N
N

N

HAL

open science

MULTIVARIATE DENSITY ESTIMATION UNDER
SUP-NORM LOSS: ORACLE APPROACH,
ADAPTATION AND INDEPENDENCE STRUCTURE

Oleg Lepski

» To cite this version:

Oleg Lepski. MULTIVARIATE DENSITY ESTIMATION UNDER SUP-NORM LOSS: ORACLE
APPROACH, ADAPTATION AND INDEPENDENCE STRUCTURE. Annals of Statistics, 2013, 41

(2), pp.1005-1034. 10.1214/13-A0S1109 . hal-01265250

HAL Id: hal-01265250
https://hal.science/hal-01265250
Submitted on 2 Feb 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01265250
https://hal.archives-ouvertes.fr

The Annals of Statistics

2013, Vol. 41, No. 2, 1005-1034

DOI: 10.1214/13-A0S1109

© Institute of Mathematical Statistics, 2013

MULTIVARIATE DENSITY ESTIMATION UNDER SUP-NORM
LOSS: ORACLE APPROACH, ADAPTATION AND INDEPENDENCE
STRUCTURE

BY OLEG LEPSKI
Université Aix-Marseille

This paper deals with the density estimation on R4 under sup-norm loss.
We provide a fully data-driven estimation procedure and establish for it a so-
called sup-norm oracle inequality. The proposed estimator allows us to take
into account not only approximation properties of the underlying density, but
eventual independence structure as well. Our results contain, as a particular
case, the complete solution of the bandwidth selection problem in the multi-
variate density model. Usefulness of the developed approach is illustrated by
application to adaptive estimation over anisotropic Nikolskii classes.

1. Introduction. Let (€2,%2(, P) be a complete probability space, and let X; =
(X1,i,-.-»Xa.i), i =1, be the sequence of R9-valued i.i.d. random variables de-
fined on (€2, %, P) and having the density f with respect to lebesgue measure.

Furthermore, ]P’g?) denotes the probability law of X ) — (X1,...,Xn),neN*and

ngl) is the mathematical expectation with respect to IP’E?)

The objective is to estimate the density f and the quality of any estimation
procedure, that is, X *)-measurable mapping fn ‘R? = Lgo(RY), is measured by
sup-norm risk given by

= ~ 1
RO N=EPIh - FIL).  q=1.
It is well known that even asymptotically (n — o00) the quality of estimation given
by R,(,q) heavily depends on the dimension d. However, these asymptotics can be
essentially improved if the underlying density possesses some special structure.
Let us briefly discuss one of these possibilities which will be exploited in the se-
quel.

Introduce the following notation. Let Z; be the set of all subsets of {1, ..., d}.
For any I € 7, denote x; = {x; € R, j €I}, I={1,...,d} \ Iand let [I| = card(I).
Moreover for any function g : R — R we denote g ll1,00 = sup,,erm 1g(xp)|. De-
fine also

Jilxr) =A;m f)ydx,  xpeR
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In accordance with this definition we put ff = 1,1 = @. Note that f is the
marginal density of Xy :={X; 1, j € I}. Denote by ‘P the set of all partitions
of {1, ...,d} completed by empty set &, and we will use & for {1, ..., d}. For any
density f let

B ={PeP: fe =T fitw. vx e
IeP
First we note that f = f5, and therefore B(f) is not empty since & € B(f)
for any f. Next, if P € P(f), then {Xy I € P} are independent random vec-
tors. At last, if X 1,..., X4,1, are independent random variables, then obviously
B(f) =P ]

Suppose now that there exists P 7% & such that P € P(f). If this partition is
known, we can proceed as follows. For any I € P basing on observation X f"), we
estimate first the marginal density fj by ﬁn and then construct the estimator for
joint density f as

fo@) =T finn.
IeP

One can expect (and we will see that our conjecture is true) that quality of esti-
mation provided by this estimator will correspond not to the dimension d but to
so-called effective dimension, which in our case is defined as d(P) = supyp [1].
The main difficulty we meet trying to realize the latter construction is that the
knowledge of P is not available. Moreover, our structural hypothesis cannot be
true in general, that is expressed formally by () = {&}. So, one of the problem
we address in the present paper consists in adaptation to unknown configuration
P eB(. ]

We note, however, that even if P is known, for instance, P = &, the quality
of an estimation procedure depends often on approximation properties of f or
{fi, n, 1 € P}. So, our second goal is to construct an estimator which would mimic
an estimator corresponding to the minimal, and therefore unknown, approximation
error. Using modern statistical language our goal here is to mimic an oracle. It is
important to emphasize that we would like to solve both aforementioned problems
simultaneously. Let us now proceed with detailed consideration.

Collection of estimators. Let K:R — R be a given function satisfying the fol-
lowing assumption.

AssUMPTION 1. [K =1, ||K|x < 00, supp(K) € [—1/2,1/2], K is sym-
metric and

3L > 0: |K(t) = K(s)| < LIt — 5] Vt,s € R.

PutforI e,

K@) =V, 'TIK@;/hp).  Vig=]]h;
jel jel
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For two vectors u, v here and later #/v denotes coordinate-vise division. We will
use the notation V;, = ]_[‘j:1 h; instead of Vj; when I={1,...,d}. Denote also
K = 1K, m = {1, 0o}.

Forany p > 1 let y, :N* x Ry — R be the function whose explicit expression
is given in Section 2.3 (its expression is quite cumbersome, and it is not convenient
for us to present it right now).

Introduce the notation (remember that g is the quantity involved in the definition

of the risk)

Ho={he© 11%:nV, > @) ' Inm)},  a* = inf 22 (1], koo)] >,

inf
IeZ,

and for any I € Z; and & € 'H,, consider the kernel estimator

n
frye) =n"" Z Kpy (Xy,i — xp).
i=1

Introduce the family of estimators

3P = {fh,pm =] JinG0. x e RLPePLh e Hn}.

IeP

In particular, ﬁl’@(x) =n! i Kn(Xi—x),x € R?, is the Parzen—Rosenblatt
estimator [Parzen (1962), Rosenblatt (1956)] with kernel K and multi-
bandwidth 4. Our goal is to propose a data-driven selection from the family §(13).

The estimation of a probability density is the subject of the vast literature. We
do not pretend here to provide a complete overview and only present the results
relevant in the context of the considered problems. Minimax and minimax adap-
tive density estimation with Lg-risks were considered in Bretagnolle and Huber
(1979), Ibragimov and Khasminskii (1980, 1981), Devroye and Gyorfi (1985),
Efroimovich (1986, 2008), Khasminskii and Ibragimov (1990), Donoho et al.
(1996), Golubev (1992), Kerkyacharian, Picard and Tribouley (1996), Juditsky
and Lambert-Lacroix (2004), Rigollet (2006), Mason (2009), Reynaud-Bouret,
Rivoirard and Tuleau-Malot (2011) and Akakpo (2012), where further references
can be found. Oracle inequalities for ILs-risks for s = 1 and s = 2 were established
in Devroye and Lugosi (1996, 1997, 2001), Massart (2007), Chapter 7, Samarov
and Tsybakov (2007), Rigollet and Tsybakov (2007) and Birgé (2008). The last
cited paper contains a detailed discussion of recent developments in this area. The
bandwidth selection problem in the density estimation on R? with L;-risks for
any 1 <s < oo was studied in Goldenshluger and Lepski (2011). The oracle in-
equalities obtained there were used for deriving adaptive minimax results over the
collection of anisotropic Nikolskii classes.

The adaptive estimation under sup-norm loss was initiated in Lepskii (1991,
1992) and continued in Tsybakov (1998) in the framework of Gaussian white noise
model. Then it was developed for anisotropic functional classes in Bertin (2005).
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The adaptive estimation of a probability density on R in sup-norm was the sub-
ject of recent papers Giné and Nickl (2009, 2010) and Gach, Nickl and Spokoiny
(2013).

Organization of the paper. In Section 2 we present a data-driven selection pro-
cedure from § () and establish for it sup-norm oracle inequality. Section 3 is de-
voted to the adaptive estimation over the collection of anisotropic Nikolskii classes
of functions. The proof of main results are given in Section 4, and technical lem-
mas are proven in the Appendix.

2. Oracle inequality. Let P € ‘B3 be fixed and define for any %, n € H, and
any I e P

n

(2.1) Frpm G =n"" Y (K * Ky ) (X — x1),
i=1
where [Kp; * Kyl = [1jerlKn; * Ky;1 and [Kp; * Ky 1(2) = fRKhj (u —7) x
K,,j (u)du,z e R.
Note that “«” is the convolution operator on R, Define

n

n”! > 1K (Xi — )|

i=1

- | £.In(n) :
Ap(h,P) = W’ V(h’P)_IlngVhI-

Let us endow the set P8 with the operation “¢” putting for any P, P’ € P
PoP ={INI'#2,1eP,I € P’} eP.
Introduce for any &, n € H,, and any P, P’ the estimator

fornopry@ =[] faeme (),  xeR%
I°ePoP’

, f,=1v2f,,

I,00

f, = sup sup
heH, 1€y

Set finally A = Suppeq Suprep vag (1, Koo), and let 2 = Ad (F,) /4.
2.1 Selection procedure. Let P C P, satisfying & = (1,...,d} € f,_and
H, < ’Iin be fixed. Without further mentioning, we will assume that either H,, =
H, or H, is finite. o

For any P € 3 and h € H,, set

22)  Au(h,Py= sup sup [ll fnpy.c0.p) — Fo.p lloo — AAn(n. P')]..,
neH, P'eP

and let /2 and P be defined as follows:

23) A0, P)+rA,(h,P)= inf inf [A,(h, P)+ rA,(h, P)].
heH, PeB
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Our final estimator is ]%’ﬁ(x), x € R, and let us briefly discuss several issues
related to its construction.

Extra parameters B and H,. The necessity to introduce these parameters is
dictated only by computational reasons [computation of f,, An(h,P) and min-
imization led to & and P] and their optimal “theoretical” choice is 8 = P and
H, = Hp; see discussion after Theorem 1. However, the computational aspects
of the choice of 3 and H,, are quite different. Typically, 7, can be chosen as
an appropriate greed in H,,, for instance diadic one, that is sufficient for proving
adaptive properties of the proposed estimator; see Theorem 3.

The choice of P is much more delicate. The reason we consider ‘P instead
of B is explained by the fact that the cardinality of ‘I3 (Bell number) grows as
(d/1In(d))“. Therefore, for large values of d our procedure is not practically feasi-
ble in view of the huge amount of comparisons to be done. On the other hand if d is
large, the consideration of all partitions is not reasonable itself. Indeed, even theo-
retically the best attainable trade-off between approximation and stochastic errors
corresponds to the effective dimension defined as d*(f) = infpeg () supyep (1.
Of course d*(f) < d, but if it is proportional, for example, to d, then we will not
win much for reasonable sample size. The suitable strategy in the case of large di-
mension consists of considering only partitions satisfying supycp |I| < dp, where
dp is chosen in accordance with d and the number of observation. In particular one
can consider P containing only 2 elements, namely & and ({1}, {2}, ..., {d}). It
corresponds to the hypotheses that we observe vectors with independent compo-
nents.

Existence and measurability. First, we note that all random fields considered in
the paper have continuous trajectories on H,, x R? in the topology generated by
supremum norm. This is guaranteed by Assumption 1. Since H,, is totally bounded
and R? can be covered by a countable collection of totally bounded sets, any supre-
mum over H, x R? of considered random fields will be X ®-measurable. In par-
ticular, f,, and

An(h.P.P') = sup [Il finpy.n Py — Frprlloo = A (n. )],
neMy

P, P e€P,heH,.

Since P is finite, we conclude that An(h, P) is X® -measurable for any P € pg
and any h € H,. Assumption 1 implies also that An(,P) and A, (-, P) are con-
tinuous on H, for any P. Since H, is a compact subset of ]Rd , we conclude
that h(73) € H, and X™-measurable for any P € B, Jennrich (1969), where
h(P) = infheﬁn[ﬁn(h,P) + AA,(h, P)]. Since P is finite, we conclude that
, 7/5) € H, x P is X" -measurable.

Estimation construction. The adaptive and oracle approaches were not devel-
oped in the context of multivariate density estimation in the supremum norm, and
as a consequence, the selection rule (2.2)—(2.3) leading to the estimator j/%js(-) is
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new. However, some elements of its construction have been already exploited in
previous works.

The idea to use a special estimator based on the convolution operator “x”, which
led in the considered case to the estimator (2.1), goes back to Lepski and Levit
(1999). Further it was steadily used in Goldenshluger and Lepski (2008, 2009,
2011). In particular, if 3 = {&}, that is, the independence hypotheses is not taken
into account, our selection rule, based on K,, (h, @), is close to the selection rule
used in Goldenshluger and Lepski (2011), where the bandwidths selection problem
was solved under IL;-loss, 1 < s < co. In this context, a completely new element
of our construction is the adaptation to eventual independence configuration P €
B(f) which is obtained by the introduction of the operation “¢” on P and the
criterion A, (h, P),h € H,,P € P, based on it. Below we discuss in an informal
way the basic facts that led to the selection rule (2.2)—(2.3).

To simplify the presentation of our idea, let us consider the case where H,, = {h}
and h € H,, is a given vector. This means that we are not interested in bandwidth
selection; for example, the density to be estimated is supposed to belong a given set
of smooth functions. If so, the special estimator based on the convolution operator
“x” is not needed anymore, and our selection rule can be rewritten on much simpler
way. The final estimator is now ﬁﬂs and

An(h, P) = sup [|| fnpory — foplloo — AAu (0, )],
PP
An(h, P) + 1A, (h, P) = inf [A,(h, P)+ AA,(h, P)].
PeB

Remember that ﬁ]"])(x) = [liep fhl (x1), and fhl (x1) 1s the standard kernel esti-
mator for the marginal density fj(xy).
Set &, (x1) = fn; (x1) — E ¢ { finy (x1)} and note that &, (x1), x1 € R is the sum
of 1.1.d. bounded and centered random variables and, therefore, is somehow small.
If we admit the latter remark we can expect that

Il fn,PoP) — S, P oo

H Ef{ﬁll(')}_HEf{ﬁll(')}H + smaller order term.

IePoP! IeP’ o0

%

The key observations in this context [explaining the introduction of K,, (h,P)] are
the following:

[T ErfmOl=T]ErfmO}  YPeB(), VP e,
IePoP’ IeP’
and (smaller order term) < LA, (h, P’) with high probability. Thus with high prob-
ability A, (h, P) = 0 for any P € P(f).
It allows us to conclude that with high probability our procedure select Pe
B(f), which, moreover, minimizes V (h, P). For instance if ({1}, {2}, ..., {d}) =:
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ploptimal) c q3( £y that is, the coordinates of observable vectors are independent
random variables, then our procedure selects P©PUMaD vith high probability. It
provides us with the estimator f}, ppimay Whose accuracy is dimension free.

2.2. Main result. Letf > 0 be a given number, and introduce the following set
of densities:

F(f) ={f:sup l fill <f}.

IeZy

With any density f € F(f), any & € (0, 1]¢ and I € 7, associate the quantity

b
I,00

by = H /Rm Kpy (1 =) [ A — ()] dn

which can be viewed as the approximation error of f; measured in the supremum
norm.

For any h € H,, and P € P set B(h, P) = suppcqp SUPrepop |biy ll1,00 and in-
troduce the quantity

. . In(n) )
R, = inf f B(h, P [—————— ).
) hlenﬂnﬁefﬁ?f)m§< ( )+ nV(h,P)

THEOREM 1. Let Assumption 1 be fulfilled. Then for any g > 1 and any 0 <
f < oo there exist 0 < C1 < 0o and 0 < Cy < 0o such that for any f € F(f) and
any n > 3,

EslFrp — f19)"7 < C1R.(f) + Con™ 12,

The explicit expression of C1 = Ci(q, d, K, f) and Cr> = C1(q,d, K, f) can be
found in the proof of the theorem.

Let us return to the discussion about extra parameters 8 and 7,,. Their optimal
choice is given by P = P and H,, = H,, since it minimizes obviously the quantity
R, (f) for any f. But as it was mentioned above this choice leads to intractable
computations of the estimator in the case of large dimension. On the other hand the
consideration of 3 instead of 3 has a price to pay. It is possible that B(f) NP = &
although B( f) contains the elements besides &. However even in this case, where
structural hypothesis fails or is not taken into account ([ = {&}), our estimator
solves completely the bandwidths selection problem in multivariate density model
under sup-norm loss. Moreover the solution of the considered problem was not
known for any d > 2, and, therefore, our investigations are not restricted by the
study of large dimension. In this context, noting that || =2, d =2, |'B| =5,
d =3, I'B]| =12, d =4 etc, we can conclude that in the case of small dimension the
optimal choice P = and H,, = H,, is always possible. We finish this discussion
with the following remark concerning the proof of Theorem 1.
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REMARK 1. Our selection rule is based on computation of upper functions
for some special type of random processes and the main ingredient of the proof of
Theorem 1 is exponential inequality related to them. Corresponding results may
have an independent interest and Section 4.1 is devoted to this topic. In particular
the function y, involved in the construction of our selection rule and which we
present below comes from this consideration.

2.3. Quantity y,. Foranya >0, p>1ands € N¥, introduce

Vp(s,a) = 4e\/2S‘cp(s, a)a+ BL/2)(a)*~!]
+ (16¢/3)(s[a + BL/2)a* '] v 8a)t, (s, a);
(s, a) = 5(23458,% + 6.5p +5.5)In(2) + s(2p + 3)
+ 10858, 2[log(@)| +36C, + 1][In(3)] ™"

Here §, is the smallest solution of the equation 87128(1 +[In 8]2) =1,C, = C;l) +

S(z) and
_ 9216(s + 1)82
CH =g sups 2{|:1+1n<—>:|
R § BboOr )l

+ 1.5[logz { (46053;?3—;]21)82 ) ” }
)8

+
9216 1
Cs(z)zs supS_l{[l+l ( (s + )]

§>8, )]

150 { (55 )

where ¢ (8) = (6/72)(1 + [In§]1*)~1, 8 > 0.

3. Adaptive estimation. In this section we illustrate the use of the oracle in-
equality proved in Theorem 1 for the derivation of adaptive rate optimal density
estimators.

We start with the definition of the anisotropic Nikol’skii class of functions
on RY, s > 1, and later on ey, ..., €, denotes the canonical basis in R¥.

DEFINITION 1. Letr = (r1,...,r5),r; € [1,00], ¢ = («q,...,a5), a; > 0,
0=(01,...,05), Qi >0. A function g:R* — R belongs to the anisotropic
Nikol’ski class N, s (o, Q) of functions if

|Dfel,, =0 Vk=0lwil.Vi=Ts;

| Do (- +re) — DIg()], < Qile|~l%)  VreRVi=T.5.
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Here Df f denotes the kth order partial derivative of f with respect to the vari-
able #;, and |«; | is the largest integer strictly less than ;.

The functional classes N, s (o, Q) were considered in approximation theory by
Nikol’skii; see, for example, Nikol’skii (1977). Minimax estimation of densities
from the class N, (o, Q) was considered in Ibragimov and Khasminskii (1981).
We refer also to Kerkyacharian, Lepski and Picard (2001, 2007), where the prob-
lem of adaptive estimation over a scale of classes N, (o, Q) was treated for the
Gaussian white noise model.

Our goal now is to introduce the scale of functional classes of d-variate prob-
ability densities taking into account the independence structure. It implies in par-
ticular that we will need to estimate, not only the density itself, but all marginal
densities as well. It is easily seen that if f € N, 4(8,£) and additionally f is
compactly supported, then fy € N, (B, Ly) for any I € Z,;, where £ = c£ and
¢ > 0 is a numerical constant. However if supp( f) = R, the latter assertion is not
true in general. The assumption f € N, 4(B, £) does not even guarantee that fj is
bounded on R, It explains the introduction of the following anisotropic classes
of densities.

Letp=(p1,..., pa), pi €[1,00], B=(B1,...,Ba), Bi > 0, L= (L1, ..., La),
[,,' > 0.

__ DEFINITION 2. A probability density f :R?Y — R, belongs to the class
Np,a(B, L) if

J1€ Npp (B, L1) Viel,.

Introduce finally the collection of functional classes taking into account the
smoothness of the underlying density and the independence structure simultane-
ously.

Let (8, p,P) € (0, 00)4 x [1, 00]¢ x P and L € (0, 00)? be fixed. Introduce

Npa(B L. P) = {f(x) €Ny a(f. £): f(0) = [T Aitan), Vo € Rd}.

IeP

For any (8, p, P) € (0, 00) x [1, 00]? x P define

1—3 al/(Bjp))
Z jel 1/ Jj
We will see that the quantity Y (8, p, P) can be viewed as an effective smoothness

index related to independence structure hypothesis and to the estimation under
sup-norm loss.

(B, p. P)= infy1(B, p), B, p) =
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THEOREM 2. For any (B, p, P) € (0, 00)4 x [1, 00]? x B such that Y (B, p,
P) > 0 and any L € (0, 00)¢

liminfinf sup  (EY[¢g, " (B. p. P)I Ju = fllc])7 > 0,
"= g, feNpiyd(ﬁ,ﬂ,P)( 7 1n n = flleo]")

’

Inp\ T/QY+D)
on(B. p.P) = (7)

where Y = Y (B, p, P) and infimum is taken over all possible estimators.

Our goal is to prove that the estimation quality provided by ]%73 on N, 4(B, L,
‘P) coincides up to a numerical constant with optimal decay of minimax risk
on(B, p, P) whatever the value of nuisance parameter {3, p, P, £}. It means that
this estimator is optimally adaptive over the scale of considered functional classes.
We would like to emphasize that not only is the couple (8, £) unknown, which
is typical in frameworks of adaptive estimation, but also the index p of norms
where the smoothness is measured. At last, our estimator adapts automatically to
unknown independence structure. Note, however, that the range of adaptation with
respect to the parameter P is limited by the set where our procedure is running. It
means that, if 13 is used in the selection rule, the adaptation is possible only over
the collection {N. 4(-,-,P), P € B}. In this context the adaptation over full collec-
tion of anisotropic Nikolskii classes is possible only if the selection rule (2.2)—(2.3)
runs P = P.

Remember that & = {1, ..., d} and, therefore, yz(B, p) = (1 — Z‘;Zl ﬁ) X
(X9 ﬁLj)—l. Let P € P be fixed, and let F,, be the diadic grid in H,,. Let finally
fgﬁ(-) be the estimator obtained by the selection rule (2.2)—(2.3).

THEOREM 3. Let K satisfy Assumption 1 and suppose additionally that for
some integer b > 2,

(3.1) / u"Ku)du =0 Vm =2,b.
R

Then for any (B, p) € (0, 614 x [1, 00]? such that v5(B, p) >0, any P € P and
any L € (0, 00)¢,

. _ ~ 1
lim sup sup (E?) [, ' (B, P, Pl frp — flloo]?) /1 < o0,
n—>00 feN,q(B,LP)

Some remarks are in order.

1°. We want to emphasize that the extra-parameter b can be arbitrary but a priory
chosen. Note also that the condition (3.1) of the theorem is fulfilled with m =1 as
well since K is symmetric.

20, Note that assumption yz(8, p) > 0 implies obviously y1(8, p) > 0 for any
I € Z;. This together with the definition of the class Np,d(,@ , L) allows us to assert
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that one can find f = f(8, p) such that f € Np,d(ﬁ, L) implies that f € F(f). It
makes possible the application of Theorem 1. The latter result follows from the
embedding theorem for anisotropic Nikolskii classes which is formulated in the
proof of Lemma 4 below.

30, As it was recently proven in Goldenshluger and Lepski (2012), Theo-
rem 3(ii), the assumption yz(8, p) > 0 is necessary for existence of a uniformly
consistent estimator of the density f in the supremum norm over anisotropic
Nikolskii class N, 4(B, £). Since we consider only P containing &, this means
that the estimation of the entire density f is always supposed, the condition
v5(B, p) > 0 1is necessary for the application of the selection rule (2.2)—(2.3).

4. Proofs. We start this section with the computation of upper functions for
kernel estimation process being one of main tools in the proof of Theorem 1.

4.1. Upper functions for kernel estimation process. Let s € N*, and let Y,
j =1, be R¥-valued i.i.d. random vectors defined on a complete probability space
(2,2, P) and having the density g with respect to the Lebesgue measure. Later on

IP’g') denotes the law of Yq, ..., Y,,n € N*, and Eé") is mathematical expectation

with respect to Py".
Let M:R — R be a given symmetric function and for any r € (0, 1]° set as
previously

MO =[]rMC/m),  Vi=]]n
=1

=1

Denote also m,, = |M]||,,, m = {1, oo}. For any y € R® consider the family of
random fields

X =n""Y (M (Y — ) —EQ[M(Y; - »]},
j=1
reRa(s):={re(,11°:nV, > In(n)}.
For any r € (0, 1]° set G(r) = sup,cps Jrs My (x — y)|g(x)dx and let Gry=1v
G(r).

PROPOSITION 1. Let M satisfy Assumption 1. Then for any n > 3 and any

p=>1,
G(r)In(n)1)?
EQ] sup [l = (5. | O |
reR,(s) nvy +

<ci(p,s)[1vmj IIglloo]p/Zif”/2 +c(p,s)n~ P,

where ci(p, s) = 27P/2H33PH35H4D (p + D P (s, Moo) and ca(p, s) = 2P 1355,
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The function 7 : N* x R, : — R is given by

w(s,a)=aVv a)(\/Zes[l + BL/2)a*2] v [(2e/3)(s[1 + (3L/2)a“_2] v 8)]).
In view of trivial inequality,

G(r)In(n)

G(r) ln(n)>
nVr +’

+<||Xr||oo_yp(5,moo) nv.

lxrlloo < Vp(s’ Meo)

and we come to the following corollary of Proposition 1.

COROLLARY 1. Let M satisfy Assumption 1. Then for any n > 3 and any
p=1

(B {r:%)(s) Il xr IIw}p)l/p

< [1vmilighoo] "*[yp (s, mec) + fe1(p. s) + c2(p, )}/ Pn ™'/,
Consider now the following family of random fields: for any y € R® set
n ~
T )=n""'YIMY; =),  reR®P(s):={re 11 :nV, >a " In()},
j=1

where we have put a = [2y, (s, moo)]_z.

PROPOSITION 2. Let M satisfy Assumption 1. Then for any n > 3 and any
p>1,

— p
B sup [1VITr e — G3/2G(]}
reRW (s)
< 1 Ky p/2 —p/2 —p.
<ci(p,s)[1 vmiliglec]”n +ca(p, s)nF;

50 s [60)—20v 60l
rERLa)(S)

2 _
<c\(p.)[1vmi|glleo]”?n= P 4+ cy(p. s)n",

where ¢|(p,s) =2Pci(p,s) and ¢, (p, s) = 22p+135s,

4.2. Proof of Theorem 1. We start the proof of the theorem with auxiliary
results used in the sequel whose proofs are given in Appendix.
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4.2.1. Auxiliary results. Introduce the following notation. For any I € 7, set

Shy () = i Ky (11 — ) fi(tp) dy, S;,kl,m(‘):[l;‘ll[Khl*Knl](tI_')fI(tI)dtL

]

LEMMA 1. ForanyIe Ty and any h,n € (0, 11V, one has

”sZI,m — Snr ”I,oo = kcllbhl'

For any 4 € (0, 1]¢ and any P € B, let

Ay(h, Py = [ Snine) 5, =1V
P)= [ —————, Sp = sup sup
" nV(h,P) " heH, 1€y

Put also &, (-) = fay (-) — s, (+), and let

;(ha 7)) = sup ”EhI”I,OOv {n = Sup Ssup [é‘(na 7)) - AAl’l(n9 P)]+
IeP neH, PeP

o Kt =i

I,00

Set finally,

B=f o= d@ =20k max(F G

LEMMA 2. Forany p > 1 there exist ¢;(p,d, K, f),i=1,2,3,4, such that for
any n > 3:

6 sup [EY ()] 47 < ¢12q.d. K. Hn~!/2;

VAS YY)

(ii) sup [EV[5, —£,157]"/%7 < e2(2q.d. K. H)n~ "2,
VAS Y]

(iii) sup [E[E, — 35,1717 < 329, d. K, Hn~ /%,
VS X09)

i) sup [EPGP]Y” <ea(p.d. K. ).
feF®

The explicit expression of ¢;(p, d, K, f),i=1, 2, 3,4 can be found in the proof
of the lemma.

4.2.2. Proof of Theorem 1. We break the proof on several steps.
19 Let h € H,, and P € B(f) NP be fixed. We have, in view of triangle in-
equality,

17,7 — fllo = 1f58 — i, Py, P lloo + L fn, Py, ) — JPlloo

(4.1) A
+ /P = flleo
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We have

(4.2) 155 — Fanp G pylloo < Bn(h, P) + A4, (1, P).
Noting that ﬁh,’P)(E,ﬁ) = f(gﬁ)(h’fp), we get

(4.3) | Fin i) — TnPlioo < Bu(h, P) + 1A, (b, P).

To obtain (4.2), (4.3) we have also used that 73, P e ﬁ and 7;, h e H, We get
from (4.2) and (4.3),

||J/%,73 - ﬁh,'p)(ﬁﬁ)”oo + ||J?Eh,1>)(ﬁ,73) — fnplloo
< [Au(h, P) + 1A, (h, P)] + [An(h, P) + 1A, (h, P)]
<2[A,(h, P) + 1A, (h, P)].

To get the last inequality we have used the definition of (h, P). Thus we obtain
from (4.1) that

@4 Nfip— flloo <2[An,P) + 1A, (0, P+ |l fop — fllco-

We remark that (4.4) remains valid for an arbitrary P € ; that is, we did not use
that P € P(f).
20, Note that for any &, n € H,, and any P’ € 3,

I fon, Py, 0.y — fn, P lloo

4.5) <|P’| sup ((fn)II/I(IP/I—l)) sup
IepP’ TepP’

1_[ I mew = Jop

IeP: INI'#0

1_[ Ji hiar My — fi ny

IeP: INI'#£0

I, 00

<d®)"/* sup
TepP’

T,00

Here |P’| = card(P’) and the second inequality follows from |P/| <d + 1 —
suppepr [I'l. To get the first bound we have used the trivial inequality: for any
meN*andanya;,bj: X; > R, j=1,m,

m

m
aj—[1b;
-1 j=1

a6 =

m
<m( sup llaj = bjllx.c0)| sup max(lla;llx, oo 16)l00)]
j=1m j=1m

where || - ||;(j,OO and [| - || denote the supremum norms on Xj and Xj X - -- X Xy,
respectively.
Introduce the following notation: for any %, n € H,, and any I € Z,, we set

E;lkl,m('> = fN]’lIJII(') - S;;wn(’)'
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We have in view of (4.6) (here and later the product and the supremum over empty
set are assumed equal to one and to zero resp.),

17 — s
1Ny > Mt hyw s iny

IeP IeP

I, 00

4.7 il i
< d[max{f,, kif}] ISU7I;||5hm/,nm/ I o0
(S

We remark that for any I € Zy, any £, € (0, 1]¢ and any z; € R/

’

g;lklﬂvl (z1) = A%II\ Ky, (z1 — up)épy (uy) duy
and, therefore,

1] d
1€ oo < KM R 00 < K 18R 100,

since k| > 1 in view of Assumption 1. It yields together with (4.7),

[T/ —[1si
11> Mnr hynr sMnr

IeP IeP

< dk{[max{E,, k3f}]*"" S0P iy 10
S

T, 00

(4.8)

Note also that for any n € H,, and I' € Z,

Spy (1) = /RI/ Ky, (tv =) fr(r) diy = /Rl’ Ky, (ty — )[H Jinr (tmI')] dry

IeP
= l_[ Sty ).
IeP

Here we have used that P € B(f). Using once again (4.6), we obtain

*
1_[ Shm/,nm/ - 1_[ Sninr
IeP

IeP

2¢1d—1 "
T, 00 = d[klf] Isél'gnshlﬂl’vnlml’ ~ S “Iﬂl’,oo’

and, therefore, in view of Lemma 1,

*
(49) 1—[ Shywmer 1w
IeP

Thus, we obtain from (4.8) and (4.9),

l_[ Ji Iy sy f ny

IeP: INI'#£0

dri.2e1d—1
< dk{[kif]*" sup b,y linr, oo
I',c0 IeP

T,00

= fn [Sup ||§hm1/ ”IﬂI’,OO + sup ”bhlﬁl’ ||II"\I/,OOjI + ||E?71/ ”I/,Oov
IeP IeP
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where, remember, f, = 2dk‘11 [max{f',,, k%f}]d_l.
Therefore, we get from (4.5) for any i, n € H,, and P’ € ‘B,

| fn Py, — Jo P lloo

<Ta{e(r,PoP)+ sup lbulltoo} +Fat (1. P).
LePoP’

(4.10)

Here, remember, }n = d(f’n)dz/ 4and f, = ;n fn. Taking into account that
Ap(h,PoP")<Ay(h,P) A Ap(h, P’ Vh e H,,VP, P € B,
we get from (4.10)
1Py, = T lloo

<Tuf AP+ sup biglltee + & + Tt (0, ).
IePoP’

4.11)

Remembering that A = an, we obtain from (4.11)
An(h,P) <, {AA,(h, P)+ B(h,P) + .}

+Tufen + A sup sup[4,(n, P) = A, (0, P, |
neH, PeP

where, remember, B(h, P) = supprcq SUPrepopr 10n; ll1,00- Here we have also used

that ,, € 'H,, and B C 3. Taking into account that f,, > %n, since f, > 1, we finally
get

Roh, P) <o AAL(P) + B, P) + 22,
4.12)

+ A sup sup[A,(n, P) = A, (n, P)], }.
neH, PeP

Note that the definition of H,, implies that

(401, P) = A0, P, < & Vo Bl <a5—Fuly Vi e M, VP e,

To get the last inequality we have also used that f, > 1 and 5, > 1 by definition.
Putting R, = a*A[s, — f,]+ we obtain in view of (4.12),

(4.13) An(h, P) < fu{AAL (0, P) + B(h, P) + 28, + Ry}
Note also that the definition of H,, implies that

[Ax(n, P) = V3A,(n. P)], < a*[\/i — V3514 < a*[f, — 35,14
Vn € H,, VP €B.
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Thus, denoting R, = a*A[f, — 35, ]+, we obtain using (4.13),
An(h,P) + 1A, (h, P)
< {3AA,(h, P)+ B(h, P) + 2 + Ry + Ra),

where we have used also /3 < 2.
30, Note that in view of P € PB(f) and (4.6),

I o — flioo =[] fnG0) = [] fitx

IeP IeP
< d[max(f,. 2f)]'"" sup| PG = fi) g o
€

(4.14)

o0

(4.15) _ i
< d[max{f,,’3}]* " [B(h, P) + ¢ (h, P)]

< ha[BM, P) + AA,(h, P) + 5],
Here we have also used that P =P ¢ P. We obtain from (4.4), (4.14) and (4.15),
1f5 5 — flioo < Fa[3BM, P) + TA A, (h, P) + 5¢, + 2R, +2R,],
and, therefore, for any h € H,, P e PB(HN ﬁ andg > 1
ELNFp— fllee)? < Eg[3Bh, P) +TAA, (b, P)]

(4.16)
+ Eng[5y10 + 2A0% (y2.0 + y3.0)],

where we have put for p > 1,
=\l 1/2
E,=[EYGr]". v =[EP @],

- 7 2971/2 - -2 2

v = [EP G — 51350, s, =B - 35,0377,
Taking into account that the left-hand side of (4.16) is independent of the choice h
and P and that the quantity s, <1 Vv [k{f], we get

EP 1 F5 = Flloo)

<TAE,(inf inf _[B(h,P)+ A,(h,P)])
heH, PeB(fINP

+ Ezq[5y1.0 +2A0% (y2.n + ¥3.0)]
= Cl (q’ d’ K5 f)%l’l(f) + E2q [5)’1,11 + 2Aa*(y2’n —I— y3’n)],

where we have put Ci(q,d, K, f) =TAE;/1V [kf].
This inequality together with bounds found in Lemma 2 lead to the assertion of
the theorem.

4.3. Proof of Theorem 2. The proof of Theorem 2 is relatively standard and
based on the general result established in Kerkyacharian, Lepski and Picard (2007),
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Proposition 7. For convenience we formulate this result, not in full generality,
but its version reduced to the considered problem. Let (8, p, P) € (0, 00)¢ x
[1,00]¢ x 9B such that Y(8, p, P) > 0 and L € (0, 00)? be fixed.

LEMMA 3. Assume that there exist fo € N, (B, L, P), pn > 0,n € N* and

a finite set J,, such that for any sufficiently large n € N*, one can find {fW,j e
Ju} CNpa(B, L, P) satisfying

(4.17) 19D~ follo=pn Vi€
(n)
1 dP, 2
4.18 hmsu E(”)[ S (x ™ —1} —: C < 0.
19 PE | & e X

Then forr > 1,

liminfinf ~ sup (B F - fl5)" =27 1= /C/(C+9)],

"0 f feN,a(B.LP)

where infimum is taken over all possible estimators.

PROOF OF THE THEOREM.  Set N (x) = [T¢_, ([27]~"/? exp —{x?/2}), and let
folx)=0 d/\/'(x/o), where o > 0 is chosen in such a way that

(4.19) foeN, (B, L/2).

The product structure of f together with (4.19) allows us to assert that fp €
N,.a(B,L/2,P) forany P € B. Let I* € {1, ..., d} be defined from the relation

Y(B,p,P):= 11375 @B, p) = =B, p),

and for notational convenience, the elements of I* will be denoted by iy, ..., iy
and m = |I*|.
Let g: R — R be compactly supported on (—1/2, 1/2) function, satisfying g €
Nicr Np;.1(Bi, 1/2), and such that [ ¢ = 0. Suppose also that |g(0)| = ||g||cc-
Let A, > 0and §;, — 0,/ =1, m, n — 00, be sequences whose choice will be
done later and set J,, :=1[1,..., M1 ] x --- x[1,..., My ,] CN", where M; , =
—-1/2 —
16, 1. 1=1,m.

For any j = (j1, ..., jm) € Ju define Gj(xp) = A, [TL, g(8;nl [x;, — xl.(;')]). Here
@

for any j € J,,, we put x;,

(4.20) GiGy=0 Vi, jel.j#i.

Note also that the system of equations

l/p,k )
4.21) ASkn (]"[a,n> =—%  k=1m

= jié1.n. The choice of g implies
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implies that Gj € Ny, a(B1, L1/2) for any j € J,. Here we have denoted c; =
(gl p )"
Introduce the family of functions { f @, jeJ,} as follows:

d
90 =[] (2n0?] " exp—{x2/20%))
i¢T*
d
x (H[zﬂaz]l/zexp—{xiz/Zaz} + Gj(x1)>.
iel*

First we remark that A, — 0,n — oo, implies that f@ > 0 for all sufficiently
large n. Next, the assumption [ g = 0 implies that [ f@ = 1. Thus, f9 is a prob-
ability density for any j € J, for all sufficiently large n. At last the choice of fj
together with (4.21) allows us to assert that f(j) €N, (B, L,P) forany j € J,.

Thus, we conclude that Lemma 3 is applicable to the family {fW, j € J,}. We
remark also that

(4.22) If9 = fol, =ctaA Vj el

where we have put ¢ = [g(0)|" (2n02)(m_d)/ 2. Here we have also used that
|g(0)| = [Iglloo- We conclude that assumption (4.17) is fulfilled with p,, = c{A,.

Let us now proceed with the verification of condition (4.18) of Lemma 3. Note
first that

dP®)

f(.l) FOXp)
dIP’(f’.l) 1;[ fo(X1)
and, therefore,
(n)
|: 1 Z de(.i) (X(n))]2
n 0
(4-23) o @
f4 (Xk)] nrOXf (Xk)}
B AE {.];kl_[l[ Jo(Xi) j,j%]:n: lcl;[l fe(Xo)
J#i

Since Xi, k = 1, n are i.i.d. random vectors, we have for any j # j/,

(n)[l—[ f@(xk)fﬁ’)(Xk)}
k=1 f()z(Xk)

s ] B e CECRE
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To get the last equality we have used (4.20) and the fact that [+ Gj(xp) dxp= =0
since [ g =0.
The latter result together with (4.23) yields
(n)
dPY. 2
g E(”)[ 1 Z f(J) (X(n)) _ 11|

)
Il iy, dPR

= 7Gj(XI * * *} — -1
4.24) = |Jn|2 Z{AW [ e O(XI*)} Jr#,0(xr+) dxy 1Tl

2 n
- |Jn|2 Z{ /R[ffjo(z];)]dy} Ml

Since Gj(y) = 0 for any y ¢ [0, /61,,] X - X [0, /m,n] =: Vu, we have for
all n large enough infycy, f1=0(y) > 2712w o ?)™™. It yields together with (4.23),
putting i = 22w o)™ ||g|3"

m n
&n < |Jn|_1<1 +c3A; H‘Sl,n) -
=1

If we choose A,, and §; ,, [ =1, m satisfying

(4.25) AnAn [ 60 < (1/4) ln<]_[ S,fnl) <In(|Jul)

=1 =1

for all n > 1 large enough, then &, < 1, and therefore, condition (4.18) is fulfilled
with C = 1.

Thus, we have to choose A, and §; ,,[ = 1, m satisfying (4.21) and (4.25). Let
t > 0 be the number whose choice will be done later. Consider instead (4.25) the
equation

m
(4.26) nAﬁ 1_[ Sin= 2 In(n),
=1
and solve (4.21) and (4.26). Straightforward computations yield
A, = R(gt)(l—ZE”zl 1By i)/ (A=XL1 1/ piy=1/2)1/Bip) |
1/Bi -2 i Pi . p. N
5ln—A /:3[ /(ﬂ[p[ (tg)Z/(ﬁqpq)(Cl/ﬁl)l/ﬁll’

where we have put R = (]_[}":1(cl/Ll)l/(zﬂ"l))1/(17277:1(1/”"171/2)(1/’3"1)). Moreover
we have in view of (4.26)

m ~1/2
_a I 1/B;
Sl.n =R , =
(1]1 b ) (1) = (/pi, = 1/2(1/Bi)
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and, therefore, (1/4) In(TT;-, Slfnl) = (a/2)In(n), n — oco. Hence, choosing ¢ as an

arbitrary number satisfying 2 < (2c§)_1a we guarantee that (4.26) implies (4.25)
for all n large enough.
Thus we conclude that Lemma 3 is applicable with

. (tln(n))u—z;’;l 1/(Biy pip)/ QU= (1/ piy =1/211/ Bip))

pn=ciAn=cj
It remains to note that the definition of I* implies that Y (8, p,P) =

122 Uy pi) ) We remark that

Y /By
YBpP) =X 1/ Bypi)
20X, p. P+ 1 20— S [/ py — 172101/ Bi)’

and the assertion of the theorem follows. [

4.4. Proof of Theorem 3. The proof of the theorem is based on the application
of Theorem 1 and on Lemma 4 below that allows us to bound from above the
quantity B(h, P). The assertion of the lemma, whose proof is postponed to the
Appendix, is based on the embedding theorem for anisotropic Nikolskii classes.
For any function g :R®* — R and any 5 € (0, c0)*, set

Bue@ = [ Kyt —0gdi—g@),  ze®,

LEMMA 4. Let K satisfy Assumption 1 and (3.1). Let (a, r) € (0, b]* x[1, o0]®
be such that »x=1—37_, (aqr)) ™' > 0, and let Q € (0, 00)*. Then there exists
c=c(s,r, b) > 0 such that

N
sup [1Bygllo <cki Y Qin'.  ¥ne(0,00)".
geN, s (a,0) i=1
Here a0 = (atq, ..., 0), 0; = %ai%i_l and »; =1 — Zle(rl_l - rl-_l)ozl_l.

PROOF OF THEOREM 3. Let (B, p,P) € (0,b]? x [1,00]¢ x P and L €
(0, 00)? be fixed. For any I € Z; and any i € I define

B =tMAiT "M, M=1-Y Bip)~".

lel
a=1-Y(p; = p VB,
lel
and note that the condition yz(8, p) > 0 implies that t(I) > O for any I € Z;.
Let us first prove the following simple fact. Denote Ci(I) = {J C 1:ie J},ie L
Then

4.27) B = inf BiD)  Viel
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Indeed, we remark that 7i(J) = 1 = Yyey(p; ' = pi DB =t +pi ' Ty B!
and, therefore,

Bi()) =

Bit (D) -1 ~1
. BT@=Y8"
@) +p A1) ; :

We obviously have t(J) > 7(I) and 8 -1 < B~ 1) for any J C L. It remains to
note that x — x/(x + a) is increasing on R for any a > 0, and (4.27) follows.

Let P’ € P be an arbitrary partition. Since f € Np,d(ﬁ, L) we have fj e
Np;.131(By, Ly), and therefore, in view of Lemma 4 we have for any & € (0, 114
andJePo P,

. (I
bay < (31, py, KIS Linf D < ey ST infi P
ieJ icl

To get the last inequality we use (4.27), h € (0,1]¢ and we have put c¢; =
k{ supycz, c(J1, py, DK}

Noting that the right-hand side of the latter inequality is independent on J, we
obtain

B, P) <cisup Y Likf'V = B, P),  he 11"
IeP 1

It remains to choose multi-bandwidth /4. To do it it suffices to solve for any I € P
the following system of equations:
In(n)

= £ih;_3i(l) =\ i,jel
I

B;(D
ﬁjhjj

The solution is given by

_em / SD1 nB.p)/BiM2+n(B.p))
hi= L 1/,31(1)< (D n(n))

i

, &) = nﬁil/ﬂi(l)'
n el

Here we have also used that 1/y1(8, p) =Y ic1 1/Bi(D.

It is easy to see that the obtained solution belongs to H,,, and let 2* be its
projection on H,,, which is, remember, the diadic greed of H,,. It remains to note
that B(h, P) and B(h*, P) as well as V (h, P) and V (h*, P) differ from each other
by numerical constants only, and therefore, the assertion of the theorem follows
now from Theorem 1. [

APPENDIX

A.1. Proof of Proposition 1. 19. Note that M(z) = M(|z]); since M is sym-
metric this implies

X =n"" Y [M(5(Y}, ) = EPUM, (5(Y;, »)}],
j:]
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where p:R* x R® — R* is given by p(z,2') = (lz1 — 241, ..., lzs — 2, D).

We conclude that considered family of random fields obeys the structural as-
sumption introduced in Section 4.4 of Lepski (2012), with d = s, Xf = X‘f =R’
and p;:R x R — R, given by |z — 7’| for any [ = 1,s. It implies in particular
that R® is equipped with the metric g generated by the supremum norm, that is,
0s = Max;_y oI We remark also that in our case K (u) = [[;_; M(u;), u € R®,
g=landy =1,1=1,s.

To get the assertion of Proposition 1 we will apply Theorem 9 in Lepski (2012)
on R, (s) :=[1/n, 1]°. Note that obviously R,, € R, (s). Thus we have to check
the assumptions of the latter theorem and to match the notation used in the present
paper and in Lepski (2012).

First we note that since M satisfies Assumption 1, Assumption 9(i) is obviously
fulfilled with L = (3s5/2) (meo)* ' L. Moreover Assumption 9(ii) holds because
g=1.

Thus, Assumption 9 is checked.

Consider the collection of closed cubs By 2(j) = {z € R¥:04(z,)) < 1},j € Z°,
and let €;(6), § > 0 denote the metric entropy of B /> (j) measured in the metric gj.

Obviously {Bj,2(j), J € 74} is a countable cover of R¥, and each member of this
collection is totally bounded (even compact) subset of R®. It is easily seen that

card({k € Z° : By () N B p(k) £ 2)) <3°,  VjeZ'.

Using the terminology of Lepski (2012) we can say that {By,2(j),j € 7%} is 35-
totally bounded cover of R*. Moreover, &;j(8) = s[In(1/8)] for any § > 0 and
any j € Z°. All together, the above allows us to assert that Assumption 7(i) is
fulfilled with I =7Z°, Xj = B;,2(j), N = 1.5s and R = 1. It remains to note that
Assumption 7(ii) is automatically fulfilled in our case since g = 1.

Also we note that for any j, k € Z* satisfying By 2(j) N B1,2(k) = & one has

inf inf (x,y)>1
x€B1/2(j) yeB1/2,(k) Qs Y

and therefore, Assumption 11 is checked with t = 1. At last we have for any n > 1,

s

[ [M@u/r)
=1
since supp(M) C [—1/2, 1/2]. Hence, condition (4.24) of Theorem 9 is fulfilled
as well, which completes the verification of the assumptions of the theorem.

20, Let us match the notation. First, in our case n; =n; =n. Since Y, j >
1, are identically distributed, the quantity denoted Fy, (7, ¥@y is given now by
G(r,y) = Jps IM(x — y)|g(x)dx and therefore, is independent on n. Here we
have taken into account that @ € X¢ = RS,

It is easily seen that

sup  sup =0,

reR,(s) ug0,1]°

(A.1) Gp:= sup |G, )|, <min[m]|glec, mi,n’].
re(l/n,1]8
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This yields, in particular, that Fy,, = G, < m]||g|lcc forany n > 1.
Choosing in Theorem 9 ¢ = p, v =2p + 2, z = 1 and remembering that x@) =
y, we have

G(r)In(n)

U (n,r, ) < y,(s,m
( )_ Vp( 00) nv.

for any @ = y € R® and any r € ﬁn (s) € R, (s). To get this assertion we have
used that G,, < (meen)® in view of (A.1).

At last, taking into account that the right-hand side of the latter inequality is
independent on y, we deduce from Theorem 9 that for any p > 1,

G(r) ln(n)]}p

Eg>{ sup [uxrnoo—yp(s,moa s

r€R,(s) +

2 _
<ci(p.)[1vmi|gleo]”*n~ P + cy(p. s)n7,

where c1(p,s) = 27P/2F33PT5HD (p + )P (s, M) and ca(p, s) = 2PT1359,
Here we have also used that G, < mj|g|l« in view of (A.1), which implies
Fn, <1 Vmﬁllglloo-

A.2. Proof of Proposition 2. First, noting that y, (s, Mso)/a = 1/2 we ob-
tain from Proposition 1 that

= P
(A2) 2l s (Il - 3V60)]| e
reR\® (s) 2 +

where we have put for brevity ¢, = c1(p, s)[1 Vmj] lgllool?/>n=P/% +c2(p, s)nP.
Next, putting x,(y) = - (y) — EgTr (y) we have in view of (A.2)

(A3) QL swp (il - %@)}i <an.

reﬁf,d)(s)

To get the latter result we remarked that if M satisfies Assumption 1, then |M]|
satisfies it as well and, therefore, Proposition 1 is applicable to the process y; (-).
It remains to note that the function G(-) is the same for both processes x,(-) and
Xr(+). We also note that

G(r) = sup {Egl)Tr(y)}
yeRS

and, therefore, for any r € (0, 1]°, one has

(A4) G(r)=1V[EP Y| <1V I rlloo + % lloos
where we have used the obvious inequality |||x]|| Vv |Izll — ¥l V lIzlIl < llx — yI|

being true for any normed vector space.
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Hence, putting ¢, (a) = SUP, (@ (S)[II)Z, loo — % G(r)]+, we obtain for any r €
R (s)
G < LG + 1V I e + 2a(w).
Ityields [G(r) —2(1 V | Y1 |loo) ]+ < 2&, (@), and we have in view of (A.3)

- p
EQL sup [Go) =201V Ill)]), < 2Pcn.
_l’_
rer® (s)
Similar to (A.4) we have
IV Yl < GO + 11 lloo < (3/2)G (1) + u(a)
and therefore, [1 V || Y} |lco — (3/2)(_}(r)]+ < ¢y (a). Thus we get from (A.3)

— p
B sup [1V Il — 3260} < an.
reRy (s)

A.3. Proof of Lemma 1. 'We have in view of Fubini’s theorem for any x1 € RI

*
Shy,n (xp)

- A;m [Kny * Ky 1 (1 — xp) f1(f) dry
= Jr [/}Rn Koy (yD) Ky (11 — X1 = y1) dyl] Ji(tp) dip
= /]RII\ Knl (z1 — x1) |:/]RI| KhI (t1 — zp) fi(tp) dtli| dzg

= spy(xp) + /RII\ Ky (21 — x1) [/Rll K (1 — z0{ fi() — fizp)} dtl] dzy.
Therefore, ||y, — SnlILoo < by Jgm | Ky ()| dyr < k{by,y.

A.4. Proof of Lemma 2. The proof of the lemma is completely based on
application of Propositions 1-2 and Corollary 1.

PROOF OF (i). Remember that ¢ (h, P) = supyep 1§ II1,00 and
&= sup sup[Z(n,P) — AA,(n, P)],.

neH, PeP
Then we have
[E(fn)(gn)Zq]l/(ZQ)
s =L (] s [igahe
PeRIeP nmeH™ (1)
5, ln(n):“zq)l/(Z‘I)
— I,k )
VZq(| | OO) I’anI n
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where we have put ’H,(fi)(|I|) = {nr € (0, 1] nVy > ul_lln(n)} and af =
(272 (1 koo)1 2.
To get the latter result we have used first, that A, (n, P) = supip w and
1

the trivial inequality [sup; x; — sup; yi]+ < sup;[x; — y;]+. Next we have used
that A = SUPp g SUPfep v2¢ (1], koo). At last we have used that n € H,, implies
m € H% (1)) for any I € Z, in view of the definition of a*.

Note that for any for any I € Z; and any 7y € (0, 1711

=: Fi(n).

I,00

521y | [ &= it dn

We conclude that Proposition 1 is applicable with x, =§&,, M=K, p=2q, s =
II|, a = a4, G = Fy, and assertion (i) follows with

12, d, K, 0= > [e1(2q, 1I)[1 v k'] +c2(2g, 1))]-
PeBIeP

PROOF OF (ii). Putforany h e H, andl €1,

sp(hi) = H/}RI‘K}”(H - ~)\f1(t1)dt1” ,

I,00

n
n Y | K (Xni — )|

i=1

Sra(hy) =

I,00

We have similar to (A.5) [s, — f‘n]+ < SUpPyez, suphleﬂmi) [sp(hy) — 2fy (A1) ]+

(1)
and hence
[E(")[E _f ]2q]1/(2q) < Z (E(n){ sup [SI(hI) s (hl)]}ZCI)l/(Zq).
f n ni4 = f n n

IeZy hreHy (1))

Assertion (ii) follows now from the second statement of Proposition 2 with

©2q,d, K. 0= [c|(2q, )1 vk']? + (g, 11])].

IeZ, O
PROOF OF (iii). We have [fn — 351+ < 2SUPIeId SuPhler,ai>(|I|)[fl’"(hl) _
(3/2)s1(h1)]+ and hence
S - 2 2
[E?’l)[fn _ 3sn]+4]1/( q)
2g\1/29)
<2 (EP| sw [faGo - G2saGt]]]) "

Iz, hreHS (1))
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Assertion (iii) follows now from the first assertion of Proposition 2 with

¢32¢,d, K, 0 =2 [c1(2q, 1)[1 VK']? +¢2(2g, 1)) O
IeZ,

PROOF OF (iv). Note that

fu = 2424 (£,)9"/*[max{F,, K£} ]~
(A.6) 2 d—1 2 d—1
< B[E)T/HTIT L (1L + DT EDT P+ )T+ (1K,

where we have used k; > 1 and put g = 2d2k‘112d2/ 4+d=1_Thys, to get asser-
tion (iv), it suffices to bound from above E /(f,)?, p > 1. We obviously have

f, < Z sup

(aj)

9

n
n Y | Ky (Xpi — )|

1€Zy hyer, V(1) i=1 I,00
and using Corollary 1 we get for p > 1,
[EY €)P]"7
(A7) Il g11/2 1/
IeZ,

Assertion (iv) follows now from (A.6) and (A.7). [

A.5. Proof of Lemma 4. The proof of the lemma is based on the embedding
theorem for anisotropic Nikolskii classes which we formulate below.

Let (o, 7) € (0, 00)* x [1, 00]® be such that »cr =1 — Z‘l‘:l(am)*l > 0, and let
QO € (0, 00)*. Then there exists ¢ > 0 completely determined by «, r and s such
that

(A.8) Nps(et, Q) € Noo s (e, €Q),

where o = (a1, ..., 05), 00 = %ozj%j_l and »; =1 — Zle(rl_l - rj_l)ozl_l.
The inclusion (A.8) is a particular case of Theorem 6.9 in Nikol’skii (1977),
with p’ = co. We remark that N s (e, Q) is anisotropic Holder class of functions.
LetE;,i =1, s be the family of s x s matrices where E; = (e1,...,¢€;,0,...,0),
and let Eg be zero matrix. Putting K (u) = [[j_; K(u;),u; € R, we get for any

n € (0, 00)* and any z € R?,

1By.¢(2)] = ‘/ﬂ; K (u)[g(z+un) — g(z)] du

53
i=1

/RS Ku)[g(z+nEiu) — g(z+ nE;_ju)] du
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We note that the all components of the vectors z + nE;u and z + nE;_1u except ith
coordinate coincide. Hence using Taylor’s expansion we obtain any 1 € (0, 00)®
and z € R* in view of (A.8)

[ K@lee+ k) — gtz + ki) du

< QK] /R K o) [l du < kS e Q™.

To get the last inequality we have taken into account (3.1) and used that K is sup-
ported on [—1/2, 1/2]. It is worth mentioning that ¢ as a function of « is bounded
on any bounded domain of (0, co0)®. Since the right-hand side of the latter inequal-
ity is independent of z we come to the assertion of the lemma.
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