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1. Introduction

Let us remind the notations and basic assumptions used in Lepski (2013b).

Let (X, X,v) be o-finite space and let (Q,2, P) be a complete probability space. Let X;, i > 1,
be a the collection of X-valued independent random variables defined on (2,2, P) and having the
densities f; with respect to measure v. Furthermore, P¢, f = (fi, f2,...), denotes the probability
law of (X1, X2,...) and E¢ is mathematical expectation with respect to Ps.

Let G: $ x X — R be a given mapping, where $) is a set. Put Vn € N*

&y(n) :n*lf: G0, X:) —EG(h, X;)], bhes. (1.1)
i=1

We will say that &(n), h € $, is a generalized empirical process. Note that if h : X — R and
G(h,z) = b(x), h € H,2 € X, then {(n) is the standard empirical process parameterized by $).
We assume that for some m > 1

H=9H1% X (1.2)

where §);, j = 1,m, be given sets. We will use the following notations. For any given k = 0, m put
D =91 %X Dy Oy = Dhpr X X O,

with the agreement that $9 =0, $7.; = 0. The elements of $} and 93t will be denoted by [k
and b, respectively. Moreover we suppose that for some p > 1

(X)) = (X X X Xp, 1 X+ X 1), (1.3)

where (X},v;) | = 1,p, are of measurable spaces and v is the product measure. It will be also
assumed that $,, = A7.
Recall also that all consideration in Lepski (2013b) have been done under the following assump-
tion. Put for any h*¥) f)lf
Goo(h) = sup  sup|G(h, )],
bk) €YYy, TEX
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and let Go : H¥ — R, be any mapping satisfying
Goo(h™) < Goo(h™), vo*) € 9f. (1.4)

Let {§;(n) C 9, n>1},j = 1,k, be a sequence of sets and denote $¥(n) = H1(n) x --- H(n).
Set for any n > 1

G, = inf Gou(®®), G,= sup Guo(h™).
hE) ek (n) (5) DILIEH) 6™

For any n > 1, j = 1,k and any b; € $;(n) define

Gin(h) = sup Goo(6™),  Gju=_ inf Ginlh)).
H1E€H1(n)5-h;—1€9;-1(n),bj+1€9;4+1(n),....hr ENK (1) h;€9;(n)
Noting that |In (¢;)—In (¢ )’ is a metric on R \ {0}, we equip $H%(n) with the following semi-metric.

~ —

For any n > 1 and any h*), ) ¢ §¥(n) set

Qg)(ﬁ(k)’f;(k)) = max ’m{ajn b;)} — In {G;n(b;)

where 6]-, Ej, j =1, k, are the coordinates of 6(’“) and h*) respectively.
Assumption 1. (i) 0< G, <G, < oo for anyn > 1 and for any j =1,k

Goo(h™) < Gin(h))

Qn o Q]’n ’

Vo™ = (by,...,by) € Hi(n), ¥n>1;

(ii) There exist functions L;j : Ry — Ry, D;j : Ry — Ry, j =
non-decreasing and bounded on each bounded interval, D; € C!

=
et =660 < {Go(b®) v 6 (67)}Do{el (657}
b3 LG (p) v G (5)} 01 001,

j=k+1

k+1,...,m, satisfying L;
) D(O =0, and such that

for any b, € Hf(n) x H, and n > 1.
At last the following condition has been also exploited in the previous considerations.
Assumption 2. For any m € N* there exists nim] € {m,m +1,...,2m} such that

U 9%n) C 95 (nm]).

ne{m,m+1,...,2m}

2. Partially totally bounded case

We begin this section with the following definition used in the sequel. Let T be a set equipped with
a semi-metric 0 and let n € N* be fixed.
Definition 1. We say that {T; C T, i € I} is n-totally bounded cover of T if

o T =UirT; and I is countable;



o T; is totally bounded for any i€ 1;
. card({kGI: TiﬂTk#@})SnforaninI.

Let us illustrate the above definition by some examples.

Let T =R% d > 1. Then any countable partition of R? consisted of bounded sets forms 1-totally
bounded cover of R?. Note, however, that the partitions will not be suitable choice for particular
problems studied later. We will be mostly interested in n-totally bounded covers satisfying the
following separation property: there exists v > 0 such that for all i,k € I satisfying T; N Ty = )

inf  0(ty,t2) > t. 2.1
t1 €Ty, to €Ty (1 2) - ( )

Let us return to R? that we equip with the metric generated by the supremum norm. Denote by
B.(t), t € R4, r > 0, the closed ball in this metric with the radius » and the center ¢. For given t > 0
consider the collection {IB%% (vi), i e Zd}, where we understand ti as coordinate-wise multiplication.

It is easy to check that this collection is 3%-totally bounded cover of R? satisfying (2.1).

We would like to emphasize that n-totally bounded covers satisfying the separation property
can be often constructed when T is a homogenous metric space endowed with the Borel measure
obeying doubling condition. Some useful results for this construction can be found in the recent
paper Coulhon et al. (2011), where such spaces were scrutinized.

We finish the discussion about n-totally bounded covers with the following notation: for any

t €T put
T = U U T
iel: T;3t kel: T;NTy#0

2.1. Assumptions and main result
Throughout this section we will assume that the representation (1.3) holds and the elements of
X, 1 =1, p, will be denoted by z; .

Assumption 3. (i) Let (1.2) and (1.3) hold with X| = $,, and for some n € N* there ezists a
collection {Hm,i, ie I} being the n-totally bounded cover of ., satisfying for some N, R < oo

CH,,, 10m(s) < N [logy {R/}],, Viel, Vo>0.
(ii) For any ¢ >0
€5, 0,(6) < N [log {R/}] ,, Vj=FFLm—T.

Usually one can construct many n-totally bounded covers satisfying Assumption 3 (i). The con-
dition below restricts this choice and relates it to properties of the mapping G(-,-) describing
generalized empirical process.

Assumption 4. For anyn > 1 and any h = (h1,...,bm) € H(n)
sup |G (b, 2)] < n G (h®).
2€X: 21¢9m (hm)
We would like to emphasize that in order to satisfy Assumption 4 in particular examples, the
n-totally bounded cover {Hm,i, ie I} should usually possess the separation property. Indeed, one

of the typical examples, where Assumption 4 is fulfilled, is the following: there exist v > 0 such
that for G(x,h) = 0 for any = € X, h € $, satisfying pp,(z1, hm) > 7.
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Result. For any i = 1,n we denote X; = (X14,..., Xpi)s

p
fLi(ZCl) :/X ¥ fi(xl,...,mp)Hul(dxl).
2% Xtp =2

and if ¥ = &} (p =1) then we put X;; = X; and f1; = f;.
Put for any n > 1, v > 0 and any b,,, € Hi,

_ RS . v

Lnv(hm) =—In <[n ;/m(bm) flﬂ(ac)yl(dx)] vVn )
Note that obviously 0 < £, ,(hm) < vln(n), Vb, € Hp,. Put for any h € §
f)(h) = P(h(k)) + Sn,v(hm) + 2111{1 + |1Il (Fn2,r(b))|};

My () = My(6'™)) + €54 () + 210 {1 + [In (Fo, ()]}

Define for any h € $, r €N, 2 >0 and ¢ > 0

DL 1) = My [ Goo (009) (o (0= (B(9) + 2) + XaGc (65 (n~ 1 (1)) (P(0) + 2):

G (1,5) = X1y Goe (009) (g e (0)01) (V) + 2) + XG5 (n™" 10 () (W () + 2).

Theorem 1. Let Assumptions 1, 8 and 4 hold. If ny # na suppose additionally that Assumption
2 holds. Then for anyr e Nyv>1,2z>1andqg>1

Py {SUE sup |[&y(n)] = V") (n, )] = 0} < n°{4838¢ 7% + 4ny >}

neN heH(n)
q
~ q
Ef{sug sup [|fn<n>\—u£w><n,h>}} < 20, |\f(m) 7 Faa G v ((02) 10 (0G| e
neN heH(n) n

+2q+2n5 (én)q n12—v.

Although the assertions of the theorem are true whenever v > 1 the presented results are obvi-
ously reasonable only if v > 2. For example (as we will see later) the typical choice of this parameter
for the "moment bound” is v = ¢ + 2.

In spite of the fact that upper functions presented in Theorem 1 are found explicitly their
expressions are quite cumbersome. In particular, it is unclear how to compute the function £, ,(-).
Of course, since £, (hm) < vin(n), Vb, € Hm, one can replace it by vln(n) in the definition of
ﬁ() and Mq(-), but the corresponding upper functions are not always sufficiently tight.

Our goal now is to simplify the expressions for upper functions given in Theorem 1. Surprisingly,
that if n is fixed, i.e. ny = ng, it can be done without any additional assumption.

Set for any v > 0 and h € $

~

P,(6®) = P(5®) + 20 In (26 (hM)))

)

and let Fy, (§) = max[Fy,(h), ng1].



Corollary 1. Let the assumptions of Theorem 1 hold. If n1 # ng suppose additionally that X; 1, © >
1, are identically distributed.

Then, the results of Theorem 1 remain valid if one replaces Vr ( ,b) and Uy ©, Zq)( b)) by

VE(n,h) = AMG 99) (Fug (9)01) (P (58)) + 2(0 + 1) In { Py (0)}] + 2)
+22Go (8V) (n—l i (1)) (Pu(6™) + 2(v + 1) In { Py () }] + 2);

U9 (n,h) = Al\/G By (0)n") My (60)) + 2(v + 1) In { Py ()}] + 2)
+A2Goo (M) (n—1 0 (1)) (M0 (6%) + 20 + 1) In { By (0) }] + 2).

We would like to emphasize that we do not require that X;, ¢ > 1, would be identically dis-
tributed. In particular, coming back to the generalized empirical process considered in Example 2,
Section 1.1 in Lepski (2013b), where X; = (V;,¢;), the design points Y;, i > 1, are often supposed
to be uniformly distributed on some bounded domain of R%. As to the noise variables €;, i > 1, the
restriction that they are identically distributed cannot be justified in general.

2.2. Law of logarithm

Our goal here is to use the first assertion of Corollary 1 in order to establish the result referred
later to the law of logarithm. Namely we show that for some Y > 0

limsup  sup VI Ty (1) <Y Pr—as. (2.2)
"7 H0ER () | [ Goo () [ In {Goo (58} V Inln (m) ]

As previously we will first provide with the non-asymptotical version of (2.2).
As before we suppose that
<G, <G, <’ Vn>1; (2.3)

sup sup supE¢|G(h, X;)| = F < 0 (2.4)
"2 (o) 21

and impose additionally the following condition. For some a > 0
LP(2) <aln(z), Vz>2. (2.5)

Theorem 2. Let Assumptions 1, 2, 3 and 4 be fulfilled. Suppose also that (2.3), (2.4) and (2.5)
hold and assume that X;1, © > 1, are identically distributed.
Then there exits X > 0 such that for any j > 3 and any a > 4

P { sup v/ 1 (1) 4840w
f i)
e bmeﬁlm \/G ) [0 {Guo (6®)} v InTn ()] In (j)

Some remarks are in order. The explicit expression of the constant Y is available and the gen-
eralization. Also, (2.2) is an obvious consequence of Theorem 2. At last, we note that in view of
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(2.3) the factor [ln {Goo(b(k))} Vinln (n)} can be replaced by In(n) which is, up to a constant, its

upper estimate. The corresponding result is, of course, rougher than one presented in the theorem,
but its derivation does not require X; 1, © > 1, to be identically distributed. This result is deduced
directly from Theorem 1. Its proof is almost the same as the proof of Theorem 2 and based on the
trivial bound £, (b)) < vin(n), Vb, € Him.

3. Application to localized processes

Let (Xp, i, p1), 1 =1,d+ 1, d € N, be the collection of measurable metric spaces. Throughout this
section we will suppose that (1.3) holds with p = 2,

X =& x &g, (X17V1) = (Xl X X Xd,/.Ll XX ,ud) = (thivu(d))a (X27V2) = (Xd-i-la,ud-‘rl)v

x; denotes the element of X;, j = 1,d+ 1, and 2@ will denotes the element of X‘f’. We equip the
space X¢ with the semi-metric p(9) = max, 1Pl

Problem formulation This section is devoted to the application of Theorem 1 [Lepski (2013b)]
and Theorem 1 in the following case:

e H =91 x - xH=(0,1] x ---x (0,1] = (0,1]¢, (i.e. k = d);

o ﬁjﬁ = 9ap1 X Dapo = Zx X{,ie. m = d+2, where X{ := X; x --- x X be a given subset
of X¢ and (Z,0) is a given metric space.

e The function G(-,-) obeys some structural assumption described below and for any b :=
(1,3, :E(d)) € (0,1]% x Z x X¢ the function G(b, -) ”decrease rapidly ” outside of the set {IL‘l €

Xi: pi(z1,71) < 7“1} X oo X {xd €Xy: palrd,zq) < T‘d} X X1

Let K : R? — R be a given function, (71,...,74) € R% be given vector and set for any r € (0, 1]¢
d
K () =V 'K (fre,.fra), Vo=
=1
where, as previously, for u,v € R? the notation u /v denotes the coordinate-wise division. Let
Go,2) = g(3,2) K, (0@, 3D)), b= (r53D) €01 x 2xX{ =9, (31

where g : Z x X — R is a given function those properties will be described later and

ﬁ(x(d)v j(d)) = (;01 ('wlajl)) s 7pd(xd7jd)) .

The corresponding generalized empirical process is given by
&) =n"">" [g(a,xm (A([x)@,2D)) — B {96, X) K, (51X ,M))}}
i=1

We will seek upper functions for the random field ¢, (n, j(d)) :=sup ¢, 5,5 (n)| in two cases: X¢ =
362 1dy

X¢ and X¢ = {E(d)} for a fixed z(49) € X¢.



To realize this program we will apply Theorem 1 [Lepski (2013b)] and Theorem 1 to &,(n), h =

(r, 3, :E(d)). It is worth mentioning that corresponding upper functions can be used for constructing

of estimation procedures in different areas of mathematical statistics: M-estimation with locally

polynomial fitting (non-parametric regression), kernel density estimation and many others.
Moreover, we apply Theorem 2 [Lepski (2013b)] for establishing a non-asymptotical version of the

law of iterated logarithm for ¢, (Z(?,n) in the case where X¢ = {f(d)} . We also apply Theorem 2 for

deriving a non-asymptotical version of the law of logarithm for ||(.(n)|, := SUDP(d) x4 Cr (:f(d), n)‘
Our study here generalizes in several directions the existing results Einmahl and Mason (2000),
Giné and Guillou (2002), Einmahl and Mason (2005), Dony et al. (2006), Dony et Einmahl (2009).

3.1. Assumptions and notations

Assumption 5. (i) [|K||c < oo and for some Ly >0

Ll’t_ S’

K@) —K(s)| < =21 vt seR?
KO - Kol < 1o
where | - | denotes supremum norm on R,
(ii) [|gllc := sup |g(3,z)| < oo, and for some a € (0,1], Ly > 0,
3€Z, xeX

sup |9(3,2) — 9(5' 2)| < La [0(3,3)]%, V3,5 € 2
reX
The conditions (i) and (ii) are quite standards. In particular (i) holds if K is compactly supported

and lipschitz continuous. If g(3,-) = g(-), for any 3 € Z, then (ii) is verified for any bounded g.
Let 0 < rl(mm) (n) < rl(max) (n) <1, l=1,d, n > 1, be given decreasing sequences and let

2
=

Il
=

9(n) =R(n) x Z x X{,

N
Il
—

™ (), 1" (n)].

g
2
[
==
=
£
=]

H(n) = R(n) x Z x X,

N
Il
R

We note that H(n) C $H(n) for any n > 1 since rl(min)(-),rl(max)(-), | = 1,d, are decreasing, and
obviously $(n) C $(m) for any n € {m,...,2m} and any m > 1.

Remark 1. Assumption 2 is fulfilled with n[m] = m.
Lemma 1. Suppose that Assumption 5 is fulfilled and let X‘f C Xcll be an arbitrary subset. Then,

(min) (max)

for arbitrary sequences 0 < r; (n) <m (n) <1, 1=1,d, n>1, Assumption 1 holds with

oD (r,r') = ?_1%|w I (r/m)], ear1=[0]" oda+2= A ;

Do(2) = exp{dz} = 1+ (L /||K o) (exp {y7'2} = 1), 5= miny;
=1,

-1
Day1(2) = (La/llgllo)z Data(2) = Li(lglleol Kl3%) 2, Lay1(2) = 2, Laga(z) = 2°.

Additionally, if X¢ consists of a single point z(d) ¢ X¢ then Lqio = 0.
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The proof of the lemma is postponed to Appendix. We remark that g;11 is a semi-metric, since

a € (0,1], and the semi-metric g%d) is independent on n. In view of latter remark all quantities

involved in Assumption 1 are independent on the choice of rl(mm)(~), rl(max)(-), | =1,d,. We want to

emphasize nevertheless that the assertion of the lemma is true for an arbitrary but a priory chosen
(min) (max) —
L (')arl ()a l=1,d

Thus, Lemma 1 guarantees the verification of Assumption 1, that makes possible the application

of Theorem 1 [Lepski (2013b)] and Theorem 1. Hence, we have to match the notations of these

theorems to the notations used in the present section.

Since k = d and ¥ = (0,1]¢ we have h*) = r and, therefore, in view of Assumption 5

6 ({r3, 8 }2)| < Vgl Kl = Galr).

Gool(r) := sup sup
(3,2 M)eZxX¢ xexf‘”

— 3 _ 11
G, = 7"617%{71) Goo(r) = K(max)(n)”gnoonKHom Vn > 1.

We remark that the function G (-) is independent of the choice of X¢. Define
£ (@) :/ filx)pari(dzgyr), i > 1,
Xat1
and let 3 <ny < ny < 2n; be fixed. Set for any (T,f(d)> € (0,1]% x X¢
— n — — d
19lloo(n2) =" 3272 fxgl K, (P(x(d)vw(d))) fi( )<$(d))ﬂ(d)(d$(d)>: np = ng;

lglloo sup_ /X | (5, 2))
1

i=1,ng

F, 7(d)
2 7T fi(d)(x(d)>u(d)(dx(d))7 n; % ng,

and note that in view of Assumption 5 (ii)
Fay(h) < Fay (r,29), Wb (0,1] x 2 x X{.
We remark that the function Fy, (-, ) is independent of the choice of Z. Put also

Fn, := sup sup Fy (1,2%) < o0,
neN (r,id)ER(n)XXf

where, remind, N = {ny,...,n3}. Finally for any r € N set Foor(v, ) = max [Fn,(+,-), e ]

3.2. Pointwise results

Here we will consider the case, where X¢ = {f(d)} and (4 is a fixed element of X¢. Note that in

view of Lemma 1 Lgqy1(2) = 2z and Ly o = 0 that implies £*) = 0.
We are going to apply Theorem 1 from [Lepski (2013b)] and, therefore, we will need the following
assumption from Lepski (2013b).

Assumption 6. Suppose that (1.2) holds and there exist N, R < oo such that for any ¢ > 0 and
any j=k+1,m

QEij,Qj (g) <N [log2 {R/g}]+7

where, as previously, €. ,. denotes the entropy of ); measured in g;.
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We will suppose that Assumption 6 holds with k = d,m = d + 1 and (441, 04+1) = (£, [0]%).
It is equivalent obviously to assume that Assumption 6 holds with (9441, 04+1) = (£,0) and with
the constants N = aN and R = R'/°.

Let 8 and Cn gk be the constants defined in Theorem 1 [Lepski (2013b)]. Set for any r € (0, 1]¢
and ¢ >0

d o (max) (n)
P(r) = (36d0,% +6)In (14 yIn{ ————1 | +18CN R at1.4;

=1 T

d (max)

2

My(r) = (72672 +2.5¢ +1.5) 3 y/In (Tlr(”)) + 360N R 1.d-
=1 !

and define for r € N and u > 0

y) (n,r,z%) = Al\/[Fnz,r(r, z4) (nVT)—l} [P(r) +2In {1 + [In{Fn, (1,29 }|} + u}

22 [(0V) 7 ()| [P(r) + 210 {1+ [In { Py o (r, 3 } |} + ]

U (07,3 = Ay [Far 20 (0) 1] [Myr) + 200 {1+ [in { B, 20} } + o]
2 [(0V2) " 0 (0)] [My () + 210 {14 10 {Far () }]} + ],

where A1 = /[|g|loo|| K ||ooA1; A2 = ||9]lcc||K||ccA2 and Aj, Ao are defined in Theorem 1 [Lepski
(2013Db)].

The result below is the direct consequence of Theorem 1 [Lepski (2013b)] and Lemma 1. We
remark that defined above quantities are functions of  and n since Z¢ is fixed. Since they do not
depend on the variable 3, these quantities will be automatically upper functions for

¢ (n, 289) := sup & 35 (i(d))‘.
32
Theorem 3. Let Assumption 5 be fulfilled and suppose that Assumption 6 holds with k = d,m =
d+1 and (ﬁdJrla Qd+1) - (Za [a]a) .
Then for any given decreasing sequences 0 < rl(mm) (n) < rl(max) (n) <1, 1=1d, n>1, any
a‘:dGXf anyre N, b>1u>1andg>1

P; {sup sup {Q (n,i"(d)) —p (n,r, :Ed)} > O} <2419

neN reﬁ(n)
Fnz v lnﬁ (n2) ! 6—u
1V gy \ Vit g 1 ’

q
where ¢l = 209/24530H4T (g + 1) (Cp p max |/ [gToel K oo, l19lloo | Kloo] )

The explicit expression for Cpp can be also found in Theorem 1 [Lepski (2013b)]. In the case
considered here it is completely determined by (v1,...74), L1, Lo and b.
As well as the assertions of Theorem 1 [Lepski (2013b)] the latter theorem is proved without any

-~

q
E¢ < sup sup [Q (n,a‘c(d)) — YD) (n,r, :fd)} <c
neN reﬁ(n) +

assumption imposed on the densities f;, i = 1, n. The choice of rl(min)(n), rl(max) (n), l=1,d, n>1,
9



is also assumption free. Additionally, Assumption 6 can be replaced by weaker condition, see [Lepski
(2013b)].

Note also that if g(3,-) = g(-), for any 3 € Z, then Assumption 6 is not needed anymore and,
moreover, Assumption 5 (ii) is verified for an arbitrary bounded g. Hence, in this case the assertions
of Theorem 3 are established under very mild Assumption 5 (i) imposed on the function K.

Remark 2. We note that the discussed in Introduction so-called price to pay for uniformity dis-
appears if r = r(max) - pdeed, P (r(max)> and M, (r(max)) are absolute constants. This property

s crucial, in particular, for constructing statistical procedures used in the estimation of functions
possessing inhomogeneous smoothness, see Lepski et al. (1997), Kerkyacharian et al. (2001).

Some additional assumptions and their consequences To apply Theorem 3 to specific
problems one needs to find an efficient upper bound for the quantity Fy,(:,-). Below we provide
with sufficient condition allowing to solve this problem under general consideration and we will not
be tending here to the maximal generality. We impose some additional restrictions on the densities
fi, i = 1,n, and on the measures j; of p;-balls in the spaces X;, | = 1, d. Moreover, we should precise
the behavior of the function K at infinity. Then, we will use these assumptions for establishing of
the law of iterated logarithm.
Introduce the following notations. For any ¢ € ]R‘j_ define

K(t) = Sup |K(u)], I =[0,t1] x -+ x [0,t4].
u| &Il

For any  =1,d, z; € X;and r > 0 set By(r,2;) = {y € X;: pi(y,z;) <r1}.

Assumption 7. There exists Ly > 0 such that

sup [(l_f[ltlprw)f((t)] < Ly; (3.2)

d
teRy

For any 1 = 1,d and any z; € X; one has X; = Uyso (By (v, 7)) and there exist LY > 0

1 (IBl (r,ml)) < LW vr>o; (3.3)
Moreover,
sup sup fl-(d) (x(d)) =: fpo < 00. (3.4)
i1 o0 exe

The condition (3.2) is obviously fulfilled if K is compactly supported on [0, 1]%. Tt is also satisfied
in the case of Gaussian or Laplace kernel.

The condition (3.3) can be easily checked if X;, [ = 1, d are doubling metric spaces. In particular,
if X; = Rand yy, | = 1,d, are the Lebesgue measures than (3.3) holds with LW =1, v=11=1,d.
If X; = R%, [ =1,d, then (3.3) holds with 7, = d; and the constants L(!) depending on the choice
of the distances p;.

As to condition (3.4) we remark that the boundedness of the entire density f; is not required.
For example, under independence structure, i.e. f;(z) = fi(d) (D) pi(z411), the densities p; may be
unbounded.

10



Lemma 2. The following bound holds under Assumption 7:

d
sup sup sup Fpn, (r,:i‘(d)) < 2% ||gll oo L2 H o O,
n2>1reg(0,1)4 z(d) ex¢ I=1

The proof of lemma is postponed to Appendix. Our goal now is to deduce the law of iterated
logarithm for ¢, (n,z(?) from Theorem 2, Lepski (2013b). Set for any n € N* and a > 0

Ra(n) = {r e (0,1]¢: v, > n_l(lnn)“}.

and choose A(™%) = (1,... 1) and A™") = (1/n,...,1/n).
Remark 3. 1°. Note that R,(n) C [n~!,1]¢ =: ﬁ(n) for anymn > 3 and any a > 0 and, therefore,
the assertion of Lemma 1 holds.

20, We have G,, = |K|lsollglloos Gn = |K|lsollgllon™® for any n > 1 and, therefore, (2.8) is
verified with ¢ = || K||x]|g|lcc and b = d.

39, Lemma 2 implies that the condition (2.4) holds with F < 29, ||g|leo L2 [T, 27 L.

49, In view of Lemma 1 Lgi1(2) = z and Lgyo = 0, that implies LK) = 0. Hence, the condition
(1.13) in Lepski (2013b) is fulfilled for any a > 0.

Thus, all assumptions of Theorem 2, Lepski (2013b), are checked and we come to the following
statement.

Theorem 4. Let Assumptions 5 and 7 be fulfilled and suppose that Assumption 6 holds with
k=dm=d+1 and (Has1,04+1) = (Z,[0]%). Then there exists T > 0 such that for any ¢ € X¢
and any a > 2

VnVr ¢ (n, 29
]P’f{sup sup [ nVr G (n,2 )]ZT}<2419.

n2j rin~Y(nn)e<Vo<1 | /In (14 In(n)) ~ In(j)

Remark 4. The inspection of the proof of Theorem 2, Lepski (2013b), together with Lemma 2
allows us to assert that the statement of Theorem 4 is uniform over the set of bounded densities.
More precisely, for any f > 0 there exists Y (f) such that

vV, G (n, 2 241
sup IP¢ { sup sup l Ve G (n, )] >Y(f) p < —,9, (3.5)
feF; n>j rin~l(Inn)e<V;<1 | y/In (14 In (n)) In(j)
where Fs = {(fi,i > 1) : foo < f}. As before the explicit expression of Y(-) is available.
The following consequence of Theorem 4 is straightforward.
VaV; G (n, 2
lim sup sup [ Ve Gr(n, @ )] <T P;-as. (3.6)
n—0o0 r:p~1l(lnn)e<V,<1 In (1 +1In (TL))

Theorem 4 generalizes the existing results, see for example Dony et Einmahl (2009), in the following
directions.
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1. Structural assumption. The structural condition (3.1) is imposed in cited papers but with
additional restriction: either g(3,x) = const ("density case”) or g(3,z) = g(x) ("regression
case”). It excludes, for instance, the problems appearing in robust estimation. We note that
Assumption 5 (ii) is fulfilled here if g is bounded function and Assumption 6 is not needed
anymore, since g is independent of 3.

2. Anisotropy. All known to the author results treat the case where X; = R, | = 1,d, and
R(n) = {(7’1, coora)€(0,1]4: rp=1,Vl=1,d, r€ [r(mm) (n), r(maz) (n)” (isotropic case).
We remark that (3.3) is automatically fulfilled withy; = 1, L") =1, I = 1,d, and V, = r. Note
also that we consider independent but not necessarily identically distributed random variables.
This is important, in particular, for various estimation problems arising in nonparametric
regression model.

3. Kernel. We do not suppose that the function K is compactly supported. For instance, one
can use the gaussian or laplace kernel. It allows, for instaince, to consider the problems where
X{ is not linear space. In particular, it can be some manifold satisfying doubling condition.

4. Non-asymptotic nature. The existing results are presented as in (3.6). Note, however, that
the random field ¢, (n,jd) appears in various areas of nonparametric estimation (density
estimation, regression). As the consequence a.s. convergence has no much sense since there is
no a unique probability measure (see, also Remark 4).

3.3. Sup-norm results
Here we consider X¢ = X¢. We assume that there exists {X;, i € I} which is n-totally bounded
cover of (X‘f, p(d)) satisfying Assumption 3 (i) and possessing the separation property.

Assumption 8. There exists t > 0 such that for any i,k € I satisfying X; N Xy = 0

inf inf  p@ (2D @) 5 ¢
L M )

Also we suppose that Assumption 3 (ii) holds with k = d,m = d+1 and (9441, 04+1) = (£, [9]%).
We remark that in the considered case this assumption coincides with Assumption 6.

Let, as previously, 0 < rl(min)(n) < rl(max) (n) <1, 1=1,d, n > 1, be given decreasing sequences,

2
=

Il
=

H(n) =R(n) x Z x X,

N
Il
—

[Tl(min) (n)’ Tl(max) (n)] '

2
=

Il
=

H(n) = R(n) x Z x X,

N
Il
R

Our last condition relates the choice of the vector r™®)(n), n > 1 and the kernel K with the
parameter t appearing in Assumption 8. Let us assume that for any n > 1

sup  sup |K(u/r)| < HKHoonfl. (3.7)
reR(n) [ulg(0,44

Note that (3.7) holds if K is compactly supported on [—t, ¢ and r(™)(n) € (0,t)? for any n > 1.
Lemma 3. Assumption 8 and (3.7) imply Assumption 4.

12



The proof of lemma is given in Appendix. Set for any r € (0, 1]d and v > 0
Myo(r) = ([72d + 108N]3; % 4 2.5¢ + 20 + 1.5) In (2V,1) + C,

where we have put C = 72N 4, 2 [logs (||9/lco | K ||o0)| + 36CN R d+1.d-

Let 3 <nj < nz <2n; be fixed. Set ﬁ’nz (r,f(d)) = max [Fnz (r,az(d)) ,nz_l} and define

U9 (n,r,i:(d)) = Al\/[ﬁnz (r, z(d) (nVT)*l} [M\qu(r) +2(v + 1)‘ In {ﬁnz (r, z(d) }‘ + z}
+A2 [(nV})_l In? (n)} [M\qﬂ,(r) +2(v+ 1)‘ In {ﬁnz (r, i’(d)) }‘ + z}
Theorem 5 below is the direct consequence of Lemma 1, Lemma 3 and Corollary 1. Remind that

¢ (n,29) .= sup &y 2@ (:E(d))’ and N = {ny,...,nz}.
zay1€Xaqy1

Theorem 5. Let Assumption 5 be verified and suppose that Assumption 3 (ii) holds with k =
d+1,m=d+2 and (H4+1,04+1) = (Z,[0]%). Suppose also that Assumption 3 (i) is fulfilled with
(Ddr2, 0d+2) = (Xil,p(d)) and Hqio5 = Xy, 1 € I, satisfying Assumption 8. Assume that (5.7) holds

as well and if n; # ng let (Xi)d, i > 1, be identically distributed.
Then for any given decreasing sequences 0 < Tl(mm) (n) < rl(max) (n) <1, 1=1,d, n>1, any
b>1,qg>1,v>1andz>1

Pf{ sup sup {Q (n, D) — > (n, r,a?(d))} > O} < ﬂ5{48386_z + 2n12_”};
neN (T,i(d))eﬁ(n)xx’f

Ef{ sup sup [Cr (n, j(d)) — Y9 (n, r, j(d))} }
neN (T@(d))eﬁ(n)xxf

= q
F In® (n -
S 2n5C; V n2 \/ <V - ( 2) ) eiz + 2qu11‘15 (V’,(min)(nl)> I n127v.
nq r(max)(nl) r(max) (nl)nl
Remind that ﬁ’nz = sup sup ﬁnz (r,jz(d)) and the expression for the constant cfl can

neN (r,f(d))éﬁ(n)XX‘f
be found in Theorem §\ We also note that the first assertion of the theorem remains valid if one
replaces the quantity M, ,(r) by the smaller quantity ([36d + 54N]6,2 + 20 + 6) In (2V,71) 4+ C/2.

But the corresponding upper function will differ from U©-=a) only by numerical constant.
We also remark that F, < 2% ||gllecLa [Tl 27 LY for any ng > 3 under Assumption 7 in view

of Lemma 2. Moreover, if Vitminy () = 0P for some p > 0 then M\qﬂ, (r) can be bound from above by
([72d + 108N]6; 2 + 2.5¢ + 2v + 1.5)pIn (2n) which is independent on 7. Hence, if both restrictions

are fulfilled the upper function U@9 in Theorem 5 takes rather simple form, namely

In(n) + 2 Aa(e) [ (n) + ]

A

where the constant A1(q) and A2(q) can be easily computed.
13



Law of logarithm In this paragraph we will additionally suppose that Assumption 7 holds.
Then, we remark first that statements 19 — 3° of Remark 3 hold. Next, we note that Ly, 1(z) = 2
and Lgio(z) = 2% in view of Lemma 1 that implies £*)(2) = In(z) for any z > 1. Hence, the
condition (2.5) is fulfilled with a = 1.

Thus, all assumptions of Theorem 2 are checked and, taking into account that in our case

o (n) = |G (n)]| = sup G(n, 7)),
z(d)exd

we come to the following statement.

Theorem 6. Let assumptions of Theorem 5 be fulfilled and suppose additionally that that Assump-
tion 7 holds. Then there exists X such that for any a > 4

sup sup =
nzj rn~l(lnn)e<V,<1 \/111 (Vfl) Vinln (n)

o Vav: ol

The uniform version over the set of bounded densities, similar to (3.5), holds as well.
The immediate consequence of the latter theorem is so-called ”uniform-in-bandwidth consis-
tency’:

) Vive (6.,
im sup sup

<Y Pr—as (3.8)
n—0o0 pr:p~1l(lnn)e<V,.<1 \/]n (W_l) Vinln (n)

The assertion of Theorem 6 and its corollary (3.8) generalizes in several directions the existing
results Einmahl and Mason (2000), Giné and Guillou (2002), Einmahl and Mason (2005), Dony et
al. (2006) (see, the discussion after Theorem 4).

We would like to conclude this section with the following remark. If K is compactly supported
and ¢(3,-) = g(-) for any 3 € Z, where g is a bounded function, then all results of this section
remain true under Assumptions 3 (i), 5 (i), 8, (3.3) and (3.4).

4. Proof of Theorems 1-2 and Corollary 1
4.1. Proof of Theorem 1

19. We start the proof with establishing some simple facts used in the sequel.
For any i€ Ilet n(i) € N* and 7;(i) € I, j = 1,...,n(i), be the pairwise disjoint collection which
is determined by the condition: H,,, ; " Hy,x =0, Vk ¢ {frl(i), . ,ﬁn(i)(i)} . First we have

1<n(i)<n, Viel,

and we always put 7 (i) = i. It yields, in particular, that we can construct another collection of
indices (i) := {m;(i) € I, j = 1,n} given by

mi(i) = { 7~Tj(i)a 1 <j<n(i);
1 i, ni)+1<j<n.



Note also that for any 1 < j <n
card({iEI: Trj(i):p}) <n, Vpel (4.1)
Indeed, if card( {iel: m;(i) = p}) >n+ 1 for some p € I, then

card({i € 1 HyppNHypi#0}) >n+1,
that contradicts to the definition of a n-totally bounded cover. For any i € I define
H,,(i) = U . U Ho.;=J U L ——
kel: Hy,, xNH,y, 370 J€I: Hyy, jNHy, k70 =1 j=1
First we note that the definition of the set $,,(-) implies the following inclusion: for any i € I
Hm(bm) C Hp(i), Vb € Hpy s (4.2)

Next, taking into account that >,y 1H,, o (bm) < n for any by, € 9y, in view of the definition of a
n-totally bounded cover, we obtain in view of (4.1)

mem>§222mmw) =355 DD SEE PR

icl icl j=11=1 j=11=1pel i:m(i)=p
n n
S 5 3) SETHNNCSES 35 5 SEED DERTARLS
j=11=1pe€l j=11=1q€l p:7j(p)=q
n n
< 0 YD g (bm) <00, Vb € O (4.3)
j=11=1qel

Define finally for any i € I
fi _111_12/ J1i(z)v (d)
m(l
and let I; = {1 el: f;> (1’11)_”} and I, =1 \ I;.

20 Let us fix i € I; and for any n > 1 define Hy(n) := H¥(n) x 352’3:11 X Hy, 4, i € I. The idea is
to apply Theorem 1, Lepski (2013b), to {Hj(n), n > 1} that is possible in view of Assumptions 3
(i) and 2. To do it we first note that the definition of Iy together with (4.2) implies for any n € N

Lnw(bm) > In(1/5), Vb, € Hpi
It yields for any n € N and any b € H;(n)
Vs (n,0) = Vi (n ), U0 (n,h) > U (nb),
where v = In (1/f;) + z. We deduce from Theorem 1, Lepski (2013b), for any i € Iy

P¢ {sup sup “&J )| - ”Z (n b)} > 0} <2419 f; e %; (4.4)
nel;i heHl(n)
q
E¢ {Sup sup [|§h )| - UL (n, h)} } < f; Ay(n1,n2)e”?, (4.5)
n€l<T heH;(n) +
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where we have put Ay(n1,nz) = ¢4 [ (ny1) " 1Fh, G, V ((nl)_1 In? (nz)Qn)}q.

We have in view of (4.3), taking into account that ng < 2nj,

> fi=(m1)” /f“ [Z Ly, i) (@ ] (dz) < 2n°. (4.6)

iel icl

Putting H1 (n) = Uier, Hi(n), n > 1, we obtain from (4.4), (4.5) and (4.6)

P¢< sup  sup [|§b )| = VA (n, h)} >0 <4838 n° e % (4.7)
neN heg(l)(n)
q
Ef { sup  sup Uﬁh )| - (”Zq (n, h)} <24, (nl,n2)n5 e %, (4.8)
neN pheH (n) i

To get (4.8) we have used obvious equality: [sup, Q(a)]% = sup, [Q(a)]4.
3%, Fix i € Iy and note that in view of Assumption 4 for any n > 1, any h € Hi(n) and i > 1

B (G0, %) | = Br { |60, X0 1, (, () | +E{I60,X0 1, (3300
< Goo(0) [Pe{ X1 € () } +171] < Goo(6®) [Pr{X1s € Hp(} +071] . (49)

The last inequality follows from (4.2). It yields for any n € N and any b € H;(n)
DY EG(D, X)| € Gao(8) [fi 07! < 2(01) MG (9P), (4.10)
i=1

since f; < (n1)7" for any i € Iy and v > 1.
Introduce random events

nz
Ci: {Z]‘Hm(l)(Xlﬂ) 22}, i€I2, C: U Ci.
i=1 ielz
Note that if the random event C holds (where, as usual, C is complementary to C) then for any
n € N and any h € H;j(n) in view of Assumption 4 and (4.2)

n*1i|a(h,x,~)| < 27 G (5 < 2(n1) T G (HP). (4.11)

=1

Taking into account that bounds found 1n (4.10) and (4.11) are independent of i we get for any
n €N and any h € H@(n) := H(n)\ € HD(n)

o(m)|1e < 4(n1)'Gao(h™).
Noting that for any h € 3, z > 1 and n € N

VA (n,h) > 87! (h(k)

U D(nh) > 8n7 G (hV)
16

4(n1) " Goo (H™),
4(n1) " Goo (H™).

>
>



and, therefore, if the random event C is realized we have

sup  sup Uﬁh ‘— (v:2) nh)} 0, sup sup Ufh )| — UL (n, h)] < 0.
neN heH?) (n) neN heH?) (n)

It yields, first,

P; {sug sup [’fh(n” _ f)lgv,z) (n, b)} > 0} <Pe{C} < Z Ps {C;}. (4.12)

neN heH? (n) icly

Next, taking into account the trivial bound |&p(n)| < 2Gy, for any n € N and any b € H(n), we get

q

E; {sup sup  [[gy(n)] — UL (m, b)}} < (2Ga)"Pe{c} < (2Gn)" SR G}, (413)

neN hEﬁ<2)( ) + ielz

For any i € Iz put p;; = IP’f{Xu € Hm(l)} Since X1, ¢ > 1, are independent random elements
we have for any i € Is and any A > 0 in view of exponential Markov inequality

nz
P¢ {Ci} < exp {—2)\ + (et 1) sz‘,i} = exp {—2)\ + 1y (e — l)fi}.
i=1
Minimizing the right hand side in A we obtain for any i € I
]P)f {Cl} S (6/2)2(1’11fi)2 S 2fi n12_”.
The last inequality follows from the definition of Ia. We obtain finally in view of (4.6)

> P {C} < 4n’ ny* 7V (4.14)

iela

The assertions of the theorem follow now from (4.7), (4.8), (4.12), (4.13) and (4.14).

4.2. Proof of Corollary 1

To prove the assertion of the corollary it suffices to bound from above the function £, ,(-). Remind
that we proved, see (4.9), for any n > 1, any h € H(n) and i > 1

Er|G(h, Xi)| < Goo (6) [Pe{ X1 € i () } +071].

It yields for any n € N and any h € H(n)
Fay(0) < Goo (6% [An(b) + 071 ], An(hn) = n‘lz/ f“ )i (da). (4.15)

Indeed, if ny = ng then n = ny and (4.15) is obvious. If n; # ng then ]P’f{XM € ﬁm(hm)}

is independent of ¢ since we supposed that X ;, ¢ > 1 are identically distributed. Hence, A,(-) is

independent of n and (4.15) holds. Let n € N be fixed and let h € $(n) be such that Fy,,(h) > n~1/2.
17



If A, (hy) <1t we have Goo (hF)) > 271 /n and, therefore,
21)‘ In {2Gw (b(k))}‘ >ovln(n) > L,4(bm)-

If A,(bm) > n~t we have Fi, () = Fa, (h) < 2Goo (h*)) A, (hm) and, therefore,

~

Lnbm) S (A, (0m)) < In (26 (6™)FLl(0)) = [In (26 (6P) Er, ()|

< (30 60)] + I (Fua)
Here we have also used that A, (b,,) < 1. Thus, if Fy,(h) > n~"/? for any v > 1
() < 2010 (2Gc (60)) | + | (Fuz (9))]. (4.16)

If now b € H(n) be such that Fy,(h) < n=2/2 then obviously Fa,(h) < n~/2 and, therefore,

20 |0 (Fo ()| > vIn(n) > L00(hm).
The latter inequality together with (4.16) yields for any n € N, any b € $(n) and v > 1

Eno(bm) < 20/ [In (260 (6®) )| + | (Fuy ()] ]- (4.17)

Hence, choosing r = In(ng) and replacing £, ,(+) in the expressions of %v’z)(-, -) and L?ﬁv’z’q)(-, -) by
its upper bound found in (4.17) we come to the assertion of the corollary.

4.3. Proof of Theorem 2
For any [ € N* set ny :j2l7 N; = {nl,nl + 1,...,nl+1} and let

Can e VI ) (1) .
" o0 5; ) oo (59) [ 10 G (60} I ()

We obviously have for any y > 0

Pe{¢G > 7T}
< ZIP’f{ sup  sup [nb“‘) T\/ 1G4 ln{G ()} viInln (n)} > O}.
=1 NG Y (n,a)

Remind, that for any 3 < n; < ng < 2n; and any n € N

V@A) (nh) = Al\/(ﬁnz(b) ) h<k( 1)) +2(v + 1)| In { Fay (b }|+z)
P

22 (n 7 (1)) Goo (60 (Po(6®) + 2(0 + 1) In { Foy (9)}] + 2)
18



Let | € N* be fixed and choose v = 3 and z = 2In (1 +In (n;)). Later on Y,, r = 1,2,3,4 denote
the constants independent on [ and n. N
We have in view of (2.3), (2.4) and (2.5) for any n € N; and h € H(n)

G (h™) [ln {Goo(h®)} VInln (n)} Go (h(k)) b+ ()

P(3, 21n (1+1n (m)))(n’ h) < ’I‘1J

+ 7o
n n
To get the latter inequality we have used, first, that
ﬁnz(h)| In {ﬁnz(h)}‘ < sup z|In(z)| =: ¢(F) < oo, VF < oc.
z€(0,F]
Next, to get the second term, we have used that for any n € N; and h € E(n)
ﬁg(b(k)) < Y3ln(n), | In {ﬁm(b)}‘ < max [|In {F}|,In(n4+1)] < max [|In{F}|,In(2n)].

Since b > 1 can be arbitrary chosen and a > 4 let 1 < b < a/2 — 1. It yields for any n > 3 and
any H*) € 5y (n, a)

Goo (h®) In®* (n) o J Goo(h() {ln{Goo(h(’f))} V Inln (n)}
<Yy

n n

and, therefore, putting ¥ = Y1 4+ Y2 Y, we get for any n € N;

Goo(58)) [ {Goo (h®) } VInn (n)]

n

P 2 (4 () () < T\l

Noting that right hand side of the latter inequality is independent of by and applying the first
assertion of Corollary 1 with N = N; and z = 21n (1 + In (n;)) we obtain

> > 241 4840n°
Pe{¢ > T} <2n°{2419> (I+In(j) 2 +j 1> 27" <20’ {9 +j1} < 8 0,“ :
P = In (j) In (j)

5. Appendix
Proof of Lemma 1 1°. Remind that

Goo(r) =V gl Klloo, G =V, (o 19l K [loo, 7> 1. (5.1)

r(max)

(min) (max)

Hence we have have for any [ = 1,d and any b; :=r; € [Tl (n),r (n)}

Gun(1) = lglloe 1K 1o [Vicwimuy] [ ) /]

G = 9lloc Koo [Vitmnrgy] [ () /)]
19



Thus, we get for any n > 1, r € R(n) and for any j = 1,d

(max) ] Vi
S [Tj " ] _ Gin(rj)

T

ﬁ [ l(max)

We conclude that Assumption 1 (i) is fulfilled.

20, Remind that for any r,7’ € R(n)

led) (7“, r/) = lrzi); mo (Gl,n(rl), Gj,n(rb) = IIE%%‘ 1I1<7"l) — ln(r{)‘ = Q(d) (7“, r’)’ (5.2)

30. Set || K, — K| = sup,epa |Ky(2) — Ky (2)| and note that for any z € X{ x X441 and for
any b = (r,3,9'%), b’ = ("5, 2(9)

G(b.2) — GO'.2)| < gllec] +HKHoo[Verw !g( 2) = 9(5, )],
+ lgllooV;7 \K( D,y D)) = K (5D, D) 1)
< +LHKHoo[va] [(a,a'ﬂ“

lgllo V7 \K( y D) 1) = K (5D, 2D) /r')].

)

The get the last inequality we have used Assumption 5 (ii). Using Assumption 5 (i) we have

‘K (ﬁ(x(d)’ y(d))/r/) K (ﬁ(x(d), Z(d))/r/)

_|_

IN

Ly max {(7"2)71 \pi(z1, 1) — pi (i, Zl)”
I=1,d

IN

L1 max {(Tf)*lpl (Y1, Zl)} :
1=1.d

To get the last inequality we have taken into account that p;, I = 1, d, are semi-metrics. Note also
that (7)™t < V;'! for any [ = 1,d, since r; < 1 and we obtain

‘K (ﬁ(x(d), y(d))/r/) - K (p_'(x(d), z(d))/r'> < L1VT,—1p(d) (y(d)’ z(d)), (5.3)
where we have put p(¥) = max, 7 p1- Obviously,
1 = Ko TV A Ve vV K ) = K ) - (54)

We have in view of Assumption 5 (i) and (5.2)

HK(/T) _K('/T/)H < L; sup max
u€eRd I=1,d

=1 [exp { max ’ In(ry) — ln(rf)‘} - 1} <I [GXP {V_IQ(d) (7", 7“/)} - 1]’

< L1 max
1=1,d

| [1/r —1/7]
1+ || (1) A 1/7“2)

TV q
rlArl

we have put v = min[yy, ..., v4]. Moreover, we obviously have for any r, 7’ € (0, 1]d

VvV _ Ve
VTXV,J < VTZT exp{Z’n‘ln r7) —In (rf)‘} SeXp{dg(d)(r,r’)}_
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Thus, we finally obtain from (5.4)
| K7 — K| < VeV Vi)™ {HKHOO (exp {dg(d) (r, r’)} - 1) + Ly {exp {’y*lg(d) (7’, r’)} — 1H

This yields together with (5.3) for any b = (r,3,y?) and b’ = (', 3, 2(D)

sup |G(f),x) -Gy, ZL‘)| (5.5)

xEX%XXOH_l
ﬂwvaw1th@mwww H—0+mpmh1WWwﬂ—ﬂ
+LallK [l [Ve vV Vil 7 [0(3,30] " + Lallglloo Vi 20 (519, 2(9)

sMMWWMMAwrﬁamNO+amwwn+mwu¢*mw@@@@d%ﬂ,

where we have put ga41 = [0, Das1(2) = (La/llgllo) 2, Dara(2) = L1 (llglloo | K]|%) ™" 2 and
Do(2) = exp {dz} — 1+ (L /|| K [l0) (exp {2} = 1).

Putting Lgy1(2) = 2 and Lgyo(2) = 2% we obtain from (5.1) and (5.5) for any b = (r,3,y?) and
b = (.5, 2P)

sup |G(b,$) — G(h’,a:)| < Goo(r) V Goo(T/)Do(g(d) (r, 7“/))

2EXIxXgt1

+Lat1 (Goo(r) V Goo () D1 (04+1(5:3') ) + Lata (Goo(r) V Goo(r')) Dass (o9 (5, 29)) .
We conclude that Assumption 1 (ii) is fulfilled. It remains to note that if X¢ consists of a single

element then last summand in the right hand side of the latter inequality disappears that correspond
formally to Lo = 0. This completes the proof of the lemma.

Proof of Lemma 2 In view of (3.4) for any r € (0,1]¢

HJW“U<%MM/J&@W@@@MMW®@PﬂMM®L- (5.6)
1

Denote for any I = 1,d
R (ky,m) =By (2’”“7“1,561) \ B; (2’”77,:?1), R(0,7m) =By (Tz,fz), k€ N.

and for any multi-index k = (ki,...,kq) € N set Ry, = Ry (k1,71) % - -+ x Rk, 74). We get in
view of Assumption 7 that X¢ = Uyene Rk, for any r € (0,1]¢ and, therefore,

-3 / K (d)))’ 1D (de @),
keNd
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We note that for any k € N¢ that for any z(9) e Ri,r

(@D 7(d) 3
‘Kr (p_'(:z:(d),a’:(d)))‘ =V 1K (p(x,x)) <V.b o sup |K(uw)| =V, 'K (t(k)).

r || €1Tg (1)

where, we have put t(k) = (2%,...,2%) and where, remind, II; = [0,#] x - x [0,4], t € Ri.
Thus, we obtain from (3.3) of Assumption 7 (remind that u(? is a product measure)

I, < V7P Y K(t(k)pl® (Ht(k)) <V K(t(k)) lH 1 (31(2’”“7“1,5?1))]

keNd keNd =1

IN

[ﬁ 2”(”] > K(t(k)) llg[ 2”””] - (5.7)
=1 =1

keNd
We get finally from (3.2) of Assumption 7 that for any r € (0, 1]¢
d
I, < 2°Ly [T 27 LW.
=1

The assertion of the lemma follows now from (5.6).

Proof of Lemma 3 Remind, that for the considered problem

9 (has2) = X{ (2D = U U X«

i: z(deX; k: XeNX;#0

For any z(9 € X¢ and any r > 0 denote B, (r,z@) = {x(d) eX¢: pd(z@ z(@) < r} where,
remind, p(d) = max/[p1, ..., p4]. The following inclusion holds in view of Assumption 8
B (t,z'9) € X{(z), vz e x{. (5.8)
Indeed, suppose that Jy@ ¢ B (@) (t, 2(4)) such that y(@ ¢ X¢(z(9)). Then, the definition of X¢ (z(4)
implies that for any p,q € I such that ) ¢ Xp, y(d) € Xq necessarily
XpNXgq=0.

Hence, in view of Assumption 8, p(@) (y(d),a_:(d)) > t and, therefore, y(%9) ¢ B o) (t, E(d)). The obtained
contradiction proves (5.8).
Note that in view of Assumption 5 (ii) for any = € X§ x X4, and any b = (r,3,2(?)

G, 2)| < llgllsV " |& (2, 2) /r)

and, therefore, we get from (5.8) and (3.7)

sup Go2) < alloV ™t sup K (7, 5D)r)|
2€XIxXgp1: 2D gXd(z(@) 2 D¢B () (£3(D)
< glloeV; ™ sup sup [K(u/r)] < |lglloo]| K [locV; 07!

re€R(n) ug[0,{?

= n 1 G(r) = nilGoo(h(d)).
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