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ABSTRACT. We study the inverse problem of the simultaneous identification of
two discontinuous diffusion coefficients for a one-dimensional coupled parabolic
system with the observation of only one component. The stability result for the
diffusion coefficients is obtained by a Carleman-type estimate. Results from
numerical experiments in the one-dimensional case are reported, suggesting
that the method makes possible to recover discontinuous diffusion coefficients.

1. Introduction. Let 2 =]0,1[, T > 0. We consider the following linear parabolic
system:

Opur — 0x(c10z)ur = anur + argue in Q,

BtuQ — 81(02895)1@ = a21U1 + ag2U2 + h in Q, (1)
uj(t,z) = 0 onX, j=1,2,
uj(0,2) = wug,(x) inQ,j=1,2,

where we set Q@ = Q x (0,7), ¥ = 9Q x (0,T). For any h € L*(Q), a;(t,z) €
L®(Q), 1 <4,k <2, ug1,up2 € L3(Q), c1,c0 € L®(Q) such that ¢1,c0 > 6 > 0,
there exists a unique solution in C°([0,T]; (H}(2)?)) to the linear system (1), (e.g.,
[12, Chap. 7], [14, Chap. 3]). We denote it by U(ug, h;c) =

(Ur(uo, h; ), Uz2(uo, h; c)), with ¢ = (c1, ¢2), uo = (0,1, uo,2)-

Let us introduce the following inverse problem. Let ¢y € (0,T), 6 € (to,T'), and
a non empty open interval w CC 2 be arbitrarily fixed. We restrict the function
h in (1) to have support in (t9,T") x w and the diffusion coefficients ¢, (), 7 =1, 2,
to be time-independent and to belong to the set £ of positive piecewise smooth
functions in 2. The problem is to determine the discontinuous diffusion coefficients
c1, ¢z by observation data Usz(uo, h;€)| (s, 1)xw> U(uo,h;c)|i=o. Then, from the
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knowledge of c, we obtain the finite set of singularities of c¢;: the interface S% C €,
j = 1,2. Around known ¢ = (¢1,¢2), we will determine ¢ = (c¢1, ¢2), which means
that we can know the solution U(ug, h; c) and S, S°2, which are unknowns of the
inverse problem. In the formulation of the inverse problem, the initial values are
also unknown. In the numerical part, a primal-dual path following interior-point
method is used to recover c¢. The method used in this work is similar as was used
in [11]. For general references to interior-point methods see [18, 29, 6].

Throughout this paper we use the following notations:
for s € R, L2(H®) = L?(0,T; H*(Q)), H*(H?®) = H*(0,T; H*()).
The formal heat operator associated with a conductivity £ € £ is written

L(§)q = deq + A(&)q,
where A(€) = —0,(£0,-) is the formal spatial operator.
We define a self adjoint operator on L?(Q;dz) by A(&)p = A(£)p, with domain
D(A)) = {p € HYQ), A(€)p € L?(Q)}. The solution U(ug, h;c) belongs to
C°([0,T); (L3(2))2)NC2%((0,T]; D(A(c1)) x D(A(c2))) for sufficiently smooth h. We
need to introduce, for a positive number R, the sets:

E(R) = {§e&l§asellwr=@se) < R},
Ly = {feL*(Q); [fllz2@ < R},
where we set
E={¢: Q— (0,+00); ¢ is piecewise smooth}.
Finally, we assume that the coefficients as; and a;5 check the condition:
(C-1): 36 >0, |azi|>0d>0and]az]|>3d>0inw.
Let us present the main theoretical result of this paper.

Theorem 1.1. (Stability) - Let R > 0, ¢ € £2. Under (C-1) there exist C > 0,
h € CX((to, T) x w) such that, for all c € E(R)?, ug, g € (L%)?, we have

e =cllrz@) < C( Z ”atk(UQ = 2| L2((to, ) xw) + [10c(0 — W) =0 2(w)
k=1,2

10 = Dleo 72y + (2 = Dle=oll ) )

Corollary 1. (Local Uniqueness) - Let R > 0, ¢ € £2. Under (C-1) there exists
h € C2°((to, T) x w) such that, for all c € E(R)?, ug, g € (L%)?, if ug = Uy in Q
and u(d,-) =u(b,-) in Q, then c =¢ and ug = uy.

The domain of inverse problems and control problems for systems of coupled
reaction-diffusion equations has recently been the subject of several papers (see e.g.
[7, 2, 3, 8, 21, 22]). In all these papers, the diffusion coefficients are assumed to
be smooth enough. Few results concern discontinuous diffusion coefficients. For
the scalar case, we can cite [5, 19] where the authors established the uniqueness
and stability results for both the discontinuous diffusion coefficients and the initial
condition, from the measurement of the solution on an arbitrary part of the bound-
ary, and for some arbitrary non negative time 6 on all the domain 2. For coupled
reaction-diffusion coefficients with discontinuous conductivities, at our knowledge,
any result exists.

The first part of this work is devoted to the proof of Theorem 1.1. We follow the
same steps than in [19]: we show Carleman estimates for systems of heat equations
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(see Theorems 2.3, 2.4, Corollaries 3, 4) and for a stationary first-order equation
(13). The difficulty that arises here for the case of a system is to deal with the same
Carleman weight — the spatial function ¢ (z) — adequate for any parabolic equation of
the system. Carleman weight functions for one heat equation in the one-dimensional
space are built in [4]. But we need two additional properties on ¢ when we deal
with the first-order linear equation (13) where &(z) is the unknown. Firstly, since
pOrp is sufficiently smooth for some positive function p, we are able to prove a
stability result for (13) by using only one measurement. Secondly, the explicit form
of ¢ in w allows us to prove this stability result without the knowledge of ¢; and
co in w. Hence the formulation of Theorem 1.1 only involves one measurement at
t = 6 without the knowledge of ¢, ¢ in w.

In the numerical part of this work, we restore the discontinuous diffusion coeffi-
cients by solving an optimization problem with parabolic constraints. To this we ap-
ply a primal-dual path following interior-point method. Primal-dual interior-point
methods have been used to solve optimal control problems with PDE constraints in
[1, 10, 23, 25, 24, 26, 28, 30]. In particular, in [16, 17, 20], primal-dual interior-point
methods were applied to optimal control problems with parabolic constraints. Up
to our knowledge, besides the optimal control problems stated above, the similar
studies of recovering the diffusion coefficients by applying primal-dual interior-point
methods have not been proposed in the literature before.

The outline of the paper is as follows. In Section 2 we prove a Carleman esti-
mate for the system with the observation of only one component, and a Carleman
estimate for a stationary first order equation. We use these estimates to prove our
main stability result for the diffusion coefficients ¢;(x) and co(x). In Section 3 the
primal-dual path following interior-point method is presented. Section 4 presents
and discusses the results of the numerical experiments and Appendix contains the
remaining proofs.

2. Stability results. We introduce some notations. For £ € £ let

D(L(€) = {q:qeL*0,T;Hy (), L(¢)q € L*(Q)},
D(L*(&) = {q:qe€L*(0,T;Hy(), L*(&q € L*(Q)} .

The differential operators L£(£), £*(§) with respective domain D(L(§)), D(L*(£))
are denoted by L(§), L*(€). For any r > 0, the domain of the non-bounded self-
adjoint operator A”(c) = (A"(c1), A"(c2)) on (L*())? is D(A”(c)) = D(A"(c1)) X
D(A"(c2)).

We denote by S¢ the total interface associated with & € £, that is,

S¢ .= {z € Q; £ or 0,¢ is discontinuous at z}.

Notice that S¢ is a finite set. We write S = Sj, U?ZlSj =5° 8% = S'j,

S = U?zlgj =S.

For a piecewise smooth function g, we define ¢*(z) = lim.~ oq(z £ ¢), [¢]l. =
¢+ () — g~ ().

If V is an open interval of R and f a function defined in V' D V, we write
flv € CE(R), k € [0,00], if f|i- can be extended as a C* function in R.
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Let us recall some tools used in [4] that provide a global Carleman estimate for
one heat equation of the form

Orq — 0,(€02q) + b0zq+aq = fin (0,T) x Q
q(t,-) =0on (0,T) x 09, (2)
q(0,) € L3(Q).

We also consider the adjoint equation to (2):

—01q — 02(§0:q) — 0x(bg) +ag = fin (0,T) x Q
Q(t7 ) =0on (07T) X 8Qa (3)
o(T,) € L*Q).
The coefficients a, b are measurable scalar functions of ¢, z, with a, b, 9,b bounded

in @, and £ € €. Let us give the following simplified global Carleman estimate (see
[4, Theorem 1.3]):

Proposition 1. There exist a negative Lipschitzian function ¢ in Q, and C > 0,
so > 0, such that, for all s > so and for all q satisfying (2) or (3) with f € L*(Q),
we have

[ (Ml + T A€l + T osaf + Tlgl?) o ¢
Q
gc(/ IT3q|? dxdt+/ H0|f|2da:dt),
(0, T)xw Q
where we set
T2
n(t) = T —1) (5)
IL.(t,z;s) = s (1)e*"D9@) s e RY reR, (t,z)eQ. (6)

The ”weight” function ¢ is not uniquely defined but satisfies the following prop-
erties.

1. ¢ is continuous and piecewise smooth. The set S¥ of discontinuities of 0, is

finite (this point is not crucial) and contains S¢,

2. —Cy <p<—-C; <0in Q=(0,1),

3. Ozp(x) > 6> 0forz <infw,z ¢ S¥ and O, p(x) < —0d for z > supw, © & S¥,

4. There exists a sufficiently large K > 0 such that [0,¢], > K at each z € S¥.
Remark 1. We assume that wNS% =0, j = 1,2, since we always can reduce w.

Remark 2. Let S’ be any finite subset of Q \ @ that contains S¢. Then one can
choose ¢ such that S¥ = 5’.

We call such functions ¢, that satisfy the above conditions, ”Carleman weight
functions”. It has to be notice that ¢ depends on the conductivity £.
With the same notations we obtain the following result.

Corollary 2. Assume that in (2) (respectively, in (3)) the function f does not
belong to L?(Q) but can be written

f=fo+0.f1,

with (fo, f1) € (L2(Q))2. Then there exist C > 0, so > 0, such that for all s > s
and for all q satisfying (2) or (3) we have

[l e <o( [ P dedes [ (LA + Talff) do ).
Q (0, T)xw Q



INVERSE PROBLEMS FOR A COUPLED PARABOLIC SYSTEM 5

The proof is given in Appendix A.2

Remark 3. In Theorem 1, Lemma 2.1 and Corollary 2, we can replace the open
set w by any other nonempty open interval wg = (o, @3) such that wy CC w and

wo O (Ozp1) "1 ({0}).
We will need the following obvious but important lemma:
Lemma 2.1. There exists p € € such that
pOep € WH(Q).
Proof. We can choose p such that:

:ﬁ inQ\(S‘pr/),

where w’ is a open interval such that wy CC w’ CC w. Then we extend smoothly p
inside w’ so that p > ¢ > 0. O

p

For the sake of clarity we give a complete construction of ¢ in 2. We assume
that w = (a1, az) with 0 < a3 < s < 1. Let S’ be an arbitrary finite set of Q \ @,
that contains S¢. Let 1(z) be a Lipschitzian function in 2 satisfying the following
conditions.

1. w‘ﬁw = 0, v is negative in Q \ @, ¥ is positive in w.
2. 1) is increasing in [0, a1 [, and decreasing in [ag, 1].
3. [0:¢]y > 0 at every point y € S’.
4. 9|y € C*(R), where V is any connected open subset of Q\ 5.
5. ¥ (z) = 0 implies = € wy.
Let K > maxg v, A > 0 and set
o =M — M

For any A sufficiently large, ¢ is a Carleman weight function. See [13] for example.

Definition 2.2. We shall call such a function ¢ adequate for the equations (2) or
(3)-
We consider now a system of two heat equations
2
L(cj)gy = D (bjwOear + ajrar) + f: 5= 1,2, (7)
k=1
or the adjoint system:

2
L*(cj)g; = Y (= Oularbry) + anjar) + f5, § = 1,2, (8)
k=1
We assume that ¢ = (c1,c2) € E2, ajk, bjk, Ozbjr € L=(Q), f; € L*(Q). We denote
S = S]’, j e [[1,2]], S1 U Sy =8¢,
If a Carleman weight function is adequate for the two equations (7) or (8), we then
call it a common weight function for the system (7) or (8). Thanks to Remark
2, there exists a common weight function ¢, since we can choose S’ = S°. The
function ¢ is smooth in w, and, thanks to Remark 3, we can assume that {z €
Q; 9,0%(2) =0} = {z € w; duip(z) = 0} C wo.

The main consequences lie in the following results.
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Theorem 2.3. There exist C = C(Q,w,c,a,b) > 0, sg = s9(Q,w,c,a,b) > 0,
such that for all s > so and for all @ = (q1,q2) satisfying (7) or (8) with £ =
(f1, f2) € (L3(Q))?, we have

[ (Malaal? + T Ae)al® + Thiosal? + Tala?) do d )
Q

gc(/ IT;|q|? d;z:dt+/ Ho|f|2dxdt),
(O,T)Xu)() Q

where we set a = (ajk) ik, b = (bjk)jx, and the weight functions I, are defined
by (6).

Corollary 3. Assume that bay = 0, |a21] > § > 0 in w for the system (7) (re-
spectively, b1z = 0, |a12] > 6 > 0 in w for the system (8)). Then there ezist
positive constants C,sg depending on T,Q,w,c,a,b,d, such that, for all s > sg,
f € (L%(Q))?, q satisfying (7) (respectively, satisfying (8)), we have

[ (Mol + T Ae)al® + Thiosal? + Tala?) do d (10)
Q

gc(/ Iy | gx)? dxdt—i—/ Ho|f|2dxdt),
(0,T) xwo Q
with k = 2 if q satisfies (7) (respectively, with k =1 if q satisfies (8)).
The complete proof is in Appendix A.1. Let us consider the systems (7) or (8)
with
fi = foj + 0z f1j, 7 € [[1,2]],
where fo;, f1;, € L*(Q).

Theorem 2.4. There exist positive constants C,sq such that, for all s > so, g;
satisfying (7) (respectively, (8)), we have

/Hs\qIdedtSC </ (H2|f1|2+no\fo|2)dxdt+/
Q Q

Ms|q|? de dt |, (11)
(0,T) xXwo
where we set q = (q1,q2), f1 = (fi1, f12), fo = (for, fo2)-

Proof: see Appendix, A.3. It combines the corresponding proof in [19] and [13,
Proof of Theorem 5.1].

Corollary 4. Assume that ba; = 0, |ag1| > ¢ > 0 in w for the system (7) (re-
spectively, bia = 0, |a1z] > 6 > 0 in w for the system (8)). Then there exist
positive constants C, sg depending on T,Q,w,c,a,b,d, such that, for all s > sg, q
satisfying (7) (respectively, (8)), we have

/H3|q|2dxdt§C </ (H2|f1\2+Ho|f0|2)dxdt+/
Q Q

elguf? do dt |, (12)
(0,T) xwo

where we set k =2 for (7) (respectively, k =1 for (8)).

The proof is in Appendix A.4

We consider now the following first-order partial differential equation with un-
known function £ € &:

— 0,(80,w) = finQ, (13)
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where w € H'(Q), f € L*(€). Let £ € £ be a known solution of (13) with (w, f)
replaced by (w, f) € HY() x L2(Q). In fact we consider that £ = & or £ = &,
and, respectively, w(z) = @1 (0, ) or w(z) = (0, z). We look for a L?(Q)-estimate
on vy :=¢&— é, derived from a Carleman inequality. Let ¢ be a common weight
function for the system (1), with & = (¢1, &) replacing c. We set S = S¢, S =S¢,
- (x;8) = IL.(0, z; s), where s is a large parameter, and II,. is defined by (6). We
recall that 6 € (0,T).

Our result is based on the method developed in [19]. We consider the following
conditions on w:

(HS1): w € Whe(Q),
(HS2): |9,w| > ¢ >0 a.ein Q\ wp.

The following lemma will be proved in Appendix A.5

Lemma 2.5. Let R > 0. Assume that £ € E(R), then, under (HS1) and (HS2),
there exist C1,s9 > 0 such that, Vs > so, 3 Ca(R;s) > 0 so that

[ mhPa < [mli-iPds [ mab? ) (14
52\0.)0 Q wo
+Ca(R, 8)||w — @|31 (-

Remark 4. An assumption like w = 0 on I' is superfluous.
The constants C1, sg, Cy depend on &, ¢, but not on £.
The constant C; does not depend on R, s.

The second following lemma completes Lemma 2.5 and gives a L? - estimate for
~ in some neighbourhood of wy. We consider the following third condition on w:

(HS3): There exists an open interval w; such that
1. wo CCw; CCw,
2. 1?)|8 is constant,

w1

3. w e C*(wn) and 9, 0[* — (@ — |, )OF® >8>0 in wi.

Lemma 2.6. Let R > 0, £ € CY(wg) with ||€|lw1.(w,) < R. Then, under (HS3),
there exist C3, C4(R) > 0 such that

WPde < Gy [ 1f = PP de+ Co(R)|w — @lpa o, )

w1 w1
The constants Cs, Cy do not depend on €.
Proof. Set v = — sy, € H}(w1). Then —8,(£0,v) = f. Moreover v € H?(w) C
L>*(w). In wq, we have
~05(y050) = f = [ + 00(0: (w — ).
We multiply this equality by yv and we integrate by parts the first term in w;. We
then obtain

[ (00l = 026 ar = [ (1= F+0u(€0,00 = @) yva.

w1

Thanks to (HS3), we have

1 1
|0y v|? — 185(19) = 5(\89611\2 —vd%v) > §/2.
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Hence
[ rar<c® [ (15 i+ ouleonto - al) bl

Then, thanks to Schwarz’s inequality,

[ aa<e [ (17 A+ oulonw— o)) de (15)
Since 1 1
S10:(€0uw = DDy < sup [0l 00w~ )1y +
sup el 03w = @) 1o
< RBlw -l
the conclusion follows (15). O

Mixing lemmas 2.5 and 2.6, we straightforwardly obtain the following result.

Proposition 2. Let R > 0. Assume that £ € E(R). Then, assuming (HS1)
(HS2), (HS3), there exist Cy, so > 0 such that, for all s > sq, there exists
Cy(s) > 0 satisfying

[mntar < ([ mir—iPaes [nlr - i)

+Ca(Rs 8) (1w = @31y + o = @l ).

where Cy,Cy depend on 8, € but not on (£, f,w).

Proof of the main result.

We use the following notations. For V' C Q, we say that a function b defined
in © belongs to D(A(£))|v for some r > 0 if it can be extended as a function in
D(A"(€)).

We set S = 5¢ = U3_,S;, u = (u1,uz) = Ulug, h,c), @ = (@1, 42) = U(lg, h, €).
We consider a common weight function o for the system (7) where € replaces c.

Step 1. Firstly we show that we can build & such that, for all Gy € (L*(Q)g)?, i,
j = 1,2, satisfy the conditions (HS2) and (HS3).

Set j € [[1,2]], ¥ € N and consider the conductivity ¢;. We need the following
result.

Lemma 2.7. Let wy be any non empty open interval such that wg CC wy C w.
Then there exists a lipschitzian function b; € D(A(c;)) N D(A%(cj))|w such that

bj o, = Cste > 0;

9,0 (2) > C >0, Va<al;

9:bF(z) < —C <0, Va>ab;

|6acgj|2 - (61 - Bj \aw)aigj >C >0 inwr;

where wg = (af, ab).
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Proof. Firstly, notice the following points. The domain D(A(c;)) is the vecto-
rial space of functions f € H}(S2) such that ¢;0,f € H'(2). Since ¢; is smooth
in a neighborhoud of @, if f € D(A(c;)), then f|w € H?*(w), and f is continu-
ously differentiable in w. Moreover, for r > 0, D(A"(¢;))| = H*"(w) D C* (@),
D(AT(CJ'))LUI = H?"(w;) D C?"(wy). Since the spatial dimension is one, if
f € H3(w), then f is twice continuously differentiable in w, and if f € H3(wy) N
H3(w\w1), then f € H3(w) if and only if [f], = [0, f], = [02f], = 0 for all y € Qw.
Set w1 = (a3, a4). Let 7 > 0, and g1, g2 be two smooth positive functions in R
satisfying

lon)  eplan) T 0)
[ a2 = [ 2 -1 @
Put R
/ gl<z>cf(;  ref0ag),
b(x) = 7"(95 - 043)(3;1 —z)+1 , € laz a4,
/I 92(2)% , T € lay, 1]

Then b satisfies conditions (16), (17), (18), (19), with b, ¢;0,b € C?(2\ w1),

blw, € C®(R), [b]y = [0:b], =0, Vy € Ow;.

Hence b belongs to D(A(c)) N D(A2(¢))|w, N D(A%(c))|a\ar, but b & D(AZ(c))l.
since the property ([02b], = 0, Vy € Ow;) fails. We then consider lN)j as a regular-

ization of b near wy, sufficiently closed to b in W2 (w;) and such that Bj = b on
8(4)1. O

Set wi be a non empty open interval such that wy CC w; CC w, Ej, 7 =12,
as in Lemma 2.7, and b = (51,52). As in [19, Proof of Corollary 3.1], the set
G :={U(0,h,c)(0), h € C§°((to, T) X wo)} is dense in D(A"(c)) equipped with the
norm Y-, o [|A"(¢j)pjllL2 (), for all » € RT. This comes thanks to (3) applied
to (8), the system (1) is approximatively controllable in D(A"(c)). Then, for any
e > 0, there exists h € C§°((tg,T') X wp) such that

IU(0,eh,)|i=p _B”D(A(C]‘)) +||U(0,eh, &)|i=0 _B”D(A%( ) <e, j=1,2. (22)

i)l
Observe that if p € D(A(c;)) then p|Q\Sj € H*(Q\ S;). See for example [5, Prop.
A 4] for a proof. Moreover, [p], = 0 for all y € S;. Hence p € W1°°(Q), since, in the
one dimensional case, H(Q) C C°(Q) C L*>(£). Thus, D(A(c;)) C Wh*(Q) with
continuous embedding. Furthermore, we have D(A%(¢;))|n = H3(w) € W2 (w),
with continuous embedding. From (22), we thus have

1U0, £, )10 — Bllwsoqa + [U(0, e, )iy — Bllwaerw) <2 = 1,2 (23)
Here, b= (l~71, 52) Let @iy € L% and put
P = (p1,p2) = eU(to, h, €)|1=p-
Observing that U(+, -, €) is linear in the two first variables, we thus have

p =b + (U(0,ch,&)|—g — b) + cU(iig, 0, &) |1—s-
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Since
U (1, 0, €) |e=6lw1. () + [|U(T0, 0, &) [t=plwz.= () < C(R),
where C'(R) does not depend on @y, then, thanks to (16), (17), (18), (19), (23),

for all € > 0 sufficiently small, for j = 1,2, there exist an open interval w] and a

positive constant C' such that wy CC w{ CC w, and

Pjjowi = Cste > 0, (24)

pp; > C >0 ae. x <o, (25)

Opp; < —C <0 ae. x> al, (26)

\3zpj|2 — (pj —pj|aw.7)8§pj >C>0in w{. (27)

Hence, e ~!'p = U(1y, h, €)|¢=p satisfies (24), (25), (26), (27) (with other constants),
and so, for all j = 1,2, u; satisfies (HS2) and (HS3).

Step 2. For all ¢ > 0, the function @ belongs to H3(e,T; D(A"(c))) with arbitrary
large r. Thus 0F € (L (e, T; WH>=()))2, k =0, 1,2, and
10F || oo e 7w () < C(R), k=0,1,2, j =1,2,

since the choice of h depends on R but not on Gip. For the same reason and since
c € £(R)?, we also have

10Fuj|| oo e 7 wroe()) < C(R), k=0,1,2, j =1,2.

Since we can consider the system (1) starting at time ¢y we can replace ¢y and &
by 0 and omit it in the proof.
We set v;(x) :=u;j(6, ), 0;(x) == 4;(0,x), z; = Oyu; —0tij, wj = vz, 7y, = ¢;—C;.
Notice that the following conditions are satisfied:

(H1): V5 € [[1,2]], 9, satisfies (HS1).
(H2): Vj € [[1,2]], v, satisfies (HS2).
1,2

(H3): Vj € [[1,2]], v, satisfies (HS3).
(H4): OFuy, OFt; € LA(WH), j=1,2,k=0,1,2.
We have:
Orzj — 05(Cj0525) = Zzzl ajizk + 0z(7;0;0pu;) in Q,
zj(t,x) = Oon X,

By differentiating (28) according to ¢ we have:

Orw; — 05(¢j0,w;) = 22:1 ajpwi + 830(%0:”8?%) in Q,
w;(t,z) = OonX.

We also have the following equalities:
0a(c;Opv) = f; = 0uu;(0) = > ajevr — S2;h(0), (28)
k

02(6;0:0;) = f; = 0vii(0) = Y _ ajnb — Sa;h(0). (29)
k
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We set
1
Bji = /*W1|Zj(9)|2drc,
Q2
Bl = Z le.
§=1,2

Lemma 2.8. Under (H1)-(H4), there C1, so > 0 such that, for all s > s, there
exists Ca(s) > 0 satisfying:

B < Cl/m|7|2d:c+c2(s)</ (22 + lwaf?) dwdt). (30)
Q (0, T)xw

Broz 0 [ mipPde - Culo)( [ OP dot v =Sl (3D
Q w

+||V—‘7'H%r2(w))v

where ¥ = (y1,72). Recall that we set m,(x) := I1,.(0,x;s) and the constants may
depend on R.

See the proof in Appendix A.6.
Thanks to (30), (31) we obtain

[mbPae < e[ (P + jusP)dede+ [ a@) ao
Q (0, T)xw w

v = 20y + IV = Flr ey )

for all s > sg. The conclusion follows.

3. Numerical algorithm. We begin the derivation of the primal-dual path fol-
lowing interior-point method by presenting the constrained minimization problem
related to recovering c.

Based on the theory presented in Section 2 and in particular on Theorem 1.1 and
Corollary 1 reconstructing two discontinuous diffusion coefficients amounts to the
minimization of the following functional

. 1 . 1 -
win {5100 = )y o0 + 0~ Wiy} (62
subject to
Opuy — Oz (c10,)ur = ajug + ajpug in Q,
Orug — Op(c20,)uz = agiug + aguz in Q,
u;(t, x) = O0onX, j=1,2,
u; (0, z) = wup,(z) in Q.

and u(f,-) =u(f,-) in Q .
The minimization of (32) can be reformulated into a QP form as follows:

1 1
min {ng(DTD + D¥Dy)uy — ul (DT D 4 DE Dy)iiy + 5ag(DTD + DQTDQ)@}

where we have denoted 9; =: D and 87 =: Dy. Note that the functional in (32)
depends only on us and the aim is to recover ¢ = (c¢1(x),ca2(x)) hence we have
both the u = (u3(¢,x),u2(t,x)) and ¢ = (¢1(z), c2(x)) as the unknowns in our QP
problem. This implies that (1) becomes non-linear with respect to solving the QP
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optimization problem. Hence in recovering the discontinuous diffusion coefficients
we consider the linearized version of (1)

Opur — 05 (C10z)u1 — a11ur — a1ou2 — 0z (€102)01 = —05(610;)%  in Q,

Orug — Oy (C20z ) U — a21u1 — Agos — O3(C203)Uey = —0,(C20;)U2  in Q,
uj(t,z) = 0 onX, j=1,2,
Uj (O, x) = Uo,y (1‘) in €.

(33)
Next we denote (33) together with the constraint u(6,-) = u(d,-) by Rx = r and
write the constraint minimization problem as follows

1
min < QXTKX + kTx + IQ> st.x € F (34)
Uy 0 0 0 0 0
T T _(pT T ~
wherex = | 2 | K = 0 D*D+D3iDs 0 0 k= (D' D + Dj Do)ty
¢ 0 0 00 0
) 0 0 00 0
-M
k=3l (DTD+ DIDy)iy, Fi={x|Rx=r (<x<v} (= c_mji/;{ and
1
Cgﬁin
M
M min min max .max
V= max | (™™, e5™) > 0, (e"*,c5*) < R and M >> 0 so that the con-
1
Clzna-x

straint on u = (ug,ug) is practically ineffective.

We start the derivation of the interior point method by introducing slack vari-
ables in order to replace the inequality constraints with simpler non-negativity con-
straints (the non-negativity constraints are enforced separately) thus the primal
problem becomes

1
min (2XTKX + ETx 4 H) st.xeF (35)

F={x|Rx=r, x—{=g, v—x=p} and g,p > 0, where x, g and p are vectors
in R™ r is a vector in R™, K is an n; X n; matrix and R is an ny X n; matrix.
The dual of (35) is

1
max (n +rly+ 0Tz —vTn— 2XTKX>

st. RTy+z—n—Kx=r (36)
z,n >0, y free,

where y is a vector in R™? and z and n are vectors in R™. The dual variables
z,n are complementary to the nonnegative primal variables g, p which implies that
z,n > 0.

Next we define the central path which yields the path that is followed in our
approach. The central path, parameterized by u, can be defined as
P{(@ps Gus Pps Y, Zusmy) | o> 0}, Each g > 0 define the associated central path
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point in the primal-dual space that satisfies simultaneously the conditions of primal
feasibility, dual feasibility and p-complementarity, namely the conditions

RTy+2z—n—Kx k
Rx = r
x—g =/ (37)
X+p = v
G7Z1 = pul
PN1 = ul

where 1 is a vector of all ones, G,Z, P and N are diagonal matrices with ele-
ments g;, z;, P;, n; respectively. These conditions are the optimality conditions, of-
ten known as Karush-Kuhn-Tucker (KKT) conditions, for a Fiacco-McCormick [9]
type logarithmic barrier formulation of problem (34). The logarithmic barrier for-
mulation of (34) writes

. s T
min - 5x Kx+k x+nu<zloggi+210gm> (38)
st Rx=r.

As p — 0 the trajectory P converges to the optimal solution of both the primal
and dual problem. At the optimal point (z*, g*, p*, y*, z*,n*), 1 = 0 and the primal
objective function is equivalent with the dual objective function. Further this means
that (38) is equivalent with (34) and the conditions (37) are the KKT conditions
for the original problem (34).

When K is positive semidefinite these KKT conditions are both necessary and
sufficient optimality conditions for the QP problem [18] hence we can solve the QP
problem (34) by finding a solution to the system (37). We write the KKT conditions
in a form on a mapping F from R%"1X"2 to RM1X12 hy

Kx—-RTy—z4+n+k
r—Rx
{—x+yg
X+p—v
GZ1 —pul
PN1 —pul

F(x,9,p,y,2,n;p) =

Assuming that p is fixed and applying Newton’s method to (39) we obtain

~K 0 0 RT I -I Ax P
R 0 0 0 0 0 Ag A
I - 0 0 0 0 Ap | | A,
I 0 I 0 0 0 Ay | T | A,
0 G'Z o 0 I 0 Az T,
0 0 PN 0 0 I An T,
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where
d = k+Kx—Rly—z+n
A = r—Rx
Ay = L—-x—g
Ay = v—x—-p
I. = puG'1—2z-G1A¢TAz
I'v = puP'1—n—P 'ApTAn

We can eliminate Ap, Ag, Az and An without producing any off-diagonal fill-ins
in the remaining system hence resulting into a reduced KKT system given by

—(K—i—NP];—i—G‘lZ) IBT } [ﬁ’; } _ [ ;E;]

where ® =& —T',, — T, — NP~'A, — G~'ZA, and

Az = T.+G'Z (A, — Ax)
An = T,+ NP '(Ax—A,)
Ag = GZ7'(T.—-Az)
Ap = N 'P(I, —An)

The algorithm for solving the problem is based on Mehrotra’s [15] predictor-
collector method and it proceeds iteratively from an initial point (x°, g%.p%, 3, 2%, n%)
through a sequence of points determined from the search directions described above

xF = xk gy Oprimal AX
gt 9" + AprimaAg
phtt "+ Oprimal AP
v = P+ aqua Ay
L = 2R 4 aquaAz
= nF 4 aquaAn

The step lengths oprimal and ogual are obtained as follows; first we compute the

maximal feasible step length in order to enforce the non-negativity requirements
(glc-&-l,pk-i-l7 Zk-i-l’nk-i-l) >0

ap™ = 0.95 X min (min <_Agg> , min (_A];) ,1)
Al = .95 x min (min (—é) , min (—&) ,1) .

max
p

on the interval [O, ozrpnax]. As the choice of the duality measure p we use a similar
formulation as proposed in [27].

Then we set aqual = « and compute aprimal by using a backtracking line search
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4. Numerical examples. The observation data Uz(uo, h; €)lw,, , U(uo, ; €)|i=o
was simulated as follows. T was set to T' = 1 and Gaussian noise €ypise ~ N (0, 2] )
with a standard deviation of 1% of the maximum of the noiseless observations was
added to the simulated data. A more dense grid was used for the generation of the
data than was used in any of the computations of the diffusion coefficients, thus
avoiding the inverse grime.

The problem of recovering the discontinuous diffusion coefficients related to the
optimization problem

. 1 - 1 -
min {2|D(U2 —2) |22y ) T §||D2(U2 - u2)||2L2(wt0,T)}

subject to

Orur — 05 (€10;)u1 — a11u1 — arpus — 03(c10;) U = —0,(610;)u; in Q,
Opa — 0y (205 U2 — a1t — G — Oy (205 ) U —03(620;)02  in Q,
uj(t,z) = 0 onX, j=1,2,
) up,j(z) in Q.
u(f,z) = u(f,x)

was discretized as follows. Let ¢t € [0,T],2 € [0,1] and let N; denote the number
of steps in time and N, the number of steps in space. IN; and N, are related to
ny and ng by ny = 2(N, X Ny + N, + 1) and ne = 4(N, x N;), respectively. We
approximate the time derivative J; by the explicit Euler method and the spatial
derivatives 0, by the finite difference method. In the following calculations we use
N, = 128 and N; = 80 and consider two different piecewise regular realizations of
the c.

In order to study the accuracy of the computed reconstructions quantitatively
we compute the relative errors of ¢;(z) and c(x) in £ with respect to ¢1(z) and
¢a(x), respectively

5. — IGi(@) = c;(@)llr
J €5 (2)] 22

Figures 1 and 2 show the reconstructed piecewise regular diffusion coefficient for
two different test cases. The relative errors related to the reconstructions in figure
1 are §,, = 0.1541 and §., = 0.1127. The corresponding relative errors related to
figure 2 are ., = 0.1443 and 6., = 0.0802.

The numerical simulations indicate that the primal-dual path following interior-
point method with the observation data Uz(uo, h; €)|w,, , U(uo, h; €)|i=¢ of Theo-
rem 1.1 allow an accurate reconstruction of the discontinuous diffusion coefficients
c1 and cs.

j=1,2.

7 - 7
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0 w Qe, Qe 1

FIGURE 1. Reconstructions of ¢; and ¢y . The results for ¢y are
denoted by black dots and the results for ce are denoted by gray
dots. ¢; is denoted by solid line and ¢; by a dashed line. The
relative error depror for ¢; = 0.1541 in  and for ¢y = 0.1127 in .

0.5

0 Qe Qe w 1

FIGURE 2. . Reconstructions of ¢; and ¢3 . The results for ¢; are
denoted by black dots and the results for co are denoted by gray
dots. ¢ is denoted by solid line and ¢; by a dashed line. The
relative error depror for ¢; = 0.1443 in  and for cp = 0.0802 in 2.
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Appendix A. . We denote the formal heat operator by L(c;)q = 0:q + A(cj)g,
with A(cj) = —0.(c;0;-), and its formal adjoint by £ = —0; + A(c;). We set
D(A;) = {u € H}(Q); A(c;)u € L*(Q)} and D(Lg*)) ={z: 2 € L*(0,T; H} (),
LYz e L(Q))

A.1. Proofs of Theorem 2.3 and Corollary 3. For simplicity we only consider
the system (7). The Carleman estimate (4) applied for (7) with ¢ replaced by g;
and f by f; gives:

/ (T1101051 + T4 A(e)) g5 + Ty Dy + T2 ) dodt <
Q

J
o /Q Maq[? dardt + /Q (1o > (100akl? + lasl?) + ol 512 ) da ).

k=1
We then sum these inequalities over j = 1,...,J. Thanks to CJII, < II;/2, we
obtain (9).
Now we replace g2 by al_gl(qul —b110.q1 — a11q1 — f1) in Q. SincewNS =0
we can apply the same method than in [8]. Hence (10).

A.2. Proof of Corollary 2. Set £(£)q := 01q—0:(£0.q), Pq := L(§)q+b-0q+aq,
and fix ¢ solution of (2) with f = fo + 0.f1. By definition, we have, for any

g€ L*(Q),
/quxdt:/(foz—flag;z)dxdt—&—/qoz(O)dx, (40)
Q Q Q

where z € D(L*(£)) is the solution of P*z = g, z(T) = 0. Here we have P*z =
—012—02(£022) — 0x(b2)+az, z|n—g. We solve the following equation with unknown
p € QD Qy=_C%]0,T); D(A?)), where Q is defined later:

P*(IgPp) + Msxwp = T3¢ in Q. (41)

We define on (Qg)? the bilinear symmetric form m(-,-) and, on Qg, the linear form
bi(-) as follows :

m(p,p’) = / Iy Pp Pp' dx dt +/ Mzpp dadt,
Q 0, T)xw
Vi) = / M3qp’ dz dt .
Q
Notice that Qp C D(L), and so we can apply the Carleman estimate (4):
/ I3p? dz dt < Cm(p,p), (42)
Q
for all p € Qp. This implies that Qg equipped with ||p||, := v/m(p,p) is a normed

space. Then we denote by Q the closure of Qy with this norm. So Q equipped with
the bilinear form m(-,-) is an Hilbert space and (42) holds for any p € Q. Thanks
to the Cauchy—Schwarz estimate and to (42), we then have for any p € Q:

3 3 3
Bi(p)| < ( /Q H3|q|2dxdt) ( /Q H3|p|2dxdt) <C( /Q H3q|2dxdt) 1Dl -

(43)
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So the form b is m-continuous. Hence, we can apply the Lax-Milgram theorem to
the following equation with unknown p € Q:

m(p,p’) = b*(p') for any p’ € Q. (44)
We denote by p the unique solution in Q of (44) and we set w := —IIsx.p, g =

w + M3q, z = MyPp. Notice that z € D(L*(E)), 2(0,-) = z(T,-) = 0 in Q, and
thanks to (41), we have P*z = g = w + II3¢. Furthermore, thanks to (40),

/ngdedt:f/ fl'azzd:z:dt+/ fozd:cdtJr/ngpd:cdt.
Q Q Q Q

Thanks to (43), we have

Nl=

1
3
i) =120 < € ( [ i dna) pmipp)l.
and so
m(p,p) = / My 22 da dt + / (3) tw?dzdt < C’/ 3|q|? dz dt. (45)
Q Q Q
Let us prove the following estimate:

/(Ho)_122 dxdt+/(Hg)_ledxdt—l—/(Hg)_1|8xz|2dxdtSC/ M3q? da dt . (46)
Q Q Q Q

We set
11 = /(HQ)_1|8IZ|2§dZEdt,,
Q
I, = —/(Hg)flzax(faxz)dxdt,
Q
Iy = —/az(Hgl)axzzfdxdt,
Q
Iy = /H;lzwdxdt,
Q
I; = /H;lngzqudt,
Q
Is = /H;lzatzdxdt,
Q
I; = /H;lzaz(zb)dxdt—/ I, 'mz? da dt.
Q Q

The Green formula holds in ) with the weight dadt for the product
(M)~ 20,(£0.2), since 0,(£0,2) € L*(Q) and Iy € L?>(H'Y). Thus I = I + I5.
Moreover, since

—0,(£0,2) = w + I3q + Oy z + 0, (2b) — mz,

then
L=1s+ 14+ Is + Is + I7. (47)
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The estimates on Ij for 3 < k < 6 are the same than in [19, A.2.1] (with similar
but not exactly the same notations), and so are already proved. Thanks to

3Tl < C(II3)? (or equivalently: (ITp)~! < C(IT3 HO)_%),
310, < C(1ly)?,

0,115 < CTl3,

|0,1a| < O™ (o) ™ (I12)?,

where C' = C(T,Q,w, ¢) does not depend on s, we obtain

|13]

IN

%11 +C/QH3|q|2dmdt, (48)
TAERTARNTARES c/@ngff dedt . (19)
The new term is I;. We have
I; = —/Qﬂz_lzbﬁxzdm dt — /Q(bax(ngl) + mHQ_l)z2 dedt :=I7;; + I79 .

We can estimate I7; as for I5. Thanks to the Minkovski inequality and to (45), we
have

[I71] < C’s_l/H;1\8$z|2dxdt+05/H;l\z|2dxdt
Q Q
< 0571]1+C'571/H51|z|2dxdt
Q
1
< 511+Cs—1/ I3|q|? dz dt. (50)
Q

We also have

el < € [ (0] + ;)P dede < © [ 115 de e
Q Q
< c/ I5)q|? dz dt . (51)
Q

From (47), (48), (49), (50) and (51), we deduce that |I]| < C’fQ I13¢? dz dt. Hence (46)
holds. The conclusion follows, as in [19].

A.3. Proof of Theorem 2.4. The system (7) with data f; = fo; + Oz f15, 1 =
1,2 € L3(H~1) can be written as

Pij = Foj + BIF] n Q,

where we set Pj(]j = E(Cj)(]j — bjjaxq]‘ — aj;4; and

Fyj = Z(_azbjk + ajx)qx + fos,
k#j
F;, = Z arbjr + f;.

oy



20 M CRISTOFOL, P GAITAN, K NIINIMAKI AND O POISSON

For each j = 1,2, we apply Corollary 2, with (fo, f) replaced by (Fy ;,F;). Hence
we have

[ lgPaedt < o [ MajgPdedt+ [ Mol + 1o dode - (52)
Q Q Q

+/QH2(|Q|2+|fj|2)dxdt>7 Vi=1,2,
where q := (q1, ¢2). We choose sp such that
2(Iy + 1) < %Hg, Vs > sp.
We then obtain (11) by summing (52) for 1 < j < 2.

A.4. Proof of Corollary 4. By using (10), we mimick the proof of Corollary 2,
with the following minor modifications. Set Pq = (Piq1, Pag2), Fo = (Fo1, Fo2),
F = (F1,F5), and replace a, b respectively by a = (a1, az), b = (b1, bs). Replace
also (41) by

P*(lloPp) + Urxwp: = 1l3q in Q,
and the definition of m and b?, w, g, z, respectively by

m(p,p’) = / IlyPp Pp’ dz dt +/ poph dzdt, bi(p’) = / [3qp’ dx dt,
Q 0,T) Xwo Q
u = (0,~Irxwp2), g:=u+llq z=P" 'z
We then obtain (12)
A.5. Proof of lemma 2.5. We have
—0,(£0,w) = f, —0,(60,0) = f.
Define ¢, = e¥%q, s’ = sn(0) and
Pw = —0,;(§&0,w) + 8'0:p&s - Opw, (53)
P = —0.(8:0.0) + 8'0pp & - Dyt (54)
Set q = £0,w — £0,1, we have q,qs € WH(Q). We get

/ Fdr < [0l / et &, / 100w — @) dz,
Q Q Q

< / 72 dz + Co(R; s) / |0, (w — @)|? dz, (55)
Q Q
where C1, Cy > 0. We calculate
I = /(Pw — P/’LT}>2pd$ = /(_aqu + s/awqu)zpdx
Q Q

> _25// 02qs POz p qs dx + 3/2 / (8a:<p QS)dex = S/Il + 3/212-
Q Q

Using Oy(z) < 0 on 92 and thanks to pd,p € W1°(Q), an integration by parts
gives:

L = / P20 (@) dx = =Y~ () / 0:(p02p) 3 dz

o0

Y

—C qf dz,
Q
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for some C' > 0. Thus, thanks to (55),
oz =Gy [ 9de=CalRis) [ (00— @) da.
Moreover, we have, thanks to (HS1),

I, > / (Onp qs)2p dx = / (Y502 O W + 50,00 (W — 1[)))2,0 dz
Q\UJ[) Q\WO

v

C’g/ ’yf,dx—C!;(R;s)/ |0, (w — @) |2 de,
2\wo o

for some C3,C4(R;s) > 0. Hence, there exist positive constants Cy, Cy(R;s) > 0,
C5 > 0 (depending on ) such that

1> Css” / 72 dx — Cls’/ 72 da — Cy(s, R)/ 0, (w — w)|? da. (56)
Q\wo Q Q

But since Pw — Pw = f — fs, then

I < Olfs = Fsliag) (57)
Thanks to (56) and (57), we obtain (14).
A.6. Proof of lemma 2.8. For the sake of simplicity, we assume that § = T/2.

An integration by parts gives

10
By = [ 55w slsar

/ s<p8m H1 |Zj|2 dx + / lej ath dx = ng + ng.
Qg QG

Upper bounds of Bj1. We have |Bjs| < OB/, with
Ty = /87721_[1 |zj|2dacdt:/ s 5 |z > dodt .
Q Q
Thanks to the Carleman estimate (12) applied to (28), we have:
$Bl, < C(B4+/ x| 2o|2 da dt),
Q

where we set

B4 = / H2|8w8tu|2|7‘2d$dt,
Q

with ¥ = (¢1 — ¢1,¢9 — ¢2). For k € N we write:
nk(t)eQ”’(t)“’ — nk(9)e2sn(0)wgk(t)e28(<(t)—1)¢> ,
where
t
C(t) == ) _ OT — 0t~ (T —t)~' > 1.
Hence
Iy (t, x5 8) < )\knk(ﬂ)wk(az; s),
where we fix A\, = A;(s() € R independently to s’ > s > 0 so that

Sup(rke_%/(r_l)) < Ak
r>1
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Since ¢ € £(R)? and thanks to (H4), we obtain

T
B, < AQ/MW(/ |0:0,u|? dt) da
Q 0
< C(R)/7r2|7|2dx§C(R)s/7r1|ﬁ|2dx.
Q Q
Thus we obtain
‘Bj2‘ < CB;Q

IN

Thanks to Minkovski’s estimate, we have | Bj3| < Bjy + Bjs with
Bj = / 7771H0|6t2,’j|2d(13dt .
Q
Notice that n(t) > n(T/2) > 0. Hence we have

OilBj5 S / 573H3|’LU]'|2 dzdt .
Q

C(R)/medm—i—C(R;s)/ |20|? da dt.
Q Q

Thanks to (H4), an upper bound for Bjs is obtained as for Bj, by using the

Carleman estimate (12) to (28). We thus have

|Bj5| S C(R)572/7T1|7|2dI+C(R,5)/ |1U2‘2dl’dt
Q Q

So from (58), (59) we obtain (30).

(59)

Lower bounds for B;. Thanks to (28), (29), (H1), (H2), (H3) and by applying

Proposition 2, we obtain

/W3|Cj—5j|2d$ < Cl</ 7T1|fj—.}Zj|2d$+/ﬂ2|fj—fj|2d$>
Q QN\w w
+Ca(Rs 5) (o5 = Tsll3a ey + s = 53 )
< c;(/ 7T1|zj(9)|2dm+/7T2|zj(9)|2dx—|—/
Q\w w Q\w
+ [ mabv =912 do) + CalBis)(lo; - BB oy + 1~ T nc)
w
<

w

+v - G”%ﬂ(w))’
for all s > sg. Hence (31).
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