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ADAPTIVE ESTIMATION OVER ANISOTROPIC FUNCTIONAL
CLASSES VIA ORACLE APPROACH

By OLEG LEPSKI

Aix-Marseille Université

We address the problem of adaptive minimax estimation in white Gaus-
sian noise models under L p-loss, 1 < p < 00, on the anisotropic Nikol’skii
classes. We present the estimation procedure based on a new data-driven se-
lection scheme from the family of kernel estimators with varying bandwidths.
For the proposed estimator we establish so-called L ,-norm oracle inequality
and use it for deriving minimax adaptive results. We prove the existence of
rate-adaptive estimators and fully characterize behavior of the minimax risk
for different relationships between regularity parameters and norm indexes
in definitions of the functional class and of the risk. In particular some new
asymptotics of the minimax risk are discovered, including necessary and suf-
ficient conditions for the existence of a uniformly consistent estimator. We
provide also a detailed overview of existing methods and results and formu-
late open problems in adaptive minimax estimation.

1. Introduction. Let R? d > 1, be equipped with Borel o-algebra B (R¢)
and Lebesgue measure vy. Put %(Rd) = {B € BRY):vy(B) < o0}, and let
(W(B),B € %(Rd)) be the white noise with intensity vg. Set also for any A €
B(R?) and any 1 < p < o0,

Lo =g A= Rellgl] o= [ o0 vat@n < ool

Loo(A) = {g: A= R: lgllos, 4 := sup|g(t)] < o0}.
teA

1.1. Statistical model and L ,-risk. Consider the sequence of statistical ex-
periments (called Gaussian white noise models) generated by the observation
X® = {Xe(g). g € La(RY, vg)}e where

(L.1) Xe(g) = / FOgtyva(dn) +e f g(OW(dr).

Here ¢ € (0, 1) is understood as the noise level which is usually supposed suffi-
ciently small.
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The goal is to recover unknown signal f from observation X¢ on a given cube
(—b, b)?, b > 0. The quality of an estimation procedure will be described by L p-
risk, 1 < p < oo, defined in (1.2) below, and as an estimator we understand any
X®-measurable Borel function belonging to L., (R, vg). Without loss of generality
and for ease of notation, we will assume that functions to be estimated vanish
outside (—b, b)“.

Thus, for any estimator f; andany f €L, (R?, vg) NLo(RY, vy), we define its
IL,-risk as

(1.2) ROfe: F1={EQ(1F = IOV g=1.

Here and throughout the paper, || - ||, 1 < p < oo stands for || - || , (_; )¢, and ng)
denote the mathematical expectation with respect to the probability law of X®.

Let IF be a given subset of L, (Rd, vg) Ny (]Rd , Vq). For any estimator f, define
its maximal risk by Rf;p ) [ ﬁ; F] = SUP fcf Rép ) [ fg; f1 and its minimax risk on F
is given by

(1.3) ¢ (F) := inf RP[ f; F1.

fe

Here infimum is taken over all possible estimators. The estimator f is called min-
imax on I if

limsupgi);l(IF‘)Rgp)[ﬁ;; F] < oo.

e—>0

1.2. Adaptive estimation. Let {Fy, 9 € ®} be the collection of subsets of
L, (R?, vy) NLa(RY, vy), where @ is a nuisance parameter which may have very
complicated structure.

The problem of adaptive estimation can be formulated as follows: is it possible
to construct a single estimator fg which would be simultaneously minimax on each
class Fy, 0 € O, that is,

limsupp, ' (Fy)RP [ fe;Fyl <00 VI €@?

e—0

We refer to this question as the problem of adaptive estimation over the scale of
{Fy, 0 € ®}. If such estimator exists, we will call it optimally or rate-adaptive.
In the present paper we will be interested in adaptive estimation over the scale

Fy =N; 4B, L), ©=(B,7 L),

where N;,d(,g , Z) is an anisotropic Nikol’skii class; see Section 3.1 for a formal
definition. Here we only mention that for any f € N; 4(B, L), the coordinate f;

of the vector ,5 = (B1,...,B4) € (0,00)? represents the smoothness of f in the
direction i, and the coordinate r; of the vector 7 = (rq,...,rq) €[1, go]j’ repre-
sents the index of the norm in which g; is measured. Moreover, Nz ;(B, L) is the
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intersection of the balls in some semi-metric space, and the vector Le (0, oo)d
represents the radii of these balls.

The aforementioned dependence on the direction is usually referred to
anisotropy of the underlying function and the corresponding functional class.
The use of the integral norm in the definition of the smoothness is referred
to inhomogeneity of the underlying function. The latter means that the func-
tion f can be sufficiently smooth on some part of the observation domain and
rather irregular on the other part. Thus the adaptive estimation over the scale
{N;,d(,g, Z), (,5, r, Z) € (0,00)? x [1, 00]? x (0, 00)?} can be viewed as the adap-
tation to anisotropy and inhomogeneity of the function to be estimated.

1.3. Historical notes. The history of the adaptive estimation over scales of sets
of smooth functions dates back 30 years. During this time a variety of functional
classes was introduced in nonparametric statistics, particularly those of Sobolev,
Nikol’skii and Besov. The relations between different scales as well as between
classes belonging to the same scale can be found, for instance, in Nikol’skii (1977).
It is worth mentioning that although the considered classes are different, the same
estimation procedure may be (nonadaptively) minimax on them. In such situations
we will say that the class Iy is statistically equivalent to the class I, and write
Fy >« Fy. Also for two sequences a, — 0 and b, — 0, we will write a; ~ b, and
as 2 be if 0 < limg_ g agbs_l < o0 and limg_, agbg_l > 1, respectively.

Estimation of univariate functions. The first adaptive results were obtained in
Efroimovich and Pinsker (1984). The authors studied the problem of adaptive es-
timation over the scale of periodic Sobolev classes (Sobolev ellipsoids), W (8, L),
in the univariate model (1.1) under ILp-loss (p = 2). The exact asymptotics of min-
imax risk on W (g8, L) is given by P(L)&2P/@B+D) 'where P(L) is the Pinsker con-
stant. The authors proposed the estimation procedure based on blockwise Bayesian
construction and showed that it is adaptive and efficient over the scale of consid-
ered classes. Noting that W (B, L) =1 Np 1(8, L), one can assert that Efroimovich—
Pinsker estimator is rate-adaptive on Ny 1 (8, L) as well.

Influenced by this pioneering paper, a variety of adaptive methods under IL;-loss
were proposed in different statistical models such as density and spectral density
estimation, nonparametric regression, deconvolution model, inverse problems and
many others. Let us mention some of them.

e Extension of the Efroimovich—Pinsker method, Efroimovich (1986, 2008);

e Unbiased risk minimization, Golubev (1992), Golubev and Nussbaum (1992);

e Model selection, Barron, Birgé and Massart (1999), Birgé (2008), Birgé and
Massart (2001);

e Aggregation of estimators, Nemirovski (2000), Juditsky and Nemirovski (2000),
Wegkamp (2003), Tsybakov (2003), Rigollet and Tsybakov (2007), Bunea, Tsy-
bakov and Wegkamp (2007), Goldenshluger (2009);
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e Exponential weights, Leung and Barron (2006), Dalalyan and Tsybakov (2008),
Rigollet and Tsybakov (2011);

e Risk hull method, Cavalier and Golubev (2006);

e Blockwise Stein method, Cai (1999), Cavalier and Tsybakov (2001), Rigollet
(2006).

Some of aforementioned papers deal with not only adaptation over the scale of
functional classes but contain sharp oracle inequalities [about oracle approach and
its relation to adaptive estimation; see, e.g., Goldenshluger and Lepski (2013) and
the references therein]. Without any doubt, the adaptation under LL;-loss is the best
developed area of the adaptive estimation. A rather detailed overview and some
new ideas related to this topic can be found in the recent paper Baraud, Giraud and
Huet (2014).

The adaptive estimation under LL,-loss, 1 < p < oo was initiated by Lepskii
(1991) over the collection of Holder classes, that is, Noo 1(8, L). The asymptotics
of minimax risk is given by

e2PICPHD, pell, o0);
)P, p=c.

The author constructed the optimally-adaptive estimator which is obtained by the
selection from the family of piecewise polynomial estimators. Selection rule is
based on pairwise comparison of estimators (bias-majorant tradeoff). Some sharp
results were obtain in Lepskii (1992b), where an efficient adaptive estimator was
proposed in the case of Ly-loss; see also Tsybakov (1998).

Recent development in adaptive univariate density estimation under L.-loss
can be found in Giné and Nickl (2009), Gach, Nickl and Spokoiny (2013). Another
“extreme” case, the estimation under IL;-loss, was scrutinized by Devroye and
Lugosi (1996, 1997).

The consideration of the classes of inhomogeneous functions in nonparametric
statistics was started in Nemirovskiy (1985), where the minimax rates of conver-
gence were established and minimax estimators were constructed in the case of
generalized Sobolev classes. The adaptive estimation problem over the scale of
Besov classes IB%E ¢ (L) was studied for the first time in Donoho et al. (1996) in the
framework of the density model. We note that Bﬁ 0 = N, 1(8, L), and although
Bﬁq D N, 1(B, L) forany g > 1 [see Nikol’skii (1977)], one has qu =N, 1(8, L).

The same problem in the univariate model (1.1) was studied in Lepski, Mammen
and Spokoiny (1997). The asymptotics of minimax risk is given by

é (Bﬁ (L)) ~ g2P/CPHD) 2B+ Dr > p;
e(Brg (2[In(e) ) B=1/rH1PICB=2D g 4 1y < .

¢e(Noo,1(B, L)) ~

The set of parameters satisfying (28 + 1) > p is called in the literature the
dense zone and the case r(28 + 1) < p is referred to the sparse zone. As it was
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shown in Donoho et al. (1996) hard threshold wavelet estimator is nearly adaptive
over the scale of Besov classes. The latter means that the maximal risk of the pro-
posed estimator differs from ¢(IB%E ¢(L)) by logarithmic factor on the dense zone
and on the boundary (28 + 1)r = p. A similar result was proved in Lepski, Mam-
men and Spokoiny (1997), but for a completely different estimation procedure: for
the first time, a local bandwidth selection scheme was used for the estimation of an
entire function. Moreover, the computations of the maximal risk of the proposed
estimator on IB%E ¢(L) was made by integration of the local oracle inequality.

It is important to emphasize that both aforementioned results were proved under
the additional assumption

(1.4) 1—Br) '+ @Bp)~>o.

Independently, an approach similar to Lepski, Mammen and Spokoiny (1997)
was proposed in Goldenshluger and Nemirovski (1997). The authors constructed
nearly adaptive estimation over the scale of generalized Sobolev classes.

The optimally adaptive estimator over the scale of Besov classes was built by
Juditsky (1997). The estimation procedure is the hard threshold wavelet construc-
tion with random thresholds whose choices are based on some modifications of
the comparison scheme proposed in Lepskii (1991). Several years later similar a
result was obtained by Johnstone and Silverman (2005). This estimation method
is again a hard threshold wavelet estimator but with empirical Bayes selection of
thresholds. Both results were obtained under additional condition 8 > 1/r which
is slightly stronger than (1.4). Efficient adaptive estimator over the scale of Besov
classes under L,-loss was constructed in Zhang (2005) by use of empirical Bayes
thresholding.

We finish this section by mentioning the papers Juditsky and Lambert-Lacroix
(2004) and Reynaud-Bouret, Rivoirard and Tuleau-Malot (2011), where very in-
teresting phenomena related to the adaptive density estimation under L ,-loss with
unbounded support were observed, and the paper Goldenshluger (2009), where
IL ,-aggregation of estimators was proposed.

Multivariate function estimation. Much less is known when adaptive estimation
of multivariate function is considered. The principal difficulty is related to the fact
that the methods developed in the univariate case cannot be directly generalized to
the multivariate setting.

In a series of papers from the late 1970s, Ibragimov and Hasminskii studied
the problem of minimax estimation over N;,d(,é , Z) under L ,-losses in different
statistical models; see Hasminskii and Ibragimov (1990) and references therein.
Note, however, that these authors treated only the case r; = p,i =1, ..., d, which
allowed them to prove that standard linear estimators (kernel, local polynomial,
etc.) are minimax. The optimally adaptive estimator corresponding to the latter
case was constructed in Goldenshluger and Lepski (2011) in the density model
on R4,
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The estimation over isotropic Besov class IB%ﬁ q(L) was studied in Delyon and
Juditsky (1996), where the authors estabhshed the asymptotic of minimax risk
under IL,-loss and constructed minimax estimators. Here the isotropy means that
B =(B,...,B), r=(r,...,r) and L= (L, ..., L). The asymptotics of minimax
risk is given by

iz g2 /CBTD), 2B + d)r > dp:
be (Béjq(L)) ~1 0 (B—d /r+d/p)(2B—2d r+d) b P
’ (¢°[In(e))) , 2B+ dr <dp.

Nearly adaptive with respect to L,-risk, 1 < p < 00, an estimator over a

collection of isotropic Nikol’skii classes N d(,B L) B> IB%/3 (L) was built by
Goldenshluger and Lepski (2008). The proposed procedure 1s based on the spe-
cial algorithm of local bandwidth selection from the family of kernel estimators.
The corresponding upper bound for maximal risks is proved under the additional
assumption 8 > d/r.

Apparently, the first results on the minimax adaptive estimation over anisotropic

Besov classes IBB’[j q(L) was obtained in Neumann (2000) under IL,-loss in the
model (1.1). The author proposed the minimax and then nearly adaptive proce-
dures based on the original hard threshold wavelet construction. This result was
obtained under nonstandard and quite restrictive assumptions imposed on 8 and 7.

Bertin (2005) considered the problem of adaptive estimation over the scale of
anisotropic Holder classes, that is, Nz, d(,B L) with r; =oco forany i =1,...,d
under L-loss. The asymptotics of minimax risk is given here by

¢e(Nao.a (B, L)) ~ (¢2|In(e)])P/ PP,

where 1/8 =1/81 + --- + 1/B4. The construction of the optimally adaptive esti-
mator is based on the selection rule from the family of kernel estimators developed
in Lepski and Levit (1998).

Akakpo (2012) studied the problem of adaptive estimation over the scale of

anisotropic Besov classes IBB"j (L) under IL,-loss in multivariate density models
on the unit cube. The constructlon of the optimally-adaptive estimator is based
on the model selection approach, and it uses sophisticated approximation bounds.
Note, however, that all results are proved in the situation where coordinates of the
vector 7 are the same (r; =r, i =1,...,d).

For the first time the minimax and minimax adaptive estimation over the scale
of anisotropic classes Nj d(,B L) under LLj-loss in the multivariate model (1.1)
was studied in full generality in Kerkyacharlan Lepski and Picard (2001, 2008).

To describe the results obtained in this paper we will need the following notation
used in the sequel as well. Set ™! = (B1r1) ™' 4+ --- + (Barq) ™', and define for
any 1 <s <oo

t(s)=1=1/w+1/(p), #($)=w@2+1/p) —s.
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In Kerkyacharian, Lepski and Picard (2001) under assumption

d
(1.5) t(00) >0, > [1/(riBi) = 1/(pB)], <2/p

i=1

(called by the authors the dense zone), the following asymptotics of minimax risk
was found:

¢ (Nz.a(B, L)) ~ eP/CPHD.
In Kerkyacharian, Lepski and Picard (2008) under assumptions
(1.6) T(00) >0,  x(p)=0, Fell,p)’

(called by the authors the sparse zone) the following asymptotics of minimax risk
was found:

e (Ni.g(B, L)) ~ (2[In(e)|) P/ 7@

The authors built a nearly adaptive estimator with respect to IL,-risk, 1 < p < oo.
Its construction is based on the pointwise bandwidths selection rule which differs
from that presented in Lepski and Levit (1998) as well as from the construction
developed several years later in Goldenshluger and Lepski (2008, 2014). It is im-
portant to emphasize that the method developed in the present paper is in some
sense a “global” version of the aforementioned procedure.

The existence of an optimally-adaptive estimator as well as the asymptotics of
minimax risk in the case, where assumptions (1.5) and (1.6) are not fulfilled, re-
mained an open problem. Note also that assumption (1.4), which appeared in the
univariate case, can be rewritten as t(p) > 0. The minimax as well as adaptive
estimation in the case 7(p) < 0 was not investigated. One can suppose that a uni-
formly consistent estimator on N, 1 (8, L) does not existif 7(p) < Osince 7(p) > 0
is the sufficient condition for the compact embedding of the univariate Nikol’skii
space into IL.,; see Nikol’skii (1977).

The attempt to shed light on aforementioned problems was recently undertaken
in Goldenshluger and Lepski (2014) in the framework of the density estimation
on R4, The authors are interested in adaptive estimation under L. ,-loss, p € [1, 00)
over the collection of functional classes

Fy =N g(B, L, M) :=N; (B, L) N {f:lIfllc <M},  ©=(B,7. L, M).

Adapting the results obtained in the latter paper to the observation model (1.1), we
first state that the asymptotics of the minimax risk satisfies

be(N;. (B, L, M)) > ul,



GLOBAL CHOICE 1185

where
B :
m, #(p) > 0;
_) (p .
V= —21(2), »#(p) <0, t(c0) > 0;
£ 2(p) < 0,7(c0) <0;
P
€2,

#(p) > 0or x(p) <0, 7(0) <0

He= 2(p) <0, 7(c0) > 0.

It is important to note that the obtained lower bound remains true if p = oo, which
implies in particular that under Loo-loss, there is no umformly consistent estimator
on Nz d(,B L M) if t(00) < 0 [note that s¢(0c0) = —o0].

The authors proposed nearly adaptive estimator, that is, an estimator whose
maximal risk is proportional to (e2|In(e)|)", whatever the value of the nuisance
parameter ¢ = (,5, 7. L, M) and p € [1, c0).

Thus the existence of optimally-adaptive estimators remains an open problem.
Moreover, all discussed results are obtained under additional assumption that the
underlying function is uniformly bounded. We will see that the situation changes
completely if this condition does not hold. The optimally-adaptive estimator over
the scale of anisotropic Nikol’skii classes under L, -loss was constructed in Lepski
(2013) under assumption t(00) > 0. Since 7(00) > 0 implies automatically that
Nz 4(B, L, M) =N; 4(B, L) for some M completely determined by L, the inves-
tigation under LL,-loss is finalized.

We would like to finish our short overview by mentioning works where the
adaptation is studied not only with respect to the smoothness properties of the
underlying function but also with respect to some structural assumptions imposed
on the statistical model:

e Composite function structure, Horowitz and Mammen (2007), Juditsky, Lepski
and Tsybakov (2009), Baraud and Birgé (2014);

e Multi-index structure (single-index, projection pursuit etc.), Hristache et al.
(2001), Goldenshluger and Lepski (2009), Lepski and Serdyukova (2014);

e Multiple index model in density estimation, Samarov and Tsybakov (2007);

e Independence structure in density estimation, Lepski (2013).

The problems of adaptive estimation over the scale of functional classes de-
fined on some manifolds were studied [Kerkyacharian, Thanh and Picard (2011),
Kerkyacharian, Nickl and Picard (2012)].

1.4. Objectives. Considering the collection of functional classes
F9=N7,d(ﬁ7L)’ 0=(ﬁ’F’L)’
we want to answer on the following questions:
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(1) What is the optimal decay of the minimax risk for any fixed value of the
nuisance parameter U and norm index p € [1, co]?
(2) Do optimally-adaptive estimators always exist?

To realize this program we propose first a new data-driven selection rule from
the family of kernel estimators with varying bandwidths and establish for it so-
called IL ,-norm oracle inequality. Then we use this inequality in order to prove the
adaptivity properties of the proposed estimation procedure.

Let us discuss our approach more in detail. Throughout of the paper we will
use the following notation. For any u, v € R the operations and relations u /v, uv,
uvVv,uAv,u<v,au,a € R, are understood in a coordinate-wise sense, and |u|
stands for Euclidean norm of u. All integrals are taken over R¢ unless the domain
of integration is specified explicitly. For any real a its positive part is denoted by
(a)4+, and |a] is used for its integer part.

Kernel estimator with varying bandwidth. Put $ = {h; = e 72,5 € N}, and
denote by & the set of all measurable functions defined on (—b, b)¢ and taking
values in $). Introduce

Sy ={h:(=b,b) = 5 h(x) = (h1(x), ..., ha(x)),
x€(=b,b) b €&y,i=T1,d).

Let K :R? — R be a function satisfying [ K = 1. With any he &, we associate
the function

~1 r—x d d

K,;(t,x):Vﬁ (x)K(q ), teR% x € (—b, b)“,
h(x)

where V; (x) = ]'[;1:1 hi(x). Let &* be a given subset of G,. Consider the family

of estimators

(1.7) F(&*) = {f;(x) = Xc (K7 (-, x)), h € 6%, x € (b, b)*}.

We will call these estimators kernel estimators with varying bandwidth. This type
of estimator was introduced in Miiller and Stadtmiiller (1987) in the context of
cross-validation technique.

We will be particulary interested in the set &* = 6™ C &4, which consists
of constant functions. Note that if 2 € GSS°™ we come to the standard definition of
kernel estimators in a white Gaussian noise model.

In view of (1.1) we have the following decomposition which will be useful in
the sequel:

f () = f(x) =/K;;(t,X)[f(t) — f()]va(dt) + e&j(x),
(1.8)
S;l(x)sz;l(t,x)W(dt).
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We note that & is a centered Gaussian random field on (—b, b)? with the covari-
ance function

-1 -1 I—x r—y _h
vV (y)/K(Z(x))K(E(y))vd(dt), x,y e (=b,b).

Oracle approach. Our goal is to propose a data-driven (based on X?) selection
procedure from the collection F (&™) and establish for it I ,-norm oracle inequal-
ity. More precisely we construct the random field (h(x),x € (=b, b)%) completely

determined by the observation X?, such that x — h(x) belongs to &*, and prove
that for any p € [1, 00], ¢ > 1 and ¢ > 0 small enough,

(1.9) R F1=7 inf AT (/. h) + Yae.
e *

Here Y| and Y» are numerical constants depending on d, p, g, b and K only, and
inequality (1.9) is established for any function f € L, (R?, vy) NLo(RY, vy). We
call (1.9) an L ,-norm oracle inequality.

We provide with explicit expression of the functional Agf,)q(-, -) that allows us
to derive different minimax adaptive results from the unique L ,-norm oracle in-
equality. In this context it is interesting to note that in the “extreme cases” p =1
and p = oo, it suffices to select the estimator from the family F(&5°™"). When
p € (1, 00), the oracle inequality (1.9) as well as the selection from the family
F(&*) will be done for some special choice of the bandwidth’s set &*. We will
see that the restrictions imposed on &* are rather weak, which will allow us to
prove very strong adaptive results presented in Section 3.

1.5. Organization of the paper. In Section 2 we present our selection rule and
formulate for it IL,-norm oracle inequality, Theorem 1. Its consequence related
to the selection from the family G5! is established in Corollary 1. Section 3 is
devoted to adaptive estimation over the collection of anisotropic Nikol’skii classes.
The lower bound result is formulated in Theorem 2, and the adaptive upper bound
is presented in Theorem 3. In Section 4 we discuss open problems in adaptive
minimax estimation in different statistical models. Proofs of main results are given
in Sections 5—7, and all technical lemmas are proven in the Appendix.

2. Selection rule and L ,-norm oracle inequality.

2.1. Functional classes of bandwidths. Put for any he G,y and any s =
(S1,...,54) €N?

d
Aslhl= () Aglhjl. Aglhjl={x € (=b,b)?:hj(x) =b,}.
j=1
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Let »c € (0, 1) and £ > 0 be given constants. Define
Hy (e, £) = {ﬁ €6y Z vZ(AS[Z]) < £}.
seNd

We remark that obviously G5 C Hy (3¢, £) for any s € (0, 1) and £ = (2b)~.
Put N* ={|p] + 1, Lp] +2, ...}, and define for any A > ¢/

B = U BA, B ={hee:|v- "] <Al
rEN}‘,

Later on, in the case p € (1, o0), we will be interested in selection from the family
F(H), where H is an arbitrary subset of Hy(5¢, £, A) := Hy(3, £) NB(A), » €
(0, 1/d), with some special choice A = A, — 00, & — 0.

The following notation related to the functional class B(A) will be exploited in
the sequel. For any he B(A), define

Q.1 N5, A =N5N[rah),00),  rah) =inf{r e N%:h € B, (A)}.
Obviously rA(l;) < oo for any he B(A).

Assumptions imposed on the kernel K. Let a > 1 and A > 0 be fixed.

ASSUMPTION 1. There exists £:R — R such that [ = 1, supp(K) C
[—a, a] and:
1) K@) —K@)| <Als —1] Vs, t €R,;
d
i) K@ =[[K&) VYx=(x1,....x0) R
i=1
Throughout the paper we will consider only kernel estimators with K satisfying

Assumption 1.

2.2. Upper functions and the choice of parameters. Put
(2.2) be == e—x/lln(e)\’ A, = elnz(s)’

and let S;4(h,) C &4 consist of the functions ﬁ taking values in H¢(h,) ;= H? N
(0’ hé‘]d N
Set Co(r) = Ca(r, d sz, (2£)%), and define for any h € B(A,),

Tep(h) =Cil[yInevp|vi 2|, pell, oo,
U, ,(h)= inf cz(r)}|vﬁ_”2!|,p/(r_p)’ pell, 00).

reN’;(h,Ag)
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Introduce finally

Te p(h) A, ,(h),  heB(A:)NSahe), pell,o0);

W () =1 P !
B, (), heB(A:) \ Sa(be), p 1, ool.

Some remarks are in order.

(1) The constant C; depends on /C, d, p and b, and its explicit expression
is given in Section 5.1. The explicit expression of the quantity Cy(r, 7, L), r >
p,t €(0,1), L > 0, can be found in Lepski (2015), Section 3.2.2. Its defini-
tion is rather involved, and since it will not be exploited in the sequel, we omit
the definition of the latter quantity in the present paper. Here we only mention
that Co(-, 7, £): (p, o0) — R, is bounded on each bounded interval. However,
Cr(r,t, L) — 00, r — 00.

(2) The selection rule presented below exploits heavily the fact that {\W, ,,(h)
he H}, p € [1, oo] is the upper function for the collection {|&; ||, he H}. Here
the random field §; appeared in the decomposition (1.8) of the kernel estimator,
and H is an arbitrary countable subset of Hy(s¢, £, A.). The latter result was re-
cently proved in Lepski (2015), and it is presented in Proposition 1, Section 5.2 of
the present paper.

(3) The choice of b, and A, is mostly dictated by the following simple obser-
vation, which will be used for proving adaptive results presented in Section 3:

(2.3) lim ™%, = o0, lim e A, = 00 Va > 0.
e—0 e—0
The general relation between parameters b, and .4, can be found in Lepski (2015).

2.3. Selection rule. Let H be a countable subset of H,; (s, £, A,). Define
@4) Ru(h) =sup[ll f; — filp — Ve p(h Vi) — eWe (D], hell
nel
Our selection rule is given now by ﬁo = arginfj, eH{ﬁH (ﬁ) + W, p(i_{)}. Since flo
does not necessarily belong to H, we define finally h € H from the relation
2.5) Riua(h) + e W, (h) < Ria(ho) + e W (ho) + e,

which leads to the estimator fﬁ.

REMARK 1. We restrict ourselves by consideration of countable subsets of
Hy (3¢, £, Ag) in order not to discuss the measurability of f}l. Formally, the pro-
posed selection rule can be applied for any H C Hy (s, £, A.) for which final
estimator can be correctly defined.
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2.4. LL,-norm oracle inequality. For any he G4 define

Sﬁ(x,f)szd Ki(t —x) f(tva(dr),  xeR?,

which is understood as kernel approximation (smoother) of the function f at a
point x.
For any &, 1 € &, introduce also

By, 5(x, f) = [Sh;(x, f) = Sj(x, f)
Bj(x, ) = |S;(x, f) = f(x)
and define finally for any p € [1, oo]

2.7 B (f)= ;lelngBg,;,(-, O, + 1B O,

El

(2.6)

’

THEOREM 1. Let Assumption 1 be fulfilled, and let p € [1,00], g > 1, »x €
(0, 1/d) and £ > 1 be fixed. Then there exists €(gq) > 0 such that for any € < e(q)
and H CHy (e, £, A,

RPfi: F1<5 inf (B (f) +eWe p ()} +9(C3 + Ca+2)e
VfeL,y(RY, vg) NLa(RY, vy).

The quantities C3 and C4 depend on K, p,q, b and d only, and their explicit
expressions are presented in the Section 5.1.

Some consequences. Selection rule (2.5) deals with the family of kernel estima-
tors with varying bandwidths. This allows, in particular, to apply L ,-norm oracle
inequality established in Theorem 1 to adaptive estimation over the collection of
inhomogeneous and anisotropic functional classes. However, in some cases it suf-
fices to select from much less “massive” set of bandwidths, namely from &5°™'. In
this case one can speak about standard multi-bandwidth selection. In particular, in
the next section we will show that the selection from G$°™! leads to an optimally
adaptive estimator over anisotropic Nikol’skii classes if p = {1, co}. Moreover,
considering G5°™', we simplify considerably the “approximation error” B%p )( f)
as well as the upper function W, ,(-). The following corollary of Theorem 1 will
be proved in Section 5.2.

Set C2,, = (2b)4/P infyens C2(r), and define for any h e G (h,) == SN
Sa(be),

WE () =y, Vi 2 pell, o0,

W () = C1yf[In (e Vp) V2.

(2.8)
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Let {eq, ..., e;} be the canonical basis in R?. For any he 620““ introduce
b= sup | [ 0 £+ ubsevi@n - £,
' s hsfhj R

(2.9)

ji=1,....d.
Define finally HEO™! = 5™ (h) N {2 V; > (2b)%/? A2}, and let fﬁ“nsr) be the
estimator obtained by selection rule (2.5) with H = H™" and ¥, p(ﬁ) replaced
by W™ () given in (2.8).

COROLLARY 1. Let Assumption 1 be fulfilled, and let p € [1,00] and g > 1
be fixed. Then there exists €(q) > 0 such that for any ¢ < ¢(gq), H € H™ and
feL,®Y vg) NLa(RY, vy)

d
RP[f™; £ <5 inf BIKI g D by 1 + W) <h>}
€ j=1

+9(C3 + C4 + 2)¢.

We remark that since HE™! is finite a selected multi-bandwidth, h € H is given
by
h=are hm]g [Ru(h) + e W™ (b))
€

3. Adaptive estimation. In this section we study properties of the estimator
defined in Section 2.3. The L ,-norm oracle inequalities obtained Theorem 1 and
Corollary 1 can be viewed as the initial step in bounding the L ,-risk of this esti-
mator on the anisotropic Nikol’skii classes.

3.1. Anisotropic Nikol’skii classes. Recall that (eq, ..., e;) denotes the canon-
ical basis of RY. For the function g: RY — R! and real number u € R, define the
first order difference operator with step size u in direction of the variable x j by

Ay jg(x) =g(x +ue;) —gx), j=1,...,d.

By induction, the kth order difference operator with step size u in direction of the
variable x; is defined as

k
_ k
G Ak e = A AK ) = Y (-1 (Z ) Aut g ().
=1
DEFINITION 1.  For given vectors 7 = (r1, ..., rq), rj € [1, 00], B =(Bi,...,
Ba), Bj >0,and L = (Ly,...,Lg), L; >0, j=1,...,d, we say that function

g:R4 — R! belongs to the anisotropic Nikol’skii class N;,d(ﬁ , Z) if:
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(i) ligl,, pa < Lj forall j=1,....d;
(i1) forevery j =1,...,d there exists natural number k; > 8; such that

(32) |ay 8l g < Lilulfl YueRVj=1,...d.

Recall that the consideration of white Gaussian noise model requires f €
Lo (R?) that is not always guaranteed by f € Nﬁd(ﬁ, L). So, later on we will
study the functional classes N 7,d(,§ , Z) = N;,d(,é , Z) NL,(R%), which we will also
call anisotropic Nikol’skii classes. Some conditions with guaranteed N;,d(,g , Z) =
N;,d(E, Z) can be found in Section 7.1.

3.2. Main results. Let N;d(,g, Z,) be the anisotropic Nikol’skii functional
class. Put

R LU PR
1 Bj ' Birj’ a =i ’

j=1 iTJ

l d
B =
and define for any 1 <s < oo,
t(s)=1—-1/0+1/(sB), () =w@2+1/B) —s.
The following obvious relation will be useful in the sequel:
»#(s) . 2—s
ws s

(3.3) + 7(s).

Set finally p* =[max;—_i, 471V p,and introduce

.....

B
- 0.
Bl »#(p) > 0;
7(p)
, <0, 7(p*) > 0;
s #(p) <0,7(p*) >
o(p* —p)
, »x(p) <0,7(p*) <0, p* > p;
p(p*—w2+1/B)) (P?)
0, #(p) <0,7(p*) <0; p* = p.
Lge?, »#(p) > 0;
5e = | Lge?[In(e), #(p) =0,7(p*) <0;
Lg_z/p)/r(p)82|ln(e)|, x(p) <0,7(p*) > 0.

3.2.1. Lower bound of minimax risk.

THEOREM 2. Letg>1, Ly > 0and 1 < p < oo be fixed. Then for any B €
(0, oo)d, 7 ell,00]? and L € [Lo, oo)d, there exists ¢ > 0 independent of L such
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that

liminfinf  sup 8 °RP[fe; f1>c,
£20 fo fen: 4(B.D)

where infimum is taken over all possible estimators.

Let us make several remarks.
1°. Case p* = p. Taking into account (3.3) we note that there is no uniformly
consistent estimator over Nz 4(8, L) if

(34 T(P)12.00)(P) + 2(P)1[1.2)(p) <0,

and this result seems to be new. As it will follow from the next theorem the latter
condition is necessary and sufficient for nonexistence of uniformly consistent es-
timators over Ny 4(8, L) under IL,-loss, 1 < p < oo. In the case of L-loss, (3.4)
is reduced to w < 1, and a similar result was recently proved in Goldenshluger and
Lepski (2014) for the density model.

It is worth noting that the assumption 7(p) > 0 in the considered case p =
p* is the sufficient condition for the compact embedding of the corresponding
Nikol’skii class to another class which is a compact in LL,, (R9). Recall that there
exists the compliance between the existence of a uniform consistence estimator
and the compactness of the class on which the maximal risk is considered. In this
context, the discussed result of the theorem perhaps implies that 7(p) > 0, p > 2
is also the necessary condition for the latter embedding. However, this problem
lies beyond the scope of the present paper.

20, Case x(p) <0, t(p*) <0, p* > p. The lower bound for minimax risk,
given in this case by

*

(L,gez ]ln(s) ‘)(w(p*—p))/(p(p*—w(2+l//3))

is new. It is interesting that the latter case does not appear in dimension 1 or, more
generally, when isotropic Nikol’skii classes are considered. Indeed, if ; = r for all
[=1,...,d, then p* > p means r > p that, in its turn, implies 7(p*) = 7(r) =
1 > 0. It is worth mentioning that we improve in order the lower bound, recently
found in Goldenshluger and Lepski (2014), which corresponds formally to our
case p* = 0.

30, Case »( p) <0, t(p*) > 0. For the first time the same result was proved in
Kerkyacharian, Lepski and Picard (2008) but under more restrictive assumption
»#(p) <0, t(c0) > 0. Moreover, the dependence of the asymptotics of the mini-
max risk on L was not optimal.

49, Case »( p) > 0. The presented lower bound of minimax risk became the
statistical folklore since it is the minimax rate of convergence over anisotropic
Holder class (r; =00, l=1,...,d).If so, the reqque(j result can be easily deduced
from the embedding of a Holder class to N; 4(B, L), whatever the value of 7.
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However, the author was unable to find exact references and derived the announced
result from the general construction used in the proof of Theorem 2. Moreover
we are interested in finding not only the optimal decay of the minimax risk with
respect to ¢ — 0, but also its correct dependence on the radii L.

3.2.2. Upper bound for minimax risk. Optimally-adaptive estimator. The re-
sults of this section will be derived from L ,-norm oracle inequalities proved in
Theorem 1 and Corollary 1.

Construction of kernel K. We will use the following specific kernel K [see, e.g.,
Kerkyacharian, Lepski and Picard (2001) or Goldenshluger and Lepski (2011)] in
the definition of the estimator’s family (1.7).

Let ¢ be an integer number, and let w:[—1/(2¢),1/(2¢)] — R! be a function
satisfying [ w(y)dy =1and w € CYRD. Put

4

1
w(y) =Y (f) (—1)’+1l—.w(l¥),
(3.5) =l

d
K1) =[] we), t=(t1,....1q).
Jj=1
Set of bandwidths. Set ty, = —(b+ 1)+ (b + Dk2!7", k =0,...,2", n € N*,
and let Ag, = [tk tir1n)s k= 0,...,2"71 Ay = (ten, tkginl, k=271 +
1,...,2" — 1. Thus {Ag ., k=0,...,2"} forms the partition of (—b —1,b+ 1)
whatever n € N*,
For any n € N*, set also 8, = {0, ..., 2Myd and define

(3.6)  Tam) ={A) = Agn x - X Mg k= (k1. ... ka) € R ).

For any n € N* the collection of cubs I'y(n) determines the partition of (—b —
1,b+1)7.

Denote by 651") ,n € N* the set of all step functions defined on (—b, b)? with
the steps belonging to I'y(n) N (—b, b)? and taking values in 4.

Introduce finally for any R > 0,

H,(R) = Hy(1/(2d), R, As) N { U 6;”)},
neN*
where A, is given in (2.2).
Let fffR) , R > 0 denote the estimator obtained by the selection rule (2.4)—(2.5)
from the family of kernel estimators F(H, (R)) and fffconso denote the estimator

constructed in Corollary 1. Both constructions are made with the kernel K satisfy-
ing (3.5).
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Adaptive upper bound. For any £ € N* and L > 0, set ® = (0, 04 x [l,qoo]dqx
[Lo, oo)d, and later on we will use the notation ¥ € ® for the triplet (B, 7, L).
Denote P = ® x [1, oc], and introduce

P = {(9, p) € P:T(p) 12,00 (P) + #(P)111,2)(p) > 0}
ul{®, p)eP:p*> p}.
The latter set consists of the class parameters and norm indexes for which a uni-
form consistent estimation is possible.

Let V), (Z) be the quantity whose presentation is postponed to Section 7.4 since
its expression is rather cumbersome. Put L* = min; . , j=p* L, and introduce

Lge?, »(p) > 0;

8¢ =1 Lg(L")"?|In(e)|,  s(p) <0,7(p*) <O;
V,(L)2|In(e)], #(p) <0,7(p*) > 0.

THEOREM 3. Letq > 1, Lo > 0 and ¢ € N* be fixed, and let R =3 + «/2b:
(1) For any (9, p) € Peonsst such that p € (1, 00), ¥ e (1,00l and »(p) # 0,
there exists C > 0 independent of L for which

limsup  sup SQ”Rgp)[fl{R); fl=cC.
620 feN;q4(B.L)

(2) For any (9, p) € POt p e {1, 00}, there exists C > 0 independent of L
for which

limsup sup &, "RP[ f}{cons{); f]=cC.
¢=0 feNz4(B.L)

(3) For any (9, p) € P™" such that p € (1,00), ¥ € (1, 00]¢ and (p) =0,
there exists C > 0 independent of L for which

limsup  sup 8;“(}ln(e)|)1/pR§p)[fl~fR); fl=c.
620 feN:q(B.L)

Some remarks are in order.

1°. Combining the results of Theorems 2 and 3, we conclude that optimally-
adaptive estimators under IL,-loss exist over all parameter sets peonsist if p e
{1, 00}. If p € (1, 00), such estimators exist as well, except the boundary cases
#(p) =0and minj—; _ 4r; = 1. Note also that the adaptation is with respect to
the parameter E is restricted on (O, 2], Hence we want to fix this parameter as
large as possible but it should be done a priori since it is involved in our procedure.

20, We remark that the upper and lower bounds for minimax risk differ each

other on the boundary »(p) = 0 only by (|In(¢)|)!/?-factor. Using (1, 1)-weak
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type inequality for strong maximal operator [de Guzman (1975)], one can prove
adaptive upper bound on the boundary minj—; . 4r; = 1 containing an additional
(] In(e) |)(d_1)/ P -factor. Note, nevertheless, that exact asymptotics of minimax risk
on both boundaries remains an open problem.

30, We obtain full classification of minimax rates over anisotropic Nikol’skii
classes if p € {1, 00} and “almost” full one (except the boundaries mentioned
above) if p € (1, 00). We can assert that §7 is minimax rate of convergence on
N;,d(,g, Z) for any B € (0,00),7 e (1, 00]¢ and Le (0, 00)?. Indeed, for given
,5 and L one can choose Lo=min;— 4 L; and the number ¢, used in the kernel
construction (3.5), as an any integer strictly larger than max ; Xj=1....d Bj.

49 We remark that the dependence of minimax rate on L is correct (3e = =4,)if
#(p) > 0. In spite of the cumbersome expression of the quantity V), (L) one can
easily check that

V (L) L(l 2/p)/(z(p))

if Ly =L forany j =1,...,d. Hence, under this restriction, §; = d. if »(p) <
0, T(p*) > 0 as well.

4. Open problems in adaptive estimation. The goal of this section is to dis-
cuss the directions in which adaptive multivariate function estimation will be de-
veloped. We do not pretend here to cover the whole spectrum of existing problems
and mostly restrict ourselves by consideration of the adaptation over the scale of
anisotropic classes. Moreover, we will concentrate on principal difficulties and the
mathematical aspect of the problem, and we will not pay much attention to the
technical details and practical applications. Although we will speak about adap-
tive estimation, it is important to realize that for the majority of problems discussed
below, very little is known about the minimax approach.

4.1. Abstract statistical model. Let (Y™, A IP;"), f €TF) be the sequence

of statistical experiments generated by observation ¥, n € N*. Let A be a set
and p: A x A — R, be a loss functional. The goal is to estimate the mapping
G :F — A, and as an estimator we understand an ¥ *”-measurable A-valued map.

The quality of an estimation procedure G, on F is measured by the maximal
risk

~ ~ /g
RulGp: Fl={sup B 04(Go, GO} g2 1,
felF

and as previously, ¢, () = infz R, [G,: F] denotes the minimax risk.
Assume that F D Uyco Fﬁ, where {Fy, 9 € ©} isa given collection of sets.

PROBLEM I (Fundamental). Find necessary and sufficient conditions of exis-
tence of optimally-adaptive estimators, that is, the existence of an estimator G,
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satisfying

RulGn: Byl ~ ¢y (Fy) VO €O,

It is well known that optimally-adaptive estimators do not always exist; see
Lepskii (1990, 1992a), Efromovich and Low (1994), Cai and Low (2005). Hence
the goal is to understand how the answer to the aforementioned question depends
on the statistical model, underlying estimation problem (mapping G) and the col-
lection of considered classes. The attempt to provide such classification was under-
taken in Lepskii (1992a), but we found there that sufficient conditions of existence
as well as of nonexistence of optimally-adaptive estimators are too restrictive.

It is important to realize that the answers to the formulated problem may be
different, even if the statistical model and the collection of functional classes are
the same, and estimation problems are similar in nature. Indeed, consider univari-
ate model (1.1), and let Fy = Ny 1(8, L), ¥ = (B, L), be the collection of Holder
classes. Set

Goo(f) = flloos Ga(f) =12

As we know the optimally-adaptive estimator of f, say fn, under Ly.-loss was
constructed in Lepskii (1991). Moreover the asymptotics of minimax risk under
Loo-loss on N 1(B, L) coincides with asymptotics corresponding to the estima-
tion of G (+). Therefore, f}n = G f,,) is an optimally-adaptive estimator for
G o (+). On the other hand, there is no optimally-adaptive estimator for G,(-); see
Cai and Low (2006).

4.2. White Gaussian noise model. Let us return to the problems studied in the
present paper. Looking at the optimally-adaptive estimator proposed in Theorem 3,
we conclude that its construction is not feasible. Indeed, it is based on the selection
from very huge set of parameters, sometimes even infinite.

PROBLEM II (Feasible estimator). Find an optimally-adaptive estimator
whose construction would be computationally reasonable.

At first glance, the interest in this problem is not related to the “practical ap-
plications” since the pointwise bandwidths selection rule from Goldenshluger and
Lepski (2014) will do the job, although it is not theoretically optimal. We think
that a “feasible solution” could bring new ideas and approaches to the construction
of estimation procedures. One very interesting remark (prompted to the author by
one of the referees) is that a solution being simultaneously statistically optimal
and computationally feasible may not exist. In this context the negative answer on
Problem II would be of big interest as well.
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Another source of problems is structural adaptation. Let us consider one of the
possible directions. Denote by £ the set of all d x s real matrices, 1 <s < d.
Introduce the following collection of functional classes:

Fy =Si (B, L, E):={f:R! - R: f(x) = g(Ex),g €Nz ,(B, L), E € £},
9= (8,7, L, E).

PROBLEM III (Structural adaptation). Prove or disprove the existence of
optimally-adaptive estimators over the collection S; 4(B, L, E) under IL ,-loss.

Note that if 7 = (00, ..., 00) (Holder case), an optimally adaptive estimator was
constructed in Goldenshluger and Lepski (2009). A nearly adaptive estimator in
the case s = 1 (single index constraint) and d = 2 was proposed in Lepski and
Serdyukova (2014). Many other structural models like additive, projection pursuit
or their generalization [see Goldenshluger and Lepski (2009)] can be studied as
well.

4.3. Density model. Let X;,i=1,...,n,bei.id d-dimensional random vec-
tors with common probability density f. The goal is to estimate f under L ,-loss
on R4,

PROBLEM IV.  Prove or disprove the existence of optimally-adaptive estima-
tors over the collection of anisotropic Nikol’skii classes N; 4(B, L) under L ,-loss.

The last advances in this task were made in Goldenshluger and Lepski (2014).
However, as was conjectured in this paper, their local approach cannot lead to the
construction of optimally-adaptive estimators. On the other hand it is not clear
how to adapt the approach developed in the present paper to the density estimation
on R?. Indeed, the key element of our procedure are the upper functions for L p-
norm of random fields found in Lepski (2015). These results are heavily based on
the fact that the corresponding norm is defined on a bounded interval of R?.

The same problem can be formulated for the more complicated deconvolution
model. Recent advances in the estimation under LL,-loss in this model can be found
in Comte and Lacour (2013).

4.4. Regression model. Let &;,i € N*, be i.i.d. symmetric random variables
with common probability density g, and let X;,i € N*, be i.i.d. d-dimensional
random vectors with common probability density g. Suppose that we observe the
pairs (X1, Y1), ..., (Xp, ¥y) satisfying

Yi=f(X;)+§&, i=1,...,n.

The goal is to estimate function f under LL,-loss on (—b, b)Y, where b > 0 is a
given number.
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We will suppose that the sequences &;,i € N* and X;, i € N* are mutually inde-
pendent and that the design density g (known or unknown) is separated away from
zero on (—b, b)4.

Regular noise. Suppose that there exists a > 0 and A > 0 such that for any
u,v €l—a,al
4.1) QU T ) 4y 4 A,

R o(y)

Assume also that [£|£1]|% < oo for some o > 2.

PROBLEM V. Prove or disprove the existence of optimally-adaptive estimators
over the collection of anisotropic Nikol’skii classes Ny 4(8, L) under L ,-loss.

The interesting question arising in this context is what is the minimal value of
« under which the formulated problem can be solved. In particular, is it or is it not
related to the norm index p?

Cauchy noise. Let o(x) = {m (1 + x2)}~!. In this case the noise is of course reg-
ular; that is, (4.1) holds, but the moment assumption fails. To our knowledge, there
are no minimax or minimax adaptive results in the multivariate regression model
with noise “without moments” when anisotropic functional classes are considered.

PROBLEM VI. Propose the construction of optimally-adaptive estimators over
the scale of anisotropic Holder classes Ng, 4(8, L) under IL,-loss.

The same problem can be of course formulated over the scale of anisotropic
Nikol’skii classes, but it seems that nowadays neither probabilistic nor the tools
from functional analysis are sufficiently developed in order to proceed to this task.

Irregular noise. Consider the following two particular examples:

o) =2""_1yx), o,x)=Ce . ye(,1)2).

In both cases, condition (4.1) is not fulfilled. In the parametric case f(-) =f €
R, the minimax rate of convergence is faster than n~!/2; see Ibragimov and

Has’minskii (1981).

PROBLEM VII.  Find minimax rate of convergence on anisotropic Holder class
Ng,q4(B, L) under L ,-loss. Propose an aggregation scheme for these estimators
that leads to the construction of optimally-adaptive estimators.

One of the possible approaches to solving Problems VI and VII could be an L ,-
aggregation of locally-Bayesian or M-estimators. Some recent advances in this
direction can be found in Chichignoud (2012), Chichignoud and Lederer (2014).

Unknown distribution of the noise. Suppose now that the density o is unknown
or even does not exist. The goal is to consider simultaneously the noises with and
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without moments, regular or irregular etc. Even if the regression function belong
to known functional class, the different noises may lead to different minimax rates
of convergence.

PROBLEM VIII. Build an estimator which would simultaneously adapt to a
given scale of functional classes and to the noise distribution.

We do not precise here the collection of classes since the formulated problem
seems extremely complicated. Any solution, even in dimension 1, can be consid-
ered as a great progress. In this context let us mention some very promising results
recently obtained in Baraud, Birgé and Sart (2014).

We finish this section with following remarks. The regression model is very rich,
and many other problems can be formulated from its framework. For instance, the
discussed problems can be mixed with imposing structural assumptions on the
model. On the other hand aforementioned problems are not directly related to the
concrete statistical model. In particular, almost all of them can be postulated in the
inverse problem estimation context or in nonparametric auto-regression.

5. Proof of Theorem 1 and Corollary 1. We start this section by presenting
the constants appearing in the assertion of Theorem 1.

5.1. Important quantities. Put
C1=2(q Vv [pl{p < oo} + 1{p=o0}])

+2v2d[V/7 + [IKIl2(y/ [In (4D AT K [12)] + 1)];

C3 =C3(q, p)1{p < 00} + C3(gq, 1) 1{p = o0}, g=(q/p) V1

1/q
c4—(yq+n/(n/2>[1v<2b)qd > e [V I, i) /2) ,

reN*

where y | is the (g + 1)th absolute moment of the standard normal distribution

and
00 Z2/v 1/(uv)
C3(u,v)=(4b)d/”|:2u/ z“_lexp(— 2>dz] , u,v>1.
0 81K I3

5.2. Auxiliary results. ~As we have mentioned, the main ingredient of the proof
of Theorem 1 is the fact that {\W, (h) he H} is the upper function for the collection
HEARE he H}. The corresponding result is formulated below for citation conve-
nience, as Proposition 1 is proved in Theorem 1 and in Corollary 2 of Theorem 2,
Lepski (2015).

Set for any p € [1,00), 7 € (0,1) and £ > O,

Yo (h) =T () A ( Jnf | Can OV e p)  hEBA.
reNy (n,
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PROPOSITION 1. Let L > 0 be fixed, and let b, and A. be defined in (2.2).
Suppose also that K satisfies Assumption 1.

Then for any g > 1 and t € (0, 1) one can find e(t, q) such that:

(1) for any p € [1, 00), ¢ < ¢e(t, q) and any countable H C G;(h,) NHy(z, L,
Ag), one has

E{sup[I&; 1, — ve®], | < {(Cs+ Cae};
heH

(2) for any p € [1, 00], ¢ < e(t, q) and any countable H C G,

E{sup[l& 1, = Fe (0], " <{Cael?.
heH

We will need also the following technical result.

LEMMA 1. Foranyd >1, »x€(0,1/d), £>0and A > e*:
(i)  Hy(e £, A) SHy(ds, £, A);
(i) hviieHy(dsx 22 A) Vi ijeHy(x L. A).

The first statement of the lemma is obvious, and the second will be proved in
the Appendix.

5.3. Proof of Theorem 1. Let h € H be fixed. We have in view of the triangle
inequality
G s = fllp < Wi = fallp + 1 fiui = Fillp #1755 = fllp-
First, note that fﬁvi{ = fflvﬁ and, therefore,
52 | favi = fallp = I fgvi; — fallp = fiH(E) +eWe p(h v ) + e, ()
< Ru(h) +2eW¥, ,(h).

Here we used first h € I and then that szvﬁ > Vi v V; implies lllg,p(l; V)<
W, ,(h) AW, (7)) for any h and 7. Similarly we have
53) I feoi = Fillp < ?H(IE) + slllgvp(fl:/ h) + W, ,(h)
< Ru(h) +2eW¥, ,(h).
The definition of h implies
Rea(h) + 26V, p () + Rug(h) + 26, ,(h) < 4Rp(h) + 4e W, () + 2e,
and we get from (5.1), (5.2) and (5.3)

(5.4) 1fx = fllp < 4Ru(h) + 46V , () + | f; — 1l + 2¢.
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We obviously have for any I, neH,
||f;‘;v;, - fﬁ||p < 1B; illp +€ll&; 1l p +€ll&5ll p-

Denote H* = {v:9 = h V 7}, h, ij € HJ}, and remark that H € H* C H(d s, (2£),
Ag). The latter inclusion follows from assertions of Lemma 1. Moreover since H
is countable, H* is countable as well. Putting ¢ = supg <[ 1£5 1l p — \Ilg,p(ﬁ)]Jr, we
obtain

Ru(h) < sup| Bj (. /)|, +26¢
nel

and therefore, in view of (5.4),

1= fllp < 4sup| 85 5. ), +4eW, p(h) +8eL + |1 f; — fllp +2e.
ne

Taking into account that ||f,; — fllp = IB;llp + €ll&; 1l p, we obtain

15— Fllp <5BL (f) + 5eWe (k) + et + 2.

It remains to note that if p € [1, 00) in view of the definition of W, ,(-),

c=( swp [l = Ye,®]) v sup Ul — T, (]).
TeH*NG,(he) VEH\&4(be)
Applying the first and the second assertions of Proposition 1 with t =ds, L =
284, H=H*N&,(h,) and H=H*\ S4(h,), respectively, we obtain

R fiz F1= 5B (f) + 56We, (R + 18(C3 + Cs + V.

It remains to note that the left-hand side of the obtained inequality is independent
of h, and we come to the assertion of the theorem with Y = 18(C3 4+ C4 + 2),
where, recall, C3 and C4 are given in Section 5.1.

If p = o0, the second assertion of Proposition 1 with H = H* is directly applied
to the random variable ¢, and the statement of the theorem follows.

5.4. Proof of Corollary 1. The proof of the corollary consists mostly of bound-
ing from above the quantity Bép 4 (f). This, in its turn, is based on the technical re-

sult presented in Lemma 2 below, which will be used in the proof of Proposition 2,
Section 7.3.1, as well.

5.4.1. Auxiliary lemma. The following notation will be exploited in the se-
quel:

Forany J C{l,...,d} and y G_Rd, set yy ={yj,j€J} € RV and we will
write y = (yy, yj), where as usual J ={1,...,d}\ J.

For any j =1,...,d, introduce E; = (0,...,e;,...,0), and set E[J] =
> jed E;. Later on Eg = E[J] denotes the matrix with zero entries.



GLOBAL CHOICE 1203

To any J C{l1,...,d} and any A RY - R such that A € ]L,,(Rd), associate
the function

A7, zj) =AMz +EJ1(y —2),  y,zeR,

with the obvious agreement A; = A if J = {1, ..., d}, which is always the case if
d=1.
At last for any h= (hy,....hy) € 8™ and J C {1,...,d}, set K; ;(uy) =

[jes h;llC(uj/hj), and define for any y € RY,
[Kyx Al (y) = - K; juy = ypr(ys, up)v j(duy).

The following result is a trivial consequence of the Young inequality and Fubini’s
theorem. Forany J C {1,...,d} and p €[1, oc],

d—|J v
(5.5) Ik * A1), < KIS Al pa, VR SE™,

where we have denoted A; = (—b, b)l/! x RIV!,

LEMMA 2. Forany fz, ne 62"““, onecanfindk =1,...,d,and the collection
of indexes {j1 < jo < --- < jx} € {1,...,d} such that for any x € R¢ and any
f:RY > R,

k

By 5(x, f) = I;(UK/ZV# *bp 1700+ [IKzl* by 15,(0);

k

Bj(x, /) < Y 1Kzl %bj 15,0, Ti="{jt,---, i)

=1

The proof of the lemma is postponed to the Appendix.

5.4.2. Proof of the corollary. We obtain in view of the first assertion of
Lemma 2 and (5.5),

k
1B5.5¢ O, <2 IKITE BG4, = 2Z||icn g 1D 1
=1

The latter equality follows from the fact that f is compactly supported on (—b, b)?,
which implies that by, i (x7, -) is compactly supported on (—b, b)4~!. Taking into
account that ||C||; r > 1, we get

|B;.:¢. Dl <2k RZIIbh allp = 201K RZ 167, ;1 Vh,ij € &
j=1
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Since the right-hand side of the latter inequality is independent of 77, we obtain

d
sup |Bj (. N, 20K g D 115 -
7]66;0115[ J:l

Repeating previous computations and using the second assertion of Lemma 2, we
have

d
(5.6) 1B7.C. P, < KN & D 157 11
j=1

for any he G5™' and any p > 1. We obtain finally
d
(5.7) B (F) <3IKI & D kg 11
j=1

30, We obviously have r A(ii) = |p] + 1 for any he H,, and therefore, for any
p€ll, 00),

e p(h) < @0)PV2 inf Car) = W ().
p

It is also obvious that
Ve oo(h) = WSV (R)  Vh e H,.

As we previously mentioned 5™ C Hy (3¢, £) for any » € (0, 1) and £ = (2b)*.
Thus, choosing, for example, » = (2d)~', we get that HEonst Hy((2d)~!,
Qp)Y/@) | A.), and, moreover, Hgonst is obviously finite set.

The assertion of the corollary follows now from (5.7) and Theorem 1.

6. Proof of Theorem 2. The proof is organized as follows. First, we formu-
late two auxiliary statements, Lemmas 3 and 4. Second, we present a general con-
struction of a finite set of functions employed in the proof of lower bounds. Then
we specialize the constructed set of functions in different regimes and derive the
announced lower bounds.

6.1. Proof of Theorem 2. Auxiliary lemmas. The first statement given in
Lemma 3 is a simple consequence of Theorem 2.4 from Tsybakov (2009). Let
IF be a given set of real functions defined on (—b, b)4.

LEMMA 3.  Assume that for any sufficiently small ¢ > 0, one can find a positive
real number p, and a finite subset of functions {f©, £ j € J.} C F such that

6.1) [fO =D, =200 Vi.jeT U0} # )

(6.2) li ! > E {
. msup —-x )
o 1P 7T LdPso
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Then for any g > 1,

liminfinfsup oy (E/ | f — f114)"¢ = (/C+ /T + 1)~
e—0 f feF

where infimum on the left-hand side is taken over all possible estimators.

We will apply Lemma 3 with F = N;ﬁd(,é, L, M).

Next, we will need the result to be a generalization of the Varshamov—Gilbert
lemma. It can be found in Rigollet and Tsybakov (2011), Lemma A3. In the version
established in Lemma 4 below, we only provide a particular choice of the constants
appearing in the latter result.

Let g,, be the Hamming distance on {0, 1}"*, n € N*, that is,

on(a,b)=7) Waj#bj}=) laj—b;l,  abe{0,1)".
j=1 j=1

LEMMA 4. For any m > 4 there exist a subset Py, ,, of {0, 1}"* such that
Pl = 27" (n/m — 1)/, fak =m,  omla.d)=m/2
k=1
Va,a' € Ppy ..
6.2. Proof of Theorem 2. General construction of a finite set of functions. This

part of the proof is mostly based on the constructions and computations made in
Goldenshluger and Lepski (2014), proof of Theorem 3. For any ¢ € R, set

_ _ 42
g()=e VU701 ().

Forany / =1,...,d let b/2 > 01 = 07(¢) — 0, ¢ — 0 be the sequences to be
specified later. Let M; = al_l, and without loss of generality assume that M;, [ =
1, ..., d are integer numbers.

Define also

Xjy=—-b+2joy, j=1....M;,l=1,...,d,

andlet M ={1,..., M} x --- x {1,..., Mg}. Forany m = (my,...,my) € M,
define

d—1 d
T(m) = Z(mj — 1)( 1_[ Mz) +my,
j=1

I=j+1

d
X — X

Gn(x) = Hg<7l m”l>, x eRe.
I=1 ol
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Let W be a subset of {0, 1}, Define a family of functions { f,,, w € W} by
fo) =AY wrmGnlx), xeR’

meM
where w;, j =1,...,|M]| are the coordinates of w, and A is a parameter to be
specified.
Suppose that the set W is chosen so that
(6.3) om|(w,w’)> B Yw,w' e W,

where we remind the reader that || is the Hamming distance on {0, 1M1 Here
B = B(g) > 1is a parameter to be specified. Let also Sy :=sup,,cy {j: w; # 0}
Note finally that f,,, w € W, are compactly supported on (—b, b)“.

Repeating the computations made in Goldenshluger and Lepski (2014), proof
of Theorem 3, we assert first that if

d 1/
(6.4) Ao, P! (SW I1 oj> <ci'y, vi=1,....4d,
j=1

then f,, € N;vd(,é, Z) for any w € W. Here C as well as C, and C3 defined below
are the numerical constants completely determined by the function g.
Next the condition (6.1) of Lemma 3 is fulfilled with

d 1/p
(6.5) pe = CrA (B I1 aj) ,

j=1
which remains true if p = oo as well. At last, we have || f,, ||% < C3A%Sy ]_[?:1 oj.

Set @ =0, and let us verify condition (6.2) of Lemma 3. First observe that in
view of Girsanov’s formulas,

dPr, @) _ {—1 h2y-1 2}
() = [ b - 0 LAl

This yields that for any w € W,

dPy,
]E w
fO { dP £

The right-hand side of the latter inequality does not depend on w; hence we have

! dPy, ? - 4
W2 Z Ef(()){d]P’f(o) (X(E))} = GXP{C38 2A25W<1_[10j) — 1n(|W|)}.
w j=

2 d
(x (8))} =exple I full3) < 6Xp{8_2C3AZSW I aj}.
j=1

Therefore, condition (6.2) of Lemma 3 is fulfilled with C =1 if

d
(6.6) C3e2A*Sy [ o; <In(1W)).
j=1
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In order to apply Lemma 3 it remains to specify the parameters A, o7, [ =
1,...,d and the set W so that relationships (6.3), (6.4) and (6.6) are simultane-
ously fulfilled. According to Lemma 3, under these conditions the lower bound is
given by p. in (6.5).

6.3. Proof of Theorem 2. Choice of the parameters. We begin with the con-
struction of the set W. Let m > 4 be an integer number whose choice will be
made later, and, without loss of generality, assume that |[M|/m > 9 is integer. Let
P, 1m| be a subset of {0, 1}MI defined in Lemma 4, where we put n = | M|.

Set W = Py, 11 U0, where 0 is the zero sequence of the size | M|. With such a
set W,

Sw <m, In(|W1) = (m/2)[Inp(|IM|/m — 1) — 2],
and, therefore, condition (6.6) holds true if
d
(6.7) A’ [ oj = @C3) ™ Ing(IM|/m — 1) —2].
j=1

We also note that condition (6.4) is fulfilled if we require
d 1/r
(6.8) Ao, P! (m I oj> <ci' vi=1,....d.
j=1
In addition, (6.3) holds with B = m /2, and therefore,

d I/p
(6.9) Pe =2_1/”C2A(m ]‘[a,) :
j=1

6.4. Proof of Theorem 2. Derivation of lower bounds in different zones. Let
¢;,i=1,..., 6, be constants; the choice will be made later.
Case: #(p) <0, t(p*) <0. Set

{ (Lpe () )"0, e(p¥) <0
We = _
Lge™® 2, x(p*) =0,

and note that w, — 00, ¢ — 0. In view of the latter remark we will assume that ¢
is small enough, provided @, > 1. We start our considerations with the following
remark. The case s(p*) = 0 is possible only if p* = p since »(-) is strictly de-
creasing. Moreover, in view of relation (3.3), »(p*) = 0 is possible only if p <2
since 7(p*) < 0. Choose

A=c oy, m=cyLgw, VTP, o1 = 3Ly Pl i=pO B
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: ; : Ml —177d -1 _ —1.-d__p*
With this choice, we have = m ]_[j=1 0, =¢ ¢w; —> 00, > 0.

Hence, for any ¢ small enough, one has
[In(e)|, x(p*) < 0;
1 —-1)-2

where Q) is independent of & and L. This yields that (6.7) and (6.8) will be fulfilled
if

(6.10) ded <ecy'on, e/ P <o
Some remarks are in order. First, since r; < p* foranyl =1, ..., d and »(p*) <
0, we have

o < C3Ll_1/ﬂ’ < C3[l mindLal/ﬂ’].

.....

Here we also used @, > 1. Thus choosing ¢3 small enough we can guarantee that
o1 <b/2 forany [ =1, ...,d, which was the unique restriction imposed on the
choice of the latter sequence.

Next 7(p*) <0, @, > 1 and p*t(p*) =2 — p*, when s(p*) = 0, imply that
m > ch(l)/ A , and therefore, choosing ¢, large enough we guarantee that m > 4. At
last, choosing ¢; small enough we can assert that (6.10) is satisfied.

Thus it remains to compute p.. We get from (6.9)

O = C22_1/pcl (c2c¢31)1/]7w81—p*/p
= 1(p,oo](]?*)Qz(Lﬂ82|1n(8)|)w(p —P)/(P(P _w(2+1/.8)))

We remark that there are no uniformly consistent estimators if p* = p.

Case: »x(p) <0, t(p*) > 0. First note that the case s»(p) <0, t(p*) > 0 is pos-
sible only if p > 2. It follows from (3.3) and 7 (p*) < t(p) since 7(-) is decreasing.
It implies t(2) > 0 and 7(r;) > O forany /=1, ...,d, since r; < p*.

Set @, = 2| 1In(¢)|, and choose

(6.11)

A= c4L;3/(2r(2))ZD_g(l—l/a))/(Zr(Z))’ m=4,
0] = Ll—l/ﬂlL}(grl—z)/(zﬁlrlf(z))w.gr(rl)/(Zﬁ[r(Z)).

We remark first that
o — 0, e—=0 vi=1,...,d,

and, therefore, o7 < b/2 for all ¢ > 0 small enough.
Next, |M|/m = 471Lllg/(f(Z))wg—l/(ZﬂrQ)) > 471L(l)/(ﬂr(Z))ws—l/Qﬁf(Z)), and

hence for any ¢ small enough,

[Ina(JM|/m — 1) —2] = Q3]in(e)

’
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where Q3 is independent of & and L. This yields that (6.7) and (6.8) will be fulfilled
if

G <QC)'0s,  ed!m<crl

Choosing ¢4 small enough we satisfy the latter restrictions. Thus it remains to
compute p.. We get from (6.9)

P = C221/pc4L(ﬁ]—2/17)/(2'5(2))wst(p)/(Zr(Z))

(6.12)
—: Qu(L PP 2|1 ) Ve B 2/ 1)

Case: »(p) > 0. Choose

o1 = L7VP (L 5e?) P BICBD)

We remark that |[M|/m =9 and m — o0, ¢ — 0; hence m > 4. Moreover
o — 0, e—0 vi=1,...,d,

and therefore, o; < b/2 for all ¢ > 0 small enough.
We obviously get that (6.7) and (6.8) will be fulfilled if

c2<2Cy)7, < OC)

Choosing ¢g small enough we satisfy the latter restrictions. Finally, we get
from (6.9),

Pe = C2C41871/p (Lﬂsz)ﬁ/(2ﬂ+l).

7. Proof of Theorem 3. Lateronc;,i =1,2,..., denote numerical constants
independent of L. Moreover without further mentioning we will assume that all
quantities whose definitions involve the kernel K are defined with K = wy.

7.1. Preliminary facts. Embedding of Nikol’skii classes. For any E € (0, 00)¢,
7 e[l,00]? and s > 1, define

(s) =1L i=1,....d
yj(s) T(rj) 9 .] 9 9 9
(7.1) )
Y =16 ABL ... ¥q(s) A Ba);
(7.2) r¥(s) = [jirllﬁfdrj] Vs, F)=(rVs,...,raVs).

LEMMA 5. For any s > 1, provided T (r*(s)) > 0,
N?,d(,g, L)< Nr(5).a(7(s), CZ),

where the constant ¢ > 0 is independent of L, ¥ and B.
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The statement of the lemma is a generalization of the embedding theorem for
anisotropic Nikol’skii classes N 7,d(l§ , Z). Indeed, if *(s) = s the assertion of the
lemma can be found in Nikol’skii (1977), Section 6.9. The proof of this lemma as
well as that of Lemma 6 below is postponed to the Appendix.

Define 7+ ={j=1,...,d:rj# 0o}, p+ =[supcz, r;jlV p, and introduce

T - LA oy

o, jET T8 j# T

Note that p* > p., and therefore if 7(p*) > 0, we have in view of Lemma 5 with
§=p+

(7.4) Nzq(B, L) CN; 47, cL).

.....

const
&,

(1.5) 55,3 G2 Pl gt = @b+ D llwelly ga (1 — ™) Mjh?
' vrell,rjl.j=1.....d.

Moreover, if T(p*) > 0, then for any p > 1,

85, ;Co )], 0 < @b+ D el ga (1 —e77) " Myh7
(7.6)

where y and q are defined in (7.3).

7.2. Preliminary facts. Maximal operator. Let A:R™ — R, m > 1 be alocally
integrable function. We define the strong maximal function M[A] of A by the for-
mula

1
(7.7) M[A](x) := ?Igf o Ko)

where the supremum is taken over all possible hyper-rectangles K, in R™ with
sides parallel to the coordinate axes, containing point x. It is worth noting that the
Hardy-Littlewood maximal function is defined by (7.7) with the supremum taken
over all cubes with sides parallel to the coordinate axes, centered at x.

It is well known that the strong maximal operator A > M[A] is of the strong
(r,r)-type for all 1 <r < oo; thatis, if A € L, (R™), then M[)] € L, (R™), and for
any r > 1, there exists a constant C(r) depending on r only such that

/ A vy, (dr), x e R™,
K

(7.8) MM, ge < COIA,, pa-
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Using the notation from Section 5.4, to any J C {1, ...,d} U @ and locally inte-
grable function A : R? — R, we associate the operator

MJ[)»](X)—SUP

IJI

(t + E[J1[x — t])v, 7,(dzf),
V|J|(K|J|)/m * A

where the supremum is taken over all hyper-rectangles in RI/! with center x j=
(xj, ] € J) and with sides parallel to the axis.

As we see, M[)] is the strong maximal operator applied to the function ob-
tained by A by fixing by coordinates whose indices belong to J. It is obvious that
Mg[A]= M[A] and M{y, .. q\[A] =2

The following result is the direct consequence of (7.8) and Fubuni’s theorem.
For any r > 1, there exists C, such that foranyd > 1, A, J C{1,...,d} U2 and
y € (0, o0],

(79) || MJ[)L] ”r,(—y,y)d =< Cr”)‘”r,Tj(y),

where we have denoted 77 (y) = (-, y)'J| % RIVI. Note also that Coo=1.

7.3. Preliminary facts. Key proposition. The result presented in Proposition 2

below is the milestone for the proof of Theorem 3. For any (9, p) € Pt define
Lpe2)f/ OB+, 0:
¢ :=¢:(0, p) = (Lpe) B/2B+1) =

(L,gsz}ln(s)|) , »(p) <0.

Special set of bandwidths. For any (¢, p) € peonsist 1, = N and any j=1,...,d,
set
(7.10) ﬁj (m) = e_z(LJflgD)l/ﬂ.iede(l/,Bj_w(2+1/,3)/(/3jrj))‘

’

/.3 v/(viq;)
(711 §jm)=e (L gl,)l/y,ezdm(l/w—u(z+1/y>/<y,q,))[ }

where y;, g; are defined in (7.3), and y, v and L,, are given by

d
S L.
j:l

4 1
Vj =1 7i4j

1
7.12 — =
(7.12) y >

j=1
Introduce the integer m = m(¥, p), (I, p) € POt satisfying
e—2d[(Ly/Lﬂ)l/(l/y—l/ﬂ)¢—1]1/(2/5601(2))

< p2dm < [(Ly/Lﬁ)l/a/y—uﬁ)(p—l]1/(2ﬂwr(2))_

Later on, m will be used only if »(p) < 0 and 7(p*) > 0. Note that in this case
m > 1 for all ¢ > 0 small enough since t(2) > 0; see, for example, the proof of
Theorem 2.
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Introduce also the integer i = m(9, p), (¥, p) € PO a5 follows:

Case »(p) > 0, 2(p*) > 0: m = +o00. ~

Case »x(p) > 0,x(p*) < O0: e_2d(b;eLalg0)p*/(”(p*)) < e2dm
(h;nglfp)p*/(’{(”*)).

Case 5(p) <0, 7(p*) < 0: ™2 (Ly )P /AP < 20 < (L7 )P™/CAP™)),

Case »(p) <0,7t(p*)>0:m=m+ 1if p* = p;m=m-+mif p* > p, where
w*(1+(1/V*1/ﬁ)v(1/P*I/P*))/((ZH/V)U(I/P*1/17*))

< 2dm (p—(l—l-(l/y—l/ﬂ)v(l/p—1/p*))/((2+1/)/)v(1/11—1/17*))’

ede

p*>p.

Some remarks are in order. First we note that m > 1 for all £ > 0 small enough.
Indeed, ¢ — 0, — 0, and s(p) < 0 implies »(p*) < 0 if p* > p. Moreover,
since (19, p) € POt the case »(p) <0, T(p*) <0 is possible only if p* > p
that, in its turn, implies »(p*) < 0.

For any (9, p) € P8t and any 0 < m < m, introduce

W) L=y + 7,0 1msmp.  2(p) <0,7(p*) > 0;

(7.13) q;(m) = i (m), otherwise,

and define §(m) = (9, (m), ..., n (m)) as follows.
For any m € N set nj(m) = hsj(m) € 9, where s(m) = (s1y(m), ..., sq(m)) € N4
is given by

(7.14) sj(m) =min{s € N:bs < ;(m)}.
Introduce finally the set of bandwidths $). (%, p) = {§(m),m =0, ..., m}.

LEMMA 7. For any (9, p) € P and any & > 0 small enough, one has

9be),  #(p) > 0;
&€ 197
(0. p) C {ﬁd, otherwise.

~

Moreover, s(m) #s(n),Vm #n,m,n=0,...,m.

Result formulation. For any he &4 and any x € RY, put
v ), #(p) > 0;

P, (Vi (x)) = » 12
(Vi )In(eV;)[] 2(p) <0.

For any g :R? — R and any he G, introduce

Bi(x,g)= sup Bj.(x,g) + Bj(x,g);

const
neGy

bi(x,g)=sup sup M,[b; ;1(x).
JEF j=1,...d
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Here Bj 7 and Bj, are defined in (2.6), and b~ j is defined in (2.9), where f is
replaced by g.

Let Cx(R?) denote the set of continuous functions on R? compactly supported
onK—( b—1,b+ 1)4, and let N*d(ﬁ L) =N; 4(B, L) N Ck(RY). Note that
N; 4B, L) C (C(Rd) if o > 1 in view of (7.4).

For any ,B € (0,00)¢ and 7 € (1,004, set Bx = minj—y . 4 Bj, Cr) =
d C,] , and define

.....

T =3d(1V [willwpa)’.  T2=4T1CH Qb+ D well ga(l — e P) 7"

PROPOSITION 2. For any a> 1, £ € N*, Ly > 0, any (39, p) € POt and
e > 0, one can find G} (¥, p) = {h: (b, b)Y = 9,9, p)} such that for any ¢ > 0
small enough:
(1) &3, p) CHL(3 + v/2b); }
(2) for any g € N (B, aL), there exists hg € & (1, p) such that:
1)
Bli:g (x,8)+ aTzsCDg(Vﬁg (x))

<_ inf  [TibE(x,8) +aTaed (Vp)] +¢ Vx € (—b, b)?;
hefHe (D, p)

(ii) if 5¢(p) > O there exists v € N}, such that %(tt_—pp) >0andte N;(ﬁg, Ae).
7.3.1. Proof of Proposition 2. We break the proof into several steps.

10. The condition g € Cx(R?) implies that g is uniformly continuous on R,
and therefore, for any ¢ > 0, there exists §(¢) such that

(7.15) lg(») —8(y)| <&

Let xk », k € 8,, n € N* denote the center of the cube Al(f,)l defined in (3.6). Intro-
duce for any h € S,

Bi(x.0)= ) BiGuin @)1y (),
keRy

Vy,y eRY:|y —y'| <68(e).

where 7 is chosen from the relation 277 < §(g) <2~7+1,
Our first goal is to prove that

(7.16) sup [ BX(-, g) — B;('yg)noo,RdSClSz.
hGGCOHSt

Indeed, for any / € S,

(7.17) |Bi(-,8) — B (+ &) | oo.re = sup sup |BI(x,g) — B} (X7, 8)|-
eﬁ,,xeA(d)

since g is compactly supported on K, one has
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In view of the definition of BE (-, &), we have for any x € Al(g%,

|BX(x,8) — B (xk, &) =3 sup [S;(x, 8) — S; (ki )] + [g(x) — g (xi )|

Beezonst

2

<3 sup [Sj(x,g) — S;(xki &) + e
hEG;OHSt

The last inequality follows from (7.15) and the definition of 7.
Recall that K is given in (3.5) and

S = [ Kit —0g0va@) = [ Kt +ubyva(aw).

Hence, for any h € S5 and any x € Al((‘f,);,

506 9) = S5 )] = [ 1K@l gx + ) — g+ b))

2
<Kl raee

in view of (7.15) and the definition of 7. . .
Since the latter bound is independent of h, we obtain for any » € G$°™" and any

X € A]((‘%,

|BX(x, 8) — B: (xacir, @) < (14 311Ky ga)e”.

Taking into account that the right-hand side of the latter inequality is independent
of h, k and x, we deduce (7.16) from (7.17).
One of the immediate consequences of (7.16) is that for any x € R4,

| inf [Bi(x, g) +aT2e@c(V;(x)]
he$He (¥, p)
(7.18)

—_inf [Bi(x, @) +aTae®. (Vi ()] < c16?.
hefHe (0, p)

29, For any x € (—b, b)?, introduce

(7.19) ﬁg(x) =arg_ inf [§ﬁ‘(x, g)+ aT28<I>g(V;l(x))],
he$, (9, p)
and define G¥ (9, p) = {hy, g € NZ /(8. aL)}.
First, we deduce from (7.16) and (7.18) that for any x € (—b, b)4,

Bli: (x,8)+ aT28<I>8(Vﬁg (x))
(7.20) ¢
<_inf [Bi(x,g)+aTre®c(V;(x))] +2¢16”.
hefe (P, p)
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Next, since Eﬁ‘(-, g) is a piecewise constant on {Al((d;); N(=b,b)? ke K5}, one has
l_ig € (‘5% and, hence we can assert that

(7.21) hye |J &5  VgeCk(RY).

neN*

Our goal now is to prove that for any (3, p) € P™It one can find £(9, p) > 0
such that for any ¢ < &(9, p),

(7.22) h, € Hy(1/(2d),3++2b, A)) Vg eN: (B, L).

30a. Note that the definition of the function w, together with the assumption g €
Cg(RY) implies that sup, ga |B}llk (x, g)| < 0o, which implies, in view of (7.16),
SUP, cRrd |§]’;“(x, g)| < oo.

Hence, h; ,(x) < oo forany x € (—b, b)? and any j=1,...,d,whereh; ¢(-) is
jth coordinate of the vector-function ﬁg. It implies, in particular, that the infimum
in (7.19) is achievable, and therefore, for any x € (—b, b)4,

(7.23) hy(x) € 9:(%, p) Vg e Ni,(,aL).

By the same reasoning, B}il"(-, g) as well as E;f(-, g) are Borel functions, and since

$e (D, p) is countable, we assert in view of (7.23) that for any s € N such that
bs = (bsl s e hsd) € 9 (W, p),

(7.24) Aslhgl € B(RY) Vg e Ck(RY).

This implies, in particular, that flg is Borel function.
3%. Taking into account that wy is compactly supported on [—1/2, 1 /214, we
easily deduce from the assertions of Lemma 2 that for any £, 7j € 5™,

d
B; ﬁ(-xs g) <2d(1V |lwelloorae)” sup sup My[b; J.](x);
’ Jegjj=1,..., d ’

d
Bj(x,8) <d(1V ||well o re)” Sup sup My[b ;1(x).
Jejj=1,...d
Since the right-hand side of the first inequality is independent of 17, we obtain for
any h € 62"““,

(7.25) B;lf(x, g) < TYysup sup M,[b; .1(x) vx € R4,
Je3j=1,..d I

In particular, this yields, together with (7.20), that for any x € R?,
Bli:’ (x,8)+ aTZSCDs(Vﬁg (x))

(7.26) ’
< _inf  [Mibi(x, g) +aTaed (V;(x))] +2¢16”.
hefHe (0, p)
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49 To get (7.22) let us first prove that for any (9, p) € P! one can find
e(¥, p) > 0 such that for any & < (¢, p),
(7.27) h, € Hy(1/2d),3+~/2b)  ¥geN:  (B,aL).
For any s € N* recall that GS = (by,» .- hsd) and Vg = ]_[d 1hs Denote S¢ =
{s(m),m =0, ...,m}, and remark that Ag[ g] = {x € (=b, b)4 hg(x) _[j 1=
forany s € Nd s # 8%, in view of the definition of h

_ Taking into account (7.24) we have for any 1 <m 5 m in view of the definition
h, and the second assertion of Lemma 7,

AS<m)[ﬁg]
C {x e (—b, b)?:
Bgs(m , % 8) a2 ®e (Vsgn—1)) = Eé:(m) (x,8) +aYoe D, (Vsim))}
C{xe(=b,b)":
e+ B (x,g) = aVa[ePc (Vi(m)) — £Pe (Vogm—1))]}-

Ds(n—1)
To get the last inclusion we have taken into account (7.16). The definition of s(im)
implies that

d
]_[ Bs;m) < ]_[ ijm)=e"Lg'o" P < TT by, m)
=1
(7.28) /= ! N
Vm=0,...,m

and therefore, V(m 1y Vsim) < e” 34 Tt yields

D (Vim) — Pe(Vsm—1)) = 27 De(Ve)
for any & > 0 small enough.
Putting ¢; = a(2b + 1)C(7#)||w|| e (1 — e~P+)~! and using (7.25), we have for
any ¢ > 0, provided ¢ < cl_lcz,

Agem[hg] € {x € (b, b)? :¢16” +B6 (x,g) > 27 laTye @, (Vy))
(7.29)
<Y U{x e (=b,b) e o N (Vo) M [b Bsn
Jej j=1

1) > ¢2}.

Here we have also used that Y| > 1 as well as ®.(V;) > 1 for any s € s,

Introduce Jo ={j =1,...,d:rj =00}, and recall that 7 = {1, ...,d} \ Too-
In view of (7.9) and the bound (7.5) of Lemma 6 with r = oo and M = aL we
obtain for any j € J and any J € J,

ﬁ.
| My L 1 so.re < &2Ljb )
(7'30) s(m—1),J 7100 J

< CzLjﬁfj (m — 1) < cppedm=1),
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Here we have used that 5 17 (m —1)=e 2(L (p)l/ﬁleZd(’" D if rj =o0.
Set we =1 if 2(p) > 0 and p, = «/|ln(5)| if »(p) < 0. We obtain for any
m =0, ..., min view of (7.28) and the definition of ¢,

(glue)_l Vs(m)QDeZd(m_l) §€_5d/2.

Moreover, we obviously have that @ (V) > stl/ 2 Ue forany s € N . Thus we have
(731) g—lq)s—l(vs(m))gerd(m—l) ie—Sd/Z’

and therefore, for any j € Jo and any J € J,

—5d)2

I, e <2 <

This yields, together with (7.29),

As(m)[ﬁg]
(7.32) .
cU U freon e o (oMl

JeJjed«

1(x) > ea}.

~1)+J

We remark also that if J1 = @, then only Ag ) [ﬁg] # @. Let us consider now
separately two cases.

49, Suppose that either »(p) > 0 or s(p) <0, t(p*) <0, and recall that
njm)=1nq(m), j=1,...,d, forall values of m.

Applying the Markov 1nequahty, we get forany m =1, ..., m, in view of (7.9)
and the bound (7.5) of Lemma 6 with r =r; and M= aL

d
27 (Asamhgl) < Y [e2e@e(Ve)] " llbg
jeJ+
= Z [c26 P (Ve)] ™ (chjhs;(m—l))rJ
jeJ+
d 5
< Y [ o (VoL m — 1]
jeT+
d

JET+

I’
Bson—1).J "'rj R4

(7.33)

Taking into account that @ > 8, we obtain in view of (7.31) that for any ¢ <
1

¢, ¢,
Va(Asemy[hg]) < de™4/2e72d0CH B m=1) < go=d/2,=2dm=1)
(7.34)
Vm=1,...,m.
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Remembering that Ag[h,] = @ for any s ¢ Sz and that vg(Ag()[hg]) < (2b)?, tak-
ing into account the second assertion of Lemma 7, we obtain, putting 7 = (2d) ™!
for any ¢ < cl_lcz,

=}

3 03 (Aslhy] Z (Asemhg]) + 2b)7T <d"CD (1 —e ™' 1 V2

seNd m=1

<2+ +2b.

Here we have used that sup;-. dV/C) ) — ey~ <2,

Thus we assert that (7.2_7) is established if either »(p) > 0 or »(p) <
0,7(p*) <0.

4%. Let now s(p) <0, 7(p*) > 0. Since njm)=n(m),j=1,....d,ifm=
0,...,m, (7.34) remains true for any m =0, ..., m. Similarly to (7.33) we obtain
for any m > m in view of (7.9) and bound (7.6) of Lemma 6 with M= aZ,,

d
27 Na(Asm[hgl) = 3 feae@e (VO] ™ byl g
JETx
d . .
(7.35) < Y [e2e@ (V)] ¥ (e3(1 — ) 'L; hyf(m N
JET+
d
< Y fea(l—e ) e o (VLT (m — D]V,
JET+

where we have put ¢z = (1 — eP)ep, and eq = (1 — eﬂ*).
Using (7.31) we get

(67 07 (Vo)L 77 (m — D]V < e~ ps/2=240C+1/y)(m=1) [LV_‘pl/ﬂ ]U.
& JTj — Lﬂ(pl/y
Moreover, the definition of m implies that
e—ZdU(2+1/7)1ﬁ(p(1/ﬂ—1/V)v

< e (Lg/L,) VTNt Q1)y=1/B) yu+1/y)/Qpor@)=v(l/y=1/p),

4

Below we prove [see formula (A.20)] that v(2 + 1/y) — w2 + 1/B8) =
28t (2Q)wv(1/y — 1/B), and we obtain [recall that 7(2) > 0 in the considered
case; see, e.g., the proof of Theorem 2]

e—2du(2+1/y)fﬁ(p(1//3—l/7)v

< e (Lg/L,) VTN QPor/y=1/B) ,C+IB/CBT@) o ¢ 0,
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The latter bound together with (7.35) yields that for any m > m + 1,

Vd (As(m) [hg])
(7.36) < e—3d/2(Lﬁ/Ly)(2+1/ﬂ)/(2(/3/)/—1)T(2))(p(2+1/5)/(2l3f(2))

x 2V @+ /y)(m—=1)

and therefore, putting T = (2d) ™!, we can assert that one can find (9, p) > 0 such
that for any ¢ < €(9, p),

m

> Vi (Asemlhg]) < 1.

m=m-+1

This yields, together with (7.34), for all ¢ < min{cl_lcz, e, p)},

=N

> vi(Aslhg]) Z (Asomg]) + 2b)7 +1<3 +v2b.

seNd m=1

Thus we assert that (7.27) is established in the case s (p) <0, r(pf“) > 0 as well.
50. To get (7.22) it remains to prove that for any (9, p) € P°"ist_ one can find
&(?, p) > 0 such that for any ¢ < (¢, p),

(1.37) h, e B(A) V¥geN:,(B.aL).

The proof of (7.37) is mostly based on the choice of A, given in (2.2) which, in
turn, guarantees (2.3). We will consider separately 2 cases.
5%. Let (p) > 0. Obviously we can find t € N* such that p := satlsﬁes

»#(p) > 0, and we have in view of (7.28),

1/2 2 _ -
38) |V PRI <etr L2 r/@P) [(219)4 + Z g2ham, (As(m)[hg])]
m=1
Using the first bound established in (7.34), we obtain
—1/2)p
Ive "l

(7.39) m

< edpL%/Z(p—p/(Zﬁ)|:(2b)d 4 2 d/2,=2dw2+1/h) Z eZ(p—a)(2+1/ﬂ))dm:|‘
m=1

Remembering that p — w(2 4+ 1/B8) =: —s(p) < 0 and that p*/CP) A, — oo, we

assert that there exists €(8, p) > 0 such that || V~ 1/2”p < A, for any ¢ < £(@, p).

Thus (7.37) is proved if s(p) > 0. Moreover since the right-hand side of in-
equality (7.39) as well as the choice of v are independent of g, we can assert that
for all e < (8, p),

veNi(hy, A) Vg eN: (B.al),
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and assertion 2(ii) of the proposition follows.
59. In all other cases the set 9. (¥, p) is finite, and we obviously have in view
of (7.28),

(7.40) [VE2), < @byle Ly et/ v >,
8

This, together with the definitions of m and ¢, imply that the right-hand side of
the latter inequality increases to infinity polynomially in e~!. Thus there exists
(0, p) > 0 such that | vﬁ‘l/ ?|Ib < A, for any & < £(8, p), and (7.37) follows.
8

6Y. Thus (7.22) follows from (7.27) and (7.37), and it yields, together with
(7.21), that &} (9, p) C H,(R) for all £ > 0 small enough, and therefore, the first
assertion of the proposition is proved. We note that assertion 2(i) of the proposition
follows from £7.26) for any ¢ > 0 such that 2¢je < 1. Recall, at last, that in view
of (7.23) any h € &} (¥, p) takes values in H, (9, p).

7.4. Proof of the theorem. Case p € (1,00). We will need some technical re-
sults presented in Lemmas 8 and 9 whose proofs are postponed to the Appendix.

Recall that the quantity B}%p )(-) is defined in (2.7) with K given in (3.5). Fur-
thermore, a = || K[| ga = [[we[|{ 5.

LEMMA 8. Forany (9, p) € P and any H C &y,

sup  inf[BY () +eW, ,()] < sup  inf[BY (g) +eWe p(h)].
FeN; 4(B.L) he geNz ;(B.aL) hell

For any x € (—b, b)¢ and any g € N}‘ d(,é, aZ), define

Upp(x,g)=_ inf [bE(x,g)+ Vi 7],

hefHe (9, p)
where w, = ¢ if »#(p) > 0 and @, = /| In(e)] if »(p) <O.

LEMMA 9. Forany (9, p) € P, provided p* > p and any & > 0 small enough,

sup e g)||p* <7Y3L*,
geNZ ,(B.aL)

where, recall, L* =min;.,,—p Lj and Y3 = adZde*(Cp* lwelloore + 1) + 1.

Let (9, p) € POist be fixed. Later on R = 3 + +/2b, and without further men-
tioning we will assume that ¢ > 0 is sufficiently small in order to provide the
results of Proposition 2, Lemmas 7 and 9. Set also

Vp(l_:) — (LV/Lﬂ)(P—w(2+1/ﬂ))/(217/3wf(2)(1/)/—1//3))L;(P)/(ZT(Z))’

p < 00; VOO(Z,) =L,.



GLOBAL CHOICE 1221

7.4.1. Proof of the theorem. Preliminaries. We deduce from Theorem 1 and
Lemma 8

R:= c5_1 sup Rgp)[fffm; f]
feN; 4(B.L)

< sup _inf {B(”)(g)+g\1:8p(h)}
gEN* (/3 aL)hGH (R)

In view of the first assertion of Proposition 2, &} (6, p) C H,(R).

(7.41) R< sup inf  {BY () +eWe , (1)} +e.
geN: (B, al) he:(0.p)

Note also the following obvious inequality: for any p > 1 and any g:R? — R,

Sup ”B (’g)HpSH Sélp tBI;,ﬁ(’g)}‘p v;l'e@d
7]6 fions

€6y
This yields, in particular, for any he Gy and any g:R? — R,
(p)
(7.42) B (g) <2|Bf (- &) ,-
Combining (7.41) and (7.42) we get

(7.43) R<  sup (2B (.9, +eWe by} +e
geN?  (B.aL) 8

where flg satisfies the second assertion of Proposition 2. Consider separately two
cases. .

Case »(p) > 0. Recall that hg(x) takes values in $). (2, p) for any g €
N;"d(,é, aZ) and x € (=b, b)?. Additionally, $H:(9, p) C Sﬁd(hg) in view of the
first assertion of Lemma 7 since (p) > 0.

This implies hy € G4(h,), and we can assert that

W, p(hy) < inf cz(r)nv*”n

reNs (hy, A;)

ooy V8 €N (B.al).

Applying assertion 2(ii) of Proposition 2, we can state that for some t, provided
#(:5) >0,

: » L
W p(hg) < C2(0)| Vi Vg eN: ,(B.aL).

2
tp/(t—p)
Denote p = tp . Since p > p in view of Holder’s inequality, ||B* ollp =

(2b)4 | Bli‘l‘ -,8) ||p, and we deduce from (7.43) (remembering that we con51der here
8
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the norms of positive functions) that

R<es sup (|BE ol +elvi ) +e
geN? ,(B.aL) ¢ ¢

(7.44) '
<c¢;  sup |Bf (g +aYaeV / O, +e
geN:  (B.al) 8 &
Applying assertion 2(i) of Proposition 2 we obtain
(7.45) R<cs sup H inf  [b(.g) +e®e (V)] Hp te.

geN: ,(B.al) heDe@.p)

Case 3(p) < 0. Since W, (i) < (C1]|,/|1n (ev,;)wﬁ“/zn,,) forany i € B(A,),
we deduce from, similarly to (7.44),

R<cg sup | Bli’;g(-, g) +aYe /|In (eVﬁg(-))]Vf;l/z(-)Hp +¢.

geNZ ,(B.aL)

Applying the first assertion 2(i) of Proposition 2 we have

R<ew sup | inf [b2¢.g) +ed. (V]| +e.
geN: ,(B.aL) heHe(@.p) p
This together with (7.45) allows us to assert that
(7.46) R<ecir  sup H~ inf  [b¥(-, g) + SCDS(VE)]H;, te,

geNz j(f.aL) heD:(.p)

where we have denoted p =p if 2(p) > 0and p= p if »(p) <O0.
The definition of m allows us to assert that if s¢(p) <0,

©. (V) <eny/[In@)|V: "2 VheHe(, p).

Hence we get from (7.46),

R<c;3 sup H* inf [b;lf(-,g)—i-wgVil/z]H +¢
geNE  (B.al) he:(@.p) P
(7.47)
=ci3 sup ||Ug,p(-,g)||p+8::c13 sup  Rp(g) +e,
geNz ,(.al) geNz ,(f.al)

where we recall that w, = ¢ if »(p) > 0 and w, = /| In(e)]| if »(p) <O.
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7.4.2. Proof of the theorem. Slicing. For any g € NX d(/§, ai) we have

RE(2) < (2b)(Q)P + Z (Qe* ™D )Py (T)
m=0

(7.48) +/F Uy p(x, &) [Pva(dx)

=: 2b)?(Q)P + (Qe*o)? Z 24mPy, ) (T + T

Here we have put [';, = {x € (b, by : Uyp,p(x,g) > QeZd’”w} and Q =2¢, + e,
where we recall that ¢; = a(2b + 1)C(#) |wl|; e (1 — e~ P*)~1. Moreover, if m =
00, we set Too = 0.

We have, in view of the definition of Uy, p,

/2
L Clxe®.b):bf  (.9)+ e Vi) = Q¥ g},

Recall that in view of (7.28) e Vi) < e 2L p1/Be=4Im < V) for any m =
0,...,m.

Hence @, VS( 1/2 < epe?d™ and we get

(7.49) Ty C{x € (b,b)? bf (L9 2e26% M) = T% .

Note also that w, Vsznlf < elpe?dm < edeye?dmy < edb%‘ (x,g) foranyx eI,
s(m)

which yields

(7.50) |Us.p(x, )| < (e + Dby (x.8)  Vxelj.

The latter inequality allows us to bound from above Ty if m < oo. Indeed, in view
of (7.50),

- p
(7.51) Ta < (! +0)°l0; ol

Another bound can be obtained in the case p* > p. Applying Holder’s inequal-
ity, the assertion of Lemma 9 and (7.4.2),

(7.52) T < (L*Y3)P[va(T%)] PP
The definition of bg (-, g) implies that forany m =1, ..., m,
s(m)

d
Mnc U Ulre@n)®:Mylby 100 = 2¢26*" ).
JeJ j=1 '
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Since in view of (7.30) |M;[b; Moo re < c2<pe2dm for any j € Jx and any

J €3, we obtain

MU U fre®nMylby, 10 = e2e*™p)
JeJjedx

Bsam)-J

(7.53)
Vm=1,...,m

If either s¢(p) > 0 or »(p) <0, t(p*) <0, the following bound is true:

(7.54) g (TF) < eqe™2dmeCHUB)  yy =1,/
Indeed, applying the Markov inequality, we get for any m = 1,...,m, in view
of (7.9) and the bound (7.5) of Lemma 6 with r = r; and M= aL
d . d
—d 2dm  1-7j j 2d rj j
2 Ud(l—‘:;l) = Z [C2€ mw] ! ”bas(m)’j”r;’Rd = Z [e mw] : (L hsj(m))
JE€T+ J€T+

< Xd: [e—zdm(p—len] (m)] < de~2AmoQ+1/),
JET+
If 22(p) <0, 7(p*) > 0, we have for any m < m <m,
(7.55) va(TE) <ei6(Ly/Lg) e (1/B=1/y)v ,=2dmv(2+1/y)

Indeed, we obtain for any m > m in view of (7.9) and the bound (7.6) of Lemma 6
with M =al,

d
27N () = 3 [e2e®™ o] by, 17
JjeTx
<Ci5 Z de Jbsj(m)) !
JETx
d
<cis Y [e Mg J"] T(m)] 1
JETx

< C]6(Ly/Lﬁ)v(p(l/ﬂ—l/}/)ve—deu(2+1/y)‘

7.4.3. Proof of the theorem. Derivation of rates. We will now proceed differ-
ently depending to which zone the pair (9, p) € Pt belongs.

Dense zone: »(p) > 0. Case »(p*) > 0. Recall that m = oo in this case, and
therefore T = 0. Moreover p = p. We get from (7.48) and (7.54),

0
(7.56) Rp(g) < crzgP Y 24P @CHUP) < ¢1gpP = 1582
m=0
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since p — w(2 4+ 1/8) = —s(p) < 0 in view of the definition of p. Taking into
account that the right-hand side of the latter inequality is independent of g, we
obtain in view of (7.47),

(7.57) R <c19(3,)".

Dense zone: »x(p) > 0. Case »(p*) < 0. Note first that s¢(p™) < 0 and »(p) > 0
implies p < p* since s(-) is decreasing. We get in view of (7.52) and (7.54),

Ta < ca(L*)P e 241/ (A=p/p")

< a1 (L) ()7 7D =@+ BY1=p/ D)/ G0 ),

: w+1/B(U—=p/p*) _ p*x(p) ol
N];tl'ngﬂtlh?t P+ =D =S0h < 0 and taking into account (2.3), we
obtain tha

9 P (h) TP >0, e 0.

Since (7.56) holds, we assert finally that (7.57) remains true if s»(p*) < 0 as well.
Thus the theorem is proved in the case s»(p) > 0.

New zone: »x(p) <0, t(p*) < 0.Recall that p = p and necessarily p* > p since
we consider (9, p) € Peonsist,

Noting that the first inequality in (7.58) remains true, we deduce from (7.48)
and (7.54),

m
RE(9) < epppl Yy 2mp=@@HI/B)

m=0

(7.59) _ )
+ CZO(L*)Pe—dew(Z-i-l/ﬂ)(l—p/p )‘

If 5(p) <0, we have
RE(g) < ex3pP 2 MP=0@HB) 4 ¢ (L*)P =240 2H1/PU=p/p")
(7.60) < ea4(1 + L¥)P PP @@+ 1BA/p=1/p)/(p*~02+1/8))
= cp4(1 4 L*)P s e /p=1/p/(p*=0C+1/8)

in view of the definition of m. Taking into account that the right-hand side of the
latter inequality is independent of g, we obtain in view of (7.47) that

(7.61) R <cio(14 L¥)(8:)".
If 2(p) = 0, we deduce from (7.59) and the definition of m that
RE(g) < exspP i+ (L) PP @ CHIBA/p=1p ("0 CH1/B)

< cogP|In(e)| + (L*) P
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Pro@+1/B)U/p=1/p*) _

Here we have used that = T1B) = 2/3“ if »¢(p) = 0. Thus we con-
clude
(7.62) R < ¢25(8:)%[In(e)|"/”.

Thus the theorem is proved in the case »(p) <O0.
Sparse zone: »(p) <0, T(p*) > 0. If p* = p, taking into account that m =
m + 1, we deduce from (7.48), (7.51), (7.54) and (7.55) that

RE() < ersg? Y. Hr-o@H D) o (o 1) 18 e, C &

m=0

Using (7.51), (7.9) and the triangle inequality, we have

165, ., ol <X Y lming, p—%Z” i

JeJ j=1

Note that p* = p implies p+ = p, and therefore, g; = p forany j=1,...,d,
where we recall that g ; are given in (7.3). Hence we obtain, using the bound (7.6)
of Lemma 6 with M = alL,

ot ol

<CZ7ZL by e —°27ZLJ'7J (m -+ 1)
j=1

< C28(Ly/Lﬂ)U/l’go1-‘1-(1//3_l/y)(v/p)eZdlﬁ(l—(u/p)(2+1/y))
(7.63) < ceas(L,/Lp)@@H/B=p)/CrBoT@/y=1/B)) (,(@+1/B)T (p)/ (2T (D)
= cag(Ly, /L) @@t/ =p)/@ppor (1 /y=1/p)
x Ly PP (e2[n(e)]) TP/ )
= ¢80

We get, in view of the definition of m,

m
Py QM0 < gyopP 2R(p=0+1/B)

(7.64)
<3087, »x(p) <0;

i
ol Y 2= eCHUR) < ergpP (M4 1)

m=0

(7.65)
< 99" [In(e)|, x#(p) =
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Therefore, if »(p) <0,
(7.66) Rg(g) <c31877.

If »¢(p) = 0, we can easily check that 22({’2)) = % which yields, in view of the
definition of m,

(7.67) RE(g) < e3¢ |In(e)| = 33827 [In(e)).

Taking into account that the right-hand sides in (7.66) and (7.67) are independent

of g, we obtain, in view of (7.47),

R < c3485, »(p) <0,
(7.68)
R <c8%In(e)|,  s(p)=0.

This completes the proof of the theorem in the case »(p) <0, t(p*) > 0, p* = p.
If p* > p, we deduce from (7.48), (7.54) and (7.55) that

m
735(8) < c1gp? Z 2dm(p—w(2+1/p))

m=0

m
+c16(Ly/Lﬂ)U(Pp+(1/ﬂ_l/y)v Z e2dm(p_v(2+1/y))+Tfﬁ

m=m-+1

m
<35 [(pp Z e2dm(p—w(2+1/P))
m=0

+ (Ly/Lﬂ)U§0P+(1/ﬁ—1/V)U62dﬁl(P—U(2+1/V)):| T T

Here we have used that p < p1+ < v(2+ 1/y) < 01in view of (A.18).
Using (A.20) and the definition of m we compute that

(Ly/Lﬁ)U§0p+(1/ﬁ_I/V)UeZdﬁl(p—U(2+1/y))

< c36(Ly/Lﬁ)(w(2+1/ﬂ)—p)/(25wf(2)(1/J/—1/ﬂ))¢,17(2+1/ﬂ)f(ﬁ)/(Zr(Z))

=c3V) (Z)(82|ln(8)|)pf(p)/(2f(2)) =c368:7.
This yields, together with (7.64) and (7.65),
RL() <e378% + T, 52(p) <0
RP(8) < €298:”|In(e)| + T, »x(p)=0.
Using (7.52) and (7.55),
Ti < c38A(p(1/ﬂ*l/y)v(l*p/p*)e*Zdﬁw(Hl/y)(l*P/P*)

< c38A(p(1/l3*1/)/)v(1*p/P*)e*MﬁU(ZH/V)(l*P/P*) = c33Agp?
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in view of the definition of m and m. Here A = A(Lg, L,,L*) can be easily
computed.

Thus we can assert that (7.68) holds in the case p* > p as well, which completes
the proof of the theorem.

7.5. Proof of the theorem. Case p € {1, 00}. Note that py = oo if p = oo and
therefore y = p (00). The proof of the theorem in this case is the straightforward
consequence of Corollary 1.

Introduce the vectors u = (uy, ..., ug) and v = (vq, ..., vg) as follows:

—1/B; (Lﬁgz)ﬂ/(ﬂj@ﬁ%-l)), vj = L;I/Vj (Lysz‘ln(s)|)y/(yj(2y+l)).

uszj

It is obvious that both vectors belong to HE™!, and without loss of generality we
can assume that #, v € $¢. Moreover,

eW O (3) < e3¢,/ |In(e)| V5 /2 = ess (L, e%|In(e) )/ @7V,

Note that 1/y = Z?zl ﬂ:y(’o)o) =7 (loo) = 2yy+1 = ;Sg; and therefore,

Sqfé?gélSt) (V) = c388°.
Additionally, we easily compute

-> —1/2 28+1
S\Pé’c?mt)(v) < c39e Vs 2 — C33(L,382)ﬂ/( A1 _ c398°%.

Applying the assertions of Lemma 6, we obtain
d d P d d
: Vi
Yo llbijli <eao ) Ljuy =08 Y Ibgjllo Sear Y Ljvi =eq1d®.
j=l1 j=1 j=1 =1

The assertion of the theorem follows now from Corollary 1.

APPENDIX

_ A.l. Proof of the assertion (ii) of Lemma 1. For any given s € N and any
h € &4, define

Ag;[hj]= {x € (—=b,b)" :h;(x) =s;}. j=1,....d.
Then As[ﬂ] = ﬂ‘;zl Asj[hj] and we get putting s; = (s1,...,5;-1,5j+1,...,d)

va(Ag )= > wa(Aslhl),  j=1.....d.

sjeNd-1
This yields, for any « € (0, 1), that we have for any he Sy,

S v (A ) < 30 05 (Aslh).

sj=1 seNd
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Since obviously hv 1 € &, for any I, 17 € &4, we have
- d ad d d
S (A thy v ) < S0 5 (A Ty 1) 05 (A ) )
sj= sj=1
Hence, for any « € (0, 1) and any I_{, e Hd(d_la, 2_1L1/d), L >0, we get
(A1) Z v (Ag thy vl < 30 v (Asli]) + 37 i (Al < L4
sji=1 seNd seNd

Note that As[ﬁ] = ﬂ?zl Ay; [h;] implies that for any he Ggand o € (0, 1),
d

(A.2) % (As[hl) ]‘[ '(Ay;h;1)

Therefore, we deduce from (A.1) and (A.2) that

Sovg(Aslhvi) < Y ]‘[v"‘/" (As;[h; v 1)

seNd seNd j=1

< l_[ Z va/d Asj[hj\/nj])fL.

Jj=ls;j=1

Thus we obtain that h neHyd a2 Lpbdy implies hv neHy(a, L). Puttmg
=a/d and £=2" 1L1/ d we come to the assertion of the lemma since 7z, 1 e
B (A) implies hv 1€ B(A).

A.2. Proof of Lemma 2. Let /1,7 € 6™ be fixed. Denote by J = {j =
I,...,d:hjVvn;=h;}, and suppose first that 7 # . Let T ={j1 < ja <--- <
Je}, k=1Jl|, and put J; ={j1 < jo <--- < ji}, I =1,..., k. Note that for any
x eRY,

i D) =| [ Kialt = 0170 = £le+ ELT 1= 0)vaen)

— [, Kat =00 = £+ ELT 1 = 1)@
Here we have used Assumption 1(ii) and [ L = 1. Note also that

f@® — f(t+E[TIx —1)
(A.3)

bl

Z (t +E[J-1](x — 1)) — f(t + E[J](x — 1)),
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where we have put Jy = @. Thus we have for any x € R?,

Bj 5(x, f) = it =0 f(t +E[J-11(x — 1))

— f(t +EL71(x — t))]vd(dﬂ’
(A.4)

k
+ Z'fRd Ki(t = )[f (t + E[T-1](x — 1))
=1

— f(t +E[J1(x — 1))]va(dr)].

Noting that hj, V nj, =hj forany l =1, ..., k, in view of the definition of 7, we
have

‘ / Kji(t = 0[f (¢ + ELT11(x — 1) - f(t+E[m]<x—t>)]vd<dr>‘

= /uwl |Kivii. 517 = 230165, j; G 17)v, 71 @1 7)
[lKh\/)’]| *bh jl]‘jl(.x)

(A.S5)
[, K =007+ ELT-11 = 1) = £+ BTG ) a)

= fnw/l K5, 5 = x3)|bj j, (k0 137)v, 7 (1 )
=[1K51 % by ;] 7 (%)

Here we have used once again Assumption 1(ii) and [ K = 1.

Thus, for any h 1 € 62"““ for which J # @, the first assertion of the lemma
follows from (A.4), (A.5) and (A.6). It remains to note that Bi{,ﬁ("f) =0
if J = @, and therefore, the first assertion is true with an arbitrary choice

of {ji,..., jk}- In particular, one can choose k = d, which corresponds to
(i, ..., gkt =1{1,...,d}.

To get the second assertion we choose J :={ji,..., jx} = {1,...,d}, which
yields J; = {1, ..., 1}, and we note that (A.3) remains true. Repeating these com-

putations leads to (A.6), with 7 replaced by &, and we come to the second assertion
of the lemma.

A.3. Proof of Lemma 5. As previously mentioned, if *(s) = s, the assertion
of the lemma is proved in Nikol’skii (1977), Section 6.9. Thus it remains to study
the case r* > s, where we put r* =maxj—; __qr;j. Setalso 7* = (r*,...,r*), and
denote Jy ={j:r; >stand J_={1,...,d}\ J;.
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The assumption 7(r*(s)) = (r*) > 0, together with r; < r* for any j =

1, ..., d, makes possible the application of the theorem of Section 6.9 in Nikol’skii
(1977), which yields
(A.6) Ni.a(B. L) S Ni= g ($(r*). cL).

Note that for any j € J_ we have ||f||rj <L;since f € N;vd(ﬁ, Z) and || f]l,+ <
cL; in view of (A.6). Noting that r; <s =r;(s) < r* we have ||f||r_,-(s) <ciL;
for any j € J_ in view of Holder’s inequality. It remains to note that r;(s) =r;
for any j € J4, and we assert that

(A7) I fllrs) < €1l Vi=1,...,d.
Since f EN;’d(E, Z) and yj(s) =Bj,rj(s) =rj, j € Jy, one has

ki kj . (s
1881000 = 18081, e < Ljlul? = Ljju)?s®
(A.8) ' '
Yu e R, V_] € j+.
Letnow j € J_. If r* = oo, we have
kj s—rj
”Au ]g”s R4 = HAu ]g”r R4 ”Au],]g“oo’]}éd
(A9) B
S cs—erj|u|rj,3j+(s—rj)ﬁjt(oo)r (rj)’
in view of (A.6). If r* < oo, writing
. ri(r* —s) n r¥(s —rj)
o — rj r* — rj

and we obtain

and applying the Holder inequality with exponents

’
sr]

(s—rj)r*/(r*—=r;)

(r*—=s)rj/(r* —rj)(

18, 5815 e < (18,581, 24) IIAuf,;g}1r*,Rd)

(A.10) < c(lsfrj)r*/(r*—rj)

L§-|u|af Yu e R,
in view of (A.6) with
(r* —s)Bjrj )/j(r*)(s —rprt  (* =s)Bir; T (s —rp)pirt

r*—r; r¥—r;j o (r*—rj) T(rj)(r* —rj)
Note that (A.9) is a particular case of (A.10).

We easily compute that b; := t(r;)(r* — s)B;r; + t(r*)(s — rj)pr* =
sBjt(s)(r* —r;) and therefore,

bj _ S‘L’(S),Bj
) —ry) ()
Thus we obtain from (A.6) that
k; ) .

(A.11) 1A, 8l ge Se1L i VueR,VjeJ-.
The required embedding follows now from (A.7), (A.8) and (A.11).

aj =

aj:= =syj(s).
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A.4. Proof of Lemma 6. We obviously have

b ;(x) = sup / we()[ f(x +3nej) — f(X)]vl(dg,)‘
n<hj,nenl/R
N nsl?ju},),eﬁ /Rwe(Z’)[Aafl,jf(x)]Vl(dﬁ)‘,

For j =1,...,d we have

fR we(3) Ay j £ (0)V1(d3)
- é(f)<—1>"+1%w(%)[An;,,jﬂx)]vl(dz)

=t w(z)Z( )( D [ Agzyj £ )]0 (d2)

= D! [ w@lal, @),

The last equality follows from the definition of £th order difference operator (3.1).
Thus, forany j =1,...,d and any x € (—b, b)d,

bﬁvj(xv f)= sup

n<h;,nesH

5>

n=<h;

[ w@al, ; reln@)

(A.12)

[ weal, ;@)

since §) is a discrete set. Therefore, by the Minkowski inequality for integrals [see,
e.g., Folland (1999), Section 6.3] and the triangle inequality, choosing s from the
relation e*~2 = h; (recall that h; € £)), we obtain

CYCVIRVE Y I I )

Here we have also used that w is compactly supported on [—1/(2£), 1/(2£)].
Note that Afe,s,z jf is supported on ) := (—b — 1/2,b + 1/2)¢ for any z €
—1/(2¢), 1/(2¢)]. Hence, taking into account that r <r;, we get

HA s lere = ||AZ 52, ery<(2b+1)d(l/r l/r)”AZ -2, f||

< @b+ DAL fl,, pe = @b+ DM, (ze—s—z)ﬁf,
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since f € N;,d(ﬁ, M). Hence, for any r € [1, r;],
d /@ B o 52 B;
[85,, . Pl = @+ 07M; [ w1l (e
- 5=§

< @b+ D wll ga(1 — e F) " Myhl7.

This proves (7.5).
The inequality in (7.6) follows by the same reasoning, with r; replaced by ¢,
B; replaced by y; and with the use of embedding (7.4).

A.S. Proof of Lemma 7. We will analyze the set £, (9, p) separately for dif-
ferent values of (¢, p).
10. Case »(p) > 0. If 3(p*) > 0, we have ri <p*<w@+1/p) forall j =
1,...,d. Therefore, for any m > 0,
iim <e2(L7'9) P vi=1. 4.

Thus, for all £ > 0 small enough, ﬁj(m) = ﬁj (m) < b,. This yields

(A.13) hsj-(m)fﬁj(m)<ehsj-(m)a Jj=1,...,d.
If s¢(p*) < 0, which is possible only if p* > p in view of s(p) > 0, we have
foranyO<m <mandany j=1,...,d,

i;(m) < e (L7 )"/ 2dm/Bi=w @1/ (B;p7)

The definition of m implies L;lgoez‘lﬁ‘(_”(p /P < h¢, and we assert that for all
& > 0 small enough,

7, m):=17,;0m) </ <,

since B; < ¢ and h, < 1. Thus we conclude that for any (%, p) € Peonsist provided
#(p) > 0 and for all ¢ > 0 small enough,

(A.14) 98, p) € H(b).

This implies, in particular, that (A.13) takes place when »(p*) < 0 as well. Hence
we obtain

d d d

(A15) e [ byom < [[0;0m) = Lg" 0" Pe™* < TT by,0m)-
j=1 j=1 j=1

This yields

(A.16) s(m) # s(n) Vm#n,mn=0,...,m
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20, Case »(p) <0, t(p*) < 0. Since we consider (9, p) € P™ist the later case
is possible only if p* > p. This implies »>(p*) < 0, and as previously we have

7j(m) < e*Z(L]Tl(pe2dﬁl(1*w(2+1/ﬂ)/p*))1/ﬁj.
This yields, in view of the definition of m,
7,0m) < e2((Lg ! p)e 2O P UBi < 2,

We conclude that for any (9, p) € POt such that s¢(p) < 0 and (p*) < 0 for
all e >0,

(A.17) H:(, p) C H,

and that (A.13) holds. Hence, in view of (A.15) we assert that (A.16) is also ful-
filled.

30, Case 2#(p) <0, t(p*) > 0. Recall that this case is possible only if p > 2,
which implies in particular that 7(2) > 0.

We start with presenting some relations between the parameters 8, y, w and v
whose proofs are given in Section A.8.

(A.18) y<B,  v@+1/y)>ps
(A.19) lo—1/v=p41/y —=1/8)1 - 1/w).
We deduce from equality (A.19) that
v2+1/y) —w@2+1/B)
(A.20) = wv[@+1/B)(1/0 = 1/v) + (1/y = 1/po”"]
=2BtQ)wv(1/y —1/B).
Using (A.20) we easily get that for any r > 0,

r—v@2+1/y) A/y =1/Bv _ 2+1/B)t(r)
2rBwt(2) r o 21(2)

(A21) 1—

Since v(2 + 1/y) = p+, m > m, in view of the definition of M and ¢; < p+, j €
J+ and gj =00, j € Joo, We get

0 (m) =i (m) < e (L7 ) /P1 2AMABm0@EUD/EPD) -y < g

’

s 1  \TL.,ol/Bv/iaj)
nj(m)=17;(m) < e—z(Ljfl(p)l/Vf ede(l/Vj—v(2+1/y)/(y,q,))[L]

(A.22)
m > m.
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We obtain, in view of the definition of m,
{ﬁj (m)}ﬁj < e 2Bi L;1§0(2+1//‘3)T(P*)/(2f(2))’ m < m;

(7} < e Ty L7 =@ 0@ ) agpor @)=y =1/)vla;,

m>m,je Jy;

(i, m)}7 < eI L7 Ty @HUPAZUDICIEN i > i, j € Joo,
where Ty =T1(Ly, /Lg) and T, = T>(L, /Lg) can be easily deduced.
Thus we assert that for any j =1, ..., d and any € > 0 small enough,
(A.23) Rjm)<bh.  Vm<.
Moreover, if j € J1, we have in view of (A.21),
{;,j (m)}Vj < e Vi TlL;1¢(2+1/ﬂ)r(q;)/(2r(2)) =0, £—0,
since T(g;) >0 forany j =1,...,d in view of (p*) > 0.

Note also that if Joo # @, then p* = 0o, and therefore, 7(co) =1 —1/w >0
and

e Vi TzL;1<p(2+1/5)(1_1/“’)/(2’(2)) -0, e — 0.
Hence, for all ¢ > 0 small enough 7 j(m) < b., Vm > m. Taking into account
(A.23), we conclude that (A.13) and (A.14) hold in the case »(p) <0, t(p*) > 0.

Moreover, (A.16) is fulfilled if m < m as well in view of (A.15).
On the other hand, in view of (A.13),

d d d
e_d 1_[ hsj-(m) =< 1—[ ﬁj(m) = e_ZdLEI¢1/ﬂ€_4dm =< 1—[ []sj'(m)

=1 =1 j=1
(A24) ! !
VYm > m,

and therefore, (A.16) is fulfilled for any m > 0.

A.6. Proof of Lemma 8. Let € (0, 1) be the number we will choose later,
and put fi = (i, ..., ). Without loss of generality one can assume that ji € G5

For any f € N;,d(ﬁ, Z) introduce

S;L(x,f):/;&d Ki(t —x)f(Ovadn),  xeR?

where we recall that K is given in (3.5).
1°. Let us prove that for any u € (0, 1),
(A.25) Si(. f)eN: (B.al)  Vf eN;q(B.L).

First, we note that Sj; (-, f) is compactly supported on (—b — 1,5 + 1)? in view
of the definition of the kernel K, since u € (0, 1). Next, taking into account
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that K is Lipschitz-continuous and compactly supported as well as f € L, (R%),
r* =max=1,.. 47, since f € Ny 4(B, L), and applying Holder’s inequality, we
can assert that S; (-, f) € C(R%) and moreover

(A.26) SiC, f)ely(RY)  vg=>1.
Thus Sj (-, f) € Cx(R?). It remains to prove that S (-, f) € Nz 4(8, aL). Indeed,
applying the Young inequality we obtain forany j =1,...,d,

155C O, me < WK gall £l ra < LiIK ) ga

since f € N;,d(ﬁ, L). Moreover, forany j =1,...,d, k € N* and any u € R,
A’;,J-S,;(x, f) = Al:hf{/Rd Kp(@) f(x +z)vd(dz)}
= [ K@% £+ 2)vata)

= [, Kat =084 £ ©)}van.
Thus, applying the Young inequality, we have for any integer k; > B;,
k; k; A
|82 182G O e < WK g[8 1, ma < LKl galul® - YueR,

since f € Ny d(ﬂ L) Moreover, Sj; (-, f) € Ly(R?) in view of (A.26).
We conclude that Sj; (-, f) € Ny d(ﬂ aL) and therefore, (A.25) is established.

20, We will need the following auxiliary result. For any (3, p) € Pt there
exists p > p such that

(A.27) feN;q (B, L) = fely(RY).

Indeed, if p* > p, we can choose p = p* in view of the definition of an anisotropic
Nikol’skii class. If p < 2, one can choose p = 2 since the definition of Nj; d(,B L)
implies that f € L (RY).

It remains to consider the cases p* = p and p > 2. Since (9, p) € PO™ist pec-
essarily in this case 7(p) > 0, and therefore, one can find p > p such that 7 (p) > 0.
In view of p* = p < p and 7(p) > 0, the assertion of Lemma 5 holds with s =p
and 7(s) = (p, ..., p), and therefore, f € ]Lp(]Rd) in view of the definition of an
anisotropic Nikol’skii class. Thus (A.27) is established.

30 Let f,gelL » (R9) be arbitrary functions. We obviously have

sup [BY(g) = B ()] <3 sup [ S5, g = N, + g = Fllp-
heBy he&,

Since K is compactly supported on [—1/2, 1/2]¢, we obviously have that
S5(x, 8 = O < 1K oo, re M[lg — F1](x), xeRY
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Applying (p, p)-strong maximal inequality (7.8), we obtain for any p > 1,
1S58 = DI, < COIK oo rallg = f1l p ra-

Noting that the right-hand side of the latter inequality is independent of ﬁ, we
obtain finally

sup B () = BY ()] < BCEDIK oo e + Dl = fll o
heBy

Choosing g = S; (-, f) and noting that |S; (-, f) — f()| =: B; (-, f), we get

sup |B}%p) Sz, ) — B,(;p)(f)}
heBy

< BCDIK loore + DBt Ol pa-

(A.28)

4%, Some remarks are in order. First, Bj (-, f) is compactly supported on K
for any u € (0, 1). Next, Bj; (-, f) € ]Lp(]Rd) in view of (A.26) and (A.27). Finally,
in view of (5.6) and the first assertion of Lemma 6, we have
limsup,, o 1B (. F)lly g =0.

The above allows us to assert that lim SUp, 0 1Bz (-, f) ||p’Rd = (. This yields,
together with (A.28), that for any s > 0 and any f € N;,d(,g, Z), one can find
i = (3¢, f) such that

sup [BY (S, 1) = BY(f)] < .
heBy

where as previously i = (i, ..., p).
This obviously implies, for any f € Nz 4(8, L) and any H C &,

inf [BP(f) + eV p(h)] < inf [BP (Si (. ) +eWe, p(1)] + 5

< supinf[BY(g) + oW ()] +
geN: ,(B.aL)heH

where to get the last inequality we have used (A.25). Since the right-hand side of
the latter inequality is independent of f, one gets

sup  inf [B%p)(f) + 8W57P(ﬁ)] < sup inf [B}%p) (9) + e\IJS,p(fz)] + 7,
feN; 4(B,L) el geNt (B,aL)hell

and the assertion of the lemma follows since s is an arbitrary number.
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A.7. Proof of Lemma 9. We obviously have Uy ,(x,g) < bg (x,8) +
s(0)
o, Vszol)/ 2 and therefore,
—-1/2

U := sup 1Us. (-, &) || sup ”bb( (x, g)|| + b)Y P,V Vso) -
geNz d(ﬂ al) geN;‘,d(ﬁ al)

Note that in view of (7.28) @, Vszol)/ 2 0, ¢ — 0 and therefore, for all £ > 0 small

enough,

(A.29) U<Yi1 sup ||b o & &)+ L
geN; ,(B.aL)

Recall that bz(x, g) = sup;cjy SUP i1, 4 MJ[bﬁ’j](x), and therefore, we obtain
first, applying (7.9),

* d
a0 5 Ol <2 3
Next, we have forany j =1,...,d and any x € R?,
By )= sup | [ weugr +ubepm dn) - g(x)

kibkihsj(O)

S ||w€”oo’]RdMJj [g]

where we have denoted J; = {1, ...,d} \ {j}. Thus, applying once again (7.9) we
obtain

155, .1 17* < (Cptllwelloo g + 1)llg -

Noting that in view of the definition of the Nikol’skii class, ||g|[,+ < aL* for any
g€ N; 4(B,aL), and the assertion of the lemma follows from (A.29) and (A.30).

A.8. Proof of formulas (A.18) and (A.19). In view of the definition of y we
have

tb |

1 T(ri) 1
=T st 2 5%
€l

y jEJj: T(p:l:)ﬁ]
since 7(r;) > t(p+). In view of the definition v,

P+ 1 1 1
7—2 <Z T

jers Vi jels y, j€Jso Bi

and therefore, p1 <v/y <v(2+1/y).
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Proof of (A.19). First, we remark that

) A R (i i)

jelJ.
1 1
= D=+ ( - )=1Api-
j;:i riBj  p+Bj
Next,
Z i_ Z Tj 1 Z 1-=1/w+1/(r;B)

1Yo ;+; s (L)

t(pi) jeJ;t IBJ T(pi)/g jeji rJIBJ piﬁj
1 1
_l’_ — J—
t(p+)Br+ /7, Pi
1 A

S8 T(poB
This yields % - % = Zjeji( ﬂi) r(p B and therefore,

p=(l/w—1/v)= 1)y = 1/B)(t(pL)Bp+ — 1) =1y — 1/B)Bp+(1 — 1/w).
Relation (A.19) is proved.
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