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Abstract
We consider the Cauchy problem of massless Dirac-Maxwell equations on an asymptotically flat
background and give a global existence and uniqueness theorem for initial values small in an
appropriate weighted Sobolev space.

Résumé
Nous considérons le probleme de Cauchy pour les équations de Dirac-Maxwell sans masse sur un
espace asymptotiquement plat. Nous prouvons un théoreme d’existence et d’unicité des solutions
pour des valeurs initiales suffisamment petites dans un espace de Sobolev approprié.
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1 Introduction, terminology, state of the art, main result

Electrodynamics and its coupling to matter is, on a fundamental level, described by Dirac-Maxwell
systems. Whereas the vast majority of physicists is convinced nowadays that the truly fundamental
description is not classical but a quantum field theory, most quantization schemes do take some
profit from a knowledge of the space of global solutions of the classical equations. Moreover, some
quantization procedures (as the quantization via Fock spaces in a perturbative and geometric
quantization in a nonperturbative manner) are even based conceptually on this space. Therefore
classical global solvability of the equations is an important question in this context.

The setup for the entire article is the following: Consider a globally hyperbolic spin manifold
(M, g) and a trivial U(1)-principal bundle 7 : E — M. Let A be a U(1)-principal bundle con-
nection form on 7, or equivalently, an invariant ¢R-valued one-form on E. We will assume in
the following that M is simply-connected in which case it is well-known that we can regard A
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as a real-valued one-form on M. We denote the standard spinor bundle by ¢ : ¥ — M. Then
any one-form A induces a covariant derivative V4 on o by V4 (v) := Vx1 + iA(X)y. Conse-
quently, we have for the corresponding Dirac operators D4 := Z'Z;L:() €;e; - V;“j and D := DY
the relation D4 = Diy — A - 1. Now the Dirac-Maxwell Lagrangian LE(DM), for two
Cauchy surfaces S, T of (M, g) is a functional on F(Galli1 o) ® QY (M) defined as LL(DM) (¢, A) =

f1+(S)mI—(T) Lpn (¢ @ A) where Lp)y is the Dirac-Maxwell Lagrangian density for N par-

ticles of charges sgn(ui)/|p1l,-.-,sgn(pn)/|pun| and masses mq,...,my denoted as Lpas
and defined by (writing ¢ = (¥, ..., 9"))

—
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Lom( @A) = ptr(FAAFY) + ; SUDMAY ) + (@, DAY =S (!
The critical values of the Lagrangian are exactly the preimages of zero under the operator Ppjs
given by

Pou (! & @ N ® A) = (DP AP — mygpl,. ., DVAYN N d°F — ),

where Jy(X) = leil - gu(X) and jr(X) = (X -k ). If ¥*F and ! have equal mass
and charge, then it is easy to see that d*ji; = 0, thus in particular Jy is divergence-free for
(1, A) € Pp1,(0). In the sequel, we shall call a pair (¢ = (¥1,...,9"), A) as above a solution to
the Dirac-Maxwell equation if (1, A) € Py3,(0), that is, if

DHAY =myt, 1=1,...,N  and  d*'dA=Jy.
The massless Dirac-Maxwell equation is the Dirac-Maxwell equation with m; = ... =my = 0.

Let us first shortly review the state of the art on this subject. Considering the fact that the mass-
less Dirac-Maxwell equation is in dimension 4 conformally invariant, Christodoulou and Choquet-
Bruhat [5] show existence of solutions of Dirac-Yang-Mills-Higgs solutions on four-dimensional
Minkowski space with initial values small in weighted Sobolev spaces. The weights they use come
from certain conformal rescalings. One could try to apply their result to Maxwell-Dirac Theory,
but, as we are going to explain in the next paragraph, this is only possible if we extend their set-
ting to a system of finitely many particles whose charge changes sign and of vanishing mass each.
Psarelli [I7], in contrast, treated the question of Dirac-Maxwell equations with or without mass on
R3 (not in terms of connections modelling potentials, but in terms of curvature tensors modelling
field strengtlﬂ), with results of the form: If C' is any compact subset of a Cauchy surface S of
R3 then there is a number a depending on C such that, if some initial values I such that (among
others) the spinor part is supported in C' have Sobolev norm smaller than a, then there is a global
solution with initial values I. In the massless case, this result is of course strictly weaker than
the weighted Sobolev result. Georgiev [14] established the global existence for massless or massive
Maxwell-Dirac solutions for initial data sufficiently small in some weighted Sobolev norm in R3.
The aim of the present article is to generalize Georgiev’s results to the case of asymptotically flat
spacetimes.

IRecall, however, that the Aharanov-Bohm effect shows that rather than the electromagnetic fields, the potentials
play the more fundamental role in electrodynamics



Choquet-Bruhat and Christodoulou, in their approach [5] to the problem, consider a more general
setting by adding another dynamical field, namely the Higgs field providing a mass of some sortﬂ
and governed itself by the Laplace-d’Alembert operator. Now, if we want to represent the Maxwell-
Dirac equation in their setting we have to choose the Higgs field as a constant field. As a good decay
of the Higgs field is imposed, the only possible choice is zero, obtaining massless Dirac-Maxwell
theory. Also the other fields are assumed to have an extension to the conformal compactification,
which is the Einstein cylinder in that case. But this leaves us with pure Maxwell theory, as
will be proven in Proposition at the end of Section [2] This problem was apparently known
to the authors of [5] and was actually the reason for introducing the Higgs field in their setting
[6]. Our method, as well as Choquet-Bruhat’s and Christodoulou’s, needs a good decay of the
electromagnetic fields (we consider the fields in a conformally compactified spacetime), thus we
assume neutrality of the setting, that is, we consider from the beginning more than one particle
and assume the total charge [ .Jy(v) to vanish, where S is a Cauchy hypersurface with future-
directed unit normal v; note that the total charge is independent of the choice of the Cauchy surface
due to j; being divergence-free. If all y; are nonzero, this assumption is of course only satisfiable
if there are at least two y; of opposite sign. Considering the fact that the constraint equation in
Theorem [I.1] describe the transition of the Dirac-Maxwell system to a symmetric hyperbolic system
(whose local initial value problem is well-posed), the obstruction of Proposition imply that a
solution to the constraint equations for a constellation with nonvanishing total charge cannot be
extended conformally.

Choquet-Bruhat’s and Christodoulou’s method naturally uses the well-known Penrose embedding
of Minkowski space into the Einstein cylinder. In order to explain this embedding, let us first
review some geometric notions as well as introduce some new terminology:

We call a continuous and piecewise C! curve ¢ in a time-oriented Lorentzian manifold P causal
future iff ¢/ is causal future on the C' pieces. We call a subset A of P causally convex if
any causal curve intersects A in the image of a (possibly empty) interval. We call a subset S of
P Cauchy surface iff any C° inextendible causal future curve intersects S exactly once and a
subset A strongly future compact iff for any Cauchy surface S of P, the subset J*(S)N A is
compact.

Now, let (M, g) and (N, h) be globally hyperbolic Lorentzian manifolds, where g, h are supposed
to be C* metrics for some k& € N\ {0} (this reduced regularity is essential for our purposes!).
An open conformal embedding f € C*(M, N) is said to C*-extend g conformally or to be a
C*—conformal extension of (M,g) iff f(M) is causally convex and strongly future compact.
A globally hyperbolic manifold (M, g) is, called C*-extendable for k& € N U {oo} iff there is a
C*-conformal extension of (M, g) into a globally hyperbolic manifold.

Whereas Choquet-Bruhat and Christodoulou work with the Penrose embedding which is a C'°°-
conformal extension of the entire spacetime, it turns out that, in order to generalize the result
by Choquet-Bruhat and Christodoulou, we have to generalize our notion of conformal compacti-
fication in a twofold way. First, only the timelike future of a Cauchy surface will be conformally
embeddable with open image; furthermore, we have to relax the required regularity of the metric of
the target manifolds from C* to C*. The reason for the second generalization is that we want to
include maximal Cauchy developments (g, ®) of initial values for Einstein-Klein-Gordon theories

2i.e., the coupling can be chosen in such a way that any solution with constant Higgs field gives rise to a solution

to the massive Dirac equation.



that satisfy decay conditions at spatial infinity only for finitely many derivatives (controlled by a
single weighted Sobolev norm). Thus one cannot control higher derivatives at future null infinity.
Consequently, as in order to show critical regularity, we have to admit conformal extensions of
(M, g) that are not smooth but only C*, we need to show a version of the usual existence theorem
for symmetric hyperbolic systems for coefficients of finite regularity. This is done in the Appendix.
The second modification is due to the fact that the extension via the Penrose embedding into
the Einstein cylinder can, of course, be generalized in a straightforward manner to every compact
perturbation of the Minkowski metric. But compact perturbations of Minkowski metric are not
very interesting metrics from a physical point of view, as (with interactions like Maxwell theory
satisfying the dominant energy condition) a nonzero energy-momentum tensor necessarily entails a
positive mass of the metric. And a positive mass of the metric, in turn, is an obstacle to a smooth
extension in spatial direction due to the Penrose peeling criterion, for a discussion of this problem
see [I5} pp. 180-181]. Thus we have necessarily a singularity in the surrounding metric at the
spacelike infinity i, so we have to restrict to the timelike future of a fixed Cauchy surface.

Results by Anderson and Chrusciel (cf. [2, Theorems 5.2, 6.1 & 6.2]), improving earlier results
by Friedrich [I3] imply that, apart from the — physically less interesting — class of compact
perturbations of Minkowski space, there is a rich and more realistic class of manifolds which is
C*-extendable in the sense above, namely the class of all static initial values with Schwarzschildian
ends and small initial values in an appropriate Sobolev space — see also the article of Corvino
on this topic [§]. This space of initial values is quite rich, which can be seen by the conformal
gluing technique of Corvino and Schoen [9]. This holds in any even dimension. And in the case
of a four-dimensional space-time manifold, there is, in fact, an even larger class of initial values
satisfying the conditions of our global existence theorem which is given by a smallness condition to
the Einstein initial values in a weighted Sobolev space encoding a good asymptotic decay towards
Schwarzschild initial data, cf. the remark following Theorem 6.2 in [2] and the remarks following
Theorem 2.6 in [I0]. The maximal Cauchy development of any such initial data set carries even
a Cauchy temporal function ¢ such that for all level sets S, := t~!({a}) of ¢, I*(S,) are both
C*-extendable and thus satisfy even the stronger assumption of Theorem E|

The central insight presented in this article is that the above mentioned weakened notion of con-
formal extension suffices to establish — however slightly less explicit — weighted Sobolev spaces
of initial values allowing for a global solution. In particular, we do not impose asymptotic flatness:
the theorem is, e.g., applicable to any precompact open subset of de Sitter spacetime whose closure
is causally convex. More explicitly, our main theorem is the following:

Theorem 1.1 (Main theorem) Let (M, g) be a 4-dimensional globally hyperbolic spacetime with
a Cauchy hypersurface S’ such that I (S") is C*-extendable in a globally hyperbolic spacetime (N, h)
and let u € C®(M) with e*"g = h. Let Ppys be the massless Dirac-Mazwell operator for a finite
number of fermion fields. Then, for any Cauchy hypersurface S C I'*(S") of N, there is a weighted
W4 neighborhood U of 0 in w|s such that there is a solution (¢, A) of Ppa(w, A) = 0 in all

3This is a remarkable fact as it is a first approach to the question whether Einstein-Dirac-Mazwell theory is stable
around zero, as the stability theorems imply that Einstein-Maxwell theory is stable around zero initial values for
given small Dirac fields, and our main result implies that Maxwell-Dirac Theory is stable around zero for maximal
Cauchy developments of small Einstein initial values.



of IT(S) for every initial value in U with zero total charge w.r.t. S and satisfying the constraint
equation

3
0 = *Al ZVGJAO €J (1.1)
j=1

agt 0

0 = (Vv ZVeJAl (e1) = 550 (G A (5) + A erad,, (3(2,))

3) 16}
1 almna.MaﬁN,a
+%vgradgt(5(t,~))A0(a)+ 9t (V"™ Ay, 8) ric (aaAo)Jr;#leg(a)» (1.2)
where (V)" Vi i= S0V s, Ve, Ve, Ao = Ay, € D(TM,), Avi= 3 € T(T"M),,)

and )} = w‘lso € F(0|SO), where the metric h = e2g = —Bdt?> + g, is the one of the extension to

which also the orthonormal basis (e;); refers, t a time function with S = Sy = t=1({0}) and the
spinors for two conformally related metrics are identified as usual.

Remark 1: In case § = 1, which can be assumed without loss of generality by the existence of
Fermi coordinates w.r.t. h in a neighbourhood of S, the constraint equations (1.1]) simplify to

0 = ;<A(§t))+d*(/l) (n—1)H - A(gt)
0 = —as(at) +as () - 30T A W) + Aw@W) 4 2AWPACG) +ric¥ (5.47)
al B
+Z:Ul.]wé(&)7
=1

where Ag 1= 15A € T(T*S5), %—fs =152 e T(T*S), W = Qgt_l% is the Weingarten map of
g8 — M, H:= —Ltr(W) is its mean curvature and ¥}, := q/;ls € I(o)y).

Remark 2: A closer inspection of the proof shows that the assumption of C*-extendibility of 17 (9)
could even be replaced by the weaker assumption of weak C*-extendibility, which we could define
as follows: A globally hyperbolic manifold (4, k) is weakly C'-extendable if there is a sequence
of smooth spacelike hypersurfaces (not necessarily Cauchy) of (4,k) such that S, € I'™(Sp41),
A = U;en I7(Sn) and IT(S,) is C'-extendible, for all n € N. This generalization could be
interesting applied to (A,k) = I},(S) for M an asymptotically flat spacetime and S,, chosen as
hyperboloidal subsets.

We can derive as an immediate corollary for the case that M has a Cauchy temporal function ¢
all of whose level sets are “extendable in both directions”. Here it is important to note that every
conformal extension I induces a constraint equation Cj as above. Then we obtain:

Theorem 1.2 Let (M, g) be a 4-dimensional globally hyperbolic manifold with a Cauchy temporal
function t such that for all level sets S, := t~1({a}) of t, I*(S.) are both C*-extendable by a



conformal extension I*(a). Then for every Cauchy surface S such that t|s is bounded, and for any
initial values satisfying the neutrality and the constraint equations Cr- (o), Cr+ () for e > supt(S),
f < inft(S) and small in the respective Sobolev spaces, there is a global solution on M to the
massless Dirac-Mazwell system above extending those initial values. O

The method we use allows to treat also other equations than the massless Dirac-Maxwell equations,
as long as they display an appropriate conformal behaviour and are gauge-equivalent to a semilinear
symmetric hyperbolic system admitting a global solution (cf. Appendix). In particular, Dirac-
Yang-Mills-Higgs systems as in Choquet-Bruhat’s and Christodoulou’s article should be treatable
in a similar manner.

For the physically interested reader, we make a little more precise what would have to be done
to connect our setting to proper QED. First of all, one should build up the n-particle space
as the vector space generated as an exterior product by all classical solutions that are totally
antisymmetric under permutations of different spinor fields of equal mass and charge to obtain
the usual fermionic commutation relations. Expanding in a basis of Span(y?,...,%") which is
orthonormal w.r.t. the conserved L? scalar product (¢, ¢) := [qjy.¢(v) (where v is the normal
vector field of a Cauchy surface S), we see we can w.r.o.g. assume that the spinor fields form a
(-, -)-orthogonal system. If we have initial values at S in appropriate Sobolev spaces satisfying
this condition, it will be true for the corresponding solution any other Cauchy surface due to
the divergence-freeness of the jy 4. The neutrality condition |, g Jy(v) = 0 is in the case of an

orthonormal system of spinors equivalent to the condition Zz]i1 w; = 0. Moreover, in that case,
Jy can be seen as the expectation value of the quantum-mechanical Dirac current operator, cf.
[12, Sec. 3]. In the end, one would also need to quantize the bosonic potential A. Furthermore,
one should consider the sum of all n-particle spaces to include phenomena like particle creation,
particle annihilation, and also possibly the Dirac sea.

In a subsequent work, we will furthermore examine the question whether the solutions of the
constraint equations of fixed regularity intersected with any open ball around 0 always form an
infinite-dimensional Banach manifold.

The article is structured as follows: The second section recalls well-known facts on transformations
under which the Dirac-Maxwell equations display some sort of covariance, proves Proposition [2.3
and derives the constraint equations used in Theorem The third section is devoted to a proof
of the main theorem, and the last section is an appendix transferring standard textbook tools for
symmetric hyperbolic systems to the case of coefficients of finite (i.e., C*) regularity needed here,
a result that should be known more or less by experts on the fields already and for which we do
not claim originality by any means.

2 Invariances of the Dirac-Maxwell equations

Let us first recall important well-known invariances of the Dirac-Maxwell equation:



Lemma 2.1 Let (¢, A) be a solution of the Dirac-Mazwell equations on a spin spacetime (M™, g).

1. (Gauge invariance) For any f € C°(M,R), the pair (' = (e~ 1yl .. e7#NIpN) Al =
A+ df) solves again the Dirac-Mazwell equations on (M™,g).

2. (Conformal invariance) Ifn = 4, then for any u € C=(M,R), the pair (¢ := e~ 2"g, A)
solves D‘”A U= me %! and dzdA = Sy ,uljwl on (M™,g = e*g), where ¥ +— P,
SgM ® E — SgM ® F, denotes the natural unitary isomorphism induced by the conformal
change of metric. In particular, in dimension 4, the Dirac-Maxwell equations are scaling-
imwvariant and the massless Dirac-Mazwell equations are even conformally invariant.

Proof. Both statements follow from elementary computations. For the sake of simplicity, we
perform the proof only for N =1 and ¢ = 1.
1. By definition of the Dirac operator, we have DA = D4 — df-,

(D4 — df-)(e™ 1)
i (—ie”df) -+ e DAY — e U df -
= mw/

and d*dA' = d*dA+ d*d*f = d*dA = jy = jy .
2. First, we compute, for all tangential vector fields X,Y, Z and every 2-form w on M™:

_DA/’(/}/

(VE)(Y,2) = X(w(Y,2)) - w(V%Y.Z) - w(Y,V%2)
= X(w(.2))—w (VLY + X(u)Y + Y (u)X — g(X,Y)grad,(u), Z)
—w (Y, V%Z+X(W)Z + Z(u)X — g(X,Z)gradg(u))
= (V&)(Y,Z) - 2X (w)w(Y, Z) = Y (v)w(X, Z) + Z(u)w(X,Y)
+9(X, Y )w(grady(u), Z) — g(X, Z)w(grad,(u),Y).

We deduce that, for the divergence, we have, in a local g-ONB (e;)o<j<n—1 of TM and for every
Xel(M,TM),

(dgw)(X) = _ZEJ )@, X)

= —efzuzﬁj(vgjw)(ejyX)
=0

= _6_%"—1 i((VEw)(ej, X) = 2¢j(u)w(e;, X) — ej(u)w(e;, X) + X (u) wle;, €5)
;)E ( ’ —

+glej, ej)w(grad, (u), X) — glej, X )w(grad, (u) e;)

(@) (X) — (0~ Derad, (), X)),



that is, dzw = e (dbw — (n — 4)gradg(u)Jw). If in particular n = 4, then djw = e diw, so
that dzdA = e_Q“dZdA. On the other hand, the operator D4 is conformally covariant, that is,
D‘g“(e*né;lua) = e*nTH“Dg‘w, in particular we have

_n—l,—
DAF = DT
= ¢ "TUDAY

= —me “p.

It remains to notice that, for every X € TM,

Jp(X) = (X 39.9)
= e TUX 5 4,9))
= e (DN (X 0,
= e*“‘* X g, 9)

6_(n_2)uj¢ (X)7

that is, j = e~ (=2, We deduce that, for n = 4, we have dtdA = e *"jy = jg, which con-
cludes the proof. O
The Dirac-wave operator Ppy is defined by
Pow(@' @ ..y @A) = (D' —myyt, ..., DAY —myyN, 04 - Jy),
and the Dirac-wave equation is just the equation Ppw (¢, A) = 0, where O := dd* + d*d.
Proposition 2.2 (Lorenz gauge) Let (M, g) be as above.
i) For any solution (1, A) of the Dirac-wave equation, O(d*A) = 0 holds on M. In particular
d*A=0 on M iff (d*A);, =0= (%d*A)ls .
0

it) Given any solution (¢, A) to the Dirac-wave equation, the equations (d*A)‘S0 =0= (%d*A)

IS()
are equivalent to
1,8, <
0 = BAl(a)*;(VejAo)(ej) (2.1)
tan tan 1 agt 0
0 = —(V*)'V ZveJAl ej) = 35tra (G )A1<a>+ﬁA1<grad (A(t.)))

1 b . dg, B )
+% grad,, (B(t, ))AO(at)+ g(vt A07 8t)+ ic (8t Au +Z:uqu/)l at) (22)

where Ag := A, € N(T"M ), A1 := %l% e(T"M,) and Pl = z/J‘lSU €l(os,)-



Proof. Let (¢, A) solve the Dirac-wave equation. Then O(d*A) = d*(0A) = d*J,. But a direct
calculation leads to

d*jk =i ((DAYF F) — (F, DAYF)) = —2Im((DAY*, y*)),

hence d*Jy = 0 as soon as DAYF = mpp* with my, € R (or, more generally, if DAy = Hq) for
some Hermitian endomorphism-field H of ¢). This shows O(d*A) = 0 and 3).

Next we express the equations (d*A)|S0 =0= (%d*A)Is solely in terms of the initial data Ay,
0
Ay and . It is already obvious that the first equation (d*A), s, = 0 only depends on Ay (and
its tangential derivatives along Sy) and A;, however the second equation (%d*A)‘S = 0, which
0

contains a derivative of second order in ¢ of A, requires the wave equation OA = Jy in order to
yield a relationship between the initial data.
10

Denoting by (e;)1<;<3 a local on.b. of T'Sy and letting ey := Tt (the future-oriented unit

normal field on Sp), we have
3

d&*A = — Z £i(Ve, A)(ey)

=0

3
= (Ve A)(eo) Z VCJA €;)
i=1

J
IVA 8
— ﬂ at Z VEJA e;).

[

]:
As a first consequence, if we restrict that identity to Sy, we obtain
1, 0, <
(d"A)g, = = A1(5) = D _(Ve, 4o)(e;).
Ié; ot =
Note here that the second term is in general not the divergence of the pull-back of Ay on Sy since

the second fundamental form of Sy in M may be non-vanishing. Differentiating further, we also
obtain

o ., 9 (1VA, D 20
&dA = (ﬂ at ) ;5 VSJA ej))
1{ 198VA, 0. V24,0 VAva}

3\ 5ot o e T o o) T arar)
—ZatVeJA ¢)) ZVSJA WJ



where

0 e 9
ot %7 ErE)
j=1 j=1
. v4a
— Z‘:ve,‘ﬁ(ejwv[w JA(e;) — AR . ¢5)
]:
. v4a 5
= —(e; N e M Yot
= ;Vej ot (ej)+V[%7ej]A(eJ) ric (8t’A )

Using the equation A = J,;, we express %154 in terms of ¥ and of tangential (up to second order)
and normal (up to first order) derivatives of A. Since the metric g has the form g = —3dt*> @ g,
we can split the rough d’Alembert operator OV (associated to an arbitrary connection V on the
bundle under consideration) under the form

Dv = ZE](VVE,WGJ - VE]‘ VEJ‘)

1V, 1 —
= (et~ p vy T Ve *ZV oy TV
=:(Vtan)*tan
_ 1V, 10,1V 139 1
B 6(8) \Fat(f)at_fat(f)at_ﬂwgé%
i % . tan\*xyrtan
_ 1y, 108V _ 1 1.0 99,V | ranyrgtan
- 5(at) 252 at at 2ﬂvgradqt(ﬁ( )) + 2ﬁtrgt( Bt )at (v ) v

= (G + 3l ()~ 5 5) (T = eV, e, (23)

where, as usual, (ej)o<j<n—1 denotes a local ONB of T'M with ey = ﬁ% and €; = g(ej,e;) €

{#£1}, the Levi-Civita connections of (M, g) and (S, g;) are denoted respectively by V¥ and V9
and where we have made use of the following identities (which are easy to check using Koszul’s
identity):

My, _ oS Ly _ S 1 9g¢ 5]
VXY = VRV 4 VRY = VRY + ST Y ) g

for all X, Y € T'S; =T ({t} x S) and

0 1030 1
M 52 9r 9z = .
ot g ot T 2% (8.

10



As a consequence, ([2.3) gives

1 V24 1 1 /188 8g: \ VA

- — (O — tan\*xyrtan 7 - -

3 Ot2 ( (V ) \4 )A + 25Vgradgt(ﬁ(t»'))‘4 5 (ﬂ ot tr ( ot )> ot
If OA = Jy, then we deduce that
1V2A,0., 0 tans s otan 4, O 0 1 /100 dg:.\ VA, 0
S () = T~ (T VARV, Al 55 (598 — () ()

Using again the above identities connecting the Levi-Civita connections of S; and M, we obtain

0pq _ 1OBVA D 1VA 1050 1
alt = Faaad) T i B at + gerady, (00t ))
01 grmeging 0 00 1 (105 ou\ VA0
o)~ (T T A + 5V, 0 Al + 35 (50— 0 () ) a0
0 > v4 Ve,
M9 j
+ric (8t,A) ;Vea Y (ej)—t—v[a e]A(e])—i-VeJA( 8t)
a > 1 dg, VA 0. 1 VA
_ _ tan\*y7tan Il .
- (V ) v A at ;vﬁj at ﬂt gt( at) at (at)+ 25 at ( ra‘dgt(ﬁ(t7 )))
1 a > Ve, B} 0
o5 Verad,, (3 AlZ;) Z (e Ales) + Ve, A 2) +1ic™ (o0, AF) + Ty (5).
Now using at =0aswellas V, 2 = %ej(ﬁ) 9 4 L1g;71 o %4 (¢}, +), we have
i Ve, 2 Ve,
J _ . 277
z:j (2 eAle)) + Ve, A( ) = ;V%_vej%A(eJ)—i—VqA( )
3 Ve. 3
— ZVWJA(eJ)+vejA(37;)—Zvvej%A(eJ)
j=1 j=1
0
1 VA 1
= _Zﬁej(ﬁ>ﬁ(ej)+2vgtldm(e )A(eJ)
j=1
1 VA 1<
= _%ﬁ(gradgt(ﬁ(t7 )))_izlvgtl%(e )A(eg)
=
- 1 VA ]- tan 8gt
*%E(gr 5. (B(t,°))) — 59t gi (V" A, 8t)



so that we get

o .. st 0 0. e~_ VA 1. 99 VA 9.  1VA
1 ) . )
+%Vgradgt(ﬁ(tﬁ.))14(a) + gt(vt A é)t ) + ric (8t Au) + Jw(at)

Restricting that equation onto Sy, we come to

* A - _ tan tanA . A A —A .
(1) = v ZV, 1(e5) = 7t () As () + 5 A anad,, (50, )
1 8 an 8gt 0 # 0
"‘ﬁvgradgt(ﬁ(t,-))AO(&) + §gt(vt Ao, - ot ) + ric (&a Ag) + on(g)-
This yields the second equation and concludes the proof. O

Proposition 2.3 Let (¢ = (¥!,...,9N), A) be any classical solution to the Dirac-Mazwell equa-
tion such that, along a given (smooth, spacelike) Cauchy hypersurface S with future-directed unit
normal v, the 1-form dA(v,-) is compactly supported. Then fs, Jyp (V') =0 for all Cauchy hyper-
surfaces S’ of M with future unit normal vector v'. In particular, for N = 1 and p1 # 0, we can
conclude 1, = 0.

Proof.  Let (1, A) be any classical (i.e., sufficiently smooth) 1-particle solution to the Dirac-
Maxwell equation, that is, D4 = ma) and d*dA = Ju. Let § C M be any smooth spacelike
Cauchy hypersurface and v be the future-directed unit normal vector field along S. We first
compute the codifferential along S of the 1-form v.dA = dA(v,-). Let {e;}1<j<n—1 be any local
g-orthonormal frame on S, then
n—1
ds(vadA) = —ZejJij(quA)

j*l
= —Zej ( (vadA) — dA(V,VA)gy)Vb)

n—1

— Z ejJVé\;I(Z/JdA)

j=1

= e (a6 aa@ )

j=1
n—1 n—1
= = (VMdA)(v.ej) = > dAVMve;),
=1 =1
where the last sum vanishes since (X,Y) — g(V¥v,Y) is symmetric. We are left with

dg(vadA) = —(djdA)(v) = —ju(v).
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As a consequence, if vudA has compact support on S, then by the divergence theorem,

/ Jov)doy = — / 45 (v 2dA)do, = 0.
S S

Since jy(v) > 0, we obtain j,(r) = 0 on S and hence 9|, = 0 by positive-definiteness of the
Hermitian inner product (¢, @) — (v - ¢, ¢). Since ¢ is uniquely determined by its values along a
Cauchy hypersurface, we obtain ¢y =0 on M. O

3 Proof of the main theorem

In a first geometric step, for a Cauchy surface S’ of (M, g), we extend (I7(S'),g) C*-conformally
to a globally hyperbolic manifold (N,h) by a map F. Then we use the generalization of the C*
extension criterion in Taylor for C* coefficients to show that there is a C' solution in N and thus in
M, as follows: Let S be the image in IV of a Cauchy surface in M. In our main theorem, we assume
the Lorenz gauge condition (see Proposition and therefore can use the first prolongation (for
the definition, see end of Appendix) PDW of the Dirac-wave operator Ppy instead of Ppy;. Due
to the lifetime estimate in Theorem there is a positive number § such that for initial values a
on a given Cauchy hypersurface Z of N with ||al| s (n,n) < ¢ there is a global solution on M. Now,
in a second step, we have to manage the “initial jump” from S to Z, that is, we have to define
sufficient conditions on S such that, starting with initial conditions on S giving rise to solutions
reaching Z and satisfying a smallness condition, we get global solutions on I (.5).

Due to the unavoidable divergence of the conformal structure, we have to “avoid spatial infinity”
in all computations, in the following sense: We transport sufficient smallness conditions down to
Seo := S only away from the boundary of the image while closer to the boundary we only transport
them halfway down from one hypersurface S,, to the next hypersurface S, 1. The hypersurfaces
will be level sets of some Cauchy temporal function T of (N, h), not Cauchy surfaces of (M, g).
More exactly, we choose a compact exhaustion of S, i.e. a sequence of open sets C}, in .S such that
C,, is compact, such that C,, C C,, ;1 and Ui2, Ci = S. Furthermore, we define K,, := D (C),) as
their future domains of dependence. Then, for all n € N\ {0}, we choose any number s € (0, 7/2)
and define S; := T~!(s) N F(M) and inductively S,11 := T (r,41) N F(M) for r,41 so small
that

J_(Sn+1 \Kn+1) n Cn = @ (31)

This can be done, as there is a small s,,41 > 0 such that K, +1 N T~[0, s,] is compact, and thus,
by compactness of D, := JT (K, NS)NIK, 1, we have 7, := min{T(z)|x € D,} > 0 and we
can choose 1,41 € (0, min{s,,7,}). Thus we can arrange that r,11 — 0. We define the annulus
regions D; := C; \ Cj_1 and Dy := Cy. Now we construct inductively a sequence b,, such that
if ||uo|p,|lc+ < b; then there is a global C! solution u on F(M) of Ppwu = 0 with u|s = uo.
This sequence b will be constructed via a corresponding sequence a for the H* norms, which in
turn is constructed as a limit of finite sequences a(™ € R™ that are stable in the sense that

13



(m) (m')

an "’ =ay ’ whenever n < m—2,m’—2, so that, for n fixed, the sequence m — a,(lm) is eventually
constant, thus we can, indeed, define a; := lim,, o agm). We define F; := S; \ Ky and, for

i>1, B :=1(S;_1\ K;_1) NS;, and we prove inductively that if there is a C*H* solution u of
Ppwu = 0 between S and S,,+1 with |[u|p,| e < a; for all i € NN [0,n] and [Ju|g, ,,||gs < agﬁl
then u extends to a global C! solution on F(M). Here, we choose the spatial regularity H*, as the
degree of the operator is 2 and as the critical regularity of the associated symmetric hyperbolic
operator defined as a first prolongation is ”Tfl = 3/2. The induction step is done by applying the
theorem on lifetime (Theorem in two regions: I~ (E, \ Kn+1) NI (Sn41) and K,y 1 NIT(S).
As announced above, to guarantee the smallness condition on the inner part there is a sufficient

smallness condition on S while the smallness condition on the outer part transfers to a sufficient
e o
by the smallness estimate necessary for ag,T), and indeed the value of a%) for j > m is constant
because of the condition[3.1] Thus the limit a,, is well-defined and positive. Thus we get a sequence
a; and conditions |lug||g4(p,) < a;, satisfied if [[uol|ca(p,) < b; for appropriate constants b;. Now,
given initial values ug satisfying the smallness condition given by the sequence b, and given any
point q € F(M), we want to show that ¢ is contained in a domain of definition for a C! solution
u of Ppwu = 0 with u|s = ug. To that purpose, we choose an 4 such that ¢ € K; and choose
fi € C*(5,]0,1]) with f;(C;) = {1} and supp(f;) C S\ Ciy1. Then we solve the initial value
problem for u(Y) = f; - ug. Then we apply the ith step in the induction above, getting a solution
ull on a domain of definition including g. Locality implies that any local solution with initial value
ug coincides with u[? on K. This is, the domain of definition of a maximal solution includes g.

Finally, we show higher regularity by considering the differentiated equation (which is a linear
equation in the highest derivatives again). Consider the highest derivatives in a Sobolev Hilbert
space as independent variables and show that they are in the same Sobolev Hilbert space as
the coeflicients, thereby gaining one order of (weak) differentiability. Finally we use Sobolev

embeddings in the usual way.

smallness condition on S,11. The value of a is the minimum of a and the value obtained

O

4 Appendix: Modification of the extension criterion, exis-
tence time and regularity

Following [20, Ch. 16] but modifying the proof so as to allow for coefficients of finite regularity, we
present the proof of local existence and uniqueness for solutions to symmetric hyperbolic systems.
Although we could not find the existence theory for symmetric hyperbolic systems with coefficients
of finite regularity in the literature, we do not claim originality of the following results but present
them in full detail for the sake of self-containedness.

Definition 4.1 (|20, Sec. 16.2]) For K = R or C and N € N, a first-order symmetric hy-
perbolic system on R" with values in K" is a system of equations of the form

{ Ap(t, z, u)% = L(t,z,u,0)u+ g(t,x,u) on R x R”

u(0) _7 (4.1)

where
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o L(t,z,u,d)v = 2?21 Aj(t,z,u)0;v for all v : R x R® — KV, with Aj : Rx R" x KN —
Maty « v (K) such that A; = Aj (pointwise),

o Ag: R xR" x KN — Matn«n(K) such that Aj = Ay (pointwise) and Ag(t,z,u) > c-1 for
some ¢ > 0,

e g:RxR”x KN - K" and
o f:R" —» KV,

The same definition can be made when replacing R™ by an n-dimensional torus T". The condition
on Ap means that Ag is a pointwise Hermitian/symmetric matrix that is uniformly positive definite
on R x R™ x KV,

We want to prove the local existence and the uniqueness of solutions to first-order symmetric hy-
perbolic systems on T". Later on, we shall consider the case of higher order symmetric hyperbolic
system also on other manifolds.

We start by assuming low regularity on the data (we shall see below how the regularity of the
solution depends on that of the data). The main theorem we want to prove is the following:

Theorem 4.2 Consider a KN -valued first-order symmetric hyperbolic system on T™ as in Defini-
tion and assume A;, g to be C' in (t,z,u) and C* in (x,u) for some k > 5 + 1. Then for any
feH”,

1. there is an n € R} for which a unique solution u € C*(] —n,n[xT™) N C°(] — n,n[, H*(T™))
to (4.1) exists;

2. (extension criterion): that solution u exists as long as ||u(t)||c1(r) remains bounded.

By C°H*, we mean continuous in the first variable ¢ € I with values in the H*-Sobolev space on
T™ or T x KV. We shall mostly omit the interval I or the torus T™ in the notation. As usual,
H* := Wk2, In the sequel, we shall often denote those spaces of functions with regularity R in
t and with values in a Banach space S (mostly of functions in the other variables) with RS (e.g.
CYH*, L*HF etc.).

During the seven-step proof of Theorem [4.2] in several estimates, as multiplicative factors functions
C; : R™ — R will appear that take certain norms of the (approximate) solutions or of other maps
as arguments. For simplicity, we will adopt the convention that these functions (’constants only
depending on the norm’) are taken to be monotonously increasing, and we try to number them
consecutively by indices in every of the seven steps of the proof, which are the following:

1. Using mollifiers, perturb (4.1)) by a small parameter £ > 0 in order to obtain a new system
that can be interpreted as an ODE in the Banach space H* = H*(T™).

2. For each value of the parameter ¢ > 0, solve the corresponding ODE locally about 0 € R and
obtain a so-called approximate solution.
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3. By a uniform (in the parameter ¢) control of the pointwise H*-norm of those approximate
solutions, show that they all exist on a common interval | — n, n[ with n > 0.

4. Up to shrinking 7 a bit, extract of the families of approximate solutions a weak accumulation
point and show that it is a C1-solution to (4.1)) on | — n, n[xT".

5. Show uniqueness of the local solution by controlling the rate of convergence of the approxi-
mate solutions against the solution when € — 0.

6. Improve the regularity of the solution to COH”. This proves 1.

7. Show that in fact ||u(t)|| g#(rn) remains bounded as long as [[u(t)||c1(rn) does. Assuming the
solution u stops existing at T' > 0, use a precise control of the length of the existence interval
in the theorem of Picard-Lindel6f to prove that all approximate solutions - for an initial value
fixed “shortly before” T' - can be extended beyond T'; this also implies (using uniqueness)
that the solution can be extended beyond T', contradiction.

Let J. be the convolution with 6. = 7 "0(%), where § € C°°(R™,[0,00[), supp(d) C B1(0),
Jgn 0dz = 1 and 0 o (—Id) = 6; the last condition is needed for the self-adjointness of J. in L?
and higher Sobolev spaces. The operator J. is a smoothing operator approximating the identity

in the following sense: J. = Id pointwise in W*4(R") for every (k,q) € N x [1,00[ and also
€

pointwise in C°(I, C*(T™)) for any open interval I. We shall often make use of [J.,0%] = 0 for
every multi-index o and of the following facts: J.: WF4(R") — Wk4(R") N C*°(R") has norm
|Joll <1, Jo: CE(R™) — CF(R™) has norm ||J.|| < 1, the operator J.: CP(R™) — CF(R™) has
norm ||J.|| < C(g), the operator J.: C°(I,C*(T")) — C°(I,C*(T")) has norm ||J.|| < 1. Tt is
also interesting to notice that J. is an operator Lip(I, H*~') — Lip(I, H*) with ||Joul|co. (7 gr) <
C(e)|lullco.r (1, z5-1), where I C R is a bounded open interval and Lip(I, H') = C%(I, H"). Namely
for any f € H*! and a € N® with |a| < k, one has

10%Tefll72 = |If 90|72
< Iz - 0%l
\W—/
C(e)?
< CE?IfI1F-1,

so that || Jofll g+ < C(e)|| f|| g#-1, which shows the claim.

Proposition 4.3 |[Id — J.|[zg1,02) < C - €E|

4The statement holds as well for R” instead of T™ with the same proof mutatis mutandis.
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Proof. For any f € H'(T™), we have

[ ([0 s1-0.0a)

I ( JRCER f(ff)2dy> 16015z,
ol [ ( L If(lx - f(x)zdy> da
o [ () Idxl-tyf(y)Ith> dyd
el [ ([ et v

o [ A o conydtdy (Fubin)
B.(0) JO

2012 - VOl (B.(0)) - df e,

C 10125 - 22 - df 2o,

C - || i (rnys

o f — fl2:

IN

IN

IN

IN

IN

IN

IN A IA

which concludes the proof of the proposition. a

In the proof of Theorem [4.2] we use the following inequalities, see e.g. [20, Prop. 13.3.7], [18, Thm.
2.2.2, 2.2.3 & Lemma 2.2.6] and [II, Thm. 2.3.6 & 2.3.7].

Lemma 4.4 (Moser) Let k,n € N\ {0}.

i) (First Moser estimate) There exists a constant C = C(k,n) € RY such that, for all
frg € L®(R™) N H*(R"),

1f - gllge < C-(Iflleeeligllmx + 1 £z llglz<) - (4.2)

i) (Second Moser estimate) There exists a constant C = C(k,n) € R such that, for all
feWhee(R") N H*R"), g € L= (R") N H*~Y(R") and o € N* with |a| <k,

10%(f9) = f0%gllL < C- (IVfllmr-rllgllzee + IV fllzoe llgll i) - (4.3)

iii) (Third Moser estimate) Let F' € C(KY KL) with F(0) = 0. Then there is a constant

C € RX, which only depends on k,n,F and on ||f||z~, such that, for any f € L>(R™) N
HF(R™) and o € N™ with |a| <k,

10“F(Hllz2 < CUIF =) - IV f 2. (4.4)
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In [20, Prop. 13.3.9], there is the following alternative (and weaker) version of (4.4)): for every
F € C>=(KY,KF) with F(0) = 0, there exists a constant C' > 0 depending only on k,n, F' and on
| fllL= such that, for all f € L>(R™) N H*(R"),

IEH e < CUSfllzee) - U+ (1 f 1) (4.5)

Note that all estimates from Lemma [f.4] remain true when replacing R™ by the n-dimensional torus
T™. Moreover, since T" has finite volume, the assumption F(0) = 0 can be dropped for the weaker
third Moser estimate (4.5]), however not for (4.4) and « = 0.

Lemma 4.5 Let A € C'(R"), p € [1,00[ and & > 0. Then there exists a constant C = C(n,p) > 0
such that, for any v € LP(R™),

C-[lAflco - f[vllzr
C-e-|[Allcr- ol e
i) [[A, Jelvllwre < C-[[Aller - [v]|ze.
iii) |[A, J) g e < C - | Aller - [[vll -

Z) |HA7 Js}v”LP < {

Proof. See e.g. 20, Ex. 13.1.1-13.1.3]. O
Step 1: We mollify the symmetric hyperbolic system in order to obtain an ODE in H*.

Claim 1: For any sufficiently small € > 0, the equation Ay(t,x, JEUE)% = JL(t,x, Joue)Joue +

Jeg(t,x, J.u.) is an ODE in H* that is strongly locally Lipschitz in ue, that is, there exists a Lip-
schitz constant (in x) on all products [0, T] x Br(0), where Br(0) is the closed R-ball about 0 € H*.

Proof. Consider the map F: R x H* — H*,
F(t,0)() = A7 (2, (o) (@) (Je [y = Ly, (o)) () @)] (@) [y = g(t . () )] (@)
for all (t,v) € R x H* and every x € T". As in [20], we shortly write

F(ta U) = Aal(ta z, JEU) : (JEL(t7 x, JEU)JEU + Jeg(t, z, Jev))

for every v € H*. We show that F is C? (in the Fréchet sense) with bounded differential on each
subset of the form [0, T] x Br(0) in I x H*. We only treat the case of one term in the definition of
F, the others being handled in a similar manner. Namely consider the map (¢,v) — J.g(t, x, J-v)
from R x H* — H*. Then for any v € H* and h € H*, we have
Jeg(t,z, Jo(v+ h)) — Jg(t,x, Jov) = J(g(t,x, J.(v+ h)) —g(t,z, Jv))
= J (x> gyt x, (Jev)(2)) - (Jeh)(@) + [(Jh) ()] - e((Jeh)(2)))

where e(w) — 0. The map h — J. (x +— g, (¢, z, (Jov)(x)) - (Jeh)(x)) is linear and bounded

w—
H* — HF:

1T (2 = g, (¢, 2, (Jev)(2) - (Jeh) (@))]] e Ci(e) lz = g, (t 2, (Jev) (@) - (Jeh) (@)l 2
Ci(e) lz = g, (t, 2, (Jev) (@)l oo - 1 TR 2

Ci(e,t) - [hll

VANVANVAN



where we have used the compactness of T™ and the fact that g/, is continuous. Furthermore, the
map h — J. (z— |(Jh)(x)] - e((J-h)(x))) is of the form o(||h| g+ ) since

17| 7 172/l e

le((Jeh))ll o,

IN

where |le((Joh))||pe < Cao(e, t)||h] 01 HhH_> . 0 because of T" being compact. Finally, the map
Hk ™

H* — B(H" HY), v Je (20 g,(t z, (J0) () - (Jo0)(2))

is continuous and bounded on each ball in H*: this follows from the same kind of estimates as
above as well as the continuity of g/, on R x T" x K¥. This shows the claim. O

Step 2: This is mainly classical ODE theory, applicable as soon as the nonlinearity is continuous
(in (t,z)) and locally Lipschitz (in the usual sense) in x.

Claim 2: For any f € H* and any sufficiently small € > 0 , the system

{ Ap(t, x, Jaus)% = J.L(t,z, Jous) Joue + Jog(t, , Jou,)
ue(0) =f

has a unique solution u. € CY(] —n.,n[, H*) for some n. > 0.
Proof. straightforward consequence of the theorem of Picard-Lindelof. O
Step 3: “Standard estimates” based on Moser(-Trudinger) estimates and on Bihari’s inequality [4].

Claim 3: Under the assumptions of Claim 2 and with k > 5 + 1, there exists an n > 0 and a
K € [0,00[ such that ||us(t)||gr < K for all t €] —n,n[. In particular, the number n. from Claim
2 may be chosen independently on €.

Proof. We introduce the new L2-Hermitian inner product (-,-)zz . := (Age-,-)r2 on T", where
Aoe == Ap(t,x, Joue). Note that (-, )2 . depends on e > 0 and also implicitely on ¢; but by assump-
tion on Ay and because we only consider compact sets of the form [0, 7] x T", the norms ||-|| 2 . and
| - ||z> are equivalent; more precisely, for any T' € [0, ool, there exists C' = C(T, [|uc||cojo,7],.L)) €
10, oo[ such that ¢|| - [|2. < | - ”%2,5 < C|-||32, where ¢ > 0 is the constant from Definition We
pick an arbitrary o € N with |a| < k and estimate || 0%ue (t)||%2’€ using . First, because Aoe
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is pointwise Hermitian,

Do, = L (A00%ue 0%u0)
dt dt
= Re (6A06 “Ue, O ue) + 2Re (AoE . 00%uc , 6°‘u€>
ot 12 ot Lo
= Re (8’405 “u., O u) + 2Re (AOS o a“ﬁ,aaue)
ot 12 ot Lo
_ aAOs Ou. o
- §Re( at usaa UE)L2+2%6< (AOE.W)’(? u€>L2

+2Re ([AOE, 8% aaf 80‘u5>
L2

; Aoe
.9 Re (88; - 0%uy, 8au€) + 2Re (0%J.LeJoue, 0%ue) 1o + 2Re (0%ge, 0%ue) 12
2
ou,
+2%e | [Aoe, 0% —, 0%u. , (4.7)
at L2

where we have denoted L. := L(t, z, Jou:) and g. := J.g(t, x, Jeu:). The first term in the r.h.s. of
(4.7) can easily be estimated:

(91405 8AO€
. (6% (0% < . (6% 5 - (6% 2
Re (20 oot ) < 105 0t ulolie 0%
0A0. )
S L e O] [
o0Ju, o
< el | 22 B)l) - 003

e (1)) - 0 ()3

< Os(llue®)llz, llue(t)ller) - 10%ue(®)]1Z:
< Calllue @) - lue ()11,

< Cof[lu(®) 2o

E
<

where we have used the continuous embedding H*(T™) < C*(T") (valid because of k > % + 1)
as well as ||.J||z(c1,c1y < 1 for any | € N. Let us consider the second term in the r.h.s. of
Since we may choose the mollifier J. such that J* = J. in L? (choose e.g. 6 € C=(R") w1th
0o (—=Id) = 0), we have

2Re (0% JeLedoug, 0%ug) 2. = 2Re(J0%Ledoue,0%ue) 2

= 2Re (0“L.Jcus,0%Joue) 2
2Re (L0%Joue, 0% Jous) 2 + 2Re ([0%, Le|Joue, 0% o) 2
(Lo + L) eue, 0° o) o + 2Re (0%, Lol Jetie, 0otz 1
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where L7 is the formal adjoint of the differential operator L.. Now, since by assumption A; = A}

pointwise, we have L = — 377 9;(A;(t, x, Joue)-), so that

n
Le+L: ==Y 0;A;(t,z, Jou)
j=1
is of zero order (this is one of the main places where symmetric hyperbolicity is used), so that

| ((Le + LE)O* Jeue, 0% Joug) 2| <

(Le + L0 Joue|| 2 - ||0% Toue|| 2

< Zna Atz Joug) || Lo - [|0%Tous||22
=1
< CS(HJEUE(t)HCl) lue ()7
< Colllue()ll ) - ue ()15 (4.8)
With
[0% Lelv = Z@o‘ i(t,x, Joue)0v) — A (t, x, Joues )05 (0%v)
= Zao‘(Aj(t, z, Joue)0jv) — Aj(t, x, Jeue )0%(0;v)
j=1
= > [0 Aj(t,, Jouo)|ds,
j=1
we have
I0%, Lelollze < D% Ayt Jeue)]0j0| 12
j=1
"
< G (VA Jeue) s - 950l + IV A (2, Jeue) [l - [|050] re-1)
Jj=1
< Z 14;(t, 2, Jeue) | - vller + 14;(8 @, Jeue)llor - ([0l mx)
@3)
< Gy (Coll[Jeue(t)[[ =) - (1 + [|Jeue (B mx) - [vller + Cro(lJeue (B)llcr) - vl mr)
< Cullus@lla) - vl ax,
so that

2Re ([0, Le]Joue, 0% Jous) s | 2M[0%, Lo Jeue|| 12 - 0% Jotue | 12
Cri(llue@Ollmw) - | Jewe @) e - (| Jeue @) e

Cra(flue ()l ze) - [lue ()17

IAINCIA
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which gives, together with and using [J.,0%] =0,
2|Re (0% J-LeJotie, 0%ue) ;2 | < Cra(|lus(t)|| gr)-
For the third term in the r.h.s. of , we have
2[Re (9%ge, 0%ue) 12 | 2[|0%gel| L2 - [|0%uellL>

Cra(lue@)llare) - (1 + [[Jeue () 1 - lue ()| mx)
Cra(llue ()]l z5)-

The last term in the r.h.s. of (4.7) can be estimated as follows:

<
<
<

L2|

2|§Re([A05,8°‘}a;€,8aus> B oiRe (40, 07145 (JLodoue + g2), 0%u)
L2

< 2)|[Ao, aa]Aasl(JsLsJEUE +ge)llz - 10%ue|| 2
< Cusluellms - (19 Aoelsrms - 140 - (JeLeeue +92)]

G
[o%)

+ IV Agcllz - 4G - (JeLeetie + go)llan )
Cro([|ue #re),

where, in the last step, we have used the Moser estimates (4.2) and (4.5). On the whole,
|4 110%uc(t)]|22 | < C(J|uc|l ), so that, using the equivalence of the norms | - ||z2 and || - || 2. on

IN

some (fixed) compact set [T, T] x T", we deduce that, setting ||v\|%,k7E =D <k ||6'av||2L276

d
‘%”ua(t)”?{k,J < Crr([Jue @)l e e )-
By Bihari’s inequality [4], we deduce that there exists a function K, defined and continuous on
a sufficiently small interval | — n,n[ about 0, such that |uc(t)|| g . < K(t) for all t €] — e, n.|.
Up to making n > 0 smaller, we may assume that K(t) < K’ < oo for all ¢ €] — n,7][, so that
|lue(t)]| grr o < K’ and hence also ||uc(t)|| g+ < K for some K €0, 00[. The last statement of Claim
3 follows from the extension criterion for ODE’s (valid by Steps 1 and/or 2), stating that, by
lue ()] g+ < K < 00, the solution ue can be a fortiori extended onto | — n,n[, QED. O

Step 4: The preceding uniform estimate shows boundedness of approximate solutions in certain
Sobolev spaces; use weak *-compactness to deduce the existence of an accumulation point. Then
apply the interpolation inequalities (allowing compact embeddings into fractional Sobolev spaces)
to deduce that the solution is actually C°C' N C1CY, that is, C* (use uniform continuity because
of compactness of [—n,n] x T™).

Claim 4: The family (u.). C C(] — n,n[, H*) from Claim 3, when restricted to any compact in-

terval I C| —n,n[, admits a weak (in a particular sense) limit point u € C1(I x T*) N L>(I, H*)N
Lip(I, H*=1) which solves (4.1)).
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Proof. From Step 3 we have the existence of an n > 0 and a K €]0, 0o such that, for all suffi-
ciently small ¢ > 0, the approximate solution u. lies in C*(]—n, 5[, H*) with luellcoq—n,np ey < K.
Hence fixing an arbitrary compact interval I C] —n,n[, we have [luc|co(; gr) < K, in particular
the family (u. ). is bounded in C°(I, H*) and thus in L>°(I, H*). Using and Moser estimates,

the norm || aé‘; lcoge—1 can be uniformly in € estimated in terms of |luc||co(s, m+) and hence the

family (2%). is bounded in C°(I, H*~'), so that (u.). is bounded in C'*(I, H*~!) and therefore
in Lip(Z, H*~1). Now L*°(I, H*) = L(I, H*)' (topological dual), Lip(I, H*~!) = Wtee(I, Hk=1)
by Rademacher’s theorem and the latter space in turn can be identified with a closed subspace of
Le(I,H=YY @ L°(I, H*1) = LY(I, H*=Y) @ LY (I, H*=1) via f — (f, f'). Since the unit ball
of the dual space of any Banach space is weakly *-compact, there exists a sequence ¢, — 0, a
u € L>=(I,H*) N Lip(I, H*~1), such that (ue,), converges to u *-weakly in both spaces. On the
other hand, since k > & 4 1 and, for any o €]0,k — § — 1], the embedding H*=° C C' is compact,
we can assume up to taking subsequences that (u.,), converges in C°C' to aw e C°C'; in fact
U = u since both can be seen as sitting in the space L°°(I,C') and both convergences imply the
convergence in a weaker sense. Similarly, for any o €]0, k — 5 —1[, the embedding HF-1=o c CYis
compact, hence so is C'H*¥~1 ¢ C'C?, so that we may assume that (ue,)p converges in CtCY to
some @ € C'C” and again @ = u. Since u is the limit of (u.,), in the C'-topology and J. — 1d

pointwise in C°C', we deduce that u solves (4.1). O

Step 5: Look at the pointwise (in ¢) L?-norm of the difference between an exact O solution to
(4.1) and an approximate solution for any ¢ > 0. Estimate that norm on I using standard estimates
and Bihari’s inequality. The key point at the end is to show that |Id — J.|z(g1,r2) < C - € for
some constant C7 > 0.

Claim 5: Given any h € H*(T") and any ¢ > 0, let u. € C*(I, H*2(T™)) solve

{ Ao(t, , Jsus)% =JeLeJeue + g on 1 (4.9)

u:(0) =h

with u. is bounded uniformly in € > 0 in the COH*-norm for all . Let u € C* solve (4.1)) and
consider ve := u — ue. Then there is a function a(t) := C(|luc(t)]|c1, [|u(®)||cr) for all t such that

s

t t
le=(®)lz2 < exp ( / a(s)ds)~ I =Rl + / Colllue(s)l| ) - & - = 5 2 gs
0 N—— 0

ve (0)

In particular, it follows from the boundedness of (||uc||comr)e in Claim 3 that u is unique.

Proof. We estimate ||v-(t)||2, for all ¢ € I. First, with the notations introduced above, we write
0o _ 00w
ot O ot 70 ot
AgL(t, x,u, 0)u — Ayt T LeJous + Ayt g(t, o, u) — Aglge
AglL(t, x,u, 0)v, + (Aa1 - Ao_El)L(t7 x,u, 0)ue + Agsl(L(t7 x,u,0)ue — J.L.Jeue)
+H(Ag" = Ao )g(t, z,u) + Al (g(t 2, 0) — g2). (4.10)

—A
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We start looking at the difference

L(tvxvuaa)us _JEL(tvmv Jsus,a)Jeus = (L(t,%u,a) —L(t,x,us,a))us
+(Id — Jo)L(t, z,ue, Q)ue + Je L(t, x, ue, 0)(Id — J2 )ue
+J. (L(t, z,ue, 0) — L(t, @, Joue, 0)) Jeue

and

g(t,x,u) - Jsg(t,x, Jsus) = g(t,:c,u) - g(t,:c,us) +g(t,xaus) - g(t,:c, Jsus)
+g(t, z, Joue) — Jog(t, x, Joue).

Since A;,g € C*(I x T"), we may write, for all wq,ws € KV,

1
g(t,z,wr) — g(t, z,wy) = / 0.9(t,z, (1 — s)wg + swy)(wy — wa)ds =: G(wy, ws)(w; — ws)
0

where 0, g denotes the derivative of w — ¢(t, 2, w) and similarly for the first-order operator

noo.l
L(t,z,wy,0) — L(t,x,w2,0) = Z/ 0.A;(t,z, (1 — s)ws + swi) (w1 — wﬂds%
=170 J

= M(t,x,w,ws)(w; — ws).
In the same way, we can write

Agt(teou) — Ayt o, Jous) = Agt(ta,u) — Ayt @, ue) + Ayt ue) — Agt(t , Jeue)

1
= /0 d(tvz,(l—s)ua_l,_su)(Aoil)(u - U’E)ds

1
+/ d(t,w7(1—s)J5uE+sue)(Aal)(us - Jeue)ds
0
= Moy(t,z,u,us)(ve) + No(t, , ue)(Id — Je ) (ue).

It is very important to notice that G, M, My and Ny depend only pointwise on w, uc ..., so that
they can be estimated in terms of the C°-norms of u, u. . .. only. Now, we split the r.h.s. of (4.10)
according to their dependence on v. and obtain

%Uts = Ay L(t, , u, 0)ve + A(t, =, u, ue, Vu:)ve + R,
where
Aty z,u,ue, Vue) = Mo(t, z,u, ue)(ve) (L(E, x, u, O)ue + g(t, z,u))
HAG (M (t, 2, u,ue) (v )ue + Glu, ue)(ve))
and
R. = No(t,w,u.)(Id — J.)(u) L(t, x, u, )ue + Ayt (Id — J)L(t, 2, ue, O)ue

+ AT L(t, w,us, 0)(Ad — J)ue + Agt M (t, @, ue, Joue)(Id — J2) (uz) (Jzu)
+No(t, z,ue)(Id — J2) (ue) (g(t, 2, u)) + AaEIG(uE, Jeue)(Id — Jo)ue + Ag; (Id — Jo)g(t, z, Joue).
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Next we estimate ||R(t)||z2(r») term by term. We estimate the first term as follows:

[No(, @, ue) (Id = Je) (ue ) L(t, @, ue, O)ue|[2(rny (1) < [[No(t, 2, ue) || oo - [|(Id = Jo) (ue) |2 - ([ L(E; 2, ue, O)uel| Lo
< Collluc®)llco) - M = Jelloen, L2y - llue (@)l mx - Ca([lus@)]cr)
< Calllue@ller) - 11d = Jell o a,z2y - lue @) me-

For the second term

A5 (1d — JO)L(t, @, ue, D)ucl| 2y (8) < Cs((Juc(®)llco) - 11d = Jell gomn-r,2) - 1L(E @, e, O)ue | i1 (ony (1)
[2) n
< Cs(lluc(®)lleo) - I1d = Jell an-r,p2) - Y At 2, ue) | e - 1050 ]| s
j=1
+ |45t @, ue) | e - [|O5uc || Lo
(795)) n
< Cs(lluc(®)lleo) - 11d = Jell an-1,z2) - Y Colllue(t)llze) - [|uel g

j=1
+ lue(@ller - Crllue ()l o) (1 + [[uellr-1)
< Gs(llue®llor) - 0 = Tell gern-r 2y - (1 [luell -

In the same way, using also ||.Jz||z(z2,22) < 1 and [9;, Jo] = 0,

Aot JL(t, 2, ue, 0)Ad — J)ucllzz < Col||uc(t)|co) - |1L(t, @, ue, d)(Ad — J2)ue| 22

Co(llue(®)llco) - D 14, (t 2, ue) | = - 19;(1d = Jeue 12

j=1

< Crolllue(®)lico) - 0 = Jell gemr—,r2) - luel e

and, as | M (¢, z, ue, Jote) (ue — Jette)|| 2 < Cr1(||te] o) - [Jue — Jetie|| L2, We obtain

|Agt T M (t, 2z, ue, Jous) (ue — Joue)Joue| L2 Cra(||uec(t)||co) - | M (t, @, ue, Joue) (ue — Jeue) - Joue|| L2
Crs([[ue(t)l|co) - [[(Id = Je)ue|| 2

Cus([luc(t)llcr) - [1d = Jell g(are,p2) - [|ue | e

IN

A

INIA TN

As before, estimating Ny and g, we have

[No(t, @, u-)(Id — Jo)(ue)(g(t, z )22 < [[No(t, @, ue)|[re - [|(Id — Jo) (ue) |2 - |9t @, u)[| oo
< Cua(lfue@®)llco) - 1d = Jell g e, L2y - [[uel e
For the last two terms, we obtain
||A0_51G(“€a Jeue)(ue — Jeue )2 < Cis(lluc(t)||ne) - lue — Jeuel L2
< Cis(lue@®ller) - 10d = Jell g car, L2y - Nuell 2w

and

146. (Ad = Jo)g(t,z, Jeue) e < Cuolllue(®)llzee) - I1d = Jellgge 2y - lg(¢, @, Jeue) | o

< Crr(lue(®)llz) - 1 = el gare z2y - (1 + e ()] z0).

B
<
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Note that [[Id — Jc|| (g, r2) < [|[1d — Je|lz(gr-1,2)- On the whole, we obtain

[R: ()2 < Crs(Juc(t)llor) - (1 + lue(@) | ge) - [[1d = el ozrr—1, 12
We deduce that

d . (04 du.
o0, = (%5 o) wome (a0

[ 0Aq o
- 82,: gy ve L2

+2Re {(L(tx,u, a)vavva‘)LQ + (A(t7$7u7u87 VUE)UE,UE)LQ,E + (RE7UE)L2,E} ’

with | (%52 - ve,ve) 1o | < Cro(lue(®)ller) - [|v: (2|72 and

HA(t7.'I/',U7U5,VUE)UEHLZ’E S ||M0(t,x,u,ug)(vg)(L(t,m,u,a)us+g(t,m,u))||L2’5
+HA651(M(757 T, u, ue ) (Ve )ue + G(u, ue ) (ve))| L2 e

< Cxo([lu®)lcos lue@®)llcr) - flve@)] 22

+Co1([[ue(®)l[co) - (1M (E, @, u, ue) (ve)uel p2 + [|G(u, ue)ve (t)||22)
< Coo([lu(®)llcos luc@)llcr) - lve(®)]] 12

+Co2([|ue ()l co, [[ut)l[co) - [[ue(@)llor - [[vellzz + Cas(llue ()l co, [u(t)|lco) - [lve (@) 2
< Cou(flus@®)llers [u@)llco) - lve®)llz2.e

as well as
Re (L(t,z,u,0)ve,ve) 2 = ((L+L")(t,z,u,0)ve,0:) 2
= — Z (0;A;(t,z,u) - Ve, ve) o
j=1

because A} = A;, so that
[Re (L(t, 2,1, 0)ve, ve) 12 < Cos([[ue(®)lcr) - [lvelZ2 .-

Noticing that 2Re (Re,v:) 2 . < ||Re|%2

& = + ”UEHQL{@ we obtain

€

d
Zilv=@lZz e < Cosllluc@)llcrs fu®)llcr) - [velZ2 c + 1B (BIIZz -

Then by Gronwall’s lemma, for every t € I N R,

t t
loe(lzz.c < exp (/ a(s)dﬁ)' 1= B + / IRe(3)[25., - e Ji o g

v (0)

Note that, since |lue(t)||cr < Car-|Jue(t)|| g+ < Cag uniformly in € and ¢ € I, we may choose a to be

constant. For the same reason (and by the estimate above), || R (t)[|22 . < Cag-||Id— J€||2£(Hk,1 £2)"
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This combined with the choice h := f and the equivalence of the norms || - |2 and || - || 2 - yields

t
lve(lZ> < 6”'/0 IR (5)II2 ce™**ds

< Cy-a ' (e —1)-|1d - J€||2L(H1,L2)'
It follows from the Proposition that [[ve(t)]|22 < Cs0 - (e — 1) - € (recall that k —1 > 2 > 1).
This implies on the one hand that any solution to — with given initial condition f — is the
pointwise (in t) limit when & — 0 of the uniquely determined family (u.)e, so that any two such
solutions must coincide on their common interval of definition. On the other hand, this inequality
gives the COL?-rate of convergence for (uc). to u. O

Step 6: By what seems to be a well-known result from functional analysis (see e.g. [I, Lemma
4.1]), the fact that the solution to belongs to certain Sobolev spaces implies its continuity
I — HF where H* is endowed with the weak topology. To show the strong continuity of the
solution, it suffices to show the continuity of its (pointwise) H*-norm. Estimate the ¢-derivative of
that norm by inserting again a J., using standard estimates, Gronwall and making € — 0 to show
that the norm of the solution is actually Lipschitz.

Claim 6: The solution u from Claim 4 actually lies not only in L>=(I, H*) as proven in Claim /
but also in C°(I, H¥).

Proof. So the continuity in the weak sense follows from [I, Lemma 4.1] applied to Y = H* and
X = H*! (note that Y C X densely and so does X’ C Y'). To show the strong continuity, it
suffices to show that ¢ — ||u(¢)||g+ is continuous. Note here that one cannot directly estimate
4 |lu(t)||% as before since the differential operator L does not preserve H*. As in the proof
of [20, Prop. 16.1.4], we avoid this difficulty by inserting a J. before u. Setting (-,-);. =
(Ao, )2, we pick any multiindex a with |a| < k. Recalling that u € Lip(I, H*~1), we have J.u €
Lip(I, H¥), in particular, the function t — \|6“"J€u(t)||2L270 is differentiable almost everywhere. We
start computing the derivative of t — ||8aJ€u(t)H%270:

d fe} 2 _ aAO leY leY g « «
ana Jeu)z20 = <8t 0“J.u,d Jgu)L2 + 2Re <8ta Jeu, O J5u>L270
(‘MO e 80‘J€u> + 2Re (ansau, angu>
6t L2 8t L2,O
- <M’ -BaJsu,an€u> + 2Re <an€A08“,ansu)
ot L2 ot 2
ou ou
oRe ([Ag, J00° 2 00 Ju)  + 2Re ( J.[Ao, 0°12%, 07 Ju
at L2 at L2
ED (M-angu,anEu> +2Re ([AO,JE]aa%,anEu> + 2Re (JE[AO,aa}au,anEu>
a1 L o L ot L

+2Re (0% J-L(t, z, u, O)u, 0% Jeu) ;2 + 2Re (0% Jog(t, x,u), 0% Ju) - -
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We begin with estimating the last term. First, if || > 1, we have

[2Re (0% Jeg(t, x,u), 0% Jeu) 2 | 210%Jeg(t, x,u)||p2 - |0 Jeul| L2

2(|10%g(t, z, w)l| L2 - [0%ul| L2

Cr([[ut)llco) - [0%ull7-
Co[lu(t)ller) - lut)ll-

A INE A 1A

For o = 0, we can only apply (4.5) and obtain

< Ga(llu@ller) - (T + [[u®)]|z2) - [[u(®)]lz2
< Ca(flu@®ller) - (1 + u)llz2) .

which actually suffices for the proof of Step 6 (as well as for the extension criterion in Step 7).
Next we decompose the last but one term as follows:

|2Re (J-g(t, z,u), Jeu) 2 |

2Re (0 JL(t, z,u,0)u,0Jou) . = 2Re(J.O0L(t,x,u,0)u, 0% J-u) 2
= 2Re (J.LOu,0%J.u) > + 2Re (J[0%, L]u, 0% J-u) 2

The second term on the r.h.s. can be easily estimated with the help of Moser estimates:

[2Re (J:[0%, L]u, 0% Jcu) 2| < 2||J[0%, Llu|| 2 - [|0* Jeul| 2
< 2/[0% Llul|z - |0%ul| 2
"
< Cse | Y IVA Iz - u@)llae + IV Al -1 - 1Vl poe | ()] g
j=1
< G5 (Co(lu®)le)w@) e + Cr(llu®) le) w@) |z llu@)lon) [[u@)]]
< Cs(lu®)ller) - [lu)|Fx-

Using symmetric hyperbolicity, we may estimate the term

2Re (J.LOu, 0% J-u) - 2Re (LJ.0%u, 0% Jou) - + 2Re ([Jz, L]0%u, 0% J-u) 2
= Re((L+ L")0"Jou,0%Ju) 2 + 2Re ([Je, L]0%u, 0% Jou) -

n

- Re ( S O% Jou, 0%, u> + 2Re ([J2, L)9%u, 9% J.u) -
31'j L2

Jj=1
where
i%e<%-8aJeu78aJeu> | < ZH— 0% Jou| 2] - |0 T L2
=1 ﬁxj 2 -
0A; o
< Zn N
< Cg(HU( Men) - w1
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and, with [J., Ljv = Y7 [J., A;] 2

c%rj’
o e = 00%u .
[2Re ([Jz, L]0“u, 0% J-u) o | < 22 H[JE,A]-]WHH 0% Jeu| L2
j=1 ’
(Lemmiii)) n "
< Co- Y I 4ller - 197l
j=1
< Cua(llu()ller) - [l

We also have | (a(rﬁo -8“J€u7aneu)L2 | < Cra(Jlu®)|lcr) - ||u(t)||§{k,

ou ou
e (140,071 50 0% 00) | < 200015 i Tl
L2
{4.3) ou ou
2 o <||VA0||H'<—1 N2+ 1V Aol - |8t|m-1) @)l e
(4.5)

< (Culllu@®llco) - lu@)[ax - Crs([u®lcr) + Crs(l[u@)llor) - L+ lu®)l]ax)) - lu(@)]] a2
< Cur(llu@®ller) - lu@lme - (1 + [[u@)]ax)

and

2Re ([AO,JE]Z?“au 8“J5u>

ou
=, < 20 10 S e - )]

L2
Crs(l[u®)ller) - [lu@l g - (1 + [[wl®)]| )

Bringing everything together, we deduce that, setting [|v]|3x o = 22| 1<4 10%V[[72 o,

%I\JEU(t)llfqm < Cro([[u()ller) - (1 + [[ul®)llFx) - (4.11)

That inequality does not depend on € > 0. Since by construction of u we have the existence of a
constant Oy such that |[u(t)||gx < Coo for all t € I (because u € L>®°H*) and since || - ||z> and
| - |lz2,0 are equivalent, we deduce that J.u : I — H" is Cy;-Lipschitz continuous for a constant
C; > 0 independent of €. Since for all ¢ € I one has (J.u)(t) = u(t) (in the strong H*-topology)

and because the pointwise limit of a family of Cs;-Lipschitz continuous family is again Cy1-Lipschitz
continuous, we obtain that u : I — H¥ is Cy;-Lipschitz continuous, in particular u € C°HF. O

Step 7: Use in fact the preceding estimate of the t-derivative of ||J.u(t)|| g+ to deduce, using
Gronwall and after letting € — 0, that ||u(t)||g+ can be controlled in terms of a continuous func-
tion of ||u(t)||c1. Conclude the proof of Theorem

Claim 7: The solution u € COH* constructed above exists as long as ||u(t)||c: remains bounded:

if, for a given T € (0,00), there is a constant C' such that ||u(t)||cx < C for all t € [0,T], then
there exists a 6 > 0 such that the solution u can be extended to a solution in C°([0,T + §], H*).
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Proof. Since by assumption [[u(t)|c: < C' < oo for all ¢ € [0,T[, there exists a constant C’ such
that C'~Hu(t)|| gx < Ju®)| gr o < C'||u(t)| g for all t € [0,T] and inequality (4.11]) yields

d
N Tu®l7m 0 < Cr (1 + w1z o),
which can be rewritten in integral form: for every 7 > 0,

I(Jew)(t + ) Fe o — I(Tew) O 1/Td Ch
—|[Jeu(s)
0 ds

-
2
= - HHk 0ds < — ./0 1+ Hu(s)||Hk70ds.

Using the pointwise convergence J, " Id in H* (and H%) and letting then 7 — 07 lead to
e— ’

d
T 1e® o < Cr- (1 [[u®)llZ o)

and therefore Hu(t)HHk o < (T4 lu(0 )||?{k0) et — 1 for all t € [0,7], in particular there is a
constant K > 0 with ||u t)]|gr < K < oo for all ¢ € [0,T[. The latter inequality implies that u
can be extended beyond T', namely as follows. Consider a small interval of the form |T —#, T 4+ 7|
for some ) > 0. Because A; and g are continuous, satisfy the “strong” local Lipschitz condition
and because the time of existence for solutions to ODE’s depends continuously on the norm of the
initial condition (see e.g. proof of [16, Theorem 6.2.1]), up to making 7 a bit smaller, there exists
an 1 > 0 such that, for any 4y € H* with ||ig|| g+ < K and for any o €]T — 7), T'+1], the solution to
the approximate symmetric hyperbolic equation |-j starting in 4o at time £, exists on [to, to+ |,
and this independently on € > 0 (use agaln Step 3). Taking 7 := min(n,7) > 0, we can look at
the initial condition u(T — ;) at time 7" — 7 and obtain the existence of a family of approximate
solutions starting in u(7 — g) at time T — 2 5 and existing on [T — g, T+ g[ Restricting to any com-
pact interval in [T — g, T+ g[ and applying the preceding results from Steps 4 to 6, we obtain the
existence of a solution to the symmetric hyperbolic system starting in u(7" — ) at time T — " and
existing beyond T'. By uniqueness of solutions to symmetric hyperbolic systems the latter solutlon
coincides with the former on [T'— g, T and in particular u can be extended beyond 7', QED. O
Now we need an additional control on the lifetime of the solution under the additional assumptions
of semilinearity (instead of merely quasilinearity) and the one of punctured nonlinearity, i.e., we
assume that there is one regular solution (satisfied in our case, as the nonlinearity vanishes at the
zero section):

Theorem 4.6 (Estimate on lifetime) Consider a symmetric hyperbolic system of equations on
" of the form where Ao, Aj,g € C* for some k > 5+ 1. Assume to be semilinear,
e., that Ag and A; are constant in their last argument u, and furthermore assume that there is a

sufficiently regular (say, COH*) global solution v to .

Then for every C,T > 0, there exists an € > 0 such that every C'-solution u to with

u(0) = f € H* and ||f — v(0)|| g+ < € emists on [0,T] x T" and satisfies |u(s) — v(s)||gx < C for

all s <T.

Remark: On the one hand, if g(¢,x,0) = 0 for all (¢,z) € RxT", obviously 0 is a smooth solution.
On the other hand, by defining g(w) := g(v + w) + (L — Ao0;)v for a solution v, one can consider
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the equation P(w) = 0 for P := —Ayd; + L + §. Obviously, P(w) = 0 is a symmetric hyperbolic
equation, where the nonlinearity g satisfies §(0) = 0.

Proof. In view of the extension criterion in Theorem and the remark above, we assume that
g(t,x,0) = 0 and estimate ||u(t)||3. by a function of t. We proceed as in the proof of Claim 3
above and first estimate %HJgu(t)H%Ik’o for any € > 0, where ||v||qu’0 =2 ja<k (Ao - 0%, 0%0) 1,
for every v € H* (both norms || - || g+ o and ||- || g+ are equivalent on any compact subset of R x T™);
then we let € tend to 0 and obtain a differential inequality which, by Bihari’s inequality, implies the
statement. Taking into account that all A;, 0 < j < n, only depend on (¢, z) and that g(¢,z,0) = 0,
we can mimic the proof of Step 3 and obtain, after letting € — 0, the estimate

d
‘dtIIU(t)qu,o < F(llu®)lZo) - lu(®)1F o

for some continuous real-valued function F on [0, 00). In particular, up to changing F', we obtain

d
‘dtIIU(t)II?{k,O < F(llu®)lx o) - lu®)lzx o

By Bihari’s inequality, this proves the statement. Namely, letting y(t) := |lu(t)||%. ,, we have

the inequality 3’ < yF(y) so that, assuming y > 0 (otherwise y vanishes identically because of
Theorem below) and setting z := In(y), we obtain

/Z(t) dS
<t
z(0) F(es)

f t>0. B F(e F(0) > 0, we have [ _ds. hich implies that,
or every t > ecause F(e®) Rl (0) > 0, we have fz(O) Fe) y(OT\iO oo which implies tha

for any T, D > 0, there exists an € > 0 such that, for any y fulfilling y' < yF'(y) with y(0) < ¢, the
function z(t) exists on [0,T] and satisfies z(¢) < D. This concludes the proof. O

Finally, we need (global) uniqueness for solutions to symmetric hyperbolic systems.

Theorem 4.7 Consider a K -valued first-order symmetric hyperbolic system on T™ or R™ as in
Deﬁnition and assume A;,g € C*. Let I be an open interval with0 € 1. Letuy,us € C'(IxT")
(resp. uy,uz € C1(I x R™)) be any solutions to

8 .
Ao(t,x,ug‘)% = L(t, z,uj, 0)u; + g(t, x,uy) fort € 1

with u;(0) = f € C°. Then uy = us.
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Proof. We show that u; — ug solves a linear symmetric hyperbolic system. We write

3(u1 — UQ)
ot

Aal(t,x,ul) - L(t,x,uy,0)u; + Ao_l(t, x,uy) - g(t, z,uy)

— A (t, 2, ug) - L(t, 2, ug, Q)ug — Ay (t, 2, us) - g(t, =, ug)

Atz uy) - L(t, 2wy, 0) (un — ug) + Ayt (t, x,uy) - Lt 2,1, 0)ug — Ayt (t, @, uz) - L(t, z, ug, O)us
+H(AG ) (b, un) — (A g)(t, @, ug)

Aal(t,x,ul) - L(t,x,uy,0)(u1 — u2) + (Agl(t,x,ul) - Aal(t,x,ug)) - L(t,x,uy, 0)ug

+ At 2, ug) - (L(t 2, u1,0) — L(t, x,u2,0))uz + (Ag tg) (¢, 2, ur) — (A tg)(t, o, uz).

Now, because Ay, A;,g € C', we may write

Aal(taxaul) - A()_l(ta'r7u2) = M(t,l‘,’u,g,UQ) : (ul - ’1,62)
2 0
L(t7xau17a) - L(t,l’,’UQ,a) = ;Bj(ya‘r7uluu2) : (ul - u2)67x]
(Aalg)(tx,ul) - (Aalg)(t’x7u2) = N(t,$7u1,u2) : (ul - u2)7
therefore
O(uy —ug) 1
0 = Ayt x,ur) - L(t, @, ug, 0)(ur — ug) + M(t, z,ug, ug) - (U1 — u2)L(t, z,u1, 0)us
- n 8U
+AG (2, u9) - ZBj(y,x,ul,uQ) (ug — ug)a—2 + N(t,x,u1, u2) - (U1 — ug),
i=1 i
that is,
8(u1 — UQ) o
Aotz uy) - ————— = L(t,x,u1,0)(uy — uz) + B(t, z,u1,uz) - (u1 — ua),

ot

where B is of zero order. Hence u; — usy solves a linear symmetric hyperbolic system of first order
with vanishing initial condition along the Cauchy hypersurface {0} x T™ (resp. {0} x R™) of the
globally hyperbolic spacetime I x T™ (resp. I x R™). An elementary energy estimate for such
systems (see e.g. [3, Theorem 5.3]) implies that u1 —us =0 on I x T™ (resp. I x R™). O

Now we want to transfer the previous local results to the framework of Lorentzian manifolds. Let
(M™, g) be any globally hyperbolic spacetime and S C M be any spacelike Cauchy hypersurface
with induced Riemannian metric gg. Let E —— M be any vector bundle. A differential operator
P of order k € N on 7 is a fibre-bundle-morphism from the kth jet bundle J*7 of 7 to 7. It is
called semilinear if [... [P, f-], f-,..., f-] = op(df) is a vector bundle endomorphism for all scalar
functions f on M, where f appears k times in the brackets. Generalizing [3| Definition 5.1] to the
nonlinear case, we define a semilinear symmetric hyperbolic operator of first order acting
7 as a semilinear first-order-differential operator P acting on sections of 7 such that, denoting by
op : T*M — End(F) its principal symbol, there is an (definite or indefinite) inner product (- ,-)
on E such that for any ¢ € T*M, the endomorphism op(§) of E is symmetric/Hermitian and
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positive-definite in case ¢ is future-directed causal. It is easy to see that, locally, P is described
exactly by Definition where ¢ is a local time-function on M. Theorems and [£.7] imply the
following

Corollary 4.8 Let (M",g) be any globally hyperbolic spacetime and S C M be any spacelike
Cauchy hypersurface with induced Riemannian metric gg. Let E —— M be any vector bundle with
(definite or indefinite) inner product and P be any semilinear symmetric hyperbolic operator of
first order acting on sections of w. Let k € N with k > "T_l +1.Then for any f € H*%(S, g5), there
exists an open neighbourhood U of S in M such that a unique solution u € I'c1 (U, E) to Pu =0
with u|, = f ewists.

Proof. Choose for any point x € S a neighbourhood B, in S such that the domain of dependence
A, of B, is contained in a submanifold chart domain for S. Then, via the embedding of B, into
a possibly large torus, we can express the equation Pu = h(u) locally in each A, as a symmetric
hyperbolic system as in Definition Consider for each = a cut-off function which is 1 on B,
and has support contained in a chart neighbourhood of the torus. We cut-off the initial data using
that function and get the existence of a solution in a small strip around B,. There is a small
neighbourhood of x whose domain of dependence C, is contained in that strip. The solutions
obtained that way coincide on the intersection of any two such domains. Patching all such domains
C, together, we obtain a small open neighbourhood of S in M carrying a solution to the original
equation. O

Corollary 4.9 Let (M™,g) be any globally hyperbolic spacetime with compact Cauchy hypersurface
SCM. Letk € Nwithk > "1 +1. Let E = M be any vector bundle with (definite or indefinite)
inner product and P be any C* semilinear symmetric hyperbolic operator of first order acting on
sections of m with P = L + h, where L is linear and h is of order zero with h(0) = 0. Then we
have the following estimate on lifetime for the solution v of Pu = 0: for each T > 0, there is an
€ > 0 such for all initial values ug on S with H*-norm smaller than e, the lifetime for the solution
with that initial value is greater than T.

Proof. First observe that for every coordinate patch, a global solution is given by 0. Then use
finitely many times the estimates given in Theorem O

Symmetric hyperbolic operators of second order on E —— M are defined as follows: a differential
operator P of second order on 7 is called symmetric hyperbolic if there exists a symmetric
hyperbolic operator of first order @ — called the first prolongation of P — acting on sections
of 1 ® T*M ®m such that Pu = Q(u, Vu) for every section u of w. This fits to the restriction to
charts — there, Vu is expressed as du + I' where T" is an algebraic (actually, linear) expression in
the u variable. Therefore a representation by ) as above entails an analogous expression in each
chart. Furthermore, common textbook knowledge assures that every operator of the form

Pu = fﬁtqur Z Aij(t,x)~Viju+ZBi(t,x)~Viu+c~6tu+d-u

i,j=1 i=1

(with A;; symmetric and uniformly positive) can be presented as Pu = Q(u, Vu) as above, and
the Laplace-d’Alembert equation on a compact subset can be brought into the form Pu = 0 for P
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as above. If P is semilinear, so is @Q; if P = A + g with A linear and ¢g(0) = 0, then Q = B+ h
with 2(0) = 0. The local-in-time existence result for second-order symmetric hyperbolic systems
is based on Corollary It is important to note that, if P has C* coefficients, then so has Q.
However, as the new operator ) includes a derivative of u, we loose one order of regularity for
u, but as we do not care much for the weakest possible regularity condition on the initial val-
ues anyway, we treat the semilinear operator () just like a quasilinear operator. However, notice
that there is a folklore theorem mentioned in Taylor’s book stating that semilinear symmetric
hyperbolic systems of first order have a C-extension criterion, therefore we could avoid the loss
of one derivative of 4 and obtain sharper statements for the necessary regularity of the initial values.
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