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Inverse Problem for the Schrodinger Operator
in an Unbounded Strip

Laure Cardoulis* Michel Cristofolf Patricia Gaitan®

Abstract

We consider the operator H :=id; + V - (cV) in an unbounded strip © in R?, where c(x,y) € C*(Q).
We prove an adapted global Carleman estimate and an energy estimate for this operator. Using these
estimates, we give a stability result for the diffusion coefficient c(z,y).

AMS 2000 subject classification: 35J10, 35R30.

1 Introduction

Let Q =R x (—%, g) be an unbounded strip of R? with a fixed width d. We will consider the Schrédinger
equation

Hq:=1i0:q+ V- (c(z,y)Vqg) =0 in Q=02 x(0,7),
(1.1) q(z,y,t) = b(z,y,t) on ¥ =00 x (0,7T),
q(x,y,0) = qo(x,y) on €,

where c(x,y) € C3(Q) and c(z,y) > cmin > 0. Moreover, we assume that ¢ and all its derivatives up
to order three are bounded. If we assume that go belongs to H*(Q) and b is sufficiently regular (e.g.
b € H'(0, T,H%+€(8Q)) N Hz(O,T,H%“(BQ)) and some additional conditions), then (1.1) admits a
solution in Hl(O,T,H%Jrs (€)). We will use this regularity result later. The aim of this paper is to
give a stability and uniqueness result for the coefficient ¢(z,y) using global Carleman estimates and
energy estimates. We denote by v the outward unit normal to Q on I' = 9Q. We denote ' = T'" UT ™,
where I'" = {(z,y) € I; y = ¢} and I'” = {(z,y) € I; y = —%}. We use the following notations
V - (eVu) = 0z(cOzu) + 0y(cOyu), Vu - Vv = Ozudgv + dyudyv, dvu = Vu - v.

We shall use the following notations @ = 2 x (0, 7)), @ =Qx(-T7,7),2=Tx(0,7), Y =Tx (=7,7),
A(Rl) = {(I) (S LOO(Q),O < R; < H‘I)HLOO(Q)}, and A(Rg) = {‘I) S LOC(Q), ||q>||Loc(Q) < RQ}, where R;
and Ry are positive constants with R1 < Ra.

Our problem can be stated as follows:
Is it possible to determine the coefficient c(x,y) from the measurement of d,(0:q) on I't?

Let g (resp. q) be a solution of (1.1) associated with (¢, b, qo) (resp. (¢, b, qo)) satisfying some regularity
properties:

e 0:q, V(0:q) and A(0.q) are in A(R2),

*Université de Toulouse 1, UMR 5640, Ceremath/MIP, Place Anatole France, 31000 Toulouse, France, laure.cardoulis@univ-
tlsel.fr

tUniversité de Provence, CMI,UMR CNRS 6632, 39, rue Joliot Curie,13453 Marseille Cedex 13 France, Université Paul
Cézanne, IUT de Marseille, France, cristo@cmi.univ-mrs.fr

TUniversité de Provence, CMI,UMR CNRS 6632, 39, rue Joliot Curie,13453 Marseille Cedex 13, France, Université de la
Méditerranée, IUT d’Aix en Provence, France, gaitan@cmi.univ-mrs.fr



e o is a real valued function in C*(Q),
e o and all its derivatives up to order three are in A(R2) .

Our main result is
le =A%y < C10w(0:9) — 0 (D) |72((0,1)xT+)»

where C'is a positive constant which depends on (Q2,T", T, R1, R2) and where the above norms are weighted
Sobolev norms.
The major novelty of this paper is to give an H' stability estimate for the diffusion coefficient with only
one observation in an unbounded domain.
We prove an adapted global Carleman estimate and an energy estimate for the operator H with a
boundary term on I't. Such energy estimate has been proved in [23] for the Schrodinger operator in a
bounded domain in order to obtain a controllability result. Then using these estimates and following
the method developed by Imanuvilov, Isakov and Yamamoto for the Lamé system in [16], [17], we
give a stability and uniqueness result for the diffusion coefficient c(z,y). Note that this stability result
corresponds to a stability result for three linked coefficients (¢, 9y¢ and dyc) with only one observation.
For independent coefficients, in our knowledge, there is no stability result with one observation.
The method of Carleman estimates was introduced in the field of inverse problems in the works of
Bukhgeim and Klibanov (see [1], [3], [19], [20]). The first stability result for a multidimensional inverse
problem (for a hyperbolic equation) was obtained by Puel and Yamamoto [24] using a modification of
the idea of [3].
For the non stationnary Schrodinger equation, [2] gives a stability result for the potential in a bounded
domain. For the stationnary Schrodinger equation, we can cite recent results concerning uniqueness for
the potential from partial Cauchy data (see for exemple [18] and the references herein).
In unbounded domains Carleman estimate with an internal observation has been proved for the heat
equation in [6].
A physical background could be the characterization of the diffusion coefficient for a strip in geophysics.
Indeed if we look for time harmonic solutions of (1.1), the problem can be written, after some changes
of variables as the reconstruction of a non local potential P in a strip for the operator —A + P. Few
results for inverse problems exist in a two-dimensional strip (see [9]). For the layer R" X [0, h] with n > 2,
several results exist for the stationnary inverse problems (see [5], [10], [8], [13], [15], [25], ...).
On the other hand, we can link our problem to the determination of the curvature function for a curved
quantum guide (see [12], [7], [11], ...).
This paper is organized as follows. In section 2, we give an adapted global Carleman estimate for the
operator H. In section 3, we prove an energy estimate and we give a stability result for the diffusion
coefficient c.

2 Global Carleman Estimate

Let ¢ = ¢(z,y) be a bounded positive function in C*(Q) such that
Assumption 2.1. ¢(z,y) € A(R1), ¢ and all its derivatives up to order three are in A(Rz).
Let ¢ = g(x, y,t) be a function equals to zero on 90 x (=T, T') and solution of the Schrédinger equation

i0eq + V- (c(z,y)Vq) = f.

We prove here a global Carleman-type estimate for ¢ with a single observation acting on a part I'" of the
boundary T in the right-hand side of the estimate. Let 3 be a C*(Q) positive function such that there
exists positive constant Cp. which satisfies

Assumption 2.2. ° |V,§| € A(R1), (9u,§ <0 on I'",
. B and all its derivatives up to order four are in A(Rz).
o 2R(D?B(¢,C)) — eVe- VBICI +2¢* VB - ¢* = Cpel([?, for all ¢ € C

where

D2B= car(cax@ Caw(cayr@ )
cOy(c0:0) cOy(cdyP)



Note that the last assertion of Assumption 2.2 expresses the pseudo-convexity condition for the function

(3. This Assumption imposes restrictive conditions for the choice of the functions ¢(z,y) in connection
with the function 5. Note that there exists functions satisfying such Assumptions; indeed, if we consider

— £ 8, f0,8> 10 >0
c(z,y) € {f € C*(Q); 3o positive constant’{ S 0yf 9y 2 0 >0, }

F 0y f0,B((525)% + 1) + 2179y, B + (9,8)%) > 10 > 0.

then a function B(z,y) = B(y) is available (for example, c(z,y) = (ﬁ +1)e™Y and B(z,y) = e¥).
Similar restrictive conditions have been highlighted for the hyperbolic case in [21], [22] and for the
Schrodinger operator in [14]

Then, we define 8 = 8+ K with K = m||3||cc and m > 1. For A > 0 and t € (=T, T), we define the
following weight functions

eM(@,y) 2 K _ AB(z,y)
(2.1) o(x,y,t) = [(EDIGED) n(z,y,t) = THOT =)
Let H be the operator defined by
(2.2) Hq:=idq+ V- (c(z,y)Vq) in Q=Qx (=T,T).

We set ¢ = e *"q, My = e *"H(e*"9) for s > 0 and we introduce the following operators

(2.3) Mytp == idu)p + V - (V) + s°c|Vn|*1p,

(2.4) Mot := isOenp 4+ 2¢sVn - Vi 4+ sV - (¢Vn)i.

Then the following result holds.

Theorem 2.3. Let H, M1, M be the operators defined respectively by (2.2), (2.3), (2.4). We assume
that Assumptions 2.1 and 2.2 are satisfied. Then there exist Ao > 0, so > 0 and a positive constant
C=C(Q,T,T,Cpe, R1, R2) such that, for any X > Ao and any s > so, the next inequality holds:

T T
@5) SN[ [ de g dirsn [ B o0aR de dy et 30
—TJQ T JQ
T T
+HMz(e™"q)[726) < C {SA/ /+ e 20|0,q|* 0.8 do dt+/ / e 2 |Hq|? da dy dt| ,
—-T7Jr —-T JQ

for all q satisfying Hq € L*(Q x (=T, T)), q € L*(-T,T; H}(Q)), d.q € L*(-T,T; L*(T)).
Proof. If we set ¢ = e~ *"¢q, we calculate M1 = e~ *"H (e*"1) and we obtain:
My = My + Moty

with M; and M; defined respectively by (2.3) and (2.4). Then

T T T
(2.6) / / |My|dz dy dt = / / |Myop|*dz dy dt +/ / |Maop|*dz dy dt
JorJa -1 Ja —-rJa

T
+ zm(lT/(ledex dy dt),

where Z is the conjugate of z, R (z) its real part and & (z) its imaginary part. We have to compute the
scalar product in (2.6)

T
%(/ / Ml’lb M21/) dI dy dt) = I11/ + 112/ + I13/ + 121/ + 122/ + 123’ + I31' + 132’ + -[33’-
—T JQ



Then, we have

T T
(27) Ly =R ([TA(Zatw)(—lsatﬂ J) dx dy dt) = —% /7T‘/Qattn Id)|2 dx dy dt.

T
Ly = R (225/ / c 0V - V) dx dy dt)
-rJo

T d T
= 53(/ /cVn~V1/)8tEdmdydt)—si‘s(/ /cvn-vﬂatwdxdydt).
J-—T JQ —T JQ

After an integration by parts with respect to the space variable in the first integral and to the time
variable in the second integral, we obtain

T T
(2.8)12r = —s3 ([T /Q V- (cVn) ¥ 0 dx dy dt) + s ([T/g]cw V(9m) - Vi dx dy dt) .

T
(2.9) Ly = s (/ / V- (cVn) ¥ 0t dx dy dt) .
-t Ja
Note that I;3, vanishes with the first term of I1o/.
T —
R (—zs/ / O Y V- (cVp)dz dy dt)
-TrJa

T
PR ([TAcw V(0n) - Vi dx dy dt).

Using integrations by parts, we obtain

(2.10) Loy

T J—
(2.11) Iyr = 2sR (/ / cV - (eVY)Vn - Vip)dz dy dt)
_rJa
TT
_ —SA/ / CIVHIE(V - (PVB) + AE|VA) da dy dt
—T JQ

T T
+ 5/ / 9, |0,|* do dt + 25,\2/ / o’ |V 3 - V| Pdx dy dt
—T Jon =T JQ

T 2
+  2sAR </ / pc Z Bzi(caz_jﬂ) Oz, Y 8%.@ dx dy dt)
-TtJa

i,j=1

T
= —s)\/ /<p|v¢|2(v-(c2v5)+Ac2|vm2) dx dy dt
—-TJQ
T T
- s)\/ / o 8,8 0,97 do dt+23/\2/ /ch\Vﬁ~V¢|2dm’ dy dt
—T JaQ -TJQ

+ 25AR (/T/goD?ﬁ(w,vE) dz dy dt).
—T JQ



Using integration by parts, we obtain
T —_
(2.12) I3y = sk (/ / V- (eVY) V- (cVn) ¢ dx dy dt)
—T JQ
T
- SA/ /cnp VAV - (eVB) + AV da dy dt
- SAQ/ /Q OV - (Y - (VB)VB)) ¢ dz dy dt
3
- / /soclvm V- (eVB)|¢|Pde dy dt
4
- / [ 9B oo dy di - —/ [ ov - @waEvaPar ay a
- %[T/gzwcvﬂ~V(V- (eVB) + Ac| VB [¢|*dz dy dt

s [" . . -
2 /4/9“‘” (V(V - (V) + A VBI*)) ¢l dz dy dt.

And we obviously have

T
(2.14) Isy = 25°% (/ / Iy V- Vi dx dy dt)
-t Ja
T
= 83/ /02|V77|2V77~V|1M2 dr dy dt
-t Ja
33 [ 3 2 2 2
N / /cgo (IVBI2V - (cVB) + VB - V([ VBI?) [¢2de dy dt
-t Ja

T
+ 353,\4/ /62¢3|Vﬁ\4\w\2dx dy dt.
—T JQ

T —
(2.15) Iy = §°R (/ /Qc |Vn|*yV - (V)Y dx dy dt)
-7
T
_ 333 3 29 2
= —s°A /_T/Qcap VBV - (¢VB)|¢| dx dy dt

T
= 53)\4/ /c2<p3|vm4\zp\2dx dy dt.
—T JQ

So, by (2.7)-(2.15), we get :

%([iLlemdxdydt)

T
25)\2/ /¢02|Vﬁ~vw|2dag dy dt
T JQ
T
- s>\/ /g&ch-Vﬂ|V¢|2d:p dy dt
T JQ
T p—
+  25AR ( / / ©D?*B(V1, V) dx dy dt)
—T JQ
T
+ 233)\4/ /02¢3\Vﬂ|4|1/)|2dx dy dt
—T JQ

T
_ s)\/ / 9d, 39,9 do dt + X,
—T JoQ



where
X = ;S/T/atm W2 da dy dt+2s<5/T/c¢V(am)-vm dy dt
- / [V (0 (TBTB Il dy
- ”3 / [ elTBEY @Vl do dy de
- S”/ [ 1081 s dy dtff/ [ eV (@IVBEVA) s dy dt
- SAQ/ /apcVﬁ V(V - (¢V8) + | VB2 [2dz dy dt
- —/ /cpv (eV(V - (V) + Ae| VB |[¢|*da dy dt
+ A /7T/ng3cVﬂ-V(c|Vﬂ\2)\w\2da: dy dt.
Recall that:

IMP726) = IMivll72 5y + 1M29ll72 5, + 2R(M19h, Mat)).
Then :

T
(2.16) IM1%[|72 5, + [ M23]|72 ) + 4sA? [ i /Q @c®|VB - V| dz dy dt
T - T
+4sAR (/ / ©D?B(Vip, Vib)dx dy dt) —2sA / / @ ¢ Ve VB|Vy|Pde dy dt
J-_T JQ J-T JQ

T T
+453)\4/ / CO°\VB ¢ Pde dy dt — 25,\/ / 0, BlOuY* do dt < | M7z q) + 21X
—TJQ —T JoQ

Taking into account
o [Bl+IVB|+[V(V- (VB + V- (V(V-(cVA)| < C(AT,T,R) in Q,
o 0unl S C(T)¢%, 0wl < C(T)¢*, ¢ <C(T)¢°, ¢* <C(T)¢°

T T
3 Ry . )
so([TAcwv(atn) Vipdr dy dt)| < C(T)sA[TAc¢\vg Vip|2dz dy dt

T
T)s/\/ / c® [V da dy dt,
-1 Jo

where C(Q, I, T, R2) is a positive constant depending upon Q,T", T, Ry and C(T) is a positive constant
depending upon T. Therefore we obtain the following estimation for X:

T T
|X| < C(Q,T, T, R2) [(s)\4 + 33)\3)/ / O Y|P de dy dt + sA/ / VB - V| da dy dt| .
—-T JQ T JQ

The two terms of the previous estimate of | X| are neglectable with respect to

T T
st [ [ vl dy de or 3 [ v vlds dy e,
-rJa —TJQ

for s and A sufficiently large. Using Assumption 2.2, we have

T o T
4sAR (/ / ©D?B(V1, V) dz dy dt) - 25,\/ / @ ¢ Ve VBV de dy dt
—TJQ T JQ



T T
+43A2/ / o’ |V B - VpPde dy dt > Cpcs)\/ / |V’ dx dy dt,
—TJQ —-T JQ

so (2.16) becomes

T
M35, + 1 M2]1 725, +4s3)\4/T/chgo3|VB\4\w\2da: dy dt

T T
+s)\/ / | VYPdr dy dt < 23)\/ / 0, Bl0u[* do dt + [|M[|72 -
—TJQ —T JoQ

Recall that 9,8 < 0 on I'", ¢(z,y) € A(R1) N A(R2), |VG| € A(R1) and ¢ = e °"q, then the proof is
complete.

O

3 Inverse Problem

In this section, we establish a stability inequality and deduce a uniqueness result for the coefficient c.
The Carleman estimate (2.5) proved in section 2 will be the key ingredient in the proof of such a stability
estimate.

Let g be solution of

i10:q+V-(cVg) =0 in Qx(0,7),
(3.1) q(z,y,t) = b(z,y,t) on 9I2x(0,T),
q(z,y,0) = qo(z,y) in Q,
and ¢ be solution of
10:q+V-(cVg) =0 in Qx(0,7),
(3.2) q(z,y,t) = b(z,y,t) on 9N x (0,T),
q(z,y,0) =qo(z,y) n Q,
where ¢ and ¢ both satisfy Assumption 2.1. If we set u = ¢ — ¢, v = Oyu and v = ¢ — ¢, then u and v

satisfy respectively

WOu+V-(cVu)=V-(7Vg) in Qx(0,T),
(3.3) u(z,y,t) =0 on 09 x (0,7),
u(z,y,0) =0 in Q,

0w+ V- (cVo)=V-(vVog) =f in Qx(0,7),
(3.4) v(z,y,t) =0 on 90 x(0,7),

v(z,y,0) = $V - (YVqo) in Q.
Assumption 3.1. qo is a real valued function in C3(Q)

We extend the function v on Q x (=7, T) by the formula v(zx,y,t) = —v(z,y, —t) for every (z,y,t) €
Q x (—T,0). Note that this extension is available if the initial data is a real valued function. For a pure
imaginary initial data, the right extension is v(z,y,t) = v(x,y, —t). Note that these extensions satisfy
the previous Carleman estimate.

3.1 Energy Estimate
We assume throughout this section that v € Hg (). We introduce

(35)  E(t)= / e 2@V gz, y, 1) [Pde dy + / o (@, y,t) e 2TV |9, Vu(x, y, t)Pd dy.
Q Q

In this section, we will give an estimation of E(0).



First Step: We first give an estimation of [, e~ 2@ V09,0 (x, y, 0)|2dz dy.
We set ¢ = e”*Tv. With the operator

(3.6) My = i0p + V - (V) + 5°|Vn|*,

I:zs(/_OT/Qledx dy dt>.

Assumption 3.2. 9:q, V(0:q), A(0:q) are in A(Rz2).

We have the following estimate

we introduce, following [2],

Lemma 3.3. We assume that Assumption 3.2 is satisfied. Then there exists a positive constant C =
C(Q,T,T, R1, R2) such that for any X > Xo and s > so, we have

7 = /6725"(z’y’0)|8tu(m,y,0)|2 dz dy
Q
and

7 < s [ O (o Vo) da dy

Q
T
+Cs_1/2)\_1/ / e > 8,6 |0,v)° do dt.
T Jrt+
Proof. In a first step, we calculate Z

7z

0 . . B , . B
2 (/ / (10e) Y + V- (V) ¥ + 5° |V ¥) da dy dt)
—T JQ

2%(/71/98t1/)@d1’dydt)
/i/ﬁatmﬁ dr dy dt

/ 1Y (x,y,0)|° dz dy
Q

_ / e—QSW(x’y’O)|v($,y70)|2 dz dy.
Q

So, we have
7= / e 21@v015,u(z,y,0)|* dz dy.
Q

In a second step, we estimate Z. Using Young inequality we can write

T 3 T z
2 (/ / |Myp|* da dy dt) (/ / e *ol? dx dy dt)
—TJa —T JQ

T
C’(T)sfg)f2 (||M11/1||2L2(@) + 53)\4/ / e 2108 | dx dy dt)
-t Ja

1Z]

IN

IN

with C(T") a positive constant which depends on 7. Then with the Carleman estimate (2.5) proved in
section 2 we have

T T
|Z] < Cs 2272 (SA/ / e 08, B|0nv| do dt+/ / e NV - (VVAG) dx dy dt) ,
—_TJr+ —-TJQ

where C = C(Q,TT, T, R1, R2) is a positive constant. Using Assumption 3.2, since

o= 29M(@yt) < e 25m(@w0) oAl t e (=T,7),



we obtain for s and A sufficiently large the estimate

(3.7) T <0 [ B o [(99) da dy
Q

T
+C s*l/Qxl/ / e >0 8,6 |8,0|? do dt.
—TJ1r+

where C = C(Q,T'", T, Ry, Rs) is a positive constant. O

Second Step: We then give an estimate of [, ¢~ (z,y,0) e 2@ w019, Vu(z,y,0)|?dx dy.
We denote

(3.8) E(t) = / c o @y, t) e 1V | Vo(a, y, 1) da dy,

Q
where ¢! = i. We give an estimate for F(0) in Theorem 3.5. In a first step we prove the following
lemma :

Lemma 3.4. Let v be solution of (3.4) in the following class
ve C(0,T], H (Q)), d,v e L*(0,T, L*(I)).

Then the following identity holds true

-

E(1) — E(r) = —2R (/ /Qe—‘“"f 0 10T dx dy dt)

+R (/ / c e M(—4sA + 220" )0, T VB - Vu da dy dt)
K Q

725/ / ce > 9|Vl da dy dt +/ / ce >3y (™M) | Vul?,
K Q K Q
for f € H{(Q).

Proof. Since v is solution of (3.4) note that 8,0 = if —iV - (cV®). Therefore, we obtain the two following
equalities.

(3.9 §R/ / e 2 ©T10,v dx dy dt = R (—1/ / e f o'V - (¢ V) dz dy dt) ,
K Q K Q

(3.10) R (/ / c e *19,T (—4sh +20p V- Vo dx dy dt)
Jr JQ
=R (z/ / ce f (—4sA+2Xp VB - Vo da dy dt)
K Q
—R (z/ / c e P (—4sA + 229" )V - (¢VD)VS - Vo da dy dt) :
K Q

We multiply the first equation of (3.4) by e~ ¢~ '9,7 and we integrate on (x, 7) x 2, where [, 7] C [0, T].
So, if we consider the real part of the obtained equality, we have

0=R (2/ / e 2 o 9w|? dx dy dt> =R (/ / e f o '8,v da dy dt>
K Q K Q

—R (/ / e > 'V - (eV)8T da dy dt) .
K Q

Then by integration by parts, we obtain

0=N (/ / e o, da dy dt> + R (/ / Vo - V(e * ¢ '0,7) dx dy dt)
K Q K Q



0=R </ / e 2 f o '8, da dy dt) — 2sR (/ / co e 9wV - Vi dx dy dt)
K Q K Q

—A\R (/ / ce 2 gp‘latEVU - VB dzx dy dt) + R (/ / c e 2m ga_le -V (0:) dx dy dt) )
K Q o a
Note that

E(r) — E(k) = / / ¢ 8 (e > o |\ Vul?) dx dy dt.
QJk

Therefore we have

0=%R (/ / e 2 f ©T1,5 dx dy dt) — 2s%R (/ / c o e 9TV - Vi da dy dt)
K Q K Q

—AR (/ / ce " 9TV - VB dx dy dt) + %E(T) — %E(n)
K Q

+s /T/Qc e o 1o |Vl dz dy dt — %/ ce 29, (o M) |Vo|* dzx dy dt,
and the proof of Ijemma 3.4 is complete. " O
Theorem 3.5. Let v be solution of (3.4) in the following class
ve C(0,T), H (Q)), d,v € L*(0,T, L*(I)).

We assume that Assumptions 2.1 and 2.2 are checked. Then there exists a positive constant
C=C(Q,T,T,R1, R2) > 0 such that

T
(3.11) E(0)<C {3%2/ / e > 8,6 |0,v]* do dt+s/\// 6*28"|f\2]
-7 Jr+ Q

for s and \ sufficiently large.

Proof. We apply Lemma 3.4 with xk =0 and 7 = T. Since E(T) = 0, we obtain
T T

E(0) = 2% (/ / e o 0,T da dy dt) -R (/ / c e (—4sA 4 20p )0 VB - Vo dx dy dt)
0o Ja 0o Ja

T T
+2s/ /Qc e T 0| V| da dy dt —/ /ch_%"at(go_IHVUF.
0 0

We give now estimates of the four integrals in the previous equality.

First integral: B := 2® (fOT Joe o7 f 0 dx dy dt).
Using (3.9), we have :

T T
(3.12) B =2R (/ / e o f 8,0 da dy dt) =R (/ / e > f 8,0 dx dy dt)
0 Q 0 Q

T
+R (—z/ / e > f V- (c VT) dx dy dt) .
0o Ja
Recall that if we set ¢ = e *7v, then M) = e °*"H (e’") = M1y + Mot for s > 0 with
Mytp == idup + V - (V) + s°c|Vn|*1p,

Mot := isOsmp 4+ 2¢sVn - Vi 4+ sV - (¢Vn)i.
So (3.12) becomes

T T
B =2R (/ / e o7 8,0 dx dy dt) =R (/ / e T f €5 (30 + Optp) da dy dt)
0 Q 0 Q
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T
+R (—2/ / e 2T (s - (V) 4 ¢ $2 VNP 4+ 2¢ s Vi - Vi + V - (¢VY)) da dy dt)
o Ja
T — p—
=R (_1/ / e 2o f (i + V - (¢VY)) da dy dt)
o Jao
T J—
+R </ / e 2o f e (s8m — i sV - (¢Vn) —i ¢ s°|Vn|*) da dy dt>
o Jao
T J—
+%R (72/ / e Mo €12 s V- VY da dy dt)
o Ja

Note that - - - B
i0:0 + V - (cV) = Myip — s°c|Vn|*9p.

Then, we obtain

T
B=%R (—1/ / e 2 (M — $2¢|Vn|*Y) da dy dt)
o Ja

T
+R </ / e 2o f e (s8m — i sV - (¢Vn) —i ¢ 87| Vn|*) da dy dt>
o Jo

T
+%R (—z/ / e XM M2 s V- Vi dz dy dt) .
o Ja

If we come back to the function v, the previous equality becomes :

T
B=% <—z/ / (fe *1p ' My (e™*"%) — s*c|Vn|?e >0~ ' f T) da dy dt)
o Ja

T
+R </ / e > f (89 — i sV - (V) 4 i ¢ 87| Vn|*)T da dy dt>
o Jo

T
+R (—z/ / e >~ f 2¢ s V- VT da dy dt) .
0o Ja
Then there exists a positive constant C' = C'(2,T', T, R1, R2) such that:

T
(3.13) |/ / e M f 8,0 da dy dt| < C {sx// e 2 f|? dx dy dt + || M1(e*"D)||72 (0
0 Q Q

+33)\4// e > QPw]? dz dy dt+s)\// e > |\Vo|? dx dy dt} .
Q Q

Second integral: D :=R (fOT Joc (—4sh+2x 07 ") e (1 + ¢ 1o VB - Vv dz dy dt) .
We denote by p := —4s\ 4+ 2o~ *. Using (3.10), we have

T T
2D =R (/ / c e Mpaw VB - Vo d dy dt> + R (z/ / ce N pVB - Vo da dy dt)
o Ja o Ja

T
—R (2/ / ce MV - (eVT)VE - Vo dz dy dt) :
0 Q

If we introduce ¢ = e~ v, we get:

T T
2D =% (/ / ce” > pVv - VB(s0:me’" ) + ;1) dx dy dt) +R (z/ / ce” "V V3 F dz dy dt)
o Ja o Ja

T
—R (z/ / ce >V - VB[s*cp|Vn|2e™ + 25ce® Vi - Vi + se* TPV - (cVn) + €*7V - (CVE)]) .
o Jo

11



Therefore
T B B T B
2D =R (—z/ / ce MpVv - VB[M1y + Mat)] dx dy dt) + R (z/ / ce” M pVu - VB T da dy dt) .
0o Jo 0o Ja
Thus there exists a positive constant C = C(Q, ', T, R1, R2) such that

(3.14) 2D| < C {s)\//QHMﬂe_S"E)F + [ Ma(e™""0)|?) da dy dt

+S/\// e 2| Vol? +s)\// e 2 f1? da dy dt} .
Q Q
Two last integrals:

There exists a positive constant C' = C(Q2,T", T, Rz) such that

T
(3.15) |/ / ce” >0 (o ™ )| Vol? dz dy dt| < C’// e *"|\Vo|? dx dy dt,
0o Ja J Ja
and
T
(3.16) |s/ / cdme > | Vo|? dz dy dt| < C s// e 2 NVo|* dx dy dt.
0o Ja Q

Using now the Carleman estimate of Theorem 2.3 and Lemma 3.4, from (3.9)-(3.12), we deduce the
existence of a positive constant C' = C(Q, T, T, R1, R2) such that:

T
E(0)<C {52%/ /+ e v 8,3 |8, do dt+s)\// e 2 1 da dy dt| ,
-7 JT Q

and the proof is complete. O

3.2 Stability Estimate

Now following an idea developed in [16] for Lamé system in bounded domains, we give an underestimate
for E(0). We adapt the proof of lemma 3.2 of [16] to an unbounded domain.

Assumption 3.6. e qo and all its derivatives up to order three are in A(R2)
e |V3-Vaqo| € A(R1)

Lemma 3.7. We consider the first order partial differential operator

(Pog)(z,y) = 02q0(%,y)0xg(x,y) + Oy(w,y)0yg(z,y), Pog := Vqo - Vg

where qo satisfies Assumptions 3.1, 8.6. Then there exist positive constants \1 > 0, s1 > 0 and C =
C(Q,T, T, R1, R2) such that for all A\ > X1 and s > s1

22 / o € M |gl2 di dy < C / o5t e = |Pogl? de dy
Q Q

with no(z,y) :=n(z,y,0), ¢o(z,y) := ¢(z,y,0) and for g € Hy(L).

Proof. Let g € H (). We denote by w = e~ *"0g with no := n(z,y,0) and Qow = e~ Py(e*™w), so
we get Qow = swPyno + Pow. Therefore, we have:

[ o5t Qow Qo dody=5* [ 95" [wl* [Ponl? do dy + [ 5 1Pl de dy
Q Q Q
+2sR (/ vt w Pomo Pow dx dy)
Q
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= 52)\2/ wo |w|*(Vqo - VB)? dz dy +/ 0ot |Powl|? da dy — s)\/ Vao - VB Vo - V(jw|?) dz dy.
Q Q Q

So, integrating by parts, we obtain

/ apgl Qow Qow dx dy = 32/\2/ ©®o |w|2(Vq0 . Vﬁ)2 dzx dy +/ gogl \Pow\z dzx dy
Q Q Q

+3A/ V- (Vo - VBVaqo)|w|* dz dy.
Q

Thus
st e mlpglt dody = P [ g0 [V5-SaolPe gl da dy+sh | V-(Pos Tan)e g d dy.
Q Q Q

Using Assumptions 3.1 and 3.6, we can conclude for s and A sufficiently large. O

Then, we deduce the following result.

Lemma 3.8. Let u be solution of (8.4). We assume that Assumptions 2.2, 8.1 and 3.6 are satisfied.
Then there exists a positive constant C = C(Q,T,T, R1, R2) such that for s and X\ sufficiently large, the
two following estimates hold true

(3.17) 52)\2/ o e |y|? dx dy < C/ w5 b e 00z, y, 0)|* dx dy,
Q Q

(3.18) s*\? / e H|VA* dx dy < C / po ' e (IV(Oeu(z,y,0)* + [71*) da dy,
Q Q

for v € H3 ().

Proof. We apply Lemma 3.7 to the first order partial differential equations satisfied by
e v given by the initial condition in (3.4)

P()’y = 61(]081’}/ + ayQan’Y = i&tu(x, Y, 0) - ’VAq07
e 9,7 given by the z-derivative of the initial condition in (3.4)

PoOzy 1= 02q00:(027) + 9yq00y(027)
= iat(aacu(x: Y, 0)) - 8$7(Aq0 + 8ac:c<10) — OyYO0zyqo — ’Ya:c(AQO)a

e 0,7 given by the y-derivative of the initial condition in (3.4)

Py0yy = 02900 (81/7) + ayqoay(ay’Y)
= i0:(9yu(z,y,0)) — 0yy(Ago + Oyyqo) — OxYOuyqo — YOy (Aqo).

Then using Lemma 3.7 and Assumptions 3.1, 3.6, the proof of Lemma 3.8 is complete. O

Theorem 3.9. Let q and ¢ be solutions of (3.1) and (3.2) such that ¢ — ¢ € HG(Q). We assume
that Assumptions 2.1, 2.2, 3.2, 8.1 and 3.6 are satisfied. Then there exists a positive constant C =
C(Q,T, T, R1, R2) such that for s and X sufficiently large,

T
/ wo e M (lc— ¢+ |V(c— o)) dx dy < C/ / © e >89, |0,(8:q — 8:9)|° do dt.
Q —7Jr+
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Proof. Adding (3.17) and (3.18) we obtain using the estimate (3.7) for |Z| and the energy estimate (3.11)
for E(0)

52)\2/ ©o e 280 (\V*y|2 + |’y|2) dr dy < C/ 9031 e =280 (|V(8tu(x,y, O))|2 + |Ou(z, y, O)\z) dx dy
Q Q
< C(|Z| + E(0))

T
< 0573/2)\72/ e 20|y ]2 + |VA|°) dz dy + 0571/2)\71/ /+ e > 9,8 |8,0|? do dt
Q —rJr

T
+Cs2/\2/ / e > 9,8 |8,0)° do dt + C’s)\// e 2|12
-7 JIr+ Q

So we get

T
82)\2/ @o €72 (|V'y|2 + |fy|2) dx dy < 052)\2/ / e > » 9,8 |0,v|? do dt
Q —TJr+

-‘rCSA// e |V - (vV9)|? dx dy dt
Q

T
< 082)\2/ / e > 0 8,3 |0,v|? do dt + cs,\// e (IVA)? + 717 dz dy dt.
-TJr+ Q
Then, for s and A sufficiently large, the theorem is proved. O

Remark 3.10. This result is also available for the heat equation in bounded or unbounded domains.

Note that all the previous results proved in R x (—%,2) are available in R™ x (=%, %) for n > 2 if we

)
adapt the reqularity properties of the initial and boundary conditions.
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