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Upper functions for positive random functionals.
General setting and Gaussian random functions.

Oleg Lepski

Laboratoire d’Analyse, Topologie, Probabilités
Université Aiz-Marseille
39, rue F. Joliot-Curie
13458 Marseille, France
e-mail: lepski@cmi.univ-mrs.fr

Abstract: In this paper we are interested in finding upper functions for a collection real-
valued random variables {\I/<X9) ,0 € @}. Here {xo,6 € O} is a family of continuous random
mappings, VU is a given sub-additive positive functional and © is a totally bounded subset of a

metric space. We seek a non-random function U : ©® — R such that supycg {\I/ (Xe) — U(H)}_‘r

is "small” with prescribed probability. We apply the results obtained in the general setting to
the variety of problems related to gaussian random functions and empirical processes.

AMS 2000 subject classifications: Primary 60E15; secondary 62G07, 62GO08S.
Keywords and phrases: upper function, empirical processes, gaussian random function,
metric entropy, doubling measure.

1. Introduction

The main objective of this paper is to look from a novel point of view at some phenomena arising in
different areas of probability theory and mathematical statistics. We will try to understand what is
common between classical probabilistic results, such as the law of iterated logarithm for example,
and well-known problem in adaptive estimation called price to pay for adaptation. Why do two
different kinds of this price exist? What relates exponential inequalities for M-estimators, so-called
uniform-in-bandwidth consistency in density or regression model and the bounds for modulus of
continuity of gaussian random functions defined on a metric space equipped with doubling measure?
It turned out that all these and many other problems can be reduced to the following one.
Let ¥ be a set and let (£2,B,P) be a complete probability space. Let x defined on T x Q be a
given B-measurable map into a linear metric space & and let ¥ : & — R be a given continuous
sub-additive functional.
Let © C ¥ and suppose that V8 € © and Vz > 0 one can find non-random U(#,2) > 0 and ¢ > 0
such that

P{[¥(xp) —U(0,z2)] >0} < ce *. (1.1)
Assuming additionally that AU(-,z) > U(+, Az) for any z > 0, A > 1 we also have for any ¢ > 1
E{[¥(x) —U(0,2),} <Dg+D[UO,D]% > vz>1, (1.2)

where T is gamma-function and [a]+ is the positive part of a.
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The problem which we address now consists in a finding of U(6, z) and U,(0, z) satisfying

P {zug [W(xg) — U, 2)] > 0} <ce® Vz>1 (1.3)
B{sup W) - U0, } < [pe U0 e vz (1.4

where ¢ and ¢, are constants. If (1.3) and (1.4) hold we will say that U(-,-) and U,(,-) are upper
functions for the collection of random variables {¥(xy), 6 € O}.
The main questions which we would like to answer are the following.

e Do U(-,-) and Uy(+,-) coincide with U(-,-) up to numerical constants or there is a ”price to
pay” for passing from pointwise results (1.1)—(1.2) to uniform ones given in (1.3)—(1.4)7

e Do U(:,-) and U,(,-) coincide up to numerical constants? In other words should one to pay
the same price for the probability and moment’s bounds?

We will show that a payment exists and in general Ug(-,-) > U(:,-) > U(-,-). Thus, we will
seek U(+,-) and U,(+, -) satisfying (1.3) and (1.4) and "minimally” separated away from U(-,-). We
will realize this program under the following condition.

Assumption 1. 1. There exist A: ¥ —-R,, B: ¥ — Ry and ¢ > 0 such that Vz > 0

22
P{¥(xp) > 2z} < cexp {_142(9)4'3(9)3}’ Vo € ©. (1.5)

2. There erista: T X T —- Ry andb: T x T — Ry such that Vz > 0

22

~a2(0y,02) + b(6y,602)2

P{U(xo, — x0,) = 2} < cexp{ } V61,05 € ©. (1.6)

Remark 1. If Assumption 1 (1) holds on ¥ (not only on ©), ¥ is linear space and if, additionally,
the map x; is linear on T , then the Assumption 1 (2) is automatically fulfilled since one can take
a(tl,tz) = A(tl — fz) and b(fl, fz) = B(tl — fz), t,to €%,

Remark 2. We can easily deduce from (1.5) that for any 6 € ©

P{W(x) > A0)v/z + B(0)z} < cexp {2}, V2> 0; (1.7)

E{(xo) — [A0)VZ + B(©O)] }i < (g +1)[A0) + BO)] exp {2}, v2>1. (1)

Therefore, (1.1)—(1.2) hold with U(0, z) = A(0)\/z + B(0)z.

Assumption 1 is not new. In particular, it can be found in slightly different form in van der Vaart
and Wellner (1996), Talagrand (2005), where this assumption is used for deriving the bound for
E [supgce ¥(xo)]. The usual technique is based on the chaining argument available in view of (1.6).
It is worth mentioning that uniform probability and moment bounds for [supgcg ¥(xg)] in the case
where Xy is empirical or gaussian process are a subject of vast literature, see, e.g., Alexander (1984),
Talagrand (1994), Lifshits (1995), van der Vaart and Wellner (1996), van de Geer (2000), Massart
(2000), Bousquet (2002), Giné and Koltchinskii (2006) among many others. Such bounds play an
important role in establishing the laws of iterative logarithm and central limit theorems [see, e.g.,
Alexander (1984) and Giné and Zinn (1984)].
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However much less attention was paid to finding of upper functions. The majority of the papers,
where such problems are considered, contains asymptotical results, see, i.e. Kalinauskaite (1966),
Qualls and Watanabe (1972), Bobkov (1988), Shiryaev et al. (2002) and references therein. We
would like especially mention the paper Egishyants and Ostrovskii (1996), where upper function
satisfying the inequalities similar to (1.3), was obtained for the modulus of continuity of random
fields satisfying the Cramer condition.

The researches carried out in the present paper complete the investigations done in Goldenshluger
and Lepski (2011), where the upper functions as well as inequalities (1.3)—(1.4) were obtained under
following condition: y; is linear and there are A: ¥ - R,, B: ¥ >Ry, V:% — R, such that

2

P{¥() - V() 2 2) < o

0+ B(t)z)’ vte s,

where g : Ry — R, is a strictly decreasing to zero function. We note that if g(xz) = e and
V' = 0 this assumption coincides with (1.5) and, since x; is linear (1.6) is automatically fulfilled, see
Remark 1. In Goldenshluger and Lepski (2011) under additional assumption imposed on A, B,V
and © C T the upper functions for the collection {¥(xy), 6 € O} were found. As it was shown
that they coincide with the function V' up to universal constants! The imposed assumptions do not
admit the case V' = 0 that, as it was said above, leads to some ”price to pay” for passing from
pointwise results (1.1)—(1.2) to uniform ones given in (1.3)—(1.4).

To derive upper functions satisfying (1.3)—(1.4) we complete Assumption 1 by the following
conditions.

Assumption 2. y, : ¥ — & is continuous P-a.s.
Mappings a and b are semi-metrics on T and © is totally bounded with respect to a VvV b.
Ag = supyeg A(f) < 00, Be = supyee B(f) < .

Denote by S the following set of real functions:

S:{g:R—>R+\{o}: is@k’ﬁ) gl}.

k=0

For any O C O and any semi-metric d on T let €5 d(é), 6 > 0, denote the entropy of O measured
in d. For any 2 >0, © C © and s € S define the quantities

e (x,0) = sup 572(’36 . (x(485)715(5)) , eP(z,0) = sup 57166 b (x(485)713(5)) . (19)
>0 ’ 6>0 ’

Assumption 3. There exist 1,82 € S such that Yx > 0
egi‘) (z,0) < oo, 692’) (z,0) < 0.

What is this paper about? In the next section we construct upper functions for {U(xy), 6 € ©}
and prove for them the inequalities (1.3)-(1.4) under Assumptions 1-3. We show that they are
completely determined by the functions A and B and by the entropies of their level sets measured
in semi-metrics a and b. We will see that obtained upper functions do not coincide with U (0, z) =
A(0)\/z + B(0)z, see Remark 2, and provide with explicit expression for the ”price to be paid for
uniformity”. In particular, if A := infgcg A(f) > 0 and B := infycg B(0) > 0, we prove that this
"price” can be expressed as a given function of A(#)/A and B(6)/B.
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In this context it is interesting to compare our results with the usual probability bounds for
supgeco Y (xp) above E {supycg V(xp)} obtained from Talagrand’s or the Borel-Sudakov-Tsirelson
inequality (when available), combined with uniform bounds for E {supgcg ¥(xg)} proved in Tala-
grand (2005), Theorem 1.2.7, under condition close to our Assumption 1. Following this strategy
we will come to upper functions which are constant in 6. The main question is then what can one
gain using the technique developed in the paper with respect to the aforementioned approach? We
do not think that the answer can be done under ”abstract considerations”, i.e. under Assumptions
1-3 since it would require to prove that the found ”price to be paid for uniformity” is minimal.
However, in concrete examples it seems to be possible, in particular for some problems studied in
mathematical statistics. Let us mention some of them. First, we recall that upper functions are
used in all known constructions of adaptive procedures. Next, the use of upper functions being
constant in 6 will lead to adaptive estimators which are not optimal (remind, that the adaptive
estimation theory is equipped with very developed criterion of optimality). Contrary to this, in all
known to the author examples the use of upper functions found in Propositions 2 and 3 allows to
construct optimal adaptive procedures (for more details see discussion after Proposition 2). Also,
we would like to emphasize that upper functions being constant in # and the probability bounds
related to them are similar to the construction and the results described in Proposition 1, which is,
in its turn, the initial step for our considerations. This step as well as the Talagrand’s bounds are
obtained from chaining argument under, for instance, Assumption 1. In some sense one of our goals
is to show that the use of concentration inequalities (which cannot be guaranteed by a condition
similar to Assumption 1 ) in the construction of upper functions is not necessary. In particular,
in Section 3.1 we derive an upper function for the L,-norms of Wiener integrals and deduce the
corresponding probability bounds directly from Proposition 3 without passing to the concentration
inequalities.

As it was mentioned above upper functions for random objects appear in various areas of math-
ematical statistics. To apply them in the construction of statistical procedures they have to be
computed explicitly. In particular the study of the adaptive estimation in the density model re-
quires to find upper functions for the empirical processes of different kind. For the majority of
existed problems Assumption 1 follows from the Berstein’s inequality. However the application of
Propositions 2-3 requires to compute the functions £ or g (involved in the description of upper
functions) and there is no a general recipe how to do it. One of our main objectives is to provide
with rather general assumptions under which the latter quantities can be computed explicitly. In
particular, we provide with the condition (main assumption in Part Il of the paper) and to the best
of our knowledge the assumptions of such kind have not been appeared in the existing literature.
Under this assumption the upper functions are found for the variety of particular problems.

Organization of the paper. The paper is divided into 3 parts which are supposed to be pub-
lished separately.

Part I. In Section 2 of we construct upper functions for {U(yy), 0 € ©} and prove for them the
inequalities (1.3)—(1.4) under Assumptions 1-3. In fact we present two different constructions which
will be referred to upper functions of the first and second type (Propositions 2 and 3). We also derive
some consequences related to the upper functions for modulus of continuity of random real-valued
mappings (Propositions 4 and 5 ). In Section 3 we apply Propositions 3 and 4 to gaussian random
functions. In Section 3.1 we derive upper functions for Ly,-norm of some Wiener integrals (Theorem
1) and in Section 3.2 we study the local modulus of continuity of gaussian functions defined on a
metric space satisfying doubling condition (Theorem 2). Proofs are given in Sections 4-5.
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Part Il and Part Il are devoted to the detailed consideration of generalized empirical processes.
We provide with rather general assumption under which the upper functions admit the explicit
expression. We also establish non-asymptotical versions of the law of iterated logarithm and the
law of logarithm. Then we apply the developed technique to empirical processes possessing some
special structure.

2. General setting

Denote by S, the subset of S x S for which Assumption 3 holds and let A, B,a and b be any
mappings for which Assumption 1 is fulfilled. _
For any § = (s1,52) € Sap, any s = (31, 22), 21 > 0,300 > 0, and any © C © put

es(,0) = egi‘) (51,0) + egg)(%g, 0). (2.1)

2.1. Inequalities for the suprema

Putforany(:)g@,any£>0andanyy20

USSE) (y, », é) = \/2[1 + 5*1]2(3@*(%, é) +y+ (2[1 + 5_1}265(%, é) + y)

Proposition 1. Let Assumptions 1-3 hold and let © C © be fized. Then for any 3 satisfying
¥ 2 sup,_g A(0) and 325 > SUP, g B(0), any §€ Sap, e € (0,vV/2—1] and y > 1,

P {pw (xo) 2 U (. é)} < 2eexp {~y/(1 + &)},
€O

Moreover, for any q > 1

q

E {Sug W (xo) — UY (v, 2, é)} <2l(g+1) [(1+2)%7 UL (3, % 8) ] exp { /(1 + )%},
0c6 n

We remark that sup,_g ¥ (xp) is B-measurable for any © C O since U is continuous, the mapping
0 — xg is continuous P-a.s., © is a totally bounded set and considered probability space is complete
(see, e.g. Lemma 1 below).

Discussion We will see that the Proposition 1 is crucial technical tool for deriving upper func-
tions. It contains the main ingredient of our future construction the quantity ez. The important
issue in this context is the choice of 5 € S, 1,. For many particular problems it is sufficient to choose
§=(s*,s"), where

s*(z) = (6/72)(1 + Ina]?) ", = > 0. (2.2)

This choice is explained by two simple reasons: its explicit description allowing to compute the
quantity ez in particular problem and the logarithmical decay of this function when x — oco. In
view of the latter remark we can consider the set © those entropy obeys the restriction which is
closer to the minimal one (c.f. Sudakov lower bound for gaussian random functions Lifshits (1995)).
We note, however, that there exist examples where § has to be chosen on a more special way (see
Theorem 1).
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Let us now discuss the role of the parameter ¢. In most particular problems considered in the
paper we will not be interested in optimization of the numerical constants involved in the description
of upper functions. If so, the choice of this parameter can be done in arbitrary way and we will
put € = v/2 — 1 to simplify the notations and computations. Note, however, that there are some
problems (see, for instance Section 3.2), where e must be chosen carefully. The typical requirements
to this choice is ¢ = ¢(y) and

e(y) =0, ye*(y) — 0, y— oo.

The bounds similar to those presented in Proposition 1 are the subject of vast literature see,
for instance, the books Lifshits (1995), van der Vaart and Wellner (1996) or van de Geer (2000).
Note, however, that the results presented in the proposition may have an independent interest, at
least, for the problems where the quantity ez can be expressed explicitly. In this case under rather
general conditions it is possible, putting O =0and x = (Ao, Bo), to compute the tail probability
as well as the expected value of the suprema of random mappings. Note also that Assumptions 1-3
guarantee that E {supycg ¥ (xp)}? is finite for any ¢ > 1.

2.2. Upper functions of the first and second type

We will now use Proposition 1 in order to derive the upper functions for ¥ (yg) on ©. Denote
A = infypco A(f) and B = infyco B(0).

We present two kinds of upper functions for ¥ (yg) on © which we will refer to upper functions
of the first and second type. The first construction is completely determined by the functions A,
B and by the semi-metrics a and b. It requires however the additional condition A > 0, B > 0. We
will use corresponding results for the particular problems in Parts Il and IIl.

The second construction is related to some special structure imposed on the set ©. Namely we
will suppose that © = UyOqeq, where {O,, o € 2} is a given collection of sets. Here we will
be interested in a finding of upper function for supycg, ¥ (xg) on A, which can be also viewed as
an upper function for ¥ (xg) on ©. The corresponding results are used in order to obtain rather
precise inequalities for the modulus of continuity of random functions, Section 3.2. Moreover we
apply this bound for deriving of an upper function for the L,-norms of Wiener integrals, Section
3.1. We deduce the corresponding inequality directly from Proposition 3 below without passing to
the concentration inequalities.

We finish this short introduction with the following remark. In order to establish the inequali-
ties (1.3)—(1.4) for the upper functions presented below we will need to prove that corresponding
supremum is a random variable. The result below is sufficient for all problems considered in the
paper and before we start the proofs we will not discuss the measurability issue.

Lemma 1. Let ¥ be the set equipped with the metric 0, (2,8, P) be a complete probability space
and ¢ : & X T — R be P-a.s. continuous. Let 3 be a set, g : 3 — R be a given function and

{%; €T, 5 € 3} be an arbitrary sequence of sets. If T is totally bounded then sup,c3 [SUPte‘g C(t,)—
g(3)] is B-measurable.

The proof of the lemma is given in Appendix. We would like to emphasize that there is no any
assumption imposed on the function g, index set 3 and on the collection {T; C ¥, 3 € 3}.
Putting 3 = ¥ and T, = {t} we come to the following consequence of Lemma 1.
Corollary 1. Under assumptions of Lemma 1 supyex [C(t,-) — g(t)] is B-measurable.
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Upper functions of the first type As it was said above throughout this section we will suppose
that A > 0,B > 0. Put for any ¢t > 0

Oa(t)={0c0: AW) <t}, Opt)={0co: BO) <t}
For any § € S, , introduce the function
Ex(u,v) = e (Au, ©4(Au) ) + ) (Bv,05(Bv)), wv> 1. (2.3)
Denote also £(u) = In {1+ In (u)} +2In {1 +In {1+ In(x)}} and set for any ¢ and € > 0,7 > 0
Po(0) = 2[1 + &' E5(A(6), B-(6)) + (14 2)*[£(A(9)) + £(B-(0))]; (2.4)

2

Meo(0) = (14 {2[1 + 6 A0). B-(0) + (e + ) I [A-(0)B-(0)] },  (2.5)

where A.(0) = (14 ¢)[A(0)/A] and B.(0) = (1+¢)[B(6)/B]. Define for any z > 0

VEID) = (4o (40RO + 1+ epa+ BO[RO+ 0 +9%]) 20

UEE(8) = (1422 (A0 Mar 0) + (L4 22+ BO)Mer(0) + (142%] ). (2)

In the proposition below we prove that the functions defined in (2.6) and (2.7) are upper functions
for W (xp) on ©. We remark that they are completely determined by the functions A and B and by
the entropies of their level sets measured in semi-metrics a and b. The number ¢ and the couple of
functions § can be viewed as tuning parameters allowing either to weaken assumptions or to obtain
sharper bounds but they are not related to the random functional W (xg) itself.

Proposition 2. Let Assumptions 1-3 be fulfilled. Then V5 € Sap, Ve € (0,v/2 — 1] and ¥z > 1

2

p {sup {\Il (xo) — V(zﬁ)(g)} > 0} <2c {1 + {ln{l +1In(1+ 6)}} 2} exp{—z};
fcO

q
E {gug [ (xp) — U9 (0)] } < 20 (g 1) 6797 [AV B)? exp {—2}.
€ +

It is obvious that the assertions of the proposition remain valid if one replaces the function
&z by any its upper bound. It is important since the exact computation of this function is too
complicated in general. We note that the role of the latter function in our construction is similar
to those which Dudley integral plays in the computations of the expectation of the suprema of
gaussian or sub-gaussian processes Lifshits (1995), Talagrand (2005).

Price to pay for ”uniformity” We remark that in view of (1.7) and (1.8), the function
U () := A(6)\/z + B(0)z can be viewed as ”pointwise upper function” for ¥(yg), i.e. for fixed 6.
Comparing the inequalities (1.7) and (1.8) with those given in Proposition 2 we conclude that they
differ from each other by numerical constants only. In this context, the functions P.(-) and M, ,(-)
given by (2.4) and (2.5) can be viewed as price to pay for "uniformity”. That means that in order
to pass from ”pointwise” result to the "uniform” one we need, roughly speaking, to multiply A(-)
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by /P-(-) or \/M.,(-) and B(-) by P.(-) or M. ,(-). The question, arising naturally: is such pay-
ment necessary or minimal? In this context it is worth mentioning the relation between well-known
phenomenon in adaptive estimation, called price to pay for adaptation Lepski (1991), Lepski and
Spokoiny (1997) and Spokoiny (1996), and what we call here price to pay for uniformity. We have
no place here to describe this relation in detail and mention only several facts.

First let us remark almost all constructions of adaptive estimators (model selection Barron et
al. (1999), risk hull minimization Cavalier and Golubev (2006), Lepski method Lepski (1991), or
recently developed universal estimation routine Goldenshluger and Lepski (2008, 2009)) involve
the upper functions for stochastic objects of different kinds. Next, it is known that there are two
types of price to pay for adaptation: (In)-price, Lepski (1991) and (Inln)-price, Spokoiny (1996).
The (In)-price appears in the problems where the risk of estimation procedures is described by a
power loss-functions and it corresponds to the function M, ,(-), where the parameter r is a power.
The (InIn)-price appears in the case of bounded losses that corresponds to the function P.(-). Since
the theory of adaptive estimation is equipped with very developed criteria of optimality, Lepski
(1991), Tsybakov (1998), Kluchnikoff (2005), we might assert that the payment for uniformity is
optimal if the use of corresponding upper function leads to optimal adaptive estimators.

We finish the discussion concerning the statements of Proposition 2 with the following remark.
Comparing the result given in (1.8) with the second assertion of Proposition 2 we can state that
the inequality obtained there is very precise since, remind, A = infgcg A(#) and B = infpco B(0).

Upper functions of the second type Suppose that we are given by the collection {O,, «a € A},
satisfying © = Une9®a, and by two mappings 71 : 2 — (0,71], 72 : 2 — (0,72], where 71,72 < c0.
For any u > 0 put

Ow)= J ©a gilu)= sup A(6);

a: 71 (a)<u 0€01 (u)

Ohu)= | ©a gpu)= sup B(0),
a: ()< 0€0;(u)

and let g4 and gp be arbitrary chosen increasing functions, satisfying g4 > ¢% and gp > g} (we
note that obviously ¢% and g} are increasing).

Since ©](+),05(-) C O, in view of Assumption 3 for any w,v > 0 one can find the functions
s1(u, -) and s2(v, -) for which the latter assumption is fulfilled on ©](u) and ©%(v) respectively. Let
us suppose additionally that

sl(xt7 5) Sg(%t,(;)

A= Ssup sup sup——— <00, Ag:= sup sup sup —— < 00, (2.8)
tel1v3 w11 80 51(2,0) te[1va] T>Ts 650 $2(7,0)

where 7, = inf, 71(a) and 7o = inf, T2(a).

We remark that if the functions si(u,-) and sa(v,-) are chosen independently of u,v then A\; =
Ao = 1. It is also obvious that Ay, Ao > 1.

The condition (2.8) allows us to define the function:

&' (u,v) = e, (A 'ga(), 01 w) + e, (3 105(0),05(v)), wv>0.  (29)

We note that the function £’ is constructed similarly to the function £ used in the previous section,
but now the functions s; and so can be chosen in accordance with considered level sets.
8



At last, for any o € 2 and any € > 0 set
E() = &' ((1+e)m(a), (1+&)m(a)).

Put §; = (1+¢)7,5 >0, and let R, : Ry x Ry — Ry, 7 >0, be an arbitrary family of increasing
(or decreasing) in both arguments functions, satisfying for any ¢ € (0, V2 — 1]

J K
Z Z [gA (?153‘) V gB (72(5k)]r exp {—Rr (?153‘,?25]0} = R(E’T) < 00. (210)
=0 k=0

Here integers J, K are defined as follows.
J= [l (F1fr)] 41, K = [Ingee (7)) | +1.
If ; =0, i = 1,2, the corresponding quantity is put equal to infinity.
Set R(f)(a) =R, (7’57](0(),7'57'2(@)), where r. = (1 +¢) if R, is increasing and r. = (1 +¢)7! if

R, is decreasing, and define

UEE () = (14 5)9,4([1 + 5]271(a))\/2[1 +e 12 E@(a) + RO (a) + 2
+ (142 2gp([1+ ePPra(a)) (2[1+ 7Y E9(a) + B () + 2).

Below we assert that (7(27”), r = 0,r = g, are upper functions for [supgeea R (X@)] on 2. However,

before to present exact statements, let us briefly discuss some possible choices of the functions R,.
We would like to emphasize that the opportunity to select these functions allows to obtain quite
different and precise results. First possible choice is given by

Ro(u,v) = E(ﬂufl) +£(?2v*1>, R, (u,v) = 6[111 (?ufl) +1In (?gvfl)}, r > 0. (2.11)

These functions are used in the problems in which &' ()(.) is bounded by some absolute constant
independent of all quantities involved in the description of the problem, assumptions etc.
This choice leads to the following values of the constants in (2.10):

REO < [2 + [ln{l +In(1 +e)}} _er REN < 4[9A(71) % 93(@)}7“574- (2.12)

Another important choice is given by R, = £’ independently of r, see, for instance, Theorem 1. In
view of (2.10), this choice corresponds to the case when the function £’ increases to infinity.

Proposition 3. Let Assumptions 1-3 be fulfilled. Then for any si,s2 satisfying (2.8) and any
R, v >0, satisfying (2.10), for any € € (0,v/2 —1] and any z > 1, > 1

P {sup sup ¥ (xg) — IAJ(Z’E’O)(a)} > 0} < 2cRE exp {—2z};
ac LOecO,
R q
E {sup sup U (yg) — U529 (q) } < 2CUDHIP (g + 1YRED e=Texp {—2}.
acA LOcO, +

Remark 3. We note that the results of the proposition is very general. Indeed, there are no as-
sumptions imposed on the collection O, a € A, and the functions T, T2 can be chosen arbitrary.
Moreover, the condition (2.10) is very mild, so the choice of functions R, is quite flexible.
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2.3. Upper functions for the modulus of continuity of random mappings

In this section we apply Proposition 3 in order to derive upper functions for the local and global
modulus of continuity of real-valued random mappings. It is worth mentioning that in this circle
of problems the upper functions are actively exploited, see e.g. Egishyants and Ostrovskii (1996)
and the references therein. We will suppose that Assumption 1 (2), Assumption 2 and Assumption
3 are verified, x¢ is real-valued random mapping defined on the metric space ¥, d is a semi-metric
on ¥ and ¥(-)=|-|.

Upper function for local modulus of continuity Let 6y be a fixed element of © and set for
any A € (0, Dq(0)], where D4(©) is the diameter of © measured in the semi-metric d,

ma(6y) = 9Se%)p X0 — X60|, ©a = {0 €0: d(4,6y) < A},
A

Thus, ma(6y), A € (0, Dq(0)], is the local modulus of continuity of xg in 6y measured in d.

If we put Xg = xo—Xa,, 0 € O, we assert first that Assumption 1 (2) can be viewed as Assumption
1 (1) for Xp on © with A(-) = a(-,0p) and B(-) = b(-,0p). Next, noting that Xg, — Xo, = X6, — X6
for any 601,02 € © we conclude that Assumption 1 (2) is verified for gy on © with a and b.

Thus, we can apply Proposition 3 with a = A, ©, = Oa, A = (0,D4(0)] and we choose
T1(A) = m(A) = A. This choice implies obviously for any u < D4(©)

@/1 (U) = @,2(”) = ®u7 gA(U) = sup 3(9790)7 gB(U) = sup b(ea 00)
0:d(6,00) <u 0:d(6,00) <u

Fix § € S, 1, and put for any A € (0, Dq(©)] and any ¢ € (0,2 — 1]

g( )(A 00) = e(a)( ([1 + 6]A),@[1+5}A) + 692)) (gB([l + S]A), @[1+5}A)-

Here eg?) and eg};) are defined by (1.9). We also set A\; = A2 = 1 since the functions si, sg are chosen

independently of the collection {Oa, A € (0,Dq4(0)]}.
Choose also Ro(u,v) = ﬁ(ﬂufl) + ﬁ(?gvfl) and define

VA, 6y) = (1+a)gA([1+e]2A)\/2[1+e—1]2§(e>(A,90)+2£((1+5 Dy(©)/A) + =
+ (1+e)20s([L+ ) {2[1+ 7 EO(A, 00) +20((1 + ) Da(©)/A) + 2 }.

Then, applying Proposition 3 and taking into account (2.12) we come to the following result.

Proposition 4. Let Assumptions 1-3 be fulfilled. Then for any § € Sy, € € (0, V2 — 1] and z > 1

P sup [mA sze)(A 00)} >0, <2 [2+ {ln{l%—ln(l—}—z—:)}}ZTeXp{—z}.
Ae(0,04(0)]

In Section 3 we apply Proposition 4 to gaussian random functions defined on a metric space
satisfying so-called doubling condition.

10



Remark 4. If b =0, d = a and supAE( ] EA(E)(A,GO) =: SA(E)(HO) < 00, the upper function

0,D4(0©)

‘7;2’6) has a very simple form

V(A 0) = (1 + 5)3A\/2 1+ 7128 (8p) + f((l + 6)Dd(®)/A) + 2z (2.13)

Hence, the result of Proposition 4 can be viewed as the non-asymptotical version of the law of
iterated logarithm for sub-gaussian processes defined on some totaly bounded subset of metric space.
In this context it is worth mentioning the paper Egishyants and Ostrovskii (1996) where the upper
functions for local and global modulus of continuity were found for the stochastic processes satisfying
Cramer’s condition.

Remark 5. We also note that we replaced in (2.13) the factor 20(Dq(©)/A) appeared in the
upper function used in Proposition 4 by €(D4(©)/A). It is explained by the fact that To = 0
in (2.11) since B,b = 0. By the same reason, the probability bound in this case is given by

2c [2 + [ln{l +In(1+ 5)}}_2] exp{—=z}.

Upper function for global modulus of continuity Set O = © x © and let for any ¥ =
(61,62) € ©@ and any A € (0, Dg(0)],

() =0, = xozy ma = sup |Gy, of ={veo®: d,0) <A}
VSN

Thus, ma, A € (0,D4(0)], is the global modulus of continuity of xy on © measured in d.
Put A(9) = a(6y1,62), B(¥) = b(61,6), 9 = (01,602) € O, and equip O with the following
semi-metrics: ¥ = (01, 602),s = (s1,52) € OO

a®(9,¢) = 2[a(01,61) Va(fa,2)], bDP(0,¢) =2[b(01,61) Vb(ba,2)].

Some remarks are in order. We note first that Assumption 1 (2) can be viewed as Assumption 1
(1) for ¢(0) on ©®) with A= A and B = B.
Next we obtain in view of Assumption 1 (2) Vd,¢ € ©® and Vz > 0

P{IC) = C6)| = 2} <P{|xo, — x| = 2/2} + P{|x0, — xaal > 2/2}

22

22
= coxp {4[21(91, §1)]2 + 2b(61, §1)Z} e {4[3(92, §2)}2 + 2b(02, Q)z}

2 22
<c®expq— 2
[a®)(9,6)]" + @ (9,5)z

We conclude that Assumption 1 (2) holds for ¢(¥) on ©®) with a = a(®, b = b(® and ¢(? = 2c.

Since obviously
(’fa(z),@(z) (c) < 2(’3a79(§/2), (’fb(z)’@(z) (c) < 2@b,®(§/2)7 ¢ >0, (2.14)

we assert that Assumptions 2 and 3 are fulfilled on ©® with a = a® and b = b®.

11



Put % = UA>09(AZ). Since 8% ¢ 0@ we can apply Proposition 3 with a = A, O, =
@(AQ), 2 = (0, Dq(0)] and we choose 11 (A) = 12(A) = A.
The latter choice implies obviously for any u < D4(©)
O (u) = Oh(u) = 0P, ga(u)= sup A(¥), g(u)= sup B(¥).
9ol veel?
Fix § € S, 1, and put for any A € (0, Dq(©)] and any ¢ € (0,2 — 1]

5 a® @
EA) = e (9all1 +618), 07 a) + e (95 (11 +18), 070 )-

Here eé?@)) and 692)@)) are defined by (1.9), where a, b are replaced by a® and b®) respectively.

We also set A\1 = Ao = 1 since the functions si,so are chosen independently of the collection
{@(2), A € (0,Dq4(0)] } Choose Ro(u,v) = 6(?171_1) +€(?2v_1> and define

VEIA) = (1+e)ga([1+eA) \/2[1 + 7128 (A) +20((1 4 £)Da(©)/A) + 2
+ o1+ 5)293([1 + a]QA) {2[1 +e1PEE(A) + 26((1 +)Dy(© /A) + z}

Then, applying Proposition 3 and taking into account (2.12) we come to the following result.

Proposition 5. Let Assumptions 1-8 be fulfilled. Then for any § € S, 1, € € (0, V2—1] and z > 1

p sup {mA — ‘A/;Z’E)(A)} >0, <d4c {2 + {ln{l +In(1+ 6)}} _2]Qexp {—2z}.
Ae(0,04(0)]

The obtained inequality allows, in particular, to prove that the families of probabilities measures
generated by xg is dense. This, in its turn, is crucial step in proving of the weak convergence of
probabilities measures.

3. Gaussian random functions

In this section we apply Propositions 2-4 to the family of zero-mean gaussian random functions.
Thus, let xg, 0 € O, is a real valued continuous gaussian random function such that Exy = 0, V0 €
©. We are interested first in finding an upper function for |xg|,0 € ©. Let

V(0) = \/m7 p(01,02) = \/E |xo, — X0,

We remark that Assumption 1 holds with ¢ = 2, B =0 and b = 0 and VA > 2V, Va > \@p.
Since b = 0 Assumption 3 is reduced to

Assumption 3 [Gaussian case]. There exist s € S such that for any x > 0
sup o~ 2@3~ ( (485)*13(5)) < 00.

>0

Thus, if the latter assumption holds, Propositions 2-4 can be applied.

The aim of this section is to find uppers functions for quite different functionals of various
gaussian processes. We would like to emphasize that the original problem is not always related to
the consideration of |xg|,6 € ©, although such problems are also studied. The idea is to reduce it
(if necessary) to those for which one of Propositions 2-4 can be used. Without special mentionning
we will always consider a separable modification of g, 0 € ©.

12



3.1. Upper functions for Ly,-norms of Wiener integrals

Let K : R? — R be a continuous compactly supported function such that || Ko < co. Without loss
of generality we will assume that the support of K is [~1/2,1/2]%. Let 0 < h(™n) < p(max) <1 pe

given numbers. Put H = {h(min), h(max)} and let K (u) = h™ %K (ui/h,...,uq/h), h € H, u € R%
Let b(dt) is white noise on R? and consider the family of gaussian random fields
Enl(t) = . Ky (t —u)b(du), heH.
R

Let K, = [—p/2,11/2]%, 1> 1, be a given cube and let for any 1 < p < oo

léall, = ( /. |sh<t>|pdt)p

The objective is to find an upper function for Hfh”p on ‘H and later on Cq,Cs..., denote the

constants completely determined by d,p,u, v and K. It is worth mentioning that the explicit

values of these constants can be found and some of them are given in the proof of the theorem.
We will be interested only the case 2 < p < oo, since for any p € [1,2) we obviously have

d(2—p)

€nll, < (1) 2 llénll,

and, therefore, we can use the upper function found for p = 2 for any p € [1,2).

Let B;,,s > 0, 1 < ¢g,7 < 0o, denote the Besov space on R?, see e.g. Edmunds and Triebel
(1996), and later on H,(s, L) denote the the ball of the radius L > 0 in B .

Suppose that K € Hy (v, L) and without loss of generality we assume that L = 1 that implies
in particular that || K|/ < 1.

Theorem 1. Assume that v > d/2. Then for any 2 < p < co, h{™™) p™aX) ¢ (0. 1), and ¢ > 1
—2d
P{ sup |[¢|, — C1h~/?] > 0} < Chexp {_23/2 (m=9) /p}
heH p

q qd(2—p) 72d/p
B sup [l ~ Can~2] | < Cula) (100) T exp {272 (nme) I,
heH
The proof of the theorem is given in Section 5. The constant C] involved in the description of
found upper functions is bounded function of p on any bounded interval. Thus, the upper functions
are independent of p if p € [2, pg] for any given py > 2.

Also it is important to mention that the obtained upper functions are sharp. Indeed, it is not
difficult to prove that for any h > 0

IN

+

Csh™"? < E|jénl|, < Csh™2.

This, together with the concentration inequality for gaussian processes, Talagrand (1994), yields in
particular for any given h > 0

P {|lén, > C1h=/2} < Cyexp {~Cyh27}.

This inequality coincides, up to numerical constants, with the first inequality in Theorem 1 in
particular case when p(min) — p(max) — p
13



3.2. Upper functions for local modulus of continuity under doubling condition

Let metric space (%,d) be equipped with Borel measure s¢. This measure is doubling if 3Q > 1
such that

x{Ba(t,2r)} < Qx{Bq4(t,r)}, Vte %, Vr >0,

where B4 (t, ) is the closed ball with center t and radius r. For example, if ¥ = R? and s is Lebesgue
measure then @ = 2¢.

As it was proved in Coifman and Weiss (1971) the existence of a doubling measure on ¥ implies
that the space ¥ is doubling. It means that there exists Ny € N* depending only on ¢ such that
for any r > 0 each closed ball in ¥ of radius r can be covered by at most Vg closed balls of radius
r/2. This yields that B(t,r) is totally bounded for any t € ¥, r > 0 and, moreover,

Cy(tr), a(0) < In(Nq) [logy (2r/0)], , V6 > 0.

Let t € ¥ and r > 0 be fixed. In this section, using Proposition 4 we establish the upper function
for local modulus of continuity of xg on © := Bg4(t,7). The simplest consequence of this result will
be the law of iterated logarithm (LIL) for |xg — x¢ as well as its non-asymptotical version. Studying
the local modulus of continuity we are obviously interested in the case when 7 is small even r — 0.
Thus, without loss of generality we will assume that r» < 1.

To apply Proposition 4 we need to define the function g4, A(-) = v/2p(- — t), to choose the
function s; € S, 0, and to compute the function EO(A D), Ac(0,7], e € (0,2 — 1], given by

EO(A ) = el (ga([L +]A), Ba(t.[1 +€]4)), a=v2p.

Introduce the function
Y(x)=+v2 sup  p(61,60), =< (0,2],
01,02€B4(t,1):
d(61,02) <z

and suppose that 1(2) < co. Note that obviously ¥(0) = 0, since d is a metric, and 1 is increasing.
Moreover, for any u € (0, 7]

gi(w):=v2 sup  p(0,t) < (u),
9: d(6,6)<u

that allows us to put g4 = 1. Denoting ¢~! the inverse function of 1) we assert that Yu € (0, ]

€5, v2p(0) < €aya,a(¥7(9)) < In(Ng) [logy {20/~ @)}, W6 >0, (3.1)

Hence, if the function v is such that Assumption 3 is fulfilled then Proposition 4 is applicable and
that provides us with the upper function for |y — x| on Bq(t,r). However, this upper function
does not admit an explicit expression, in particular its dependence on the variable A cannot be
analyzed in general. So, we prefer to impose an additional assumption on the function v that allows
us to obtain the explicit expression of the upper function for |xg — x| and analyze it as well as the
corresponding probability bound for small values of the radius r. We will not be tending here to
the maximal generality and suppose that there exist 0 < ¢ < ¢ < oo and 8 > 0 such that

e’ <ip(u) <e®, Vue (0,1]. (3.2)
14



For example, if d = p one has ¥(u) = v/2u, and, therefore, (3.2) holds. Under (3.2) obviously
1 1
(6/2)% <9~1(8) < (§/c)? and we get from (3.1)
_1
Cai v, (0) < 10 (Ng) {logz{Qu(é/C) BH V>0, (3.3)
+

Taking into account that ga(u) = ¥(u) > cu” and choosing s(z) = s*(z) = (6/7%)(1 + [In a:]2)_1,
we obtain from (3.3) for any A € (0,7]

G _ -2 -1
£y = swite, t[1+e]A,\/§p(gA ([1+€]A) (485) " s(9) )
-2
< S (), va, (o1 +€18) (489)71s(0))

IA

S~ 'n (Ng) sup 572 [logz <9066> + log,y <S*6®)> C(B,c, ¢, d).

>0

+

As we see EE)(A,t) is independent of A,t and bounded from above by the constant which is
completely determined by the triplet (¥,d, ») and by the quantities ¢,¢ and . Thus, in view of
Proposition 4 the upper function for has the following form (see also Remark 5).

VEA ) =2(1 + s)1+25A5\/2[1 +e717C(8,¢,2,d) + [€(201 +)r/A) + 2],

where, remind, {(y) =In{l+In(y)} +2In{l1+In{l1+1In(y)}},y > 0.
Choose z = 2(r) =In{l+In {1+ |In(r)|}} and € = e(r) := 27(r) and define

21+ e~ (1)]*C(B, ¢, e, d) + [€(201 + e(r)]r/A) + 2(r)]
r) = ()| su ;
A A P {1+ (8]} |

+ {ln{l +In(1+ 8(7’))}]

pir) = I1+In{l1+|In(r)|}

We note that if » — 0 then

a(r):14_0<1n{1—|—1n{1—i—lln’(}r)]}}>7 p(r):O<[ln{1+ln{l+|ln(‘?‘}}] ) (3.4)

In {1+ |In(r) In {1+ |In ()

The following result is immediate consequence of Proposition 4. Put m(A) = supge g, 1.4 Ixo — Xtl-

Theorem 2. Let T be doubling space and suppose that (3.2) holds. Then, we have for any t € T
and any r € (0,1)

m(A)

P
AP In {1+ |In(A)]}

> a(r) p < 8p(r).

ac(or]

The first consequence of Theorem 2 is the law of iterated logarithm. Indeed, taking into account
that p(r) — 0, a(r) — 1, r — 0, we come to the following assertion.
15



Corollary 2. Let T be doubling space and suppose that (3.2) holds. Then for any t € T P — a.s.

m(A)
AP\ /in {1+ | (A)]}

lim sup <G

A—0+

We note, that although the statement of Corollary 2 is traditional in probability theory, the
non-asymptotical statement of Theorem 2 is much more informative.

The next consequence of Theorem 2 seems more curious. We remark that if T is doubling with
respect to the intrinsic semi-metric p, then the normalizing sequence appeared in the theorem is
independent of p. Moreover, the function a(-) depends only on p.

Indeed, if d = p then ¢(u) = v/2u, and therefore, f = 1 and ¢ = ¢ = /2. It yields, in particular,
that C(8,¢c,¢, p) = Cy,, where

Cw, =1 (N,)sup 52 ([3 + 2log, () + logy {6(1 + [In3]?) }| Lt 1) ,

and, therefore, a(-) = an,(-), where ay,(-) is completely determined by p via the quantity N,,.

Corollary 3. Let ¥ be doubling space with respect to d = p. Then, for any t € T and r € (0,1)

m(A)
Ay2In{1+]In(A)]}

P >an,(r) ¢ < 8p(r).

su
A€ (O,T]

We note that if R* be the set of metrics p for which T is doubling and such that N, < N* for
some fixed N* € N* then the function ay, () in the assertion of Corollary 3 can be replaced by the
universal on R* function ay~(-). The corresponding inequality becomes "metric free”.

We finish this section by the consideration of several examples, where the condition (3.2) is
verified. In these examples T is either R? or Ri,d > 1, s is Lebesgue measure and d is the
euclidian distance.

Example 1. Lévy function Here x¢, t € R? is zero-mean gaussian random field with p = v/d.
Hence, (3.2) holds with ¢ = ¢ = /2 and 3 = 1/2. We deduce from Theorem 2 that

m(A)

P su
, V2AIn {1+ (A)]}

ac(o,r]

>a(r) ¢y <8p(r), re(0,1).

Example 2. Fractional brownian motion Here x¢, t € Ry, is zero-mean gaussian random
process with p = d*/2, o € (0,2]. Hence, (3.2) holds with ¢ = ¢ = v/2 and 3 = a/2. We get from
Theorem 2

m(A)

PJ{ su
, V2A% In {1+ [In (A)]}

ae(or]

> a(r) p <8p(r), re(0,1).
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Example 3. Ornstein-Uhlenbeck process Here x¢, t € R, is given by

g b (e29t> e_’\t, Ao >0,

Xt:\/T—)\

where b is the standard Wiener process. In this case p = A\~1/20/T — exp {—Ad}. Since we consider
r € (0,1) then (3.2) holds with ¢ = 0v/2e~'e™*2 & = 01/2, § = 1/2 and we have

P sup m(4) >a(r) p <8p(r), re (0,1).

Ae(0,r] a\/QAln{l + | In(A)[}

4. Proof of Propositions 1-3

We start this section with establishing an auxiliary result. Let £ be a set, d; and dg be semi-metrics
on £ and let £ be a totally bounded subset of £ with respect to d; and ds simultaneously. Let
Ni(9), 6 > 0, denote the minimal number of balls of the radius ¢ in the metric dj, i = 1,2 needed
to cover the set L.

Lemma 2. Let | € N* and 01,4,02; > 0, j = 1,1 be an arbitrary numbers. One can construct the
finite subset L([él,j, (527j],j = m) = {fl, ce ,f]v} C L with N < Hé‘:l Ny (517]‘/2)]\72 (527]‘/2) and
such that

Veel£ e L([517j,(527j},j = ﬁ) :ody (&g) mi n517], dQ(E,g) < mi

1,

n (527]‘.

J=1,

~

Proof of Lemma 2 Set N;; = Nj( 13/2 i=1,2, 5 = 1,l. Since L is totally bounded in
d;,i = 1,2 there exist L) = {E(l’] .. C L such that

veecaeeLU> dw ) <276, i=1,2, j=1,1.

For any ki = ];,...]\[i’j7 1= 1’2’ put ES:J) — {g c E: d1(€7£2’3)> é 2_1517‘7'} and let E]E;]l)’kz _
E,ﬁll’j) N E,g’j ) First we note that for any j = 1,1

N1, Naj

c=U U<, (4.1)

k1=1ko=1

Moreover, the construction of E,(Cll’j ) and E,(fz’j ) implies that
difli, 1) < 85, i=1,2, Vi, o€ £, . (4.2)

Put N = ®§-:1 {{1, LN x {1, Ngjj}} and define for any (k... k) e &

l
_ (4)
Ly xw = [V L2
7=1

.....

in view of (4.1) and (4.2).
It remains to note that the cardinality of A is equal to Hé‘:l N (51,]-/2) Ny (527]-/2).
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4.1. Proof of Proposition 1

I. Probability bound Fix 5 € S, and put s1; = s1 <2k/2> and sy = s2 (2’“), k > 0. For
any k > 0 put 01(k) = (24)715427%/2s 1, a(k) = (24) 71522 %55, and note that d1(k), d2(k) —
0, k — oo since s1, 89 € S.

Let Z) = L([él(k:),52(k:)]), k > 0, be the set constructed in Lemma 2 with d; = a, do = b,
L=0and!=1. By Ni, k > 0, we denote the cardinality of Zj.

Fixe >0 and put e =¢/(1+¢), ko = |2Ins (1/€)| + 1. Let 0,,, m =1,..., Ni,, be the elements
of Zy,. For any m =1, ..., Ny, define

O = {09 €O : a(0,0m) < d1(ko), b(O,0m) < da(ko) },

and remark that the definition of the sets Zj, implies that 0= UNkO eim),
In view of the last remark we get

Nko
P{SUP‘I’(XQ) > U9y, %, @)} <y P{ sup U (xg) > U (y, 5, @)}. (4.3)
0O m=1 fcOe(m)

For any 6 € © let zi(0) be an arbitrary element of Zj, satisfying
a(f, z(0)) <di1(k), b(0,z(0)) < da(k). (4.4)
Fix m =1,..., Ni,. The continuity of the mapping 6 — Xy guarantees that P-a.s.
S Xer0) = Xers(0)] VO € O™, (4.5)
k=ko+1
where 2y, (0) = O, VO € ©(m). Note also that independently of 0 for all k > ko + 1
a(z(0), z1_1(0)) < 01(k) + 61(k — 1) =: 61(k), (4.6)
b(2(0), z1-1(8)) < S2(k) + da(k — 1) =: d2(k). (4.7)
This is the simplest consequence of triangle inequality and (4.4). Introduce the sequence ¢y, k > 1:
ek =47  max {s1 4, $1,k-1, S2.ks S2,6—1}

and remark that Zk21 ¢ < 1 that follows from the assumption sq, s9 € S.
We get from sub-additivity of ¥, (4.5), (4.6) and (4.7) for any 6 € ©(™)
U (xo) < ¥(xs,)+ sup sup & (Xu — Xo) » (4.8)
k>ko+1 (u U)GZkXZk 1:
a(u,0) <61 (k), b(u,v) <02(k)

To simplify the notations we will write U instead of Ués)(y, x, é) and & instead of ez(, é)
We obtain from (4.8)

P{ sup W (xp) > U} < P{\Il (xo,,) > U1+ 5)71} (4.9)
fcelm)
+ > P{W (xu = x0) > Uy} = I + I,

k=ko+1 (u,U)EZkXZk_lt

a(u,w) <31 (k), bu,0)<d2 (k)
18



We have in view of Assumption 1 (1)

(1+¢)720? }

-1 _
P{\I/(Xgm)ZU(l—FE) } < cexp{ {A(Gm)}2+(1+~€)_1UB(9m)

(1+¢)%U? -2 -2
< cexp{—%%+UJ~{2 Scexp{—(l—f—s) (y + 2€ E)}
< cexp {—(1 +e) 2y — 6_25}. (4.10)

In order to get (4.10) we have first used that 3 > sup,_g A(0), 32 > sup,_g B(0). Next, we have
used that U > v, where v is the maximal root of the equation

u? +2e72¢ (4.11)
— = e ‘€. .
2 tus
We also have used that (1 +¢)72 > 1/2.

_In view of Assumptions 1 (2), 2, (4.6) and (4.7) for any u,v € Zy x Z_1 satisfying a(u,v) <
91(k), b(u,v) < d2(k) we have

P {\Ij (Xu - X,U) > GUCk} < cexp {_ 2(5U0k>2 }
{a(u,v)}" + (eUck) b(u,v)

< cexpy — (<U)? . (4.12)

{Sl(k)c,;l}Z + U{é}(k)c,;l}

Here we have used that e < 1. Let us remark that
gl(k:)c,;l < 4(24)*1%1 (2%/2517;C + 27(’“71)/2517;{,1) min {51_7,1, 31_7,16_1} < '}?12*]“/2*1;
gQ(k)ijl < 4(24)_1%2 (2_k82,k + 2_k+1527k_1) min {Si}c, 52*711%1} < 52927k

Thus, continuing (4.12) we obtain

2k+1 62 U2

P{¥ (xu — xv) > €Uci} < cexp {_W} < cexp {_2k+162(y + 26*25)}. (4.13)

Here we have used (4.11). Noting that the right hand side of (4.13) does not depend on u,v we get

o0
L, < ¢ Z NiNi_1 exp{—2k+le2(y+2e_25)}
k=ko+1

oo
< cexp(—y) Y Nka,lexp{—Q’““g—z’f—kO}. (4.14)
k=ko+1

Here we have used the definition of kg and that y > 1.
Let us make several remarks. First we note that in view of Lemma 2

In (Np) < &5 a((24)_15f12_1_k/251,k> + &5 b((24)_17422_k_182,k)-
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Taking into account that si = s1 (2k/2) and denoting §; = 2¥/2 we obtain from (1.9)

667 a<(24)71%12717k/281’k) = 66, a(;fl (4851)7181((51)) < (5%62‘;) (%1, (:)) = 2k€g?) (;tl, (:))

Taking into account that sy = s1(2%) and denoting d> = 2¥ we obtain from (1.9)

Ca., ((20) 1327 Fsy ) = €5, (30(4865) s2(02)) < Daell) (322, 0) = 25(!) (3, ).

2

Thus, we have for any k£ > 1

In (N Nj,_1) < 2k+1 [eg?(é) + eg?(é)} = oktlg (4.15)
and, therefore, Vk > kg + 1
In (N Nj_1) — 28128 < —2kot2g < _4e72¢.

It yields together with (4.14)

I, < cexp {—y - 46*25}. (4.16)
We get from (4.9), (4.10) and (4.16) for any m =1,..., N,
P{ sup ¥ (yp) > U} < 2cexp {—y(l )72 - 6_25}. (4.17)
fcom)

The last bound is independent of m and we have from (4.3) and (4.17)

P {suE\Il (x0) > U} < 2¢Nj, exp {—y(l +e)72 - 6_25}.
0co

It remains to note that (1 — 3¢)2 = (1 4+ ¢)~! and that, similarly to (4.15),
In (Ng,) < 2k < %€,
and we come to the first assertion of the proposition.

II. Moment’s bound We get for any y > 1

q o0
E = E(sup\Il(Xg)—U> :q/ z171p {sup\Il(Xg) ZU—l—x}dw
€0 I 0 €0
= q [U]q/ v IP {sup\I/ (xo) > (1+ U)U} dv. (4.18)
0 0c6

S

Note that (1+v)U > Ul ((l—l—v)y, 7, é) Therefore, applying the first statement of the proposition,
where y is replaced by vy we obtain from (4.18)

B <2c0(q+1) [(1+e)%7 U] exp {-y/(1 +¢)*}.
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4.2. Proof of Proposition 2
We start with establishing some technical results used in the sequel.
Preliminaries 1°. First we formulate the simple consequence of Proposition 1.

Let ©1,02 be given subsets of ©. For any § = (s1,52) € Sap and any s = (371, 22) € R% \ {0}
introduce the following quantity

ez(7,01,02) = eg?)(%l, 0) + eg];)(zg, 07).

Put any € > 0 and any y > 0

g

(=) (y, %, 01, @2) = \/2[1 + 6_1]2€g<%, 01, @2) + Yy + 9 (2[1 + 6_1]26§(%, 01, @2) + y).

Lemma 3. Let Assumptions 1-3 hold and let ©1, 02 be given subsets of ©. Let s be chosen such
that 3c1 > supgee, A(0) and 0 > supyee, B(0). Then V5 € Sop, Ve € (0,v2 — 1] and Vy > 1,

P{ sup W (xq) > USEE)(y,%,@h@z)} < 2cexp{—y/(1 +6)2}-
6cO1NO2

Moreover, for any g > 1, putting Ce ; = 2cI'(q + 1)(1 + €)%, one has

q
E{ sup_ W (xg) —~ UL (3,01, 92)} < Cey [y 0P 01,02 exp { - 2
ECHACH N (1+¢)

To prove the lemma it suffices to note the following simple facts. In view of the assumptions
imposed on s and obvious inclusions @1 N Oy C O, ©1 N Oy C Oy we have

x| 2 sup A(0)7 ”ny > sup B(9)7 es_'(%7 ®17 @2) > €§(%a 61 N @2)
0c©1NO2 0c©1NO2

It yields Ué.a) (y,2,01,02) > Uée) (y,7,01 N O3) and to get the assertion of the lemma we apply
Proposition 1 with © = ©1 N O,.
2. Note that ¥(xe) : © — Ry is obviously P-a.s. continuous in a VV b as a composition of two

continuous mappings between metric spaces. Hence Corollary 1 is applicable with € = 0,0 = aVb,
(Q,8,P) = (Q,8B,P) ((t,-) = ¥(xo(-)) and g(t) is either Véz’e)(ﬁ) or Uif’e’q)(ﬁ), t=20.

Proof of the proposition Put § = (1 +¢)!, I >0, and introduce the following sets

oV ={0co: A5, <AWB) < A5}, V) ={0eco: Bs_, <B() <B§}, N

The idea is to apply Lemma 3 with ©; = @(j) and O = @g) for any given j,k > 1. To do that we

will need to bound from below Véz’a) (#) and UéZ’E’Q) (0) on @EZ) N @Sgk). We will consider only j, k
such that @g) N @gf) # () and supremum over empty set is assumed to be zero. Also we will accept
the following agreement: if B =0, b = 0 then £ = 0 and @g) =0.
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Probability bound Let 0 G)EZ) N @g) be fixed and put u = A.(6), v = B.(#). Note that
el (Au, 04(4u)) = el (4w, 04(4%))) = e (4w, O ) = el (40541, 0F").  (419)

To get the first two inequalities in (4.19) we have used that @%) C ©4(A6;) C O4(Au) in view
of §; < u since 0 € @EZ). To get the last inequality in (4.19) we have used that the entropy is

decreasing function of its argument and that d;41 > u since 0 € @g).
By the same reasons

e (Bv,05(Bv)) > el (Bv,0p(Bo)) > el (Bv,03)) > eb) (Bo11,05).  (420)

Taking into account that left hand sides in (4.19) and (4.20) are independent of ¢, whenever
0 €09 neP we deduce from (2.3), (4.19) and (4.20)

E(A(0),B-(0)) = el (Au,04(Au)) + el (Bv,05(Bv))

52

> ey (A5j+1a @(X))) +el (ﬁ5k+1, @g)) = ez (%, oy, @5?) . (4.21)

for any 6 € @g) N @g), where we put s = (A1, Bop11).

We obtain from (4.21), putting y = (1 + ¢)? [z +0(6;) + E((Sk)},

vEN0) > U (v, %,04,0%), voeo ney. (4.22)

5

Here we have also used that obviously (1+¢)?A(0) > Ad;j+1 =: s and (1+¢)2B(0) > Bl11 =: 2
for any 0 € @g) N @g). Moreover, we have used that 2[1 + 6*1]2 > 4¢72 for any ¢ € (0,v2 —1].
Therefore, we obtain Vj,k > 1 in view of (4.22)

@)= s (W) -VEYO) < s w(xg) - U (v, 2,07, 0F).
9c0Yney 9c0Ynely

Since s := Adjy1 > SUP,_ () A(0) and 59 := Bg+1 > SUP,_ (k) B(0), Lemma 3 is applicable with
A B

0, = @(j) and Oy = @g). Thus, applying it we obtain Vj,k > 1 and Vz > 1

P {W)4(2) > 0} < 2cexp {~z}wjuy, (4.23)

-1 2
where we put wy, = [1 +mln(1+ e)} [1 +In{l+mln(1+ e)}} . Noting that

i wm <1+ {ln{1+1n(1+8)}} ,
m=1

taking into account that the union of {@g) N @g), gk >1, } covers © and summing up the right

hand side in (4.23) over j, k, we arrive at the first assertion of the proposition.
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Moment’s bound Using the same arguments having led to (4.22) and taking into account (4.21)
we obtain for any 6 € ©U*) and any ¢ > 1

Uéz’e’q) (9) 2 USEE) (y’ %7 e(j)7 @(B!{)) )
where y = (1+¢)? [z + Teez (%, 953), @}f’) +(e+¢)In (53'51@)}, 7. =2(2+¢)e L
Thus, applying the second assertion of Lemma 3, Vj,k > 1 and Vz > 1

q
Ejp = E( sup U(xg) — §€)<y,%,®g),@g€))>
0c0l:k) +

q

() 0 gk
g y>%7® 76 P
( 4 B> (6;6r) " Texp{—z}. (4.24)

< 2c(g+1) ,
z+ T.e3 (%, @Ej), @g)) +(e+q)ln (5j5k)

Putting for brevity e;; = ez (%, @g), Gg)) and noting that for any j,k > 1 and z > 1

U (4,0, 0") <200 v 5] 472 +y| < 2[AV B] (3101 V S5a] 20+ 7)€+ ],
and that for any ¢ € (0,12 — 1]

2(1+e7") e + (1 +¢)? [Z + 7€k + (€ +¢)In (53'519)}
z+ Tk + (€4 ¢q)In (8; V o)

< (1+e)*(2e)71,
we get finally from (4.24) for j,k > 1

Ejr <2cT(g+ 1) [ (1 +¢)°][AV B]*(6;6r) " exp{—=2}. (4.25)
Here we have used that (9, V 0x)/(6;05) < 1 since d;,d; > 1. Taking into account that

E <sup {\I/ (xo) — Ugf’g’q)(ﬁ)}> < i i Eji
j=1k=1

0cO +

and that Y22, 3272, (0;0,) " = [(1+¢)°—1] 2 we come to the second assertion of the proposition
in view of (4.25), where one can replace (1 + ¢)° par 2°/2 since € € (0,v/2 — 1]. We have also used
that [(1+¢)° — 1] % < 2e4 since £ € (0,2 — 1].

4.3. Proof of Proposition 3

First we discuss the measurability issue. Note that U(x,) : © — Ry is obviously P-a.s. continuous
in aV b as a composition of two continuous mappings between metric spaces. Hence Lemma 1 is
applicable with T =0, 0 =aVb, (2,8,P) = (2,8,P) ((t,-) = V(xa(-)), t=0,3=2A T, = O,
and g(3) = ﬁ(zvavr)(a), 3= .
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The proof of the proposition is similar to those of Proposition 2. Let € € (0,+/2 — 1] be fixed and
put & = (1+¢)7,, 1>0, & =1, I <0. Introduce the following sets:

ngl) = {Oé eA: ?16l+1 < 7'1(04) < ?151}, Q(él) = {Ol eA: ?2(5[_,_1 < TQ(OZ) < ?251}, leN.
Fix j,k >0, a € ngj) N ngk) and put u = (1 +¢)71(a), v = (1 4+ €)72(a). Note that

oty (94, 01(0) 2 €, ) (A 9a(w), 01 (715)))
?)(u,-) (AflgA (?1(5]'_1),@/1 (?15]')). (426)

Y

el
> ei

To get the first inequality in (4.26) we have used that ©) (71d;) C ©/(u) in view of 716; < u since
o € ngj). To get the second inequality in (4.26) we have used that ga(T16-1) > ga(u), since ga
is increasing and 716;_1 > u for a € ngj ). Moreover we have used that the entropy is decreasing
function of its argument.

(a)
1

s1(u,-)

Remembering the definition of e (Al_lgA (T10-1),0] (?1(5j)), see (1.9), we have

(a) -1, (= 5. Ii= s\) _ -2 -1, (= 5. -1
681(%_)()\1 gA(7'15],1),®1(7'15]))—21;85 69,1(?1%_)’&@\1 ga(T16j-1)(489) 81(’&,5))

_ _ _ 5)
_ 2 L, (768 1) (4 1., (= 5 s1(u,
5710 00,0 (590089 10 | L

—2 s g (=
> ?51;185 Q‘Ee,l (13, a (gA(ﬁé]_l)(485) s1 (7105, 5))

. ei?(mjf) (94(7185-1), ©4(715) ). (4.27)

To get (4.27) we have used that 1 < u/716; <1+¢ < V2, the definition of \; and, as previously,
that the entropy is decreasing function of its argument. We obtain from (4.26) and (4.27)

e(a)(uv‘) (Al—lgA(u),G)’l(u)) > @ ) )<gA(?15j_1),6)’1(?15j)). (4.28)

51 s1 (?1 s

By the same reasons we have

el (A2 198(v), 05(v)) > ) )(93(725k,1),@'2(?25,€)), (4.29)

s2(v 52 (?25k7'

and, we get from (4.28) and (4.29) for any o € ngj) N ngk)

5 () = & (@) s ) o (5 4o _ o
E(a) = 5(u,v)zeﬁ(mﬁ)(gA(naj,l),@l(néj))+e82(?26k7.)(gB(Tgak_l),@(Tgak))
= es(,01(710;), 04 (720)) ). (4.30)

where we have put » = (gA(?l(Sj,l),gB (?25k—1)) and §= (51(?15]-, ), s2(T20k, ))

Note also that for any o € ngj e ngk) in view of monotonicity of functions g4 and gp

ga ([1 + 8]27'1(04)) > gA(?qu_l) =:1, ¢B ([1 + 8]27'2(04)) > gA(?Q(;kfl) =: 9. (4.31)
24



Moreover, the definition of sets O] (-) and ©5(-) implies that for any « € ngj ' ngk)

O, C @/1 (?15]') N @/2 (?g(sk)

and, therefore, for any o € ngj ' ngk)

sup ¥ (xp) < sup U (xp) - (4.32)
€O« 9€@/1 (?16]')0@/2 (?gék)

Probability bound We get from (4.30) and (4.31) for any « € 2(9 'n Qlék)

s

ﬁ(z,a,o)(a) > UEE) (y, >, @,1 (71(5]'), @/2 (725k)), Yy = (1 + 6)2 [Z + Ro(?ﬂ%,?ygk)},

where we have used that Ry is increasing/deacreasing, in both arguments, function.
It yields together with (4.32) Vj, k > 0

v () = sup (sup {\I’(Xo)ﬁ(“’o)(a)}>
ac2? rl?) \#€Oa
. (e) = s\ @ (=
< sup W (xg) — UE (y, 3,01 (716;), ©4 (70 ).
96@’1(?15j)ﬂ@/2(?25k))

Let us remark that the definition of the sets ©4(-), ©’3(:) and the functions g4 and gp as well as

their monotonicity imply that

s = ga(T10j-1) > 9a(T10;) > g (T10;) =1 sup  A(0); (4.33)
0e0, (716;)

s = gp(T20k—1) > g5 (T20k) > g5 (T20k) =1 sup  B(h), (4.34)
0c0), (725;)

and, therefore, Lemma 3 is applicable with ©; = 0} (714;) and Oz = 04 (T2d;).
Thus, applying the first assertion of Lemma 3, we obtain Vj, k > 0 and Vz > 1

P {\I/S]/C)(Z) > 0} < 2cexp {—Z — R0(71(5j,?25k)}.
Noting that the union of {ngj) ﬂngk), j=0,J,k=0,K, } covers 2, summing up the right hand

side in the last inequality over j, k we come to the first statement of the proposition.

Moment’s bound We get from (4.30) and (4.31) for any « € ngj) N Qlék)

ﬁ(z,s,q) (Oé) > USEE) (y, >, @,1 (?15]'), 6/2 (?25]@)) )

where y = (1 + 6)2 [Z + 7—565‘(%, @,1 (71(5]'),@/2(?2(%)) + Rq(ﬂéj,?gék)}, Te = 2(2 + 5)8_1.
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It yields together with (4.32) Vj,k > 0

(I);L]?(Z) — sup (sup {\Il (xo) — ﬁ(%@q)(&)})
aea ol \9€0a .

{ sup {\Il (xo) — Uéa) (y, 3,01 (716;), 05 (?2(5;6))} } .
€0, (716;)nO), (?Qak)) +

IN

Taking into account (4.33), (4.34) and applying the second assertion of Lemma 3, we have, analo-
gously to (4.24), Vj,k > 0 and Vz > 1

E (cb%)(z))q

q

UE) (y, 2,01 (7165), 0 (T20%) ) -
exp {—Z — Rq(715j7T25k)}.

< 2cT(q + 1)
Z+ ’7'56;(%, @/1 (?1(53'), @/2 (725k)) + Rq (71(5j, ?Qék)

Putting for brevity e; ; = ez (32,0 (T16;), ©5(T20%)) we note that for any j,k > 0 and z > 1

Ug(~€) (y, x,01(7T165), 05 (?2510) < 2[ga(T10;-1) V gB(T20k—1)] [45_2€j,k + y}

Repeating the computation done after (4.24) we come to the second assertion of the proposition.
|

4.4. Proof of Lemma 1

19. We start the proof with the following simple fact. Let T be an arbitrary subset of ¥. Then

sup((t,-) is B — measurable. (4.35)
teT

Indeed, since T is totally bounded T is totally bounded as well. Denote by T the union of 27 nets,
[>0,in % Let Q9 ={weQ: ((,w)is continuous} and let Qo be the complementary to €.
We have for any z € R

{w €N sup((tw) Sa:} Ny = {w €N sup((tw) < x} NQyeB
teT teT

since T is countable dense subset of T. It remain to note that {w €Q: sup _z((tw) < x} NQ €
B since P(ﬁo) = 0 and the considered probability space is complete.

20. Set 3(n, k) ={3€3: 9G)€[k/n,(k+ 1)/71]}7 n € N*, k€ Z,and let K(n) CZ, n € N,
be defined from the relation if k € K(n) < 3(n,k) # 0. Put also T(k,n) = Usc3(1,,)%; and define

Sen(w) = sup ((t,w)—(k+1)/n, &n(w) = sup &ppn(w).

teT(k,n) keK(n)
Mn(@) = sup [supC(tw) —g()],  n(w)=sup | sup ((t,w) - g(3)].
3€3(kn) €T 3€3 “ET,
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Some remarks are in order. First, the definition of 3(k,n) implies that for any k¥ € K(n), n € N*

En(-) < Mhn(-) < &) +n7 " (4.36)
Next, taking into account that 3 = Upck(n)3(k,n) for any n € N* we have

n() = sup mgn(), VYneN. (4.37)
keK(n)

We obtain from (4.36) and (4.37) that for any n € N*

0< 77() - gn() < sup [nk,n(') - ék,n()] < n_l,
keK(n)

and, therefore, n(-) = lim, .0 &, (+). It remains to note that & ,(-) are B-measurable for any
k€ K(n), n € N* in view of (4.35), that implies obviously that &,(-) is 2B-measurable for any
n € N*. Thus, n(-) is B-measurable as a pointwise limit of $B-measurable functions.

5. Proof of Theorem 1

Below ¢y, co ..., denote the constants completely determined by d, p, 4 and ~. We break the proof
on several steps.

19, Let By, 1 < g < oo, denote the set of functions vanishing outside K, and those Lg-norm is
less or equal to 1. Later on the integration is always understood as the integration over R<.
Consider the set of functions

o, = {H:RdHR: 0(z) :h_d/Kh(t—:c)Z(t)dt, Eelaapl}, h € H.
.
Put also © = Upen©Op, and for any 6 € © introduce the gaussian process
o = / 0(2)b(dx). (5.1)
R4

In view of Young inequality Folland (1999), Theorems 6.18 and 6.36, for any 6 € ©

d(2—p)

1
2 d(2—p) d(2—p) .
0= ( [, o) far )" < n 5Ky <175 < 000 <o, (5
R p+2

since 2 < p < co. Here we have also used that | K|y < ||K|« < 1 in view of assumption imposed
on the function K.
Thus, the stochastic integral in (5.1) is well-defined and xy is zero-mean gaussian random function
on O such that
V(0) = 0ll2, p(61,02) = |61 — 022 (5.3)

We equip © with the semi-metric p and in the next paragraph we compute the entropy of several
subsets of ©. This computation allows us, in particular, to assert that Dudley integral is finite on
©. It yields Lifshits (1995) that y, is P-a.s uniformly continuous on (©, p), therefore Assumption
2 holds. Moreover, we show that Assumption 3 is fulfilled.

27



We conclude that Proposition 3 are applicable to ygy, on ©, with O, = Oy, A = H, a = /2p,
A =+/2V. Tt remains to note that in view of duality arguments for any h € H

1€, :@G?EUP% /f(t)gh(t)dt

and, therefore, for any h € H
1€all, = sup xe- (5.4)
[USSIS

20, In order to apply Proposition 3 we need to compute several quantities. First, we have to
choose the function 71 (since B,b = 0, hence 75 = 0). Set 71(h) = h~! and note that for any u > 0

O (u) := U on=J ©n,

h: 11 (h)<u h>u—1

We note that computations given in (5.2) yield

(»—2) 1
ga(u) == sup A(F) < \fud’;p2 e galu), u> (h(max)) ‘
€0/, (u)

30, Let €®)(§), 6 > 0, be the entropy of © (u) computed with respect to semi-metric a = v/2p,
where, remind p(:) = || - ||]2. The following assertion is true: there exist ¢y completely determined

-1
by 7, d, p and p such that for any V4 € (d/2 — d/p,~| and for any u > (h(max))

e < cqut 67, v§>o0. (5.5)

where ¢; = ¢p3*4d2.
The proof of (5.5) is obtained by routine computations and it is postponed to the step 8°.

-1
49, Choosing u = (h(mm)) (that yields ©](u) = ©) and 4 = v we get for any § > 0

697&1(5) <c (h(min)>*d (;)d/’Y '

In view the condition v > d/2, Dudley integral is finite on © and, therefore, y, is P-a.s uniformly
continuous on (0, p). It complete the verification of Assumption 2.

The last inequality shows also that there exist 7 > 0 such that for any s € S, satisfying
limsup,_,., a"s !(a) < oo, Assumption 3 is fulfilled.

50, Let us now choose the function s. Set §(u) = u%?~%/? and for any u > 1 let m(u) € N be
such that 2™ < §(u) < 2™+ Define

-1

s(u, 8) = (3/472) (1 + [1og; (2m<u>5)]2)

We remark that .

5(u,2k/2) = (3/47%) {1 + ((k/2) — m(u))ﬂ
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and, therefore, s(u,-) € S for any u > 1. Moreover, we note that if p = 2 then s does not depend
on v and it is given by
-1
s(6) = (3/47%) (1 + [log, 6]°)
Obviously the factor 3/472 can be replaced here by 6/72.
Now, let us compute the quantity A; related to the function s. Remind that

s(xt,0)
Al := sup sup sup ,
te[1,v2] > 650 s(x,9)

-1
where 7, = (h(max)) > 1. It is evident that

2
1+ (logy (2770) ) 1+ (log, (2))*
A = supq1\/sup sl ¢ =1 2
m2>0 6>0 | + (log2 (Qfmflé‘)) x>0 | 1+ (logz (1’/2))
21 -1 2 1
< 1+ sup o8 () 5| =1+ sup 7y+2 3.
2>0 |1+ (logy () — 1) yer |1 +y
6°. Define

) d/2 —d/(2p), 0<6<du);
70) :{ 8 s,

and note that (d/2 — d/p) < v(d) <~ for any 6 > 0.
Putting co = ¢14(144)* we get for any 6 > 0 in view of (5.5)

(»—2) —d/5(8) ., _
e (A [ga(w)s(u, 0)]/485) < cpu [ud 5(u, ) 1) sd/7(6)

= 02u277* (L’;f)) (s&5-2) {5(% 5)} —d4/7(9) 53/7(8)
—4 _
= us ()T [s(u,6)] 5970, (5.6)

To get the last inequality we have taken into account that s(u,d) < 1 for any v > 1,0 > 0 and that
4/7(6) < 4.
We obtain from (5.6) for any ¢ > 0, putting c3 = (472/3)%ca,

57260 (A7 [ga(u)s(u,6))/489) < cou’ (5&))” O )™

< e [(5/000) " L@+ 6008 sy 00 @)] [st0)]

2—d/vy

< e ur [(2_’”(“)5)2/@_1) L(1,5(uy) (0) + 4 (2’"(“)/6) - 1[5(@,00)(5)} [s(u,é)r4

—m(u 2\ 4
= 5c¢3 us g—ofloss (27m6)| <1 + {logQ (2_m(u)5)} ) , (5.7)
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where & = min {2/(p — 1),2 — d/~}. We obtain from (5.7)

& (u) = 31;18 [5_26(“) ()\fl [94(u)s(u, 5)]/485)} <y u%i, (5.8)

where ¢4 = 5c3sup,> [2_0“(1 + :1:2)4] .

7°. Remind that 71(h) = h~! and, in particular, 7 = [h(mi“)]_l. Choosing ¢ = v/2 — 1 we get
from (5.8) putting ¢5 = ¢42%P

S5

eV (h) = € (Van(h) < esh ™7

2d

Choose also R, (t) = R(t) =tr (independent of r) that yields

RVE1) () = R(Van(h) = 2d/rp =%

Choosing finally z = 0 and putting IAJ(h) = IAJ(Zﬁ’T)(h), e =+2—1,2 =1, we obtain that

2 d2—p) _d

U(h) < V294 (27’1(h))\/3265h_% YRS 1< cgh B = cgh 3.

Let us compute now the quantities R(69), R(=49) defined in (2.10) with & = v/2 — 1.
~1
Noting that 7, = (h(max)) and 2‘7/2?1 < 2*1/211 we get

2d

RED = XJ: X {_( 2_(j/2)>p} < cgex {—2—3/2 (h(max))_Qd/p}'
= j:Oe p T1 < cgexp :
RED = EJ: {9A(?12*j/2)rexp {_<7—12(j/2))2pd}

j=0
exp {_2—3/2 (h(max)) —Qd/p}‘

The assertions of the theorem follow now from Proposition 3.

qd(2—p)

< o () "5

80. It remains to prove (5.5). The proof is based on the following inclusion: for any 4 € (0, ~]

O (u) C H*»_ ('_y, 3d\/&u’7) . Yu >0, (5.9)
p—1
where H (-, -) C Hy(+, ) consists of functions vanishing outside of Ky,
Let €*(-) be the entropy of H*, (%, L), L > 0, measured in || - ||2. It is well-known Edmunds and
p—1
Triebel (1996), that for any p > 1 there exist ¢y completely determined by +,d, p and p such that
for any (d/2 —d/p) <7 <~ and for any L >0

)dm, Vé>0.

€ (8) < o (L6~
Since ¥ takes only two values d/2 — d/2p and =, (5.5) follows immediately from (5.9). Thus, we
shall prove (5.9).
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Fix 6 € ©(u). By its definition there exists £ € B_»_ and h > u~! such that § = K, * ¢, where

p—1
” %7 stands convolution operator on R?. First, we note that all functions belonging to © vanish

outside the cube Ky, in view of assumption imposed on function K.

Next, for any m = (my1,...,mq) € N¢ put |m| =mq+---+my, and set v =+ and 5 = [ + a,
where [,/ e Nand 0 < a, & < 1.

Then, since K € Hy (7, 1) we have for any m € N¢ such that [m| <1

< —|m| < (Inln) - .
omigy .- QMdxy <h _(h ) < o0

sup
z€R4

Above remarks allow us to assert that all partial derivatives #(™) exist whenever |m| < [ and they
are given by

60m) () — / (K™ (t — 2)0(t)dt, Vo € RY,

where for any function g the notation ¢ or (if it is more convenient) (g)("™ is used for its partial
derivative. )
We obtain in view of Young inequality for any A € R and any m € N? satisfying |m| = I

Hg(m)(. +A) —0m()

S BRI+ 2) = (k)™M

p—1

< WK A7) - K|

Here we have used that £ € B .
P
We remark that if & < |A| then for any u € R? either K™ (u + [A/h]) = 0 or K™ (u) = 0 in
view of the assumption imposed on the support of K. Thus, if h < |A|

|G 1a/m]) = KOG < [ < 5] (a/n)T < (a/h)°

since h < |A| and ||K("”)H1 < ||K('m)HOO < 1 in view of assumption imposed on the function K.
If h > |A] then in view of the assumption imposed on the support of K we have

ey - k0] < [

LB (e [A/R) = KO ()| du

1 3
2

3]
’2

a2

< 30/d(|Al /)"

d

> (A/h)?

i=1

<34

Since h > u~! we conclude finally that YA € R

[0+ a) =oM< 3VarTAR < 3tVaw Al (5.10)
p—1

It means that 6 € H_»_ (”y, Bdﬂuﬁ). As it was mentioned above all function belonging to © vanish

D
p—1

outside the cube Ky, that allows us to conclude that § € H*, <7y, Bdﬂuﬁ) and, therefore, (5.9) is
p—1
proved.
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