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DYNAMICAL GENERALIZATIONS OF THE LAGRANGE SPECTRUM

SEBASTIEN FERENCZI

ABSTRACT. We compute two invariants of topological conjugacy, the upper and lower limits
of the inverse of Boshernitzan’s ne,,, where e, is the smallest measure of a cylinder of length
n, for three families of symbolic systems, the natural codings of rotations and three-interval
exchanges and the Arnoux-Rauzy systems. The sets of values of these invariants for a given
family of systems generalize the Lagrange spectrum, which is what we get for the family of
rotations with the upper limit of %

The Lagrange spectrum is the set of finite values of L(«) for all irrational numbers «,
where L(«) is the largest constant ¢ such that |a — §| < Cq% for infinitely many integers p
and ¢ (a variant is known as the Markov spectrum, see Section 1.3 below). It was recently
remarked that this arithmetic definition can be replaced by a dynamical definition involving
the irrational rotations of angle «, through their natural coding by the partition {[0,1 —
al,[1 — a,1[}. Namely, as we prove in Theorem 2.4 below which was never written before,
L(w) is also the upper limit of the inverse of the so-called Boshernitzan’s ne,, where e, is
the smallest (Lebesgue) measure of the nonempty cylinders of length n.

Thus, for any symbolic dynamical system, it is interesting to compute two new invariants
of topological conjugacy, limsup,,_,, . % and liminf,, | % Moreover, for a given family
of systems, the set of all values of these invariants can be called the upper, resp. lower
BL (for Boshernitzan and Lagrange) spectrum. In this paper, we compute these spectra
for three families of systems: the irrational rotations (seen as two-interval exchanges), the
three-interval exchanges, both coded by the natural partition of the interval generated by the
discontinuities, and the Arnoux-Rauzy systems. In each of these cases, we use an induction
(or renormalization) process, which is respectively a variant of the Euclid algoritm, the self-
dual induction of [20], and the natural one defined in [3]. A multiplicative form of the
process yields explicit formulas for our invariants, and these formulas are then exploited in
each case by using the underlying algorithm of approximation of real numbers by rationals,
which is respectively the classical continued fraction expansion, an extension of a semi-regular
continued fraction expansion, and the algorithm which motivated the study of Arnoux-Rauzy
systems.

What we get in the end is a first partial description of the five new sets we introduced
beside the classical Lagrange spectrum. For rotations, the lower BL spectrum is a compact
set starting with 1 and an interval (at least) as far as 1,03..., ending at 1, 38..., with gaps,
above an accumulation point at 1,23.... For three-interval exchanges, the upper BL spectrum
looks, perhaps deceptively, like two times the Lagrange spectrum, starting at 2v/5 with gaps
and an accumulation point at 6, and ending with an interval (at least) from 14, 8... to infinity;
the lower BL spectrum is fully determined and is none other than the interval [2, +oc]. For
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2 S. FERENCZI

Arnoux-Rauzy systems, we deal with cubic numbers and our knowledge is only embryonic:
the upper BL spectrum starts at 8,44..., with gaps, and ends at infinity, the lower BL
spectrum starts at 2, ends at infinity, and contains at least all the integers as accumulation
points.

As a consequence, we get new uniquely ergodic systems for which ne, does not tend to
zero when n tends to infinity, showing that Boshernitzan’s criterion (see Section 1.4) is not
a necessary condition; their existence in the family of three-interval exchanges was known
but a proof was never written, while the examples in the family of Arnoux-Rauzy systems
are new, and surprising as these systems are often thought to behave like rotations, see the
discussion at the end of Section 4. An interesting open problem would be to compute the
BL spectra of the family of all uniquely ergodic symbolic systems, see Section 5.

1. PRELIMINARIES
1.1. Languages.

Definition 1.1. We look at finite words on a finite alphabet A. A word with r letters,
wi...w,, is of length r. The concatenation of two words w and w' is denoted by ww'. The
empty word s the unique word of length zero.

A word w = w;...w, occurs at place i in a word v = v1...v5 or an infinite sequence v = vV1vVs...
if wy = vy, ..., W, = Vie_1. We say that w is a factor of v. The empty word is a factor of
any v. Prefixes and suffixes are defined in the usual way.

A language L is a set of words such if w is in L, all its factors are in L, aw is in L for at
least one letter a of A, and wb is in L for at least one letter b of A.

A language L is uniformly recurrent if for each w in L there exists n such that w occurs in
each word of length n of L.

A language L is now fixed.

Definition 1.2. A word w is right special, resp. left special if there exist at least two
different letters x such that zw, resp. wx, is in L. If w is both right special and left special,
w 1s bispecial.

The complexity of L is the function p;, which to each positive integer n associates the number
of different words of length n in L.

The Rauzy graph of length n of L is the graph whose vertices are the words of length n in
L, with an edge w — w' if there exists a word v of length n — 1 such that w = av, w' = vb,
and avb € L.

1.2. Symbolic dynamics.

Definition 1.3. The symbolic dynamical system associated to a language L is the one-sided
shift S(xox1Ts...) = T12s... on the subset X, of AN made with the infinite sequences such
that for every r < s, x,...xs is in L.

For a word w = w;...w, in L, the cylinder [w] is the set {z € Xp;x0 = wy,...xr—1 = w, }.
(X1, S) is minimal if L is uniformly recurrent.

(X1, S) is uniquely ergodic if there is one S-invariant probability measure u; then the fre-
quency of the word w is the measure p[w].

Starting from a (in general, geometric in origin) topological dynamical system (X, T'), we
can get a symbolic dynamical system:
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Definition 1.4. For a transformation T defined on a set X, partitioned into Xy, ... X,,
and a point x in X, its trajectory is the infinite sequence (T, )neN defined by x, =i if T"x
falls into X;, 1 <i <r.

The language L(T) is the set of all finite factors of its trajectories.

The coding of (X, T') by the partition { X1, ... X, } is the symbolic dynamical system (Xrr),S).

We shall often assimilate a dynamical system (X, T') with its coding by a partition. Note
that the word wy...w, has length n; in most cases, the cylinder [w;...w,] is assimilated to
an interval J, on which p is the Lebesgue measure; the (geometrical) length of J is also the
Lebesgue measure of [w;...w,|, and thus the frequency of the word wy...w,,, which should not
be mistaken with its (symbolic) length.

If the transformation 7" is minimal (i.e. every orbit is dense), all its trajectories have
the same finite factors, and the language L(7) is uniformly recurrent; the special words
depend on the language and not on the individual trajectories; thus they are defined by
any trajectory of T. If there is no periodic orbit, every word w is a factor of a bispecial
word; hence the bispecial words determine the finite factors of the trajectories, and thus the
symbolic dynamical system (Xpr),S).

1.3. Continued fractions. In Section 3 below, we shall use the generalized, or semi-reqular
continued fraction expansion

1
1
ay + €1 1
as + €2W
for a; positive integers, ¢;, = — or +, ¢; = + if a; = 1. We denote the above expression by

[0,a; % €1,a * &g, ...].

We write a,, with no sign if the expansion stops at a,. In Section 2 we shall deal only
with classic (Euclid) continued fraction expansions, and write only a; to denote a; * +. The
periodic sequence @ * €1, ..., Ay * €y, A1 * €1, .y Ay * Ep, , ... 18 denoted by (ag * €1, ..., a, *x£,)%.
It is shown in [15] that [0, ay * &1, ...]. has bounded partial quotients (for the Euclid algo-
rithm) if and only if the a; are bounded and the number of consecutive 2 * — is bounded.

For a full study of the Lagrange spectrum, we refer the reader to the monograph [14]; the
following definition is equivalent to the one given in the introduction of the present paper.

Definition 1.5. The Lagrange spectrum is the set of all finite values of

i 1
limsup ——,
k—too @ |qrCt — Pk

for a irrational, the Z—: being the convergents of a for the Euclid algorithm.

Let us just recall that the Lagrange spectrum is a closed set, its lowest elements are v/5,
then 2v/2, and discrete values (which, including these first two, are called the Lagrange
numbers) up to a first accumulation point at 3; above 3, its structure is more complicated
and not yet fully known, but it contains every real number above a value (which is known
to be optimal) near 4, 52...
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Note that to get the Markov spectrum, we replace the upper limit by a supremum in the
above definition; the Markov spectrum will not be used in the present paper.

1.4. Boshernitzan’s ne,. In [8] M. Boshernitzan introduced the following quantity:

Definition 1.6. Let (X, S) be a minimal symbolic system. If u is an S-invariant probability
measure, for each natural integer n, we denote by e,(u) the smallest positive frequency of
the words of length n of L. If p is the only invariant probability measure, e,(u) is simply
denoted by e,,.

After partial results in [8] and [26], it was proved in [9] (see also the survey [18]) that
whenever, for some invariant probability measure p, ne,(u) does not tend to 0 when n tends
to 400, then the system (Xp,S) is uniquely ergodic. This sufficient condition for unique
ergodicity has been known since [26] as Boshernitzan’s citerion.

In the present paper, all systems considered are uniquely ergodic, and we consider the
quantity ne,, for its own sake. Thus we define

Definition 1.7.
1 1
B =limsup —, B =liminf —.
n—+oo MNEp n—+oo NEy
Proposition 1.1. B and B’ are invariants of topological conjugacy among uniquely ergodic
symbolic dynamical systems.

Proof
For such a conjugacy ¢ between two symbolic systems, the i-th coordinate of ¢((z,)neN)
depends only on z;, ..., z;, for a fixed integer r, see for example Lemma 5.1.14 of [24], and
the image of the unique invariant probability measure on the first system is the one on the
second system. 0

A first crude estimate can be given using the complexity function,

Lemma 1.2. B > limsup,_,, o pLé"), B’ > liminf, .. 225
Proof
As the total measure of the space is 1, we have e,, < ——. O

pr(n)

This is enough to show that Boshernitzan’s criterion is not a necessary condition: there are
uniquely ergodic symbolic systems of exponential complexity [22], and thus with ne, — 0,
see also the discussion at the end of Section 4. But of course the above lemma implies that
the study of these invariants is interesting only for systems of sub-linear complexity, for
which the question of necessity can be asked again.

In view of Theorem 2.5 below, we are led to define the following sets:

Definition 1.8. For a family of uniquely ergodic symbolic dynamical systems (X,,S), a € F,
the upper BL spectrum is the set of all values of B taken by the systems in this family, and
the lower BL spectrum is the set of all values of B’ taken by the systems in this family.
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2. ROTATIONS AND THE DYNAMICAL DEFINITION OF THE LAGRANGE SPECTRUM

Surely there is nothing new to find about irrational rotations? The computation of B in
Thorem 2.4 below, and the subsequent Theorem 2.5, which was the main motivation for the
present paper, were known to P. Hubert and T. Monteil (private communications), but never
written to our knowledge. The quantity % was indeed computed in [12] (see also [5]) as, for
irrational rotations, it is equal to another invariant of topological conjugacy, the covering
number by intervals [12], which involves covering the space by Rokhlin towers; the spectrum
of its possible values is the object of a question in [12] and in [10], to which Theorem 2.6
below gives a first (to our knowledge), though belated and partial, answer.

Let a < % be an irrational number; the rotations with o > % are treated in a similar way
and all the results in this section from Theorem 2.4 onwards remain valid; the rotation of
angle «, is also the two-interval exchange defined by

7 T+« ifreX;=100,1-q]
xr =
r—14+a fzeXy=[1-aol.

With this definition, a rotation admits a natural coding, by the partition of X = [0,1]
into X; and X,. Then L(T) has complexity n + 1 and the trajectories are called Sturmian
sequences. Irrational rotations are minimal and uniquely ergodic.

To get Theorem 2.4 below, we rely on a computation of both frequencies and lengths of
factors of Sturmian sequences, which was done in [4], but which we provide again here by
using a different version of the classic Euclid algorithm, making the computations quicker
and ready to be generalized. This algorithm is the self-dual induction of [20] in the particular
case of two intervals; all what we need to know is contained in the following proposition,
which can also be proved directly without difficulty.

Proposition 2.1. If we build inductively real numbers l,, and r, and words w,, M,, P, in
the following way: Iy =a, 1y =1—=2a, wy =1, My =1, P, =21. Then
o wheneverl, > 1y, lyr1 = lp—"Tn, Tha1 = Tn, Wpy1 = Wy Py, Pyy1 = P, My = M, Py;
o whenever vy, > by, lyp1 = ln, Thr = 10 — by, W1 = WM, Py = P M, My =
M,,.

Then the w, are all the nonempty bispecial words of L(T), wyy1 being the shortest bispecial
word beginning with w,. The cylinder [w,] is the interval [ — l,,, o + ry[; its left and right
subintervals separated by o are respectively T[2w,] and T[lw,], thus l,, resp. r,, is the
frequency of the word 2w, resp. lw,. Also, [w,1] = [w,M,] and [w,2] = [w,P,].

The parameters [, and r, govern the process; the irrationality of o ensures that always
l, # r,. Two fundamental relations come as direct consequences of the above formulas, as
we check easily the considered quantities are not changed from n to n + 1: for all n,

(2) |M,| + |P,| — |wn| = 2.

We define now the multiplicative form of this algorithm:
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Corollary 2.2. We define ly = o, 1o = 1 —«a, My = 1, Py = 2, wy being the empty
word. Then we define ay, ag, ... such that r, > I, for 0 < n < a; —1, r, < [, for
a1 <n<ay+ay—1, and so on. Let op = ay + ...ag, 09 = 0; let o, =1, and q, = |M,,| if
k is even, ay, = l,, and q, = |P,,| if k is odd.

Then for allk >0, if .1 = qo =1,

A = Q41041 + Qgy2, Qi1 = Qp+1Gk + Qi1

If k is even agy1 = l,, and qr—1 = |P,, |, while if k is odd agy1 = 10, and qx—1 = |M,,|.
The Euclid continued fraction expansion of « is [0,a; + 1, as,...], and the q, k > 0, are
the denominators of the convergents of a.

Proof
The written formulas are straightforward consequences of Proposition 2.1. They imply that

e L and thus %+ has the continued fraction expansion [0, ajs1, Qpio, ...]. Goin
oy ki k+2 o y Yhk+1y Yk42,
k41
to k=0, Z‘—; = 2= has the continued fraction expansion [0, a, as, ...], which implies the last
assertions. 0

The relations (1) and (2) imply |w,, | = ¢ + gx—1 — 2 and

QOk + Q1041 = 1.
We can now compute the frequencies as in [4]:

Lemma 2.3. For |w,|+2 < s < |wyy1], the words of length s have three possible frequencies
which are Ly, Tna1, and lyyr + 1415 for s = |w,|+1, the words of length s have two possible
frequencies which are l,, and r,,.

Proof
As in [4], we build the Rauzy graphs. If w is not right special, w’ is not left special, and
w — w', then w and w’ have the same frequency.

In the case of Sturmian sequences, for each s, there is one right special word of length s
and there is one left special word G of length s; there are at most three frequencies, which
are for example those of Gy, 1G, and 2G, and these are exactly [,,, + 7., l,, and r,, for the
smallest m such that |w,,| > s.

But we need to check whether each of these frequencies is indeed the frequency of some
word. We take an n such that r,, > [,,, and let p be the length of w,,. The possible frequencies
of words of length p are l,,, r,, l,, + 7, each one is indeed the frequency of a word of length
p, as we take respectively 2w, deprived of its last letter, 1w, deprived of its last letter, and
wy,. Then the words of length p + 1 have possible frequencies l,,11, rn11, lpt1 + Tne1, which
are respectively [, r, — l,, r,; each of the two old frequencies [, r, is the frequency of a
word of length p+ 1, as we take respectively 2w, and 1w,, but the new one r, — I, is not the
frequency of any word of length p + 1. The words of length p 4+ 2 have possible frequencies
lni1s Tnats lns1 + Tna1, and each one is the frequency of a word of length p 4+ 2, as we take
respectively 2w,1, lw,1, and the prefix of length p 4+ 2 of w,, M,,; and this remains true (by
extending the considered words to the right following w, M,,) for p + 3,... until we reach the
length of w, ;. And the reasoning is similar if /,, > r,,. [
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Theorem 2.4. For a rotation of irrational angle o = [0,by, .., by, ...], if we define vy =
[0, bk, bk—l, bl] and tk = [0, bk—&-l, bk+2, ] then

B = lim sup (i + tk) = limsup (b, +vp_1 +tx), B =liminf (1 + tpvg).
k—+oo \ Uk k——+oc k—+o00

Proof
Suppose k is even. Then for o, < m < 0441 — 1, I, = l,, and [, < 7,,; thus the smallest
frequency of a word of length n is [, for |w,, 1| +2 < n < |w,,,, 1] + 1.

We know that l,, = agy1 and |w,, | = qx + gx—1 — 2, and we check |w,,_1| = g — 2. Thus
the minimal value of ne,, for |w,, _i[+2 < n < |w,,,,—1| +1is grog1; the maximal value of
ney for [we,—1| +2 < n < |we,,,—1] + 118 gry1u4a; all this is still true if & is odd.

In Corollary 2.2, we identify by with a; + 1 and b; with a; for ¢ > 2. Thus we get a;—:l =ty
while by construction of the g, we get q’;;l

Then limsup,, t = limsup;_, ., m = lim sup;_, o,

= Vg.-

Tb+10k+1 Gk Ohy2
qkOk+1

Q42

lim supy,_, . (& + 2££2) which is the first formula at stage k + 1.

dk Q41
s s | R E 1 I I Qk+10k+1+HqE0k+2
imilarly, lim inf — = liminf —— = liminf o1t TRk 42
S Y, n—00 ne- k—oo g an k—o0 Qh+1%k+1

liminfy o (1 + 222242 which is the second formula at stage k + 1. O
Ak+1 Gk+1

Theorem 2.5. The upper BL spectrum of the family of rotations is the union of the Lagrange
spectrum and +oo.

Proof
We check that ppog, + pr—10k1 = o and [prqr—1 — Pr—1qx| = 1, thus liminf, . gi|gror — pi|
is equal to liminf, . qrag1. O

As for the lower LB spectrum, it seems to have never been studied to our knowledge, and
its study looks to be of the same level of difficulty as for the Lagrange spectrum. We give
now some of the first results about it. Note that B’ is not the lower limit of m and
thus is not directly linked to the quality of the approximation of o by rationals.
Theorem 2.6. The lower BL spectrum of the family of rotations has 1 as its smallest
element, with B' = 1 if and only if the angle has unbounded partial quotients. It is a closed
set.

Its two largest elements are %5 =1,38196... and 3—+/3 = 1,26794..., and there is no other
element above %.

It contains an accumulation point equal to v/5 — 1 = 1,2360...

It contains the interval [1,1 + 83;118\/5 =1,03688...].
Proof

The first two assertions are straightforward consequences of the formula giving B’. The
spectrum is closed by the standard reasoning of [14], Chapter 1, Corollary to Lemma 6, as
every value greater than one is reached by an angle with bounded partial quotients, and for
any sequence of angles such that the corresponding B’ converge to a number different from
one, we can take the partial quotients uniformly bounded.

Let a = [0,by, .., .by, ...] be the angle of a rotation.
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Suppose that there are infinitely many b, > 4; then for these k, tyv, < }1.
If there are only 1, 2 or 3 with infinitely many 3, we have ¢, < [0, (13)¥]. If by = 3, we have
v < [0,3(31)%] and we get trvp < \‘//2?;35 =0,2424...
If there are only 1 and 2 with infinitely many 22, if by = bry1 = 2 we get ¢, < [0,2(21)¥] and
up < [0,2(21)%], thus tyvy < 1228 = (,1786...
If there are only 1 and 2 with no 22, infinitely many 2 and infinitely many 11, if b, = 2,
brs1 = o = 1 we get vy < [0,21(12)%], 5 < [0,11(12)%] and tyvy < 57333 — (), 2459...

Thus the two highest values are reached for the angles [0, (21)*] and [0, (1)“], and the
above estimates give a bound on the gap below them.

If we take o = [0, (172)%], for a j > 3, the smallest value of ¢,v, is reached when b, = 2 or
brs1 = 2, and when j tends to infinity, this value tends to [0, (1)][0,2(1)*] = v/5 — 2. Thus
we get an accumulation point, approached from above if j is odd.

To prove the last assertion, we use Theorem 3.2 of [23]: any real number s > 1 can be
written s = (r+ [0, ay, ag, ...])(r' + [0, @}, @}, ...]) with all the a; and a] taking values 1, 2, 3 or
4. Moreover, from the proof of this theorem we get ([23] p. 974) that if s is at least n?+(v/2—

1)n + %ﬁ we can take both r and ' greater or equal to n. Thus if s is at least %@,
we write s in that way, with » and 7’ at least 5. We choose now a sequence k, — +00, and

3 / !/ !/ / !/ / .
take the rotation of angle [0, ax,,ar, -1, .., a1, 7,7, a}, ..a} , Qhy, Qpy—1, .., a1, 7,7, 04, oy, o]

then the minimal values of t,v; are taken when a; = r, and their lower limit is exactly % O

The third highest number in this spectrum is %g = 1,2404..., as can be seen with

longer computations; the point v/5 — 1 is the highest accumulation point, but to prove it
requires a machinery similar to the one used to prove Theorem 5 in Chapter 1 of [14].

3. THREE-INTERVAL EXCHANGES

3.1. The transformations.

Definition 3.1. Given two numbers 0 < a, 0 < 3 with a+ 3 < 1, we define a three-interval
exchange on X = [0, 1] by

r+1—a« ifre Xy =10,qf
Tr=<r+1-2a—0 ifreX,=[a,a+f]
r—a—p0 ifx e Xg=la+0,1].

Throughout this section, we ask that o and [ satisfy the i.d.o.c condition of Keane, which
means in that case that they do not satisfy any rational relation of the forms pa+q8 = p—q,
pa+qB=p—q+1,or pa+qB=p—q—1, for p and g integers.

The points a and a + § are the discontinuities of 7', while f; =1 —a—Fand s =1—«
are the discontinuities of 7-!. The i.d.o.c. condition ensures that the negative orbits of the
discontinuities of T are infinite and have an empty intersection (it is its original definition;
see [16] for the equivalence with the one stated here).
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A three-interval exchange admits a natural coding, by the partition of X into X7, X5, X3.
Under the i.d.o.c. condition, (X, 7T) is minimal and uniquely ergodic and L(T") has complex-
ity 2n + 1.

We recall that the induced, or first return, map S of a transformation 7" on a set F is
defined on E by Sz = T9®)x, where g(z) is the smallest integer 7 > 0 such that 7"z is in F
(a finite g(z) does indeed exist in all cases occurring in the present paper).

A three- interval exchange defined as above is always the induced map of the (irrational)

rotation of angle 175 on the interval [0

L[
» 146 L

Throughout this section, we add the conditions 0 < o < 4 5, and 2a + 3 > 1; they ensure
that the induction process descrlbed below does not have an 1rregular behaviour in the early
stages: as is shown in [20], their absence modifies only a finite number of stages, and all the re-

sults in this section from Theorem 3.10 onwards remain valid without these extra conditions.

3.2. The self-dual induction for 3 intervals. We state now some results from [20].

Definition 3.2. We define an operation called self-dual induction, which builds numbers l; ,,
and i, © = 1,2, through an infinite sequences of states in the following way:

State I us defined by the relation ry, = ro,.
In Substate Ia ly,, > 114, lan > Ton. Thenfom = 1,2 weputlipni1 = lin—"Tin, Tint1 = Tin-
Forn+1 we are again in state 1.
In Substate Ib an < T1n, lg’n > Ton- Then ll.n+1 = ll,n; "n+1 = Tin, 12,n+1 = lQ’n — Tan,
Tomt1 = Tan. Forn+1 we are again in state I.
In Substate Ic l1, > riy, lon < 1rop. This is deduced from Ib by exchanging 1 and 2, and
for n+ 1 we are again in state I.
In Substate Id ly,, < rip, lon <72, Then for i =1,2, l; n41 = lin, Tipns1 = Tip — lin. For
n+ 1 we are in state 1 described just below.

State 11 us defined by the relation ly ,, + 71, = loy + 72,. Note that in this state 1y, > 19,
if and only if la, > 711
In Substate Ila ll,n > Ton, l27n > Tin- Then fOTi = 1, 2, li.n—l—l = li,n —T3-in, Tin+l = Tin-
Forn+ 1 we are in state 111 described below.
In Substate I1b 1y, < ron, lon <711, Then fori = 1,2, 1in41 = Tip — l3—in, liny1 = lin.
Forn+1 we are in state I.

State I11 is symmetrical to state I, with left and right exchanged, and the relation l ,, =
lo.n; there are four substates, I11a to I11d, and the induction goes either to state I11 or to
state I1.

Proposition 3.1. For a given three-interval exchange, we build inductively real numbers
lin and r;, and words w;,, M;,, Pi,, © = 1,2, in the following way: 1, = 1— o — f3,
T11 :20é+ﬁ—1 =T21, 12’1 = 1—20(, W; 1 =1 and]\/[i,l :?:fOT’iI 1,27 Pl,l :31, Pg,l = 2.

lin and r;, are built by Definition 3.2, starting from n = 1, for which we are in State I.

For eachn >0 ; let s,(1) =1, 5,(2) = 2 if forn we are in I or I11, s,(1) =2, 5,(2) =1
if forn we are in I1; p,(1) =1, pp(2) = 2 if for n we are in I, p,(1) =2, p,(2) =1 if for
n we are in Il or I11; m,(1) =1, m,(2) = 2 if for n we are in I11, m,(1) =2, m,(2) =1
if forn we are in I or I1. Thenforl <1 <2
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o whenever l;n11 < lipn, then w11 = Win P p. i) n> Pins1 = Piny Mins1 = My, (i) nPin;

o whenever 11 < Tip, then wini1 = WinMg, m,(iyms Pins1 = Py Min, Mipngr =
Mi,n;

o otherwise w; i1 = Wi, Pint1 = Pip,y Miypi1 = M.

Then the w; ., n = 1,2, are all the nonempty bispecial words of L(T); either w; 41 = w;
OT W; 1 15 the shortest bispecial word beginning with w; . The cylinder [w; ] is the interval
1Bi — lim, Bi + 1inls its left and right subintervals separated by [; are respectively T [bw; ]
and Tlaw; ] if bw;, and aw;,, a < b, are the two left extensions of w;,; thus indeed ly ,,
T1n, lon, Tan are respectively the frequencies of the words 3wy ,, 2w ., 2ws,, lws,. Also,
(Wi M, ()] = [Winc] and [w;n Py, p. i) n] = [Wind], if winc and w;nd, d > ¢, are the two
right extensions of wj,,.

A three-interval exchange defines an infinite sequence of states labelled Ia to Id, Ila,
11b, I11a to I11d, following the rules of Definition 3.2, and such that each one of the four
parameters Uy, 71, lon, T2, s modified infinitely often. Conversely, every such sequence
of states defines a three-interval exchange which generates it as described above.

Note that the i.d.o.c. condition ensures that we dont have [; ,, = 7, or similar equalities.
We check from the formulas that the following bilinear form is invariant by the induction,
and thus for all n

(3) ll,n|P1,n| + rl,n|M1,n| + l2,n =1.

P2,n| + T2,n|M2,n

The other relations are more complicated than in the case of rotations, we state them now
but they are a straightforward consequence of Corollary 3.2 below:

e whenever for n we are in 11,
(4) [Po| + [Mipn| = [Man| + |Prn| + 1 = |wan] +2 = |lwin] + 2
e whenever for n we are in [,
|Piy| + [ Min] = |win] +2, |Popl+ | Moy| = |wan|+1, |Pra|=Ponl+1;
e whenever for n we are in 111,
[Pro| 4 Mgl = [win + 1, [Pon| 4+ [Mop| = [won] + 2, [Man| = [Min] + 1.

We use now the self-dual induction to retrieve the frequencies and the lengths of the
bispecial words, and this involves a multiplicative form of the algorithm; this has been done
in [15] [16] [17] but in a form which is more complicated and less explicit (the frequencies
of words are somewhat hidden) than the one which we deduce now from [20]; the results in
this section are new, but could be deduced from [15] and [16], see [19] for the equivalence
between the two forms of the algorithm. Thus the present paper is independent of all the
previous ones except [20], and all the information we need from the latter are in Definition
3.2 and Proposition 3.1 above.

Corollary 3.2. For a given 3-iet, we define ox, k = 1,2... to be the sequence of n > 1
such that for n we are in state I1; we define also og = 0. Then for k > 1, we define two
positive integers, ny, resp. my, as the number of op_1 < n < o such that wi 41 7# Win,
TeSp. Wopt1 # Wan. Finally we define a sequence ny, which is —, resp. +, whenever for
n = o — 1 we are in state I, resp. 111.
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We define also parameters for n = 0, namely, we are in state I1, l1o =1—a—03, r1o =05,
log =1-=2a, rog = @, Wi, wey and Py o are the empty word, Poy =3, My =1, Myy =2,
o = +.
Then og =0, ny = —. In the case N1 = —, for 0 <a <ngpy1 — 1,0 <b<mypy — 1,

T10p+14a = 1,05, — l2,ok =T20, — ll,oka ll,ok—i-l—i-a = ll,ok - a((rl,ok - l2,ok)a
T2,0p,+14b = T1,0,, — l2,ok =T2,0, — ll,oka l2,ok+1+b = l2,ok - b(rl,ok - 12,0k>7
W1,0p4+14a = wl,ole,ok<P2,okM1,ok)a7
W2,05,+14+b = w2,okM2,ok(P1,okM2,ok)b7
M opt14a = Mi o (Poo, Mi0,)",  Progtita = Poo,Mio,;
M2,0k+1+b = M2,0k<P1,okM2,ok)b7 P2,ok+1+b = Pl,okMQ,ok-

Then o1 = max{ox + 1 + ngy1, 06 + 1 + myi1}; between min{oy, + ngi1, 0 + Mg} and
max{oy + N1, 0r + mer1} one of the intervals is not modified, and

Tlops1 — nk—i—l(?"l,ok - l2,ok) - ll,ok7 l170k+1 = ll,ok — (nk—i-l — 1)((701’% _ 12,%)7
72,0541 = mk—l—l(?"l,ok - l2,ok) - l2,ok, l270k+1 = l27ok — (mk—H — 1)<<T170k _ l270k)7
W0y = Wiy, M o, (Paop Mo, )"+ My o, (Prop Mo, )™+
W2,0541 = w270kM270k (PLOkMQ,ok)mkH_lMl,ok(PQ,ole,ok)nk+1_1a
Pl’okﬂ - Pl’OkMZOkMLOk (P2,okM1,ok)nkH_17 M1,0k+1 = Ml,ok<P2,ok,1M1,ok)nk+1_la

m —1 m —1
P2:0k+1 = P270kM1:0kM2aOk (Pl,OkMQ,Ok) S M270k+1 = M270k (Pl,OkMQ,Ok) SA

We get the case nx+1 = + by exchanging the | and r, or the M and P, in both sides of all
the above equalities.

A three-interval exchange defines an infinite sequence (ng, my, mk), k > 1, ng > 1, my > 1,
ne = £, such that we do not have ultimately ny = 1 and n, constant, or my = 1 and ny
constant. Conversely, every such sequence defines a three-interval exchange which generates
it as described above.

Proof
Through all the substates of state I we have 7,41 = r;,, and the [;, are decreased by a
fixed quantity, so after a finite number of steps we are in Id and proceed to I, and similarly
throughout stage II1. Thus we are infinitely many times in state I/ and we can define o;
n; and my are at least one as for n = o + 1 we are in state I or I11; we check that our
parameters for n = 0 are compatible with the ones already defined for n = 1. Then we apply
recursively Definition 3.2 and Proposition 3.1. U

In the sequel, for a given three-interval exchange T, we shall use either the sequence
(ng, My, k) or (ng, my, —MkMk+1), which we both call the ezpansion of T; an expansion is
admissible if we do not have ultimately ny = 1 and 7, constant, or my = 1 and 7, constant.
Note that [15] [16] [17] [19] use the expansion (ng, my, €x+1) where €11 = MMky1.-

We make now some further computations on the formulas above.
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Lemma 3.3. For all k > 1,

Tlop 1 T 2,00 1 e 0 my +ng — 2 T10n + 72,0
(5) Towr = T2y | = 0 1 (ng—mp)n Tl op — 72,05
Loy 7100, Ny 0 my +ng — g Lio, + 710,

JAVES|
Let Ay = lio, + 110, = l20, + 72,0, tk = =3~ Then

(6) 1,04 + 2.0, — Ak = _,r]k:-l-lAk—i—l;

(7) te = [0, (Mpy1 + Nag1) * =M 1Mrr2s (Mg + Ney2) ¥ —Mhg2its, -]
1 -«

(8) T B = [0, 2 % +, (ml + nl) * —MN2, (m2 + ?7,2) * —1)2N3, ]

Proof
(5) comes directly from the formulas in Corollary 3.2. These imply also (6), and ¢, =

. T1,0, 172,0,, — Ak _ 1 . .

M1 =5, thus we get ¢ PP Tkl:'f —, and t;, is given by the semi-regular
continued fraction expansion (7). Going to k& = 0 we get a semi-regular continued fraction
expansion of %, which can be put in the form (8). O

Lemma 3.4. For all k > 1,

| Pao | + | Py | e 0 my + ng — 2 | Po.op_y | + [ Proop_ |
(9) |Prog| = [Poo,] | =Ve+| 0 1 ng — Mg |Prow_| = [P0
| M3, | + | P, | e 0 my+ng — | Mz, | + [Py, |
where
ng + 1 myg — 1
Vi = ng — 1 if?]k:—, Vi = 1—my Zf??k:—i—
g my

We define z, = |Ma, | + |Prol, vk = q’;—;l, where

Qo1 = (M1 + Net1) Qe — MMhet1 Qo—15

q1 = 0, qo = 1. Then

(10) Moo, | + | Mo, | = 2k + Mezi—1 + 1+ 0.
(11) kETm(ZkAk — MMt 12k-1 Dk 11) = 1.

(12) v = [0, (Mg + 1) * —Mr—17k, (Mp—1 +Np—1) * —N—2Mk—1, -+, (M2 +N2) ¥ —1172, M1 + N1

. Rk—1
Proof
(9) comes directly from the formulas in Corollary 3.2. This implies in turn | Py, | + | Plo, | =
2k — Nkzk—1 — Mk and thus (10).
We write now the relation (3) for n = o; + 1. Suppose ny+1 = —1. We notice that
T1opt1 = T20p+1 = Tl0p — l2,0, = T2,0, — l1,0, 1S also equal to Ayyq, and thus Ay (| Moy, | +
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|M1,ok’)+ll,ok<|P2,ok|+|M1,ok|>+l2,ok(‘M2,ok|+‘P1,ok‘) = 1. We recall that ’M2a0k|+’P1,0k| = Zk
and |Pa,, | + |Mio,| = 2z + 1, while |Ma,, | + |Mi,,| is given by (10). Because of (6), we
get finally that zpAg + Mezp—18%+1 + (1 4+ 7k)Ags1 + 11, = 1. Similar computations when
M1 = +1 give 2Nk — Mpzp—1Dpk41 — Nlg1 + 720, = 1. In both cases we get (11).

(12) is a straightforward consequence of the definition of g.

We show now that == — q’;—;l tends to 0 when k tends to +oo. Indeed, from the matrix
equality with By and (10) we get zxi1 = (Mgr1 + Net1) 26 — MeMkr12k—1 — MeMk+1 + Oks1,

where Hk = Ng if N = —1, Qk = Mg if N = +1. If (I)k = (4kRk—1 — QK Rk, then (I)k+1 =
—Mkt1Pr — Gk (Ok1 + MkMk+1); we see that @ grows more slowly than g, and this implies
(13) as z tends to infinity with k. O

Note that the matrices in Lemmas 3.3 and 3.4 are the same except for one entry, the
self-duality of the induction works but not as perfectly as for the rotations.

Though this will not be used in the sequel, the ¢ are indeed present in the computation
of the lengths of the intervals, as we check that the third line of the matrix A;...A is made
with the entries Mrqr_1, 0, ¢ — Mrqr_1, and this implies that ¢ Ar — Mrr1qe_10%11 = 1 — .
Thus from (11), (13), and the last equality, we deduce that % — 1 — « when k tends to
infinity.

From now on, when we study quantities involving large k, we shall always discard higher
order terms such as |wy o, | — 2 or zxpAr — zk—1Ak+1 — 1, and replace Z’;—;l by vy

3.3. General formulas for B and B'.

Lemma 3.5. The frequencies of words of length n take at most six different values, which
are i g@im)s Tiglin), And ligin) + Tigin), © = 1,2, where w; 4 n) 15 the shortest bispecial word
(in the families built by the self-dual induction) of length at least n.

Proof
We check that if w = wy...w, is in L(T), so is W = w,...w;, with the same frequency as w:
this is done by induction on the length of w, as the frequencies of the words of length n are
deduced from the frequencies of words of length n — 1 and the expression of the words of
length n, see for example [8] or Proposition 4 of [21].

Then we build the Rauzy graphs, as was done in [8] without naming them. Given w, there
exists at least one (left or right) special word linked by arrows with w, otherwise there is a
periodic orbit and this contradicts the i.d.o.c. condition; thus w has the same frequency as
v, where v is a word with n letters, and either v is left special, or v — v’ where v’ is left
special, or v is right special, or v" — v where v’ is right special; by looking also at w, we can
suppose v is left special or v — v’ where v’ is left special.

There are two left special words with n letters, v;,, beginning with 4; let L, ,, be the fre-
quency of bv;,, R;, the frequency of av,,, for the two left extensions of v;,, b > a. Then
the frequency of v;,, is L;,, + R;,, and the frequency of a v such that v — v;,, is either L,
or R;,. Moreover, let W, be the shortest bispecial word having v;,, as a prefix, which is
also the shortest bispecial word beginning with ¢ and with length at least n; then W; ,, is w; 4
for g =q(i,n), Lip = lig and R, ,, =15 ,. O
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Lemma 3.5 was proved in [20] and can also be deduced from [8], we reprove it for sake of
completeness.

Lemma 3.6. Suppose ;11 < 7i,; then each of the frequencies l; 11 and l; pi1 + 7ipg1 18
the frequency of a word of length s for every |w;,| +1 < s < |w;+1|; the frequency r; 41 is
the frequency of a word of length s for every |w; |+2 < s < |w; pi1|, but not for s = |w; ,|+1.
The same is true with [ and r exchanged.

Proof
This is the same as the last part of the proof of Lemma 2.3, mutatis mutandis: in particular,
while the word w,, could be preceded by two letters 2 > 1, and followed by two letters 1 < 2,
here the word w;,, can be preceded by two letters b > a, and followed by two letters ¢ < d,
and lw,?2 is replaced by aw;,d and so on. O

Proposition 3.7. Let T be a three-interval exchange with expansion (ny, My, —MkNks1); let
tr be as in Lemma 3.3, vy as in Lemma 3.4; let

oo oo _r2e (e Dot Moo | i + [ Moo,
ki = k= —— M =
Lo, Tiop (ne = D)zhor + [ Mio,y | "M mpzes + [Mig, |
1 ) 1 v
By ‘. By = é

_= + 9 - *
L= et 1 —wy L+ menaty vp+1
Then B is the largest of the upper limits, when k — oo, of the following quantities

1
(14) — — M Mks1tis

(%7
(15) (1 +tk,l) (1 +Uk,M) Bk,

1 1
16 14+ — 1+—| By,
(16) ( tk,l) ( Uk,M) g
(17) (14 try) (1+ v 0r) By,

1 1
(18) 1+ 14— By,
tk,r Uk, M

where in formulas (15) to (18), when ng = +, ti; and ty, have to be exchanged, and vy
and v;,M have to be replaced by vy p and vy, p, where the M are replaced by P.

Proof
We look at the possible frequencies of words from n = 0,1 + 1 to n = og; suppose n = —1.
Then 7y, is Ay from n = 041 + 1 to n = 0p_1 +ny, then ry , is r1,, from n = o1 +ni+1
ton = og; oy is Ay from n = o1 +1 ton = op_1 +my, then ry,, is 79, from n = op_1 +my,
to n = oy; 1, takes values which are (by definition of the induction) larger than 7, from
n=op1+1ton =o0,1+n,—1, then ly, is l1,, from n = 0,1 +ni to n = o0;. lay,
takes values which are (by definition of the induction) larger than ro, from n = 0x_y + 1 to
n = op_1 +my — 1, then ly,, is Iy, from n = o1 +my to n = o.

By Lemmas 3.5 and 3.6, we get that the smallest value of ne,, between n = |wy,,_,| + 2
and n = |wy ,, + 1| is reached by one of five quantities:
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® pri, = proy, for p=|wi,, | +2,n=o0p1+1,
i pll,n for p= |w1,ok_1+nk—1| + 27 n = og,

o ply,, for p = |wa o, 4m—1] + 2, n = oy,

o priy, for p=|wie,_ 4n.| + 2, n= o,

o proy, for p = |wa e, 4m,| +2, 1= 0.

Note that if n, = 1, the first quantity is smaller than the second, and could be dispensed
with, but it is easier to use all the five quantities than to make many special subcases.

The first one is z;_1 Ay, which gives formula (14) in view of (11).

The other ones are llu0k|w170k—1+nk_1|7 l270k|w2,0k71+mk_1|7 T170k|w170k—1+”k|7 T2,0k|w2:0k—l+mk|'

We deal first with the third and fourth ones: we write (3) for n = o, — 1; we get that
(l1,0p 12,0, ) 2k—1 + Ar(|W1,0 1 4np | + | W200 1 4ni| — 226—1), Which is equal to Ay (jwi 6, 4n,| +
|Wa.0, 1 4+my.|) — (M0, + T2.0,)26—1, 18 close to 1; we write

T1op + T20, |Wiof_ | + |wa 0, |
T1,0k|w170k71+nk| - (rlaak+T270k)(|w170k71+nk|+|w210k—1+mk|> 0k 2.0 AL St T

T1,04 |w1,0k—1+nk| ’

and notice that |wy o, | 4n,. |+ W20, +m,| 1S close to zx + zx_1; after deducing ﬁ from
0L 0k

(6) and imputting the values of the lengths of the bispecial words, this gives (17), and (18)
is similar.

The expression (3) for n = o, — 1 is also close to (l1,0, + l2,0,)2k—1 + Ak(|W1 051 4np—1] +
|Wa,0,_,+my—1]), which is thus close to 1; as |wy o, _,4n,—1|+|W2,0,_,+m,—1| i close to z, — 21,
this gives (15) and (16).

And the case np = 1 is deduced as usual. ([l

To some extent, the quantities By and Bj measure the quality of approximation of the
angle of the inducing rotation by the semi-regular continued fraction (8), which is best if ¢
or vy is close to 0 or 1, see Proposition 5.1 of [15].

The value of B is not changed if we change a finite number of parameters of the expansion;
this will be understated in the sequel when not recalled explicitely.

We remark that vy, depends only on m; +n; for 7 <k and —n;n;41 for j < k—1; mpnesits
depends only on m; + n; for j > k+ 1 and —n;n;41 for j > k; ¢ and t;, depend only on
(nj,my) for j > k+1 and —n;n;41 for j > k; the vg and v, depend only on (n;,m;) for
Jj < kand —n;n;q for j <k —1.

Proposition 3.8. B’ is the smallest of the lower limits, when k — oo, of the following
quantities

1
Ak‘w2,ok_1+mk71| ’ l2,ok |w2,ok_1+mk| ’ min(l2,ok7T2,ok)‘w1,ok_1+nkfl‘ ’ min(ll,ok 712,ok77‘2,ok)‘w1,ok_l+nk| ’
1

o when n = — and |Wae, tmp—1] < |Woo j4mi] < Wiy 1tnp—1] < W10, tnil:
1 1 1

min(ll,ok ,ZZ,Dky'rl,ok ’TZ’Dk)Zk ’
® when le = - and |w270k—1+mk_1| S |w170k_1+nk—1| S |w270k—1+mk| S |w170k—1+nk|:
1 1 1 1

Ak‘w2,ok_l+mk71| ) l2,ok |w1,ok_1+nk71| ’ min(ll,okal2,ok)|w2,ok_l+mk| ’ min(ll,okal2,ok 7T2,ok)|w1,ok_1+nk| ’
1

Inin(ll,olC ,ZQ,Dkyrl,ok 7T2,ok)2k 7
e as in the first two cases with 1 and 2 exchanged, m and n exchanged;
e as in the first four cases with r and | exchanged and n = +.
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Proof
It is a straightforward consequence of the proof of Proposition 3.7. 0

We show how to compute effectively B for a particular family of cases:

Proposition 3.9. Letn > m > 1 be two integers; we consider a three-interval exchange such
that for all k ngy = n, mg = m, MgMegsr = —1. Then t is the smaller root of the polynomial
X%+ (m+n)X — 1, and B is the largest of the three quantities

1 (m +n)? 1 t
t+_a + )
t m? 1+t 1-—t

(arro=) (Trro=m) (T 15):
Proof

Then for every k we have t;, = vy = t. Thus ry,, +720, = Ap(1 —nkr1)t, while ry,, — 79, =

Agnr+1u, for some constant u; by (5) we get u = (”1_ +"Z)t. Similarly, up to higher order terms,
2p—1 = tzg, and | M o, | — |[Ma,, | = zxu’ with v/ = (n:'z)t
Without loss of generality, we suppose n, = —1 and compute the Various quantities in
formulas (14) to (18). Formula (14) becomes t + 7 and By = By, = 117 + 1 Note also that
formula (17) gives a smaller estimate than (18) and thus will not be used
We look now at 1 +- ; inputting the above values, we get that it is equal to %;
m+n

but, using the equatlon deﬁnmg t, we check that it is just equal to "=". Similarly, we get

14ty = % and 1+ K = %, and these do not seem to admit simpler
expressions.
1 . 242 . . .
In the same way, we get that 1+ T 8 equal to o— " +(;n_n) % ; this last quantity turns
m-‘rn 2+

out to be also equal to Then 1 + vy p is equal to —, which, by using the

2n— 1+t+(n m)1
2(1—t)?
(1—t)2+(n—m)t"

%. But at this stage we notice that formula (15)

gives a smaller estimate than (16) and thus will not be used. Thus we have the three claimed
formulas. O

equation defining ¢, is also equal to Finally 1 + W can be recovered from

the last quantity and is equal to

3.4. The upper BL spectrum: smallest elements.

Theorem 3.10. The smallest element in the upper BL spectrum of three-interval exchange
transformations, and the only one below %ﬁ = 4,786..., is 2v/5 = 4,47.... It is reached
if and only if for all k large enough my = ng = 2 and NNk = —

The spectrum 1is a closed set and contains an accumulation point equal to 6.

Proof
We look at formulas (14) to (18). The maximum of (15) and (16) is at least 4By, while the
maximum of (17) and (18) is at least 4B;,.

We take a three-interval exchange with expansion (ng, mg,n;) and look at the sequence
(ak, er) where aj, = my + ny, €, = —NMks1-
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If there are infinitely many a; > 6, or (ax, ;) = (5,+), then for infinitely many & formula
(14) gives a bound greater or equal to 5.
If there are only ax, < 4 or (ax, ;) = (5, —), and for infinitely many k we have g, = —; then

we have always t, > [0, (5% —)¥] = 2= ‘ﬁ and also vy, > [0, (5% —)“]. Then if g, = —, 4By, is
at least %ﬁ =6,11...

If there are only (ag,ex) = (3, —i—), (ag,ex) = (4,+) or (ag,ex) = (2,+), with infinitely many
(2, +) then we have always v > [0, (2 % +,4 % +)*] = V6 — 2. If (api1,exs1) = (2, +), then
te >[0,2% +(2%+,4%+)¥] = 76 and thus 4B, is at least %6 =5,519....

If there are only (ax,ecx) = (3,+) or (ax,er) = (4,+), with infinitely many (3, +); then we
have always v, > [0, (3 * +,4 % +)*] = 4‘[_6 I (age1, exr1) = (3,4), then ¢, > [0,3 % +(3
+,4%4+)¥] = 4‘f 3 and thus 4B, is at least 12+29*[ = 4,786...

If there are only (ak, er) = (4,+), with for 1nﬁn1tely many k my, 7é ni; then t, = v, = V5—2.
We take a k such that my # ny; without loss of generality we take n, = —. If my = 1 and

3214+ M \

1 k—1 1,001 321 321

ni = 3, then r T and = =

k=3, Lok = 12,08 ny 2p_1FI1M2,0, | = zk—1+IMio,_ [+IMao, | 2zk_1+2k—2

as

Zk_9 = Uk_12k_1, formula (18) gives at least %ﬁ = 7,663... If mj;, = 3 and n; = 1, formula
(17) gives the same estimate.

There remains only the case (ax, ;) = (4,+) and my = ny, where B has the claimed value;
note that each of the formulas (14) to (18) gives the same result.

If we take (ag, ) to be ((2,+)2, (4, +)7)¥, and my = ny, the value of B is reached (among
others) by 4B, for a; = 2 and ar_1 = 4; when 7 tends to infinity, these values of v, and
both tend to [0 2% +(4x4)v] = \/ig and thus B tends to 6. The spectrum is closed by the

standard reasoning of [14], Chapter 1, Corollary to Lemma 6, as every finite value is reached
with bounded m; and ng, and for any sequence of three-interval exchanges such that the
corresponding B converge to a finite number, we can take the my and nj uniformly bounded
(and 400 is in the spectrum, see Proposition 3.11 below). 6 is indeed an accumulation point,
approached from below if j is even. [l

The above computations illustrate how B is easiest to compute when my = ny; for all k;
when my, # ng, the situation becomes much more complicated; indeed, some of the bounds
in the above computations may look quite crude, as for example if m; + n, = 3 we cannot
have my, = nj and the bounds 4By, and 4B;, are never reached, but in general they are not
easy to improve.

In view of the considerations above, the values of B between 2v/5 and 6 were found only
by trial and error; the second value is very likely to be 4v/2 = 5, 65..., which is reached when
(g, My, —MkNks1) is either (1,1,4)% or (3,3, —)%; the latter gives the minimal value for my

and ng constant and ngmrr1 = +1. The third value we found is 20{ = 5,9988..., which

is reached for ((1,1,—)2,(2,2,—)?)* and the fourth one is 2395 = 5 999996..., which is
reached for ((1,1,—)2, (2,2, —)*)~.

Thus the first, second, third, fourth smallest element we found in the upper BL spectrum
of three-interval exchange transformations is respectively twice the first, second, sixth and
twelfth Lagrange number. Though of course we might have missed some values, it seems
likely that the upper BL spectrum of three-interval exchanges below 6 is strictly included in
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twice the Lagrange spectrum below 3; thus we conjecture that 6 is the lowest accumulation
point of our spectrum.

When (ng, my, —menrs1) 18 (2,2, +)“, the values of & = # and the angle of the inducing
rotation can be deduced from (8); we get « = 3 = %5, and the inducing rotation is of angle
\/Lg; as in that case (8) gives a classical continued fraction expansion, the B of the rotation is
computed by Theorem 2.4, and we check that the B of the interval exchange is the one of the
inducing rotation. By similar computations, for (1,1, +)“, the B of the interval exchange is
twice the one of the inducing rotation. For ((1,1,+)%, (2,2, +)?)* with j large, the B of the
interval exchange is close to 6, while the one of the inducing rotation is between 4 and 5.

A partial analogy with the Lagrange spectrum is that in the latter the sequence increasing
to 3 is given by angles whose Euclid continued fraction expansion is [0, (221%7)*], while in
our upper BL spectrum the sequence increasing to 6 is given by quantities ¢, whose Euclid
continued fraction expansion is [0, (224%7)“]; but it fails for the angles whose classic continued
fraction expansion is [0, (2412)~], which gives a rotation with B = 2,9992...., while the three-
interval exchange for which (ng, my, —memes1) is (1,1, 4+)%, (2,2, +)%) has B = 6, 06.....

All the values of B we have found below 6 are reached by the estimates 4By, or 4B, though
when (ng, mg, —mgnr+1) is either (2,2, 4)“ or (3,3, —) they are also reached by formula (14).

The smallest value we found without m; = ny for all k large enough is %ﬁ =6, 73..., which

is reached when (ng, mg, —menrr1) is (3,2, +)%; for (3,1, 4+)* we get B = 8v/5.
3.5. The upper BL spectrum: largest elements.

Proposition 3.11. For a three-interval exchange, B = 400 if and only if the angle of the
inducing rotation has unbounded partial quotients for the Euclid algorithm.

Proof
By the formulas in Proposition 3.7, B = +o0 if and only if either my + ny is unbounded, or
t, or vy takes values arbitrarily close to one. The last two possibilities are equivalent to the

existence of unbounded strings of my 4+ ny = 2, —npnrs1 = —, and this gives the result by
(8) and Section 1.3. O

The upper BL spectrum above 6 seems to become quite complicated, maybe more than the
Lagrange spectrum above 3. However, we can find enough values given by formula (14) (this
happens when all m;, = n; and some of them are large enough) to fill an interval [C, +ool.
This involves adapting to semi-regular continued fraction expansions the famous Theorem
3.1 of [23]:

Lemma 3.12. Let G be the set of numbers [0,a; * €1, ..., Gy * €y, ....] where all the a; are
2, 4, 6 or 8, the ¢; are — or +, and there are never two consecutive 2 x —; then G +
G is the interval [2@’24, 2@’24] = 10,23108...,1,30949...], and G — G s the interval

[168-14V195 14VI95-168) — (), 53920..., 0, 53920.....

Proof
We follow the proof of Theorem 2 in Chapter 4 of [14], which in turns follows [23]. The largest

number in G is [0, (2% —, 2% 4, 8% +)¥] = @, and the smallest one is [0, (8 % +,2% —, 2%

+)¢] = @. We can build G as a Cantor set in the following way: we start form the
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interval [VA2=12 VAB=12] Then, for each sequence (b, €1), ...(by, €,) with no two consecutive

(2,—) and b; = 2,4,6,8: if the number of &; which are + is 0 or even, we delete the intervals
1[0, by %e1, .o, byken, ax+, (8% 4+, 2% —, 2% +)9], [0, by xeq, ..., by ke, ax —, (8% +, 2% — 2% +)]]
for a =2,4,6,8, and |[0,b; xe1,...,bp %€y, (a+2) % —, (2% —, 2%+, 8% +)¥], [0, by x &1, ..., by, *
Eny @+, (2% —, 2%+, 8% +)¥][ for a = 2,4, 6; if the number of ¢; which are + is odd, we delete
the intervals ][0,b1 % &1, ..., b % e, a% —, (8% +,2% — 2% +)¥],[0,by * &1, ..., by * €, a % +, (8 *
+,2%—, 2% +)¢][ for a = 2,4,6,8, and ][0, by x €1, ..., by kep, ax+, (2% —, 2%+, 8x+)¥], [0, by *
€1y ey bp ke, (@+2) % — (2% —, 2% +,8 % +)¢][ for a = 2,4,6. We check that this dissection
can be done in successive stages, where each time we delete the interval A, from the interval
A; U As U Az, and the length of A is smaller than the length of A; and than the length
of As; then Lemmas 2 to 4 of [14] give the result. The same reasoning works for G+(—G). O

Theorem 3.13. The upper BL spectrum of the family of three-interval exchanges contains
the interval [12 4 2v/2 = 14, 828..., +00].

Proof
By Proposition 3.11, the upper BL spectrum contains +o0o. Let s be a real number larger
than 12 + 2v/2; by Lemma 3.12, we can write s = r + el0,ay * €1,y .oy ¥ €y, .| + €0, @] *
g, ...,a, xe" ...], where r is an even positive integer, all the a; and a} are 2, 4, 6 or 8, the ¢;,
e, e and € are — or +, and there are never two consecutive 2 x — in the a, * ¢, and a, * /..
We choose some increasing sequence k, such that aj * e} is not 2% —.

We define the expansion (my + ng, —mink+1) to be (ag,, €k —1), ----(as, €2)(az, £1)(ay, ) (r, &)
(ay,€1)-(ah, €4, )by €ky—1), - (a3, €2) (a2, €1) (ar, ) (7, €') (a], €))...(ay,, €, )-.. We take now the
three-interval exchange for which my +n; and —nini1 are defined in that way, and my = ny
for all k; it exists as this gives an admissible expansion. By Proposition 3.7 B is the maxi-
mum of the upper limits of i — NiMk+1ty, and of 4By, and 4B;,. As r is at least 14, the first
of these upper limits can be taken on those k for which m; + ny = r, and is exactly s.

We look now at the other two upper limits, for which we need an upper bound for %,
and vy. If we compute ¢ when (my + ng, —nxnk11) is inside a string of (al,,e!,), we do not
see two consecutive (2, —) in that string, while, when we start inside a string of (a,,¢,),
in that string we do not see (a,—) followed by (2, —) followed by (2, f) for any a and f,
and the two cases are exchanged if we compute vg; in both cases starting from a (r,&’) or
near a junction of two different strings does not change the bounds. Thus either ¢, is at
most (0,2 —,2] = 2, and v is at most [0,2% —, (2% — 4% —)*] = \%, or vy is at most
0,2% —,2] = 2, and ¢ is at most [0,2 % —, (2% —, 4% —)9] = \/Li; these bounds can be
improved when (my + ng, —minre1) = (2, —), then either ¢, is at most [0,2] = 1, and v is
at most [0,2% —, (4% —,2x —)*] =2 — /2, or vy is at most [0,2 x — 2] = 2, and ¢ is at
most [0, (2% — 4% —)] = 2 — V/2; also, when my, + ng is at least 4, vy, is at most either
0,4 % — (2% — 4% —)¥] = 2’2‘/5, or [0,4 % —, 2% —,2] = &. We input these values in the
quantities we want to bound, together with t;, > 0, vy > 0; the worst case happens when
(mg + N, —MeMir1) = (2, —), and we get that the last two upper limits are not larger than

124+ 2v2 < s. O

The lower bound on the interval we give should certainly be improved, but let us point
that this would need a different method, as, to improve significantly the bound in Lemma
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3.12, we would need to replace G by a set where the expansions do not contain 2 * —, and
such a set does not contain elements below %

3.6. The lower BL spectrum. Proposition 3.8 allows us to compute B’ for individual in-
terval exchanges, by the usual trick of replacing the 1 in the numerators by the quantity
in relation (11), thus we have to estimate ratios of lengths and frequencies; for example,

for mp = ni = 2 and MMy = —, we have l1,, = loo,, T10, = T2.0,; B’ is the smallest
. . _ 1 1 1 . . .

of the lower limits (taken for n, = —) of Arlwz,0r 1 tmp-1]’ op[W20p_11mp]’ T20n2k taking into

account that [Ms,, | = |Mi,,_,|, we check that these three quantitites are all equal and

that B' =5 — /5 = 2,763...

But if we want to compute B’ for a general three-interval exchange, these formulas are
complicated and do not reduce to simpler expressions as for B. However, the lower BL
spectrum for the family is fully known, and quite different from the lower BL spectrum of
rotations.

Theorem 3.14. The lower BL spectrum of the family of three-interval exchanges is the
interval 2, +00].

Proof
No number smaller than 2 can be in the lower BL spectrum because of Lemma 1.2. We take
2 < 5 < 400, and choose integers m; < nj such that m; and n; grow to infinity with &,
and m’“m—i"’c — s when k goes to infinity; we require ny — my — -+00, which is an additional
condition when s = 2; we choose 7, = — for all k.

Then by Lemmas 3.3 and 3.4, we have |wa o, +mp—1] < W20, 14mi] < W10y ynp—1] <
W1 051 4ni | 1200 < T1oop < T2.005 12,0, < li0, < T2, By Proposition 3.8, B’ is the smaller of
Ak|w2,oki1+mk71| 12,002k "

Now |w3 o, ,+m,—1] 1S equivalent to myz,—1 while, by the computations in the proof of

Proposition 3.7 Akzzlk—l is close to v; (because t;, — 0) which is equivalent to my + ny, thus
the first lower limit is a limit and is equal to s. The same is true for the second one as Akim
Ap
AVAET

the lower limits of

and

are equivalent to myy1 + ng41, and, because 1 ,, + 72,, is equivalent to Ay and

l2,ok
A

ME 11
Mpp1+ng41”

10, — 72,0, 18 €quivalent to (my11—ngr1)Agy1, we get that is equivalent to
Thus for some uniquely ergodic three-interval exchange transformations we have ne,, — 0
when n tends to infinity; this result, and its consequence that Boshernitzan’s criterion is not
a necessary condition in this family of systems, are stated without proof in [27]. Note that
the covering number by intervals (see the opening of Section 2 above) of a three-interval
exchange is shown in [5] to be the same as for the inducing rotation, and thus is not equal

to é, in contrast with the case of rotations.
4. ARNOUX-RAUZY SYSTEMS

The Arnouz-Rauzy systems are defined in [3] as the minimal symbolic systems on the
alphabet {1,2,3} such that the complexity of the language is 2n + 1 for all n, and, for
all n, there are one right special and one left special word. Then [3] proceeds to give a
constructive (additive) algorithm to generate them with three families of words, built with
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three rules denoted by a, b and ¢; [11] gives a multiplicative version of this construction,
which we take here as a definition, valid up to permutations of {1,2,3}: the k, are the
number of consecutive times a given rule is used, while the n; > 1 mark the times where
three consecutive rules are all different, such as, up to permutations of {a, b, c}, rule a used
ky,,—1 times, then rule b used k,, times, then rule c used k,,,;1 times.

Definition 4.1. Given two infinite sequences of integers k, > 1, n > 1, and n; < ng... <
n; < ... the Arnouz-Rauzy system (Xp,S) defined by them is the symbolic system associated
to the language L of all factors of (H,)neN, where the three words H,, G, J, are built from
Hy=1, Gy =2, Jy =3 by two families of rules:

o if n+1=ny; for somei, Hy 1 = G, H"+', Gy = J,HF+ | J, ., = H,;

e otherwise, H,, 1 = G, H+ G,.1 = H,, J,41 = Janf"“.

Every Arnoux-Rauzy system is minimal [3] and uniquely ergodic (by [7] because the com-
plexity is 2n + 1). Though they are defined as symbolic systems, they have also geometric
models, see [1] [2] [3][25]: every Arnoux-Rauzy system is a coding of a six-interval exchange
on the circle, and some of them are codings of rotations of the 2-torus.

Proposition 4.1. Let 0, = k1 + ...k,, n > 0, and o9 = 0. All the bispecial words of the
language are the w,, where wy is the empty word and for 1 < j < kyi1, We,1+; = Wo, HI.
For1 < j < kyyq, let 0,5, resp. Vnj, tnj, be the frequency of w,, +;x where x is the first
letter of Hyq1, resp. Ghyi, Jni1; we denote Op g, 5 T€SP. Ynkyirs bnjknsrs 0Y Ong1, T€SD. Yny1,
lni1, then

o if n+1=mn,; for somei, 0, = jO,; + 7Y + tnjs Tn = Onjs tn = Vnjs

o otherwise 0, = jO, j + Vnj + Jinjs Yn = Onjs tn = lnj-

Proof
This is a straightforward consequence of [3], taking into account the multiplicative definition,
as in Proposition 9 of [11]. O

We check that we have the relations
(19) |H,|0n + |Grlyn + [ Jn|tn = 1,

(20) |Hy| 4 |G| + [ Jn] — 2]w,, | = 3.

We shall use also Lemma 7 of [11], with the more precise (and non-trivial) estimate used
in its proof: namely, for all n, if (t1,,, %2, t3,,) is the triple (|.J,,], |Gy|, |H,|) ordered so that
th S t27n S t37n, then we have tgyn S t17n + tgm.

Proposition 4.2. For an Arnouz-Rauzy system, if S, = |Hy| + |Grn| — |Jnl,
(Q‘an| 9”1 2‘an enﬁ-l 2|an‘ )
+ + :
Sni 9”i+1+1 Snz 9”i+1+1 Snz
+ + .
Sni+1 9n1+1+1 Sni+1 0m+1+1 Sm'+1

B = lim sup

1——+00

B’ = liminf (

i——400

Proof
On the Rauzy graph of length m, there are at most four frequencies, which are for example
those of w,, 41, Wo,+;2, Wo,+;3, and w,, +;, thus 0, ;, Vi, tn; and 0, ; + v ; + tn;, for the
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smallest n and j such that |w,, 4;| > m. In the same way as what happens in Lemma 2.3, for
m = |w,|+1 there are only three frequencies, which are equal to the three lowest frequencies
for m = |w,|, and for m # |w,| + 1 all the four frequencies appear.

For all n, the formulas imply that 6, > v, and 6,, > ¢, We have always 6,,1 = 7, and
either v,11 = t,, Or tp41 = Ly, thus always v, > t,. Then for 1 < 5 < k,,1 — 1, we have
either 0, ; = Oni1, Yng = Ynt1 = tns bng = bt + (Bng1 — J)(Ons1 + Yngr), or Onj = Oy,
bnj = lnt1 = tny Vg = Ynt1 + (knt1 — 7)(Ons1 + tng1). Hence for all 0 < j < kypq — 1,
min(@y, j, Ynj; tnj) = tn.-

Taking into account that ¢,,1 = ¢, if and only if n + 1 is not an n;, we get that for every
i > 1, e, is equal to ¢, from r = |w,, 1| +2tor = |w0ni+l_1| + 1.

—|Hp, 1| = |w,,, | —|Jn,;], and this is w after discard-

2 /1 : ) 2
S and B = liminf; P

We now input the relation (19), and the fact that for any m, 7, = 0,41 and, if m’ is the
smallest n; > m, t;, = ty—1 = Vo = i1, to get the final formulas. O

We have [w,, —1| = [w,,,
ing the constant term, which gives B = limsup,_,,

Note that in the formula giving B, the ratios of lengths of words depend only on the n;
for 7 < and the k; for ¢t < n;, while the ratios of frequencies depend only on the n; for j > ¢
and the k; for t > n;; in the formula giving B’, there is no such dichotomy. To every Arnoux-
Rauzy system is associated an algoritm of simultaneous approximation of two irrationals,
see [3] [11]; this involves the 6, and the |H,|, and the approximation is best when the k,
are large; this algorithm is hidden in all the computations of this section, though only B is
linked to the quality of the approximation, and only in a loose way.

Proposition 4.3. The upper BL spectrum of the family of Arnouz-Rauzy systems contains
“+00, which is reached if and only if the k,, n € IN, or the nj;1 — n;, i > 1, are unbounded.
Its smallest element, and the only one below % = 8,619..., is reached for the Tribonacci
system where n; =1 for allt > 1 and k, =1 for all n > 1; for this system, if y = 1,8392...
is the root bigger than 1 of the polynomial X* — X? — X —1, then B = 2y° 4+ 4% = 8,4445....

y?+1
Proof
We use the estimates from [11]; if n is an n;, the smallest of the three lengths is |J,,|, and
thus either |H,,| < |Gy,| < [Hp,| + |Jn,| or |G| < [Hy, | < |G| + |, ], thus [Sp,| < 2|G,|
and |S,,| < 2|H,,|; thus the quantities 2l and 2'572" are between 1 and 2, while 2|S—" is
between 0 and 2.

Sni n; g
. . On, O, .
Thus the finiteness of B depends on the two ratios ”IH and %, and this gives the
nip1 ni41

assertion on the highest value.

For the Tribonacci system, we get |H,, 11| = |Hn|+|Hp-1|+ | Hn—2|, |Gns1| = [Hp|+ | Hn-1],
|‘]TL+1| = |Hn|7 en = Qn-‘rl + 9n+2 + 9n+37 Tn = 9n+1a lp = 9n+27 and when n is 1arge |Hn+1| 1S
close to y|H,| while 0, is close to y8,1, which gives the formula.

Let us now sketch the proof that in all other cases B > %. We suppose first that k,, > 3
for infinitely many m; we take such an m; let r = n; be the largest n; < m, s = n;,1.

eifm=r+1<s: then 8,1 > 60,4, and 0, > 30,1+ 0,120+ 3051 > 3(0r 40+ 0,03) +
0,49 + 30511 > 1004, 1; putting all our estimates together, we get B > 11,

eifr+1<m<s: then 6,41 > 60,1 > 30, > 30541, and 0, > 0,01 + 0,40 + 0511 >
em—l + em + 95+1 Z 49m + 2054—1 Z 6054—1: we get B Z 9a
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eifm=r+1=s,let ¢ =n,;_; and suppose ¢ < m — 2; then 0,41 > 0,1 + 0, > 46,
and 6, > 0,9 > 2(0p—1 + 6,,) > 86,,, we get B > 12,
eifm=r+1=sandk, >4; then 0,1 > 0,1, and 0, > 40, + 40,1, we get B > 9.

Hence either B > 9, or k,, takes only the values 1,2, 3, with 3 possible only if r = m — 1
and ¢ = m — 2 in the notations above. In this last case 0,,_1 > 3(0,, + 0pny1), and 6,,_o >
Om-1+ Om + Opi1 > 40 + Opsr). If Ky = 3, we have 6,1 > 96,41 and, computing
it from m — 1, we get B > 9. If k.1 < 2, we have 0,, < 20,11 + 20,12 + 0,,,3 while
Omio < Opmi1—0my3, hence 0, < 46,1, and, computing it from m—2, we get B > % =8, 75.

Thus we can suppose now that the k, take only the values 1 and 2; then we can improve
the estimates on the ratios of lengths, with 2T > £, and, as the estimates from [11] imply

S,
that either |S,,| < 2|G,,| — |Jn.| or | Sy, | = .|, either \anl 2|Gh, |
m+l

or —g—- are greater
than 2, the lower bounds on the ratios g are also improved. Thus we can prove that if

for mﬁmtely many m either k,, = k,,.1 = 2, or k,, = 2 when m is not an n;, or m is not an
n; and m + 1 is not an n;, B > %

Similarly, further improvement of the estimates, and extensive computations, allow us to
eliminate all the k,, = 2 and all the m which are not an n;. O

Theorem 4.4. The smallest element in the lower BL spectrum of the family of Arnouz-
Rauzy systems is 2, and the largest is +00. Every integer greater or equal to 2 is in the lower
BL spectrum, and is an accumulation point, as is +00.

Proof
The smallest element is at least 2 by Lemma 1.2. We take n; = 2i, with kg, 1 = 1 and a
sequence ks, growing to +oo. Then we have |Ja,| < |Gan| < |Han|- |Hans2| = konio(|Hopn| +
|G2n|) + |H2n|7 |G2n+2| — k2n+2(|H2n| + |G2n|) + |H2n| + |<]2n| |J2n+2| — |H2n| + |G2n| When

n tends to +o0, ‘lgz"‘ — 1 and 2"' — 0, thus |s|272:;|2| — 0 and both |H2”‘2| and G2”|2‘ are

equivalent to T

As for the ratios of frequencies, 0o, 11 = koni2(0oni2 + Oonis) + Oonia = koni2(209,43 +
Oom+a + Omnis) + Oonia < kopio(200n43 + 20244) + O2npa, and o, = Ozpp1 + O2pqp + O2pp3 <
(Kanto + 1)(202045 + 2020 44) + Oapa. As Ozpya < 2252 both 22 and ;22— are smaller than
2kon12(1 + €,), where €, — 0.

Putting everything together, we get that B’ is at most 2, and thus equal to 2.

We take now n; = i, with a sequence k, tending to +o0o. Then for all n we have
|Jn] < |Gl < |Hal, Sn1 = 2knir — D[ Hy| + G| + [Jn| < (2kns1+1)[Hpl, 0n 2 knaOpgr >
kpi1kn 26,2 and thus B is at least the lower limit of %, which gives +o00.

If we replace kopi 1 = 1 by kg1 = m in the first construction of the proof above, we get
B'=m+ 1, for any integer m > 1.

If we replace the variable k,, or ks, in the constructions above by a constant k and let k
tend to infinity, we get sequences in the lower spectrum tending to +oo or to m + 1, for any
integer m > 1. 0
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Thus we have a new, and very simple, family of counter-examples to the necessity of
Boshernitzan’s criterion.

Of course, there are other values in the lower spectrum than those in Theorem 4.4, and we
conjecture that the lower BL spectrum of the family of Arnouz-Rauzy systems is the interval
2, +00].

We look at some individual values of B and B’, for three examples which are codings of
rotations of the 2-torus [1] [2].

For the Tribonacci system B’ = 2y + QH = 4,5911.... In [13], various constants are
computed for the Tribonacci system, 1nclud1ng one covering number, though not by intervals
(see Section 2 above), and a measure of the quality of simultaneous approximation of (y " L)
by rationals; none of these is equal to B or B'.

For n; =i and k,, = 2, we get |H,y1| = 2|Hy |+ 2| Hy 1|+ | Ho—2|, |Gnia| = [2Hn| + | Hp-1],
| Jus1| = |Hyl, 05 = 20, 11+20, 19+ 0,,13, and when n is large H,,,1 is close to yoH,, while 6,, is
close to yobn41, if yo = 2, 83... is the root bigger than 1 of the polynomial X3 —2X2—-2X —1.

We get B = 2y + 7% = 16,96..., B' = 2o + pzr,5 = 5,99...

For n; = 2¢ and ]{f =1 for all n, we get ’H2n| = |H2n—1| + |H2n_2’, |H2n—1| = ‘Hgn_2| +
|Hon—3| + |Hon—s| + [Hon—s|, |Gan| = |Hop-1| + |Hon—2| + |Han=s|, |Jon| = [Hon-1], O2, =
Ooni1 + O2ni2 + Oonis, Oanpr = Oongo + Oongs + Oonys. Let y1 = 1,4516... be the root bigger
than one of the polynomial 2X3 — X2 —2X —1, yp = =2, 2143 Yy = y%—l—l = 1,689...
and y3 = 1,903... be the number bigger than one satlsfymg Y3ys = ys3ys +ys+1 . When n is
large, |Ha,| is close to yi|Han— 1|, | Han—1| is close to y2|H2n o[, Oay, 18 close to Y302, 1, Oapyq is

2 2 2 . . .
%(ygm + % + ) =11, 61 ., which is a candidate
=3,61..
2

for the second smallest value in the upper spectrum, and B’ =

close to y402,42. Then B =
y1y2

The Arnoux-Rauzy systems raise questions about rotations of the 2-torus, and we may
ask what could be the BL spectra for that family of systems, but the problem is that at this
time we do not know any coding which may be called natural. In Section 3 of [6], there is
a discussion about what should be the properties of such a coding; in view of the present
paper, by analogy with the rotations of the 1-torus, it becomes reasonable to add to these
properties the boundedness of the lower BL spectrum these natural codings would define for
the family of rotations of the 2-torus.

Now, if we code a rotation of the 2-torus with the Cartesian product of two partitions
of the 1-torus, then the complexity is quadratic and all B and B’ are infinite by Lemma
1.2, which gives another trivial counter-example to the necessity of Boshernitzan’s criterion,
but this coding has never been considered as natural. The Arnoux-Rauzy systems were
devised to provide codings with sub-linear complexity for rotations of the 2-torus, but this
was succesful only in a limited number of cases. Still, if we consider these cases, the tentative
lower BL spectrum of the family of rotations of the 2-torus seems to be quite different from
the lower BL spectrum of rotations of the 1-torus: if we take an Arnoux-Rauzy system with
n; = ¢ and constant k, = k, it is a coding of a rotation of the 2-torus by [2], and these
give arbitrarily high values for B'; if n; = ¢ and k,, grows slowly (for example k,, < %n), we
get an infinite B’ while the Arnoux-Rauzy system is shown in [11] to have two continuous
eigenfunctions, and is still conjectured to be a coding of a rotation of the 2-torus. Thus it
seems that even those Arnoux-Rauzy which do code rotations of the 2-torus fail to satisfy
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our new condition for being natural codings, and thus we need new ideas to find natural
codings of these rotations.

5. QUESTIONS

N. Pytheas Fogg (private communication) asked what should be the BL spectra of the
family of all uniquely ergodic symbolic systems. The upper BL spectrum contains the union
of the Lagrange spectrum and +o00, and it is quite possible that it is just that. The lower
BL spectrum contains the lower BL spectrum of rotations, and the interval [2,+o00], but
also at least the point %, which is the value of B’ for the so-called period-doubling symbolic
system, whose language is generated by the fixed point of the substitution a — ab, b — aa
(N. Pytheas Fogg, unpublished).

N. Pytheas Fogg has also started to investigate the spectrum of the joint values of (B, B’)
for rotations, see https://www.lirmm.fr/ monteil /hebergement /pytheas-fogg/BL_spectrum.pdf.
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