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Abstract: We address the problem of adaptive minimax density estimation on R with Lp—
loss on the anisotropic Nikol’skii classes. We fully characterize behavior of the minimax risk
for different relationships between regularity parameters and norm indexes in definitions of the
functional class and of the risk. In particular, we show that there are four different regimes
with respect to the behavior of the minimax risk. We develop a single estimator which is
(nearly) optimal in order over the complete scale of the anisotropic Nikol’skii classes. Our
estimation procedure is based on a data-driven selection of an estimator from a fixed family
of kernel estimators.
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1. Introduction

Let X1,..., X, be independent copies of random vector X € R having density f with respect
to the Lebesgue measure. We want to estimate f using observations X (™ = (X1,...,Xn). By
estimator we mean any X (")-measurable map f R = L, (Rd). Accuracy of an estimator f is
measured by the L,-risk

. . /
RO, )= (BgllF —11) ", peLoo)

where E; denotes expectation with respect to the probability measure Py of the observations
X™ = (Xy,...,Xp), and || - ||p, p € [1,00), is the Ly-norm on R% The objective is to construct an
estimator of f with small L,risk.

In the framework of the minimax approach density f is assumed to belong to a functional class
3., which is specified on the basis of prior information on f. Given a functional class 3., a natural
accuracy measure of an estimator f is its maximal L,-risk over 3,

RV 5] = sup RYVLS, /1.
fex

The main question is:
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(i) how to construct a rate—optimal, or optimal in order, estimator f. such that

REV[f2i 2] = n(D) := inf RIFi2],  n— oo?

Here the infimum is taken over all possible estimators. We refer to the outlined problem as the
problem of minimaz density estimation with L,~loss on the class 3.

Although the minimax approach provides a fair and convenient criterion for comparison between
different estimators, it lacks some flexibility. Typically ¥ is a class of functions that is determined
by some hyper-parameter, say, o. (We write ¥ = X, in order to indicate explicitly dependence of
the class ¥ on the corresponding hyper-parameter «.) In general, it turns out that an estimator
which is optimal in order on the class ¥, is not optimal on the class ¥,,. This fact motivates the
following question:

(i) is it possible to construct an estimator f, that is optimal in order on some scale of functional
classes {3, @ € A} and not only on one class ¥,? In other words, is it possible to construct
an estimator f, such that for any o € A one has

RO[f; 80] = 6n(Sa), 1 — 00?

We refer to this question as the problem of adaptive minimaz density estimation on the scale of
classes {Xq,a € A}.

The minimax and adaptive minimax density estimation with L,-loss is a subject of the vast
literature, see for example Bretagnolle and Huber (1979), Ibragimov and Khasminskii (1980, 1981),
Devroye and Gyorfi (1985), Devroye and Lugosi (1996, 1997, 2001), Efroimovich (1986, 2008),
Hasminskii and Ibragimov (1990), Donoho et al. (1996), Golubev (1992), Kerkyacharian, Picard
and Tribouley (1996), Rigollet (2006), Massart (2007)[Chapter 7], Samarov and Tsybakov (2007),
Rigollet and Tsybakov (2007) and Birgé (2008). It is not our aim here to provide a complete review
of the literature on density estimation with L,-loss. Below we will only discuss results that are
directly related to our study. First we review papers dealing with the one-dimensional setting; then
we proceed with the multivariate case.

The problem of minimax density estimation on R! with L,-loss, p € [2,00), was studied by
Bretagnolle and Huber (1979). In this paper the functional class ¥ is the class of all densities such
that [Hf(ﬁ)Hp\|f\|£/2]1/(2’8+1) < L < oo, where f(?) is the generalized derivative of order 3. It was
shown there that .

On(X) xn 2178 Vp € [2,00).
Note that the same parameter p appears in the definitions of the risk and of the functional class.

The problem of adaptive minimax density estimation on a compact interval of R! with IL,~loss
was addressed in Donoho et al. (1996). In this paper class ¥ is the Besov functional class EEQ(L),
where parameter § stands for the regularity index, and r is the index of the norm in which the
regularity is measured. It is shown there that there is an elbow in the rates of convergence for
the minimax risk according to whether p < r(28 + 1) (called in the literature the dense zone) or
p > (2684 1) (the sparse zone). In particular,

1
no2e, p<r(28+1),
On (Bry(L)) 2 1-1/(8r)+1/(8p) (1.1)
(Inn/n)T=1/GEIF/EH | p > (28 + 1).

Donoho et al. (1996) develop a wavelet-based hard-thresholding estimator that achieves the indi-
cated rates (up to a Inn—factor in the dense zone) for a scale of the Besov classes IB%f o(L) under

additional assumption Sr > 1.
2



It is quite remarkable that if the assumption that the underlying density has compact support is
dropped, then the minimax risk behavior becomes completely different. Specifically, Juditsky and
Lambert-Lacroix (2004) studied the problem of adaptive minimax density estimation on R! with
¥ being the Holder class Nog 1(5, L). Their results are in striking contrast with those of Donoho et
al. (1996): it is shown that

1
T 241/B >24+1/85,
(bn(Noo,l(BaL)) > n_lfl/P P * /ﬂ
n A 1<p<2+1/8.

Juditsky and Lambert—Lacroix (2004) develop a wavelet—based estimator that achieves the indi-
cated rates up to a logarithmic factor on a scale of the Holder classes. Note that if the aforemen-
tioned results of Donoho et al. (1996) for densities with compact support are applied to the Holder
class, 7 = oo, then the rate is n~/@+1/8) for any p > 1. Thus, the rate corresponding to the zone
1 <p<2+1/B, does not appear in the case of compactly supported densities.

In a recent paper, Reynaud-Bouret et al. (2011) consider the problem of adaptive density esti-
mation on R! with LLy-losses on the Besov classes BEQ(L)' It is shown there that

1
n 2F1/B 2/(2+1) <r <2,
n_l—l/wlr)+‘1/ﬁ, r> 2.

n ((BYy(L)) > {

They also proposed a wavelet—based estimator that achieves the indicated rates up to a logarithmic
factor for a scale of Besov classes under additional assumption 287 > 2 — r. It follows from Donoho
et al. (1996) that if p = 2 and the density is compactly supported then the corresponding rates are
b (X) = n~ V@B for all r > 2/(28 + 1). Hence the rate corresponding to the zone r > 2, p = 2,
does not appear in the case of the compactly supported densities.

As for the multivariate setting, Ibragimov and Khasminskii in a series of papers [Ibragimov and
Khasminskii (1980, 1981), and Hasminskii and Ibragimov (1990)] studied the problem of minimax
density estimation with L,-loss on R?. Together with some classes of infinitely differentiable den-
sities, they considered the anisotropic Nikolskii’s classes ¥ = Ny (5, E), where B = (B1,-.-,B4),
7= (r1,...,rq) and L = (Ly,...,Lg) (for the precise definition see Section 3.1). It was shown that
ifr;=pforalli=1,...,d then

_ 1-1/p
n 1*1/<5P)+1/5, pE [172)’

S (1.2)
n 2+1/8 p € [2,00).

On (Nf,d(57 E)) = {

Here 3 is the parameter defined by the relation 1/ = Z?:1 1/B;. It should be stressed that in the
cited papers the same norm index p is used in the definitions of the risk and of the functional class.
We also refer to the recent paper by Mason (2009), where further discussion of these results can be
found.

Delyon and Juditsky (1996) generalized the results of Donoho et al. (1996) to the minimax density
estimation on a bounded interval of Rd, d > 1 over a collection of the isotropic Besov classes. In
particular, they showed that the minimax rates of convergence given by (1.1) hold with 1/(8r) and
1/ replaced by d/(Br) and d/f respectively. Comparing rates in (1.2) with the asymptotics of
minimax risk found in Delyon and Juditsky (1996) with » = p we conclude that the rate in (1.2)
in the zone p € [1,2) does not appear for compactly supported densities.

Recently Goldenshluger and Lepski (2011b) developed an adaptive minimax estimator over a
scale of classes Nm(ﬁ, E), in particular, if r;, = p for all # = 1,...,d then their estimator attains
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the minimax rates indicated in (1.2). Note that in the considered setting the norm indexes in the
definitions of the risk and the functional class coincide.

The results discussed above show that there is an essential difference between the problems of
density estimation on the whole space and on a compact interval. The literature on density estima-
tion on the whole space is quite fragmented, and relationships between aforementioned results are
yet to be understood. These relationships become even more complex and interesting in the multi-
variate setting where the density to be estimated belongs to a functional class with anisotropic and
inhomogeneous smoothness. The problem of minimax estimation under IL,,~loss over homogeneous
Sobolev L,-balls (¢ # p) was initiated in Nemirovski (1985) in the regression model on the unit
cube of R%. For the first time, functional classes with anisotropic and inhomogeneous smoothness
were considered in Kerkyacharian et al. (2001, 2008) for the Gaussian white noise model on a
compact subset of R%. In the density estimation model Akakpo (2012) studied the case p = 2 and
considered compactly supported densities on |0, 1]d.

To the best of our knowledge, the problem of estimating a multivariate density from anisotropic
and inhomogeneous functional classes on R? was not considered in the literature. This problem
is a subject of the current paper. Our results cover the existing ones and generalize them in the
following directions.

1. We fully characterize behavior of the minimax risk for all possible relationships between
regularity parameters and norm indexes in the definition of the functional classes and of the risk.
In particular, we discover that there are four different regimes with respect to the minimax rates
of convergence: tail, dense and sparse zones, and the last zone, in its turn, is subdivided in two
regions. Existence of these regimes is not a consequence of the multivariate nature of the problem
or the considered functional classes; in fact, these regimes appear already in the dimension one.
Thus our results reveal all possible zones with respect to the rates of convergence in the problem
of density estimation on R? and explain different results on rates of convergence in the existing
literature. In particular, results in Juditsky and Lambert—Lacroix (2004) and Reynaud-Bouret et
al. (2011) pertain to the rates of convergence in the tail and dense zones, while those in Donoho et
al. (1996) and Delyon and Juditsky (1996) correspond to the dense zone and to a subregion of the
sparse zone.

2. We propose an estimator that is based upon a data—driven selection from a family of kernel
estimators, and establish for it a point—wise oracle inequality. Then we use this inequality for
derivation of bounds on the IL,-risk over a collection of the Nikol’skii functional classes. Since the
construction of our estimator does not use any prior information on the class parameters, it is
adaptive minimax over a scale of these classes. Moreover, we believe that the method of deriving
IL,~risk bounds from point-wise oracle inequalities employed in the proof of Theorem 2 is of interest
in its own right. It is quite general and can be applied to other nonparametric estimation problems.

3. Another issue studied in the present paper is related to the existence of the tail zone. This zone
does not exist in the problem of estimating compactly supported densities. Then a natural question
arises: what is a general condition on f which ensures the same asymptotics of the minimax risk
on R? as in the case of compactly supported densities? We propose a tail dominance condition and
show that, in a sense, it is the weakest possible condition under which the tail zone disappears. We
also show that this condition guarantees existence of a consistent estimator under ILi-loss. Recall
that smoothness alone is not sufficient in order to guarantee consistency of density estimators in
L1 (R%) [see Ibragimov and Khasminskii (1981)].

The paper is structured as follows. In Section 2 we define our estimation procedure and derive
the corresponding point—wise oracle inequality. Section 3 presents upper and lower bounds on
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the minimax risk. We also discuss the obtained results and relate them to the existing results
in the literature. The same estimation problem under the tail dominance condition is studied in
Section 4. Sections 5—7 contain proofs of Theorems 1—4; proofs of auxiliary results are relegated to
Appendices A and B.

The following notation and conventions are used throughout the paper. For vectors u,v € R? the
operations u/v, u Vv, uAv and inequalities such as u < v are all understood in the coordinate—wise
sense. For instance, uV v = (u1 Vv1,...,uqVvg). All integrals are taken over R? unless the domain
of integration is specified explicitly. For a Borel set A C R? symbol |A| stands for the Lebesgue
measure of A; if A is a finite set, |A| denotes the cardinality of A.

2. Estimation procedure and point—wise oracle inequality

In this section we define our estimation procedure and derive an upper bound on its point—wise
risk.

2.1. Estimation procedure

Our estimation procedure is based on data-driven selection from a family of kernel estimators. The
family of estimators is defined as follows.

2.1.1. Family of kernel estimators

Let K : [—-1/2,1/2]? — R! be a fixed kernel such that K € C(R?), [ K(z)dz = 1, and ||K s < oc.
Let
H = {h:(hl,...,hd)e (0,19 hj =275 k; =0,...,logyn, jzl,...,d};

without loss of generality we assume that log, n is integer.
Given a bandwidth h € H, define the corresponding kernel estimator of f by the formula

Fulw) = &E_;K(Xh‘ x) _ i;;{hm ), (2.1)

where V}, := H?:1 hj, Kp(-) :== (1/V,)K(-/h). Consider the family of kernel estimators

F(H) = {fn,h € M}

The proposed estimation procedure is based on data—driven selection of an estimator from F(H).

2.1.2. Auxiliary estimators
Our selection rule uses auxiliary estimators that are constructed as follows. For any pair h,n € H

define the kernel K}, x K, by the formula [K}, x K,|(t) = [ Kj(t — y)K,(y)dy. Let fhm(az) denote
the estimator associated with this kernel:

. 1 &
fh,n(w) = aZKh,n(Xi_m% Kh,n :Kh*Kn.
i=1
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The following representation of kernels K}, will be useful: for any h,n € H

0 K1) = Q) (22)

where function @)y, is given by the formula

hAn

Qny(t) /K v(y,t — I/y))K(v(t — vy, y))dy7 V= TS (2.3)

Here function v : R x R? — R? is defined by

vj(y,z)—{zﬁ hy > j=1,...,d.

The representation (2.2)-(2.3) is obtained by a straightforward change of variables in the con-
volution integral [see the proof of Lemma 12 in Goldenshluger and Lepski (2011a)]. We also
note that supp(Qn,) C [—1,1]%, and |Qnyllec < ||K||% for all h,n. In the special case where

K(t) = [I%, k(t;) for some univariate kernel & : [~1/2,1/2] — R! we have

Qnat) H / s — vawk(ui)dus, i = (hi A/ (he V ).

We also define

— hsrl,lfn ‘ /K o(y,t —vy)) K (vt — vy,y))

and note that supp(Q) C [~1,1]%, and [|Q[| < [ K|1%.

2.1.8. Stochastic errors of kernel estimators and their majorants

Uniform moment bounds on stochastic errors of kernel estimators f,(z) and fh,,,(x) will play an
important role in the construction of our selection rule. Let

Gl@) = Y K(Xi—a) - [ Kt - a)p(e)at (24
=1

Enn(x) = %Z Kpp(Xi — ) — /Kh,n(t —x)f(t)dt
=1

denote the stochastic errors of fh and fh,n respectively. In order to construct our selection rule we
need to find uniform upper bounds (majorants) on &, and &, i.e. we need to find functions M,
and Mj,, such that moments of random variables

sup [[€n(2)] = Mp(2)] ., S, (€0 ()] = Mpy(2)] (2.5)

are “small” for each € RY. We will be also interested in the integrability properties of these
moments.



It turns out that the majorants M (x) and My ,(x) can be defined in the following way. For a
function ¢ : R — R! let

Ap(g,z) = / gn(t — )| f(t)dt, gu(-) =V, 'g(-/h), heH. (2.6)
Now define
A(g, )1 ]
R e 2.7

where s is a positive constant to be specified. In Lemma 2 in Section 5 we show that under
appropriate choice of parameter s functions

Mpy(x) .= Mp(K,z), My ,(x) = Mpyy(Q, ) (2.8)

uniformly majorate &, and &, in the sense that the moments of random variables in (2.5) are
“small”.

It should be noted, however, that functions M}, (x) and M), ,(x) given by (2.8) cannot be directly
used in construction of the selection rule because they depend on unknown density f to be estimated.
We will use empirical counterparts of Mj,(x) and Mj, ,(x) instead.

For ¢ : R? — R! we let

R 1 &
Ap(g, ) = o Z lgn(Xi — )],
=1

and define
- sxAp(g,x)Inn  4xlnn
Mp(g,z) =4 2.9
(9, 7) e (29)
2.1.4. Selection rule and final estimator
Now we are in a position to define our selection rule. For every 2 € R? let
RBi(x) = sup [|fun(@) = fo@)] = My (Q.2) = My (K, 2)
neH +
+ sup M,(Q,z) + My, (K,x), heH. (2.10)

n=h
The selected bandwidth B(:c) and the corresponding estimator are defined by
N . S 4
h(z) = arg ég?f{ Ry(z), f(x)= fh(x)(x), x € R% (2.11)

Note that the estimation procedure is completely determined by the family of kernel estimators
F(H) and by the constant s appearing in the definition of Mj,.

We have to ensure that the map x — fﬁ(w)(x) is an X (")-measurable Borel function. This follows
from continuity of K and the fact that H is a discrete set; for details see Appendix A, Section A.1.

The main idea behind the construction of the selection procedure (2.10)—(2.11) is the following.
The expression thn (Q,z)+ Mn (K, z) appearing in the square brackets in (2.10) dominates with
large probability the stochastic part of the difference | fhﬂ(:n) — fn(x)\ Consequently, the first term
on the right hand side of (2.10) serves as a proxy for the deterministic part of | fh’n(az) - fn(a:)|
which is the absolute value of the difference of biases of kernel estimates fhm(x) and fn(x) The
latter, in its own turn, is closely related to the bias of the estimator fh(m) Thus, the first term on
the right hand side of (2.10) is a proxy for the bias of fh(x), while the second term is an upper
bound on the standard deviation of fj(z).
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2.2. Point—wise oracle inequality

Let By (f,t) be the bias of the kernel estimator f(¢),
/K — ) f(y)dy - (1), (2.12)
and define
Bu(f,z) = |Bn(f,z)| v sup ‘ /K (t —z)Bp(f,t dt’ (2.13)

Theorem 1. For any € R? one has

F@) = F(@)| < inf {4Ba(f,2) +60sup My (Q, ) + 61M (K, )} +7¢(x) + 18x(x),  (2.14)

nzh
where
((z) = }Sllelgﬂﬁh(ﬂ?)l—Mh(KafE)h v hi;g)%“gh,n(x)‘_Mh\/n(an)]-i-v (2.15)
x(z) = S sup [[4n(g,2) — An(g, )| — Ma(g,z)] , (2.16)

Furthermore, for any q > 1 if 5 > [||K|loo V 1]?[(4d + 2)q + 4(d + 1)] then
/Ef{[é(w)]q + [x(2)]*}dz < Cn™92, ¥n >3, (2.17)

where C' is the constant depending on d, q and || K|/~ only.

We remark that Theorem 1 does not require any conditions on the estimated density f.
3. Adaptive estimation over anisotropic Nikol’skii classes
In this section we study properties of the estimator defined in (2.10)—-(2.11). The point-wise oracle

inequality of Theorem 1 is the key technical tool for bounding L,-risk of this estimator on the
anisotropic Nikol’skii classes.

3.1. Anisotropic Nikol’skii classes

Let (ey,...,eq) denote the canonical basis of R%. For function g : R? — R! and real number u € R
define the first order difference operator with step size u in direction of the variable x; by

Aujg(x) = g(x +uej) —g(x), j=1,...,d.

By induction, the k-th order difference operator with step size u in direction of the variable z; is
defined as

N

AF g(z) = Ay A => (- l+k(> A ig(z). (3.1)

=1



Definition 1. For given real numbers ¥ = (r1,...,rq), rj € [1,00], ,6_" = (B1,...,B4), Bj >0, and

L=(Li...,Lg), L; >0, j=1,...,d, we say that function g : R? — R belongs to the anisotropic
Nikol’skii class Ny 4 (,g, E) if

() llgllr; < Ly forallj=1,...,d;

(ii) for every j =1,...,d there exists natural number k; > [B; such that
HAufngTj < Lijjulf, VueRe Vji=1,...,d. (3.2)

The anisotropic Nikol’skii class is a specific case of the anisotropic Besov class, often encoun-
tered in the nonparametric estimation literature. In particular, Ny 4 (ﬂ, ) = Bff?joooo(), see
(Nikol’skii 1977, Section 4.3.4).

3.2. Construction of kernel K

We will use the following specific kernel K in the definition of the family F(#H) [see, e.g., Kerky-
acharian et al. (2001) or Goldenshluger and Lepski (2011b)].

Let / be an integer number, and let w : [—1/(2¢),1/(2¢)] — R! be a function satisfying
[w(y)dy = 1, and w € C(RY). Put

wily) = ZE: (?)(—1)”11_@0(9), K(t) = f[wg(tj), =ty ta). (3.3)

; 1 1 1
=1

The kernel K constructed in this way is bounded, supported on [—1/2,1/2]%, belongs to C(R?) and
satisfies

/K(t)dt =1, /K(t)tkdt =0, Vk|=1,...,0—1,

where k = (ki,...,kg) is the multi-index, k; > 0, |k| = ky + --- + kg, and tF = t]f1-~~t§d for
t=(t1,...,tq).

3.3. Main results

Let Ny 4 (ﬁ , E) be the anisotropic Nikol’skii functional class. Put

1 11 & @ s
3 ::Zﬁ 5 ::Zﬁ» Ly= T4,
j=1"7 j=1"7"J j=1

and define
( 1-1 2+1/8

l—l/s-i/-li/ﬂ’ P < 1+1§s’

38 2+1/8
L) wm EEsessrys), o

s/p; p>s(2+1/8), s <1,

1-1/s4+1

%, p>5(2+1/,6)7821,

In?(n), p< e

o= { (w)Vr, p=s2+1/8),

1, otherwise.
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In contrast to Theorem 1 proved over the set of all probability densities, the adaptive results
presented below require the additional assumption: the estimated density should be uniformly
bounded. For this purpose we define for M > 0

N’r_’,d(/g\a-ﬁ?M) = NF,d(57E) N {f”f”oo SM}

Note, however, that if J := {j = 1,...,d : r; = oo} then Nﬁd(ﬁ_‘, L, M) = Nm(ﬁ, I_;) with
M = inf; L;. Moreover, in view of the embedding theorem for the anisotropic Nikol’skii classes [see
Section 6.1 below], condition s > 1 implies that the density to be estimated belongs to a class of
uniformly bounded and continuous functions. Thus, if s > 1 one has Ny g4 (5, E, M ) = Nigq (5, E)
with some M completely determined by L.

The asymptotic behavior of the L,-risk on class N,v’d(g, E, M) is characterized in the next two
theorems.

Let family F(#) be associated with kernel (3.3). Let f denote the estimator given by the selection
rule (2.10)(2.11) with 3 = (|| K||oo V 1)2[(4d + 2)p + 4(d + 1)] that is applied to the family F(#).

Theorem 2. For any M > 0, Ly > 0, £ € N*, any g e 0,07, 7 € (1,00]%, any L satisfying
minj—1,_qL; > Lo, and any p € (1,00) one has

lim sup {m(Lﬁ:m)_y R fiNra(B, L, M)]} <0 <o

n—0o0

Here constant C does not depend on L in the cases p < s(2+1/8) andp>s(2+1/8), s < 1.
Remark 1.

1. Condition minj—y, g4 L; > Lo ensures independence of the constant C' on L in the cases
p<s(2+1/8)and p > s(2+1/8), s < 1. If p > s(2+1/83), s > 1 then C depends on L,
and the corresponding expressions can be easily extracted from the proof of the theorem. We
note that in this case the map L — C(L) is bounded on every closed cube of (0, c0)%.

2. We consider the case 1 < p < oo only, not including p = 1 and p = oo. It is well-known,
Ibragimov and Khasminskii (1981), that smoothness alone is not sufficient in order to guar-
antee consistency of density estimators in L1 (R?); see also Theorem 3 for a lower bound. The
case p = oo was considered recently in Lepski (2012).

3. As it was discussed above, Theorem 2 requires uniform boundedness of the estimated den-
sity, i.e. |[flloo < M < co. We note however that our estimator f is fully adaptive, i.e., its
construction does not use any information on the parameters B , 7 L and M.

Now we present lower bounds on the minimax risk. Define

lnn, p>s(2+1/6), s>1,
oy =

1, otherwise.

Theorem 3. Let 3 € (0,00)%, 7€ [1,00]%, L € (0,00)% and M > 0 be fized.
(i) There exists ¢ > 0 such that

nminf{(Lff‘") inf ROV[f; N (B,E,M)]}Zc, Vp € [1,00),

n—oo

where the infimum is taken over all possible estimators f If minj—q, 4L; > Lo > 0 then in the
cases p < s(2+1/B) orp> s(241/8) and s < 1 the constant ¢ is independent of L.
10



(ii) Let p =00 and s < 1; then there is no consistent estimator, i.e., for some ¢ > 0

lim inf inf sup Efllf— f > c.
e f feN'F,d(gaivM) f” Hoo

Remark 2.

1. Inspection of the proof shows that if max;—; 4L; < Lo < 0o then the statement (i) is valid
with constant ¢ depending on 3,7, Ly, Lo, d and M only.

2. As it was mentioned above, adaptive minimax density estimation on R? under L. loss was
a subject of the recent paper Lepski (2012). A minimax adaptive estimator is constructed in
this paper under assumption s > 1. Thus, statement (ii) of Theorem 3 finalizes the research on
adaptive density estimation in the supremum norm. It is interesting to note that the minimax
rates in the case p = oo coincide with those of Theorem 2 if we put formally p = co.

3.4. Discussion

The results of Theorem 2 together with the matching lower bounds of Theorem 3 provide complete
classification of minimax rates of convergence in the problem of density estimation on R?. In
particular, we discover four different zones with respect to the minimax rates of convergence.

e Tuil zone corresponds to “small” p, 1 < p < zlilléf . This zone does not appear if density

f is assumed to be compactly supported, or some tail dominance condition is imposed, see
Section 4.

e Dense zone is characterized by the “intermediate” range of p, 2:&//5 <p<s(2+1/pB). Here

the “usual” rate of convergence n~#/(26+1) holds.

e Sparse zone corresponds to “large” p, p > s(2+ 1/8). As Theorems 2 and 3 show, this zone,
in its turn, is subdivided into two regions with s > 1 and s < 1. This phenomenon was not
observed in the existing literature even for settings with compactly supported densities. For
other statistical models (regression, white Gaussian noise etc) this result is also new.

It is important to emphasize that existence of these zones is not related to the multivariate nature
of the problem or to the anistropic smoothness of the estimated density. In fact, these results hold
already for the one—dimensional case, and this, to a limited degree, was observed in the previous
works. In the subsequent remarks we discuss relationships between our results and the existing
results in the literature, and comment on some open problems.

1. In Donoho et al. (1996), Delyon and Juditsky (1996) and Kerkyacharian et al. (2008) the
sparse zone is defined as p > 2(1+1/f), s > 1. Recall that condition s > 1 implies that the density
to be estimated belongs to a class of uniformly bounded and continuous functions. In the sparse
zone we consider also the case s < 1, but density f is assumed to be uniformly bounded. It turns
out that in this zone the rate corresponding to the index v = s/p emerges.

2. The one-dimensional setting was considered in Juditsky and Lambert-Lacroix (2004) and
Reynaud-Bouret et al. (2011). The setting of Juditsky and Lambert-Lacroix (2004) corresponds
to s = oo, while Reynaud-Bouret et al. (2011) deal with the case of p =2 and § > 1/r —1/2.
Both settings rule out the sparse zone. The rates of convergence in the dense zone obtained in the
aforementioned papers are easily recovered from our results. However, in the tail zone our bound
contains additional In(n)-factor.
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3. In the previous papers on adaptive estimation of densities with unbounded support [cf. Ju-
ditsky and Lambert-Lacroix (2004) and Reynaud-Bouret et al. (2011)] the developed estimators
are explicitly shrunk to zero. This shrinkage is used in bounding the minimax risk on the whole
space. We do not employ shrinkage in our estimator construction. We derive bounds on the L, -risk
by integration of the point—wise oracle inequality (2.14). The key elements of this derivation are
inequality (2.17) and statement (i) of Proposition 2. The inequality (2.17) is based on the follow-
ing fact: the errors ((x) and x(x) are integrable by the accurate choice of the majorant. Indeed,
Section 5.3 shows that these errors are not equal to zero with probability which is integrable and
“negligible” in the regions where the density is “small”. This leads to integrability of the remainders
in (2.14). As for Proposition 2, it is related to the integrability of the main term in (2.14). The
main problem here is that the majorant Mj (-, ) itself is not integrable. To overcome this difficulty
we use the integrability of the estimator f , approximation properties of the density f, and (2.17).

4. In the context of the Gaussian white noise model on a compact interval Kerkyacharian et al.
(2001) developed an adaptive estimator that achieves the rate of convergence (Inn/n)?/ (51 on
the anisotropic Nikol’skii classes under condition Z?Zl [é(% —1)]+ < 2. This restriction determines
a part of the dense zone, and our Theorem 2 improves on this result. In fact, our estimator achieves

the rate (Inn/n)?/ 841 in the zone Z?Zl é(% — 1) < 2 which is equivalent to p < s(2+ 1/5).

5. It follows from Theorem 3 that the upper bound of Theorem 2 is sharp in the zone p >
s(2+1/8), s > 1, and it is nearly sharp up to a logarithmic factor in all other zones. This extra

logarithmic factor is a consequence of the fact that we use the point—wise selection procedure

(2.10)—(2.11). We also have extra In n—term on the boundaries p = ?ill//f, p=s(24+1/5).

Conjecture 1. The rates found in Theorem 3 are optimal.

Thus, if our conjecture is true, the construction of an estimator achieving the rates of Theorem 3
in the tail and dense zones remains an open problem.

6. Theorem 2 is proved under assumption 7 € (1, 00]?, i.e., we do not include the case where rj=1
for some j = 1,...,d. This is related to the construction of our selection rule, and to the necessity
to bound L,,—norm, j = 1,...,d of the term By, (f,z); see (2.13) and (2.14). In our derivations for
this purpose we use properties of the strong maximal operator [for details see Section 6.1], and it
is well-known that this operator is not of the weak (1,1)-type in dimensions d > 2. Nevertheless,
using inequality (6.5) we were able to obtain the following result.

Corollary 1. Let 7 be such that r; = 1 for some j = 1,...,d. Then the result of Theorem 2 remains
valid if the normalizing factor (n_l In n)y 1s replaced by (n_l[ln n]d)y.

The proof of Corollary 1 coincides with the proof of Theorem 2 with the only difference that bounds
in the proof of Proposition 1 should use (6.5) instead of the Chebyshev inequality. This will result
in an extra (Inn)?!'-factor. We note that the results of Theorem 2 and Corollary 1 coincide if
d = 1. Tt is not surprising because in the dimension d = 1 the strong maximal operator is the
Hardy-Littlewood maximal function which is of the weak (1,1)-type.

4. Tail dominance condition

Let g : R? — R! be a locally integrable function. Define the map g — ¢* by the formula

1
g (z):= sup — g(t)dt, zeR% (4.1)
he .24 Vi Ji, (@)
12



where Il (z) = [x1 — h1/2,21 + h1/2] X -+ X [Xg — hq/2, 24 + hq/2]. In fact, formula (4.1) defines
the maximal operator associated with the differential basis U,cra{IIs(z), h € (0,2]}, see Guzman
(1975).

Consider the following set of functions: for any 6 € (0,1] and R € (0,00) let

Go(R)={g:R* - R: |g*|lo <R} (4.2)

Note that, although we keep the previous notation |gllg = ([ |g(x)|?dx)'/?, || - |l¢ is not longer a
norm if 6 € (0, 1).

The assumption that f € Gy(R) for some 6 € (0,1] and R > 0 imposes restrictions on the tail of
the density f. In particular, the set of densities, uniformly bounded and compactly supported on
a cube of R?, is embedded in the set Gg(-) for any 6 € (0,1] (for details, see Section 7.4). We will
refer to the assumption f € Gy(R) as the tail dominance condition.

In this section we study the problem of adaptive density estimation under the tail dominance
condition. We show that under this condition the minimax rate of convergence can be essentially
improved in the tail zone. In particular, if 8 < 8* for some 6* < 1 given below then the tail zone
disappears.

For any 0 € (0,1] let

V*(G):max{ L—0/p ! }

1-0/s+1/8" 2+ 1/

and define
(6 = vi(0), p<s(2+1/8), () = (Inn)'?, pe{Feis s2+1/8)}, w3
v, p> 8(2 + 1//6), " 1, otherwise,

where v is defined in (3.4).
Theorem 4. The following statements hold.

(i) For any 6 € (0,1] and R > 0, Theorem 2 remains valid if one replaces Nad(ﬂ_’, L, M) by
Gy(R)N Nf;d(,g, E, M), v by v(0) and py by pn(0). The constant C' may depend on 6 and R.
(ii) For any 0 € (0,1], 3,L € (0,00)¢, 7 € [l,oo]f and M > 0 one can find R > 0 such that
Theorem 3 remains valid if one replaces Ny (5, L, M) by Go(R) NNy q(8,L, M), v by v(6),
and iy, by pn(0).
Remark 3.

1. The leads to improvement of the rates of convergence in the whole tail zone. In particular,
if f € G1(R) then the additional ln%(n)—factor disappears, cf. u, and p,(1). Moreover, if
f < 1 under tail dominance condition condition the faster convergence rate of the dense zone
is achieved over a wider range of values of p, 241/8 < p < s(2+1/8). Additionally, if

1/0+1/s =
* ps
0<0" = —-——,
s(2+1/8) —p
then the tail zone disappears. Note that 6* € (0,1) whenever p < ?1117; .

As it was mentioned above, the set of uniformly bounded and compactly supported on a cube
of R? densities is embedded in the set Gy(-) for any @ € (0,1]. This fact explains why the tail
zone does not appear in problems of estimating compactly supported densities.
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2. We would like to emphasize that the couple (0, R) is not used in the construction of the esti-
mation procedure; thus, our estimator is adaptive with respect to (6, R) as well. In particular,
if the tail dominance condition does not hold, our estimator achieves the rate of Theorem 2.
On the other hand, if this assumption holds, the rate of convergence is improved automatically
in the tail zone.

3. The second statement of the theorem is proved under assumption that R is large enough.
The fact that R cannot be chosen arbitrary small is not technical; the parameters 3, E, T
M ,0 and R are related to each other. In particular, one can easily provide lower bounds on
R in terms of the other parameters of the class. For instance, by the Lebesgue differentiation
theorem, f(x) < f*(z) almost everywhere; therefore for any density f € Gy(R) such that
| flloo < M one has

1 :/f < M1—9||f*||z < M1—0R0 = R> M1—1/9.

Another lower bound on R in terms of E, 7 and 6 can be established using the Littlewood
interpolation inequality [see, e.g., (Garling 2007, Section 5.5)]. Let 0 < g¢p < ¢1 and a € (0, 1)

be arbitrary numbers; then the Littlewood inequality states that [|gll, < [lglls /gl , where

q is defined by relation é = 1;—()0‘ + %. Now, suppose that f € Gyg(R) N Nﬁd(g, E), and choose
=0, =7; and a = ﬁ/@n; then ¢ = 1 and by the Littlewood inequality we have

r0—0 r;—1;0 r;0—r;

L= Il < WA < R LT i=1d = R> max L'

4. Another interesting observation is related to the specific case p = 1. Recall that the condition
f € Ngq(B,L, M) alone is not sufficient for existence of consistent estimators. However, for
any 6 € (0,1) we can show

— 0, n— oo.

Ls(ln n)d] o717
n

wf RV Go() nsa(. LM < €|
This result follows from the proof of Theorem 4 and (6.5).

Now we argue that condition f € Gy« (R) is, in a sense, the weakest possible ensuring the “usual”
rate of convergence, corresponding to the index v = /(28 + 1), in the whole zone p < s(2 4+ 1/5).
Indeed, in view of Theorem 4, the minimax rate of convergence on the class G (R) "Ny 4(8, L, M),
say 1,,(0%), satisfies

_B — 1 _B
c(Lg/n)?PF < 9, (6") < C(lnn) /p(Lg Inn/n)2 0,
where the constants ¢ and C' may depend on R. On the other hand, if gn(ﬁ*) denotes the minimax
rate of convergence on the class N;’d(ﬁ_j L, M)\ Gy (R) then

1-1/p 1-1/p
c(Lg/n) =747 < o (6°) < C(Lglnn/n)T=1/++1/5, (4.4)

provided that p < 21111%: . The upper bound in (4.4) is one of the statements of Theorem 2, while
the lower bound is proved in Section 7.5. L

Thus we conclude that there is no tail zone in estimation over the class Gy« (R) NNz 4(53, L, M),
and this zone appears when considering the class Nﬁd(ﬁ_’ L, M )\ Gy« (R). In this sense f € Gy« (R)N
Np(g, I_;, M) is the necessary and sufficient condition eliminating the tail zone.
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5. Proof of Theorem 1

First we state two auxiliary results, Lemmas 1 and 2, and then turn to the proof of the theorem.
Proof of measurability of our estimator and proofs of Lemmas 1 and 2 are given in Appendix A.

5.1. Auxiliary lemmas

For any g : R* = R! denote

- »xAp(g,x)lnn  xInn

Lemma 1. Let Xh(gax) = “Ah(ng) - Ah(g7aj)’ - Mh(gax)}+r h € H; then

[M(g,2) — 5Mp (g, 2)]+ < %Xh(g,:v)’ [Mi(g,z) — 4Mp (g, 2)]+ < 2xn(g, ).

The next lemma establishes moment bounds on the following four random variables:

Gi(z) = slel?gﬂfh(w)l — My (K, z)]4;
Ga(z) = sup [|€ny(2)] — Mpvn(Q, )]+
fonert A (5.1)
G(z) == }slgg[lAh(K, z) — Ap(K,z)| — Mp(K, z)]4;
C4(‘T) = }SLLEI,EHA}L(va) - Ah(Qa .’E)‘ - Mh(Q7x)]+‘

Denote koo = || K||oc V 1 and
F(z) = /1[171]51(15 —x) f(t)dt.
Lemma 2. Let ¢ > 1,1 > 1 be arbitrary numbers. If 3 > k2. [(2q + 4)d + 2] then for all x € R?

Efl())? < Con *{F(z)vn'}, j=1,234 (5.2)

where constant Cy depends on d, q, and koo only.

5.2. Proof of oracle inequality (2.14)

We recall the standard error decomposition of the kernel estimator: for any h € ‘H one has

[fu(@) = f(@)] < |Bi(f2)| + [€n(2)].

where By, (f,z) and &,(x) are given in (2.12) and (2.4) respectively. Similar error decomposition
holds for auxiliary estimators f} ,(x); the corresponding bias and stochastic error are denoted by

Biy(f,) and €,(x). A
19. The following relation for the bias By, ,(f,z) of f5,(z) holds:

Byy(f,x) = By(f,x) = /Kn(t —x)Bp(f,t)dt, Vh,ne€ H. (5.3)
15



Indeed, using the Fubini theorem and the fact that [ Kj(z)dz =1 for all h € H we have

Juner)e-oswa — | [ [ = - x)dy} Ft)dt

+ [ K=o [ [ Ete =170 - e ay.

It remains to note that [ K (¢t —y)[f(¢) — f(y)]dt = By(f,y) and to subtract f(z) from the both
sides of the above equality. Thus, (5.3) is proved.

20, By the triangle inequality we have for any h € H

fi(@) = f@)] < Ufi(@) = fip@)] 4 1fj @) = fa@)] + fule) = f(2)]- (5-4)
We bound each term on the right hand side separately.
First we note that, by (5.3) and (2.13), for any h € ‘H

Fon(w) = sup Ny (@) = V(K ) = sup [1fn(w) = Folw)] = V(@) — My (K, )]
n>h neH +

S Bh(fax) + sup |:|€h,77(x) - fﬂ(m)’ - MhVn(Qa .’E) - MT](K7$):|
neH +
Thus, for any h € H

Ry(z) < Bh<f,x)+2§(x)+Mh<K,x)+suIZMn(Q,x), (5.5)
n=

where we put

C(a) = S (1€, (2)] = My (@, )], V sup (1€ ()] = Mp(K, 2)]

Second, by (5.3) and fhm = fn,h for any h,n € H we have

[fan(@) = fu(@)] < [Byn(f,x) = Balf, 2)| + [énn(@) — n ()]

< Bn(fv 'T) + [|£h,'r](x) - gh(x)‘ - Mh\/n(va) - Mh(Kvx)] + SI;I})L Mn(va) + Mh(Kvx)
nz

< By(f,z) +2{(x) + Ry(z),

where the last inequality holds by definition of Ry (z) [see (2.10)]. There inequalities imply the
following upper bound on the first term on the right hand side of (5.4): for any h € H

[fin(@) = f@)] < Bu(f,2) + Ry () + 2 («)

< Ba(f,x) + () + 2((x)
< 2By (f,x) +4((x )‘i‘suI}zMn(an)‘i‘Mh(K?fﬁ)S (5.6)
n=>

N

where we have used the fact that Rh(m) < Rp(z) for all h € H, and inequality (5.5).
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Now we turn to bounding the second term on the right hand side of (5.4). We get for any h € H

| fn@) = @) = |f5 (@) = ful@)] + [M;,,(Q, 2) + My (K, x)]
< R;(z) + sup M, (Q,z) + My(K, )
n>

< Bp(f,z) +2((z) + zsug M, (Q, =) + 2M,(K, x), (5.7)
n=>

where we again used (5.5) and the fact that Rh(x) < Ry(x) for all h € H.
Finally for any h € H

|[fu(@) = f(@)] < |Br(f,0)] + | (@)] < Ba(f,x) + Myp(K, z) + ((x).

Thus, combining (5.6), (5.7) and (5.4) we obtain

|fi (@) = f(z)| < inf {4Bh(f,x)—I—SSupMn(Q,w)+3Mh(K,x)+Mh(K,x)}—1—6((36)—1—((:6). (5.8)

"~ heH n>h

3%, In order to complete the proof we note that by the first inequality of Lemma 1 for any
g: R4 R
My (g,x) < 20Mp(g, %) + 2xn(g, 7).

In addition, by the second inequality in Lemma 1

[€n(2)] = Mn(K, 2) = |64 ()] = Ma(K, ) + My (K, 2) = My (K, 2) < (@) +2x(2),
[Enn(2)] = Miyy(Q, ) = [En.n(2)] = Mivy(Q; ) + Mpyy(Q, ) — Mayn(Q, ) < ((x) + 2x(2),

so that (z) < ¢(z) 4 2x(x). Substituting these bounds in (5.8) we obtain

\f(x) — f(2)| < gnf {4Bh(f, x) 4+ 60 sup M, (Q, z) + 61.M} (K, :p)} + 7¢(x) + 18x(x),
eH n>h

as claimed. B

5.3. Proof of moment bounds (2.17)
Let ¢j(x), j =1,...,4 be defined by (5.1). Then
Ef[¢(z)]? < Con V2{F(z)vn'},

as claimed in Lemma 2.
Let Ty = {x € R?: F(x) > n~!} and Ty = R?\ T}. Therefore

/T1 E[¢(x)])%dz < Con_q/Q/

F(z)dz < Con_Q/Q/F(l’)dl' = 21Cyn~9/2. (5.9)
T

Now we analyze integrability on the set T5. We consider only the case j = 1,2 since computations
for j = 3,4 are the same as for j = 1.
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_ Let Unax(2) = [z — 1,2+ 1]¢ and define the event D(z) = { 31| 1[X; € Unax(z)] < 2}, and let
D(x) denote the complementary event. First we argue that for j =1, 2

Indeed, if x € T, then for any h € H
B K (X — 2)| < n%oo F(2) < koon™!, |EQu(X; — 2)| < nkZ F(z) < kZn®,

Here we have used that % = [1/n,1]¢ and that supp(K) = [-1/2,1/2], supp(Q) = [-1,1]%.
Hence, by definition of &, (x), for any h € H one has for any | > d + 1

En(@I{D@)} < \—Zm i = 2)| L{D(@)} + koon~
2k 4k
< 20 4 koon®t < =2 < My (K
> th+ oMl = v h( 1’)

where we have used that n?=! < (nV4)~! for I > d+1, »Inn > 4k, by the condition on s [see also
definition of M}, (K, )], and n > 3. Therefore (;(z)1{D(z)} = 0 for x € T5. By the same reasoning
for (o(x) we obtain that (a(2)1{D(x)} = 0, Vo € Ty because »Inn > 4k2 . Thus (5.10) is proved.
Using (5.10) we can write

J EG@IbEar < [ 5 ([sp @iy s @ 1Dw))ds

h,ne

IN

(2k§ond)q/T P {D(z)}dx. (5.11)

Now we bound from above the integral on the right hand side of the last display formula. For any
z > 0 we have in view of the exponential Markov inequality

P {D(z)} = {Z 1[X; € Upax(z)] > 2} < e %[FF(x)+ 1 - F(a)]"
=1
= e **[(e* —1)F(z) +1]" < exp{—2z + n(e* — 1)F(z)}.

Minimizing the right hand side w.r.t. z we find z = In2 — In {nF'(z)} and, therefore,
P{D(z)} <4 'n?F*(z) exp{2 — nF(2)} < (*/4)n*F?(x).
Since F(z) < n~! for any = € T, we obtain
/T BAAD()}dr < (¢2/n / F(a)dz = 24(e/4)n*~!
Combining this inequality with (5.11) we obtain
/ E¢[¢(2)]"1{D(z)}dx < 29(2k%)9(e? /4)n T, (5.12)

Ts

Choosing [ = (d + 1)g + 2 we come to the assertion of the theorem in view of (5.9) and (5.12). n
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6. Proofs of Theorem 2 and statement (i) of Theorem 4

The proofs of Theorem 2 and of statement (i) of Theorem 4 go along similar lines. That is why
we state our auxiliary results (Propositions 1 and 2) in the form that is suitable for the use in the
proof of Theorem 4.

This section is organized as follows. First, in Subsection 6.1 we present and discuss some facts
from functional analysis. Then in Lemma 3 of Subsection 6.2 we state an auxiliary result on ap-
proximation properties of the kernel K defined in (3.3). Proof outline and notation are discussed
in Subsection 6.3. Subsection 6.4 presents two auxiliary propositions, and the proofs of Theorem 2
and statement (i) of Theorem 4 are completed in Subsections 6.5 and 6.6. Proofs of the auxiliary
results, Lemma 3 and Propositions 1 and 2 are given in Appendix B.

In the subsequent proof ¢;, C;, &, C;, ¢, C;. ¢, C;, ..., stand for constants that can depend on Ly,
M 5, 7, d and p, but are independent of L and n. These constants can be different on different
appearances. In the case when the assumption f € Gy(R) with 6 € (0,1) is imposed, they may also
depend on # and R.

6.1. Preliminaries

We present an embedding theorem for the anisotropic Nikol’skii classes and discuss some properties
of the strong maximal operator.

6.1.1. Embedding theorem
The statement given below in (6.2) is a particular case of the embedding theorem for anisotropic

Nikol’skii classes Nﬁd(ﬁ_’, L); see (Nikol'skii 1977, Section 6.9.1.).
For the fixed class parameters ,5 and 7 define

d d
1 /1 1 1 /1 1
TP :1—5 <_>, Ti:1—§ <—>,i:1,...,d,
() /Bj Ty D /Bj Ty T

j=1 j=1
and put
BiT(p)
T T <P,
;, =71 VD, ;= Ti 6.1
G =T1iVp Vi {&, > (6.1)

Let 7(p) >0 and 7, > 0 for all i = 1,...,d; then for any p > 1 one has
Nrq(8,L) € Nga(7,cL), (6.2)

where constant ¢ > 0 is independent of L and p.

6.1.2. Strong maximal function

Let g : R* — R be a locally integrable function. We define the strong maximal function ¢g* of ¢ by
formula

1
g*(z) :=sup / g(t)dt, z€R (6.3)
a |H[ /g
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where the supremum is taken over all possible rectangles H in R¢ with sides parallel to the coor-
dinate axes, containing point x. It is worth noting that the Hardy—Littlewood mazximal function is
defined by (6.3) with the supremum taken over all cubes with sides parallel to the coordinate axes,
centered at x.

It is well known that the strong maximal operator g — ¢* is of the strong (p,p)—type for all
1 <p<oo,ie,if g € Ly(RY) then g* € L,(R?) and there exists a constant C' depending on p only
such that

1%y < Cllgllys P € (1,50].

Let g* be defined defined in (4.1). Since obviously g*(z) < g*(x) for all z € R? we have

lg*[lp < Cllgllp, € (1,00]. (6.4)

In distinction to the Hardy—Littlewood maximal function, the strong maximal operator is not of
the weak (1,1)-type. In fact, the following statement holds: there exists constant C' depending on
d only such that

Hx:gﬁx)Zc@’S(?/wg@”{1+—<huwgfﬂ>d1}dx, Yo > 0. (6.5)

«

We refer to Guzman (1975) for more details.

6.2. Approximation properties of kernel K

The next lemma establishes an upper bound on norm of the bias By (f,-) of kernel estimator fh
when f belongs to the anisotropic Nikol’skii class.
Lemma 3. Let f € N;,d(g, I_:) Let f, be the estimator (2.1) associated with kernel (3.3) with

¢ > maxj—i . q0;j. Then Bp(f,x) can represented as the sum Bp(f,z) = 2?21 By i(f,x) with
functions By, j(f,x) satisfying the following inequalities:

1Bus (., < CLLhy, Wi=1,....d. (6.6)
Moreover, if s > 1, then for any p > 1

}wwmﬂugagw,w:LmJ, (6.7)

where ¥ = 7(p) and @ = q(p) are defined in (6.1). Here Cy and Co are constants independent of L
and p.

6.3. Proof outline and notation

The starting point of our proof is the pointwise oracle inequality (2.14) together with the moment
bound (2.17). Denote

UN@——gi{Bﬁﬁx)+2£A%G¥VQ¢w}; (6.8)

then, taking into account that M, (K V Q,x) is greater than M, (K, x) and M, (Q,x) for any = and
7 [see (2.6) and (2.9)], and using (2.14), we have

[f(@) = ()] < colUy(@) + w(@)],
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where ¢ is an absolute constant, and w(z) := ((x) 4+ x(x) with {(z) and x(z) defined in (2.15) and
(2.16). Therefore, by (2.17) applied with ¢ = p and by the Fubini theorem, there exists constant
¢ > 0 such that for any probability density f and any Borel set A C R? one has

Ef/A|f(lU)—f(lU)|pd33 < EO[AU?(m)dx—i—n_pﬂ . (6.9)

Recall that ko, = || K|« V 1; by definition of By (f,z) [see (2.13)] and by Lemma 3 one has

d
Bh(f7 l’) <k ZB;(LJ(fa l‘),

j=1
where By (f,x) is the strong maximal function of |By, ;(f,z)|, j = 1,...,d. Therefore if we let
Us(w) = jnf { jmax By, (f,x) + sup My(KVQ, w)}, (6.10)
then
Up(z) < kooUp(x), Vo € R (6.11)

The key element of the proof is derivation of upper bounds on the integral

J::/ U})(:U)dx.
R4

These bounds will be established by division of R? in “slices”, and appropriate choice of bandwidth
h € H on every “slice”. For this purpose the following bounds on norms of Bj, j( f,+) will be used.

Inequality (6.4) and the first assertion of Lemma 3 imply that for any p > 1, 7 € (1, 00]¢ and any
fe Nﬁd(ﬂ, L) one has

1B5; (£, < aL;hl, vji=1,...,d, (6.12)

Moreover, if s > 1 then, by the second assertion of Lemma 3, for any p > 1, ¥ € (1,00]¢ and
f € Nf,d(ﬂ)L)

1Bh; (£ )l,, <@Lk, ¥i=1,....d (6.13)
Let 6 := Inn/n, ¢ := (L36)?B+D) . Let mo(6), 6 € (0,1], be an integer number to be specified
later; see (6.19) below. For m € Z, m > mg(0) define “slices”
X = {z € RY:2Mp < Up(x) <2 o}, X = {z e RY: Up() <20},

and consider the corresponding integrals

Im ::/ U}D(x)dx, o ::/_ U]’Z(x)dx.

mq(6)
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With this notation, using (6.9) and (6.11) we can write

BAS - < B[ @) - s@Pae + Z / V(@) + an

mq(0) m=my (0
= Joota Z Jm + En P2 (6.14)
m=mg(0)

The rest of the proof consists of bounding the integrals J;m(e) and J,, on the right hand side of

(6.14) and combining these bounds in different zones.
The following notation will be used in the subsequent proof. For the sake of brevity we will write

My (z) == My(KVQ,x), Ay(r):=A,(KVQ,x), VneH.
We let I :={1,...,d}, and
I..={jel:p<rj<oo}, I_:={jel:1<r;<p}, Io:={jel:rj=oc0}.
With ¥ = (71,...,74) and ¢ = (q1,...,qq) given by (6.1) we define quantities v, v and L, by the

formulas
d 1 d d ™
S I i | o1
Pl = 71‘1] j=1

Note some useful inequalities between the quantities defined above. First, v; < g for all j € 1_
which is a consequence of the fact that 7(p) < 7; for j € I_. This implies

1 1 1 1
f_fzz(f_f>>o, (6.16)
v B jel Yo B
Next, if s > 1 then
1 1
s = 6.17
S0 (6.17)

We have

1_1_2<L_L>_Zi(i_ n)
s v S \Bry e/ S By T(o)p/
Hence (6.17) will be proved if we show that T‘j_lT(p)p > 7j for all j € I_. Indeed,

Ty _ p(1-1/s)+1/8 1+i _
ri T - Br; 7

where to get the second inequality we have used that r; < p for any j € I_ and that s > 1.
Finally, remark also that

p—v(2+1/v) <O0. (6.18)
Indeed, since r; > p for any j € I, U I,
=Y 5. Z <Y St Z —==
JeElL J '7 JelL Jel_

This yields p < v/, and (6.18) follows.
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6.4. Auxiliary results

For 0 € (0,1] and for some constant ¢; > 0 define

1-6/s+1/8
mo(0) := min {m €Z: 2m0(0)< 1+0/s ) > 61%90}. (6.19)

Note that 1 —6/s +1/8 > 0 for any 6 € (0,1], since s > 3 by r; > 1, j = 1,...,d. Therefore
mo(#) < 0 for large enough n.
It will be convenient to introduce the following notation

mp = min {m € 7 : 2mvH1/7)=s2+1/B)] > (LW/LB)Ucp“(l/’g*l/V)}. (6.20)
It follows from this definition that
[(LV/Lg)gol/ﬁ*l/'y} SIS/ < om < 2[([@/[]5)801/5*1/7} U(2+1/7)33(2+1/5)' (6.21)
In view of (6.16) and (6.17)
1 1 1Iy/1 1 1,1 1
v(2+ 5) —s(2+ E> - 5U[(2—|— B) (; - 5) + ;<; - 5)] > 0; (6.22)

hence my > 1 for large n.
The bounds on Jn_10 ) and J,, are given in the next two propositions.

Proposition 1. There exist constants ¢1,¢2 > 0 and C’l, Cy > 0 such that any n large enough the
following statements hold.

(i) For any probability density f and any mo(1l) <m <0

o (2418
Jmn < C12 (v 1+1/S)g0p. (6.23)
ii) Let f € Gg(R), 0 € (0,1); then for any mo(0) < m <0 one has
(ii) Let f ; ,1); y
A m(p—f;f#) v
I < C12 10+1/s ) P (6.24)
(iii) For any m € Z satisfying 1 < 2™ < éop ! and any probability density f one has
o < C'QQW[P—S(2+1/5)]¢P_ (6.25)
(iv) Let s > 1; then for any m € Z such that m > my, 2™ < éyp~! and any probability density
f one has
1/87v
T < Gy | L] gmip-v a1/l (6.26)

Proposition 2. There exist constants Cs,Cy > 0 such that the following statements hold.
(i) Let v is defined in (3.4). Then for all large enough n and for any density f one has

Jrm = B /X i) - f@)Pde < Comd(n) (L0 (6.27)
mg(1)
(ii) Let v(0) is defined in (4.3). Then for any 6 € (0,1] and for all n large enough
sup Ef/ ’f(x) - f(:v)}pdx < C’4(L35)p”(0). (6.28)
fEGQ(R) 7-;0(9)
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6.5. Proof of Theorem 2

Using (6.14) and inequality (6.27) of Proposition 2 we obtain

Ef|lf — fIB < erma(Lgd)™ +ca Z T, (6.29)
m=mg(1)
where 7, = lnd(n) if p< 21111//6 and 7, = 1 otherwise.
We proceed with bounding the second term on the right hand side of the last display formula.
First, because || flco < M,

max ||By(f, oo < 2°MIS,,  sup |4yl < 29MKZ.
j=1,....d ? >0

This implies that there exists constant cs > 0 with the following property:
mg :=min{m € Z: 2™ > (33g071} = Jn,=0, Ym > mas.

Thus the sum on right hand side of (6.29) extends from mg(1) to ma.

19, Tail zone: p < Jlléﬁ Using bounds (6.23) and (6.25) of Proposition 1, we obtain

m2
Z Im < 04@[ Z 2m(p T +22m[P*s(2+1/,8)] < C5Lpp2m°(1)(p 11117:)

m=myp(1) m=mo(1 m=1

where the last inequality follows from the fact that my(1) < 0 and p < ?illéf < s(241/p). Using

(6.19), after straightforward algebra we obtain that

S T < co(La8) T < g (Lp0)

m=mg(1)
20, Dense zone: 211117;5 <p<s(2+ %) Because p > 2111145, by Proposition 1, inequality (6.23)
with 0 = 1,
0 +1/8 pB
Z Im < er? Z o= T57) < cg P = cg(Lpd)2h+T, (6.30)
m=mg(1) m=my(1)

Furthermore, because p < s(2 + B) we have by Proposition 1, inequality (6.25), that

Z Im < ngop Z 2m(p s( 2+ )) = CIO(L,B(S) 2ﬁ+1 .

m=1

Thus, in the dense zone

n2 pB
Z Im < e11(Lgd)2o+T <

m=mgp(1)

11(Lgd)"”
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30. Sparse zone: p > s(2+1/8), s < 1. First we note that the bound in (6.30) remains true since
p > s(2+ 1/8). By the same reason in view of Proposition 1, inequality (6.25),

m2
$ o < 2D < D) (L0 S ooy, (63
m=1
Here we have used the definition of my. It remains to note that conditions p > s(2+1/5), s < 1
imply that @P6~° — 0 as n — 0. Therefore the statement of the theorem follows from (6.30) and
(6.31).
49, Sparse zone: p > s(2+1/8), s > 1. We need to bound only Y2 | J,,, because (6.30) remains
true. By inequality (6.25) of Proposition 1 and because p > s(2 + 1/0)

my
$2 o < cgramr-sie )
m=1

Next, we have in view of the inequality (6.26) of Proposition 1

Lypt/P7Y &
Z JIm <015S0 |: 1/7:| Z 2m[pfv(2+1/'Y)]'

m=mi+1 m=mi+1

Since p — v(2+ 1/v) < 0 [see (6.18)],

- o[ Lv T s (p=vl241/4) pomi (p—s[2+1/8])
Z JIm < ciep Lopl/ 2 < ci169"2 .

m=mi+1

In order to obtain the second inequality we have used (6.21). Thus,

ma
Z T < 617(pp2m1[17—5(2+1/,3)}‘

m=1

Using equality (6.22) and (6.21) we obtain

p—s(2+1/5) p(1/s5—1/v)4+1/v—1/8
Z T < 020( v/L >g(2+1/5)(1/g 1/v)+(1/7=1/B) (L 5) @F1/8) (/510 (1 r-1/BaT

m=1

The statement of the theorem is now obtained by the following routine computations. Denote
1 1 1 1

A= —— —, — = — = —.

L +Zan icla +oTa

First, we remark that
+ = — 4+ — —— = — — — = Ap. (6.32)

Next,
—1/s n 1
(p)/a’— 7(p)Bs—

5, [1 —1/s+1/(r;B)] =

B 1—1/5 1 (1 1 1
= A +T<p>ﬂ<s pﬁ)+f(p)ﬁpﬁ

B UV S P
- T(p)B- 5 pB)  t)B B (B



Hence, 1/y -1/ =1/v-—1/p- = A/(7(p)B), which implies that

i1 1 1 _ +1<1—1)—A<1—1)
s v sS_  py— p\B- /) pr(p)B)

Two last equalities yield

C+3) -3+ (G55 = [+ a) (0 5) + 5 = G 5 )
2)(-—= -2 === ) = =)+ = === == =)
B/\s v v B/s  7(p) B8 pB/ Bl 7(p) B sp
where the last equality follows from the fact that 7(p) —1/(pB) = 1—1/s. This together with (6.32).
leads to the statement of the theorem in the sparse zone.

5°. Boundary zones: p = s(2 + %), p = 21111//5 Here the proof coincides with the proof for the

dense zone with the only difference that the corresponding sums equal |m;| and mg respectively. B

6.6. Proof of statement (i) of Theorem /4

In view of (6.14) and by bound (6.28) of Proposition 2,

Efllf = flp < en(Lgs)™ Z Jm
m=mg(0)
If p < 12/2%68 then, using bounds (6.24) and (6.25) of Proposition 1, we have
e m(p— 2518 mo(6) (p— 25142 ) _p0
Z J < C?)SO Z 2 p 1/60+1/s S C4¢p2 0 p 1/6+1/s :C5(Lﬁ5)1_9/3+1/’8,
m= mO ) mzmo(a)

and the assertion of the theorem follows. If s(2+1/8) > p > 12/341/1//33 then

Z I < co(0)? < cnpit (0) (Lgo)””.

m=my(0)

7. Proofs of Theorem 3, statement (ii) of Theorem 4 and the lower bound in (4.4)
The proof is organized as follows. First, we formulate two auxiliary statements, Lemmas 4 and 5.
Second, we present a general construction of a finite set of functions employed in the proof of lower

bounds. Then we specialize the constructed set of functions in different regimes and derive the
announced lower bounds.

7.1. Auziliary lemmas

The first statement given in Lemma 4 is a simple consequence of Theorem 2.4 from Tsybakov
(2009). Let F be a given set of probability densities.
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Lemma 4. Assume that for any sufficiently large integer n one can find a positive real number py,
and a finite subset of functions {f(o), @ je jn} C F such that

1FO = fDN =200, Vije TnU{0}: i #j; (7.1)
dP 2

X F@ (n) _.

hrrLrLs;p |j |2 E f(O){de(o) (X" )} : C < oc. (7.2)

Then for any g > 1

n—00 f

lim inf inf suppn <Ef”f— fHZ) & > (\FC’—i— vC + 1) “H
feF

where infimum on the left hand side is taken over all possible estimators.

We will apply Lemma 4 with F = Nad(ﬁ_‘, LM ) in the proof of Theorem 3 and with F =

Gy(R) N Nm(ﬁ, L, M) in the proof of statement (ii) of Theorem 4.
Next we quote the Varshamov-Gilbert lemma [see, e.g., Lemma 2.9 in Tsybakov (2009)].

Lemma 5 (Varshamov-Gilbert). Let g, be the Hamming distance on {0,1}™, m € N*, i.e

b):il{aj#bj}, a,be{O,l}m.

j=1

For any m > 8 there exists a subset Py, of {0,1}"™ such that |73m| > 2m/8  and

Qm(a,a’) > m, Va,a' € Pp,.

8
7.2. Proof of Theorem 3. General construction of a finite set of functions

19. For any t € R set

1 —1
A(t) = < / e—l/u—u%du) VO 1),
-1

Note that A is a probability density compactly supported on [—1, 1] and infinitely differentiable on
the real line, A € C*®(R'). Obviously, for any a > 0 and r > 1 there exists constant ¢; = ¢1(a,r) <

oo such that
AeN(a, ). (7.3)

Define
PO =11 |y [ A a0y st o= (orza) € B

=1

where parameter N = N(n ) > 8 will be chosen later. By construction, f(©) is a probability density
for any choice of N, supp(f(¥) = [-N/2 — 1, N/2 + 1]¢, and

FO@) =N vze[-N/2+1,N/2-1]" (7.4)
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Moreover, in view of (7.3) and by the Young inequality, there exist constants C = (C’l, ce Cd)
depending on 5 and 7 only such that

FO e Nzy(B,0). (7.5)

Note that C do not depend on N.
Let Lo > 0 be fixed, and let f(©) (x) = 34 f(0) (m%), where s > 0 is chosen in such a way that f(©)

belongs to the class Nﬁd(g, 2*1170), where Ly = (Lo, ..., Lo). The existence of such » independent

of N and determined by 3, 7 and Ly is guaranteed by (7.5). Note also that f ) is a probability
density. Moreover, we remark that || f(9)| . < N~ since [ |A| = 1. Thus,

f® € Nya(B, Lo/2, M/2), (76)
provided that N > (2M~1)!/45.. This condition is assumed to be fulfilled.

20, Put for any ¢t € R!

o) = [ A =1 [10() ~ 1)y

We obviously have g € C*®(R!), and
(i) /Rl g(y)dy =0, (i) supp(g) € [-2,2], (i) [|gflc < 1. (7.7)

For any [ = 1,...,d let (20)~! > 0; = o;(n) — 0, n — oo, be the sequences to be specified
later. Let M; = (203¢0;) ' N, and without loss of generality assume that M;, [ = 1,...,d are integer
numbers. Define also

N—-4 . ,
Tjy =~ T 8jou, j=1,...,.M;, 1=1,....,d,

and let M ={1,..., M} x---x{1,...,Mg}. For any m = (mq,...,mgq) € M define

d
Gm(z) =] 9 (W) , zeRY
=1

11, = [IL‘ml’l — 301, Tmy,1 + 301] X oo X [l”md,d — 304, Tmyd — 3ad] C R4,
Several remarks on these definitions are in order. First, in view of (7.7)(ii)
supp(Gm) C I, Vm e M, (7.8)
IL, NI; =0, Vm,jeM: m=#j. (7.9)

Second, since g € C*®(R!), we have that G,, € C®(R?) for any m € M. Moreover, for any
l=1,...,d, any |h| < oy and any integer k

supp{Ah,l (leGm)} C I, YmeM, (7.10)

where D;‘CG stands for the kth order derivative of a function G with respect to the variable x;, and
Ay, is the first order difference operator with step size h in direction of the variable z;.
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For m € M define

d—1 d
= Z(mj — 1)( H Ml) + myg.
j=1 I=j+1

It is easily checked that m defines enumeration of the set M, and 7 : M — {1,2...,|M|} is a
bijection. Let W be a subset of {0, 1}, Define a family of functions {F,,,w € W} by

x)=A Z Wr(m)Gm(T), € RY,

meM
where wj, j = 1,...,|M)| are the coordinates of w, and A is a parameter to be specified. It follows
from (7.7)(iii), (7.8) and (7.9) that
|Fol|, <A YweW, (7.11)
and (7.7)(i) implies that
Fy(z)de =0, YweW. (7.12)

Rd

30. Now we find conditions which guarantee that F,, € N;,d(g, 2_1E) for any w € W.

Fix [ =1,...,d,and let ky = 5| +1if §; ¢ N*, and k; = | 5] + 2 if 5; € N* (here |z| stands
for the maximal integer number strictly less than x).

First, for any w € W and h € R

where the last inequality is found in (Nikol’skii 1977, Section 4.4.4). Next, in view of (7.9) and
(7.10) we obtain for any w € W and any r; # oo

Z/ 2D R @)

_ T
= A" ) wn) /H [Ana (DG (@)
J

dx
JEM

- HA"” YApiFy)

< |t | A (DR

h,l . (7.13)

Tl

r T

HAM Dkl g dx

Tl

)
Tl

< AT‘LSWHgH’Efli T —(kz Dry <HU >Hg k— 1)( h) _ g(klfl)(.)

a]

where we have put Sy := sup,,ey [{j : w;j # 0}|. Thus, for any r; # oo we have

_ Yo — h _
HAh,l(lel le)HT < AH H (d-1) Ly (ki—1) <SWH0']> (ki— 1( _;l) _g(lcl 1)(‘) Tl' (7.14)
Similarly, we get for any w € W
HAh,l(lel_le)H = sup sup Ah,l(Dfl_le)(x)‘
o0 jGMIGHj
= A sup wy(;) sup Ah,l(lel_lGj)(m)‘
JEM :BGHJ'
1) (ke — h
< AHgH((;l 1)0-l (k1 1)Hg(kz—1)<. _;l> _g(kz—l)(.)Hoo_ (715)
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In view of (7.7)(ii) and |h| < oy, function g(kl_l)( - —[h/ol]) — g%1=1(.) is supported on [-3,3].
Therefore the fact that g € C*°(R!) implies for any r; € [1, ]

Hg 8= (L /o) _g(kwl)(.)Hn <6171 )|g® 0| _(h/or) < 64/71]|g®0)|| _ | /oy et

In the last inequality we have used that 0 < 8; — k; +1 < 1 by definition of k;. Combining this with
(7.13), (7.14) and (7.15) we have for any |h| < o; and any 7 € [1, 0]

d 1/m
Ak, < Ao ol o o (sw T ) (7.16)

If |h| > o then we note that A (D' F,)(-) = (DP' ' Fy) (- — hey) — (D' F,)(-), and by the
triangle inequality

w

HAh,l(lel_le) ;
1

<op

S2HD;‘”_1Fw /oy |Bi—Rt1
l Tl

In view of (7.8) and (7.9) we get for any w € W and any r; # oo

T

A Z/ Dt Fu()|da = A7 an(j)/ DG (@)
T : 1.
JEM JEM J
T d
< AT’SWHQH (d=Drt|| o (ki=1) Ulﬂ—h)n(ﬂaj)_
] i
Moreover,
HDfllewH = sup sup Dfﬁle(x)‘ = A sup wy(j) sup ‘Dkl 'Gj(x )‘

jeEM x€ll; JEM :(:EH

< Allg & g% .

We obtain finally from (7.13) that for any |h| > 0; and any r; € [1, o]
k d-1 3 d L
1y (ke _
Ak < ampelol o0, o0 (sw o) (.17)
=1
Combining (7.16) and (7.17) we conclude that for any w € W and r; € [1, 0]
d 1/
HAZ{leH < C1Alh|Pio; (sw I1 aj> , VheR!,
T le

where Cy = max;([|g[|7 max{6/"[|g") oo, 2/|g "=V, }). Thus, if

d 1/
Aa,‘ﬁl<SWHaj> <@e) 'L, vi=1,....d (7.18)
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then F,, € Nﬁd(ﬂj 2_15) for any w € W.
49, Define for any w € W
ful@) = fOz) + Fy(z), zeR%

Remind that (9 is the probability density belonging to N,r,d(g, Lo /2, M/2). Therefore, in view of
(7.12) and under condition (7.18), for any w € W

[ futade =1, fu € Nea(F D), (7.19)

where the latter inclusion holds because min;—; 4 L; > Lo.
By construction of F,,, for any w € W

1 1 d
Fo(z)=0, Vad¢ [f (N -4, —(N+ 4)} . (7.20)
This yields
fu(x) = fOz) >0, Vz¢ [— i(N —4) i(N + 4)}d. (7.21)
- 43¢ " 4
On the other hand, by (7.4)
1 1 d
0) (1) = ,4AN—4 — (N —4) —
FO) =3IN"9  Vre [ (v -1, 4%(NH)} . (7.22)
Therefore, if we require
A< N9 (7.23)
this together with (7.13) implies
fule) 20, Vee[- Lo, St
A= 45 4 ’

We conclude that f,, > 0 for any w € W. Moreover, we get from (7.6), (7.11) and (7.23) that
| fwlloo < M for any w € W.

All this, together with (7.19), shows that { (), f,,,w € W} is a finite set of probability densities
from Nﬁd(ﬁ_', L, M). Thus Lemma 4 is applicable with 7, = W and F = N;,d(g, L, M).

5°. Suppose now that the set W is chosen so that
Q|M|(w,w/) > B, Yw,w' €W, (7.24)

where, we remind, g|, is the Hamming distance on {0, 1}MI. Here B = B(n) > 1 is a parameter
to be specified. Then we deduce from (7.19), (7.8) and (7.9), that for all w,w’ € W

V= furll = 1 Fu = Furlly = 47 37 |y — wl / G(@)]aa
JEM 1L
d d d d
= 2ol (TLo) 3 s~ whin| = 4l (T 5 ) o)
j=1 JEM j=1
d
> ol 45 (] ). 729
j=1
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Here we have used that the map w is a bijection. Putting Cs = %H g‘ z, we conclude that condition

(7.1) of Lemma 4 is fulfilled with
d 1/p
j=1
Let us remark that (7.26) remains true if we formally put p = co. Indeed, similarly to (7.25),
d d
I fw = furlloo = 1Fw = Furlloo = A sup [w; —wjl|lg|5, = Allg]|L,. (7.27)
JEM
Here we have used (7.9), the fact that the map 7 is a bijection and, that w # w’ for all w,w’ € W

in view of (7.24).
Now we verify condition (7.2) of Lemma 4. First observe that

dP o fu(X
dP ) o JO(X)
Since Xy, k=1,...,n are i.i.d. random vectors, we have for any w € W

2 n
T X)) | fO(@) +2Fy () + Fi(@) ,
o) - { L gme )

F2x) "
{l-i- i f(o)(:v)dx} .

The last equality follows from (7.12). By (7.20) and (7.22),

Fi(x)
ra fO(2)

dz = >IN Fy 33

hence for any w € W

2

dpP

Ef(o){d[[!) Jw (X(”))} = {1 + %_deHFwH;}n < exp {n%_deHFwH;}.
£

Repeating computations that led to (7.17) we have
, d
[Fully < A%gl3°Sw [ ] o-
j=1

The right hand side of the latter inequality does not depend on w; hence we

2 d
1 dP
W Z ]Efm){dpfiz) (X(”))} < exp {C’gnA2SWNd<HUj> —1In (|W|)},
weW

j=1

where we have put C3 = | gsz. Therefore, if

d
CynA’Sy N[ o < In (W) (7.28)

j=1
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then condition (7.2) of Lemma 4 is fulfilled with C' = 1.

In order to apply Lemma 4 it remains to specify the set W and the parameters A, N, oj,
j=1,...,d so that the relationships (7.18), (7.23), (7.24), and (7.28) are simultaneously fulfilled.
According to (4), under these conditions the lower bound is given by p,, in (7.26).

7.3. Proof of Theorem 3. Derivation of lower bounds in different zones

We begin with the construction of the set W. Let m > 8 be an integer number whose choice will
be made later, and, without loss of generality, assume that |M|/m is integer. Let P, be a subset
of {0,1}"™ such that

Pl > 273, o(2,2') > m/8, Vz,2' € Pp. (7.29)

Existence of such set Py, is guaranteed by Lemma 5. Let J := {1 + %|M|, j=0,...,m—1}, and
note that J C {1,...,|M|} with the equality in the case m = |M|. Define the map Y : P,, —

{0, 13MI by
o dw JEed,
T][a]—{()’ je{l,...,IM}\J,

and let W = YT(Py,). Obviously, oy (w,w') = oa(Yla], T[a']) = om(a,a’) for all w,w’ € W;
therefore (7.29) implies that

(W[ >2m8, oju(w,w') > 87 m, Yw,w' € W. (7.30)

With such a set W, Sy < m; moreover, since In(|W|) > m1n2/8, condition (7.28) holds true if

d
A’nN ] o < (8C4) ' In2. (7.31)
j=1

We also note that condition (7.18) is fulfilled if we require
d 1/7
Ao, <mHaj> <(20)'L, vi=1,...,d (7.32)
j=1
In addition, (7.24) holds with B = m/8.

7.8.1. Tail zone: p < ?111//5

Let m = |M|. By construction, |M| = Hle M; = (205)"IN4 Hld:1 o; ' and, therefore (7.32) is
reduced to

Ao, N < Cs L. (7.33)
Thus, choosing

_d
o1 = CeAVO L VPN (7.34)
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we guarantee the fulfillment of (7.33) provided that Cs > max;—;__4Cy Vb, Moreover, with this
choice (7.31) is reduced to

ATYB NI < OrLgn Y, (7.35)
where, as before, Lg = Hflzl Lll/ﬁl. Moreover, we have from (7.26)
pn = CsANYP_ Cg = C5(160) /7. (7.36)

Let N = C9A~!, where constant Cg < 3% will be specified below; then (7.23) holds. Next, in
view of (7.35) and (7.36)

1 1-1/ v
A= Cl()(L@/’rl) 1-1/s+1/B Pn = Cll(ng/n) 1*1/5+€/ﬁ = Cll(Lgannil) .

We remark that N — co as n — oo. It remains to check that o;, I = 1,...,d are small enough. It
follows from (7.34) that if r; > 1, then o; — 0 as n — oo since A — 0. If r; = 1, then

o) = Clzcé/ﬁle—l/ﬂl < Cyy (CQ/LO) /61

Choosing Cg small enough we guarantee that o; < (20s)7!, for all [ = 1,...,d. This condition
is required in the construction of the family G,,, m € M. Thus, Lemma 4 can be applied with
on = C11 (Lgann_l)y, and the result follows.

7.8.2. Dense zone: ?ill//j <p<s(2+ %)

Here, as in the previous case, we let m = |M|. The relationships (7.34) (7.35) and (7.36) remain
to be true, but our choice of N will be different.
Let N = (45 from some constant Cis. This yields in view of (7.35) and (7.36)

A= Clg(Lﬂ/n)wﬁﬁ, Pn = 014(L5/n)% = 014(L504nn_1)y.

The requirement (7.23) is obviously fulfilled since A — 0, n — co. Moreover, we obtain from (7.34)
that o; — 0 as n — oo and, therefore, o; < (202¢)~%,1 = 1,...,d for n large enough. Thus, Lemma 4
can be applied with p, = C4 (Lﬁann_l)y and the result follows.

7.3.3. Sparse zone: s(2 + %) <p<oo,s<l1

Let A = C and N = (7 and suppose that C' < Cp'»4; then (7.23) is satisfied. Moreover (7.31)
and (7.32) are reduced to

d d
nHO'jSC'72018, O’l_ﬁl<mH

1/m _
aj) <Cc'CyL;, vi=1,...,d (7.37)
j=1 j=1

Let ¢1, ¢ be constants satisfying ¢; < C’*lC’lg, and ¢ < C’*lClg. It is straightforward to check
that if we choose

s/(Bur)
) =14, (1.38)

m=e e L' o= (6 VA (éléé/ Lgn?
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then inequalities (7.37) are fulfilled. With this choice (7.26) is reduced to

d /p _
H Uj) — CCQO(Lﬁn_l)S/p = CCy (Lﬁann_l)y. (7.39)
j=1

Pn = 5017 (m

It remains to verify that o; are small enough, and that m > 8, |M|/m > 1. Note that m — oo as
n — oo because of s < 1. Remind also that

d
M| =[] M: = (202)* N4 Hal (205¢)~4CLé1m
= =1

hence |[M|/m > (20)~?C{ (&6 /B) _s/ﬁ n®. Thus |[M|/m > 1 for large enough n. We note
also that o; < (éaLg)~ 1B for all n large enough Therefore, if we choose C' large enough and put
Go=C~ 1019 we can ensure that o; < (205)~! for all I = 1,...,d. Thus, Lemma 4 can be applied
with p, = CCQ() (Lgoann ) and the result follows.

7.8.4. Sparse zone: s(2 + %) <p<oo,s>1

Here we consider another choice of the set W. Let W = {e1, e2,...,€erq}, Where ej, j =1,...,|M]|
is the canonical basis in RMI. With this choice

d
Sw=1,  [W|=N]]o"

and (7.24) holds with B = 1. Let N = C'4; then (7.18) and (7.28) take the form

d 1/m
Ao < Haj> < (0)7'L, Yi=1,....d (7.40)
j=1
d d
A%n H oj < Ci5ln ( H 0]71>. (7.41)
7=1 J=1
Moreover, we get from (7.26)
d
1/p
Pn = 016A< H Uj) . (7.42)
j=1
Put € = y/Inn/n and
Yy S VLI B R UG 1/B
A=ely /5B o T=17541728) | o = coLy! ePO=T/=F17C@a) [P (7.43)

We have

d
Hal = 02L 2 2/*“/‘351 1/s+1/<2/3)
=1
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and it is evident that [, oy < £!/(5+1/2) for all n large enough; hence In(J]{, oY) > Inn/(2B+1).
Then is is easily checked that our choice (7.43) satisfies (7.40) and (7.41) provided that

<207 w<1l Al <C/(28+1). (7.44)
Here we have also used that d — 1/s > 0. Note also that if s > 1 then

A—0, max o; — 0, n — oo,

=1,...

which ensures (7.23) and o; < (202)71, [ =1,...,d for all n large enough.
On the other hand, if s =1 then we should add to (7.44) the conditions

1/B;1—2/(Byry)

1
c1L§_2/s+l/ﬂ < Oy, c2 max LBQ_Q/SH/‘3 Lal/ﬁl < (20%)_1.

Obviously, both restrictions hold if we choose ¢; and ¢y small enough, but now these constants may
depend on L. Note, however, that if max;—;  4L; < Lo then ¢; and ¢z can be chosen depending

on Ly and L, only.
Using (7.42) and (7.43) we conclude that Lemma 4 is applicable with

1—1/s+1/(pB)

2 (Inn\ 20-1/5+1738) s —v ((Lgay \”
pn:CIGLé_l/S-H/@m <n> :CIGLg—1/s+1/(2ﬂ) <5nn> ) (7.45)

that completes the proof of statement (i) of the theorem.

7.8.5. Proof of statement (ii): sparse zone, p =00, s < 1

The proof in this case coincides with the one for the sparse zone with s < 1. Thus, we keep (7.37),
(7.38), and, in view of (7.27), (7.39) is replaced by p, = CCi7. Since p, does not tend to 0 as
n — 00, a consistent estimator does not exist. All other details of the proof remain unchanged.
This completes the proof of Theorem 3. [ |

7.4. Proof of statement (ii) of Theorem

The proof goes along the lines of the proof of Theorem 3 with modifications indicated below.
We start with the following simple observation: for any M > 0 and y > 0 one has

lgllo < M, supp{g} C [~y,9]" = g€ Go(M(2y+4)¥?), Vo€ (0,1]. (7.46)

This is an immediate consequence of the fact that conditions ||g|lecc < M, supp{g} C [~y,y]¢ imply
that [|g*[lec < M and supp{g} C [~y — 2,y + 2]*.
Next, we note that the lower bounds of Theorem 3 in the dense and sparse zones are proved

over the set of compactly supported densities. Hence they are valid also on Gy(R) N Nﬁd(ﬁ_’ L, M ),
2+1/8
1/6+1/s

. The proof of the lower bound here differs from the proof of Theorem 3 only in

provided that R is large enough. Hence, if p > the assertion of the theorem follows.

241/
1/6+1/s

construction of the function f(®.

Let p <
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Let £ be the function constructed exactly as in the proof of Theorem 3 with N = N fixed
throughout the asymptotics n — oo, and such that f©) Nﬁd(@ 4_1E0, 4=1M). Since Ny is fixed,
f© is compactly supported and, by (7.46) we have that f(© € Ggy(R;) for some large enough
Ry > 0. Define

d
.]E(O)(w) = lrll [NI/QAA(y - l’l)l[_%7%](y)dy 9 T = (‘Tla .. 7$d) € Rda

where N = N(n) — oo will be specified later. Let FO () = 4O (¢x), where ¢ > 0 is chosen to
guarantee f(@) ¢ Nz q(8, 471 Ly, 471 M). We note however that, in contrast to the case § = 1, ) ig
not a probability density. In particular, [ f ) - 0 as N — 0o, because 0 < 1. Define

fO =1 =)0+ 7,

where py := ff(e) ensures ff(e) =1
Note also that f) = fI since f() is a probability density and, therefore py = 1. Thus, we can
assert that

f(a) € Nﬁd(ﬁ_: 2_1E0a 2_1M)7 /f(e) = 17 f(e) > 0.

Note that, by construction, f() is supported on the cube [(=N/2 — 1)/, (N/2 + 1)/<]* and bounded
by N=%%4 Therefore, in view of (7.46), f(?) € Gy(Ry) for some large enough Ry.

Let W be the parameter set as defined in the proof of Theorem 3. For any w € W and any 6 < 1
we let

) = fOx) + Fy(z), xR

where functions F,, are constructed as in the proof of Theorem 3. If instead of (7.23) we require
A< [+ NI (7.47)

then we obtain in view of (7.11) and (7.47) that {F,,, w € W} C Gy(R3) for some large enough Rs.
All said above one allows to conclude that { f ), fl(uo), w € W} is a finite set of probability densities
from Gy(R)N Nﬁd(ﬁ L, M ) for some large enough R > 0, and Lemma 4 is applicable with 7, = W
and F = Gg(R) NNy 4(B, L, M).

Note also that if § = 1 we come to the construction used in the proof of Theorem 3 and, therefore,
the statement of the theorem in the case 6 = 1 follows.

Suppose now that 6 < 1. We will follow construction of the set W for the tail zone which is given
in Subsection 7.3.1. Choose m = | M| and note that (7.33), (7.34), (7.36) remain unchanged, while
(7.35) should be replaced by

A2+1/ﬂNd(1/€+l/s) < C’7L5n_1. (748)
Now we choose N¢ = cA~% with ¢ < »¢ 4 ¢%; then (7.47) is valid. We obtain from (7.48) that
1 1-6/p
A= Cs(Lg/n)=0/+178, py = Cy(Lg/n)T=07+177.

Finally, because (7.34) remains intact, oy — 0 as n — oo for any | = 1,...,d; this follows from
A — 0 and 6 < 1. This completes the proof. |
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7.5. Proof of the lower bound in (4.4)

The required result will follow from the lower bound of Theorem 3 in the tail zone (see Section 7.3.1)
if we will show that for any given R > 0 and 6 € (0, 1)

fO ¢ Gy(R), fu ¢ Go(R), YweW. (7.49)

First we note that f(©) = N4 for z € [—(N — 2)/(25), (N — 2)/(25)]"; therefore, ||[f®]*]ly — oo
as N — oo, because 0 < 1.

Next, in view of (7.21), fu(x) = fO(z) for any = ¢ [—(N —4)/(43), (N —4)/(45)]?, which also
implies

wlgéva;‘]He — 00, N — .

It remains to note that in the tail zone the parameter N is chosen so that N = N(n) — oo as
n — oo. This completes the proof of (7.49). |

Appendix A: Proofs of auxiliary results of Section 5
A.1. Measurability

Write f(z, X)) := fﬁ(z) (z), and note that the map f : RY x R™ — R is completely determined
by the kernel K and the set H. We need to show that f is a Borel function.

Let Ry (z, X)) := Rh(x), and note that for every h € H, the map R;, : R x R — R is a
continuous function. This follows from the continuity of the kernel K and from the fact that H
is a finite set. The continuity of K also implies that the map fj, : R¢ x R™ — R is a continuous
function for any h € H, where fy(z, X(™) := fh(a:) Next, denote by 8 the Borel g-algebra on
R x R and let b : RY x R — 7 be the function b(z, X ™) := h(z). We obviously have for any
given h € H

{@y) e R xR b(w,y) = h} = | {(@,9) € RIx R®: Bifo,y) — Ry(,y) <0} €%,
neH

where the last inclusion follows from the continuity of R,, n € H. Here we have also used that H
is a finite set. It remains to note that

fﬁ(x)(ﬂf) = Z fu(, X1 {b(2, X)) = h},

heH
and the required statement follows.
A.2. Proof of Lemma 1

10, Note that Mj,(g,2) = 4~ My(g,z) and let Ho = {h € H : Ap(g,z) > 4sclnn/(nV})}.
For any h € Hop we have

#Ap(g,z)Inn S 2xInn
nVy - nV,

3
Mh(gw%.) < ZAh(gvx)
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Therefore,

|Ah(97$) - Ah(g’x)’ < Xh(g’x) + Mh(gwr) < Xh(gvm) + (3/4)"4}1(9’1‘)

We have for any h € Hy

; xlnn A — An(g,
(9,2) — Mp(g,z)| = |\/;A1/Z )+ A}ll/(2g(g z) .
\/m ( 1/23/j1>;4h<g, >> < Mlg.x) + 20 (g.).

[Mi(g, ) — ZMh(9>$)]+ <

IN

It yields for any h € Hy

SXa(g.2), [Ma(g,2) — 40(g,2)], < 2vilo.2). (A1)

(b). Now consider the set Hy := H \ Ho. Here Ap(g,x) < 4¢Inn/(nV}), and, by definition of M},
we have

xlnn 3xInn

< M, <
nVy, h(g’x)_ nVh ’

1
ZAh(g,x) < Vh € Hy. (A.2)

Note that we have Mj,(g,x) > s>cInn/(nV}) for all h. This together with (A.2) shows that
[Mh(g,l') - 3Mh(gvx)}+ =0, VheH. (AB)

Furthermore, for any h € Hy

R TxInn
An(g,®) < An(g, @) + xn(g, ) + Mp(g, ) < xn(g, ) + v
Therefore
- »#Ap(g,z)lnn  xInn 7xxh(g,x)Inn xlnn
Mi(g,z) = nVy * nVi = (th) +(\f7+1) nVy
< 1 (g,7) + (\f—i- )%lnn<} ) + <\[+ >M o).
= 2Xh g, v, o 2Xh g, r\g, T

To get the penultimate inequality we have used that \/|ab| < 27!(|a| + |b]). Thus, it is shown that

. 3 1
[Mi(g,2) = (VT +35) Milg,2)] | < 5xnlg,a) e Ha. (A4)
+ 7 2
Relations (A.4), (A.3) and (A.1) imply statement of the lemma. [
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A.3. Proof of Lemma 2

19, Let g: RY — R! be a fixed bounded function, and let
1 n
Glo.0) =5 Y an(Xi— o)~ [ault-a)f(Ok, he
i=1

With this notation &,(z) = &, (K, z) and Ap(g,2) — An(g, z) = &,(|g], z). Therefore moment bounds
on (1(x), ¢3(z) and (4(z) will follow from those on &,(g, ) with substitution g € {K, Q, |K]|,|Q|}.
Since M}, (g,x) depends on g only via |g| and ||g||« [see (2.6)—(2.7)], My(g,z) = My(|g|,x), and
moment bounds on (;(z) and (3(x) are identical. The bound on (4(z) will follow from bounds
on (1(x) and (3(z) with only one modification: kernel K should be replaced by Q. As for (a(z),
&h,n(z) cannot be represented in terms of &, (g, ) with function g independent of h and 7; see (2.3).
However, the bounds on (3(z) will be obtained similarly with minor modifications. Thus it suffices
to bound Ef[¢i(x)]? and E¢[¢2(x)]?.
2. We start with bounding E¢[¢1(z)]9. For any z > 0, h € # and ¢ > 1 one has

2koo Ap(K, )z 2keoz
TLVh 3th

koo An(K, 1) | oo

q
:| = 2F(q + 1) |: TLVh 3TLVh

+

Ey [lﬁh(w)l - re‘z. (A.5)

This inequality follows by integration of the Bernstein inequality and the following bound on the
second moment of &, (z):

Koo

Blo@P < = [ Kn - o)l =

kooAh(Ka :L‘)
nVi )

We will show that E¢[(1(z)]? is bounded by the expression appearing on the right hand side of
(5.2). In fact, we will prove a stronger inequality. Let for some [ > 0

Ap o= (1+¢)In (1/V3) +In (F~!(2) Anl).

In suffices to show that (5.2) holds when in the definition of ¢i(z) the quantity My (K, z) replaced
by My (K, x), where

~ 2kooAh(K, $)>\h 2koo)\h
My(K,z) = .
h( ’ ) \/ TLVh + 3th

Indeed, since and n=¢ <V}, < 1 for any h € H, we have that
A <(g+1)dlnn+Il1nn.
Therefore My (K,z) < My (K, z) for all z € R and h € # provided that
s > koo[d(2g + 4) + 21].

Thus if we establish (5.2) with M (K, z) replaced by Mj,(K,z), the required bound for E[¢;(x)]?
will be proved.
We have for any h € ‘H

exp{—A\p} = (Vh)q+1{F(x) \Y% n_l}.
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Furthermore, taking into account that Ap(g, ) <V, '(|gl~ for any g, we obtain

2k Ap (K, ) 2k < 2k o
nVh 3nV, = /nVy’

Here we have used that n > 3. If we set z = A\, then (A.5) together with two previous display
formulas yields

EilG@) = By sup [l6n(e)] — Mi(K.0)] | < 3B [160(@)] - M (K, 2)]
< (g +1) (ko) 'n Y F(z) vn T} Y W
heH
< 2D (g+1) (2koo)qn_Q/2{F(:L‘) Vv n_l}. (A.6)

As it was mentioned above, under the same conditions inequality (A.6) holds for Ef[(3(x)]9.
As for the moment bound for {4(x), in all formulas above K should be replaced by @ and ko, by
k2 since ||Q|ls < k2. Specifically, if s > k2 [d(2q + 4) + 2I] then

Efl¢a(z)]? < 29H0(g + 1) (2k%) I~ V2 {F(z) v n~}.

3Y. Now we turn to bounding E¢[(2(z)]9. We have similarly to (A.5)

k2 A s 1q
Ef[lfwn—f Shn(Q)e 2

th\/n 3th\/n +

2k2 A 2k2 19
< 2F(q+1)[\/ o Ann(@7) | ks ] ez,

th\/U 3th\/77

Here we have used the following bound on the second moment of &, ,(x):

s o N Quglle [ 1, (i
Bl < S [ | (57 |
Qs K Ay(@.2)
< o [ 1t )l = ST

The further proof goes along the same lines as the above proof with the following minor modi-
fications: in all formulas ke, should be replaced with k2 , Vihvy should be written instead of V},
and s should satisfy s > k2 [d(2q + 4) + 2I]. The statement of the lemma holds with constant
Co = 27+ (¢ + 1)(2k%,)7. Combining the above bounds we complete the proof. |

Appendix B: Proofs of auxiliary results of Section 6
B.1. Proof of Lemma 3

We have

d
:/K(u)[f(:r—l-uh) —f(:v)]du: /ng(uj)[f(:c+uh) —f(x)]du.
j=1
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First, we note that f(z + uh) — f(z) can be represented by the telescopic sum

f(l' + uh ZAUJ J,jf L1y L5, Tj41 + Uj+1hj+1, e, Xg T+ udhd), (B.l)

where we put formally hgiiugr1 = 0.
Next, for any function ¢ : R* - R! and j =1,...,d we have

1 ru;
/wg(u])AuJ h;.i9()du; = /Z ( > 1= (%)Aujhj,jg(x)duj

L
=ca%4/ww§jGy—w“ammmmmzc&%*/wwmzwwmm.@2)

. 1
=1

The last equality follows from the definition of /-th order difference operator (3.1). Thus (B.2) and
(B.1) imply that Bp(f,z) = E?:l By, j(f,x), where

(=D 1By (f,2) =

d
// Zh Gf@, . xg i tug by, g+ ughq)dz H W (U )ty
m=j+1

Therefore, by the Minkowski inequality for integrals [see, e.g., (Folland 1999, Section 6.3)]

HBhJ(fv)HT
d
< //|’LU |HAth,] 7"'7'7'+uj+1hj+17'-'7'+udhd) dz H ‘wf(um”dum
" m=j+1
d
://\w |HAth,ng,~de H |we ()| dup,.
m=j5+1
Since f € Nﬁd(@ E) one has
d

B, < Lot [ [Tz TT hoetun)idun < CiLshd

m=j5+1

This proves (6.6). To get (6.7) we first note that the condition s > 1 implies 7(p) > 0 and 7; > 0,
j=1,...,d. Then the inequality in (6.7) follows by the same reasoning with r; replaced by g;, f3;
replaced by 7; and with the use of embedding (6.2). [

B.2. Proof of Proposition 1

By definition of J,, and X},
Ty < 220D P x| (B.3)
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and now we bound from above |X,,|. By definition of A}, we have for any h € H

d
%] < |{a sup My () > 2Nl 43 |fo: Biy(f) > 271 )
n= j=1
=: Jm1(h) + Jm2(h). (B.4)
Recall that with the introduced notation
My(z) = \/3Ap(2)6Vy ' + 30V, neH.

For any h € ‘H we have

Tnah) = 3 e Biy(fe) > 276+ Y e Biy(fe) > 27 )

jeNIso jels
= () + Ty(h). (B.5)

By the Chebyshev inequality and (6.12) for any h

1 m— -7 * T —rom —1rs 7T iTj
Ty < Y ROV B (F ) < e Y 27 TLI RN (B.6)
jGI\IOO jeI\Ioo

In addition, if s > 1 then the Chebyshev inequality and (6.13) yield

Tap) < Y RV TIBL (G <a Y 2 LAY, (B)
jETEN o0 JEN o0

In order to prove statements (i)—(iv) of the proposition we bound quantities Jy, 1(h) and Jy, 2(h)
with bandwidth h = h[m] specified in an appropriate way.

B.2.1. Proof of statements (i) and (ii)

Note that the result of the statement of (i) coincides formally with those of the statement (ii) when
6 = 1. This implies obviously that the statement (ii) in the case §# = 1 follows from the statement
(i). So, with slight abuse of the notation we will identify the case § = 1 with the assumption that
f is a probability density.
19, We start with bounding the term J,, 1 (k) on the right hand side of (B.4). Assume that h € H
is such that
w6Vt < 2m 2y (B.8)

then by the Chebyshev inequality

Im1(h) < ’{SE : sup \/W > 2m—2()0}‘

n=h
< Z ’{x DAy (x) > 22’"*4@2%*15*1%,})
n>h
neH
< (272m+4(p725%)9 Z HAﬂ”erFH < ¢y (272m¢725)9 Z anéj
n>h n>h
neH neH
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where we have taken into account that, for any 7, |4,/ < R if f € Gg(R) with § < 1, and
|A,ll1 < k% . By definition of H, for any n > h, n € H, we have V;,, = V;2M+ Tk for some
ki,...,kq > 1, which implies that anh Vn_g <(1- 2_9)_th_9. Thus, we conclude that for any h

satisfying (B.8) one has
T (h) < e3 (2720 25V,1)7 (B.9)

20, Let h = (h1,...,hq) € (0,00]% be given by

. m (17 0(24+1/8) )
hj = (C4Lj_130)1/6j2ﬁj R ) ] = 17 .. 'adv (BlO)

where constant ¢4 will be specified later. Let us prove that he [n_l, l]d for large enough n.
Denote
1-0/s+1/p 6(2+1/5)
= bj=1—-—7",
1+6/s ri(1+1/s)
and remark that a > 0. We note also that

o1y, QA0 —0/r)

1-0/s+1/8 - b

If b; < 0 then, because m < 0,
- I
h; > (C4Lj_1<p)1/5j = (C4L;1)1/’8j(Lﬁ6) BjCHI/B) ~ p—1
for all large enough n. On the other hand, since 0 > m > mg(f) and 270 < 29¢, 3¢ by definition

of mg(0),

~ mo ()b, by

hj < (C4L;1¢)1/ﬁj2 B, — (C4Lj—1(p)1/,3j (Qmo(e)a) aB;
b 14bj/a

< (esL7 WP (2 %) i B < es(ealg )Y,

where we took into account that 1 —|—bja_1 > 0 and minjfl,m,d L; > Lo > 0. Then choosing constant
c4 small enough we have h; < 1. Thus we showed that h; € [n_l, 1] for j such that b; <0.
Now consider the case b; > 0. Here

I a”t/B L —1/4.
hj > (C4Lj_190)1//3j (2m0(9)a)bga /B; > (C4Lj_1s0)1/6j (éI%QO)b]a /B;
> Ce (C4Lj_1)1//3j(p B;(1—0/s+1/B)

It remains to note that

1—6/r; :1/ﬁj_9/(ﬂjrj)<1 Vi=1,...,d

Bi(1—6/s+1/p) 1-0/s+1/p
in view of the obvious inequality 1/8 — 6/s > 1/8; — 0/(jjr;), which, in its turn, follows from the
fact that 6 € (0,1]. Thus, we have that h; > n~! for all large enough n. Furthermore, if b; > 0 then
since m < 0

hy < (ealy)Pigl/Ps <1
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for all large enough n. Thus we have shown that h € [n=1, 1]4.

3%. Now we proceed with bounding J,, 2(h) for a specific choice of h = h[m], which is defined as
follows. Let h[m] € H such that h[m] < h < 2h[m)]. Let constant ¢4 in (B.10) be chosen so that
cs < (2¢1)7!, where ¢ appears on the right hand side of (6.12). With this choice of ¢4 by (6.12)

1B 5 (f: Moo < @1 L (hi[m])% < e LR < 2m 1,

Therefore, Jr(ri)2 (h[m]) = 0, where Jgé(-) is defined in (B.5). Moreover, we obtain from (B.6) and
him] < h; that

IOy hml) < e 3 2L <o 3 dpr () <o) By
Noo JEN oo
Note that
Vi) = 279V, = 270¢)/ 5Lg1<p1/52m(%’ﬁi§§). (B.12)
This together with (B.9) yields
Jm,1 (h[m]) < c82’m<133f1/17s). (B.13)

Then it follows from (B.11) and (B.13) that

241/8

Im,1 (h[m]) + Jm2 (h[m]) < 692_”1(1/64—1/5)7

which combined with (B.3) results in
Jm S C102m(p_13;7j'/178) gpp_

Inequality (B.3) is valid only if (B.8) is fulfilled for h[m], i.e., %5Vh_[7}1] < 2m 2% now we verify

this condition. It is sufficient to check that %62dV}{1 < 2m=2¢. In view of (B.12) this inequality

will follow if
241/8

1_z2+1/5
ci/6¢1+1/62m<1+ﬁ ) > 244254(Lg0).

Taking into account that Lgd = ¢*t1/# we conclude that (B.8) is fulfilled for h[m] if

1-60/s+1/8
2m< 1+6/s >>61%4Pa

which is ensured by the condition m > mg(#). This completes the proof of (6.24).

B.2.2. Proof of statement (iii)
19. Let ¢4 be a constant to be specified later,~ and ~let c4 bg the constant given in (B.10). Let Cj=cy4
if j € Io and Cj = &4 if j € I\ Ino. Define h = (hy, ..., hg) € (0,00]? by the formula

- 1 _s(2+1/8)
hj = (Cijltp)l/ﬁfzm(ﬁj )
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Note that if j € I the corresponding coordinates of h given by (B.10) and (B.14) are the same.
Let us show that h € [n_l, 1]¢ for large enough n. First consider the coordinates hj such that
1-— %(2 +1/8) > 0. Because m > 0 we have for all n large enough

~ 1
hj 2 (CiLy )% = (CiL; Y% (Lgd) 5577 > 6 > 7,

where we have used the obvious inequality 8;/f > 1 for any j = 1,...,d. On the other hand,
because 2™ < 624,0_1 we obtain

- s(24+1/8)
h; < 011(é4L )Uﬁﬂga firi =0, n—=o0, VjeTI\Ily;

3 5(24+1/8)
hj < en(CiLy Wi 8t < eny (ealg WY, V) € Ing

Thus izj < 1 for large enough n if j € I'\ I, and ilj < 1 by choice of constant c4 if j € I .
Now consider the case 1 — %(2 +1/B) < 0. Since 2™ < épp~!

- s(2+1/8) _s
hj > Clg(CjL )1/’ng0 Biri = Clg(Cij_l)l/’Bj(Lﬂ(S)ﬁjrj >4 > n_l,

for all n large enough. Here we have used the obvious inequality 1/s > 1/8;r; Vj = 1,...,d. On
the other hand, since m > 0, ilj < (Cij_ng)l/ﬁj < 1 for large enough n. Thus we have proved that
h e [n~1,1]% for all large enough n.

20, Let h[m] € H such that h[m] < h < 2h[m] and choose constant ¢, satisfies ¢4 < (2¢1)! [see
(6.12)]. Recall that formulas (B.10) and (B.14) coincide for j € I,. Therefore, as before, with the
indicated choice of ¢4 we have

J?

m,2

Let B+ and S be defined by expressions 1/8+ :=3 ;. ; 1/8j and 1/Boc := 3 ,cp  1/B;. We
have

(h[m]) = 0. (B.15)

Vi) > 2795, = 274}/ P/ P L1107 2m, (B.16)
: : m < A ,—1 AL/Btr—1 241/8 _ ~1/B+
This together with 2™ < éap™" shows that Vi, > c13¢,/ " L 5 = c13¢,' "~ 0 and, therefore,

Vi < ey s (B.17)

Remark that A, (z) < 22Mk2, for all z € R? and 1 € H. Hence, in view of (B.17)

sup My(z) < kooV2 %6V[ ]—I—%(SV
n=h[m]

h[m]

<koox/W+\/ e )./Wh[ | = e[V

IN

It yields together with (B.16)

sup Mﬂ(x) < ecis 621/(25:&:)2m /(LB(S)(,O_I/B = 15 621/(2/53:)2771()0'

n>h
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Setting ¢4 so that 015621/(2’6})

< 271, we obtain sup, > j, M, (z) < 2™ L. This implies that
Jma (h[m]) = 0. (B.18)

Moreover, it follows from (B.6) and from inequality h[m] < h that

Jszl,)Q (h[m]) < Jr(nlj)Q(iZ) < |:Cl Z éZJ:| 2—ms(2+1/5). (B19)
JE€NIo

Then (6.25) is a consequence of (B.3), (B.15), (B.18) and (B.19). The statement (ii) is proved.
B.2.3. Proof of statement (iv)

19, Let Cj, j =1,...,d be the same constants in the proof of statement (ii) in the previous section.
Define h = (h1,...,hq) € (0,00]? by the following formula

L7¢1/B 4 ‘

1 _v(@+l/y)

=1,....d, (B.20)

where 7;, ¢; are defined in (6.1) and 7, v and L, are given in (6.15).
Let us show that h € [n~1,1]¢ for large n. Let b; = 1 — (%_(2 +1/7).

First, assume that b; < 0. Since m > 0 and 2™ < éap L,

v(2+1/v)

- v v(2+1/8)
hj > Clﬁ(CjL;l)l/'ngD 7595

e
] = c16(CLy )7 [Ly [ Lg) 5% o 7%

L%Ol/ﬁ

= C16 (Cij_l)l/’Yj [LW]W 5% > § > nil,

where we have used the obvious inequality 1/v > 1/(;¢;) for any j =1,...,d. On the other hand,
in view of m > my and by (6.20)

m1b;

~ v v
hj < (Cij*lsp)l/%Q 75 [(L'y/LB)SOI/B_l/V] V545
myb; _1 1 s(2+1/B)
< (Cij_lsD)l/'YjQ "/jj |:2m1[v(2+1/'y)fs(2+1/6)}] i (Cij_]-(p)l/’ijml('Yj Y545 )
Then by (6.21
' ( ) ~ o 1 s i(l—i—[l—i(Q—i—l/ﬁ)] v(1/8-1/7) )
hy < 01701(L)Cj/’YJSO'yj 4 EHATSEHTE) (B.21)

where the expression for constant Cy (E) is easily found. It remains to note that
v(2+1/7) =52+ 1/8) = sv [(2+1/8)(1/s = 1/v) + (1/y = 1/B)s™'],
and in view of (6.16) and (6.17)

lgj —s2+1/B8)v(1/B-1/7) _2+1/8 (1/s = 1/v)g; + (1/y = 1/B)
glv2+1/7) = s(2+1/5)] g L(1/s=1/v)2+1/7)+A/y=1/B)v "

This shows that Bj < 1 for large n.

1+ > 0.
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Now assume that b; > 0. Then, similarly to the reasoning that resulted in (B.21) we have

mlbj

By > (GL7)Y12 0 [(La/ L)V

s v(1/B—1/v)
> 01@)0;%%<1+[1w7<2+1/ﬂ>]m)_

Since p?T1/8 = L4,

~ gy (AETRIO )08 )
hj > 61801(L)Cj Vg A1)/ NI/ -1/ s § > L

for all n large enough. Here we have used (6.16), (6.17), and obvious inequalities: 2 +1/y > 1/v;
and 1/v > 1/v;r; for all j = 1,...,d. On the other hand, since 2™ < éyp~!

ﬁ v v(2+1/8)
_ clg(C’ij_l)l/w [LV/L,B]Wj @ %

hi

IN

ety b8

= e1o(CHL; )Y (L) 570

Therefore, ﬁj — 0, n = o0, Vj € I\ I, and l~zj < c19 (C4L61)1/W, Vj € Is. Choosing ¢4 small
enough we come to required assertion.

30, Let h[m] € H be such that h[m] < h < 2h[m], and let constant ¢, satisfy ¢4 < (2¢;)~!, where
¢, is given in (6.12). With this choice of ¢4, if j € I then the corresponding coordinates of h given
by (B.14) and (B.20) coincide. Hence we have as before

‘]7512,)2 (h[m]) = 0. (B.22)
Let %i =2jer vl %; then
Vh[m] 2 27dV;L — 27(1(64)1/,300 (64)1/7iL51g01/’8272m' (B23)

We remark that (B.23) and (B.16) coincide up to the change in notation Si <+ v+. Hence all the
computations preceding (B.18) remain valid, and we have as before

Jma (h[m]) = 0. (B.24)
Moreover, we obtain from (B.7)
1 ~ il [ L 901/6 ! —mu
I8, (n[m)) < {q > (4 [L’;(pl | 2mmEr/, (B.25)
jGI\Ioo
The bound given in (6.26) follows now from (B.3), (B.22), (B.24) and (B.25). []
B.3. Proof of Proposition 2
In view of (2.14) and (6.11)
/(@) = ()] < colUy(@) + w(@)] < er[Uy () +w(a)], (B.26)

where ¢y and ¢; are appropriate constants, Us(z) and Uy (z) are given by (6.8) and (6.10) respec-
tively, and w(x) := {(x) + x(z) with {(z) and x(z) defined in (2.15) and (2.16).
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B.3.1. Proof of statement (i)

Here for brevity we will write mg = mo(1). By (B.26)

. _ —1
| i@ - fords < &7 [ U +e@) @) - fals
Xmo Xmyg
< al@mert [ 1) - fls s [ o @ e
R4 R4
Noting that || f]|1 < In%(n)||K||1 < In%(n)ke, we have ||f — f|l1 < In%(n)ke + 1 and, therefore,
@mert [ 1f@) - f@)lds < (ke + 1) @70
Rd
Moreover, since » = k2 [(4d + 2)p + 4(d + 1)], the second statement of Theorem 1 implies
Ef /]Rd WP (2)[270 0 4 w(z)]dz < c3(2M0p)n~ P2 4 oyn P2,
Combining these inequalities and taking into account that 2% < 1 we obtain
Tra =By [ 1) = f)Pds < cs [ 2o 422 4 02
< 2¢5[In%(n)(2m0p)P~! + n_p/z].

14+1/8-1/s)

By definition of mg = mg(1), 2™¢ < ¢g (Lﬁd) 2 : therefore

-1
J- < ¢ lnd(n) (L55) T=1/511/8 + ern P2,

mo

It remains to note that for large n that
-1
(Lﬂé) 1+1I;ﬁ—1/s < (LB(S)VP7 n—P/2 < (LB(S)VP,

and (6.27) follows.

B.3.2. Proof of statement (ii)

Let f* be the maximal operator of f defined in (4.1). It follows from the definition of M, (x) that
for any h € H

wxf*(x)lnn  sxlnn
M, < .
78712112 n(x) =8 nVi + nVi

Moreover, by definition of By, (f,z), By(f,z) < colf*(z) + f(x)] < 2¢c9f*(z) almost everywhere,
where the last inequality follows from the Lebesgue differentiation theorem. Using these two in-
equalities and setting h = (1,...,1) in (6.8) we come to the following upper bound on Uy(x)

Us(z) < crof*(z) + V/ f*(x)d +6]. (B.27)
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In view of (6.11) we have that X, 0 EXT = {z € RY: Up(x) < kao2™0}; therefore if we put

Dy =X n{zecR?: f* () <6}, Dy:=X N{xecR:: f*(zx) >}

then
Ty <Bs [ 1f@ = f@Pda+Ey [ 1f@) = f@)Pde By +BySe (B29)

We bound from above the two terms on the right hand side of the above inequality.
First consider E;S1. By (B.26) for any 6 € (0, 1] we have

S = / f(@) = fz)lPde < 080/ [0(2) +w(@)]" | f(z) - f(2)|da

Dy

< o [ 1) - sfass [ w5+ o).

Here we have used that, by (B.27), Us(z) < 2¢106 for all € D;. Remind that f(z) = fﬂ(x)($)3
therefore, for any 0 € (0, 1]

B/l f@)° < &lF@)" < (X Edf@)]) < erltnn)f )"
heH
Thus, for any f € Gg(R),
o E; / @) = f@)Pde < {11+ czmm)®| 15} < er56" R ()™

Furthermore, because s = k2_[(4d + 2)p + 4(d + 1)], by the second statement of Theorem 1
Ef/ wp_e(:n)[é + w(x)]gdx < 14800~ P=0/2 0 n P2 < oan P2,
R4
Combining the last two inequalities we obtain

EsS) = Ey / |f(@) = f(@)Pde < er6[67 R (nn)® +n7P/2]. (B.29)

1

Now we proceed with bounding E;S5. We have

Bss = B [ i)~ Sl < 4B [ [0+ u(@)] s
a) _

mo(6), ,\p—0 0 —p/2
< enf@m®y) /D Uy(@) e + 07

2

—

(b) -0
< orr[(@m0O ORI 4 2] < cyg[RO(Lps) I 4P/, (B.30)

Here (a) follows from the second statement of Theorem 1 and Up(x) < 20O for 2 € Dy, and (b)
is valid because Uy (x) < 3ciof*(x) for all x € Do, see (B.27).
1
Note that §'~ T-075%175 (lnn)% — 0 as n — oo since § < 1 and 1/8 > 1/s, where the latter
inequality follows from r € (1, 0o]%.
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Thus, combining (B.29) and (B.30) with (B.28), we obtain

‘];LO(G) < C19[(L55) 1707;&/5 _|_n—p/2] < C2O(L55)pu(9)’

as claimed. [
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