*M ® C, the Euler operator D = i(d — §) defines a formally
self-adjoint Dirac type operator. In case M is spin, the Euler operator coincides
with the Dirac operator of M twisted with XM.

Example 3.20 (Buchdahl operators). On a 4-dimensional spin spacetime M, con-
sider the standard orthogonal and parallel splitting XM =¥, M & X_M of the com-
plex spinor bundle of M into spinors of positive and negative chirality. The fi-
nite dimensional irreducible representations of the simply-connected Lie group
Spin®(3,1) are given by ):Efm ®2"? where k,¢ € N. Here ngm =X is the
k-th symmetric tensor product of the positive half-spinor representation X, and
similarly for Z(_e/ 2. Let the associated vector bundles ng/ M carry the induced
inner product and connection.

For s € N, s > 1, consider the twisted Dirac operator Db) acting on sections of
M ®Z$S_l)/ M. In the induced splitting

MoV M =2 M P mer MestV M
the operator D) is of the form

o pY
pY o

because Clifford multiplication by vectors exchanges the chiralities. The Clebsch-

s—1
Gordan formulas [11}, Prop. 11.5.5] tell us that the representation £, ® ZSF z) splits

as
s—1 s s _
T, 0r.7) =P exr
Hence we have the corresponding parallel orthogonal projections
sl H s—1 s_
A MY MM and wixMesl? M3ty
s—1
On the other hand, the representation X_ ® ZELZ Vs irreducible. Now Buchdahl
operators are the operators of the form

BY = ( o ~7ts4(r)/vtz‘7fs’ pY )
142,43 ° s .
: DY Uz -id

where i1, 1o, 43 € C are constants. By definition, Bifﬂ 1,15 18 of the form D©) 4 b,

where b is of order zero. In particular, Bifl 1,4, 18 @ Dirac-type operator, hence it is

Green-hyperbolic. For a definition of Buchdahl operators using indices we refer to
(13} 114}, 135] and to [24} Def. 8.1.4, p. 104].

3.6. The Rarita-Schwinger operator. For the Rarita-Schwinger operator on Rie-
mannian manifolds, we refer to [34, Sec. 2], see also [9, Sec. 2]. In this section let
the spacetime M be spin and consider the Clifford-multiplication y: T*M @ XM —
M, 0 ® v — 6% -y, where IM is the complex spinor bundle of M. Then there is
the representation theoretic splitting of 7*M ® XM into the orthogonal and parallel
sum
T*"MQIM =1(EM) & 23°M,

where X3/2M :=ker(y) and 1(y) := —Lym j€;®e;y. Here again (e;)1<j<m is a

=
local orthonormal basis of the tangent bundle. Let & be the twisted Dirac operator
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on T*M XM, thatis, 7 :=i-(id®y) oV, where V denotes the induced covariant
derivative on 7"M @ M.

Definition 3.21. The Rarita-Schwinger operator on the spin spacetime M is de-
fined by 2:= (id—107)0 2 : C*(M,23?M) — C=(M,23/*M).

By definition, the Rarita-Schwinger operator is pointwise obtained as the orthog-
onal projection onto X3/2M of the twisted Dirac operator Z restricted to a section
of 23/2M. As for the Dirac operator, its characteristic variety coincides with the
set of lightlike covectors, at least when m > 3, see [4, Lemma 2.26]. In particular,
[21, Thms. 23.2.4 & 23.2.7] imply that the Cauchy problem for 2 is well-posed
in case M is globally hyperbolic. This implies they 2 has advanced and retarded
Green’s operators. Hence 2 is not of Dirac type but it is Green-hyperbolic.

Remark 3.22. The equations originally considered by Rarita and Schwinger in
[28]] correspond to the twisted Dirac operator & restricted to £3/?M but not pro-
jected back to £3/2M. In other words, they considered the operator

D\ =gy : € (M EPM) — C*(M, T*"M @ IM).

These equations are over-determined. Therefore it is not a surprise that non-trivial
solutions restrict the geometry of the underlying manifold as observed by Gibbons
[19] and that this operator has no Green’s operators.

3.7. Combining given operators into a new one. Given two Green-hyperbolic
operators we can form the direct sum and obtain a new operator in a trivial fashion.
Namely, let S1,52, — M be two vector bundles over a globally hyperbolic manifold
M and let P, and P, be two Green-hyperbolic operators acting on sections of S; and
S» respectively. Then

P 0
Peph = (01 P,

is Green-hyperbolic [5, Lemma 2.27]. Note that the two operators need not have
the same order. Hence Green-hyperbolic operators need not be hyperbolic in the
usual sense.

) :Cw<M,Sl @S) —)Cw(M,S1 ®S)

4. ALGEBRAS OF OBSERVABLES

Our next aim is to quantize the classical fields governed by Green-hyperbolic dif-
ferential operators. We construct local algebras of observables and we prove that
we obtain locally covariant quantum field theories in the sense of [12].

4.1. Bosonic quantization. In this section we show how a quantization process
based on canonical commutation relations (CCR) can be carried out for formally
self-adjoint Green-hyperbolic operators. This is a functorial procedure. We define
the first category involved in the quantization process.

Definition 4.1. The category GlobHypGreen consists of the following objects and
morphisms:

e An object in GlobHypGreen is a triple (M, S, P), where
» M is a globally hyperbolic spacetime,
» Sis areal vector bundle over M endowed with a non-degenerate inner
product (-,-) and
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» P is a formally self-adjoint Green-hyperbolic operator acting on sec-
tions of S.
e A morphism between two objects (M;,Si,P;) and (My,S2,P») of
GlobHypGreen is a pair (f, F), where
» fisatime-orientation preserving isometric embedding M| — M, with
f(My) causally compatible and open in M>,
» Fis a fiberwise isometric vector bundle isomorphism over f such that
the following diagram commutes:

P
(5) C*(M>,S) ——= C=(M>,$>)

P
C*(M,,S1) —= C*(M},S1),
where res(@) := F~ ' oo f for every ¢ € C*(M,,S5).

Note that morphisms exist only if the manifolds have equal dimension and the
vector bundles have the same rank. Note furthermore, that the inner product (-, -)
on S is not required to be positive or negative definite.

The causal compatibility condition, which is not automatically satisfied (see e.g.
[5, Fig. 33]), ensures the commutation of the extension and restriction maps
with the Green’s operators. Namely, if (f,F) be a morphism between two ob-
jects (M1,S1,P;) and (M,,S,, P) in the category GlobHypGreen, and if (G )+ and
(G,)+ denote the respective Green’s operators for P; and P,, then we have

reso (Gy)4 oext = (Gy)+.

Here ext(@) € C2(M,,S,) is the extension by 0 of Fo@o f~1: f(M;) — S, to M,
for every ¢ € CZ(M,,S)), see [4, Lemma 3.2].

What is most important for our purpose is that the Green’s operators for a for-
mally self-adjoint Green-hyperbolic operator provide a symplectic vector space in
a canonical way. First recall how the Green’s operators of an operator and of its
formally dual operator are related: if M is a globally hyperbolic spacetime, G, G_
are the advanced and retarded Green’s operators for a Green-hyperbolic operator P
acting on sections of § — M and G, G* denote the advanced and retarded Green’s
operators for P*, then

©) | (2o wav= [ (p.Gry)av
M M
forall ¢ € CT(M,S*) and y € CZ° (M, S), see e.g. [4, Lemma 3.3]. This implies:

Proposition 4.2. Let (M,S,P) be an object in the category GlobHypGreen. Set
G:=G.—G_, where G,G_ are the advanced and retarded Green’s operator for
P, respectively.

Then the pair (SYMPL(M,S,P),®) is a symplectic vector space, where

SYMPL(M,S,P) :=C;(M,S)/ker(G) and o([@],[y]) = /M<G(p,l;/>dV.

Here the square brackets |-| denote residue classes modulo ker(G).
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Proof. The bilinear form (@, y) — [;,(G@, y)dV on CZ*(M,S) is skew-symmetric
as a consequence of () because P is formally self-adjoint. Its null-space is
exactly ker(G). Therefore the induced bilinear form @ on the quotient space
SYMPL(M, S, P) is non-degenerate and hence a symplectic form. O

Theorem [3.8]shows that G(CZ (M, S)) coincides with the space of smooth solutions
of the equation P¢ = 0 which have spacelike compact support. In particular, given
an object (M, S, P) in GlobHypGreen, the map G induces an isomorphism from

SYMPL(M, S, P) = C(M,S)/ker(G) = ker(P) NC=(M,S).

Hence we may think of SYMPL(M, S, P) as the space of classical solutions of the
equation P¢ = 0 with spacelike compact support.

Now, let (f,F) be a morphism between two objects (M,S;,P) and (M2, S2,P)
in the category GlobHypGreen. Then the extension by zero induces a symplectic
linear map SYMPL(f,F) : SYMPL(M,,S;,P;) - SYMPL(M;, S5, P») with

(7 SYMPL (idy,ids) = idgympr(m,s,p)
and, for any further morphism (f',F’) : (M2,S2,P,) — (M3,S3,P3),
) SYMPL((f',F')o (f,F)) = SYMPL(f',F') o SYMPL(f, F).

Remark 4.3. Under the isomorphism SYMPL (M, S, P) — ker(P) NC%(M,S) in-
duced by G, the extension by zero corresponds to an extension as a smooth solu-
tion of P = 0 with spacelike compact support. In other words, for any morphism
(f,F) from (M;,S1,P)) to (M3,S,,P,) in GlobHypGreen we have the following
commutative diagram:

SYMPL(f,F
SYMPL(M,,S,P,) 0

!

ker(Pl) ﬂCgZ(Ml,Sl)

SYMPL(M>, S, P;)

i:

ker(Pz) N C;::(M27S2).

extensionas

asolution
Summarizing, we have constructed a covariant functor
SYMPL : GlobHypGreen — Sympl,

where Sympl denotes the category of real symplectic vector spaces with symplec-
tic linear maps as morphisms. In order to obtain an algebra-valued functor, we
compose SYMPL with the functor CCR which associates to any symplectic vec-
tor space its Weyl algebra. Here “CCR” stands for “canonical commutation rela-
tions”. This is a general algebraic construction which is independent of the context
of Green-hyperbolic operators and which is carried out in Section[2.2] As a result,
we obtain the functor

Apos := CCR o SYMPL : GlobHypGreen — C*Alg

where C*Alg is the category whose objects are the unital C*-algebras and whose
morphisms are the injective unit-preserving C*-morphisms.

In the remainder of this section we show that the functor 2y is a bosonic locally
covariant quantum field theory. We call two subregions M; and M, of a spacetime
M causally disjoint if and only if JM(M;) N\ M, = 0. In other words, there are no
causal curves joining M| and M5.
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Theorem 4.4. The functor Upes : GlobHypGreen — C*Alg is a bosonic locally
covariant quantum field theory, i.e., the following axioms hold:

(i) (Quantum causality) Let (M;,S;,P;) be objects in GlobHypGreen, j=1,2,3,
and (f;,F;) morphisms from (M;,S;,P;) to (M3,S3,P3), j = 1,2, such that
fi(My) and f>(M>) are causally disjoint regions in Ms.

Then the subalgebras Abos (f1,F1) (Rpos(M1,S1,P1)) and
Abos (/25 F2) (Apos (M2, 82, P2)) of Avos(M3,S3,P3) commute.
(ii) (Time slice axiom) Let (M;,S;,P;) be objects in GlobHypGreen, j = 1,2, and
(f,F) a morphism from (My,S1,Py) to (Ma,S»,Ps) such that there is a Cauchy
hypersurface ¥ C M, for which f(X) is a Cauchy hypersurface of M. Then

Abos (f, F) : RAvos (M1, 81, P1) — Apos (M2, 52, P2)
is an isomorphism.

Proof. We first show (). For notational simplicity we assume without loss of gen-
erality that f; and F; are inclusions, j = 1,2. Let ¢; € CZ(M;,S;). Since M; and
M, are causally disjoint, the sections G¢; and ¢, have disjoint support, thus

o([pi)[g2]) = [ (Gr,g)av =o0.
Now relation in Definition 2.8] tells us

w([@i]) - w(l@2]) = w(ln] + [@2]) = w([@a]) - w([@])-

Since Apos (f1, F1)(™Abos(M1,S1,P1)) is generated by elements of the form w([¢;])
and Apos(f2, F2) (Apos(M2,S2,P>)) by elements of the form w([¢]), the assertion
follows.

In order to prove we show that SYMPL(f, F) is an isomorphism of symplec-
tic vector spaces provided f maps a Cauchy hypersurface of M| onto a Cauchy
hypersurface of M,. Since symplectic linear maps are always injective, we only
need to show surjectivity of SYMPL(f, F). This is most easily seen by replacing
SYMPL(M;,S;,P;) by ker(P;) NCg(M;,S;) as in Remark [4.3] Again we assume
without loss of generality that f and F' are inclusions.

Let y € C2(M,,S,) be a solution of P,y = 0. Let ¢ be the restriction of ¥ to
M;. Then ¢ solves P;¢ = 0 and has spacelike compact support in M, see [4}
Lemma 3.11]. We will show that there is only one solution in M, with spacelike
compact support extending ¢. It will then follow that y is the image of ¢ under
the extension map corresponding to SYMPL( f, F) and surjectivity will be shown.
To prove uniqueness of the extension, we may, by linearity, assume that ¢ = 0.
Then y defined by

Vo) im {q/(x), if x € J¥2(x),

0, otherwise,

is smooth since Y vanishes in an open neighborhood of X. Now y, solves
P,y = 0 and has past-compact support. As noticed just below Theorem 3.8] this
implies Yy =0, i.e., ¥ vanishes on JTZ (X). One shows similarly that y vanishes
on J™2(%), hence y = 0. O

The quantization process described in this subsection applies in particular to for-
mally self-adjoint wave and Dirac-type operators.
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4.2. Fermionic quantization. Next we construct a fermionic quantization. For
this we need a functorial construction of Hilbert spaces rather than symplectic
vector spaces. As we shall see this seems to be possible only under much more
restrictive assumptions. The underlying Lorentzian manifold M is assumed to be
a globally hyperbolic spacetime as before. The vector bundle S is assumed to be
complex with Hermitian inner product (-, -) which may be indefinite. The formally
self-adjoint Green-hyperbolic operator P is assumed to be of first order.

Definition 4.5. A formally self-adjoint Green-hyperbolic operator P of first order
acting on sections of a complex vector bundle S over a spacetime M is of definite
type if and only if for any x € M and any future-directed timelike tangent vector
n € T,M, the bilinear map

SxS=C, (@)~ (iop(W)- 9, ),
yields a positive definite Hermitian scalar product on S,.

Example 4.6. The classical Dirac operator P from Example [3.17)is, when defined
with the correct sign, of definite type, see e.g. [6, Sec. 1.1.5] or [3, Sec. 2].

Example 4.7. If E — M is a semi-Riemannian or -Hermitian vector bundle en-
dowed with a metric connection over a spin spacetime M, then the twisted Dirac
operator from Example |3.18|is of definite type if and only if the metric on E is
positive definite. This can be seen by evaluating the tensorized inner product on
elements of the form o ® v, where v € E, is null.

Example 4.8. The operator P = i(d —0) on S = AT*M ® C is of Dirac type but
not of definite type. This follows from Example[d.7)applied to Example[3.19] since
the natural inner product on XM is not positive definite. An alternative elementary
proof is the following: for any timelike tangent vector n on M and the correspond-
ing covector n’, one has

(iop( ), 0’) = — (0’ An’ —non’, ) = (n,n)(1,n’) = 0.

Example 4.9. An elementary computation shows that the Rarita-Schwinger oper-
ator defined in Section [3.6]is not of definite type if m > 3, see [4, Ex. 3.16].

We define the category GlobHypDef, whose objects are triples (M, S, P), where M
is a globally hyperbolic spacetime, S is a complex vector bundle equipped with
a complex inner product (-,-), and P is a formally self-adjoint Green-hyperbolic
operator of definite type acting on sections of S. The morphisms are the same as in
the category GlobHypGreen.

We construct a covariant functor from GlobHypDef to HILB, where HILB denotes
the category whose objects are complex pre-Hilbert spaces and whose morphisms
are isometric linear embeddings. As in Section {.1] the underlying vector space
is the space of classical solutions to the equation P¢ = 0 with spacelike compact
support. We put

SOL(M,S,P) :=ker(P)NCye(M,S).
Here “SOL” stands for classical solutions of the equation P¢ = 0 with spacelike

compact support. We endow SOL(M, S, P) with a positive definite Hermitian scalar
product as follows: consider a smooth spacelike Cauchy hypersurface ¥ C M with



CCR- VERSUS CAR-QUANTIZATION ON CURVED SPACETIMES 17

its future-oriented unit normal vector field n and its induced volume element dA
and set

© (9.w):= [(iop(n')- 9y ) dA

for all ¢,y € C2(M,S). The Green’s formula for formally self-adjoint first-order
differential operators [32, p. 160, Prop. 9.1] (see also [4, Lemma 3.17]) implies
that (-,-) does not depend on the choice of £. Of course, it is positive definite
because of the assumption that P is of definite type. In case P is not of definite
type, the sesquilinear form (-, -) is still independent of the choice of X but may be
degenerate, see [4, Remark 3.18].

For any object (M, S, P) in GlobHypDef we will from now on equip SOL(M, S, P)
with the Hermitian scalar product in (9) and thus turn SOL(M, S, P) into a pre-
Hilbert space.

Given a morphism (f,F) from (M;,S;,P;) to (M3,S2,P,) in GlobHypDef, then
this is also a morphism in GlobHypGreen and hence induces a homomor-
phism SYMPL(f,F) : SYMPL(M,S,P;) — SYMPL(M;,S,,P;). As explained
in Remark there is a corresponding extension homomorphism SOL(f,F) :
SOL(M,S1,P;) — SOL(M;,S,,P,). In other words, SOL(f,F) is defined such
that the diagram

SYMPL(f,F)
(10) SYMPL(M,,S,,P;) —————> SYMPL(M>, S, P;)
l SOL(f,F) l

SOL(My,Sy,P,) SOL(M>,S»,P>)

commutes. The vertical arrows are the vector space isomorphisms induced be the
Green’s propagators G| and Gy, respectively.

Lemma 4.10. The vector space homomorphism SOL(f,F) : SOL(M;,S1,P1) —
SOL(M,,S,, Py) preserves the scalar products, i.e., it is an isometric linear embed-
ding of pre-Hilbert spaces.

We refer to [4, Lemma 3.19] for a proof. The functoriality of SYMPL and dia-
gram ((10) show that SOL is a functor from GlobHypDef to HILB, the category of
pre-Hilbert spaces with isometric linear embeddings. Composing with the functor
CAR (see Section [2.1]), we obtain the covariant functor

Aferm := CAR o SOL : GlobHypDef — C*Alg.
The fermionic algebras A¢erm (M, S, P) are actually Z,-graded algebras, see Propo-

sition [2.3] (ii1).

Theorem 4.11. The functor Userm : GlobHypDef — C*Alg is a fermionic locally
covariant quantum field theory, i.e., the following axioms hold:

(i) (Quantum causality) Let (M;,S;,P;) be objects in GlobHypDef, j =1,2,3,
and (f;,F;) morphisms from (M;,S;,P;j) to (M3,S3,P3), j = 1,2, such that
fi(My) and f,(My) are causally disjoint regions in Ms.

Then the subalgebras Userm (1, F1) RAferm (M1, S1,P1)) and
Qlferm(fz,Fz)(ﬂferm(Mz,Sz,Pz)) Ofﬂferm(M3,S3,P3) super—commut

IThis means that the odd parts of the algebras anti-commute while the even parts commute with
everything.
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(ii) (Time slice axiom) Let (M;,S;,P;) be objects in GlobHypDef, j = 1,2, and
(f,F) a morphism from (My,S1,Py) to (Ma,Sa,P) such that there is a Cauchy
hypersurface ¥ C My for which f(X) is a Cauchy hypersurface of M. Then

RAterm (5 F) : Agerm (M1,81, P1) — Aterm (M2, S2, P2)
is an isomorphism.

Proof. To show (i), we assume without loss of generality that f; and F; are inclu-
sions. Let ¢; € SOL(M;,S,P;) and y; € SOL(M,,S,,P,). Denote the extensions
to M3 by ¢, := SOL(f1,F1)(¢;) and y, := SOL(f>,F>)(y;). Choose a compact
submanifold K (with boundary) in a spacelike Cauchy hypersurface X; of M; such
that supp(@;) NX; C K; and similarly K, for y;. Since M, and M, are causally
disjoint, K; UK, is acausal. Hence, by [8, Thm. 1.1], there exists a Cauchy hyper-
surface X3 of M3 containing K; and K>. As in the proof of Lemma [4.10] one sees
that supp(¢2) NZs = supp(¢1) NXE; and similarly for y». Thus, when restricted
to X3, @, and y, have disjoint support. Hence (¢, y7) = 0. This shows that
the subspaces SOL(f1, F1)(SOL(M;,S1,P1)) and SOL(f>, F>)(SOL(M>,S,,P;)) of
SOL(M3,S3,Ps) are perpendicular. Definition shows that the corresponding
CAR-algebras must super-commute.

To see (i) we recall that (f, F) is also a morphism in GlobHypGreen and that we
know from Theoremthat SYMPL(f,F) is an isomorphism. From diagram
we see that SOL(f,F) is an isomorphism. Hence 2lgerm(f,F) is also an isomor-
phism. U

Remark 4.12. Since causally disjoint regions should lead to commuting ob-
servables also in the fermionic case, one usually considers only the even part
AN (M, S, P) as the observable algebra while the full algebra germ (M, S, P) is

ferm

called the field algebra.

There is a slightly different description of the functor Ag,. Let HILBg denote
the category whose objects are the real pre-Hilbert spaces and whose morphisms
are the isometric linear embeddings. We have the functor REAL : HILB — HILBg
which associates to each complex pre-Hilbert space (V,(-,-)) its underlying real
pre-Hilbert space (V,9Re(-,-)). By Remark[2.7]

Aterm = CARyq o REAL 0 SOL.

Since the self-dual CAR-algebra of a real pre-Hilbert space is the Clifford algebra
of its complexification and since for any complex pre-Hilbert space V we have

REAL(V)®rC=V&V*,

Ugerm (M, S, P) is also the Clifford algebra of SOL(M,S,P)® SOL(M,S,P)* =
SOL(M,S & S*,P @ P*). This is the way this functor is often described in the
physics literature, see e.g. [31, p. 115f].

Self-dual CAR-representations are more natural for real fields. Let M be globally
hyperbolic and let S — M be a real vector bundle equipped with a real inner product
(-,+). A formally skew—adjoin differential operator P acting on sections of S is
called of definite type if and only if for any x € M and any future-directed timelike
tangent vector n € T, M, the bilinear map

SxXSx—”Ra ((P71//) = <GP(nb)'(paw>’

Zinstead of self-adjoint!
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yields a positive definite Euclidean scalar product on S;. An example is given by
the real Dirac operator

m
D:= Z sjej-Vej
j=1

acting on sections of the real spinor bundle XX M.

Given a smooth spacelike Cauchy hypersurface ¥ C M with future-directed time-
like unit normal field n, we define a scalar product on SOL(M, S, P) = ker(P) N
Ce(M,S,P) by

(o, y) = /Z<Gp(nb)-<p‘2,w‘z>dA.

With essentially the same proofs as before, one sees that this scalar product
does not depend on the choice of Cauchy hypersurface ¥ and that a morphism
(f,F): (M,S1,P1) = (M2,S,,P,) gives rise to an extension operator SOL(f,F) :
SOL(M;,S1,P1) — SOL(M,, S, P,) preserving the scalar product. We have con-
structed a functor

SOL : GlobHypSkewDef — HILBR

where GlobHypSkewDef denotes the category whose objects are triples (M, S, P)
with M globally hyperbolic, S — M a real vector bundle with real inner product
and P a formally skew-adjoint, Green-hyperbolic differential operator of definite
type acting on sections of S. The morphisms are the same as before.

Now the functor

A = CARyq 0 SOL : GlobHypSkewDef — C*Alg

ferm *

is a locally covariant quantum field theory in the sense that Theorem [{.T1] holds
with Qe replaced by sd

ferm*

5. CONCLUSION
‘We have constructed three functors,

Apos : GlobHypGreen —» C*Alg,
Aferm : GlobHypDef — C*Alg,

A4 GlobHypSkewDef —s C*Alg.

ferm

The first functor turns out to be a bosonic locally covariant quantum field theory
while the second and third are fermionic locally covariant quantum field theories.
The category GlobHypGreen seems to contain basically all physically relevant free
fields such as fields governed by wave equations, Dirac equations, the Proca equa-
tion and the Rarita-Schwinger equation. It contains operators of all orders. Bosonic
quantization of Dirac fields might be considered unphysical but the discussion
shows that there is no spin-statistics theorem on the level of observable algebras. In
order to obtain results like Theorem 5.1 in [33]] one needs more structure, namely
representations of the observable algebras with good properties.

The categories GlobHypDef and GlobHypSkewDef are much smaller. They contain
only operators of first order with Dirac operators as main examples. But even cer-
tain twisted Dirac operators such as the Euler operator do not belong to this class.
The category GlobHypSkewDef is essentially the real analogue of GlobHypDef.
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