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Imaginary Kahlerian Killing spinors [

Nicolas Ginoux*and Uwe Semmelmann’

February 18, 2011

Abstract. We describe and to some extent characterize a new family of Kéhler spin manifolds admitting
non-trivial imaginary Kéhlerian Killing spinors.

1 Introduction

Let (M g, J) a Kihler manifold of real dimension 2n and with Kéhler-form Q defined by ﬁ(X JY) =
g(J(X),Y) for all vectors X,Y € TM. We denote by py : TM —s T'OM, X 3(X —iJ(X)) and

_:TM —T%'M, X — %(X—i—iJ(X)) the projection maps. In case M2 is spin, we denote its complex
spinor bundle by SM.

Definition 1.1 Let (Mzn,g, J) a spin Kdhler manifold and o € C. A pair (¢, ) of sections of M is
called an o-Kéhlerian Killing spinor if and only if it satisfies, for every X € T(T M),

Vxip =—ap (X)-¢
Vx¢ =—apy(X)- 9.

An a-Kdhlerian Killing spinor is said to be real (resp. imaginary) if and only if « € R (resp. a € iR*).

If a = 0, then an a-Kéhlerian Killing spinor is nothing but a pair of parallel spinors. The classification of
Kaéhler spin manifolds (resp. spin manifolds) admitting real non-parallel Kéhlerian Killing (resp. parallel)
spinors has been established by A. Moroianu in [I2] (resp. by McK. Wang in [14]).

In this paper, we describe and partially classify those Kahler spin manifolds carrying non-trivial imaginary
Kahlerian Killing spinors. Note first that there is no restriction in assuming o = i: obviously, changing
(1, ¢) into (1, —¢) changes o into —«; moreover, (1, ¢) is an a-Kéhlerian Killing spinor on (M?", g, J)
if and only if it is an §-Kéhlerian Killing spinor on (M2”7 A2g,J) for any constant A > 0.

K.-D. Kirchberg, who introduced this equation (see [d] for references), showed that, if a non-zero i-
Kihlerian Killing spinor (¢, ¢) exists on (M2, g,.J), then necessarily the complex dimension n of M is
odd, the manifold (M M2n, g) is Einstein with scalar curvature —4n(n+ 1), the pair (¢, ¢) vanishes nowhere
and satisfies ) - 1 = —it) as well as Q- ¢ = i¢, see [9] and Proposition [2.1| below for further properties.
Moreover, he proved in the case n = 3 that the holomorphic sectional curvature must be constant [9]
Thm. 16], in particular only the complex hyperbolic space CH? occurs as simply-connected complete
(M 6.g,J) with non-trivial i-Kéhlerian Killing spinors.

We extend Kirchberg’s results in several ways. First, we study in detail the critical points of the length
function |¢| of . We show that, if the underlying Rlemannlan manifold (M 2”, g) is connected and com-
plete, then |¢| has at most one critical value, which then has to be a (global) minimum and that the
corresponding set of critical points is a K&hler totally geodesic submanifold (Proposition .

As a next step, we describe a whole family of examples of Kéhler manifolds admitting non-trivial -
Kahlerian Killing spinors (Theorem, including the complex hyperbolic space and some Kéhler mani-
folds with non-constant holomorphic sectional curvature (Corollary . All arise as so-called doubly-
warped products over Sasakian manifolds. A more detailed study of the induced spinor equation on that
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Sasakian manifold allows the complex hyperbolic space to be characterized within the family (Theo-

rem [3.18]).

In the last section, we show that doubly-warped products are the only possible Kahler manifolds with
non-trivial ¢-Kéhlerian Killing spinors as soon as both components of (1, ¢) have the same length and
are exchanged through the Clifford multiplication by a (real) vector field (Theorem [4.1)). This shows
an interesting analogy with H. Baum’s classification [3] [4] of complete Riemannian spin manifolds with
imaginary Killing spinors.

Acknowledgment. This project benefited from the generous support of the universities of Hamburg, Potsdam,
Cologne and Regensburg as well as the DFG-Sonderforschungsbereich 647. Special thanks are due to Christian

Bar and Bernd Ammann. We also acknowledge very helpful discussions with Bogdan Alexandrov, Georges Habib
and Daniel Huybrechts.

2 General integrability conditions

In this section we look for further necessary conditions for the existence of imaginary Kéhlerian Killing
spinors. Consider the vector field V' on M defined by

9(V, X) := Sm((p+(X) - ¥, 9)) (1)
for every vector X on M. We recall the following

Proposition 2.1 (see [9]) Let (¢, ¢) be an i-Kihlerian Killing spinor on (M2, g, J) which does not
vanish identically. Then the following properties hold:

i) grad(|y[?) = grad(|¢|*) = 2V
ii) For all vectors X,Y € TM,
9(VxV,Y) = Re ((p—(X) - ¢.p—(Y) - &) + (p+ (X) - 0, p+(Y) - ).
In particular,
Hess([y[*)(X,Y) = Hess(|¢|*) (X, Y) = 2Re ((p—(X) - 6. p—(Y) - ¢) + (p+(X) - ¢, p+(Y) - 9)) -
i) A([Y1?) = A(|g]?) = =2(n + 1)([¥[* + |¢|*), where A := —try(Hess).

iv) The wvector field V' is holomorphic, i.e., it satisfies: 6](}()‘/ = J(%XV) for every X € TM. In
particular, the vector field J(V') is Killing on M.

v) grad(|[V|2) = 2V V.

Note that, from Proposition the identity A(|1h]|2+|¢[2) = —4(n+1)(J¢)|> +|¢|2) holds on M, therefore
M cannot be compact.

Next we are interested in the critical points of ||? (or of |¢|?, they are the same by Proposition z))
We need a technical lemma:

Lemma 2.2 Under the hypotheses of Proposition [2.1], one has
VaVyV =Ve V+1{20(V, X)Y + g(V,Y)X — g(V. J(Y))J(X) + g(X,Y)V + g(J(X),Y)J(V)}
for all vector fields X,Y on M. Therefore,

Hess(|V[*)(X,Y) = 29(VxV, VyV) +2 (3g(X,V)g(Y, V) + |V [*9(X,Y) = g(X, J(V))g(Y, T(V)))



Proof: Using Proposition u we compute in a local orthonormal basis {e;}1<;<an of TM:

VxVyV = Z%e( (VxY) - 6.p—(e5) - &) + (p+ (VY ) - .p(e) - ¥)
(- (Y) - Vx6.p-(e;) - &)+ (p-(¥) - 6.9~ () - V)
(P (V) Vxt,pi(e) - ¥) + P4 (Y) - 0pi(e5) - V) e
= Zafee( (VxY) - 6.0-(e5) - 8) + (0 (VxY) -4 (e5) - ¥)
—alp—(Y) - p(X) p-(e5) - ) + alp-(Y) - 6.p—(e;) - p4(X) - ¥)

—alpy(Y) - p_(X) - ¢,pilej) - ¥) + alpr (V) -9, pi(ej) - p—(X) - ¢>)6j

Y Sm((p- (V) P (X) v p—(e)) - ) + (P (V) - - (X) - 6,p2(e5) - 1) e

—ng(m(i’) <&, p-(€)) - p+(X) - 9) + (p (V) - ¥, pr(e5) - p(X) - ¢>)€j~

We compute the second line of the right-hand side of the preceding equation (the treatment of the third
one is analogous). Using (p4(X) - 9, ¢) = 2ig(V, p4+ (X)), we obtain

P+ (Y) - p(X)-dpyles)- ) = (,p_(X)-pr(Y) p_(ej)-¢) +4ig(Y,p_(e;))g(V,p—(X))
+4ig(Y, p—(X))g(V,p-(e;)).
We deduce that, for every j € {1,..., 2n},

(p—(Y) - p(X) - ¥, p—(e5) - &) + (p+(Y) - p—(X) - &, p4(e5) - ) =2Re (¢, p—(X) - p(Y) - p—(e;) - 9))
+4ig(Y,p-(€;))g(V,p— (X))
+4ig(Y,p—(X))g(V,p-(e;))-

The imaginary part of the right-hand side of the last equality is then given for every j € {1,...,2n} by

ARe (9(Y, p—(€;))9(V,p— (X)) + (Y, p-(X))g(V.p-(¢;))) = g(V,X)g(Y,e;) +g(V, J(X))g(J(Y),e;)

+9(X,Y)g(V,e;) + 9(J(X),Y)g(J(V), €;).

This shows that

Z Sm(<p—(Y) p(X) -, p—(ej) - @) + (p+(Y) - p—(X) - ¢, py(e5) - w>)€j = g(V,X)Y
+g(V, J(X))J(Y)
+9(X, V)V

Similarly, one shows that

2n
S Sm((p- (V) 6,0 (e5) - pe(X) - 0) + B (V) - 004 (e) - p(X) - 6) ) = —g(V,Y)X
j=1

+9(V, J(Y))J(X)
—g(V, X)Y
+9(V, J(X))J(Y).



Combining the computations above, we obtain

VixVyV = Vg ,V
+(g(V, X)Y +g(V, J(X))J(Y) + g(X, V)V + g(J (X),Y)J(V))
— (=g(V.Y)X +g(V, J (V) J(X) = g(V, X)Y + (V. J(X))J (Y))

= Voo,V
+ 29V, X)Y +g(V,Y)X = g(V, J(Y))J(X) + 9(X, Y)V +¢g(J(X),Y)J(V)),

which shows the first identity. We deduce for the Hessian of |[V'|? that, for all vector fields X,Y on M ,

Hess([V[*)(X,Y) = 29(VxVyV,Y)
= 29(Ve, VoY) +2(20(V, X)g(V,Y) + [V g(X,Y) = 0+ g(X, V)g(V,Y)

+9(J(X), V)g(J(V),Y))
= 2(VxV,VyV) +2(3g(X,V)g(Y.V) +VIPg(X.Y) = g(X, J(V))g(Y. I (V) ,
which is the second identity. This concludes the proof of Lemma O

We can now describe more precisely the set of critical values and points of [1|? and |V |2.

Proposition 2.3 Under the hypotheses of Proposition assume furthermore (M%, g) to be connected
and complete. Then the following holds:

i) The set {V = 0} of zeros of V coincides with {VyV = 0}. As a consequence, the zeros of V are
the only critical points of the function |V |? on M?".

ii) The subset {V =0} is a (possibly empty) connected totally geodesic Kdhler submanifold of complex

dimension k < n in (],\\/.I'/Q”,g7 J). Furthermore, for all x,y € {V = 0}, every geodesic segment
between x and y lies in {V = 0}.

iii) The function || has at most one critical value on M>", which is then a global minimum of |1)|2.
Furthermore, the set of critical points of |{|? is a connected totally geodesic Kdihler submanifold in

(M?",g,J).

Proof: The proof relies on simple computations and arguments.
i) Proposition [2.1lv) already implies that {VyV = 0} coincides with the set of critical points of |V 2.
Every zero of V is obviously a zero of ViV, i.e., a critical point of |V|2. Conversely, let z € {VyV = 0}.
Then 0 = g, (V. V) = [p_ (Vi) - 2 + o (Va) - 912, 50 that p_ (V)6 = 0 and py(Vs) - ¢ = 0, which,
in turn, implies 0 = Sm ((p+(Vz) - ¥, ¢)) = g(Va, Vi), that is, V, = 0. This shows ).

ii) The subset {V = 0} - if non-empty - is the fixed-point-set in M2" of the flow of the holomorphic
Killing field J(V'), therefore it is a totally geodesic Kahler submanifold of M?2n (see e.g. [10, Sec. IL.5));
moreover, it cannot contain any open subset of M?" since otherwise V would identically vanish as a
holomorphic vector field. To show the connectedness of {V = 0}, it suffices to prove the second part of
the statement. Pick any two points zg, 21 in {V = 0} (or, equivalently, any critical points of |V|?) and
any geodesic ¢ in (M2", g) with ¢(0) = z¢ and ¢(1) = ;. Consider the real-valued function f(t) := |V|2

defined on R. Then, for any ¢ € R one has f'(t) = g(grad(|V|?),c (t)) = 29(66,(0‘/, V) and
f"(t) = Hess([V[*)(c' (1), ¢ (¢)).

Lemma provides the Hessian of |V'|2: for every X € TM,

c(t)

Hess(|V[*)(X, X) = 2[Vx V] +2 (3g(V, X)* + |V [X* — g(X, J(V))?).

By Cauchy-Schwarz inequality, |V|?|X|? — g(X,J(V))? > 0, so that Hess(]V|?)(X, X) > 0 for all X, in
particular f is convex. This in turn implies that, if f/(0) = f/(1) = 0, then necessarily f vanishes on
[0,1]. This proves 7).

1i1) Set, for any ¢ € R, h(t) := |¢|3(t) where ¢ is an arbitrary geodesic on (Mzn,g). We show again that



h is convex. As before h”(t) = Hess(|v|?)(c/(t),c (t)) > 0 for every t € R where Hess(|¢]?)(X, X) =

2(|p—(X) - B2 + |p+(X) - |2) > 0 for every X € TM (Proposition . We already know that, if
V= %grad(|w|2) vanishes at two different points of ¢, then it vanishes on any geodesic segment joining
the two points, therefore [¢|? is constant on it. This proves that |¢|? has at most one critical value. Since
h is convex this critical value is necessarily a minimum. The last part of the statement is a straightforward
consequence of 4i) since grad(|y|?) = 2V by Proposition This shows 7i7) and concludes the proof. [J

3 Doubly warped products with imaginary Kahlerian Killing
spinors

In this section, we describe the so-called doubly-warped products carrying non-zero imaginary Kahlerian
Killing spinors. Doubly warped products were introduced in the spinorial context by Patrick Baier in his
master thesis [I] to compute the Dirac spectrum of the complex hyperbolic space, using its representation
as a doubly-warped product over an odd-dimensional sphere.

First we recall general formulas on warped products.

Lemma 3.1 Let (]\7 =M x I,§ := g; ® Bdt?) be a warped product, where I C R is an open interval,
gt is a smooth 1-parameter family of Riemannian metrics on M and 3 € C>°(M x I,RY). Denote by

M 5% M the first projection. Then, for all X,Y € T'(wiTM),

Vel - -;gmdgm,.»ﬁ%g
Tl - gg;%a,w%%
VxY = V¥ Yf%%(X Y)gt

where %f = [%, X] and VM (resp. V) is the Levi-Civita covariant derivative of (M, g;) (resp. of (M,E))

Proof: straightforward consequence of the Koszul identity. O

From now on we restrict ourselves to the following particular case: the manifold M will be equipped with
a Riemannian flow.

Definition 3.2

i) A Riemannian flow is a triple (M, g, fA), where M is a smooth manifold and Z is a smooth unit
vector field whose flow is isometric on the orthogonal distribution, i.e., g(V Y&, Z') = —g(Z, VI¢)
for all Z,7' € &+, where VM denotes the Levi-Civita covariant derivative of (M,3).

it) A Riemannian flow (M, g, E) is called minimal if and only if 621[8: 0, that is, zfg is actually a
Killing vector field on M.

Let (M,g, 5) be a minimal Riemannian flow. Let h denote the endomorphlsm—ﬁeld of fl defined by
h( ) = VM§ for every Z € fJ‘ Let V be the covariant derivative on §J- defined for all Z € F(fl) by

VxZ = [é:’\ ] -~ i = 5 . Alternatively, V can be described by the following formulas: for all
(VM Z)¢ it X | f
2,7' € T(EY),

o~

ﬁéﬂz =VeZ+0(Z) and VY72 =Vz7' —§(Z2),2))s.

It is important to notice that, if (M,g,&) is a (minimal) Riemannian flow and g := 2 (5?9 @ g1 ) for
some constants r, s > 0, then (M, g,& := %A) is a (minimal) Riemannian flow with corresponding objects
given by
h="h and V=Y. 2)
r



In this language, a Sasakian manifold is a minimal Riemannian flow (M, g, {A) such that h is a transver-
sal Kahler structure, that is, h2 = —Ids, and Vh = 0. Further on in the text we shall need for
normalization purposes so-called D-homothetic deformatzons of a Sasakian structure: a D homothetic
deformation of (M,g,&) is (M, N (\gz @ gfl)7 3= ¢) for some A € R’. The identities imply that

(M, \2 ()‘295 & ge), 3z f) is Sasakian as soon as (M, g, §) is Sasakian.

We can now make the concept of doubly-warped product precise:

Definition 3.3 A doubly-warped product is a warped product of the form
(M,§) == (M x I, p(t)*(o(t)*G¢ ® Geu ) © dt?),

where I is an open i interval, (M, g, 5) is a mintmal Riemannian flow, p,o : I — Rf_ are smooth functions

ond 9e = g'ﬂ%seauas’ gﬁi T Jlerger

As for warped products, it can be easily proved that a doubly-warped product (]Tj ,g) is complete as soon

as I =R and (M, g) is complete.

It is easy to check that, setting g; := p(t)Q(U(t)2§E@ ’g\@), one has %ﬂt = 2” gi + 2= g (7 Tes, -) and the

unit vector field providing the Riemannian flow on (M, g;) is & = L& In paurtlcular7 the formulas in
po

Lemma simplify:

~ 0
V%g = 0
Vaé = 0
~ 0z o
VaoZ = EJF —Z
5 9 = @f
Sot po
)
Vel = po Ot
652 = V§Z+h(z)
o
vzat B FZ
VzE = WZ)
_ /
V22 = VZZ/_gt(h(Z)7ZI)€_%gt(Z7Zl)%’

where we have denoted the corresponding objects on (M, g;, &) without the hat “=7.

Next we look at a possible construction of Kahler structures on doubly-warped products.

Lemma 3.4 Let (M,§) := (M x I,p(t)z(a(t)2§g®/g\@) @ dt?) be a doubly-warped product. Assume the
existence of a transversal Kahler structure J on (M, ﬁ,g) and define the almost complex structure J on
M by J(€) = gt, J(2) = —€ and J(Z) := J(Z) for all Z € {€, 23+, Then (M?",3, J) is Kihler if and
only if h = ——J on {&, 2} (in particular 2 2 must be constant).

Proof: Using the identities above we write down the condition 65 = 0. Denote by h and V the objects
correspondlng to g+ on M. Note first that, by definition and , one has VJ = 0 on {¢, %}L and

214 = J, which does not depend on t. Hence we obtain, for all Z,Z’ € F(fJ-)
> ot

0 ~= 0
) =TT 50

VaJ©)-J(Vge = 0

Vo (i(2) - iz = WA 50Z, OUZ) ;07

I
=

Vo (J(

9
gt



(J(%)) Jvfau ~ 0
TeJ(©) - T(Ted) = 0
Vg(J(Z)) ( ¢Z) = holJ(Z)—Joh(2)
ValTg) - IT2g) = ~h2)-212)
V2(©) - IT26) = Lz-Tanz)
VAH(2) - TT22) = —h(2).1(Z)E - L2251 + 0(2),2) 51~ L 2.2

Therefore, VJ =0 implies h = fp—l,] on &+ which, in turn, implies h o J = J o h. Moreover, implies
that h = %a which yields h= ——J The reverse implication is obvious. g

Remarks 3.5

1. With the assumptions of Lemma the function p vanishes either identically or nowhere on the
interval I. In the former case the vanishing of & is equivalent to M being locally the Riemannian
product of an interval with a Kahler manifold; in the latter one, we may assume, up to changing o

into |” o (and g into (2 )23, g @ Jg. ), that h=—cJand p/ =eo with e € {£1}.

2. Given a Kéhler doubly warped product (M g, J ) as in Lemma and a real constant C, the map
(z,1) = (x,%t 4+ C) provides a holomorphic isometry (M g, J) ( 7, J"), where (M’,§
(M x (C£1), g ®dt?) and J' is the corresponding complex structure (agam as in Lemma
If furthermore M is spin, then this isometry preserves the corresponding spin structures. Thus, in
the case where p’ # 0, we may assume that € = 1, i.e., that h = —J and p’ = 0.

Now we examine the correspondence of spinors. Let the underlying manifold M of some minimal Rieman-
nian flow (M, g,€) be spin and, in case M is the total space of a Riemannian submersion with S'-fibres
over a spin manifold IV, let M carry the spin structure induced by that of N. Let XM denote the spinor
bundle of (M, g) and “M” its Clifford multiplication. Let the doubly warped product M carry the product

spin structure (with Clifford multiplication denoted by “”). Then the transversal covariant derivative V
induces a covariant derivative - also denoted by V - on XM, which is related to the spinorial Levi-Civita
covariant derivative VM on LM via (see e.g. [T, eq. (2.4.7)] or [8, Sec. 4])

2n—2

1 1
M f— . . . . M P -_— . .
Ve <p—V5<p—|—Z]§:1 e]Mh(ej)Mgo and VZ<p—VZ<p—|—2£Mh(Z)M<p

for every ¢ € T'(XM), where {e;}1<j<an_2 is a local orthonormal basis of £&- C TM.

Lemma 3.6 Let a minimal Riemannian flow (M, g,f) carry a transversal Kahler structure J such that
the doubly-warped product (M g, J) is Kdhler, where J zs the almost-complex structure induced by J as

in Lemma [3.4] E Assume furthermore M to be spin. Let M carry the induced spin structure. Then, the
following identities hold for all ¢ € F(EM) and Z € {§, dt}L

~ a(p
Var =
/
~ ~ a
Vep = Vssoffpﬁ @,75
~ ’ 6
Vze Vzp 2p(§ J(Z) + Bt) ©,

where Q) denotes the Kihler form of (M, g, j)



Proof: Let (e1,...,ean—2,€an—1 := &, €ap := %) be a local positively-oriented orthonormal basis of ™M
and (¢4 )q the corresponding spinorial frame. It can be assumed that e; = p~1€; with g(€;, €;) = ;1 and

6;; = 0 (extend some g-orthonormal basis independently of time). Split ¢ = > catq, then
Vop = (v Oca,
29 = ZCQZ 2.€j,€L)€] - € - 1/@4—2
7,k=1
—.9¢
ot
8@ 2n—2
= 51 an D G(Vaejer)e;exta
7,k=1
8@ 2n—2 663
= ot + = an ; {gt —|— (5Jk}e] ek Vo
J =
_ 9
ot
where we have used V 2 at = V § = 0 and aef = %ej by the above choice of e;. On the other
hand, the Weingarten endomorphlbm field of (M , gt) in M is given by A() = —%g% = —(’;—?/5 and

A(Z) = fﬁzg = f%/Z for all Z € {¢, %}J‘, so that the Gauss-Weingarten formula implies

. 1 9
Veo = Vip+ FA©) - 5

ot
2n—2
_ } , (po)' . 0
B Vg@+4Ze]Mh(ej)M<p 2po§ at ¥
,2n 2 /
_ (po)' . O
= Vey Z A 2p0 ¢ a7
p’ (po)' . O
= AN o DA 2
Vey 2p 7 2p0 7 Ot 4

where  is the 2- form associated to J on {¢, &1+, e, Q(Z,2') = g.(J(Z),Z') for all Z,Z' € {&, &1+

Since Q = Q + EN m, we deduce that

= v”_Qp;ﬁ'@_;f'aat'@-
For any Z € {¢, §:}*, one has
Vzp = v%@-F%A(Z).%.SD
= Vzg0+;§Mh() W_Q);Z'aatw

/

p J
— S J(Z) o — g
Vze 2p§ J(Z)- ¢ 5l o ®

which shows the last identity and concludes the proof. O

Later on we shall need to split spinors into different components. Recall that, on any Kéahler spin manifold
(M M2, g, T ) the spinor bundle XM of (M M?n, g) splits under the Clifford action of the Kéhler form Q into

YM = é ¥, M,
r=0

where X, M := = Ker(€ - —i(2r — n)Id). Now if (Mzn,@ J) is a doubly-warped product as above, then
any ¢ € %, M (with r € {0,1,...,n}) can be further split into eigenvectors for the Clifford action of



Q = g(J-,+). Namely, since [ A ath] = 0, the automorphism ¢ - % of M leaves ¥, M invariant; from
(&- %)2 = —1 one deduces the orthogonal decomposition X, M = Ker(¢ - % + iId) ® Ker(¢ - % —1d).
Since both Clifford actions of £ and % are V-parallel, so is the latter splitting. But, for any ¢ € ¥, M,
one has

@EKer(f-%iild) — Q-p=il2r—n)ptip
= Q-p=i2r—nx1)p,

that is, 3, M N Ker(¢ - 2 +ild) = X, M and %, M N Ker(¢ - 2 —ild) = %,_; M, where by definition
.M = Ker(Q-—i(2r—(n—1)Id)) for r € {0,1,...,n—1} and {0} otherwise. Out of dimensional reasons
one actually has .

M =XM1 M (3)
for every r € {0,1,...,n}. Beware here that, if r is even, then ETM is a subspace of Y+ M hence ETMM
is canonically identified with a subspace of Z*‘M v = M, whereas if r is odd then it is a subspace of
Y _M and is also identified as a subspace of XM, but this time with opposite Clifford multiplication.

Lemma 3.7 Under the hypotheses ofLemma let p € F(ETM) for somer € {0,1...,n} and consider
its decomposition p = @, + @r_1 w.T.1. . Then the identities of Lemma read:

6%%« = 8{3@;
6%9%—1 = 6%2_1
Veor = Veor+ 5(0-202 + D
Vepr1 = Vepro1+ %((n - 27")’;/ - %/)sor—l
Vze = Vg, — [;lp+(Z) : % “or1+Vzor_1 — ’:p—(Z) : % "o

for all Z € {¢, %}J—, where, as usual, p+(Z) = $(Z FiJ(Z)).

Proof: The first two identities follow from V 2 (&N %) =0 and %—‘t] = 0. For the third and fourth ones,
note that Vg (&N 5) =0, so that

~ ~ Zp/ Z'O_/
Vepor +Vepr1 = VE‘PT+V£‘PT—1*%(2T*n)(wr+@r—l)*%(¢r—l*907’)
1 o 7 oo
= “((n-2nt 4+ = i+ =((n—2rE =Dy,
v&@r"" 2((” ’I“) P + J)‘pr+v590r 1+ 2((” ’I“) o J)‘Pr 1,
which is the result. As for the last identity, one does not have v z(EN %) = 0, however
0 0 0 0
(f'J(Z)‘*‘Z'E)"P = (_J(Z)'a‘f‘a‘f'z'&)'@
0 0
= —iJ(Z) = (or- r Z - r r
W(Z) 5y (or1 =) + 2 o (or 1)
0 0
= 2+(2) 5+ 20-(2) - 5
for all Z € {¢, %}J—. This concludes the proof. O

We now have all we need to rewrite the imaginary Kéahler Killing spinor equation on doubly warped
products.

Lemma 3.8 Let a spin minimal Riemannian flow (M?"~1 g, {) carry a transversal Kahler structure J
such that the doubly- warped pmduct (M g, J) is Kdihler, where J is the almost- complez structure induced
by J as in Lemma | Let M carry the induced spin structure and assume n > 3 to be odd. Then a pair



(1, @) is an i-Kdhlerian Killing spinor on (M?*",q,J) if and only if the following identities are satisfied
by the components ¢ = (ZSnTH + ¢an1 and P = 1/1% + ”([Jans w.T.t. :

i 0
8&% ‘9
ot = —igy  Ynoa
Ont v
at = —lgp Pna
awn;fj
ot :Q , ,
Vebop = 4(4 - F)oupn
_ i ' d
Vebup  =5(5+F)bups — 5 Y (4)
_ i ' o
ngngl 77%‘(%4’%/)’1/171;1 +E'¢n§1
Vetnzs = —4(5 — F)us
VZ¢n+1 :pj_(Z)(%%(ﬁn;l 7an;1)
Vzgns =L2p (2)-§ Qg1 —ipi(Z)  Yuos
Vzpua =Epi(2Z) & Yuzs —ip(Z) - dup
Vzos =p(2)- (55 ot —igun)

for every Z € {£, %}J‘.

Proof: Since py (&)1 = (2 +i€) ¢ = 1 2. (1+i¢- 2y %1/); and similarly p_ ()¢ = %-qsn%,
the i-Kéhlerian Killing spinor equation is satisfied by (¢, ¢) for X = % if and only if

0¢np  O9an — 0

g T e - g s i e
ot | Ofase i 0

o e T () o= g o

which gives the first four identities (use [, 2] = 0).
From p4 (§) - ¢ = —ip+(%) “p = —i% "l/]n;l and p_(§) -9 = ip,(%) = i% ~q5nT_1 we deduce that the
i-Kéhlerian Killing spinor equation is satisfied by (¢, ¢) for X = & if and only if

/

p

i o’
Vegnp + 5(—; + ;W% =0
Vebus - ;<Z F Do = 2 s
Vethn-1 + ;(pp/ + %/)w% = % Par
Vetus + ;<’; ~Dpas = 0,

which implies the next four equations.
Let Z € {¢, %}L, then the -Kéhlerian Killing spinor equation is satisfied by (¢, ¢) for X = Z if and
only if

/ 0

—ipp(Z) - Yus = Vizup — %m(z) o Pt
7Z‘p+(Z) . Q/Jn,73 = quﬁnfl — ﬂlp_(Z) : Q . ¢n+1
2 2 P ot 2
—ip(Z) pntn = Vzgthnor — g/p_~_(Z) . g “Yn-s
e Tz p ot Tz
ip(2)- b = Votpua —Lp (2) 2 g
= 2 ) ot =z’
which concludes the proof. O

Next we want to describe all doubly warped products with non-zero imaginary Kéhlerian Killing spinors.
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Theorem 3.9 Forn > 3 odd let (MQ”,@ j) be a Kdhler spin doubly warped product as in Lemma .
If there exists a non-zero i-Kdihlerian Killing spinor (1, ¢) on (M?",g,J), then

~

e the minimal Riemannian flow (M*"~1,g,&) is Sasakian,

e up to changing t into —t, applying a D-homothety and translating the interval I by a constant, one

has either p = €t

or p = sinh or p = cosh,

e the components ¥, and ¢, of (Y, d) w.r.t. satisfy:

one has

ordups
pitnza
Pzt
Vedup

In case p = e': Then o = e’ and, setting 12%_3 = i%

n+1

17 (p-(2)  Pnis +p+(Z)J\;JﬂTfa)~

Wz and pos 1= € (fun gy - Yunr),

n+1 ~
1) P+(Z)MSD"T—1
n+1 —~
-1 (Z)" paz
(1) p-(2) s pn

In particular, the manifold (M*"~1,3, E) admits a non-zero transversally parallel spinor. Conversely,

every non-zero transversally parallel spinor 5@ € I(Xn-1 M) provides a non-zero i-Kdhlerian
2 2

Killing spinor by setting ¢nT+l = wans =0 and qbanl = etngSanl, d}anl

t; 0 .7
—€'igy ‘an;l. Moreowver,

for any i-Kdhlerian Killing spinor (1, ¢) on that doubly warped product (M%j, j), the component

~

qﬁ% is transversally parallel on (M,g,€) if and only ifi% )= —¢.

In case p = sinh: One has o = cosh on I =R and there is a one-to-one correspondence between the

space of i-Kdhlerian Killing spinors on (MZ",@ j) and that of sections (SDnTH,(‘Danl,éBanl,@'an?»)
OfE%M@ZnT—lMEBE%M@EnT—SM — M satisfying

on (M?"=1 g, E), for every Z € Ei (this means that (@%,go%) must satisfy (9)) for r = *3

=~ =~ - _ n—1
(¢nT4,¢nT4) must satisfy |) forr = 7"3=).

1y _(~)
o (n—2r)E7 0,

O

r—1

’ s (5)

(—1)Tp+(Z)M P r_1
i, (™)

(-1) p—(Z)M ©,

ntl and

i) In case p = cosh: One has o = sinh on I = R and there is a one-to-one correspondence between the

space of i-Kdhlerian Killing spinors on (MQ",ﬁ, J) and that of sections (@i, pn

anl ~7173)
NCESRCEE

2 2
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OfEnTﬁ»lM@ZanlM@EnT—lM@Zan?:M — M satisfying

= () —1)" (™)

Vg P r = —{ 21) (H—Q’/‘)gM @

S (V) (=1" o~ ()

vg (90)7"71 - 2 (TL - QT)EM (90 r—1 (6)
Vz ¢, = ()= p+(Z>;/[ o1

= () n=1 ~ (~)

Vz Pr—1 = (71) 2 p—(Z)M ?

on (M*~1 g, 5) for every Z € fJ‘ (this means that (¢ 21, Pnot 1) must satisfy @) forr = % and
((pn 1, Puss 3) must satzsfy@forr— n-l),

Proof: We first show p” = p on I. In order to express all equations of in an intrinsic way, we
have to compare all objects on (M gt,f) with the corresponding ones on (M,q,&). Recall that g, =
p(t)2(a(t)%g, ge® ge) and £ = 1 § As for , it is elementary to check the following relations:

~

Y7:Y7 L= £ [——an 7. = pZ- 7 = pZ "
o £ {’ gM £M7 pLs v P
for all Z € €. Applying T?t onto

Voun =p+(Z)7(p’% $n_1 —iphn_1)
szbn s =p (2] % w 1 — ipPn_r)

0P i1 0Yn_s3

and using —;>— = —57— = 0, one obtains
0 8 aqSL—l alﬁL—l
- A //7. n—1 —_ 2 — n —_ 2
0 8 0 .0
= A //7. 1 —— - _— n 1 — M n—1
= (2 5 bnsa + 0 g (g W) —ipns —ip(—igy - dnsr))

/" ,\8
(0" =PI+ (Z2) 5, - bu

and analogously (p"—p)p,(Z)7%~1/)nT_1 = 0 forall Z € £+, Fix a local §-orthonormal basis (ej)1<j<on—2 of

EJ-. Putting Z = e;, Clifford-multiplying by e; and summing over j gives (p” —p)(bn 1= (p”—p)i//anl =0.

34571771 31%771
On the other hand, both equations involving —2— and —;2— provide the existence of smooth sections

Af , of En 1 M (independent of t) such that ¢n 1 = etA" L +etAT | and wngl = —¢t Zat AJ,C .
2
e tzgt ~An .. We deduce that (p" — p)AT_, = (p — p)Aﬂ,,1 = 0. If both AT_, and A7,_, Vamshed
2 2 2 2

identically on M, then so would ¢ no1 and ¢ no1 and the identities involving v z® no1 and V A no1 would
provide (after contracting with the Clifford multiplication just as above) anTH = 'l/}nT—IS = 0, so that
(1, ) = 0, which is a contradiction. Therefore p” —p =0 on I.

It follows in particular that p’ = 0 on I cannot hold, so we may assume that h=—J (hence (M?*"1.73, E )
is Sasakian) and p’ = o (see Remarks . Furthermore, in the case where the constant (p")? — p? does not
vanish, up to replacing p by \/T (which is equivalent to performing a D-homothetic deformation

of the Sasakian structure), we may assume that (p'?) — p? = 1 or —1 on I. Next we rewrite the equations
from Lemma considering the new sections ¢ nil, Pt %) n1, ® n-3 defined by

Png1 = Qnpr

Pn_1 _P¢w L ipGy Yo

Pus = ipfy - Pur +p lbnTl

Pogt =Yz
Note that the linear transformation (¢%,¢%,’¢J%,¢%ﬁ) — (w#,w%,ﬁ%l,ﬁ%) is invertible
if and only if (p')2 — p? # 0. From (4) we have, for all Z € ¢t

aat n+1 = O

12



ot = 0

o

2Pt = 0

o _

a0

S _ (- n+l N2 2vE~
Vepnp = ——— =25 )((0)" = p )¢ pnps
& _ (_1)";1 n+1 N2 2\ £~
Vepna = ————0=2(=5))(0)" = p)E  pas
~ (- =1 1o g
Vepno = 5 (= 2(=5=)((p")" = p)E P
~ 1)z n—1 .
Vepos = o)) - I B
~ n+1 ~

Vzgup = (=1)2 pi(2) - pn

~ nt1 ~

Vapu = (1) ((0) = p"p-(2) oo

Vifua = (-1)2 (") = P")p+(2) Gus

Vzpus = (Z1) 7 p(2) @ns

If (p')% — p? # 0 on I, then the required equations directly follow from the above ones. Moreover, since
in that case the correspondence ((ZSTLT-H7¢71T—17¢TLT—1,1/]1LT—3) — (SDnT-H,QDnT—l,&nT—l,@nT—S) is bijective, the
“If” in the assumptions is actually an “if and only if”. If now (p’)? — p? = 0, then p’ = £p on I; since we
have assumed p’ > 0 (up to changing ¢ into —t), we only have to consider p’ = p, hence p = Ce? for some
positive constant C. Since translating ¢ provides a holomorphic isometry (again see Remarks |3.5)), one
may assume that C = 1, i.e., p = e'. In that case, one has @goanl =0 on M, hence Pn vanishes either

identically or nowhere on M (and on M since it is constant in t).If ¢ no1 # 0, then all right members in
the equations listed just above vanish except

ﬁz@%l = (=)= pe(2)-pna
Vifns =(-1)"F

which together with @,.—1 = i% “pn1 gives the result. If pno1 = 0 on M, then coming back to the
equations from Lemma one has @gﬁ np1 = 61& n_s = 0 and $ n1 satisfies the required equations. [

Remark 3.10 In Theorem z) not every i-Kéhlerian Killing spinor on M must come from a transver-
sally parallel spinor on M. For instance, consider the complex hyperbolic space CH™ (for n odd) endowed
with its Fubini-Study metric of constant holomorphic sectional curvature —4 and its canonical spin struc-
ture. Then CH" (possibly with a suitable submanifold removed) can be viewed as a doubly warped
product in several ways. For example, CH" is a doubly-warped product over the Heisenberg group M,

. . -1 . . . . e
which admits a ( nn_l >—d1men310nal space of transversally parallel spinors lying pointwise in ZanlM
2

(see below). However, CH™ carries a 2 ( & )—dimensional space of i-Kéhlerian Killing spinors [9, Sec.
2

3]. Therefore there exists at least one non-zero Kéhlerian Killing spinor on CH™ which does not come
from any transversally parallel spinor on M.

As an example for Theorem i), any Heisenberg manifold of dimension 4k 4+ 1 (with k& > 1) has a spin
structure for which the corresponding spinor bundle is trivialized by transversally parallel spinors. This
follows from three facts: every Heisenberg manifold is an S'-bundle with totally geodesic fibres over a
flat torus; every S'-bundle over a manifold carrying parallel spinors carries transversally parallel spinors
for the induced spin structure, see e.g. [6, Prop. 3.6]; the whole spinor bundle of any flat torus endowed

13



with its so-called trivial spin structure is trivialized by parallel spinors. Note that, as a consequence of
Lemma below, the doubly warped product arising from a (2n — 1)-dimensional Heisenberg manifold
M choosing p = ¢ = e’ has constant holomorphic sectional curvature —4, therefore it is holomorphically
isometric to CH™ as soon as it is simply-connected and complete.

Examples for Theorem [3.9]4) with non-constant holomorphic sectional curvature can be constructed out
of the following lemma:

Lemma 3.11 For each integer n = 1 (4), let (N?"72 gn,J) be any simply-connected closed Hodge
hyperkdhler manifold. Then there exists an St-bundle M over N carrying an S'-invariant metric g for
which (M?*"=1.7g, 5) is Sasakian and for which there exists a parallel spinor lying pointwise in En 1 M.

Proof: Recall first that every hyperkihler manifold is spin (this follows from the structure group Sp(*51)
being simply-connected). McK. Wang’s classification [I4] of manifolds with parallel spinors provides the

existence of exactly % + 1 linearly independent parallel spinors on N, one of which lies pointwise in

EanN if and only if % is even [14) (ii) p.61]. Now, for any Hodge Kéhler manifold (N, g, J) (“Hodge”
meaning that its Kihler class is proportional to an integral class), there exists an S'-bundle M —— N
carrying an Sl'-invariant metric g for which (M?"~1 g, ¢) is Sasakian with h = —J, see [13, Prop. 2] (as
usual ¢ denotes the fundamental vector field of the S'-action). By [6, Prop. 3.6], the lift of the non-zero
parallel spinor in 271,2;1 N to M gives a non-zero transversal parallel spinor on (M?"~1 g, ¢) provided the

spin structure on M is induced by the one on 7*(T'N) and the trivial covering of S!; because of h=—J ,
this spinor lies pointwise in % no1 M. O

Kodaira’s embedding theorem states that a closed Kéhler manifold is Hodge if and only if it is projective,
i.e., if and only if it can be holomorphically embedded in some complex projective space. Therefore projec-
tive hyperkéhler manifolds of complex dimension 4k (with k > 1) provide examples for N in Lemma
For instance, simply connected hyperkahler manifolds can be constructed as the Hilbert scheme of a K3-
surface (cf. [5]). Indeed, let X be a K3-surface, then the Hilbert scheme Hilb?*(X), which is the blow-up
along the diagonal of the 2k-th symmetric product of X, is a compact, simply-connected hyperkahler
manifold of complex dimension 4k. If X is projective, e.g. a quartic, then Hilb?* (X) is projective too and
thus has an integer Kéahler class.

In order to decide whether the doubly warped product we construct is the complex hyperbolic space
or not, the transversal holomorphic curvature of (M,g,£) and the holomorphic sectional curvature of

(MQ”,E, j) have to be compared:

Lemma 3.12 Let (M2"7 g, j) be a Kdhler doubly warped product as in Lemma with p”' = p, 0 = p’ and
h = —J. Then the holomorphic sectional curvature Kvwo1(Z) of (M,q,J) and the transversal holomorphic
sectional curvature Ky (Z) of (M,q,€) are related by

[?hol(Z) = plﬁ(l?hol(z) - 4(/)/)2)7

for all Z € {fA, %}J— \ {0}. In particular, the doubly warped product (Mzn,ﬁ, j) has constant holomor-

phic sectional curvature —4 if and only if the transversal holomorphic sectional curvature of (M, g, 5) 18
constant equal to 4((p')? — p?).

Proof: Recall that I?hol(Z) and IA(hol(Z) are defined by

§(R(Z,J2)2,]7)
9z, 27

G(R(Z,J2)Z,JZ)
9(Z,2)?

[?hol(Z) = and I?hol(Z) =
where RX y = V[X Y] — [VX, Vy} and RZ g = V[Z 7= [VZ, VZ/] are the curvature tensors associated

to V and ¥V on TM and §J- respectlvely The following identities can be deduced from the formulas in
Lemma [3.1] -, taking into account p’ = o and p” = p:

9(Be 56 =) —“ZQ =4
J(R(2,72)2,JZ) = §(R(Z,]2)Z,JZ)~ 4(’;')25(2, Z)?,
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for every Z € {¢, 234\ {0}. Using §(Z,-) = p*3(Z,"), we obtain

§(R(2.72)2,02Z) ¢

I?hol(Z) = ~(Z Z)2 _4(;)2
_ i (R(Z JZ)Z,JZ) 4(3/)2
2 9(Z,2)? p’’

which gives the first statement. Since by the computation above Kyoi(€) = —4 (independently of §), the
second follows from the first (note that (p’)2 — p? is constant by the assumption p” = p). O

As a consequence of Theorem [3.9]7), Lemma and Lemma |3.12 u we obtain:

Corollary 3.13 For an integer n = 1 (4), let (N*""2,gn,J) be any simply-connected closed Hodge
hyperkdhler manifold. Let (M*"~13, A) be constructed from N as in Lemma and (Mzn,ﬁ, j) be
the Kdhler spin doubly warped product constructed from M as in Lemma wlth p =0 =c¢c'. Then
(MQn,ﬁ7 J) carries a mon-zero i-Kdhlerian Killing spinor but has non- constant holomorphic sectional
curvature.

Proof: The existence of a non-zero i-Kéhlerian Killing spinor follows from Theorem z) and Lemma
In case p = 0 = €', Lemma implies that the holomorphic sectional curvature of the doubly warped
product (M?",g,.J) is —4 if and only if the transversal holomorphic sectional curvature of (M, g, ¢) van-
ishes, that is, if and only if its transversal curvature vanishes (see e.g. [I1], Prop. 7.1 p.166]). Now for any
S'-bundle as in Lemma the transversal (holomorphic) sectional curvature of M and the (holomor-
phic) sectional curvature of N coincide. Since simply-connected closed hyperkéhler manifolds cannot be

flat, the Kahler manifold (1\7 g, J ) cannot have constant holomorphic sectional curvature. O

Corollary provides the first family of examples of Kahler spin manifolds of non-constant holomorphic
sectional curvature carrying non-zero imaginary Kéhlerian Killing spinors.

The two other subcases (p')? — p? = 1 and (p’)? — p? = —1 are geometrically more simple to describe.

We do it in separate lemmas.

Lemma 3.14 Let (M?*"~1, g, &) be a Sasakian spin manifold with h = —J and fixr € {0,1,...,n}. Then
a section (Y, Yr—1) of 2. M ®X,._1 M satisfies if and only if ¥ := . +,_1 is a (721) -Killing spinor
on (M, g).

Proof: Let 2 be the 2-form associated to J on &+, i.e., Q(Z,Z') = g(J(Z),Z') for all Z,Z' 1 &. Using
Q 1/)r = (=) (@2r-n+ 1){ ¥, (for all r) we have on the one hand

Ve = v?w+%QM¢
_ (=1)" = 1
= VQJ¢—T§'¢+75'¢+§QM¢
R e N R RS
P 0 1) n e v
_ =4 =4 =4
= 5 5 (n72r)£]\o/[wr+ 5 (2(r71)7n+2)§1\~/11/)r_1,

which implies

Vewr = (V-5 )+ S (- 20)E - 4

Ve = (V=G5 - ) = S —20)¢ - o

On the other hand, for every Z € ¢+ one has,

Vou = VY€ h(Z) v

M
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_ (= ) () 1
= Viv-"5Z =g J(Z) €
—1)r — 1
= v 2) ( 2) Z 02 I(Z) A1) i+ () i)
= w2 o iy v+ Gz i) v,
which implies
V zr = (ng = )+ (=1)"p3(Z) - hr—a ()
Ve = (VY0557 - )ea + (219 (2) - .
Therefore the pair (1., 1,._1) satisfies if and only if ¥ := 9, + ¢,._1 satisfies VM P =
all X € TM, that is, if and only if ¢ is a (G ) -Killing spinor on (M, g). O

The case (p')? — p? = —1 is analogous to the case (p')?2 — p? = 1 up to a Lorentzian detour. We call @[)
the following system of equations:

Vepr == -2)¢ -0y

Ve =S —2)¢ - 4y )
Vzr = (0" (2) o P

Vzroy =—(=1)"ep_(2) oV

for all Z,7Z' € ¢+, where € € {£1}.

Lemma 3.15 Let (M?"~1 g,£) be a Sasakian spin manifold with h = —J and fix r € {0,1,...,n} as

well as € € {£1}. Then a section (Y, ¥,—1) of .M ®X,._1 M satisfies @ if and only if ¥ = V. +ie,_1

(1
2

is a ' _Killing spinor on the Lorentzian manifold (M, —ge © ger).
Proof: First, there exists the analog of Riemannian flow in the Lorentzian context. A Lorentzian flow is
given by a triple (M, g, ¢ ) where (M, g) is a Lorentzian manifold and § a smooth tangent vector field on
M with g({, fA) = —1 and g(§]g]€, 7' = —g(VZ,f,Z) for all Z, Z' € £L. Note that (M,g) is necessarily
. . . S & €78 ifX=¢ ~
time-oriented because of the existence of £. Setting VxZ :=| *2 ~ 2 forall Z e I'(¢+)
(VMZ)E  ifX L€

and h = UM 27 one obtains a metric connection V and a skew-symmetric endomorphism-field h on EJ-
such that R R R

VEZ  =VeZ+h(Z) —|—g(VM§ 2)€

VY2 = 9,2+ 5(2), 20

for all Z,7Z" € F(gL). Moreover, in case M is spin, the corresponding Gauss-type formula for spinors
reads

\V — VUM, 1074 g yMen

Y?’D 7Y§ v 2¥Mf+ 26 VE i
=V¥ Leoh(2)”

VZQO VZ<»0+ 2£M ( )IVISQ

for all ¢ € T(XM) and Z € §l where Q(Z, Z' ) (/H(Z),Z’) In case (M, g, 5) is Lorentzian Sasakian,
i.e., if furthermore VM § =0, h? = —Id and Vh = 0, then we still have the V- parallel decomposition
M =@r oS, M Wlth .M = Ker(ﬁ;l —i(2r — (n — 1)Id)). This time one has fMap,, = (=1)"*p, for

all p, € ¥, M.
Assume now (M, g, 5) to be Lorentzian Sasakian and pick a section ¢ = ¥, + 9,1 of X, M & X,._1 M,
then the formulas above imply

Ve = ¥y gfry
~ _17‘+1'AA 1r+1
= Vé”@”—( )2 ’W“ )2 w—f«?r—(n—wm 2(r—1) = (n = 1)¥, 1)
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ﬂ(?(r —1)—(n— 1))5741/%—1

R v (_1)T+1iA¢ (=)t _omET _ﬂ —9P)ET
= V-t (n = 2r)8 4y — 25— (n = 2)E "ty
that is,
~ ~ 1yl _1)r+iy ~
Vebr = (V¥ - EH—0y), + S (- 2n)E

+1,

~ ~ 1yt 1)yt ~__
Vet = (V- S—E0y), | — C— (n = 2r)E - v,

M

This is still valid for » = 0 or r = n (setting ¥_1 := 1, := 0). Similarly, for all Z € @-,

~ ~ 1~
= M —en n
Vav = VYu+5Eh(Z) Ty
_ em, (_1)7‘+1,L' ~ (—1)T+1i L (_1)r+1,\ ~ (_1)r+1/\ -
oM (_1)r+1i ~ r+1,; ~ r+1,; -~
= Vzg¥-—fg—Z v+ (1) Zp—(Z)M% +(-1) ZP+(Z)M%—1,
that is,
~ ~ —_1)rH o~ - R
Vzde = (VY0 — C5—270) + (0 ip (2) i
< = —_1)rt1,; o~ . . ~
Vzdr = (VY= S5—270), 4+ () ip-(2) .
If one changes the Lorentzian metric g into g := —§g€9§@, then one obtains a smooth Riemannian metric

o~

g on M and the triple (M, g,¢ := ) is a Riemannian flow with

vile =-ViE
h =—h
\Y% =V.
Moreover, the Clifford multiplications are related by
Si TRy

zZ . =27-,
M M

for all Z € &L = &L, Therefore the equations above become on (M, g, )

_(OM,, _ (=D _ =D .
Vﬁwr - (Yg‘ ¢ QT_H?\M'(/))T 2 ("Z‘ 2T)§ M 'L/)r
Ve = (V¥ = CH=E09),  + 5 (n—2)¢ - o
~ 1)+ o~ 4l
Ve = (VY0 — S22 00) + (0 ip () e
~ 1)L -
Vzdr = (VYo = S5—270), 4+ () ip-(2) - i
Therefore, 1, — i€, _1 satisfies @) if and only if ¢ is a (_%H%—Killing spinor on (M, g, E) O

Round spheres provide examples of spin Sasakian manifolds where is fulfilled for the right r.

Lemma 3.16 For any odd n > 3, the (2n — 1)-dimensional round sphere M with its canonical Sasakian
and spin structures admits a 2 & -dimensional space of sections of EnT-HM &) EnT—lM &) EnT—lM <)

2
EanaM satisfying .

Proof. Consider the standard embedding S?*~! c C", with unit normal v, = z and hence Weingarten-
endomorphism field A = —Idrys. Set € := —iv. It is well-known that (S?"7!,g,¢) is a Sasakian spin
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manifold with h = —J on ¢+ ¢ TM , where J is the standard complex structure induced from C". Let
P e X,C" with r € {0,1...,n} (i.e., Q-1 =i(2r —n)y where Q is the standard Kéhler form of C"). If
r is even then ¢y € ¥TC". In that case the spinorial Gauss formula reads

.1
VXe=VX¢-5AX) ¢

so that the restriction of ¢ on S?"~! satisfies V¢ = %X Iy P, ie., is a %—Killing spinor. If r is odd,

then ¢ € ¥ _C"™. The spinorial Gauss formula for a section ¢ € E_(Cﬁ%i17 which can be identified with
Y827~ provided we change the sign of the Clifford multiplication, reads then

n 1
M _ oC 2 .
Vxe=Vx %0+2A(X)M<P

for every X € TM. We deduce that V¢ = —%X V ) for every X € T'M, that is, the restriction of 9 to
S?n1is a —%—Killing spinor. To sum up, the restriction of a constant section 1 € ¥, C" to M := S?»~1
is a %—Killing spinor on M. Decompose such a v into ¢ = ¢, + 1,._1, see . From Lemma and
rke(%,C™) = ( 7: ) we conclude. O

The analog of S?”~! in the Lorentzian context is the Anti-deSitter spacetime H?"~!, that can be defined
by

n—1
H> = {2z € C"| —|20]* + ) |z* = 1}

j=1

Lemma 3.17 For any odd n > 3, the (2n — 1)—Adimensionalflntz’—deSitter spacetime M := H2"~1 with
its induced Lorentzian Sasakian structure (with & = ix and h = J) and induced spin structure admits
an Z -dimensional space of %W—Killing spinors lying pointwise in 2. M & ¥,._1M. In particu-
lar, if one considers the (Riemannian) Sasakian metric given by —5569 §€1, where § is the canonical
Lorentzian metric of sectional curvature —1, then H>"~! admits a 2 ( & )-dimensional space of sec-
tions on%M@Z%M@Z%M@Z%M satisfying (@) ’

Proof: First recall that M is a Lorentzian Sasakian manifold and simultaneously an S*-bundle with totally

geodesic fibres over CH”~!. Just as for the sphere, one can restrict spinors from C" onto M so that the
following Gauss-Weingarten-formula holds for all v € C*°(C", Xs,) and all X € T M:

A(X)
_T.V.w

M) S if(e) €5, Ve
0 i Y(e) € By, Y,

VXY

where A(X) := Vxv is the Weingarten endormorphism of M in C". Morecover, there still exists a V-
parallel splitting X5, = ®I'_yX2,,» where g, , = Ker(&'N) - —i(2r — n)Id) (with dimension < Z )) and

Q is the Kihler form associated to the standard complex structure J on M. Choosing v, := —z as unit

normal on M, one has A = —Idryy, so that the restriction of any constant section of C" x Xy, , onto M
_ T‘+1 ] . . . . . Tr

provides a %—Kﬂhng spinor. Since again X, M), = 3, M @& 3,1 M, the first statement follows. The

second statement is a consequence of the first one together with Lemma [3.15] a

The doubly warped product of Theorem u) corresponding to M = S?»~! is the complement of a point
in the complex hyperbolic space CH™ with its canonical Fubini-Study metric of constant holomorphic
sectional curvature —4 (compare with [I, Satz 5.1]). Therefore we obtain a new description of the ima-
ginary Kéhlerian Killing spinors on CH™ after the explicit one by K.-D. Kirchberg [9, Sec. 3]. Actually
CH™ is essentially the only example occurring in Theorem zz)
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Theorem 3.18 Forn > 3 odd let (MQ”,ﬁ, j) be a Kdhler doubly warped product as in Lemma with

~ =

(M?"=1.G,€) complete, Sasakian, simply-connected, spin, I = Ri, p = sinh and ¢ = cosh. Let M carry
the induced spin structure and assume (M>",g,J) admits a non-zero i-Kdhlerian Killing spinor (1, ¢).
Then (M?*",g,J) is holomorphically isometric to CH™ \ {z} for some x € CH".

Proof: Tt suffices to show that (M2"~1, 5, €) is S2"~1 with its standard Sasakian structure. By assumption

ntl ~

and Lemma [3.14] the section CEESES p| is a #—Killing spinor on (M?"~1 35 £) lying pointwise
ntl —~

in EnT-l—lM ® ZnT—lM and the section {EnT—l + anT_s is a —#—Killing spinor on (M?"~1 3G &) lying

pointwise in X not MaeX %M . At least one of them does not vanish. Now C. Bér’s classification (see

in particular [2, Thm. 3]) implies that either M = §?>"~! or M is a compact Einstein-Sasakian manifold
with exactly one non-zero %— and one non-zero —%—Killing spinor. Moreover, each Killing spinor induces
a parallel spinor on the Riemannian cone M over M [2]. But coming back to McK. Wang’s classification
of simply-connected complete Riemannian spin manifolds with parallel spinors, it turns out that, in the
latter case, the reduced holonomy of M is SU,, (where n is its complex dimension) and the parallel spinors

lie in XgM and %, M (see [I4} (i) p.61]), in particular not in ¥ 21 M. Thus only S?"~! occurs. a

In case M = H?"~! is equipped with its associated Riemannian Sasakian structure, the corresponding
doubly warped product with p = cosh and ¢ = sinh has again constant holomorphic sectional curvature
—4 by Lemma It is actually the complement in CH” of some submanifold. We conjecture that, up
to covering, H?"~! is the only Lorentzian Sasakian manifold having non-zero imaginary Killing spinors
lying pointwise in the “middle” eigenspaces ¥, M (with r € {"T_?’7 RN ”T'H}) of the Clifford action of the
transversal Kahler form. If this happens, then only the complex hyperbolic space can occur as (simply-
connected complete) example of doubly warped product in Theorem uz)

4 Classification in a particular case

In this section, we show that the structure of a doubly warped product can be recovered from the length
function of a non-zero imaginary Kahlerian Killing spinor satisfying certain supplementary assumption
on the Kéhler manifold M. The following result can be seen as analogous to H. Baum’s one [3] about
imaginary Killing spinors of so-called type I. Recall for the next theorem that V' was defined by .

Theorem 4.1 Let (MZ",g, J) be a connected complete Kdhler spin manifold carrying a non-zero i-
Kahlerian Killing spinor (¢, ¢). Assume 1| = |¢| and the existence of a real vector field W on M together

with a non-identically vanishing continuous function p : M — C such that W -1 = u¢. Then the vector
field V' has no zero, the Kdhler manifold (M*", g, J) is a doubly warped product as in Theorem z) and

(1, ®) comes from a transversally parallel spinor on (M,q,§).

Proof: We construct a holomorphic isometry between (M g, J) and some doubly warped product. This
isometry is provided by the flow of some vector field associated to the Kéhlerian Killing spinor (compare
with the case of imaginary Killing spinors [3]).
First note that, if |1)| = |¢|, then both ¢ and ¢ have no zero on M. Because of [W |- || = |W-4| = |u|- |9,
this already implies |W| = |u| on M. Fix a neighbourhood U of a point 2 with u(z) # 0 for all 2 € U. It
follows from the definition of V' that

9(p+(W).V)

|61
on U, in particular W (z) # 0 and V(x) # 0 for all € U. Now Cauchy-Schwarz inequality with X =V
in (1) gives |V| < |¢]-|é| on M. With we deduce that

w=2i (10)

V|2 \%4 J(V
= e (o a8 T02)
VI2|W|?
< Mo
< (WP
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on U, which together with |u| = |W| provides |V| = |¢|?. By the equality case in Cauchy-Schwarz
inequality, we obtain V - ¢ = i|V|¢ and V - ¢ = i|V|¢p) on U. This identity holds on M because of the
analyticity of all objects involved (by definition, ¢ is anti-holomorphic and ¢ is holomorphic). This in
turn implies |V| = |¢|? on M, in particular {V=0}=g and % <1 = 1i¢ as well as % ¢ =i on M.
Next we look at the level hypersurfaces M, = {z € M, |¢(z)| = r} (with r € RZY) which, if non-empty,
are smooth because of {V = 0} = @ and Proposition A unit normal to M, is given by v := ‘7‘/| and
the associated Weingarten endomorphism field is

A(X) = —%Xl/
1 (= ~ V.V
= —— (VxV —g(VxV, — )
77 (TV o
for every X € vt. Setting ¢ := —J(v) (note that the vector field ¢ is pointwise tangent to M), using
v -1 = i¢ and Proposition ii)7 we compute, for all X, Y € vt,
1 -~
1
= —m%(@—(x)'@p—(y)'¢>>+<p+(X)'¢,p+(Y)'¢>)
1
= —W%G(QL(X) v, p (V) v ) + (pr(X) - 4, pe (V) - )

1

= fméree(f<p_<X>-u-w7u~p_<Y>-w>—2g<u,p_<Y>><p_<X>-w,w

+(ps(X) 0 py (V) 0)
= e p(X) v (V) 0) + 29w p (X)) (v po (V) - )

= 290, (V) {p—(X) v 0, 8) + (p4 (X) - 6,01 (V) - )

= e 0Y ) g T - p (¥) ) g0 (V) (X) v .0))

1

o (19P905Y) + (0 T Re((0,p- (¥) ) = 6(0 TV ) Relp-(X) - 6.))
—_—— ——

0

_ _ﬁ(wg(x,mw(u, JO)g(J(X), V)

= —(9(X,Y)+g(&X)g(&,Y)),

that is, A = —Idpa, — £ @ ¢ In particular, the GauB-Weingarten formula for the inclusion M, C M
reads VxY = VY'Y — (g(X,Y) 4 g(&, X)g(€,Y))v for all vector fields X, Y tangent to M,..
We begin with the reconstruction of the doubly warped product structure of Theorem [3.9)7). From

A(&) = —2¢, we deduce that A(J(V)) = —2J(V), hence V ;v = 2J(V). Proposition u) gives
sy (v = TV IVD L g 0 (1) 6up (JV)) - 6) + (0 (V) - ps (J(V)) - 46)) = 0.

Vi Vi

Therefore V )V = 2|V|J(V), that is, ViV = 2|V |V using V j(x)V = J(Vx V) for all X. This implies
for the commutator of £ and v (which we need later for the identification of the metric and of the Sasakian
structure)

] = W)
v v
vV
_ 1 1o, 1JV)
= /WY eV



1 1 1
mv(m)«](v) - W[J(V),V]
_9(6\/‘/7 V).V 1

T ()~ YD)

VR
0

= 2 (11)

We show now that each (non-empty) (M., g|,, ,&|,, ) is Sasakian. For every X € T'M,, one has

Vx§ = =Vx(J(¥)

—J(Vxv)

= J(AX))
—J(X) = g(& X)v,

so that %gﬁ = —2v, from which Vémﬁ = 0 follows and, for every Z € {¢, v}, the identity %ZE =—-J(Z)
implies V"¢ = —J(Z). In particular, §|,, defines a minimal Riemannian flow on (M, g,, ) and h = —J
is an almost Hermitian structure on &+ C TM,. It remains to show that h - or, equivalently, J - is
transversally parallel on £+. Recall that, from the definition of the transversal covariant derivative V one
has, for all sections Z, Z’ of ¢+,
VeZ = VIZ—n(2)
= VeZ - g(A(€), Z)v + J(2)
= VeZ+J(2)

and

VzZ = VyZ +g9(h2),Z)¢
= VzZ - g(AZ), 2w —g(J(2),Z')¢
- 6ZZ/_|_g(ZaZ/)V_g(‘](Z)7Z/)§7

from which one deduces that

(Ve)(Z2) = Ve(J(2)) - J(VeZ)
= Ve(J(2)-Z—-J(NeZ)+ Z
0
and
(VzI)(Z) = Vz(J(Z) - I(VzZ')

= Vz(J(Z2)+
—J(V 22"
= 0,

(Z.J(Z"))w — g(J(Z),I(Z))§
(Z2,2)§ + 9(J(2), Z")v

Q@ «

i.e., VJ =0, which proves that (M, g, ,§|,, ) is Sasakian.

We come to the holomorphic isometry. Denote M := M, g := g|,, and E:: &, - Up to rescaling (¢, ¢)
by a positive constant (this does not influence both conditions on (¢, ¢)), we may assume that M # &.
Let F} be the flow of v on M. The vector field v is complete since v is bounded and (M ,g) is complete.
Consider the map

F:MxR — M
(z,t) — F/(2).

We first show that F' is a diffeomorphism. If F}'(xz) = F}/(2') for some ¢,¢' € R and z,2’ € M, then z

and 2’ lie on the same integral curve of v. Let now ¢ be any integral curve of v on M with ¢(0) € M and
set f(t) := [V]cu) (note that f a priori depends on the curve and in particular on the chosen starting
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point). Then f is smooth with first derivative given by f'(t) = %(c(t)) = 2|V|cry = 2f(t) for all

t, so that f = f(0)e?" = e2'. This has several consequences. On the one hand, f is injective, so that c

meets M at most once, hence x = 2’ and ¢t =/, which proves the injectivity of F. On the other hand, f

does a posteriori not depend on the chosen starting point on M, in particular F} preserves the foliation

by the level hypersurfaces M, of |¢| and hence the orthogonal splitting T'M, @ Rv. Together with the
X

surjectivity of f : R — RZ, we obtain that of I’ and the pointwise invertibility of the differential of F.
Therefore F' is a diffeomorphism.

Next we determine the metric F*g. The map F' sends % onto v, so that obviously F* g(%7 %) = 1. The
preceding considerations also yield F *g(%7 X)=0forallteR and X € TM. Since

9 v w9 v @ 5 v

(Rl = (B ()61, = (ROl B 20,

Js Jds
we have

(FY)<€ = e*¢ (12)
for every t € R. Moreover, the Lie derivative of ¢ in direction of v is given for all X,Y € v* by
([’Vg)(Xv Y) = g(%xl/, Y) +g(6YV’X)

= 2(9(X,Y) +g(§, X)g(&,Y)),

that is, (£,g9)) , =2(9 + £ @ £°). The identity %(F;)*g‘szt = (FY)*L,g provides, for any X, Y € TM
and t € R

TR e = (e (F) g )(XY)

= {(F) Log}h(X,Y)
= Log((F)X, (FY).Y) o FY

2(g((F). X, (FY).Y) + (6, (FY). X)g(&, (F).Y) ) o FY
() g((F20).6 X) (B ) g((FY,).6,Y))

() g(x,7)
2((FY) 90X, Y) + e (R gle X)(FY'g(,Y)). (13)

= 2

Since (FY)*g(&,€) = g((FY).&, (FY) &) o FY (e*tg(&,€)) o FY = e*, we deduce from that, for
X =g,

(9 vk v *

75 (F) 96, Y))o = 4(F)"9(&,Y),
from which (FY)*g(&,Y) = e*g(£,Y) follows. In particular, (F¥)*g(¢,Y) = 0 for every Y € {&,v}+. For
X,Y € {¢, v}t the identity (13) becomes

0

S (F) (X V), = 2F) (XY,

which implies (F}Y)*g(X,Y) = e?'g(X,Y). To sum up, the pull-back metric on M x R is given by
F*g — eZt(th/g\g@ ./g\EJ_) @ dtQ7

where fq\g =0 = §(§, ) ® §(§ -) and, as in the beginning of this section, /g\@ denotes the restriction
of g onto the subspace {E, %}L C TM. Hence the map F' provides an isometry with the doubly warped

product of Theorem z) This isometry pulls the spin structure of M back onto the product spin
structure of M x R, where M carries the spin structure induced by its embedding in M. It remains to
show that F' identifies the complex structures. This follows from the definition of the complex structure
on the doubly warped product M x R (see Lemma , from (F}).v = v, (Ft”)*(e_%g) = ¢ and from
[J(Z),v] = %J(Z)V —V,J(Z) = —A(J(2)) = J(N,Z) = J(Z) — J(V,Z) = J([Z,v]) for every section Z
of {¢&,v}+ (use the computation of A above).

Last but not the least, the identity v -1 = i¢ implies that ¢ (or, equivalently, 1) is transversally parallel
on (M,g, E) by Theorem mz) This concludes the proof of Theorem O
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It is important to note that only the condition W - ¢ = u¢ for some real vector field W is restrictive,
since by [0, Thm. 11] the identity || = |¢| can always be assumed.

We conjecture that the examples of Section [3] describe all Kahler spin manifolds admitting non-trivial
imaginary Kéahlerian Killing spinors. This will be the object of a forthcoming paper.
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