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UNIFORM BOUNDS FOR NORMS OF SUMS OF INDEPENDENT
RANDOM FUNCTIONS

BY ALEXANDER GOLDENSHLUGER! AND OLEG LEPSKI>
University of Haifa and Université Aix—Marseille 1

In this paper, we develop a general machinery for finding explicit uni-
form probability and moment bounds on sub-additive positive functionals of
random processes. Using the developed general technique, we derive uniform
bounds on the Lg-norms of empirical and regression-type processes. Use-
fulness of the obtained results is illustrated by application to the processes
appearing in kernel density estimation and in nonparametric estimation of
regression functions.

1. Introduction.

1.1. General setting. Let G and $) be linear topological spaces, (€2, 2, P) be
a complete probability space, and let £5: 2 — &, 0 € $ be a family of random
mappings. In the sequel, &,(w) is assumed linear and continuous on §) for any
w € Q. Let ¥:6 — Ry be a given sub-additive functional. Suppose that there
exist functions A: 9 — R, B: 9 — Ry and U : $H — R, such that

2
z
1.1 P{Ww —-U@)=z} < (—) Vo € 9,
(1.1) WE) -UO 22 =8 55 5@
where g : R, — R, is a monotone decreasing to zero function.
Let ® be a fixed subset of §. In this paper, under rather general assumptions
on U, A, B and ©, we establish uniform probability and moment bounds of the
following type: for any € € (0, 1), y > 0 and some g > 1

(1) P{sup[W(E) — (1 +y/Tha + ) UO)] 2 0} = Peg ),

(1.3) Egsug[\ll(ée) —ue(14 /yra +yrp)UO)]L < Eco(y).

Here A 4 and A p are the quantities completely determined by U, A, ® and U, B, O,
respectively, and the inequalities (1.2) and (1.3) hold if these quantities are finite;

Received April 2009; revised February 2010.
ISupported by the ISF Grant 389/07.
2Supported by the Grant ANR-07-BLAN-0234.
MSC2010 subject classifications. Primary 60E15; secondary 62G07, 62G0S.
Key words and phrases. Empirical processes, concentration inequalities, kernel density estima-
tion, regression.

2318


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/10-AOP595
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

UNIFORM BOUNDS FOR NORMS 2319

Pe ¢(-) and E ¢4(-) are continuous decreasing to zero functions completely deter-
mined by € and g; and the factor u. is such that uc — 1, € — 0. We present explicit
expressions for all quantities appearing in (1.2) and (1.3).

In order to derive (1.2) and (1.3) from (1.1), we assume that the set ® is the
image of a totally bounded set in some metric space under a continuous mapping.
Namely, if (3, d) is a metric space, and Z is a totally bounded subset of (3, d) then
we assume that there exists a continuous mapping ¢ from 3 to $) such that

(1.4) O={0ecH:0=9¢[C],¢ ).

Let Nz.4(8), 8 > 0 be the minimal number of balls of radius § in the metric d
needed to cover Z. The inequalities (1.2) and (1.3) are proved under some condi-
tion that relates Nz q(-) and g(-). It is worth mentioning that in particular examples
the parametrization ® = ¢[Z] is often natural, while the metric d may have a rather
unusual form.

Inequalities (1.2) and (1.3) can be considered as a refinement of usual bounds on
the tail distribution of suprema of random functions. In particular, probability and
moment bounds for supy.g W (&p) can be easily derived from (1.2) and (1.3). The
well-known concentration results deal with deviation of the supremum of a random
process from the expectation of this supremum, and estimation of the expectation
is a separate rather difficult problem. In contrast, in this paper we develop explicit
uniform bounds on the whole trajectory {W(&p), 6 € ®}. The inequality in (1.1)
provides the basic step in the development of such uniform probability bounds.
The usual technique is based on the chaining argument that repeatedly applies in-
equality in (1.1) to increments of the considered random process [see, e.g., Ledoux
and Talagrand (1991) and van der Vaart and Wellner (1996), Section 2.2].

The most interesting phenomena can be observed when a sequence of random
mappings {59("), 0 € $H}, n € N* is considered. There exists a class of problems
where the quantities A4 and Ap depend on n, and A4 — 0, Ap — 0 as n — oo.
Under these circumstances, one can choose y = y, — 00 and € = ¢, — 0 such
that

(1.5) Pe,g()’n) — 0, Ee,g(yn) — 0, n— oo
and, at the same time,
(1.6) e, (1 + /Ynra + yur)U(C) = U(), n— oo.

The relation in (1.5) means that u. (1 + /y,Aa + y2Ap)U(-) is indeed a uniform

upper bound for lI’(";‘e(") ) on ®, while (1.6) indicates that for large » this uniform
bound is nearly as good as a nonuniform bound U (-) given in (1.1). Typically for a
fixed y > 0, we have P ¢(y) — oo and E¢ 4(y) — o0 as € — 0; therefore, in order
to get (1.5) and (1.6), €, — 0 and y, — oo should be calibrated in an appropriate
way.
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The general setting outlined above includes important specific problems that are
in the focus of the present paper. We consider sequences of random mappings that
are sums of real-valued random functions defined on some measurable space (here
the parameter n € N* is the number of summands). We are interested in uniform
bounds on the norms of such random functions; thus the sub-additive functional of
interest W is the IL;-norm, s > 1. First, the nonuniform bound (1.1) is established,
and then the inequalities of the type (1.2) and (1.3) are derived. It is shown that
(1.5) and (1.6) hold under mild assumptions on the parametric set ®. We also
discuss sharpness of the nonuniform inequality in (1.1).

1.2. Norms of sums of independent random functions. Let (7,%,t) and
(X, X, v) be o-finite spaces, and let X’ be a separable Banach space. Consider an
X-valued random element X defined on the complete probability space (€2, %2, P)
and having the density f with respect to the measure v. Let ¢ be a real random
variable defined on the same probability space, independent of X and having a
symmetric distribution.

For any (T x X)-measurable function w on 7 x X and for any t € 7, n € N*,
define the random functions

n n
(17 Ew@ =) [wrt. X) —Ew@. X)L nu(0) =) wt, Xe,
i=1 i=1
where (X;, ¢;),i =1, ..., n, are independent copies of (X, ¢). Putfor 1 <s < o0
1/s

1/s
VEwlls.c = [ / |sw<r>|%(dr)} T [ / Inw(l)lsf(dt)]

We are interested in uniform bounds of the type (1.2) and (1.3) for ||&, |5, and
Inwlls.,r when w € W, where W is a given set of (T x X)-measurable functions.
This setup is a specific case of the general framework with W(:) = || - [I5.;, 0 =
w and ® = W. More precisely, if ¢, denotes either &, or 7,, and if P is the
probability law of X1, ..., X, (when &, is studied) or of (X1, ¢1),..., (Xn, &)
(when 7y, is studied) then we want to find a functional U (¥,) = Uy (w, f) such
that (1.1) holds and

(1.8) IP[ Su)[/)v[”‘pw”s,r - Me(l + ﬁ)kA + y)»B)Uw(w, f)] = 0} = Pe,g()’),

E Su}l}\}[”‘/’w”s,r - ue(l + «/y)“A + y)»B)Ux//(w, f)]i =< Ee,g(y)»
we

(1.9)
g>1.

Note that {£,, w € W} is the empirical process. In the sequel, we refer to
{nw, w € W} as the regression-type process as it naturally appears in nonparamet-
ric estimation of regression functions. In the regression context, X; are the design
variables, g; are the random noise variables.
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Uniform probability and moment bounds for empirical processes are a subject
of vast literature; see, for example, Alexander (1984), Talagrand (1994), van der
Vaart and Wellner (1996), Massart (2000), Bousquet (2002), Giné and Koltchinskii
(2006) among many others. Such bounds play an important role in establishing the
laws of iterated logarithm and central limit theorems [see, e.g., Alexander (1984)
and Giné and Zinn (1984)]. However, we are not aware of works studying uniform
bounds of the type (1.8) and (1.9) satisfying (1.5) and (1.6) for the L;-norms of
such processes.

Apart from the pure probabilistic interest, development of uniform bounds on
the ILg-norms of processes {&,,, w € W} and {5y, w € W} is motivated by prob-
lems of adaptive estimation arising in nonparametric statistics. In particular, the
processes {&,,, w € W} and {n,,, w € W} represent stochastic errors of linear esti-
mators with the weight w in the density estimation and nonparametric regression
models, respectively. Uniform bounds on the error process are key technical tools
in development of virtually all adaptive estimation procedures [see, e.g., Barron,
Birgé and Massart (1999), Devroye and Lugosi (2001) Cavalier and Golubev
(2006), Goldenshluger and Lepski (2008) and Golubev and Spokoiny (2009)].

The kernel density estimator process is a particular case of the empirical pro-
cess {&y,, w € W} that was frequently studied in the probabilistic literature. It is
associated with the weight function w given by

(1.10)  w(t,x)= ,d: ;
where K :R? — R is a kernel, h = (h1,...,hg) is the bandwidth vector, and
u/v denotes the coordinate-wise division for u, v € R?. Limit laws for the L;-
norms of the kernel density estimators were derived in Beirlant and Mason (1995);
Diimbgen and Fatalov (2002) study exact asymptotics for the large/moderate devi-
ation probabilities. Giné, Mason and Zaitsev (2003) investigate weak convergence
of the IL1-norm kernel density estimator process indexed by a class of kernels under
entropy conditions. For other closely related work, see Einmahl and Mason (2000),
Giné, Koltchinskii and Zinn (2004), Giné and Nickl (2008) and references therein.
We remark that the kernel density estimator process is naturally parametrized by
W =K x H, where H is a set of bandwidths and X is a family of kernels. The
convolution kernel density estimator process will be also studied in Section 3.4.

The inequalities (1.8) and (1.9) are useful for constructing statistical procedures
provided that the following requirements are met.

n

1 t—
hK( x), xeX:Rd,teT=Rd,
11

(1) Explicit expression for Uy (w, f). Typically, the bound Uy (w, f) is directly
involved in the construction of statistical procedures; thus, it should be ex-
plicitly given.

(i1) Minimal assumptions on VV. This condition is dictated by a variety of prob-
lems where the inequalities (1.8) and (1.9) can be applied. In particular, the
sets VYW may have a complicated structure (see, e.g., examples in Section 3.4).
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(iii)) Minimal assumptions on f. The probability measure P (and the expecta-
tion E) as well as the right-hand sides of (1.8) and (1.9) are determined by
the density f. Therefore, we want to establish (1.8) and (1.9) under weak as-
sumptions on f. In particular, we would like to emphasize that all our results
are established for the set of all probability densities uniformly bounded by a
given constant. No regularity conditions are supposed.

(iv) Minimal assumptions on the distribution of ¢. If the process {n,,, w € W} is
considered, then the probability measure [P (and the expectation [E) is also
determined by the distribution of e. Therefore, we would like to have (1.8)
and (1.9) under mild assumptions on this distribution. We will see that the
function g given in (1.1) depends on the distribution tail of ¢.

Let us briefly discuss some consequences of requirement (i) for the pro-
cess {&y,w € W}. Using the Talagrand concentration inequality, we prove
that (1.1) holds with Ug(w, f) = E||&ylls,z, on the space of functions §) =
{w:sup,cy lw(:, x)|ls, < oo}. However, this bound cannot be used in statistical
problems at least for two reasons.

First, it is implicit and a reasonably sharp explicit upper bound Ug(w, f) on
Us(w, f) should be used instead. Sometimes if the class YV is not so complex
(e.g., W =K x H) one can find a constant ¢ independent of w, f and n such that

cUs(w, f) < Ug(w, f) <Us(w, f).

In such cases, Ug (w, f) can be regarded as a sharp bound on Ug (w, f). We note,
however, that establishing the above inequalities requires additional assumptions
on W and f and nontrivial technical work. It seems that for more complex classes
W the problem of finding an “optimal” upper estimate for Ug (w, f) cannot be
solved in the framework of probability theory. Contrary to that, theory of adaptive
nonparametric estimation is equipped with the optimality criterion, and an upper
bound Ug(w, f) can be regarded as sharp if it leads to the optimal statistical pro-
cedure. Thus, sharpness of U; (w, f) can be assessed through accuracy analysis of
the resulting statistical procedure.

Second, Ug (w, f) [and presumably its sharp upper bound Ug (w, f)] depends
on f. In the density estimation context where the process {§,,, w € W} appears, f
is the parameter to be estimated. Therefore, bounds depending on f cannot be used
in construction of estimation procedures. A natural idea is to replace Uz (w, f) by
its empirical counterpart lAfg (w) whose construction is based only on the observa-
tions X1, ..., X,. We adopt this strategy and establish the corresponding inequality

(1.11) E SUII/)V[HSst,r —ve(1 4+ /Yha + yAp) U W)L < Ec o (), q=>1,
we

where Ee’ ¢ () differs from E¢ ¢(-) in (1.9) only by some absolute multiplicative
factor, and, therefore, satisfies (1.5) if (1.6) holds for Ug (w, f).Here v, is bounded
by some absolute constant and completely determined by € and WW. We provide an
explicit expression for ve.
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Thus, requirement (i) leads to a new type of uniform bounds that are random. A
natural question about sharpness of these bounds arises. In order to give an answer
to this question, we prove that under mild assumptions on the class of weights W
one can choose € = ¢, — 0 and y, — 00 as n — oo so that

nlgngoven(l +\/yn)\A +)’n)LB): 1, nlgngogen,g(Yn)=0,
and there exists €, — 0, n — oo such that for any subset Wy € W and any ¢ > 1

E[ sup Ocw)]" <[(1+&) sup Tew, ] + RaOW),
weWy weWy

where the remainder term R, (W) is asymptotically negligible in the sense that for
any £ > 0 one has limsup,,_, ., sup ¢ r supwogw[né R,(Wp)] = 0. Here F denotes
the set of all probability densities uniformly bounded by a given constant [see
(3.8)]. These results show that in asymptotic terms the random uniform bound is
almost as good as the nonrandom one, and there is no loss of sharpness due to the
use of the random uniform bound.

1.3. Summary of results and organization of the paper. In this paper, we de-
velop a general machinery for finding uniform upper bounds on sub-additive pos-
itive functionals of sums of independent random functions. We start with the gen-
eral setting as outlined in Section 1.1 above, and establish inequalities of the type
(1.2) and (1.3) (see Proposition 2). Proofs of these results are based on the chain-
ing and slicing/peeling techniques. The distinctive feature of our approach is that
® is assumed to be an image of a subset Z, of a metric space under some contin-
uous mapping ¢, that is, ® = ¢(Z) as in (1.4). Then chaining on ® is performed
according to the distance induced on ® by the mapping ¢.

Section 3 is devoted to a systematical study of the [L;-norm of the empirical pro-
cess {&y, w € W}. First, we derive an inequality on the tail probability of ||&, |5«
for an individual function w € VW (see Theorem 1 in Section 3.1). Here we use
the Bernstein inequality for empirical processes proved by Bousquet (2002) and
inequalities for norms of integral operators. Then in Section 3.2 we proceed with
establishing uniform bounds. In Theorem 2 of Section 3.2.1, we derive uniform
nonrandom bounds for ||&, |5z, w € VW that hold for all s > 1. In the case s > 2,
the nonrandom bound depends on the density f; therefore, for s > 2 we construct
a random bound and present the corresponding result in Theorem 3. Theorems 2
and 3 hold for classes of weights WV satisfying rather general conditions. In Sec-
tion 3.3, we specialize results of Theorems 2 and 3 to the classes W of weights
depending on the difference of their arguments. This allows us to derive explicit
both nonrandom and random uniform bounds on ||&,, |5, under conditions on the
weights which can be easily interpreted. The corresponding results are given in
Theorems 4 and 5. We also present some asymptotic corollaries which demon-
strate sharpness of the derived uniform bounds. Section 3.4 applies the results of
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Theorems 4 and 5 to special examples of the set V. In particular, we consider the
kernel density estimator process given by (1.10), and the convolution kernel den-
sity estimator processes. It turns out that corresponding results can be formulated
in a unified way, and they are presented in Theorem 7.

In Section 4, we study L;-norm of the regression-type processes {1,,, w € W}
given in (1.7). First, we derive an inequality on the tail probability of |7y ||s,r for
an individual function w € W (Theorem 8 in Section 4.1). This theorem is proved
under two different types of conditions on the tail probability of the random vari-
able ¢. In Section 4.2, we present a nonrandom uniform bound for |7, |5, for all
s > 1 over the class of weights depending on the difference of their arguments. The
corresponding result is given in Theorem 9, and some asymptotic results that fol-
low from Theorem 9 are formulated in Corollary 7. Sections 5-10 contain proofs
of main results of this paper. Proofs of auxiliary lemmas are given in the Appendix.

2. Uniform bounds in general setting. In this section, we establish uniform
probability bounds for the supremum of a general sub-additive functional of a
random process from the probability inequality for the individual process.

Let G and $ be linear topological spaces, (2,2, P) be a complete probability
space, and let &y : 2 — G, 6 € § be a family of random mappings such that:

e &,(w) is linear and continuous on ) for any w € ;
e £y(-) is A-measurable for any 0 € §.

Let W: & — R, be a given sub-additive functional, and ® be a fixed subset of £).

ASSUMPTION 1. There exist functions A:$H - Ry, B:H —> R, U: 9 —
R, and g:R;+ — R, such that:

(i) forany z >0

2
Z
P{w -U@®) >z} < (—) Vo € 9;
(W -v® 23 =8 55 g
(ii) the function g is monotonically decreasing to O;
(iii) 0 <r:=infpece U(B) < supgee U(0) =: R < co.

Condition (i) is a Bernstein-type probability inequality on W (&) for a fixed
6 € $. In particular, in examples of Sections 3 and 4 we have g(x) = ce™*" and
g(x) = cx~P for some c, @, p > 0. Based on Assumption 1, our goal is to derive
uniform probability and moment bounds of the type (1.2) and (1.3). For this pur-
pose, we suppose that the set ® is parametrized in a special way; this assumption
facilitates the use of the standard chaining technique and leads to quite natural
conditions on the functions U, A and B.
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ASSUMPTION 2. Let (3, d) be a metric space, and let Z be a totally bounded
subset of (3, d). There exists a continuous mapping ¢ from 3 to § such that

O={0ehH:0=0[(]¢ <}

REMARK 1. In statistical applications the set ® is parametrized in a natural
way. For instance, if, as in the introduction section, W () = || - |5, and &y = &, with
w given by (1.10), then ® is parametrized by the kernel and bandwidth (K, &) €
KC x 'H. The distance d on K x H may have a rather special form.

Let Z be a subset of Z. Define the following quantities:
U(9[51] — ¢[52])

2.1 Z) = U R
@ @)= S Ty s U@k
A _
2.2) A2y = sup 2OET=00D A1,
L1,0€Z d({lv ;2) teZ
B _
2.3) Ap(2) = sup DOEZOLD o B
L1,00€Z d(;l’ §2) teZ

Let Nz 4(8) denote the minimal number of balls of radius § in the metric d needed
to cover the set Z, and let £7 4(8) = In[Nz q(5§)] be the §-entropy of Z. For any
y > 0and € > 0, put

LY, () =g+ kX_jl[Nz,d(ez‘k)]zg(9y2k—3k—2).

Key propositions. The next two statements are the main results of this section.
Define

2.4 C*(y. 2) := JyAa(Z) + yAB(2). y >0,

where A 4 and A p are given in (2.2) and (2.3).

PROPOSITION 1. Suppose that Assumptions 1 and 2 hold, and let Z be a
subset of Z such that sup; ;17 d(¢, ¢’ <e€/4and »y(Z) < 0o. Then forall y > 0
and € > 0 one has

Plsup W(Epic1) = (1 + Ol (2) + €0, DI} = LT 0.
e

REMARK 2. Inspection of the proof of Proposition 1 shows that continuity
of &, on ) can be replaced by the assumption that W (&,) is continuous P-almost
surely on ¢[Z] in the distance d. The latter assumption is often easier to verify in
specific problems.
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Define
(2.5) Wiy, Z) = Sug{‘y(&p[;]) —uC*MU(PIZD}, y >0,
ce

where Z C Z is a subset of Z, u > 1 is a constant, and C*(-) is the function defined
below in (2.9). We derive bounds on the tail probability and gth moment of the
random variable W' (y, Z). Note that W (y, Z) is 2{-measurable for given y and u
because the mapping ¢ + &y[¢) is P-almost surely continuous, and Z is a totally
bounded set. By the same reason the supremum taken over any subset of Z will be
measurable as well.

With r and R defined in Assumption 1(iii), for any a € [r, R] consider the fol-
lowing subsets of Z:

(2.6) Lq ={¢ €Z:a/2 <U(@l¢]) <a}.
In words, for given a € [r, R], Z, is the slice of the parameter values ¢ € Z for

which the function U (¢[¢]) takes values between a/2 and a.

In what follows, the quantities sy (Zy), Aa(Zy), Ap(Zy) and LE)Za (y) will be
considered as functions of a € [r, R]. That is why, with slight abuse of notation,
we will write

2.7) (@) =y (Za), L (v.a)=LY) ().

Put also

(2.8) Aa:= sup a 'As(Zy); Ap:= sup a 'Ap(Zy,),
a€lr,R] a€lr,R]

and let the function C*(-) in (2.5) be defined as

(2.9) C*"(y):=142/yAs+2yAs, y>0.

PROPOSITION 2. Suppose that Assumptions 1 and 2 hold, and let »y(Z) <
oo. If

(2.10) ny(a) <a Va € [r, R],
and if uc = 2¢(1 + €) then for any € € (0,11, y > 0 and any q > 1 one has

le~'logy(R/r)—11+

(2.11)  P(¥; (v,Z) =0} < Nz,a(¢/8) > LO(y, r2itDy,
j=0
B[V} (v, Z)]% < Nza(e/8)[ucC* ()]
(2.12)
[e = logy(R/r)—114 ‘ ‘
X Z [r2€(1+1)]q JéG)(y, r2€(j+1)),
j=0

where Jg(e)(z, a):=q [ (x— l)q_lLfge)(zx, a)dx.
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REMARK 3.

1. Proposition 1 establishes an upper bound on the tail probability of the supre-
mum of W(&s[¢]) over an arbitrary subset of Z contained in a ball of radius
€/8 in the metric d. The proof of Proposition 2 uses this bound for balls Z of
the radius €/8 that form a covering of Z. Each ball Z is divided on slices on
which the value of U (¢[¢]) is roughly the same. Then the supremum over Z is
bounded by the sum of suprema over the slices. This simple technique is often
used in the literature on empirical processes where it is referred to as peeling
or slicing [see, e.g., van de Geer (2000), Section 5.3, and Giné and Koltchinskii
(20006)].

2. Note that Proposition 2 holds for any distance d on 3. Therefore, if sy (a) is
proportional to a, condition (2.10) can be enforced by rescaling the distance d.

We now present a useful bound that can be easily derived from (2.11) and (2.12).
Let

(2.13) L = "[Nza(e2™)*/g(9-2k-3k2).
k=1

Note that forall ZC Z and y > 1
LY, <) + LY /g,

because inf>1 2K(k)~% = 8/9 and g is monotone decreasing. Therefore, we arrive
to the following corollary to Proposition 2.

COROLLARY 1. Ifthe assumptions of Proposition 2 hold, and LL(;) < o0 then
forally>1ande e (0,1]

P{W (v,2) = 0} < Nza(e/8)[1 Ve logy(R/MI[g() + LY\ g0)],
E[W; (3, Z)1% < Nz.a(e/8)[2° R(1 +)C* (017127 = 11717 (v),

where I (z) = q [2°(x — 1) [g(zx) + LY /g@x)] dx.

3. Uniform bounds for norms of empirical processes. Based on the results
obtained in Propositions 1 and 2, in this section we develop uniform bounds for
the family {[|£y |5s.-, w € W}, where &, is defined in (1.7). The first step here is
to check Assumption 1. For this purpose, we establish an exponential inequality
for ||y |ls,r when the function w € W is fixed. Next, using Corollary 1 we derive
a nonrandom uniform bound and establish corresponding inequalities of the type
(1.8) and (1.9) satisfying requirements (i)—(iv) of the Introduction. We develop also
a random uniform bound based on X1, ..., X, and derive an inequality of the type
(1.11).

To proceed, we need the following assumption.
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ASSUMPTION (A1). Let f_be a countable dense subset of X'. For any ¢ > 0
and any x € X, there exists X € X" such that

Jw(,x) —w(, X <e.

In the sequel, we consider only the sets VW of (T x X)-measurable functions
satisfying Assumption (Al). Let

V(dx) = f(x)v(dx),

and for any s € [1, oo] define

1/s
Zuw. )= [ el e |

= [/ (/ |u)(t,x)|2f(x)v(dx)>‘v/2r(dt)i|l/s,

Ms,t,v/(w) .= sup lw(-, x)”s,r V sup lw(t, ‘)”s,v/,
xeX teT

M;(w) := Ms,r,v(w)-

Let c1(s) := 15s/Ins, s > 2, c2(s) be the constant appearing below in inequal-
ity (6.2) of Lemma 3, and define

c3(s) :=ci(s) Veas/(s — 1)) Vs > 2,

0, 1<s5<2,
ce(s): =11, s=2,

c3(s), s > 2.

3.1)

(3.2)

It is worth mentioning that c;(s) is the best known constant in the Rosenthal in-
equality [see Johnson, Schechtman and Zinn (1985)], and in many particular ex-
amples cp(s) = 1 (see Lemma 3 below). Although c;(s) is defined for s > 2 only,
it will be convenient to set ¢1(s) = 1 if s € [1, 2]. We use this convention in what
follows without further mention.

3.1. Probability bounds for fixed weight function. For any w € VW, we define

[VAZs(w, £)] A [4n'/s My (w)], 5 <2,

IOS(w7 f) = ﬁMZ(w)’ §= 2’

33) c1()[vaZs(w, f) +2n' /S M (w)],  s>2,
' s [ MEw)[14n +96n'/7], s <2,
i (. f) = 6nM; ., (w)+24/nM3w),  s=2,

and if s > 2 then we set
o (W, f) :=6c3()[nM3; (1) 7.y (W)

3.4)
+ 4N (w, £)Ms(w) + 8!/ M2 (w)].
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THEOREM 1. Let s € [1,00) be fixed, and suppose that Assumption (Al)
holds. If Ms(w) < oo, then for any z > 0

P{l§wlls,c = ps(w, f) + 2}
(3.5)

2
SexP{— < }
(1/3)w2(w, f) + (4/3)cx(s) Ms (w)z

where c.(s) is given in (3.2).

REMARK 4. Because c,(s) =0 for s € [1, 2), the distribution of the random
variable ||&, |5, has a sub-Gaussian tail. In this case, similar bounds can be ob-
tained from the inequalities given in Pinelis (1990), Theorem 2.1, Pinelis (1994),
Theorems 3.3-3.5, and Ledoux and Talagrand (1991), Section 6.3. In particular,
Theorem 1.2 of Pinelis (1990) gives the upper bound exp{—z%/ 2nMs2(w)} which
is better by a constant factor than our upper bound in (3.5) whenever s € [1, 2).
However, if s > 2 then the cited results are not accurate enough in the sense that
the corresponding bounds do not satisfy relations (1.5) and (1.6) of the Introduc-
tion. It seems that only concentration principle leads to tight upper bounds; that is
why we use this unified method in our derivation.

It is obvious that the upper bound of Theorem 1 remains valid if we replace
ps(w, ), a)f(w, f) and M(w) by their upper bounds. The next result can be
derived from Theorem 1 in the case s € [1, 2).

COROLLARY 2. Let s €[1,2) be fixed, and suppose that Assumption (Al)
holds. If Ms(w) < oo then for every z > 0 and for alln > 1

2
1 -
P(llEwlls,c > 4n'/* Ms(w) + 2} < e"p{ 37TnM2(w) }

The result of the corollary is valid without any conditions on the density f.
Moreover, neither the bound for [|£,, ||5.-, nor the right-hand side of the inequality
depend on f. It is important to realize that the probability inequality of Corollary 2
is sharp in some cases. In particular, it is not too difficult to construct a density f
such that Xs(w, f) = +oo for any function w satisfying rather general assump-
tions. In this case, the established inequality seems to be sharp. On the other hand,
for any density f satisfying a moment condition /nX(w, f) can be bounded
from above, up to a numerical constant, by /nM>(w) which is typically much
smaller than n'/$ M (w).

Several useful bounds can be derived from Theorem 1. In particular, it is shown
at the end of the proof of Theorem 1 that forall s >2 and p > 1

3.6) Zyw, /)< MaVFls  Mpow@) <VIFlleo]?My(w),
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Using these inequalities, we arrive to the following result.

COROLLARY 3. Let s > 2 be fixed, and suppose that Assumption (A1) holds.
If Mg (w) < 00, then for every z > 0 and for all n > 1

P{llgwlls,c = os(w, f) +2}

2
Z
= e"p{_ (1/3)@2(w, f) + (4/3)c3(s) My (w)z }

where ps(w, f) 1= c1(s)[/AM2(w) [/ Flls,v + 20/ Ms(w)] and
ay(w, ) =631V | flloo] T2 M3, (g 4y (w)

+ 4/ My(w)Ms(w) |V f ., + 8n'/S MZ (w)}.

3.2. Uniform bounds. Theorem 1 together with Corollaries 2 and 3 ensures
that Assumption 1 is fulfilled for [|§,|s,r. In this section, we use Proposition 2
together with Theorem 1 in order to derive a uniform over W bounds on ||& 5.7

Following the general setting of Section 2, we assume that WV is a parametrized
set of weights, that is,

(3.7 W={w:w=9¢[¢].¢ €Z},

where Z is a totally bounded subset of some metric space (3, d). Thus, any w € W
can be represented as w = ¢[¢] for some ¢ € Z. Recall that Nz 4(8), § > O stands
for the minimal number of balls of radius § in the metric d needed to cover the
set Z, and &£z, 4(8) = In[Nz q(8)] is the é-entropy of Z.

The next assumption requires that the mapping ¢ — ¢[{] = w be continuous in
the supremum norm.

ASSUMPTION (A2). For every ¢ > 0, there exists y > 0 such that for all
1, &o € Z satistying d(¢1, ¢2) < y one has

Supsup|w1(tv x) - wZ(va)l S g,
t X
where w1 (7, x) = ¢[£11(z, x) and wa(t, x) = P[52]1(7, X).

Because &, is linear in w, this assumption along with Assumption (A1) guar-
antees that all the considered objects are measurable.

Let F be the class of all probability densities uniformly bounded by con-
stant fo,

(3.8) F:= p:Rd—HR:pZO,/pzl,||p||oo§foo<oo}.



UNIFORM BOUNDS FOR NORMS 2331

It is easily seen that the inequalities of Theorem 1 and Corollary 3 can be made
uniform with respect to the class F. Indeed, the bound of Corollary 3 remains

valid if one replaces || f|loo and |4/ f |ls.v by foo and f},éZ_l/ * respectively. From
now on, we suppose without loss of generality that fo > 1.

3.2.1. Uniform nonrandom bound. Theorem 1 together with Corollaries 2
and 3 show that Assumption 1 is fulfilled for ||&,||s. with g(x) =e™*

U(w) =Ug(w, f)

’

an'/s My (w), sel,2),
=1 VnMy(w), s=2,
39) a@)[VnZsw, f)+2n'SMyw)],  s>2
L Aw) = Alw)
3TnM?(w), 5 <2,
262 nME(w) + 8¢/nM3(w), s =2,

203() 3 [nM3 )y 1 5y (W) + 4/n M (w) My (w)
+8nl/s M2(w)], s> 2;

and B(w) = Bg(w) := %c*(s)Ms(w), where ¢, (s) is defined in (3.2).
Put

(3.10) re := inf Ug(w, f), Rg := sup Us(w, f).
wew wew
Let sy, (-) be given by (2.7) with U = U, and

C;(y):1+2ﬁAAg+2yABgs y>0’
where A 4 and A g are defined in (2.8); see also (2.9).

THEOREM 2. Let s > 1 be fixed, (3.7) hold, and let f € F if s > 2. Let As-
sumption (A2) be fulfilled. If >y, (a) < a for all a € [rg, Rg] then for any y > 1
and € € (0, 1] one has

P{ sup [l1gulls.c — uecCE U (w, f)]= 0]
wew

1 _
< ~Nza(e/9)[1Vlogy (Re/ro)l[1 + LEYJe ™2,

E sup [|§wlls.c — ueCg () Us (w, HNIL
wew
2q(e+1),,4

< g1 D@+ DNa(€/8IRCE I [1+ L le 7,
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where ue = 2°(1 + €), I'(+) is the gamma-function and

(3.11) LE), =" exp{2€z.4(e27%) — (9/16)2"k 2},

exp
k=1

The proof follows immediately by application of Corollary 1, and noting that
for g(x) = e the quantity Lg) is given by the above formula [cf. (2.13)], while
Jée)(-) for g(x) = e™* is bounded as follows

o0
1O @) = qf (x = )7 [ + LOVe =] dx
1
<T(g+D[1+LE]@/2)7e 2,

REMARK 5. Itis instructive to compare the results of Theorem 2 with those of
Theorem 1 (and Corollaries 2 and 3). The uniform bound on [|§,, |5, in Theorem 2
is determined by the individual bound Ug (w, f) for a fixed weight w € WV, and by
the function C;(-) which, in its turn, is computed on the basis of Ag(w), Bg(w)
and Ug (w, f). The function C g‘ (+) depends on the parametrization (3.7) and on the
distance d on 3 via the quantities A4 and A g [see (2.8)]. The right-hand sides of
the inequalities in Theorem 2 depend on massiveness of the set of weights WV as
measured by the entropy &7 4(-). Note also that these bounds decrease exponen-
tially in y.

3.2.2. Uniform random bound. The uniform nonrandom bounds on ||&|ls.7
given in Theorem 2 depend on the density f via Ug(w, f). As discussed in the
Introduction, this does not allow one to use this bound in statistical problems. Our
goal is to recover the statement of Theorem 2 (up to some numerical constants)
with the unknown quantity Ug (w, f) replaced by its estimator lAlg (w). Note also
that Us (w, f) of Theorem 2 depends on f only if s > 2; here the quantity depend-
ingon f is Xs(w, f).

Assume that the conditions of Theorem 2 are satisfied, and let s > 2. For any
t € T define

& o 2 ._l S 2 .
(3.12) Ys(w) = [[Swlls,z» Sy(0) = . ;w (r, Xi),
(3.13) Ug (w) := c1 (s)[VnEs (w) + 25 My (w)].

It is easily seen that Ug (w) is a reasonable estimate of Ug (w, f) because under
mild assumptions for any fixed ¢ € 7 by the law of large numbers

S (1) — llw(t, )3, — O, n— 0o  in probability.
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Moreover,

155 w) = By w, P =[S0 — w6, v,
</152 = w1312,
=85 — w50l

1, 5 2
H;Z[w (- Xi) — Ew?(, X)]

i=1

s/2,t

Thus, for any s > 2 we have

(3.14) 15 (w) — s, )] < | w2l
n

that is, the difference between f)s(w) and X;(w, f) is controlled in terms of
1€,p21l5/2,7- The idea now is to use Theorem 2 in order to find a nonrandom up-
per bound on |[|&,2]ls/2,-. One can expect that this bound will be much smaller
than X (w, f) provided that the function w is small enough. If this is true then
f)s(w) approximates well X (w, f), and it can be used instead of X;(w, f) in the
definition of the uniform over WV upper bound on |[|§,||s.7.

In order to control uniformly ||&,2[/s/2,- by applying Theorem 1 and Corol-
lary 1, we need the following definitions. Put

0w = 4n2/sMs/12(w2), se€(2,4),
c1 (s /D[ /My (w?) + 2025 My p(wD)], s =4
3TnM; ), (w?), 5 €(2,4),
AR =20 Do [n M3y 544y (W)
+ 4/ M (w?) M 2 (w?)
+8n7 MYy (w?)], s =4

and B(w?) := 3c4(s/2)M,2(w?), where c,(-) is given in (3.2).
For any subset Z C Z, let »;(Z), A ;(Z), and A 3(Z) be given by (2.1)—~(2.3)
with U =U, A= A and B = B. With r¢ and R; defined in (3.10), let

(3.15) Zy=1{¢ €l:a/2 <Us(w, ) <a}, a € [re, Rel,
and we set

sg(a) = sy (Za), Az= sup a_zAA(Za),
a€lrs, Re]
(3.16) s
Ag= sup a “Az(Za),
a€lrg, Re]
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[cf. (2.7) and (2.8)]. It is important to emphasize here that in the definition of
»5, Az and Az we use the same set Z, as in the definition of s, (-), A4, (-) and
AB& () .

The next result establishes a random uniform bound on ||&y |5, 7.

THEOREM 3. Let s > 2 be fixed, (3.7) hold, Assumption (A2) be fulfilled, and
(3.17) ny.(a) <a Va € [rg, Re].

Let € € (0,1] be fixed, and suppose that there exists a positive number y <
[4c1(s)(1 + €)1~ such that

(3.18) wy(a) < (va)*>  Yaelrg, Rel.
If y, denotes the root of the equation

(3.19) UYhg+yrg =v2

and if y, > 1 then:

(1) Foreveryye€l[l,y,] one has

E sup (1§l — U (V)CE@ U )} < T1[CEO)Y exp{—y/2},

where e (y) :=uc[1 —4ci1(s)(1 +€)y1~" and ue =2¢(1 + €).
(i1) For any subset Wy C W, one has

E[ sup Oc)]” <144 ()1 + )1 sup [Ug(w, f)]F

weWy weWy

+To.c [V sup My(w)]” expi—y, 2}
weWy

(3.20)

The explicit expressions for the constants T| ¢ and T ¢ are given in the beginning
of proof of the theorem.

REMARK 6.

1. Theorem 3 requires two sets of conditions: conditions of Theorem 2, and con-
ditions on behavior of the functions > (), A ;(-) and A 3(-) on the slices Z,
defined through Ug (w, f).

2. The parameter y controls closeness of ljg (+) to Ug(-, f): the smaller y, the

closer the random bound 05 (+) to the nonrandom one Ug (-, f) [see (3.20)]. In
this case, we do not loose much if Ug (-, f) is replaced by its empirical coun-
terpart Ug (w). Clearly, it is possible to choose y small and simultaneously to
keep y, large only if A ; and A 5 are small enough. Fortunately, this is the case
in many examples.

3. Note also that when y approaches [4c;(s)(1 + €)]~! the parameter . (y) in-
creases to infinity [clearly, we want to keep u.(y) as close to one as possible].
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Thus, the assumption y < [4ci(s)(1 4+ €)]~! is important; this poses a restric-
tion on the parameter set V. We conjecture that the following condition is
necessary: for given s > 2 there exists a universal constant, say, c(s), such that

y < c(s).
The next corollary to Theorem 3 will be useful in what follows.

COROLLARY 4. The statements of Theorem 3 remain valid if Ug(w, f) and
05 (w) are redefined as max{Ug (w, f), /nMz(w)} and max{ﬁg (w), V/nM>(w)},
respectively.

3.3. Unifrom bounds for classes of weights depending on the difference of ar-
guments. As we have seen, the results and assumptions in Theorems 2 and 3 are
stated in terms of the quantities (such as A 7, A3, y, ) that are given implicitly. In
particular, additional computations are still necessary in order to apply Theorems 2
and 3 in specific problems. In this section, we specialize the results of Theorems
2 and 3 for the classes of weights WV depending on the difference of arguments.
Under natural and easily interpretable assumptions on the class of such weights,
we derive explicit uniform bounds on the norms of empirical processes.

Throughout this section, X =7 = RY 7 = v = mes is the Lebesgue measure

and we write || - ||; instead of || - ||5,-. In this section, the class of weights W is a
set of functions from R¢ x R¥ to R of the following form
(3.21) W={w( —x),weV},

where V is a given set of d-variate functions. For the sake of notational conve-
nience, we will identify the weight w € W with the d-variate function w € V in
the definition of the process &,, and the quantities such as Ug, Ag, Bg etc. Thus,
when we write w € V¥V we mean the weight w(- — -) while w € V denotes the
corresponding d-variate function; this should not lead to a confusion.

Let (3, d) be a fixed metric space; as before, we suppose that ) is parametrized
by the parameter ¢ € 3, that is,

(3.22) V={w:w=9[{].¢ €Z},

where Z is a totally bounded subset of the metric space (3, d). Recall that Nz, 4(5),
& > 0 is the number of the balls of radius § in the metric d that form a minimal
covering of the set Z.

We need the following assumptions on the class of weights JV (the functional
set V).

ASSUMPTION (W).

(W1) The Lebesgue measure of support of all functions from V is finite, that is,

(3.23) Uy := sup mes{supp(w)} < oo.

wey
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(W2) There exist real numbers o € (0, 1) and oy € (0, 1) such that
mes{x € RY lw(x)| > a1||w]lco} = ap mes{supp(w)} Ywe V.
(W3) There exists a real number p > 1 such that
nmes{supp(w)} > u Ywe V.
(W4) There exists a real number g € (0, 1) such that

sup {In[Nz,4(8)] =8P} =: Cz(B) < o0.
§€(0,1)

REMARK 7. We will show that Assumption (W2) is fulfilled if V is a set
of smooth functions. Assumption (W3) together with (W2) allows one to estab-
lish relations between IL,-norms of functions from V’; this will be extensively
used in what follows. Assumption (W4) is a usual entropy condition. In partic-

ular, (W4) ensures that the quantity Lg(}, in (3.11) is finite.

In addition to Assumption (W), we will need the following assumption on the
properties of the mapping ¢ in (3.22). For p > 1, put

(3.24) 0<w, :=n'/P inf lwl, < n'/P sup lwll, =W, <00
wey wey

and define

(3.25) Zpb):={t € Z:n"P|p[c]ll, <b},  belw,. W,l.

ASSUMPTION (L). The mapping ¢ in (3.22) satisfies the following condi-
tions:

e if s €[1,2) then

n'ligle] — dledlls _
£1,82€Zg (b) d(¢1, &2) B

b Vbe[w_pws]a

e if s > 2 then

Vnllolel — o181l -

(3.26) sup
¢1.82€Z(b) d(¢1, &)

b Vbe[w,, Wal.

We note that Assumption (L) guarantees continuity of ||, |5 on ¢[Z] for any
s < 2. The same property for s > 2 follows from Lemma 7. This, in view of Re-
mark 2, replaces Assumption (A2).

The next statement presents the uniform moment bound on ||&,|s when s €
[1,2], and W is given by (3.21).

THEOREM 4. Let the class of weights VW be defined by (3.21), and let (3.22)
and Assumptions (W1), (W4) and (L) hold.



UNIFORM BOUNDS FOR NORMS 2337

() Ifs €[1,2) thenforalln>1,z>[v/37/21n'/>71/5  and € € (0, 1] one has

27?
E sup [[|&wlls — 4ue(1+2)n' |wll 1% < T30/ exp{ 37 n 1}

wew

(i) If f € Fthenforalln>1,z> \/S[M*fzoo +4n=12], and € € (0, 1] one has

E sugv[llswllz—ue(1+z+z /12)v/nlwl2]%

2
< Ty.n?"? {— < }
= I4.en exXp 16[f200M* +4I’l_1/2]

The explicit expressions for the constants Tz  and Ty ¢ are given in the beginning
of the proof of the theorem.

The bound of Theorem 4 is nonrandom because Ug(w, f) does not depend
on f whenever s € [1, 2]. The proof of this statement is based on application of
Theorem 2.

Now we proceed with the case s > 2. Here we need some further notation.
Given p > 2, let m, € (0, 1] be such that

1/ —
3.27) sup b1 sup n Pliele] = oLl =:Cp < o00.

be[wy, Wl $1.02€Zo(b) [d(¢1, &) ]

Existence of m, € (0, 1] such that (3.27) holds is ensured by Lemma 7 given in
Section 8.2. In particular, it is shown there that if Assumptions (W) and (L) hold
then m, can be taken equal to 2/p. We note also that m> =1 and C; =1 by
Assumption (L).

Following (3.12), (3.13) and Corollary 4, we set

i)

(3.28)  Us(w) :=max{Us (w), vallwla},
Us (w) :=max{Us (w, f), Vallwla}.

1/2

Us (w) = q(S){

+2n”‘||w||s},

N

Put also
(3.29) CE(y) = 1+ 200{/y[p/* +n~ ] 4 yn~ 11},
. . 1/\msv se(2’4)’
m .= 1/\ms/\ms/2’ s >4,

where 90 1= 5¢1(s)[Cs V fooar] 'ar; /2

and m, and C), are defined in (3.27).

, a1 and ap are given in Assumption (W2),
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THEOREM 5. Let Assumptions (W) and (L) hold, and assume that f € F.
Suppose that (W3) is fulfilled with i > [64¢3 (s)]S"D/ M=) "and (W4) is fulfilled
with B <m. Let y = p/$"D=1/2 and

4/s—1

o~ 102, s> 4,

with constants v and U specified explicitly in the proof; then for any s > 2 and
y € [1, y*] one has

E sup {[|nls — #e()CE () Ue )} < Ts,en?*[CE(y)]4 exp{—y/2},

weWw

where u.(-) is defined in Theorem 3. In addition, if Wy C W is an arbitrary subset
of W then

]E[ sup [jg(w)]q < {[1 +de1(s) (1 4 )t/ ED=12] sup Ug(w)}q
weWy weWp

+ T5,en?C 72/ expl—y./2}.
The explicit expressions for the constants Ts . and T ¢ are given in the proof.
Theorem 5 establishes random uniform bounds on the norms of empirical pro-
cesses in terms of the parameters determining the class W. In particular, the param-

eters u and py play an important role. Theorem 5 leads to a number of powerful
asymptotic results that demonstrate sharpness of the proposed random bound.

COROLLARY 5. Let assumptions of Theorem 5 hold, and let s > 2 be fixed.
There exist positive constants ki = k;(s), i = 1,2, 3 such that if

=gy <[l =, < [Inn] ™2,
e:enx[lnn]_k3, n— 00,
then forall £ > 0 and q > 1

lim sup n'E sup [[|€x]ls — (1 4+ 3€,)Ug (w)]4 =0,
eF

n—00 ¢ weW

E[ sup Us(w)|" <[(1+en) sup Tew, H]' + RaOW),

weWy weWy

where imsup,, _, ., SUp ¢ Supyy, cyy [ Ry (WV9)] = 0.

The explicit expressions for the constants k; > 0,i = 1, 2, 3 are easily computed
from Theorem 5.
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REMARK 8. Corollary 5 shows that if the class of weights V is such that u =
Wn and fLy = s, and if € is set to be € = ¢,, then (1 + 36,1)0” (w) is a uniform
random bound on ||&,, || which is asymptotically almost as good as the nonrandom
bound Ug(w, f) depending on f. Thus, in asymptotic terms, there is no loss in
sharpness of the random uniform bound in comparison with the nonrandom bound
that depends on f.

3.4. Specific problems. In this section, we consider process &, correspond-
ing to special classes of weights VV that arise in kernel density estimation. Using
results of Theorems 4 and 5, we derive uniform bounds on the norms of these pro-
cesses. As in Section 3.3, here X =7 =R¢, and v and t are both the Lebesgue
measure.

Let K be a given set of real functions defined on R? and suppose that K is
a totally bounded set with respect to the Lyo-norm. Let H := ®§1:1[h§nin, h],
where the vectors A™? = (hrlni“, e hg‘i“), h™ = (R, . W), 0 < h?lin <
h™ <1,Vi=1,...,d are fixed.

For any h € ‘H define V), .= ]—[f:1 h;, and endow the set H with the following
distance:

h; vV I
(3.31) Ay (h,h) = max ln< d ’).
i=1,...d h,‘/\h;

In order to verify that A4, is indeed a distance on H it suffices to note that the func-
tion (x,y) — In(x vV y) —In(x A y), x > 0, y > 0 satisfies all axioms of distance
on Ry \ {0}

We will be interested in the following classes of weights W and the correspond-
ing processes &, .

Kernel density estimator process. With any K € K and h € H, we associate
the weight function
w(t —x)=n"'Ku@t —x):=nVy) 'K[(t —x)/h].

As before, u/v, u,v € R4, stands for the coordinate-wise division (ur/v, ...,
Ud/va)-
The weight w is naturally parametrized by K and 4 so that we put

(332) zW:=KxH, ¢ =(K,h), w=a¢[c]:=n""Kp.
We equip Z( with the family of distances {d(ﬁl)(-, -), U > 0} defined by
diP(2.¢") = 0 max{lIK — K’ lloc, Ape(h, B},
¢ =(K,h), ¢'=(K'",h), v > 0.

Obviously, Z is a totally bounded set with respect to dg) for any ¥ > 0.
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The corresponding family of random fields is
1 n
(333) &) () =Epic(0) =~ Y (Kn(t = Xi) ~EKpt = X)) €2,
i=1

and we are interested in bounds on the IL;-norm of this process uniform over the
class of weights

WD = {w( =) =n"'Ky(- =) : (K, h) € ZV).

We note that 515)1) is the stochastic error of the kernel density estimator associated

with the kernel K € K and bandwidth 4 € H. According to Theorems 4 and 5, for
the process {&,, w € W}, the uniform bounds on ||&, || should be based on the
following functionals. Define

4nV)STUK s, s ell,2),

(1)
Us ' (w) = { 7
: (Vi) V2|K |2, s=2.

For s > 2, we put

U w, = Cl(”["—l/z(/ U KRG —x)f(X)dx]S/2dt>1/s

+2<nvh>1/“—1||1<||s}
n s/2 1/s
08" (w) == cl(s)|:n_l/2 (/ [n_l S KA - Xi)} dt)
i=1
+2<nvh>”°'—1||K||s},

and finally

(3.34) Uél)(w, f)= maX[Uél)(w, ), (th)—1/2||K||2]
. 0é1)(W) = maX[Uél)(u)), (th)—1/2||K||2]

Convolution kernel density estimator process. For any (K,h) € Z") and
(0, h) € ZW, we define
(3.35) w(t —x) =n"[Ky % Qpl(t — x),
where Z is defined in (3.32), and # stands for the convolution on R¢. Put

2@ =72 xz2W,  =[(K,h),(Q, 0],  w=glzl=n""(Ky* Qp),
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and define the family of distances on Z® as
2
dP(z.2) =9 max{||K — Koo V 1Q — Q' lloo. Ape(h h') V Ap(h. )},
9 >0,

where z =[(K, h), (Q, )],z =[(K', 1), (Q",h)], z, 2’ € Z? . Obviously, Z? is
a totally bounded set with respect to the distance dl(yz) for any ¥ > 0.
The corresponding family of random fields is

ED (1) 1= E4y11(1)
1 n
(3.36) = ;Z{[Kh * Qpl(t — X;) — E[Kj, % Qpl(r — X)},
i=1

¢ eZ®,
and we are interested in a uniform bound on ||§,5)2) Is over
W = {w(- =) =n""Ky % Qy(- — ), [(K, 1), (Q, )] € ZP}.

The random field &,, with w given by (3.35) appears in the context of multivari-
ate density estimation. In particular, the uniform bounds on ||&, ||s are instrumental
in construction of a selection rule for the family of kernel estimators parametrized
by K x H [see Goldenshluger and Lepski (2009)]. Theorems 4 and 5 suggest to
base the uniform bounds on the following quantities. Define

dnl/S7HIKy + Qplls, s €[1,2),

(2)
U w) = -~
g W) {n 21Ky % Oyl s=2.

For s > 2, we put
s/2 1/s
U w, f):= q(s)[n—‘/z( / [ [tk 0y —x)f(x)dx} dt)

2! K Qhus}

. s/2 1/
lA]E(Z)(w) =cq(s) |:n_1/2(/ [n_l > 1K+ Q1P — Xi):| dl)

i=1
+ 2057 Ky, ths};

and finally

(3.37) Uéz)(w, f) = max[Us(z)(w, £ 21Ky * Qg lla),
UéZ)(w) = maX[Us—(Z)(w), n 2Ky * Oy ll2]-
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Theorems 4 and 5 can be used in order to establish upper bounds on the norms of
the processes &Sf ), i =1, 2. For this purpose, Assumptions (W) and (L) should be
verified for the classes of weights W i =1,2, defined above. To this end, we in-
troduce conditions on the family of kernels K that imply Assumptions (W) and (L).
These conditions are rather natural and easily verifiable; they can be weakened in
several ways, but we do not pursue this issue here and try to minimize cumbersome
calculations to be done.

ASSUMPTION (K).

(K1) The family /C is a subset of the isotropic Holder ball of functions H; (1, L)
with the exponent 1 and the Lipschitz constant L, that is,

IK(x)— K| <Lglx—y|  Vx,yeR?

where | - | denotes the Euclidean distance. Moreover, any function K from
KC is compactly supported and, without loss of generality, supp(K) <
[—1/2,1/2)¢ forall K € K.

(K2) There exist real numbers k| > 0 and koo < 00 such that

ki < ’f K(r)dr‘ <Kl <k VK €K

Without loss of generality, we will assume that koo > 1 and k; < 1.
(K3) The set K is a totally bounded set with respect to the IL,-norm, and there
exists a real number Bxc € (0, 1) such that the entropy Ex(+) of I satisfies

sup [Ex(8) — § P =: Cx < 0.
§€(0,1)

Several remarks on the above assumptions are in order. First, we note that
Assumptions (K1) and (K3) are not completely independent. In fact, if we sup-
pose that IC C Hy (e, Lxc) with some « > d then Assumption (K3) is automati-
cally fulfilled with Bx = a/d. On the other hand, all our results remain valid if
K C Hy(er, L) with some o > 0. Observe also that the condition |/ K (¢) dt| >
ki of Assumption (K2) is not restrictive at all because for kernel estimators
[ K (t)dt = 1. Therefore, the first inequality in (K2) is satisfied with k; = 1.

REMARK 9. It is easy to check that Assumption (K1) implies Assump-
tion (A2) in Section 3.2 and Assumption 2 in Section 2.

Now we apply Theorems 4 and 5 to the families of random fields given by
(3.33) and (3.36). We present the results for the processes {¢,(¢], ¢ € ZV} and
{Eby121> 2 € ZP} in a unified way.
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3.4.1. Case s € [1,2]. Uniform nonrandom bounds. In order to derive the uni-
form upper bounds for s € [1, 2], we use Theorem 4. Obviously, Assumption (K)
implies Assumptions (W1) and (W4). Thus, in order to apply Theorem 4, we need
to verify Assumption (L). This is done in Lemma 9 given in Section 9. Thus, The-
orem 4 is directly applicable, and nonasymptotic bounds can be straightforwardly
derived from this theorem; one needs only to recalculate the constants appearing
in the statements of the theorem.

We note that the quantity . defined in (3.23) satisfies w, < Vjmax for the set
of weights W) and py, < 2¢Vjmax for the set of weights W . If we assume that
Vipmax — 0 as n — 00, then we can establish some asymptotic results, one of which
is given in the next theorem.

THEOREM 6. If Assumption (K) holds, then for all s € [1,2), £ > 0 and € €
©, 1)

lim n* sup E sup é(i) —(1+6)U(i)(w)q =0, i=1,2.

Jim o' supe sup [1&], O]t
If Assumption (K) holds and Vymx = 0(1/Inn) as n — oo, then for all £ > 0 and
€€ (0,1

lim nfsupE sup [P, — 1+ UP W] =0, i=1,2.
A0, Sup weyg(j)[!! w |2 e ()]

Proof of the theorem is omitted; it is a straightforward consequence of Theo-
rem 4 and Lemma 9 given below in Section 9.

34.2. Case s > 2. Uniform random bounds. In the case s > 2, the uniform
bounds are derived from Theorem 5. To state these results, we need the following
notation. Define

90 1= 10c1 () foo[ LicV/d /K1 ]2,
(3.38)
987 1= 101 (5)fao [ 2972V d Lickoo /K312

The next two quantities, A7, and By, are completely determined by the bandwidth
set H:

d
j=1
(3.39) j d
By = lng(thax/thm) = Z 10g2 (h?lax/h;pin).
j=1
For y > 0 put
(3.40) cé‘,i(y) =14 Zﬁéi){ﬁ([zd(i—l)vhmax]l/s n n—l/ZS) N yn_l/s}’

i=1,2.
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Define also
s Opdss=1, s€(2,4),
192(1)(nvhmm)—l/Z[(zd(i—l)thax)Z/s +n—1/s]—2’ s>4,

W=

where explicit expressions for the constants z?l(i), z?z(i), i = 1,2 are given in the
proof of Theorem 7.

THEOREM 7.  Let Assumption (K) hold, f € F, and let max ;—;
Fori =1, 2 assume that

(B4l nVymin > [64¢3 ()] MDA /gL koo k3],

.....

alh7 < 1.

Ify = (thmin)l/(S/\4)_l/2 then for any s > 2, y € [1, ys )] and fori = 1,2 one
has

E sup. ED |, — 7 CE, UL W)}
wew®

< T+ A¥ (1 + Brn??[CE ()12,

where u(-) is defined in Theorem 3, and l?éi)(w) are defined in (3.34) and (3.37).
In addition, for any subset Wo C WY, any s > 2 and for i = 1,2 one has

E[ sup U(’)(w)] < [1+4c1) (1 + )@ Vymin) /D20 sup (TP ()}

weWy weWy

+ Tz(le)(l + AH)Zi(l + BH)HQ(S—Z)/(ZS) CXp{—y,(j)/Z},
The explicit expressions for the constants Tl(ie) and 722(16) are given in the proof.

We emphasize that the upper bounds of Theorem 7 are nonasymptotic. The
constants 9\, 9", T(’) and T( ") are written down explicitly in the proof of the
theorem; they are completely determmed through the quantities L, ki, koo, Cxc
and Bi appearing in Assumption (K), and the constant c{(s) in the Rosenthal
inequality.

REMARK 10. Condition (3.41) is not restrictive because the standard assump-
tion on the bandwidth set H in the kernel density estimation is that
thmin — 00, thax — 0, n — oQ.
The bounds established in Theorem 7 can be used in order to derive asymptotic

(as n — oo) results under general assumptions on the set of bandwidths . One of
such results is given in the next corollary.
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COROLLARY 6. Let s > 2 be fixed, Assumption (K) hold, and f € F. There
exist positive constants ky; = k1,;(s), ka,; = k2,;(s) and k3 ; = k3;(s), i =1,2,
such that if

—ky,i ko i
9 9

Vymax < [Inn] nVymin < [Inn]

—k3,i
9

€ =¢, <[Inn] n— 00,

then forall € > 0,q > 1
lim sup n‘E sup [[£]; — (1 +3e) U w)]% =0.
feF i

n—>oo‘ weW(’)

In addition, for any subset Wy € W one has

~ (i q —(i q i
E[ sup 0] <[ +e) sup T w, n]" +ROOMy),
weWy weWp

where limsup,,_, o, SUP ¢ 7 SUPyy, W) [nKR,(Li)(Wo)] =0,i=1,2.

We remark that explicit expressions for the constants k1 ; and k2 ;, i =1, 2, are
easily derived from Theorem 7.

4. Uniform bounds for norms of regression-type processes. In this section,
we use Proposition 2 in order to derive uniform bounds for the family |9y |ls.7,
w € W; we recall that

n
nw(t) =Y _w(t, X;)ei,
i=1
see (1.7). First. we verify Assumption 1 by establishing an analogue of Theorem 1
for a fixed weight function w € W [see Theorem 8 below]. It turns out that the
corresponding inequality depends heavily on the tail probability of the random
variable €. In other words, we prove that Assumption 1 is fulfilled with function
g that is determined by the rate at which the tail probability of ¢ decreases. Next,
under Assumptions (W) and (L), we derive uniform bounds using Corollary 1; this
leads to an analogue of Theorem 4 for the regression-type processes.

4.1. Probability bounds for fixed weight function. We consider two types of
moment conditions on the distribution of ¢.

ASSUMPTION (E). The distribution of ¢ is symmetric, and one of the follow-
ing two conditions is fulfilled:
(E1) there exist constants & > 0, v > 0 and b > 0 such that

P{le| > x} < vexp{—bx“} Vx >0,
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(E2) there exist constants p > [s vV 2] and P > 0 such that

Ele|” < P.

Let 082 :=Ee? and ¢, := (E|e|*)!/*. For any w € W define

e {v/nEs(w, £) Adn's Ms(w)}, s <2,
os(w, f) =1 ge/nMa(w), s=2,
c1()[oe/nEs(w, f) +2n e M(w)],  s>2,
wz(w )= Msz(w)[(6o*€2 + 8)n + 960,.n1/4], s <2,
s 60nM7 . (W) + 240e/AMF(w),  s=2,

and if s > 2 then we set
@l(w, f) = 6C3(s)[aganzzs/(Hz),T’v,(w)
+ 4o /nE5(w, £)Ms(w) 4 8esn'/s M2 (w)].

In the above formulas, we use notation introduced in the beginning of Section 3;
the formulas should be compared with (3.3) and (3.4).

The next theorem is the analogue of Theorem 1 for the regression-type pro-
cesses.

THEOREM 8.
(1) Suppose that Assumption (E1) holds, and for x > 0 define the function
Gi1(x) == (1 +nv)gapx),

exp{—|x| A [bl/ex|¥/Cr} s <2,

“4.1)
8a,b(x) 1= {exp{—lxl A |b1/ax|a/(1+04)}’ s >2.

Then for all s € [1, 00) and z > 0 one has

2
<
P S Z S ’ + S G ( )’
Wollse = @ D42 = O (3 020w, 1) + /3 M )z
where c,(-) is given in (3.2).
(i1) Suppose that Assumption (E2) holds and for x > 0 define the function

G lpn[l + p~ kP2, s<2,

G2lx) = (1 +nP) x {(x—‘pln[1+p—‘x])1’, 522,

Then for all s € [1, 00) and z > 0 one has

2

Z
P{lnwlls.c > 0s(w) +2) < Gz( e T A (w)z).
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4.2. Uniform bound. Theorem 8 guarantees that Assumption 1 holds with
function g being either G| or G;. This result is the basis for derivation of uni-
form bounds, and the general machinery presented in the previous sections can be
fully applied here. In this section, we restrict ourselves only with uniform bounds
over the classes of weights depending on the difference of arguments. In other
words, under Assumptions (W), (L) and (E1) we prove an analogue of Theorem 4
for the regression-type processes.

A natural assumption in the regression model where the process {n,,, w € W}
appears is that the design variable X is distributed on a bounded interval of R?,
that is, the density f is compactly supported. This will be assumed throughout this
section.

Let 7 € R be a bounded interval, 7 = X =7, and let T = v = mes be the
Lebesgue measure. For the sake of brevity, we write o, = al_laz_ 172 where o and
ap appear in Assumption (W2). Define

a:= max(oev/mes(Z), 1 (5)[0efL? + 2e5a,]),

Cp = %c*(s)a*n_l/s;
[202 + % + 3268n1/“_1]ui/5_1, s <2,
by =1 2621t + 80712, s=2,

203(s)fgo[ogzui/s + 4oy + Sesai)n_l/s], s> 2.

THEOREM 9. Let Assumptions (W) and (E1) hold. Suppose f € F, and as-
sume that (3.26) is valid for all s > 1. Let Assumption (W4) be fulfilled with
B<a/2+a),ifs <2,and with B <a/(1 +«) if s > 2. Then for all s > 1,
q>1andy > 1 one has

E sup [[7wls — aue (1 +2/yb, + 2ycy)/nllwll2]%
wew

=< Tn,e[l + 2\/ybn + 2ycn]q[g(x,b(y)]l/4,

where ue =2°(1 4 €), go.p(-) is defined in (4.1), and the explicit expression of the
constant T, ¢ is given in the beginning of the proof of the theorem.

The following asymptotic result is an immediate consequence of Theorem 9.

COROLLARY 7. Let the assumptions of Theorem 9 hold. For any o > O there
exist a universal constant ¢ = c(«) > 0 such that if s < [Inn]—€ then forall s > 1,
€€ (0,1)andforall >0

lim n* sup E sup [[Inu s — (1 + €)av/nlwl2]L =0.

=00 reF  wew

The explicit expression for c(«) is easily derived from Theorem 9.
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5. Proofs of Propositions 1 and 2.

5.1. Proof of Proposition 1. Let Zy, k € N be an €27 3-net of Z, and let
7k(), ¢ € Z denote the element of Z; closest to ¢ in the metric d.

The continuity of the mapping ¢ + &y[;] guarantees that P-almost surely the
following relation holds for any ¢ € Z:

0.¢]
(5.1) Epic1 = Eprc 01 + D [Eplainn @1 — stz
k=0
where ¢(© is an arbitrary fixed element of Z and zo(¢) = ¢ @, V¢ € Z.
Note also that independently of ¢ for all k >0

(5.2) d(zes1(0), 21 (0)) < 27472,
We get from sub-additivity of W, (5.1) and (5.2) that for any ¢ € Z

72 &
W (Epie1) < W (Egr0) + 3 3 P (Eplz )] — Egtzrn) k+ 17
k=0

(5.3) 5

T 2
= WEpeo) +gsup sup (k4 DI (g — Epren),

k>0 (z,7/)€Zp41 % Z:
d(z,2/)<e2k-2

where py :=6/(72(k + 1)) and 322, pr = 1. Since &, is linear, £y, — &p[z] =
Ep1z1—g[z) for all z, 2" € Z, and we obtain from (5.3) and the triangle inequality for
probabilities that

P{sup W (Ep(e)) = (1 + )l (2) + C*(, 21
tezZ

5 <P{W(4,0)) = 20(Z) + C*(y, 2)}

ad 6€[3cy(Z) + C*(y, 2)]
k=0 (z,z/)€Zk41 X Zk:
d(z,7/)<€27k=2
=L+ .
In view of (2.1) and because ¢(?) € Z, we have that U (¢[¢?]) < 2 (Z). There-
fore, we get from Assumption 1(i) and monotonicity of the function g that for any
y>0

I} <P{W(Ey,0) — U(o[cV]) = C*(v. 2)}
. ( [C*(v. 2)P >
A2(p[E O] + B(o[cONC*(y, 2)

. ( [C*(y, 2)]?
A4(Z)+ Ap(Z2)C*(y, Z)

(5.5) <

IA

) =gW).
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To order to get the last inequality, we have used monotonicity of g and that for any
y>0

[C*(y, Z)1? _ [VYAA(Z) + yAp(2))? ~y
AL(Z2)+ AB(Z)C*(y, Z)  ANA(Z)+ Ap(ZD)SYAA(Z) +yAR(Z)]

By (2.1),if z,z/ € Z and d(z, z') < €27¥~2 then

U(plz] — olz'D) < 275250 (2),

and, therefore, for any y >0

6€[y(Z) + C*(y, Z)]
P{qj(g“”“]“i’“/]) = %Unz(k+ 1)2y }
= P{‘l’(%[z]—mz/]) — U(¢lz] — ¢l2'D

6w (D) +C7 (G, D))
72k +1)2

%U(Z)EZ_]‘_Z}

9%¢C*(y, Z
< P{‘V(sz]—mzq) —U(¢lz] — ¢[Z']) > 9eC’y. 2) }

16(k + 1)2

Here we took into account that ming>o[67 _Z(k + 1)_2 —27k=21> 0 and 9/16 <

(6/712). Putting Cy, = % and applying Assumption 1(i), we obtain for any

2,7 € Zp41 X Zj satisfying d(z, ) < €2 k=2.

6€[sey(Z) + C*(y, Z)]
P{‘p(&s[z]—qs[z/])i o : }

720k + 1)2

[A

C? )
8 <A2<¢>[z] —o[2]) + Bz — o[ DCx

A

C?
8 ([AA(Z>62“]2 n [AB(Z)e2k2]ck>

G
Sg( 2 ~ )’
AR (Z2) + AB(2)Cy

where we denoted C‘k = C2k+2. Taking into account that 9(k + 1)~22k=2 > 1 for
any k > 0, and by definition of C*(y, Z), we obtain for any y > 0 that

Ci

> 9y(k + 1)722k2,
N+ hprl s D
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Hence, for any z, 7z’ € Zy 11 x Zj satisfying d(z, /) < €272 one has

6¢€lsy(Z) + C*(y, 2)]
720k + 1)2

(5.6) P{‘I’(%[z]—ﬂz/]) > } <g(Oy2 2k +1)72).

Noting that the right-hand side of (5.6) does not depend on z, 7’ we get
o
(5.7) L <) (Nza(€2™ Hyg(9y2 2+ D72).
k=0
The theorem statement follows now from (5.4), (5.5) and (5.7).
5.2. Proof of Proposition 2. Let Z;,l =1, ..., Nz 4(e/8) be d-balls of radius
€/8 forming a minimal covering of the set Z. For any 0 < j < [e "' log,(R/r) —

1]+ [without loss of generality, we assume that el log, (R/r) is integer], let §; =
r2¢, and put

Z(Sj+1 ={(€Z:5; <U@IL) <8j+1}.
Note that Zg ;S Zs i for all j because € € (0, 1]; recall that Z, is defined in (2.6).

-1 _ ~
We have Z; = UL "2z 0 Zs ) for any 1= 1..... Nza(e/8).
Therefore, for any y > 0,

5.8) W (y,Z)< sup [ sup W(Ep) - ucCr ()]
7=0,....,[e " og, (R/r)—1]4 {eZ;ﬁZ(;j_H

Let 0 < j <[e 'log,(R/r) — 1], be fixed; then using the definition of A4 and
Ap [see (2.2) and (2.3)] and the fact that Z,sj 4 G Zgj +1 We have that

C* () = 1+ 871 2V Aa(Zs;, ) + 29 AB(Zs,, )]
> 14687 [VyAaZs;,) + yAB(Zs,,)]

> 1487 [VyAaZs;,) + yAp(Zs, )]
Therefore
C*(18; = 8; + [VyAaLs;,) + yApZs,,)]
> Z_E%U(ZBJ'H) + C*(y, Zﬁj_,_l),

since by the premise of the proposition 8; =271 > 27y (Zs; ) > 27¢ X
%U(25j+1)' Note also that the definition of C*(-,-) implies that C*(-, Z;) <
C*(-, Z») whenever Z| C Z;. Thus, we have forany 0 < j < [e! log,(R/r)—1]4+
andany/=1,..., Nz q(e/8)

(5.9  ucC*8; = (1 + ) (ZiNLs,,,) + C*(y. Zi N Ls,, ).
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Taking into account (5.8), we obtain
P{W; (v, Z) > 0}

e logy(R/r)—114

< Z P{ sup U (&g1e1) = (1 + €30 (Z; ﬂZs,-H)
j=0 {EZ[ﬂZ,ngr]

+C* (3, 2N 2y, 1.
Applying Proposition 1 for the sets Z; N Zgj +1» We get for any y > 0

[e~logy (R/r) 114+

(€)
PV (y,Z) >0} < > Lz, O
j=0
e~ "logy(R/r)—114
i+1
= Z Léf)(y, r2¢U D),
j=0

It remains to note that the right-hand side of the last inequality does not depend
on /; thus, we come to the first assertion of the proposition.

Now we derive the bound for the moments of \I/;‘E (v, 7). We have from (5.8)
with y > 0 that for any ¢ > 1

E(sup{W (§91c1) — ucC* MU @IED})’
CeZ
Nz,a(e/8) [~ logy(R/r)—11+ .
5100 = ) > B(oswp o {WlEar) —ueC*(0)8))),
=1 j=0 {EZIQZSj+1

Nz,a(€/8) [e ' logy(R/r) =114

= > > E;(l).

=1 j=0

Forl=1,...,Nz4(e/8)and 0 < j < [e! log,(R/r) — 1]+ we have
o0
Ei()=q [x — ueC*(y)8;17"
ueC*(y)d;
X P[ sup U (Eg1c1) = x} dx
{EZ]ﬂZgj+l
= [ueC*(»1187q
o 1

(5.11) x /1 = DT'PL sup W) = 2 C* ()85 dz

{EZ]ﬂZgj+1
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< [ucC* ()18]q

o0
X / (z — l)q_lP{ sup U (Ege1) = uEC*(yz)(Sj}dz
1 {GZ[ﬂZgJ._H

o0 .
< [uec*(y)]q(S?q/l (z—DI'LE (yz, 12U D) dz.

Here the third line follows from zC*(y) > C*(yz) for any z > 1, and the last line
is a consequence of (5.9) and the probability bound established above.

The second statement of the theorem follows now from (5.10) and (5.11) since
the right-hand side in (5.11) does not depend on /.

6. Proof of Theorem 1.

6.1. Preliminaries. For convenience in this section, we present some well-
known results that will be repeatedly used in the proofs.

Empirical processes. Let F be a countable set of functions f: X — R. Sup-
pose that E f(X) =0, || flleo < b, Vf € F and put

Y=sup) f(X)., o>=supE[f(X)]".
fe]:l':l f€.7:

LEMMA 1. Foranyx >0

%2
P{Y —EY >x} < - '
{ >x} < eXP{ 2no? +4bEY + (2/3)bx }

The statement of the lemma is an immediate consequence of the the Bennett in-
equality for empirical processes [see Bousquet (2002)] and the standard arguments
allowing to derive the Bernstein inequality from the Bennett inequality.

Inequalities for sums of independent random variables. We recall the well-
known Rosenthal and Bahr—Esseen [see von Bahr and Esseen (1965)] bounds on
the moments of sums of independent random variables.

LEMMA 2. Let Yy,...,Y, be independent random variables, EY; =0, i =
1,...,n.Then

n p n n p/2

EY¥| < [cl(pn"{ZEmV’ + (ZEY?) } p>2
i=1 i=1 i=1
n p n

E> Y| <2) Elvil’,  pell,2),
i=1

i=1

where c1(p) =15p/Inp.
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The constant ¢ (p) = 15p/ In p in the Rosenthal inequality is obtained by sym-
metrization of the inequality of Theorem 4.1 in Johnson, Schechtman and Zinn
(1985).

Norms of integral operators. The next statement presents inequalities for
norms of integral operators.

LEMMA 3. Let (7,%,1) and (X, X, x) be o-finite spaces, w be a (T x X)-
measurable function on T x X, and let

My ¢y (w) :=sup [w(, x)|lp,z Vsupllw(, )px-
xeX teT

IfRelL,(X, x) and Ig(t) := [w(t, x)R(x)x (dx) then the following statements
hold:

(a) Forany p €1, o]

(6.1) 1Zr N p,x < Miz,x (WIIRIp,x-
(b) Forany 1l < p <r < oo

(6.2) IZRlr,e < c2(p)Mg,cx (WIRIp,x,

where é =1+ % — %, and c>(p) is a numerical constant independent of w.

The statements of the lemma can be found in Folland (1999), Theorems 6.18
and 6.36.

Note that if x =" := fv then M), - , (w) = M,(w), Yw [see B.1)]. If T =
X =R4 tand x are the Lebesgue measures, and if w(¢, x) depends on the differ-
ence t — x only, then c2(p) = 1, and (6.2) is the well-known Young inequality.

6.2. Proof of Theorem 1. We begin with two technical lemmas; their proofs
are given in the Appendix.

LEMMA 4. Let By/(s—1) be the unit ball in Ly,s—1)(T, T), and suppose that
Assumption (A1) hold. Then, there exists a countable set £ C By ;1) such that

l&w]ls.c = sup / 18w (DT(d1).
leg

LEMMA 5. Letw(t,x)=w(t,x) —Ew(t, X); then for all p > 1 one has:

@ [[w(, x)p,c <2sup,cy lwC, X)) p,z-
(b) M,(w) <2M,(w).

We break the proof of Theorem 1 into several steps.
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Step 1: Reduction to empirical process. We obtain from Lemma 4

1§wlls,c =sup [ 1(t)&w ()T (dr)

leg

= supZ/l(t)w(t X;)t(d?)

1621 1
=su MXD),

Aegizzl l

where
A= {A:X — R:A(x) =/l(t)w(t,x)f(dt),l € S}.
Thus,
n
(6.3) 1€ lls.c = sup Y A(Xi) =Y
)\.eAlzl

and, obviously, EA(X) = 0. The idea now is to apply Lemma 1 to the random
variable Y.

Step 2: Some upper bounds. In order to apply Lemma 1, we need to bound
from above the following quantities: (i) EY'; (ii) b := sup; ¢ I1A|loos and (iii) o?:=
sup; o EA%(X).

(i) Upper bound for EY. Applying the Holder inequality, we get from (6.3)

1/s
[i“p D OAX; >} =E|&ylls.r < [El&ull 1" = [ / E|sw(r)|~‘r<dt>} :

If s €[1,2],thenforallt € T

s/2
Eléw (1 < [Eléw )21 < Ew?t, X)]/2 = [f wz(t,x)f(x)v(dx)] .

Thus, we have for all s € [1, 2]
n
(6.4) EY =E[sup Zk(Xi)} < VnZs(w, f).

Note that the same quantity can be bounded from above in a different way. In-
deed, in view of the Barh—Esseen inequality (the second statement of Lemma 6.8)

Elg, ()I° < 2nB[w(t, X)[* = 2" nElw(z, X)|*
and we obtain for all s € [1, 2]

(6.5) EY = E|:sup Zx(xi)} < 21HUsu s ppe(w).
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We get finally from (6.4) and (6.5)
(6.6) EY < {nZs(w, )} A {4n'/* My (w)}.
If s =2, we obtain a bound independent of f: indeed, in this case
n 12
EY = E|:sup Zk(Xi)] < ﬁ[// wz(t, x)f(x)v(dx)t(dt)]

rEA ;i _

6.7) =
< V/nM(w).

If s > 2, then applying the Rosenthal inequality (the first assertion of Lem-
ma 6.8) to &, (¢), which is a sum of i.i.d. random variables for any ¢ € 7, we get

[E(1&, (D)1 < c1()[(nBw?(z, X))*? + nElw(z, X)[*1Y/
and, therefore,

E|:sup ZA(X,)}

reh i
@ SCI(S){ﬁ[/</ wz(t,x)f(x)v(dx)>5/2r(dt)}1/s

+onlls [// W, x)lsf(x)v(dx)t(dt)}l/s}.

To get the last inequality we have used that E|w(¢, X)|* < 2°E|w(¢, X)|°, for all
s> 1.

It is evident that the second integral on the right-hand side of (6.8) does not
exceed M,(w). Moreover, since (Ew?(r, X))*/? < E|lw(z, X)|*, s > 2, the fol-
lowing bound is true X;(w, f) < Ms(w). We conclude that EY < oo whenever
Mg (w) < oo, and

6.9 EY= E[sup ZA(Xi)} <c1(s){VnZs(w, ) +2n' Ms(w)}.

rEA i=1
(ii) Upper bound for b = sup; c ||A|leo. Taking into account that [ € £ C
Bs/(s—1) (Lemma 4) and applying the Holder inequality, we get for any x € X

1/s
|A(x)] < [f lw(z, x) — Ew(t, X)Isf(dt)] = [[w(, x) s,z
Therefore, in view of Lemma 5(a)

(6.10) b= Ao <2sup lw(:, x)[ls,c = 2M;(w).

xeX
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(i) Upper bound on the “dual’ variance o2. Since EA(X) =0, we have

= sup [ 3206) f(x)v(dn)

LEA

2
= sup U w(:,x)l(t)r(dt)] F()v(dx)

leg

2
< sup [/E(t,x)l(t)r(dt)] fx)v(dx)

lEBs/(s—l)

2
< sup [/w(t,x)l(t)r(dt)] fx)v(dx).
1€Bs/(s-1)
The expression on the right-hand side is bounded differently depending on the
value of s.
If s € [1,2), then applying the Holder inequality to the inner integral in the
previous expression we obtain

2/s
o= [ [ / |w(z,x>|%<dr)} FOOv(d)

(6.11) )
< sup [w(, 07, < M (w).

s, T —
xeX

We remark also that the bound given by (6.11) remains true for all s > 1. This
shows, in particular, that o is always bounded whenever M;(w) < oo.

If s =2, then we apply inequality (6.1) of Lemma 3 with p =2 and x(dx) =
V' (dx) = f(x)v(dx) to the integral operator Z;(x) = [w(¢, x)I(¢)t(dt). This
leads to the following bound
(6.12) or <M., (w).

If s > 2, then we apply inequality (6.2) of Lemma 3 with r =2, p = =5,

q= s+2 and x =’ to the 1ntegral operator Z;(x) = [ w(¢, x)I(¢)T(dt). This yields
6.13) o%< cas/(s — )M, q e (W) = ca(s/(s — 1))M25/(S+2)’T’U/(w).

Step 3: Application of Lemma 1. 1. Case s € [1, 2). Here we have from (6.6),
(6.10) and (6.11)
EY < {VnZs(w, )} A (4n'/* Msw)} =: ps(w. f).
b<2M;(w), o><MZ(w).
Therefore applying Lemma 1, we have for all z > 0

Pllswlls,c = ps(w, )+ 2}
(6.14)

ZZ
= CXP{_ 2MZ(w)ln + 16n1/°] + [4M, (w)z/3] }
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where we have used (6.5) in the denominator of the expression inside of the expo-
nent.

To get the result of the theorem, we note that the following trivial upper bound
follows from the triangle inequality and the statement (a) of Lemma 5:

”Sw”s,r <2nM;(w) Vs > 1.

Thus, the probability in (6.14) is equal to zero if z > 2nM;(w); hence, we can
replace z by 2n M, (w) in the denominator of the expression on the right-hand side.
This leads to the statement of the theorem for s € [1, 2).

2. Case s = 2. We have from (6.7), (6.10) and (6.12)

EY <VnMy(w),  b<2My(w), o’ <M}, (w).
Thus, forall z > 0

P{l[éwll2.c = v/nMa(w) + z}

Z2
: eXp{_z[an (W) + 4 /M2 (w) + (2/3) M (w)z] }

1,t,v

and the statement of Theorem 1 is established for s = 2.
3. Case s > 2. We have from (6.9), (6.10) and (6.13)

EY < c1()[VnZsw, f) 420" My(w)],
b<2M;(w); o <cals/(s — D) M3y 12y 1.0 (W).
Thus, for any z > 0 we get
P{l|&wls.c = c1()[VnZg(w, £) + 20" M(w)] + 2}
< exp{—2(2c3()[nM3; 1) ¢y (W) + AV T (w, f)M;(w)
+ 805 M2 (w) + 2M(w)z]) ')

where c3(s) is given in (3.2). This completes the proof of the theorem for the case
of s > 2.

We conclude by establishing the inequalities in (3.6). In order to derive the first
inequality, we apply (6.1) of Lemma 3 with p =s5/2 > 1, x = v to the integral
operator Z¢(t) := [ w(z, x) f(x)v(dx). This yields

5/2 1/s
[/(/wz(t,x)f(x)V(dX)> r(dt)} < Myw) |V,

as claimed. The second inequality in (3.6) follows straightforwardly from the def-
inition of M, ; ,» and M.
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7. Proofs of Theorem 3 and Corollary 4.

7.1. Proofof Theorem 3. First, we specify the constants appearing in the state-
ment of the theorem:

2q(e+1)
Tic:= <2q6 —Ta@+D+ 1>Nz,d(e/8)(2u€R5)q[l Vlogy(Re /r)][1+ LE) .

Ta.c i=[e1(s) + 219 Nz.a(e/8)[1 v logy (R /re)1[1 + LEL].

Recall that in view of (3.7), any w € W is represented as w = ¢[¢] for some
¢ €Z. For every 0 < j < [logy(Rg/re) — 1]+ [without loss of generality, we as-
sume that log,(Rz /r¢) is an integer number], put §; = r2/*1 and define the ran-
dom events

[logy (Re /re)—11+

A= () A A= s gl <20+ Oy8 2.
]:0 CGZ(SJ‘

(i) The following trivial inequality holds:
sup{ [£gic1... — e (VCEMUe (P,
e

= ?ug{ﬂ%[;]ﬂs,f —ucCi MU (91E], N

+ucCE(y) Sug Ues (o151, ).
ce

Therefore,

E;ug{u%mns,f — w1 (NCEMUeBIEDYL
€

< E[EZHZ{ [€s1c1l, - = BCE T @1E D)L 1A

(7.1)
+ 2"*'E§ug{||$¢[¢] s, —ueCEMUe (121, O
(S

[logy (Re /re)—11+ .
+297 u CERT Y. P{A),
j=0
where A ; denotes the event complementary to .4, and 1(.A) is the indicator of the
event A. The second term on the right-hand side is bounded using Theorem 2; our

current goal is to bound the first and the third terms.
Note that, if the event .4 occurs then for every ¢ € Z

Ue(9lg], HIL +4ci(s)(1 +€)y]

(7.2) .
Z Ug(olg]D) = Us (#1¢], HIT —4cr1(s)(1 +€)y].



UNIFORM BOUNDS FOR NORMS 2359

Indeed, in view of (3.9), (3.13) and (3.14) we get
Ug BIC]) = Us (121, ) — |Us (912 1) — Ug (121, £)
(7.3) = Us (911, ) — c1()VnIEs @I D) — Z5(l¢1, £

> Uz P11, 1) — 1)y €211l e

Let ¢ € Z be fixed. Since Zs;, j =0, ..., [logy(Rg/rg) — 114, defined in (3.15),
form the partition of Z, there exists j, such that { € Zs, . Because ¢ € Zs, implies
Ug(pl¢], f) = 8j,/2=238j,—1, we obtain from (7.3) on the event A that

Us (@[2]) = Ue (BIC1, f) — 2¢1(s)(1 + €)y8;,

> Us (@[Z], HHIL —4ci(s)(L+e)y].

Thus, the right-hand side inequality in (7.2) is proved. Similarly, we have from
(7.3) and (7.4) that

Ug BI]) < UeBIC1, f) + U BIE]) — Ue (BIE1, £
<U@LED + 1)/ €201 x
< Ug(BIZ], fH1 +4e1(s)(1 +e)yl.

(7.4)

Thus, (7.2) is proved.
Using the right-hand side inequality in (7.2) and applying Theorem 2, we obtain

E[;gg{ﬂ%m I = 7N CEN Ve @D 1A

(1.5) < E;ug{ léotcill, . — ueCENU (L], £)}4
€
zq(€+1)u‘€1
< g1 D@+ DNza(e/9)[ReCEI[1+ L Jexp{—y/2}.

Now we bound the probability IP’{./th}. Let Z;,l =1, ..., Nz,4(e/8) be a mini-
mal covering of Z by balls of radius €/8 in the metric d. By definition of A;, we
have

O Nzae/®)
76 PAY < Y Pl swp gl = 20 +0y81).
I=1 §'€Z[ﬁZ5j

Note that

[2y8,1° = 55 (Zs;) + 85 [ /Iy ki + i) = 25 (Zi N Ls;) + 8 [/yh g + yhj);

here the first inequality follows from the condition »¢;(Zy) = 3 (a) < (ya)z,
Va € [rg, Re] and from definition of y, ; the second inequality holds by the inclu-
sion Z; N Zg s Zs ; and because y < y,,. Furthermore, by (3.16) and by the above
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inclusion
2i =872 A5(Zs)) = 872 M5 (Zs; N Z),
hp = 872 A () = 872N 5 (Zs, 0 Z0),
which leads to
[2y8,1° = 5¢5(Z1 N Ls,) + /YA 5(Zs; N Z) + yA 3(Zs, N Z))

= 35(Z1 N Zs;) + Cu(y. Z1 N Ls)),

where C.(y, ) 1= /YA () + YA () [cf. 2.4)].
Hence, applying Proposition 1, we obtain from (7.6) that

Nz.4(€/8)
P{A;} < Py sup |4
NE X F s leale

> (14 €)l(Zi N Zs)) + C* (v, Z1 N 251}
(7.7)

< Nz.a(€/8) [exp{—y} + > exp{287,4(e27F) — 9y2"—3k—2}]
k=0

< Nz,a(e/®)[1 + L] exp{—y/2},

where we have used that y > 1.

Finally, combining (7.1), (7.5), the bound of Theorem 2, and (7.7) we come to
the first assertion of the theorem. Here we also used that C;(l) < Ct(y) because
y=>1.

(i1) In order to prove the second statement, we note first the following nonran-
dom bound: since f]s(w) < My(w) forall we W and s > 2,

Us(w) < Myw)[c1(s)v/n +2n'*] <[c1(s) + 2v/nMy(w)  Yw e W.
Next, the left-hand side inequality in (7.2) implies that for any subset Wy € W

AC { sup Ug(w) <[1+4ci(s)(1+€)y] sup Ug(w, f)} =: Ap.

weWy weWy

Therefore P(Ag) < P(A) and
E{[U (w)1?1(Ag)} < [c1(s) + 217 [/nMy(w) ] P(A).

Using (7.7) with y = y,,, and definition of the event .A, we complete the proof.
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7.2. Proof of Corollary 4. First, as in (7.2), we need to bound Ug (w) =
max{lA]g(w), /nM(w)} from above and from below in terms of Ug (w, f) =
max{Ug (w, f), /nM;(w)}. Such bounds are easily derived from the following
trivial fact: for any positive A, B, C and any 6 € (0, 1)

AQ+8)>B>A(1-8) = [AVCI1+8)>[BVC]>[AVCI1-3s).

Next, (7.5) remains valid because, by construction, Ug (w, f) < Ug(w, f) and
the assumptions, allowing to apply Theorem 2 are imposed now on U;(w, )
instead of Ug(w, f). The computations leading to (7.7) remain also unchanged
if Ug(w, f) is replaced by US (w, f). Note that now A ; and A ; are defined via

Us(w, f).
8. Proofs of Theorems 4, 5.

8.1. Proof of Theorem 4. The proof is based on an application of Theorem 2.
Put

. 240Dy ©) Tra= 1/2—1/5\1q.
T3¢ := g 1 (g + 1)Nza(e/3)[1+ Lexp][4ws(l +4n )9,
2q(e+1) Z ©
Iy = ﬁr(q + 1)Nz,a(e/8)[1 + Lesp]

x W {1+ 2\/2M*f200 +8n=1/2 4 (8/3)n~1/2)4,
We have M, (w) = [|w|, forall w € V and p > 1, and (3.9) yields

'S wls,  sell,2),

®-1) US(w’f):{ﬁnwnz, $=2.

Therefore, in view of (3.10)

4n'Sw sell,2) {4n1/sw sell,2)
82 = —s° ’ ’ R: = S , 5
@2 re { Vnw,, s=12, d J/nwo, s =2.

It follows from (3.23), the Holder inequality and the formulas for A%(w) and
B (w) immediately after (3.9) that '

37n||w|?, s €[1,2),
A§(w)§ 2|| s . )
© - sell,2),
EW =14y, s=2.

In order to apply Theorem 2, we need to check that »ny(a) <a foralla € [rg, Re].
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Let s € [1,2); here Z, = {¢:a/2 < 4n'||¢[¢]ls = 4n'2llwlly < a}; see
(3.15). By (8.1), Assumption (L) and because Z, C Zs(a/4) we have

Ve@led —olol. /) _ (o 4nltielal - dloll _
(1.02€Z4 d(¢i1, &) L0 (a)d) d(¢1, &) -

If s =2,thenZ, = {¢:a/2 < /n||¢[¢]ll2 = /nl|wl2 < a}, and again by Assump-

tion (L) sup;, r,ez, [vVrl#[1] — ¢[&21ll2/d (81, £2)] < a. Thus, sy, (a) < a for all
a € [rg, Re], and Theorem 2 can be applied. To this end, we should compute the

quantities A4, and Ap, [see (2.2),(2.3) and (2.8)].
For s € [1, 2), we have by (8.3), definition of Z, and Assumption (L) that

/37
: an'/2-1/s.

sup Az (@[¢]) = sup v37n|¢[L]lls =

{€lq {€lq
A (L6 —dloa]) _ up V326211 = Lol
01,0074 d(¢1, ¢2) T 0Ly (a)b) d(¢1, &)

=

/37
- an\/2=1/s.

Similarly, if s = 2 then sup, ., Az (¢[¢]) <af% .+ 82~ 1/2)1/% and

Ag(@L81] — 9lED _ sup 28 nu*+8ﬁ]1/2ll¢[§1]—¢>[Cz]||2

£1,00€%q d({lv ;2) - £1,00€Z(a) d(CI’ CZ)
5 g \1/2
These computations and similar computations for A p, yield
Aa; < { Sl sell.2),
T2+ 80722 =2,
0, s €[l,2),
ABE = %n—l/Z, §=2.

Recall that Cg‘ M =1+2/yA A; + 2y A B; [see (2.9)]. Therefore if for arbitrary
z > 0, we set

4
- ﬁn(z/”_lzz, s €[1,2),

2
Sl a1 5=,

then we get Cg‘(y) =1+4+zifse[l,2)and

2 2

Z Z
<1 —,
il a1 = TR

Ci)=1+z+
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if s = 2. Then the statements (i) and (ii) follow by application of the moment
bound of Theorem 2. Observe that Cg¢(1) =1+ @n_l/z_l/‘ for s € [1,2), and
Ce(1) = 1+2[262 1y +8n~ /212 4 $n~1/2 for s = 2; Ry is givenin (8.2). These
expressions along with the moment bound of Theorem 2 lead to the formulas for
T1.c and T, ¢ given in the beginning of the proof.

8.2. Proof of Theorem 5. First, we specify the constants appearing in the state-

ment of the theorem. Put o, := ocl_laz_ 12 where o) and oy appear in Assump-
tion (W2); then
(8.4) 91 :=[148a17!, 92 1= 5v2¢1(5/2)f0a2Cs 2.
Define also
ks := 8aZc1(s)[Cs v Cyp V11,
(8.5)

o
LOB) == expl2! P/ le)P/m — (9/16)24k2),
k=1

and note that Lf,f)(ﬂ) < 00 because B < m. If we set I.(g) := 29¢€+TD[29¢ —
1]_1F(q + 1) 4+ 1, then the constants 75 and Tg . appearing in the statement
of the theorem are given by

Ts.c := Ic(q) Qucks2) N7, a([k 'e/8]/™)
(8.6) .
X logz(
W)

)[1 + LE(B) exp{2Cz(B)}],

To.c := [c1(s) + 21 (axW2)? Nz a([k; Le/8]Y™)
(8.7) .
X logz( 72

\illy)

)[1 + LOB) expl2Cz(B)]].

The proof is based on application of Theorem 3 and Corollary 4. These results
will be utilized with a distance d, on 3 which is related to the original distance d,
and specified below. In order to apply Theorem 3, we need to verify its conditions
and to compute the quantities Aa,, Ap,, A 7, Az and y, . These computations are
routine and tedious.

We break the proof into steps.

0°. Auxiliary results. We begin with preliminary results that will be used in the
subsequent proof.

LEMMA 6. Let (3.21) hold and Assumptions (W2) and (W3) be satisfied; then
forallweW and 1 < p < g <00 one has

(/4 My (w)] < a7 oy P a0 M ().
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PROOF. Recall that under (3.21), M,,(w) = ||w||, for all p > 1. In view of
Assumption (W2) for any w € V, we have

1
a0y’ |wlloo[mes{supp(w)}1'/7 < lwll, < [lw]loo[mes{supp(w)}]"/7.
This inequality, together with Assumption (W3), yields
n'/4|wll, < n'9||wl|s[mes{supp(w)}]'/?

_ 0P |jw||so[mes{supp(w)}]'/?

[ mes{supp(w)}]1/7~1/4
<ap oy P pMa P[P ). 0

Our next lemma demonstrates that there exists a real number m,, € (0, 1] such
that (3.27) holds.

LEMMA 7. Let Assumptions (W) and (L) hold; then for any p > 2, the in-
equality (3.27) is valid with m, =2/p and C), = Qa)' =PV P=172 that is,

1/p —
sup b1 sup n'P¢l] ¢[§2]”p5(20[*)1—2/17“1/]7—1/2.

belw,,Wa] ¢1.02€Zo (b) [d(¢1, &) 1%/P

PROOF. We obviously have for any p > 2

g1 — oLl < (ILgiTlloo + IBL2211l00) 2P (19111 — BLL21112)*/P.
Applying Lemma 6 with ¢ = 0o and p = 2, we have that sup, 7, 1) 9[¢1llec <

bau /% forall b e [W,, W2]. Then in view of Assumption (L)

n' /P plc1] — L2l
sup %
1.01€20 (b) [d(¢1, &) 1%/P

as claimed. [

< bQa)! T2/ t/m=12 b e [wy, Wal,

LEMMA 8. Let Assumptions (W) and (L) hold; then for any ¢ € Z,

(8.8) Valgielll, <ul/P=12a  vpell,2),
(8.9) nPloley < axp/ P V20 Vp > 2,
(8.10) VAl ey < ™ 2ulir=1262 0 wpe(l,2).

PROOF. By the Holder inequality [|¢[Z]ll, < ut'”™"?|¢[]ll2; then (8.8)

holds by definition of Z,. Inequality (8.9) follows Lemma 6. In order to prove

(8.10), we write [[¢*[¢]ll < [$[¢1looll$[]1l] . note that by Lemma 6 [|¢[¢][loc <
a2/l pl¢]ll2 and use (8.9). O
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19. Notation. Now we establish some notation. Recall that Ug(w, f) =
1) [VnEs(w, f) + 2n'SMy(w)] and Ug (w, f) is given by (3.28). It follows
from the definition of U (-, £), (3.9) and (3.6) that Ug (w, f) > /n||w|> and
Ue(w, ) < i@ Vnllwllz 4+ 20 lwlls] < e1 (9L + 21v/nllwll2,

where the last inequality is a consequence of Lemma 6. Therefore, we put

re=~nwy,  Re =c1(O)ulfl +21V/nwa,

where w, and W, are defined in (3.24). Recall also that Z, = {{:a/2 <

Us(#[¢], f) <a}. By definition of Ug (w, f) and by the fact that M, (w) = |w]|,
for all p > 1, we have that Z, C Z;(a) for all a € [rg, R¢]; see (3.25). Define the
distance

d(¢1, &) v [d(&1, &)™, sell,4),
(8.11) di (81, 82) = ki x 1 d(C1, 82) V [A(&1, 02)1™
VI[d(&g1, &)™, s >4,

where k. is given in (8.5). Note that d, (-, -) is indeed a distance because by defini-
tionm, <1 forall p > 2.

20, Verification of condition (3.17). It follows from definition of Ug ¢, ),3B9
and (3.6) that

Vilglglllz < Ue(olel, f)
< @[ nlglellla + 20 ol 11
Therefore, by (8.12), Assumption (L) and (3.27) for any ¢y, {» € Z,
Ue(ple1] — pleal, f)
< @[ Vnlgla] — gleallla + 20" gl21] — l22]lls]
< 1O +2Clald(c1, &) v [d(61, 2)]™ ).

(8.12)

Thus

Us (@211 — ¢l22], f) <4
0.0 d«(¢1, &) a

Va € [I’g, Rg],

and (3.17) is valid, because k, > c1 (s)[fss> + 2Cy]; see (8.5) and (8.11).
30, Computation of s and verification of (3.18).
We start with bounds on SUP;e7, U (¢2[{]). Recall that

. 4n?/ M2 (¢21¢D), se(2,4),
®.13)  T@LD =1 ei(s/D[fL M2 ¢21c])
+202 My p(@PleD], s =4



2366 A. GOLDENSHLUGER AND O. LEPSKI

By (8.9), forany ¢ € Z,,
n* o [¢ g2 = P llL21ls)* < ez nlpl21113
<a2u@971g2 vy =2,
8.15)  Vallg’ll = (0 6Le 4 < agu” PnlolellE < edn” e,

Substituting these bounds in the expression for U (¢2[§]) and taking into account
that u > 1 in view of (W3) we obtain for all s > 2

8.16)  sup U(¢°[¢]) <k D71a? &y i=4ajei (s/DIE +21.
{€lq

(8.14)

Now we establish bounds on U(qﬁz[g‘l] — (/52[{2]), C1,0 €2Z,.
(a) First, we consider the case s € (2, 4). By the Holder and triangle inequalities,
we have

19?511 = ¢*(22]lls 2
< n? T2 1g Ll las/ s + 0102 l2s/—s ]V llOLE1] = ple2]ll2.
Noting that 25 /(4 — s) > 2 and applying (8.9), we have
w201 oy s < 0TGN s @ Tla Ve € Za.
Then using Assumption (L) we get

8.17)  n?*1p*[e1] — d*[02)lls 2 < 20 71a%d(C1, 02)  VE1, G € Za

This along with (8.13) implies that for s € (2, 4)
8.18)  U@’[61] — ¢°[2)) < 8ot 'a?d(51,02) Vi1, 52 € L.
(b) Now assume that s > 4. We have for ¢, {» € Z,
819 Villg?1e] — %81l < (181211100 + I0[22) o ]Vrl 1211 — ¢L2]112
< 20,0~ 2a%d(¢y, £),

where we used Assumption (L), and (8.9) with p = co. Furthermore, we have for
all &1, e Z

n?* 162611 — ¢*(8lls 2
(8.20) < [lolc1lloo + 1p[c21lI0 ]S 91211 — 12211152
<2Cspa,u2a?{d(cr, £2)) 2,

where we have used (8.9) with p = 00 and the definition of m , [see (3.27)]. These
inequalities lead to the following bound: for all s > 4

U@°[21] — 9*[22]) < 2asc1(s/2)[fL2 +2C ]
x wV2a2{d(21, &) Vv [d(g1, £2)1M2).
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Combining this with (8.18), we obtain that for all s > 2
®21)  U(@*[¢1] — ¢°[02)) < ko D710 {d(¢1, ) v d™2 (81, ),
where ky := 8a,c1 (5/2)[f5,> + 2Cs/2]. Now using (8.16) and (8.21), we obtain

[j(¢2[§1] - ¢2[§2]) LA 2/(sAd)—1 2
. — U < ’ )
= T s DO =k

and the last bound holds because k. > k; Vv kp [see (8.5)]. Thus, the condition
(3.18) is valid with

(822) y = ,l.Ll/(S/\4)_l/2.

Note that condition of the theorem u > [64c%(s)]‘”\4/ (874=2) engures that y <
[4c1(14+€)]7! for any € € (0, 1) as required in Theorem 3.

40, Bounding A Ag and A Be- By the formula for A% (w) given immediately after
(3.9), and by (8.8) and (8.9), we have for ¢ € Z,

AF@LED) < 21O [nIBLE 13, s 12) + 4v/nlB1E 21191 TIl5 + 8n ' 1BL21I15]
< 2c1 ()2 a’ 12/ + 12020~ 15] < 24a2e ()2 a’ (w2 +n~ 1.

*

Here we have used that u > 1, oy, > 1 and we write c¢;(s) instead of c¢3(s) in
the definition of A2(-) because for functions w(z, x) depending on ¢ — x only the
constant ¢ (s) equals one [see (3.2) and remark after Lemma 3 in Section 6]. Thus,

sup Ag (@[C]) < SVer(®aufocalp/s + 7],
(€l

In order to bound Ag (@211 — @lL2]), we note that for all &1, & € Zy:

e by the Holder inequality and by Assumption (L), «/n||¢[¢1] — ¢[22]l2s /(s4+2) <

apt*d(1, 0):
e by Assumption (L), v/nll¢[¢1] — ¢[221ll2 < ad(1, £2);
e by (3.27), n'/5 01211 — @lE2]lls < Csald(gy, £)1™.

Therefore,

Ag (@[g1] — o[22
01,02€%q d«(¢1, %)

and Ay, < 5c1()asfoo(Cy v D[ps +n=1/29]. Similarly, since Bz (¢[¢]) =
3c1()11p[¢ 15, we have by (8.9) that Ap, < Fc1(s)(Cy v Dasn™!/%. Thus, we
have shown that

App <ka[plS+n7V®] Ap <kan T ks i=5c01(9)aufoo(Cy v D).

These bounds on A4, and Ap, lead to the definition of C g‘ (v) in (3.29) [see also
(2.9)]. Note that ¥ in (3.29) satisfies g = k3.

D < 5V Co v Dafpull +n1/29)]
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50. Computation of Aj, g andy,y,.
(i) First, consider the case s €~(2, 4). Recall that in this case Az(q&z[;]) =
37n01¢2£113 = 37nl8l¢ ]Il and B($*[¢]) = 0. Hence, by (8.9)

sup A(¢%[¢]) = sup v/37n||p[¢]112 < V3Ta2 /s~ 1nt/12=2/5

{€lq {€lq
It follows from (8.17) that for any {1, { € Z,

V3Tnl|9* 2] — ¢ [0l 2 < 2v/3Tap® 1 272562d(2y, 1),

Combining these results, we obtain that A ; < 2+/ 37a>%,uz/s_lnl/2_2/s and Az =0
which, in turn, by (3.19) and (8.22) implies that

vy =25 2 (2V3700) T =y

This explains the definition of the constant ¢} in (8.4).
(i1)) Now let s > 4; here recall that

AX(@P[2]) =2¢1 (s /D% [n 19712115, s 14y + 4V2NIS[E 112110715 15 /2

+ 8% 191113 )
Observing that for ¢ € Z,:

@) Valld?[¢1l2s)(s14) < N ale by (8.10) and pu > 1;
(b) n'/*[1¢*¢]lls s 2n~1/5a” by (8.14);
©) Vnle*cl2l¢ [C]Ils/2<a2M_l/2 ~2/5q% by (8.15) and (b),

we obtain

(8.23) sup A(¢[¢]) <5\ ci(s/Dfortsalpy” +n~ '],

(€l
Similarly, for &1, & € Z, we have

Vald?[1] — ¢ [6lllas s 44y < 12 Vnll 91011 — 921221112
<20, p2*a?d(g1, &),
nV8 192 21] — 922l 2 < 2Cs pasn ™ Sa2{d (L, L)),

[Vallg[z1] — 2100l 16210] — ¢212a]lls 2] >
<2/Cspon™5a?{d (g1, &) v [d(L1, £2)]™72),

where the first line follows from the Holder inequality and (8.19); the second one
follows from (8.20); and the third line follows from the two previous inequalities.
This yields

A1) — 92L2)) o
< 5fu0y/2 2)a,. Cy Y
é‘ls{nga d«(¢1, £2) B mo‘ patlud +n1
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Combining the last inequality with (8.23), we obtain

di Skl 4071 kai= 5ty 261(5/2)anCy .

Now in order to bound A 3 we recall that B(d)z[{] = %cl (s/2) ||¢2[§] lls/2- Then
(8.14) gives sup, .5 B(¢?[¢]) < §c1(s/2)a2n™%/5a?. This along with (8.20) leads
to

Ap < k5n_2/s, ks := %Cl(S/Z)Olzcs/Q.
Combining these results with (3.19) and taking into account that, by (8.22), y =
u=1/4 <1 for s > 4, we have
W= kg i < [V wylke v ks + 07
and an elementary calculation shows that
Yy =T P ke v k) Py 0T =y

This inequality yields the constant ¥, appearing in (8.4).
6°. Application of Theorem 3. In order to apply Theorem 3 with the distance
d.(-,-) given in (8.11), we need to compute the quantity

o0
L), =" exp2Ez.4,(€27%) — (9/16)2"k2).
k=1
Note that the entropy number &7 4, () =In{Nz 4, (-)} is computed with respect to
the distance d.. Therefore, we first express the entropy £z 4, (-) in terms of the
original distance d and then, using Assumption (W4), we derive a bound for Lg%.
By the definition of the distance d., for all § € (0, 1) and ¢1, {3 € Z,
A2, o) < k181" = dul@1,02) <6,
where m ;=1 Amy if s € (2,4) and m := 1 A mg A mgp if s > 4. Therefore,
Nz.4,(8) < Nz q([k;161"/™). In view of Assumption (W4), this yields

sup (Ez.4,(8) — [k;1817P/™) < sup (Ez.a(lk;181Y™) — [k 1817P/™m)
8€(0,1) §€(0,1)

< sup {Ez.4(x) —x P} =Cr(p).
xe(0,1)
Thus, we obtain that
o0
LE) <exp{2Cz(B)} Y exp{2' TP/ (k[ le)TPIm — (9/16)2° k2
k=1
= exp{2Cz(B)}LLE) (B).

Now the result of the theorem follows from the bounds of Theorem 3. The
constants 75 . and Ty  given in the beginning of the proof are obtained from the
expressions for 77 ¢ and 73  and bounds of Theorem 3. In particular, we used that
in view of Lemma 6 ﬁsupwev() lwlls <nG=2/@) g, Vs=12g,.
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9. Proof of Theorem 7. The proof is based on verification of conditions and
application of Theorem 5. First, we establish auxiliary results that provide the basis
for verification of Assumptions (L) and (W). Then, based on these results, we show
that all conditions of Theorem 5 are fulfilled. This will yield the required result.

Let K and K’ be any functions satisfying Assumptions (K1) and (K2), and let
h, h' be given vectors from H. Let ¢ = (K, h), ¢’ = (K’', k'), and recall that ¢[¢]
is the mapping (K, h) — n~'Kj,.

Similarly, if K, Q, K’, Q' are any functions satisfying Assumptions (K1) and
(K2), and if h,h',h, b’ are vectors from H then z = [(K,h),(Q,H)], 7 =
(K, 1), (Q', )], and ¢[z] is the mapping [(K, h), (Q, )] > n~ (K}, * Q).

1°. Auxiliary results. We begin with auxiliary results about properties of the
mappings ¢1[¢] and ¢2[z]. The proofs of these results are given in the Appendix.

Define the function

9.1) D) :=e™[x + SLeVd(e" — 1) + koo(e™ = 1], x>0,
and put
9.2) 01 = [koo/k1 1D’ (2), 02 :=22T2Kkd k2D (4),

where D’ is the first derivative of the function D.
The next lemma states that Assumption (L) is fulfilled for the mappings ¢ +—
¢1[¢] and z — ¢o[z].

LEMMA 9. Let Assumptiqn (K) hold, and s > 1. If the sets 7O i =1,2, are
equipped with the distances dgi) (-, ) then Assumption (L) is valid for the mappings
¢ ¢i1ld] and z — ¢o[z].

The next three statements provide a basis for verification of Assumption (W).
For any h,h' € H,let h v h' = (hy V B|,...,hg V 1)) and h A B = (h; A
Ry, ..., ha NR)).

LEMMA 10. Let Assumptions (K1) and (K2) hold; then for any p € [1, 0o]
9.3) Igicl, =n~"v, TP Ky, veez®,

O4) Nilcl =il My <n”' Vi) DA, ¢)) Ve ¢ ez,
12l2] — ¢2l2 1Ml p < 20 kool (Virwir) v (V)] ™' 177

X D(Zd?) (z, z/)) Vz,7 € 72,

Observe that Lemma 10 implies that Assumption (A2) of Section 3.2 is fulfilled
for the mappings ¢ — ¢1[¢] and 7 — ¢o[z].
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LEMMA 11. Let w € Hy(1, P) with some P > 0, and let X € R? be a point
such that w(X) = ||wl||eo > 0; then

d

1 . vl ~ ) llwlleo
xeRd:w(x)z—w }2 [x-— ,Xi + }
| I 2|| loo { 2 Q)| % pva T apJa

i=1

LEMMA 12. Under Assumption (K) for any p > 1:
(1) ||¢2[Z]||p Szd/pk%on_l(vhvh)—l—i-l/p’
i) lalellp = 290=PPR2 =Y (V)= TV/P,

k2 d

(iii))  mes{supp(¢2[z])} > (thb)[m] )
(iv) mes{r~¢[](r>>1n¢[]u }>[eres{su (212D}
M|z =5 21Z1Mlc0 [ = 2d+2ﬂLka pp(@21z]);-

20, Verification of conditions of Theorem 5. We check Assumption (W) for the
classes of weights W and W@ given by the parametrization ¢1[¢] and ¢2[z].

First, we note that (W1) is fulfilled both for ¢1[¢] and ¢»[z] in view of As-
sumption (K1). Furthermore, Assumptions (K1) and (K2) together with Lemma 11
imply (W2) for ¢[¢] with

(9.6) o] = l, o) =0 ] = [ ki :|d,
2 ’ Lxvd
while the statement (iv) of Lemma 12 yield (W2) for ¢;[z] with the constants
9.7) o] = l, o) =09 = [k—%}d
2 ’ 2d+2ﬂLka

Clearly, mes{supp(¢1[¢1)} > Vjmin; hence the condition
nVymin > [64c%(5)](3/\4)/(SA4—2)

implies (W3) for ¢;1[¢] with & = nVjmin. It follows from the statement (iii) of
Lemma 12 that Assumption (W3) holds for ¢»[z] with @ = 1V min if

nVymin > 052_5[64c%(s)](S/\4)/(sA4_2)‘
Finally, a standard calculation shows that if £y(-) is the entropy number of the

set H measured in the distance A [see (3.31)] then for any 6 € (0, 1]

d
9.8) En(8) <dIn(3/8) + Y (InIn[AP™ /™) 4.
i=1
This result together with (K3) guarantees that Assumption (W4) is fulfilled for the
both parametrizations.
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Now we compute the quantities m, and C, appearing in (3.27). Although
Lemma 7 shows that we always can set m, = 2/p, it turns out that under As-
sumption (K) we can put m, =1 for all p > 2 both for ¢;[¢] and for ¢>[z]. This
leads to weaker conditions on the entropy Ex (-) (see formulation of Theorem 5).

First, consider the mapping ¢1[¢]; here following (3.25), we set

2 (b) = {¢ = (K. h):n' |1 [E1ll < b} = {¢ = (K. h) : Vi)~ /2|1 K |12 < b}

for b € [w", W3] where by (3.24)

(9.9) wi =k (Vi) T2, WD < Koo (0 Vyin) 712,

By (9.4) of Lemma 10, we have for any p >2 and ¢; = (K, h), & = (K', i)
n'Plgi[61] — ¢1[82llp < (Vi) T TP DA (@1, 22)).

and if ¢1, ¢ € 25" (b) are such that d\" (¢1, £2) < 2 then by definition of ZS" (b)

nP 1Ll — ¢ilalll, < [b/ki12~2PD'2)d" (¢1, 1),

where we have used that ||K||> > ||K||1 >k for all K € I, D(0) =0, and D is
monotone increasing. If ¢1,{ € Zg)(b) and dgl)(g“l, {») > 2, then by the triangle
inequality, and (9.3) of Lemma 10

nVPgilc1] — ¢l , < nPlgileilll, +n' Pl Icll,
< koo (Vi) VP < koo [b/Ki 1P PdV (01, 02).

These inequalities show that if Z" is equipped with the distance dé})(-, -) [see
(9.2) for definition of 61] then (3.27) holds with

(9.10) mpy=1,  Cp=0;"[kao/k11*"?’D'2) <1,

because 1 Vjmin > 1 (which implies b <kqo).
Now consider the mapping ¢>[z]; following (3.25) we have here

29 b) = {z=[(K,h), (Q. D)]:n'PIdalzlla <b},  be[ws W),
where by the statements (i) and (ii) of Lemma 12
©.11) 272 Vm) T2 <w® WP <242 (n Vi) TV,

Note that if z = [(K, k), (Q, h)] € Z3? (b) then by the statement (ii) of Lemma 12
we have (n Vh\/h)_l < 2dk1_4b2. By this fact and by (9.5) of Lemma 10, we have
for z1 = [(K, h), (Q, )], 22 = [(K', "), (Q', 1)1 € Z5 such that d\” (z1, 22) <2

n' Pl galzi] — galzallly < Zkool (Vi) V (Vo)™ P D202 21, 22)
< 22K b /KPP D (@) d P (21, 22).
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If d?z) (z1, 22) > 2, then using the triangle inequality and Lemma 12(i) we have
P galz1] = palzalll, < 24T G b /KPP < 205 61T P A (21, 22).

Combining these inequalities, we observe that if Z® is equipped with the distance
d? () [see (9.2)] then (3.27) holds with

9.12) m,=1,  C,=6;122+2734/n2 2 ji 7P D4y < 1.

We have used that b < 29/ zkgo because nVymin > 1. Thus (9.10) and (9.12) show
that m = 1 and the condition 8 < m of Theorem 5 holds if in Assumption (K3)

B < 1. .
30, Application of Theorem 5. First, note that 9\”, i = 1,2, defined in (3.38)
satisfy

ﬁ(gi) = S5c1($)footts i Ui =2/ /o, i=12,

where ap;, i = 1,2, are given in (9.6) and (9.7). This is in accordance with the
definition of the constant ¢ in (3.29) for the parametrizations ¢1[¢] and ¢2[z].
Then the definition of C g‘ ;(y) in (3.40) corresponds to (3.29). Following (8.4), we
put

o = /148, 0y i=5V2ei(s/Dfw0;  i=1,2.

Then the formula for yi’) appearing in the statement of the theorem is a version of
(3.30).

Now we need to specify the constants 75 ¢ and Tg ¢; see (8.6), (8.7).

Following (8.5), we set fori =1, 2

o0

ki =8c1()aZ;, LB = exp2 k)P — (9/16)2°k72).
k=1

In view of (9.8) and Assumption (K3), we obtain for any S € (B, 1) that

Cz(B) = sup {4 ;0 (8) — 57}
§€(0,1) 0]

d
< Cx+Cpq+ Y (InIn[A™/pM0]),
i=1
Czo(B) = sup {€,0 () —87F)
§€(0,1) )]

d
<2Ck +2Cpq+2) (Inln[aP™ /R ]) 4,
i=1
where we have taken into account that 6; > 1, 8> > 1 and denoted

Cp.a:= sup [dIn(3/8)+57 Pk —57P],  Be(Br. D).
§€(0,1]
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Therefore fori =1,2

L) (B) exp{2Cz0 (B)} < [1 + Ap]’ exp{2i Cc) point 1)[L§ff-(/3) exp{2i Cp.4}].
and, by Assumption (K3), (9.8) and (3.39)

8k i0; \ Px
= ) }exp{iC,c}.
€

Finally, substituting these bounds in (8.6) and using (9.9), (9.11) and (3.39) we
have that

Ny o (ks €/8) < [1+ Ap]'[24ks 16 /€]" exp{i(

T < (1+ A)* (1 + B T,
where
8k 0;

P , B
T\ = 1) Q" ucky K27 [24k,. 16611 exp{i( ) }exp{?)iC;g}

2912 ks i

12 )ll + it L@ epicsal], =12
1 s

X 10g2<

This leads to the first statement of the theorem. The second statement of the
theorem follows substitution of the above bounds in (8.7) which gives T6(f€) <

(14 A)% (1 + By)Ty", where

8k.i6; \ K
* > }exp{3iC;c}

Tz(,ie) 1= [c1(s) + 219292 a, k3, ) 1 [24ks 166 11 exp{i<

s logy (2 Kacki {1+ inf [LOBepRiCpa]}, i=12
g pelpe. ! Pl T

10. Proofs of Theorems 8 and 9.

10.1. Proof of Theorem 8. Let X' = (X, ¢), and let X}, i =1, ..., n be inde-
pendent copies of X’. For any [ > 0, x' = (x,u) € X x R and r € 7 define the
function

w®(r, x"y = w(t, )ul_y y(u).
With this notation, we note that on the event {max;—1,_,|e;| <!/}
n n
nw® =Y wt, Xpe =Y wh, X)) =£,00),
i=1 i=1

and the last equality holds because Ew® (¢, X’) =0, for all t € 7 and [ > 0 be-
cause the distribution of € is symmetric. Therefore for any z > 0,

Plllnwlls.c > 2} <P{|&,0|, . = 2} +nP(le] > 1}.



UNIFORM BOUNDS FOR NORMS 2375

If Assumption (E1) is fulfilled, then for any z > 0

(10.1) P{llnwlls.c > 2} <P{§,0 . > 2} +nvexp{—bl"}.
If Assumption (E2) is fulfilled, then for any z > 0
(10.2) Pllnwlls.c > 2} <P{|&,0|, . >z} +nPI77.

In order to bound the first term on the right-hand side of (10.1) and (10.2), we
repeat the steps in the proof of Theorem 1 with w replaced by w") and optimize
with respect to the truncation level /.

For any z > 0, we define

Z2

(1/3)@E(w, )+ (@4/3)cx(s) My (w)z’

Ys(w, f.2) =

where c,(s) is given in (3.2).
First, consider the case s > 2. Using the same reasoning as in the proof of The-
orem 1, we have the following upper bound: for all z > 0

10.3)  P{lE,0l, . = 05w, f)+z} <exp{—[1 VI Ty(w, f.2)}.
Under Assumption (E1), if we set
o [T T (w, foo]e, b~ (. fo2) < 1,
1w, £, 1V brirg(w, £,2) > 1,
then it follows from (10.1) and (10.3) that
P{lnwlls,c = 05w, )+ 2} <GP (Y5 (w, £, 2)).

Thus, the first statement of the theorem is proved if s > 2.
If Assumption (E2) is fulfilled then we choose

~ Ys(w, f,2)
pIn(1 + p~!1Y(w, f,2)
and note that [ > 1 for any value of Y (w, f, z). Then (10.2) and (10.3) imply that

1 p
P{llnulls.c > 05w, f)+2} < [(1 N, T, z»]

nP|:p1n(1 +p T (w, f, z))]f’
T&'(w7 fy Z) '
Using the trivial inequality (1 +u)~' <u~'In(1 +u), u > 0 we get

pln(l+p~'Yy(w, £, Z))T
Ty(w, f,2)
and, therefore, the second statement of the theorem is proved for the case s > 2.
If s < 2, then we have similarly to (10.3) that for all z > 0
P{l&,0 [, » = 0s(w. £) + 2} <exp{—[1 VI Ys(w, f.2)}.

The same computations as in the case s > 2 lead to the statement of the theorem
when s < 2.

P(nwlls.c = os(w, f) +2) <[1 +nP][
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10.2. Proof of Theorem 9. Put

oo
L, =3 exple P21y [gy 49 24-3k2),
k=1

©._ [, -1 1/4
‘Ia,b‘_ql (x = DT gap(x)] " dx,

Tn.e i= (1 4+ nv)[2% (1 + €)awp]7[29¢ — 117  exp{Cz(B) + (8/¢)F}
x (1+exp{2Cz(B)ILE)) IS,

We note that L), < 0o since f < a/(2+a) if s <2,and g < /(1 +a) if s > 2.
Note also that the quantity Jée)(-) in the second inequality of Corollary 1 admits
the following bound if g = G:

IO < A+ n)[gap @IV (1+ LIS, z>0.

o

If for any ¢ € Z, we let

Uy(lc]) = av/nldl¢1l2, Ay @S] =buv/nll¢l¢ 2,

B, (¢[¢]) = ca/nllolC ]2,
then we have for f € F

0s@[¢]. ) SUy(oleD), o l(ole]. f) < AL(9L2D),

()M (B[2]) < By(ol2)).

Thus, in view of Theorem 8, Assumption 1 holds with U =U,, A=A,, B=B,
and g = G, Then standard computations show that A A, = b, and A B, = Cn.
The assertion of the theorem follows now from Corollary 1.

APPENDIX
Proof of Lemma 4. Let
XMW =X x-. xX, XMW =X x...xX.

———— ——
n-times n-times

Obviously, X is a countable dense subset of X, For any x™ e X and
teT,put

n

£(t,x")=>"Tw(t, x;) — Ew(t, X)],

i=1
and let

e xmt

g, ) sign[£(, ¥

Ez{l—(n):']'—> R:loom(t) = — =
' * IEC, T[5!
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Note that £ is countable and £ C B;/(;—1) since, obviously

I lls/s—nc =1 ¥x™ eX®.
Note that &, (-) = £(-, X™), X = (X, ..., X,)), and therefore, in order to prove
the assertion of the lemma it is sufficient to show that
AD e x|, . = sup/l(t)‘;‘(t,x("))r(dt) vx® e x™.

' leg
First, let us note that Assumption (A1) implies that for every ¢ > 0 and every
x™ e X there exists X" € X" such that

(A2) ||;§("x(n)) _g(")_c(n))Hs,r =é.

Taking into account that £ C By ;1) and using the Holder inequality, we obtain
from (A.2) that

(A.3) sup | L()E(t, x™)t(dr) —sup [ 1()E(t, X)) (dD)| <e.
lef leg

Obviously
.5, = [ Lm0 7).

It implies in view of the duality argument that
(A4) le¢. 7). = §“}§f O (. x™)z(dn).
€

Using the triangle inequality, we obtain from (A.2), (A.3) and (A.4) that for every
&> 0and every x™ e X

Jo )l sup [ H0g(0 et < 2
’ leg

which completes the proof of (A.1) because ¢ > 0 can be chosen arbitrary small.
Proof of Lemma 5. First, note that forany p > 1 and x € X
)l <277 [ e e +/E|w(r,X)|f’r(dr>T/p
<2sup [w(, 0)|p,z-

xeX
Here, we have used the triangle inequality. Next, forany p > 1 andr € 7,

1/p
[ / Iw(t,x)lpﬂx)v(dx)]
= [Elw(t, X)|”1VP < 2[E|w(r, X)|P]"/?

1/p
=:2[/|w(r,x)|pf(x)v(dx)} .
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Here, we used that E|n — En|? < 2PE|n|?. Combining both inequalities, we have
Mp(w) = 2Mp(w)a
and the second statement of the lemma is proved.

Proof of Lemma 9. 1°. First, we establish statement of the lemma for the

mapping ¢ — ¢1[¢]. Forany s > 1 let s := s A 2. Following (3.24) and (3.25) and
in view of (9.3), we have

wil > ki (Vi) o7 WD < Koo (Vi)
ZP ) :={c =K. eZV v K| <k},  be[w W]
We note that if ¢ = (K, h) € Z" (b) then
(A.5) V)" <k th.

Let £1, & € Z4 (b) be such that d\" (¢1, £2) < 2. Applying (9.4) with p = s and
using (A.5), we get

(A6)  n'Flpile1] — dilealls <k 'bD' 2]V (¢1, £2) = bdy (21, £2).

Here we have taken into account that D’(2) = SUP,e[0.2] | D’ (x)|, where the func-

tion D(-) is given in (9.1). If ¢1, & € Z{" (b) are such that d\" (¢, £&2) > 2, then by
the triangle inequality

AT 0 lgilc] - dilllls < 26 < bd{P (@1, 02) < bdy) (€1, ).

Thus, (A.6) and (A.7) imply that that Assumption (L) holds if Z" is equipped
with the distance dé}), where we recall that 6; = kookl_1 D’ (2) > 1 [see (9.2)].

20, Now we prove the statement of the lemma for the mapping z — ¢[z]. By
the statements (i) and (ii) of Lemma 12 applied with p = s we have

2d(1*5)/5k%(nvhmax)1/5*1 S EEZ)’ WEZ) S 2d/5kgo(nvhmin)l/ﬁfl .
Recall that

ZP () :={z=[(K,h), (Q, )] € Z@ :n' | plz]ls <b},  be[w?, w2
If z = [(K, h), (Q, h)] € Z'? (b) then by the statement (ii) of Lemma 12

(A.8) (Vi) /271 < 24C=D/ok 2 < 2412 2p,

Let z1, 22 € Z (b) be such that d\” (z1, z2) < 2. Applying (9.5) with p = 5 and
using (A.8), we obtain

(A9)  n'*|palzi] — dalzallls < b2+ Kok 72D (4)dP (21, 22).
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If z1,20 € ZEZ) (b) are such that ng) (z1,z2) > 2, then we have by the triangle in-
equality

(A.10) n'2 | alz1] — dalzallls < 2b < bd'P (21, 22).

Thus, (A.9) and (A.10) imply that Assumption (L) is valid provided that Z® is
equipped with the distance df (-, -), where 6 = 224+2k% k2 D'(4) > 2(0+4/2 x
kook[ 2D (4) > 1 [see (9.2)].

Proof of Lemma 10. 1°
of (9.4).

Since the required bound is symmetric in /2 and &', without loss of generality we
will assume that Vj, > V;,,. By the triangle inequality in view of Assumption (K1),
we get

. Inequality (9.3) is immediate. We start with the proof

IKn — Kpllp < |Kn — Kpllp + 1Ky, — Kol p

<V, "R K — K, + 1K — Kl

_ V

h/
(A.11) + Vi KGRy = K/
Vi Vi
< (thh/r‘“/”[ﬂ][nK — Kl +koo< i 1)}
Virn Vioan
Vi
+ (thh’)_1+1/p[—th }
Virw
X [|K'(-[h v R/ ) — K'(-[h v BT/ D)l p,
where h A W' = (hi AR, ..., hq A h)). The second term of the last inequality

is obtained using the evident change-of-variables ¢ > t/[h Vv h'] (the division is
understood in the coordinate-wise sense).

Note that all coordinates of the vectors [2 Vv h']/h and [k Vv h']/h’ are greater
or equal to 1. Therefore, in view of Assumption (K1) the integration (or supre-
mum if p = co) over the whole R? in ||[K'(-[h v h']/h) — K'(-[h v h'1/h")|lp can
be replaced by the integration (supremum) over the support of K’. Together with
Assumption (K1), this yields

IK'Clh v 1/ h) = K'ClR v T/ RO
(A.12)

<Lg

1 Lrh; v, 2
7 [h_ h,’ —1} <27 'LiNd(exp{An(h, b))} —1).
j=1 in J
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Noting that Vj,up/ Viaw < exp{d Ay (h, h')} we obtain from (A.11) and (A.12)
that

IKn — Kpllp

(A.13) < (Vo) 7P/ ”e"A”(h’h/)[HK — K/ floo + koo (2R 1) 1)

+ —L’Cz“/g(eAH“’h’) - 1)]

Then (9.4) follows from the last inequality and the monotonicity of the function
D(-).

29, Now we turn to the proof of (9.5). Recall that z = [(K, k), (Q, h)] and 7' =
[(K',R'), (Q',h")]. For brevity, we also write {x = (K, h) and {p = (Q, ) with
evident changes in notation for ¢z and .

By the triangle inequality, we have

IKn % Qy — Kjy % Qi llp < 1Kk % Oy — Kn % Qp/ll

Using the Young inequality (the first statement of Lemma 3), Assumption (K1)
and (A.13) we obtain

IKn* Oy — Kn * Qullp < 1Kl Qs — Qi p

< koo (Vovy) " H/7D(dV (20, £))).-
On the other hand, applying the Young inequality and (A.13) with p =1, we have

IKn * Qy — Kn* Qllp < IKnllpll @y — Opllt <kooVy TP D(d]" (0. £())
< Koo (Vi) ™ 1P exp{d Az (h, 1)} D (AP (20, £)))

< Koo (Vi) 7D (24P (2, 7)),

(A.14)

where we have used the definition of Ax(-,-) and monotonicity of the function
D(-). Combining the last two inequalities, we have

1Kn * Qy — K % O llp < Kool (Viuw) v (Vo)) /7 D(2d (2, 2)).

Repeating the previous computations, we obtain the same bound for the second
term on the right-hand side of (A.14), namely,

1Kn * Qf — Kpy % Oy llp < kool (Viuw) v (V)1 /P D(2dP (2, 2)).
Thus, we finally get
I1Kn * Qy — Kjy % Qpyllp < 2koo[(Vinui) v (Vuy)] ™ 17D (24 (2. 2)).

as claimed.
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Proof of Lemma 11. If w € H;(1, P), then for any

d
- lwlleo ||w||ooi|
X € Xi — , Xi +
@[ "o2pJdT 2pVd
we have by the triangle inequality

lw@)| = [w@)| = [wx) = wE)| = [l = Plx — | = 3wllco-

This completes the proof.

Proof of Lemma 12. Recall that
alz1(1) = (Kp % Qp)(1) = / Kn(t —»)Qy(y)dy,  teR.

19. Let 7 denote the set of indexes j € {1,...,d} such that h; <b;:
J={jel,....d):h; <h;}.

Given two arbitrary vectors u, v € R4, let Alu, v] and 8[u, v] denote the vectors in
R? with the coordinates

uj, jedJd, uj, j¢Jd,
Aj[u,v]:{v;’ j¢j, 8][”,1]]:{1)]]_’ jej

‘With this notation, we can write

(Kn+ 0y)(1) = %Vh / K(A[“T”, %Dg(a[% %de, reRY.

Then changing the variables v > u = (¢t — v)/(h A h’) and setting for brevity
n = Ah)/(hVh) (as usual, all operations are understood in the coordinate-wise
sense), we come to the formula

(Kp * Qp) (1)

Vi
Vi Vi

1 t
=5 (rs)
Vivy \h Vb

where we have denoted

(A.15) /K(A[u, t/(hv ) —nul)Q(8[t/(h Vv ) — nu,ul)du

(A.16) F(z);=/K(A[u,z—nu])Q(a[t—nu,u])du, teRY.

Now we note some properties of the function F that will be useful in the se-
quel. First, Assumption (K1) implies that the integration over R? in (A.16) can be
replaced by the integration over [—1/2, 1/2]%. Indeed, if at least one of the co-
ordinates of u lies outside the interval [—1/2, 1/2] then, in view of (K1), one of
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the functions K or Q vanishes. This fact along with Assumption (K2) and (A.16)
imply that || F||» < k% ; in addition,
(A.17) supp(F) < [—1,11%.
Taking into account these facts and using (A.15), we obtain
1Kh * Qyllp < (Vi)™ PN F Il < 297G (Vi) 417,

and the statement (i) of the lemma is proved.
To get the assertion (ii) of the lemma, we note that

‘/ F(t)dt‘ = ‘f K(Alu,t —nul)Q(S[t — nu, u)) du dt

> k3.

:‘/K(x)dx /Q(x)dx

The second equality follows from the fact that functions K and Q are integrated
over t and over u over disjoint sets of components; and the last inequality is a
consequence of (K2). Therefore, invoking (A.17) we have

1Gllp = (Vaur) " TYPIFI, = Qi) VP R
= 2007PIPIG (Vi) TP,

as claimed in the statement (ii) of the lemma.

20, Now we turn to the proof of the statements (iii) and (iv) of the lemma.
The idea in the proof of these statements is to show that F satisfies the Lipschitz
condition and then to apply Lemma 11.

By (A.16) for any x, y € R, we have

|[F(x) = F()| <koo  sup  [K(A[u,x —nu]) — K(Alu, y —nu])|

ue[—1/2,1/214
+koo  sup  [Q@[x —nu,u]) — Q@Ly — nu, ul)
ue[—1/2,1/2]4
(A.18)
< LICkoo{ Z(xj' -y + Z(xj — Yj)z}
j¢T jeJg

<2LxKkeol|x —yl.

The obtained inequality means that F' € Hy (1, P) with P = 2Lk ; moreover,
(A.17) implies that

(A.19) I Floo =273,

Applying Lemma 11 and using (A.18), we obtain
d

1 . NFlle -~  IIFlleo
xeRY: F(x)> ~||F }D [x,'— , X + }
{ ] B TN TN

i=l
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where, recall, F'(X) = || F||00. Using (A.19), we obviously deduce from (A.15) that
1
e (Ki s 000 = 5 1K+ Qylo

d ki(h v b); ki(h Vv )i
(V) — 2 ——= Xi(h V)i + ——= |,
zg[u Vo= S s+ S

which implies that

1 k2 d
(A20)  mes{x: (Kyx 00)() = 31K1 % Oyl = Vi 57—

Then the statement (iii) of the lemma follows because
mes{supp(Kj, * Qp)} > mes{x: (Ky % Q) (x) = 51 Kp % Qplloc}-

It remains to note that (A.17) implies that mes{supp(K; * Qp)} < 2d Vivg.
Therefore by (A.20),

1
mes{x Ky Q@) = 5 IKi » thoo}

k? d
> | ———=——| mes{supp(Kj * .
= || mestsump(Ki x 00)

This completes the proof of the lemma.
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