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Monomial convergence for holomorphic
functions on ¢,

Frédéric Bayart®  Andreas Defant’  Sunke Schliiters*

Abstract

Let & be either the set of all bounded holomorphic functions or the set
of all m-homogeneous polynomials on the unit ball of ¢,. We give a sys-
tematic study of the sets of all u € ¢, for which the monomial expansion
Ya @ u® of every f € & converges. Inspired by recent results from the
general theory of Dirichlet series, we establish as our main tool, indepen-
dently interesting, upper estimates for the unconditional basis constants

of spaces of polynomials on ¢, spanned by finite sets of monomials.

1 Introduction

Let X be a Banach sequence space (i.e., £; < X c ¢y such that the canonical se-
quences (ex) form a 1-unconditional basis) and R < X a Reinhardt domain (i.e.,
a nonempty open set such that any complex sequence u belongs to R when-
ever there exists z € R with |u| < |z|; for instance, the open unit ball By of X).
Then each holomorphic (i.e., Fréchet differentiable) function f: R — C has a

power series expansion Zae,\,g cé,") z% on every finite dimensional section R, of

R, and for example from the Cauchy formula we can see that ¢\ = ¢"*? for
aeNfJ c I\Ig“. Thus there is a unique family (cqo(f)),, e such that, for all
neNandall z€ Ry,

f(z) = Z ca2®.

(N)
aeNO

The power series }_, ¢4 2% is called the monomial expansion of f, and ¢4 = ¢4 (f)
are its monomial coefficients.
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Contrary to what happens on finite dimensional domains, the monomial
expansion of f does not necessarily converge at every point of R. This in [16]
motivated the introduction of the following definition: Given a subset .% (R) of
H(R), the set of all holomorphic functions on R, we call

mongf“(R):{zeR: > |ca(f)z“|<oof0rallf€97(R)}

(N)
aeNO

the domain of monomial convergence with respect to % (R).
By continuity of a holomorphic function, and since the equality is satisfied
on R;, we know that for all z€ mon.% (R),

f@= ) calNz"

(N)
aeNO

We are mostly interested in determining mon% (R) when % (R) = 2("¢,) or
Hy(By,) for 1 < r < oo; as usual we denote by H,,(Bx) the Banach space of all
bounded holomorphic functions f: Bx — C, and by 22(" X) its closed subspace
of all m-homogeneous polynomials P (i.e., all restrictions of bounded m-linear
forms on X™ to their diagonals).

The case r = 1 was solved completely by Lempert in [20], and the case r =
oo seems fairly well-understood through the results of [6] (for more on these
results see the introductions of the sections[5.Jland (5.2). However, for 1 < r <
oo, despite the results of [16], the description of mon2?("*¢,) and mon Hy,(By,)
remains mysterious. In this paper, we improve the knowledge on these cases.

Of course, for X = ¢, the fact that each sequence in ¢; by definition is ab-
solutely summable is a big advantage, and for X = ¢, the crucial tool is the
Bohnenblust-Hille inequality (an inequality for m-linear forms on ¢,) together
with all its recent improvments. But for X = ¢, with r # 1,00 we need alternative
techniques.

The problem is to find for each u € By, an additional summability condition
which guaranties full control of all sums }_, |ca (f) u“| , [ € Hx(By,). The gen-
eral idea is simple. Split the set I\Ig\” of all multi indices a into a union of finite
sets A, and then each A, into the disjoint union of all its m-homogeneous
parts A, (i.e., all @ € A, with order |a| = m). The challenge now is as follows:
Find a clever decomposition

NGY = U Ay (1)
m,n

which allows a in a sense uniform control over all possible partial sums

Y lealHNu®| . feHxo(By,), )

a€Nym



such that under the additional summability property of u € By, we for all func-
tions f finally can conclude that

Y JeaNut <X Y Y |ealfHut| <oo.

aen n M el R

In order to study domains mon.% (R) of monomial convergence, the decompo-
sition in (I) which for our purposes is crucial, is inspired by the work of Konya-
gin and Queffélec from [19] on Dirichlet series (see[II), and it is based on the
fundamental theorem of arithmetics. In order to handle (2), we study for ar-
bitrary finite index sets A of multi indices upper bounds of the unconditional
basis constant of the subspace in 22("¢,) spanned by all monomials z%, a € A.
Two tools of seemingly independent interest are established. The first one is
a fairly general upper estimate whenever all @ € A are m-homogeneous (i.e.,
|a| = m) (Theorem[3.2). The second one leads to such estimates for certain sets
A of nonhomogeneous a's, needed to apply the above technique of Konyagin
and Queffélec (Theorem[d.Iland[4.2). Finally, we present our new results on sets
of monomial convergence for homogeneous polynomials and bounded holo-
morphic functions on ¢, (for polynomials see part (3),(4) of Theorem [5.J]and
Theorem and for holomorphic functions Theorem (.5l with its corollaries
andB.7).

2 Preliminaries
We use standard notation from Banach space theory. As usual, we denote the

conjugate exponentof1 <r <ocobyr’,i.e. %+ % = 1. Given m, n € N we consider
the following sets of indices

Mmn)={j=r,e 0 jm); 1< j1ye e jm=nt=1{1,...,m"
M (m) =N"
M =NV

and

Fmn)={jelmmn;1<j<-<ju<n}
F(m)=J.2(m,n)

J=Ugm).

For indices i,j € .4 we denote by (i,j) = (i1, i2,..., j1, j2,-..) the concatenation of
i and j. An equivalence relation is defined in .4 (m) as follows: i ~ j if there is
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a permutation o such that i; ) = ji for all k. We write |i| for the cardinality of
the equivalence class [i]. Moreover, we note that for each i € .# (m) there is a
unique j € _#(m) such thati~ j.

Let us compare our index notation with the multi index notation usually
used in the context of polynomials. There is a one-to-one relation between
Z(m) and

(e 0]
A(m):{ael\lg\”; IaI:Zai:m};
i-1

indeed, given j, one can define a by doing a, = |{g|j; = r}l; conversely, for
each a, we considerj, = (1,%,1,2,%2,2,...,n,%,n,...). In the same way we may
identify A(m, n) = {@ e N}l ; |a| = m} with _# (m, n). Note that |j,| = %,' for every
a € A(m). Taking this correspondence into account, for every Banach sequence
space X the monomial series expansion of a m-homogeneous polynomial P €
22("™ X) can be expressed in different ways (we write ¢y = ¢4 (P))
Y = ). GF= ). CiijnZi B
aeA(m) je #(m) 1sji1=<.<jm
Given a Banach sequence space X and some index subset J < _¢#, we write
2! X) for the closed subspace of all holomorphic functions f € Hy(Bx) for
which ¢;(f) =0 forallje #\J. Clearly, 2("X) = 2(#™X). If ] c ¢ is finite,
then
2(X) :span{zj : je]},
where zj forj = (j,..., j¢) stands for the monomial zj: u— uj:= uj, -...-uj,. For
J < _#(m), we call

I ={je #m-1); 3k=1, (k) € J}
the reduced set of J.

3 Unconditionality

Given a compact group G, the Sidon constant of a finite set € of characters y
(in the dual group) is the best constant ¢ = 0, denoted by S(¥), such that for
every choice of scalars ¢,y € €, we have that

Z leyl < c‘ Z C"YHOO'

YEE€ YEE

An immediate consequence of the Cauchy-Schwarz inequality is that
1<S(6) < |6l .

For the circle groups G =T, T"” and T* different values are possible:
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e A well-known result of Rudin shows that for the set € = {1, z,...,z" !} of
characters on G = T we have, up to constants independent of n,

S(€) = v/n. 3)

e In [14] it was proved that for every m, n the Sidon constant of the mono-
mials € = {z%:a € A(m,n)} on G=T", up to the mth power C"” of some
absolute constant C, satisfies

S(€) = |A(m—1,n)|? . @)

¢ In contrast, a reformulation of a result of Aron and Globevnik [2, Thm 1.3]
shows that for every m the Sidon constant of the sparse set € = {z}” 1jE€
N} fulfills

S(E)=1. (5)

Let us transfer some of these results into terms of unconditional bases con-
stants of spaces polynomials on sequence spaces. Recall that a Schauder basis
(x,) of a Banach space X is said to be unconditional whenever there is a con-
stant ¢ = 0 such that | Y erarxill < c X j arxill for every x = Y i arxi € X and
all choices of (i) © C with |ex| = 1. In this case, the best constant c is de-
noted by y((x,)) and called the unconditional basis constant of (x,). If such a
constant doesn't exist, i.e. if the basis is not unconditional, we set )(((xn)) = o0.

Given a Banach sequence space X and an index set /  _¢, such that the set
% = {zj : j € J} of all monomials associated with J (counted in a suitable way)
forms an basis of 22(/ X), we write

Xmon(e@(]X)) = X(Cg)

If we interpret each of these monomials z; as a character on the group T,
then a straightforward calculation (using the distinguished maximum modu-
lus principle) proves that

S(€) = Xmon (QZ’(][OO))

A simple but useful lemma shows that ymon(2(/ £+,)) is an upper bound of all
Xmon (20 X)).

Lemma 3.1. Let X be a Banach sequence space and let ] = ¢, such that the
monomials form a basis of 2 (' X). Then

Xmon(gz(]X)) = Xmon(gz(][oo))-



Proof. Assume Ymon(2(¢)) < 0o (otherwise there is nothing to show). For
P e 2 X) and a fixed u € By define Q(w) = P(wu) € P2 ¢). Since By is a
Reinhardt domain, we have || Q| < || Pllco- It is now sufficient to observe that

Y lg(P)ujl = sup Y l¢(P)yjllwil = sup Y l(Q)llwjl

jeJ weBro, jeJ weByy, je]

< xmon (2 €s0)1Qlloo < ¥mon (2 €oo))IPllo,
the conclusion. O

Let us again see some examples: Given X, an immediate consequence of @) is
that for 2( X ) = span{z{ ;0 < j < n-1} we have, up to a universal constant,

Xmon(@(]X)) =vn,
and from (5) we may deduce that for J = {(k, - k) ke I\I} c _#(m)
Xmon(gz(]X)) =1.

Generalizing (4) is much more complicated. In the scale of all ¢,-spaces the
results from [4] (lower estimates) and [13} [14] (upper estimates) show that for
l=sr=oo

_ 1
Xmon(PT ™M) = | F(m—1,n)| "m0, (6)

where = means that the left and the right side equal up to the m-th power C"
of a constant only depending on r (and neither on m nor on n).

Replacing the index set _#(m, n) by an arbitrary finite subset /] = _¢(m, n)
the following result is a strong improvement and our main tool within our later
study of sets of monomial convergence.

Theorem 3.2. Givenl <r <oo and m =1, there is a constant C(m,r) = 1 such
that for everyn > 1, every P € 2(Z ™" ¢.), every ] < #(m,n), and every u€ ¢,
we have

|
3 6P| 1yl = Com, 1T 50862 [|u) 7| Pll oo, (7)
jeJ
where
Clom.r) < eme™ VT ifl<r<2
m,r)=
em2m V2 ifo < r < 0.

In particular, for every finite ] < _¢ (m)

Xmon(@(][r)) <Cm,n|J"* |l_m . @)



The proof is given in the following two subsections; it is different for r < 2 and
for r = 2. The case r = oo of (@) is given in [I4], and it uses the hypercontrac-
tive Bohnenblust-Hille inequality. The general case 1 < r < oo from [13] needs
sophisticated tools from local Banach space theory (as Gordon-Lewis and pro-
jection constants). These arguments in fact only work for the whole index set
#(m, n), and they seem to fail in full generality for subsets J of #(m, n). We
here provide a tricky, but quite elementary, argument which works for arbitrary
J; moreover, we point out that even for the special case J = _#(m, n) we obtain
better constants C(m, r) for (@) than in [13].

From [15] we know that for each infinite dimensional Banach sequence
space X, the Banach space 22(" X) never has an unconditional basis. In partic-
ular, the unconditional basis constant )(mon(?}’(mX)) of all monomials (zj)j€ F(m)
is not finite. Butlet us note that in contrast to this there are X such that for each
m

SUP Ymon (2 (7 ™" X)) < 00
n

(this can be easily shown for X = ¢, but following [15] there are even examples
of this type different from ¢;).

3.1 Thecaser <2

We need several lemmas. The first one is a Cauchy estimate and can be found
in [7, p. 323]. For the sake of completeness we include a streamlined argument.

Lemma3.3. Let1 <r <oo and a € Nj} with|a|=m. Then for each P € 2"

we have
m

1
) 1Pl

In particular, for each j € _# (m, n) we have that

caP)] = (2

ad

m 1
lg(P)<er|jlIPlloo-

Proof. Define u=m™""(a}’",...,a}/") € Byn. Then by the Cauchy integral for-
mula for each P e ("' ¢7)

ca(P) =

P(z)
e,
Caid" Jiz=u,  Jz=wm 2%21... 25

Hence we obtain .

[ca(P)| =<

!
alPloo= () 1Pleo,
1

v 1/r
the conclusion. For the second inequality note first that (’Z;ﬂ ) Tt (%) )

and recall that if we associate to j the multi index a, then %,' =1jl. O
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Corollary 3.4. Consider the linear operator Q € £ (¢, 22("™~1¢™)) defined by

Qz,w)= ) (Z b(j,k)Zj) Wi,

je Z(m-1,n) \k=1

wherez,we (. Then foranyje #(m—1,n),

1/r'
n y
Z |b(j,k)| <e
k=1

Proof. Let us fix w € Byn. Then Q(, w) € ("™ 1¢™). Thus, by the preceding
lemma foranyje _¢(m-1,n),

=1 .1/
r "1Qlco-

m=l .9/ m-1 ,
<e I sup IQz,w)l = e 7 1Y Qoo

zZ€eB
o

n
> b, w
k=1

We now take the supremum over all possible w € Bn. O

Lemma3.5. Let P € 22("¢}). Then for anyje #(m—1,n)

n

1/r
! 1+2=1 .1/
> |C(i,k)(P)|r) sme " 7 |jI""" | Pllco-
kz]'mfl

Proof. Let A: 07 x...x (' — C be the symmetric m-linear form associated to P,

A, 2™ = Y ai(A)zl(.ll)~-~z(.m);

i
i€/ (m,n) "

in particular, for each j € _#(m, n) we have gj(A) = %= . For z, w € ¢} define the
linear operator

Qz, w) = Alz,...,z,w) € L (07,21 eh);
then a simple calculation proves

Qz,w) = Y &Mz -z, Wi,
i€/ (m,n)

n
= Y ) ANz ez, Wi
ied (m-1,n) k=1

= Z Z Z ag,k) (A zi, -z, , W

j€e Z(m-1,n)i€(jl k=1

= > Z Zauk)(A)Zn “Ziy, oy | Wk

je Z(m—1,n) k=1 \i€[j

= Z Z ag, i (Aljlzj, -+ zj,, 1)

je Z(m-1,n) k=1



Now note that for everyje ¢ (m—1,n) we have |(j, k)| < mlj|, and hence by the
preceding corollary for such j

1/r 1/r
:( > |a@,k)(A)|(i,k)||r)

k:jm_lsk

( Y legp®|

kijm=<k

/7'
m=1 7/
s=me " |jl'"IQlloo-

n !
s=m (Z |ag,i0 (A)ljl|"
k=1

Finally, by Harris’ polarization formula we know that || Q|| < el Pll«, and hence
we obtain the desired conclusion. O

Now we are ready to give the

Proof of Theorem[3.2for1 <r <2. Take P € PFmny )y Jc Z(m,n) and u €
?,. Then, by Lemmaf.5] foranyje J*,

1/r n 1/r

! 1+2=1 .1/

S( Y |C(j,k)(P)|r) sme "7 [jI"" [ Plloo.
k=jm-1

( Y legp®I”

k: (,k)eJ

Now by Holder’s inequality (two times) and the multinomial formula we have

Yig@Plyl = Y Y legollulugl
jeJ jeJ* k: G,k)eJ
1/r 1/r
!
< Sl T eaw) (]
jeJ* k: G,k)eJ k
1421 .1/
< me'™ Y M ylull Pl
jeJ*
1/r /7'
1 m-1 o
< me ' T (Z|]||uj|r) (Z 1) 2]l I Plloo
jeJ* jeJ*
1/r 1/r'
1+ =L .
< me*r( > |]||uj|r) (Zl) 2l 71l Plloo
je Z(m-1,n) jeJ*

1+m_’1 l_l
= me T T Ul I Plloo-

In order to deduce (8), note that for every finite ] ¢ _#(m) there is n such that
J < #(m,n). Then every P € 22(/¢,) can be considered as a polynomial in
(7MW ¢ ) with equal norm, which implies the conclusion. O



3.2 Thecaser =2

Note first that the simple argument from the proof of Lemma 3.1 shows that
we only have to deal with the case r = co. For r = co we need another lemma
which substitutes the argument (by Cauchy’s estimates) from Lemma[3.3] It is
an improvement of Parseval’s identity, and its proof can be found in [6, Lemma
2.5].

Lemma3.6. Let P e Z(F "M ¢_ ). Then

1/2

L 2 m=1
YT Y Iego®P| <em2™ |Plw.
k=1|je #(m-1,n)

Jm-1<k

We are now ready for the

Proof of Theorem32 for r = co. Let Pe (Z ™M ¢ ). Then, for any u € By_, by
the Cauchy-Schwarz inequality and the preceding Lemma[B.6lwe have

IA

Y 1Pyl
j€J

n
> 2 legnl
k=1 jeJ*
G,k eJ

1/2

1/2

IA
M=

> el [GeT G,k e N
jer*
G.er

=~
i
—

1/2

n

2 1/2
Y1 X legwl| Ut
k=1\je #(m-1,n)
jm-1=k

IA

m—1

< em2 z |J*1"?||Plloo.
For the second statement, see again the argument from the proof in the case
1 < r <2. This finally completes the proof of Theorem[3.21 O

Remark 3.7. It is natural to ask for lower bounds of ymon (@(] ¢ r)) using |J| or
|J*|. For the whole set of m-homogeneous polynomials, this has been done
in [10] for r = 2 and in [4] for 1 < r < 2. Using the Kahane-Salem-Zygmund
inequality, we can give such a lower bound at least for the case r = co. Indeed,
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assume that / c ¢ (m, n). Then there exists some absolut constant C > 0 and
signs (gj)jes such that

1/2

1/2|]|1/2(logm) )

<Cn

> &1y

j€J

Sup
uEB[go

Now, the inequality

J1= sup Y Ijlluj] < Ymon(2 loo)) sup

uEB[go ]5] uEB[go

> Ejl

jeJ

yields

J s
Kmon(Z(£o0)) = Cnl’2(logm)'/2’

However, the inequality given by Theorem is very bad if J involves many
independent variables; see in particular (B).

Remark 3.8. Given an indexset J ¢ _#, we define the Bohr radius of a Reinhardt
R in C" with respect to J by

KR J)=sup{0<r<1|¥fe Hu(R): sup [y < I £lloo} -
uer j(—:]

The standard multi-variable Bohr radius is then denoted by K(R) = K(R;_#).
Let us recall the two most important results on Bohr radii: For the open unit
disc R =D, Bohr’s power series theorem states that K(D) = %, and in [5] (following
the main idea of [14]) it was recently proved that

. K(Bgn)
lim

n—oo logn
n

For every 1 < r < oo and every n (with constants depending on r only) we have

logn 1= it
The probabilistic argument for the upper estimate is due to [7] (see also [10]),
and the proof of the lower estimate from [13] uses symmetric tensor products
and local Banach space theory. We here sketch a simplified argument based on
Theorem[3.21

11



1

Theorem3.9. Letl <r<ooando = l—m.

such for every ] c ¢ and every n

Then thereis a constant C = C(r)

C

= < K(Bn; J), (10)
sup,,|J(m, n)*| ™

where J(m,n):=Jn _¢(m,n) and C = ﬁ > 0.

Proof. By a simple analysis of [10, Theorem 2.2] as well as [10, Lemma 2.1] we
have

1ian(Bgn;](m, n)) < KBy ),
3 m ’ r

and
1
K(Bgn;J(m,n)) = )

”\l/Xmon(@(](m’n)[r))

Then the conclusion is an immediate consequence of Theorem[3.2land the sim-
ple fact that for the constant C(im, r) < eme(-1/min{n2} < g2m O

Now the proof for the lower bound in (9) follows from the the special case J = _¢.
Indeed,

JHmm) = Fm—1,n) = ((m_m"—l) <em (14

n )m—l
m—1 ’

m-1

hence inserting this estimate into (I0) and minimizing over m gives what we
want.

4 The Konyagin-Queffélec method

We now apply TheoremB.2lto a special method of summation which was orig-
inally used by Konyagin and Queffélec to find the correct asymptotic order of
the Sidon constant of Dirichlet polynomials of lenght x. In they proved the
following: there exists a constant 8 > 0, such that for every Dirichlet polynomial
Zflzl apn”>,

la,l < vVxexp|(-B+0(1))\/logxloglogx|su
n; p((~ B+ 0(1)y/logxloglog x| sup

teR

i ann”‘. (11)

n=1

This was improved in [8], where an improved lower bound on f was given, and
in where the precise value = % was determined.
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It turns out that (II) is linked to our subject by the Bohr point of view.
Indeed, define for each x the index set J(x) := {j €Z:pi=< x}. Then to each
Dirichlet polynomial

X
D(s)=) apn =) apjpj_s,
n=1 jeJ(x)

we can associate a polynomial

P@)= ) apgePly).
jeJ(x)

Kronecker’s theorem ensures that || P|lo, = sup,;cg |D(it)], and the result of [14],
Theorem 3] translates into the following remarkable equality (the improvement
of (IT) mentioned above):

Xmon(g(](x)gm)) =vxexp ((— % + 0(1))\/10gx10g10gx) ; (12)

in other terms, the latter expression gives the precise asymptotic order of the
Sidon constant S(x) for the characters z;,j € J(x) on the group T*.

There is also an m-homogeneous version of due to Balasubramanian,
Calado and Queffeléc [I] with an original formulation analog to (IT). We refor-
mulate it as follows: Define for m the index set J(x,m) := {je #(m): pj < x}.
Then with constants only depending on m

m—1

X2m

Xmon (2™ 0, = (13)

m-1"*
(logx) 2
The following two theorems extend these results to the scale of ¢,-spaces,
and more. The original proofs of and are heavily based on the Bohnen-
blust-Hille inequality and its recent improvements. Here we need Theorem [3.2]
as a substitute. Part (1) of the first theorem obviously extends the upper esti-
mate from to the scale of ¢,-spaces, part (2) even modifies the index set
J(x, m) (so far defined via primes). Both results are of particular interest for our
study of sets of monomial convergence in the next section.

Theorem 4.1. Letl <r <ocoandsetoc=1- minl{r,Z}' Then for every f € Hy(By,),
every u€ By,, and every x > e we have

(1) for p denoting the sequence of primes,

Y lg(Hyy| = x%exp ((— V20 + o(l))ﬁlogxloglogx) I flloo -

j:pj=x

13



(2) for 4= (i), defined by qi = k- (log(k +2))” with some 0 € (3,11,
1
Y Ny = x%exp ((—20\ /60— 5t o(1)) logxloglogx) I Flloo -
jigi=x
In both cases, the o-term depends neither on x noron f.

The second theorem extends to the scale of Z,-spaces.

Theorem 4.2. Letl <r <oco and m = 1. Then there exists C(m,r) > 0 such that
forallP e 22("¢,), all x = 3, and all u € ¢, we have

(1) inthecasel <r<2:

-1 1 — _1
T 1=7) (10glogx)(m ha=o

Y Py < C(m, >

. 1l Plloo
jipj=x (logx)" 7

(2) and in thecase2 <r < oo:

m-1

2

X
Y. |gPyuyy| < Cm,r)———F= 1ull 7" Pllco-
jipy=x (logx) Z

Clearly all these results have reformulations in terms of unconditional basis
constants. For example, part (1) of Theorem[4.Ilreads:

Xmon(2UW¢,)) < x7 exp (( V20 +0(1)) \/logxloglogx) .

The proofs will be given in (4.2); the next section prepares them.

4.1 Size of some index sets

Although we stated Theorem [4.1] for the sequence of primes p in part (1) and
for a specific choice of g in part (2) we want to state our considerations below
as generic as possible. Let hereinafter g = (qi)r denote a strictly increasing
sequence with g; > 1 and gy — oo for k — oco. For technical reasons we have to
introduce the index of length zero 9 = (), for which gg =1 and (i,9) = (9,1) =1
by convention. Let x >2 and 2 < y < x. Choose [ € N, such that g; < y < qj41.
We define

J):={je #|qgj<x}uo}
J 5y ={i= ..., ji) € LK) | kN, gj < x, ji. < I} U {}
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and for meN,

Jt,m):={j= (1, jm) € F(m) | g < x}
Jtm;y) i={j=Gyeen jm) € £, m) | 1< ja},
respectively for m =0, J*(x,0; y) := {9}.

From the general construction of these sets we can already say something
about their size — we need five lemmas.

Lemma4.3. Let2< y<xand meN.

1
@ 17 (x; y)l—(“llfgg;l)

logx

logqr -

Proof. (1) Using the correspondence between _# (m) and A(m), J~ (x; y) has the
same cardinal number as

@) |J(x, m)| = @ whenever m >

I (xy:= {ael\lé|qf‘1---q?5x}.
Now, forael' (x;y)and1<j </,
qusqf‘l---q;x’sx,

so that a; < 1 ~ for all j. (2) Note that for every j € J*(x, m; y) we have q
gj < x which 1mmed1ately gives the conclusion. D

The next lemma relates the size of an index set with the size of its reduced
set.

Lemma 4.4. For the reduced index sets,

m—

Je,m)* < J(x,m=1) and J'(x,m;y)* <)t (x, m-1;y).

Proof. Letj= (j1,..., jm-1) € J(x,m)*, respectively j € J*(x, m; y)*. Then there
exists k = j;,—1 such that (j, k) € J(x, m), respectively (j, k) € ]+(x m;y). Hence
g qr = 4,k < X. Since qx = qj,,_,, this implies either g; > X7 or qj <... <

m—1

Qjpr = Gk < xm.In both cases, g, - qj,,_, = x " . 0
For specific choices of g we can say the following about the size of J* (x, m; y):

Lemma 4.5. Let q = (qi) be defined by qi. = k- (log(k + 2))0 for some 6 € (0,1].
Then there exists a constant ¢ > 0, such that for every x > y > 2 and every m € N,

|J"(x,m; y)| < xy~ ™ exp (y- (8o (x) + c))

where gp(x) = ﬁ(logx)l‘g for@ <1 and gp(x) =loglogx for6 =1.
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Proof. From the definition of the series g, we see immediately
qi+k—4q1= gk (14)
for any k € N. We have furthermore for c = ¢;* + g, + g5,

logx 1
+c= f —ds+c
log3 §

1 fx
—_— —_—+Cc =< dr
kz:<x dk 3<%x k(log k)? 3 t(logr)?

and therefore by integration

1
Y s go(x) +c. (15)
k<x

We introduce a completely multiplicative function,

Srempl =Y 1=— y L. 1

jeJt (x,m;y) y jeJt (x,m;y) q]l qjm
X

= T (2 ()= (- Tlog(1- 1))

ym I<k<x ‘v=1 qdk I<k<x

IA

Using the series expansion of the logarithm around 1, we obtain for the expo-

nent
y o l(yy y 1
-) log(l1-=—)= L) < .
l<§<x ( qk) l<%xvglv(qk) l<§équ1—%

With (I4) and the fact that y = g, this leads to
1

~Ylog(l-L)<y ¥ vy —=<y(X—)

I<k<x q I<k<x 9k~ y l<k<x k-1 k<x 9k

now completes the proof. O

Finally, we mention two known estimates which measure the size of /(x, m) and
J*(x, m; y), in the case they are defined with respect to the sequence of primes.
The first one is taken from Balazard [3] Corollaire 1], and the second one is a
well-known result of Landau (see e.g. for a proof).

Lemma 4.6. Let q denote the sequence of primes. Then there exists a constant
¢ >0, such that for every x > y > 2 and everymeN,

" (x, m; ) < xy~ " exp (y- (loglogx + c))

Lemma 4.7. Let q denote the sequence of primes and let m = 1. There exists a
constant Cp, > 0 such that, forall x = 3,

X
|J(x,m)| < Cm@(loglogx)m_1 (16)

16



4.2 Proofs
The proof of Theorem[4.2]is now very short.

Proof of Theorem[4.2. The proof of the first statement is a direct consequence
of Theorem[B.2for the index set J = J(x, m), and of the Lemmas@4.4dland4.7]l The
second statement follows from Lemma[3.Tlcombined with (I3). O

To present the Konyagin-Queffélec technique in general we need one more ad-
ditional lemma.

Lemma 4.8. Let my,my,l € N and P € 22("™*™2¢.) such that c(P) # 0 for only
finitely manyk € _# (my + my). Then for everyie ¢#(my,1) the polynomial

Py = Z cij (P) zaj € ("))
je #(my)
>l
satisfies
I Pilloo < I Plloo -

Proof. Given u € ¢, a straightforward calculation shows

Pi(u)=leP(Clul,---,Cluz,ul+1---)5i1"'Zi,d(fl,---,fl),

which immediately implies the desired inequality. O

Proof of Theorem[4.1l Recall the setting of our theorem. Let x > eand2 < y < x,
and choose / e Nsuch that q; < y < q;4+,. Given u € By, atfirst write u = u™ +u*
where u;. = 0 for k > [ and u;. = 0 for k < [. Any k € J(x) may be written as
k=(i,j) withie J™(x;y) and j € J* (x, m; y). Moreover, |u;| = |u; | and |u5] = Iu;'l.
Hence,

Yolawd= Y Y > lcapuay

qk=x i€eJ~(x;y) meNg jeJ* (x,m;y)
qi,j=x

- +
= 2 2yl X eyl
ieJ~(x;y) meNy jeJt (x,m;y)
qi,j=x

17



Using Theorem[3.2] we can now estimate the latter sum for everyie /™ (x; y),

lugl Y leapyy | < lug IC™ITT(x,m;1)"1°  sup Y c(i,j)Cj(
jes* (x,m;y) Il <lut 1, je g m)
qij=x Vk<l{x=0 j;>I

<C™J (x,m;»)*1° sup > C(i,j)ui_Cj‘
I <lut I, je g0m)
VkSl:(,C:O j1>l

Z Ca,j) 2a,j) Hoo
jef(m)
j1>l

<C™J"(x,m;y)*|°

where the last inequality is a consequence of (u™ + ()5 = u; (j and
lu™ +CIE = Nu” I+ 107 < lullp +llut <1,

Choose for each i€ /™ (x, y) some m; € N such thatie _¢(m;). By Lemma.8lwe
then obtain

Yolawd=s Y. Y. CMITemn” | Y acad| -

Q=X ieJ7(xy) m ke 7 (m+mj)

Moreover, if we decompose f into its sum of homogeneous Taylor polynomials,
then we deduce by Cauchy estimates that

3 land = (17 Gs )1 Y €™ 06 m5 )11 Flleo:
m

q=x

Now J* (x, m; y)* cJ* (", m—1)and J* (x, m;y) = @ for m > lg)gg;l by Lemma
A4and Lemmal4.3] Hence

1 1+1 —
ng) " supCm|]+(x71,m—1)|U.
10gq1 m

Up to this point, our arguments are independent of the specific choice of g. We
threat both cases at once. In the case of g denoting the sequence of primes, set
0 = 1. By Lemmald.5land Lemmal4.6 respectively

T~ G- C™I  (x,m;»)*1° < (1+

1 I+1 e
(1 4 o8t ) -supCm|]+(le,m— D
logq: m
< (1 + logx )1+1 -sup (C’”me_ly_m+1 exp (J/' (go(x) + c)))a.
B logqy m
o1
Choosing y = (11(())%;12 gxz , this is
=:exp hy,y(m)
—_——t

=x%exp (0(1)\/logxloglogx) -sup(me_%y_m)U.
m
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Note that [ = O(1) i gyy)e =0(1) lo”gllc; gg); ; indeed, by the definition of /

I(log(1+2))" < y<(1+1)(log(1+3))° < (1+2)%,

hence o
vy I(log(1+2))

> =279,
(log»)?  (log((1+2)2))°

Differentiating
hy,y(m) = mlogC - %logx— mlogy,

we see that it attains its maximum at
Mo logx - logx,
logy-C logy
hy,y(m) < hy (M)

logx
=log(C){| ————=-24/logxl
og( )\/logy—c \/logxlogy
= o(l)\/logxloglogx

=(-2y/6 -1 +0(1)),/logxloglogx,

which proves the theorem.

and therefore

5 Monomial convergence

In this section we apply the new estimates on the unconditional basis constant
of polynomials on ¢, from the preceding two sections, to the analysis of sets
monZ?("¢,) and mon Hy,(By,) of monomial convergence of m-homogeneous

polynomials on ¢, and bounded holomorphic functions on By, .

5.1 Polynomials

The next statement gives the state of art for homogeneous polynomials.

Theorem 5.1. Letl<r<ocoandm=2.

(1) Ifr =00, thenmon2 ("l ) = 52—_1,00-
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(2) Ifr =1, thenmon2("¢,) = ¢.

3) If2<r<oo, thenfz_;fl'oo'[rCmongz(m[r)c‘—ﬂ(m__1+l)‘l

2m r

(4) If1<r<2,thenforanye >0, ¥ yry_e cmon@P("l,) c ¥ 1y co-

Several cases of this theorem are already known: the first one can be found in
[6] and the second one in [16]. The upper estimate in the third and the fourth
case can also be found in [16]. The proof of the lower estimate in the third case
follows from a general technique inspired by Lemma[3.]l We need to introduce
another notation. For X a Banach sequence space, R a Reinhard domain in X
and & (R) a set of holomorphic functions on R, we set

[F (R)loo ={fw:u€Bs — fluw); weR, feFR)}.

[# (R)] is a set of holomorphic functions on B,_, and the following general
result holds true.

Lemma5.2. R-mon[% (R)]o € mon% (R).

Proof. Let we Rand u € mon[% (R)]w. Forany f € &% (R) then c,(fy) = w%cq(f)
and therefore

Y lcaDNwul® =) lea(fdllul® < +oo.
a a
which yields the claim. O

It is now easy to deduce the lower estimate in the third case, knowing the result
of part (1). Indeed, [Z(" X)] is contained in the set of bounded m-homo-
geneous polynomials on By, thus in 22("'¢,) by the natural extension of a
bounded polynomial from By_ t0 {.

The lower inclusion in (4) is a partial solution of a conjecture made in
(see the remarks after Example 4.6 in [16]). Its proof seems less simple, and
requires some preparation. Note that for r = 2 we have that

1

m—1

pZ

¢, cmon@?("¢,)

which is an immediate consequence of Theorem[G.1], (3). For 1 < r <2 we can
prove thisup to an €:

Theorem5.3. Forl<r<2andm=1puto, ="=1(1-1). Then for everye > 1

1
— . ¢,cmon@("Y¢,).
pom(log(p))* ' '
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In particular, for all e > 0,

1

pam+£

¢, cmon2?("¢,).

Proof. Let P = Yiesim Gj(P)gj € (™M¢,) and let u € ¢,. We intend to show that

1
Si= ) lgP)l _lu5] < Clul™1Plloo

je 7m) (pjy - Pj)om(log(pj,) -+-log(p;,,))
for some constant C > 0. Let us observe that, for any jj,..., j, =1,

(log2)™1
log(pj,)---log(pj,) = gT log(pj, -+ Pjn.)- (17)

We order the sum over j€ _¢ (m) with respect to the value of the product pj,--- pj,..
Precisely, using (I7), we write

+00 +00

1
S < Y ) m——lgPllyl< Y, —— D lgPllyl.
N=m jegim Pj"log (py) Nom 2NImNE ) SR
2NSPi<2N+1
We apply Theorem[4.2]to find
+00 1 ZNO'mlO (N)(m—l)(l—%)
S< Y B 1Plooli .
N=m 279mN N=r
The series is convergent since € > 1/r. O

Finally, we are ready to provide the

Proof of the lower inclusion of Theorem(5.1, (4). Given u € ¢,y ., we show that
the decreasing rearrangement u* € mon2?("¢,). Then for some § > 0 we have

, 1 1
u,<< ] = 5
7 (mr')—¢ 7 (mr"y!

By the prime number theorem we know that p,, =< nlogn, hence

m=-11_,6
T tg m=11 .8
1 1 p," "2 1 (nlogn) m 72
_1_ .5  m=11,46 1 < m-11,6 1 45 :
7 (mr"y pnm T2 pmry pnm T2 n (mr")
But obviously
m=11_,0 m=11_,96
(nlogn) m 72 (logn) m "2
—L_45 - L €,
7 mr"! nrn2
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hence by Theorem[(.3]

emon2?("¢,),

the conclusion. O

Remark 5.4. Alook at shows thatin the case r > 2 the proof of the inclusion
mon?("l,)c ¢ ( )-1 keeps working if we replace ¢, by ¢, . Indeed, it

m=1_1
2m r

just uses that

n

_2

sup Y lulP=n'""
uely, lulr<1k=1

and this remains true, up to a constant factor, if we replace B,» by By . If we
combine this with Lemmal5.2] then we find that, for r > 2,

monP ("¢, ) = Z(

-1 .
m=1_1
2—+7) 0

5.2 Holomorphic functions

We now study mon Hy(By,) for 1 < r < +oo. The extreme cases are already
well-known: By a result of Lempert (see e.g. and [16]) we have

mon Hy,(By,) = By, . (18)
Moreover by [6] we know that
Bcmon Hy(By)<B (19)

where
B = {LLEB[ ;limsupLilu;’;|2<1}
°° n  logn i3
B = {LLEBg ;limsupLilu,?Izsl}.
© n = logn 3

For 1 < r < oo, it was shown in that, setting % = % + foreverye >0

N S

max{r,2}’
By NnlscmonHy(By,) By, Nlgye. (20)

In the following we improve the previous inclusion, and show in particular that

here € = 0 is not possible. More precisely, we give necessary and sufficient con-
ditions on (a, B) € [0,00[? such that

( ! ) € mon Hy(By,) .
n%(log(n +2))”

n
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Note that by forevery >0

( 1 ! ) emon Hy(By,); (21)
ni(log(n+2))ﬁ

n

we do not know whether here § = 0 is possible. Moreover, by

(;) € mon Hy,(By,) (22)
n(log(n+2))”

n

ifand onlyif § > 1. The following result collects our knowledge in the remaining
cases:

Theorem 5.5. Forl<r <ocoputo=1- m Then

(la) Forany0 > % andl<r<2

1
By, cmon Hy(By,).
( no - (log(n+ 2))90 )n

1,1
€ mon He, (By,) whenever 5> 5+ 5.

In particular, ( T 1
n

nr 9 (log(n+2))p

(1b) Forany0>0and2<r <oo

( L 9) By, cmon Hy(By,).
n? - (log(n+2))

n

1

In particular, (1—
n7*?(log(n+2))p

€ mon Hu,(By,) whenever 5 > %
n

1
ni+ (log(n +2))P

(2) Suppose that( ) emon Ho(By,). Then = 1.
n

Note that we cannot replace log(n + 2) by log(n + 1) in the previous statement.
Indeed, it can be easily seen by restricting the study to the one-dimensional
case that mon Hy,(By,) c mon Hy (B, ) < By, .

Proof. We begin with part (1b): We have that @ >0 and 2 < r < co. Then an easy
argument yields

( - ! 0) €B.
nz-(log(n+2)" ),
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By Lemma 5.2l and by observing that [Hy (By,)]oo © Hso(By, ), we get immedi-
ately

By, cmon Hy, (By, ) c mon Hyo (By, ).

1
( nz - (log(n+2))°
Let us now prove part (1a): Assume that 0 > % and 1 < r <2. We shall apply

Theorem[4.1] (2) with the sequence q defined by g; = j - (log(j + 2))9. Then for
f € Hx(¢;) and u € By, the conclusion follows from

n

1
Y —lg(Nyl
i 49

(e 9]

=Y Y gy

N=0 j.eN<gj<eN*1 Tj

1
s Y gDyl
0

jE](€N+1)

3 1 N [, 1
< sz'o S(N-1o e Uexp((—Za 0 - 5 + 0(1))\/Wg1\7) | flloo < 0.

Finally, we check part (2): For r =1, already proves the claim. At first we
will treat the case 1 < r < 2 with a probabilistic argument. Afterwards we reduce
the case r = 2 to the case r = 2. Let 1 < r < 2. We shall apply Corollary 3.2 of
[4] (with p = r). Then there is an absolute constant C = 1 such that for any m, n
there are (¢;); € T " for which

18

=

2
I

sup Zei ljl ui‘ < C(nlogm)’m™° . (23)

ueBw j

Let now x = (k™! (log(k + 2))‘ﬁ) « denote the sequence in question and assume
x € mon Hy(By,). Then, by a closed graph argument, there exists a constant
C = 1, such that for every f € Hy(By,),

Ylg(Hx* 1= Clfll. (24)
j
For any n € N now,

n
(lekl)mz Y glillxgl| = C sup Zeiljlui‘SCC(nlogm)”mm”.
k=1 je_#(m,n) ueBm’ j

by 24) and (23). Taking the m™ root, we obtain
" 1 ~ 1 ol
Y ————— < (CC)"(nlogm)mm°®
= k(log(k +2))P
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for every n, m € N. It now suffices to notice that with m = [logn| the right-hand
side is asymptotically equivalent to (log7)? and the left-hand side to (logn)' =5

as n — oo. Henceﬁ>—a+1:%.

Now suppose r =2 and set ¢ = (k_lr (log(k+2))_%_€)k fort+1=1ande>o0.
Consider f € Hy(By,) and let us set g = f o D¢, where D; denotes the diagonal
operator ¢, — ¢, induced by ¢, which is bounded by Holder’s inequality. Thus
g € Hy(By,). We have

1
Y (Al —
7 logy +2)F P jn(loglim+2) B

=2 |(5()&;) %] < oo,
]

under the assumption that x = (k72 (log(k+2)) F) « € mon Hy, (By,) (note that

1+1+4=1). Hence (k(log(k +2)7 +f+ €), € mon Hy (By,) and by our result
1nthecaser—2 1+ B+e= 4 foreverye>0. O

We are now able to give an answer to our previously stated question: the inclu-
sion holds not true for € = 0.

Corollary 5.6. Let1 <r <ooand L % Then

max{r 2}

By, Nt C mon Hy(By,).

Proof. Assume equality. Let g = (klog(k +2)),. By Theorem B.5] this implies
that the diagonal operator ¢, — ¢ induced by the sequence g~?, where o =

1- m, is well-defined and by a closed graph argument bounded. Hence

(S o)

1

= sup (Y |xqi”|)" =IDgv: €, — €4l < oo,

X€By), " k=1

~ =

~ =

where 1 =1+ 1. Therefore g7 € ¢,. But

1
-0t
g —E — =00,
&M = Lkogk+2)

a contradiction. O

Using the same technique as in the proof of (1a) in Theorem[5.5 we easily ob-
tain the following analog of Theorem[5.3

Corollary 5.7. Let1 <r <ooandleto=1- Then

mln{r 2}

p~? By, cmon Hy(By,), (25)

and here o is best possible.

25



Proof. We proceed analogously to the proof of (1a) in Theorem[5.5land obtain
for f € Hx(By,) and u € By, by Theorem 4.1}

1
Y =lg(Nyl

=0 jreN<gj=eN+1 Fj

1
s Y gyl

jE](eAHl)

18

1
Zﬁ|6j(f)uj|:

| S

2

18

<
0

g 7

No

efv_na exp (- V20 + 0(1))y/ N1og Nl fllso < 00.0

Remark 5.8. Analogously to the result for r = co and in view of Theorem
a plausible conjecture would be that for all r = 2

]

N=0

B, cmon Hy(By,) cEr,

1_1,1
wherefors—2+r

B,

1 n
{ueBy_;limsup——— ) |ul’ <1}
n  (logn)m =1

— 1 n
B, = {ueBy;limsup——— ) |ui|°<1}.

n  (logn)mz j=1
Remark 5.9. In Theorem[.5] the cases 1 < r <2 and 2 < r < co do not really fit
for r = 2. This is due to the fact that when we apply Theorem [4.1] (2), we need
that 6 > 1/2. It would be nice to extend the statement of this last theorem to
0¢€(0,1/2].
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