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Abstract

A central limit theorem for bilinear forms of the type a*C’N(p)_lb, where a,b €
C" are unit norm deterministic vectors and C’N(p) a robust-shrinkage estima-
tor of scatter parametrized by p and built upon n independent elliptical vector
observations, is presented. The fluctuations of a*Cy(p)~'b are found to be of
order N=2 and to be the same as those of a*Sy(p) b for Sy (p) a matrix of a
theoretical tractable form. This result is exploited in a classical signal detection
problem to provide an improved detector which is both robust to elliptical data
observations (e.g., impulsive noise) and optimized across the shrinkage param-
eter p.

Keywords: random matrix theory, robust estimation, central limit theorem,
GLRT.

1. Introduction

As an aftermath of the growing interest for large dimensional data analy-
sis in machine learning, in a recent series of articles (Couillet et al., 2013a,b;
Couillet and McKay, 2013; Zhang et al., 2014; El Karoui, 2013), several esti-
mators from the field of robust statistics (dating back to the seventies) started
to be explored under the assumption of commensurably large sample (n) and
population (N) dimensions. Robust estimators were originally designed to turn
classical estimators into outlier- and impulsive noise-resilient estimators, which
is of considerable importance in the recent big data paradigm. Among these
estimation methods, robust regression was studied in (El Karoui, 2013) which
reveals that, in the large IV, n regime, the difference in norm between estimated
and true regression vectors (of size V) tends almost surely to a positive constant
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which depends on the nature of the data and of the robust regressor. In parallel,
and of more interest to the present work, (Couillet et al., 2013a,b; Couillet and
McKay, 2013; Zhang et al., 2014) studied the limiting behavior of several classes
of robust estimators Cy of scatter (or covariance) matrices Cy based on inde-
pendent zero-mean elliptical observations x1,...,z, € CV. Precisely, (Couillet
et al., 2013a) shows that, letting N/n < 1 and Cy be the (almost sure) unique
solution to

n

. 1 1 A *
Cy = - Zu (in Clei> TiT;

=1

under some appropriate conditions over the nonnegative function u (correspond-
ing to Maronna’s M-estimator (Maronna, 1976)), ||Cx — Sy || 22 0 in spec-
tral norm as N,n — oo with N/n — ¢ € (0,1), where Sy follows a stan-
dard random matrix model (such as studied in (Silverstein and Choi, 1995;
Couillet and Hachem, 2013)). In (Zhang et al., 2014), the important scenario
where u(z) = 1/z (referred to as Tyler’s M-estimator) is treated. It is in par-
ticular shown for this model that for identity scatter matrices the spectrum
of Cn converges weakly to the Marcenko—Pastur law (Maréenko and Pastur,
1967) in the large N,n regime. Finally, for N/n — ¢ € (0,00), (Couillet and
McKay, 2013) studied yet another robust estimation model defined, for each
p € (max{0,1 —n/N},1], by Cx = Cn(p), unique solution to

A 1 < TxF
Cnlp) =~ 3 2Ty, (1)
w2 Fw0x o

This estimator, proposed in (Pascal et al., 2013), corresponds to a hybrid robust-
shrinkage estimator reminding Tyler’s M-estimator of scale (Tyler, 1987) and
Ledoit—Wolf’s shrinkage estimator (Ledoit and Wolf, 2004). This estimator is
particularly suited to scenarios where N/n is not small, for which other esti-
mators are badly conditioned if not undefined. For this model, it is shown in
(Couillet and McKay, 2013) that sup, 1Cxn () = Sn(p)]] 22 0 where Sy (p) also
follows a classical random matrix model.

The aforementioned approximations Sy of the estimators C ~, the structure
of which is well understood (as opposed to Cy which is only defined implicitly),
allow for both a good apprehension of the limiting behavior of Cy and more
importantly for a better usage of Cy as an appropriate substitute for sample
covariance matrices in various estimation problems in the large N,n regime.
The convergence in norm ||é' N~ SNH 2% 0 is indeed sufficient in many cases to
produce new consistent estimation methods based on Cy by simply replacing
Cy by Sy in the problem defining equations. For example, the results of (Couil-
let et al., 2013b) led to the introduction of novel consistent estimators based
on functionals of Cy (of the Maronna type) for power and direction-of-arrival
estimation in array processing in the presence of impulsive noise or rare outliers
(Couillet, 2014). Similarly, in (Couillet and McKay, 2013), empirical methods
were designed to estimate the parameter p which minimizes the expected Frobe-



nius norm tr[(Cn(p) — Cn)?], of interest for various outlier-prone applications
dealing with non-small ratios N/n.!

Nonetheless, when replacing C’N for S ~ in deriving consistent estimates, if
the convergence ||Cy — Sy| = 0 helps in producing novel consistent esti-
mates, this convergence (which comes with no particular speed) is in general
not sufficient to assess the performance of the estimator for large but finite
N, n. Indeed, when second order results such as central limit theorems need be
established, say at rate IV _%, to proceed similarly to the replacement of Cn
by Sy in the analysis, one would ideally demand that ||Cx — Syl = o(N~2);
but such a result, we believe, unfortunately does not hold. This constitutes a
severe limitation in the exploitation of robust estimators as their performance as
well as optimal fine-tuning often rely on second order performance. Concretely,
for practical purposes in the array processing application of (Couillet, 2014),
one may naturally ask which choice of the u function is optimal to minimize
the variance of (consistent) power and angle estimates. This question remains
unanswered to this point for lack of better theoretical results.

The main purpose of the article is twofold. From a technical aspect, taking
the robust shrinkage estimator C'y(p) defined by (1) as an example, we first
show that, although the convergence ||Cn(p) — Sn(p)]| =2 0 (from (Couillet
and McKay, 2013, Theorem 1)) may not be extensible to a rate O(N'7¢), one
has the bilinear form convergence N'~¢a*(Ck (p) — Sk (p))b =2 0 for each
€ >0, each a,b € CV of unit norm, and each k € Z. This result implies that, if
VNa*S% (p)b satisfies a central limit theorem, then so does vV Na*C% (p)b with
the same limiting variance. This result is of fundamental importance to any
statistical application based on such quadratic forms. Our second contribution
is to exploit this result for the specific problem of signal detection in impulsive
noise environments via the generalized likelihood-ratio test, particularly suited
for radar signals detection under elliptical noise (Conte et al., 1995; Pascal
et al., 2013). In this context, we determine the shrinkage parameter p which
minimizes the probability of false detections and provide an empirical consistent
estimate for this parameter, thus improving significantly over traditional sample
covariance matrix-based estimators.

The remainder of the article introduces our main results in Section 2 which
are proved in Section 3. Technical elements of proof are provided in the ap-
pendix.

Notations: In the remainder of the article, we shall denote A\ (X), ..., A, (X)
the real eigenvalues of nxn Hermitian matrices X. The norm notation ||-|| being
considered is the spectral norm for matrices and Euclidean norm for vectors.
The symbol 2 is the complex /—1.

LOther metrics may also be considered as in e.g. (Yang et al., 2014) with p chosen to
minimize the return variance in a portfolio optimization problem.



2. Main Results

Let N,n € N, cxy £ N/n, and p € (max{0,1—cy'},1]. Let also zy,...,x, €
CY be n independent random vectors defined by the following assumptions.

Assumption 1 (Data vectors). Foric {1,...,n}, x; = /T ANw; = \/Ti%,
where

o w; € CN is Gaussian with zero mean and covariance Iy /N, independent
across i;

o ANAY £ Cy € CV*N s such that vy = %Ei\; Ox,(Cy) — V weakly,
limsupy ||Cn| < o0, and % trCy =1;

e 7, > 0 are random or deterministic scalars.

Under Assumption 1, letting 7; = 7;/||w;|| for some 7; independent of w;, z;
belongs to the class of elliptically distributed random vectors. Note that the
normalization %tr Cyn = 1 is not a restricting constraint since the scalars 7;
may absorb any other normalization.

It has been well-established by the robust estimation theory that, even if
the 7; are independent, independent of the w;, and that lim,, % Yoomo=1
a.s., the sample covariance matrix %Z?:l x;x} is in general a poor estimate
for Cn. Robust estimators of scatter were designed for this purpose (Maronna,
1976; Tyler, 1987). In addition, if N/n is non trivial, a linear shrinkage of these
robust estimators against the identity matrix often helps in regularizing the
estimator as established in e.g., (Pascal et al., 2013; Chen et al., 2011). The
robust estimator of scatter considered in this work, which we denote C’N(p), is
defined (originally in (Pascal et al., 2013)) as the unique solution to

2.1. Theoretical Results

The asymptotic behavior of this estimator was studied recently in (Couillet
and McKay, 2013) in the regime where N,n — oo in such a way that ¢y — ¢ €
(0,00). We first recall the important results of this article, which shall lay down
the main concepts and notations of the present work. First define

. 1 1—p 1 &
VO = T pew ; PN

where v (p) is the unique solution to

t
b= / (p)p+ (1 - p)tVN(dt)'



For any x > 0 small, define R, = [k + max{0,1 — ¢~ '},1]. Then, from
(Couillet and McKay, 2013, Theorem 1), as N,n — oo with ey — ¢ € (0, 00),

sup ||Cv(p) — S”N(p)‘ =2 0.

PER,

A careful analysis of the proof of (Couillet and McKay, 2013, Theorem 1)
(which is performed in Section 3) reveals that the above convergence can be
refined as

sup N37¢||C () = Sn(p)| = 0 2)

PER,

for each & > 0. This suggests that (well-behaved) functionals of Cy(p) fluctu-
ating at a slower speed than N —32+¢ for some ¢ > 0 follow the same statistics
as the same functionals with Sy (p) in place of Cy(p). However, this result is
quite weak as most limiting theorems (starting with the classical central limit
theorems for independent scalar variables) deal with fluctuations of order N —2
and sometimes in random matrix theory of order N~!. In our opinion, the
convergence speed (2) cannot be improved to a rate N -3, Nonetheless, thanks
to an averaging effect documented in Section 3, the fluctuation of special forms
of functionals of C’N(p) can be proved to be much slower. Although among
these functionals we could have considered linear functionals of the eigenvalue
distribution of Cy(p), our present concern (driven by more obvious applica-
tions) is rather on bilinear forms of the type a*C% (p)b for some a,b € CN with
lall = bl = 1, & € Z.
Our first main result is the following.

Theorem 1 (Fluctuation of bilinear forms). Let a,b € CV with |la] =
bl = 1. Then, as N,n — oo with ey — ¢ € (0,00), for any ¢ > 0 and
every k € Z,

sup N'7¢ |a*Ck (p)b — a* Sk (p)b| 225 0.
PER

Some comments and remarks are in order. First, we recall that central limit
theorems involving bilinear forms of the type a*S‘f\,(p)b are classical objects
in random matrix theory (see e.g. (Kammoun et al., 2009; Mestre, 2008) for
k = —1), particularly common in signal processing and wireless communica-
tions. These central limit theorems in general show fluctuations at speed N -3,
This indicates, taking ¢ < % in Theorem 1 and using the fact that almost sure
convergence implies weak convergence, that a*é]’f,(p)b exhibits the same fluctu-
ations as a*S’J’i,(p)b, the latter being classical and tractable while the former is
quite intricate at the onset, due to the implicit nature of C’N(p).

Of practical interest to many applications in signal processing is the case
where k = —1. In the next section, we present a classical generalized maximum
likelihood signal detection in impulsive noise, for which we shall characterize
the shrinkage parameter p that meets minimum false alarm rates.



2.2. Application to Signal Detection

In this section, we consider the hypothesis testing scenario by which an N-
sensor array receives a vector y € CV according to the following hypotheses

_ X 7:}(0
y= ap+zx , H;y

in which @ > 0 is some unknown scaling factor constant while p € C¥ is
deterministic and known at the sensor array (which often corresponds to a
steering vector arising from a specific known angle), and x is an impulsive noise
distributed as x; according to Assumption 1. For convenience, we shall take
Ipll = 1.

Under Hy (the null hypothesis), a noisy observation from an impulsive source
is observed while under H; both information and noise are collected at the
array. The objective is to decide on H; versus Hy upon the observation y and
prior pure-noise observations z1, ..., , distributed according to Assumption 1.
When 7, ...,7, and Cy are unknown, the corresponding generalized likelihood
ratio test, derived in (Conte et al., 1995), reads

for some detection threshold I" where
*C‘f—l
\/y*C& (p)y\/p*C& (p)p

More precisely, (Conte et al., 1995) derived the detector T (0) only valid when
n > N. The relaxed detector Tn(p) allows for a better conditioning of the
estimator, in particular for n ~ N. In (Pascal et al., 2013), Tn(p) is used
explicitly in a space-time adaptive processing setting but only simulation results
were provided. Alternative metrics for similar array processing problems involve
the signal-to-noise ratio loss minimization rather than likelihood ratio tests; in
(Abramovich and Besson, 2012; Besson and Abramovich, 2013), the authors
exploit the estimators C’N(p) but restrict themselves to the less tractable finite
dimensional analysis.

Our objective is to characterize the false alarm performance of the detector.
That is, provided Hy is the actual scenario (i.e. y = z), we shall evaluate
P(Tn(p) > T). Since it shall appear that, under 3oy, T (p) =2 0 for every
fixed I' > 0 and every p, by dominated convergence P(Tn(p) > I') — 0 which
does not say much about the actual test performance for large but finite N, n. To
avoid such empty statements, we shall then consider the non-trivial case where
=N _%'y for some fixed v > 0. In this case our objective is to characterize
the false alarm probability

P (TN(p) > ]ﬁ) .



Before providing this result, we need some further reminders from (Couillet
and McKay, 2013). First define

I~ .
Sn(p) = (1 - P)E Zzlzz + pln.
i=1

Then, from (Couillet and McKay, 2013, Lemma 1), for each p € (max{0,1 —
1],

Sn(p A
P = 5ul0)
P A38) T-(-p)c
where
N P
P= 1 1—p

Pt ARm) T=(-pe

Moreover, the mapping p — p is continuously increasing from (max{0,1 —
¢~ 1},1] onto (0,1].

From classical random matrix considerations (see e.g. (Silverstein and Bai,
1995)), letting Z = [z1,...,2,] € CV*" the empirical spectral distribution?
of (1 — p)2Z*Z almost surely admits a weak limit p. The Stieltjes transform
m(z) £ [(t —2) " u(dt) of u at z € C\ Supp(p) is the unique complex solution
with positive (resp. negative) imaginary part if $[z] > 0 (resp. S[z] < 0) and
unique real positive solution if I[z] = 0 and R[z] < 0 to

m(z) = <Z+c / — (<11_ p”%z)mdt))_l.

We denote m/(z) the derivative of m(z) with respect to z (recall that the Stieltjes
transform of a positively supported measure is analytic, hence continuously
differentiable, away from the support of the measure).

With these definitions in place and with the help of Theorem 1, we are now
ready to introduce the main result of this section.

Theorem 2 (Asymptotic detector performance). Under hypothesis Hy, as
N,n — oo with cy — ¢ € (0,00),

P (Tt > ) e (‘20%2@))‘ -0

where p — p is the aforementioned mapping and

1 p*CnQ% (p)p
2p*Qn(p)p - % tr CnQn(p) - (1= c(1 = p)2m(—p)2+ tr C3Q% (p))

with Qn (p) £ (In + (1 = p)ym(—p)Cn)~".

sup
pERK

on(p) &

2That is the normalized counting measure of the eigenvalues.



Otherwise stated, VN Tn(p) is uniformly well approximated by a Rayleigh dis-
tributed random variable Ry (p) with parameter oy (p). Simulation results are
provided in Figure 1 and Figure 2 which corroborate the results of Theorem 2
for N = 20 and N = 100, respectively (for a single value of p though). Com-
paratively, it is observed, as one would expect, that larger values for N induce
improved approximations in the tails of the approximating distribution.

1 .
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Figure 1: Histogram distribution function of the VNTn(p) versus Ry(p), N = 20, p =
N=2[1,..., 1T, [Cnlij = 0.71779], ey = 1/2, p=0.2.
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Figure 2: Histogram distribution function of the v NTx(p) versus Ry (p), N = 100, p =
N72[1,..., 1T, [Cnlij = 0.71779], ey = 1/2, p=0.2.

The result of Theorem 2 provides an analytical characterization of the per-
formance of the GLRT for each p which suggests in particular the existence
of values for p which minimize the false alarm probability for given . Note
in passing that, independently of «, minimizing the false alarm rate is asymp-
totically equivalent to minimizing o%(p) over p. However, the expression of

o3 (p) depends on the covariance matrix Cy which is unknown to the array and

therefore does not allow for an immediate online choice of an appropriate p- To
tackle this problem, the following proposition provides a consistent estimate for

02 (p) based on Cn(p) and p.



Proposition 1 (Empirical performance estimation). Forp € (max{0,1—
cy' 1) and p defined as above, let 6%(p) be given by

ox(p) =

N =

(1-c+epk rCH o) % trCn(p)) (1- o rCR(0) - % trCn(p))
Also let 63,(1) £ lim,11 63 (p). Then we have

sup |o(p) — 3% (p)| = 0.
PER,

Since both the estimation of 0%;(p) in Proposition 1 and the convergence in

Theorem 2 are uniform over p € R,;, we have the following result.

Corollary 1 (Empirical performance optimum). Let &JQV(B) be defined as
in Proposition 1 and define p} as any value satisfying

P € argmin e {63 (p)}

(this set being in general a singleton). Then, for every v > 0,

P (\/NTN(ﬁ}‘V) > 7) ~ inf {P (\/NTN(p) > 'y)} - 0.

This last result states that, for N, n sufficiently large, it is increasingly close-
to-optimal to use the detector T (p%) in order to reach minimal false alarm
probability. A practical graphical confirmation of this fact is provided in Fig-
ure 3 where, in the same scenario as in Figures 1-2, the false alarm rates for
various values of v are depicted. In this figure, the black dots correspond
to the actual values taken by P(v/NTy(p) > 7) empirically obtained out of
10% Monte Carlo simulations. The plain curves are the approximating values
exp(—y/(20n(p))). Finally, the white dots with error bars correspond to the
mean and standard deviations of exp(—v/(26x(p))) for each p, respectively.
It is first interesting to note that the estimates oy (p) are quite accurate, es-
pecially so for N large, with standard deviations sufficiently small to provide
good estimates, already for small N, of the false alarm minimizing p. How-
ever, similar to Figures 1-2, we observe a particularly weak approximation in
the (small) N = 20 setting for large values of v, corresponding to tail events,
while for NV = 100, these values are better recovered. This behavior is obviously
explained by the fact that v = 3 is not small compared to v'N when N = 20.

Nonetheless, from an error rate viewpoint, it is observed that errors of order
1072 are rather well approximated for N = 100. In Figure 4, we consider this
observation in depth by displaying P(Tn(p) > T') and its approximations for
N = 20 and N = 100, for various values of I'. This figures shows that even
errors of order 10™* are well approximated for large N, while only errors of
order 102 can be evaluated for small N.3

3Note that a comparison against alternative algorithms that would use no shrinkage (i.e.,
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Figure 3: False alarm rate P(vNTy(p) > 7), N = 20 (left), N = 100 (right), p =
Nﬁé[l,. . 1}1—, [CN]ij = O.?li_j‘, ey =1/2.
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Figure 4: False alarm rate P(Tn(p) > T) for N = 20 and N = 100, p = Nﬁé[l,...,l]T,
[CN]ij = 0.7'277|, cCN = 1/2.
3. Proof

In this section, we shall successively prove Theorem 1, Theorem 2, Propo-
sition 1, and Corollary 1. Of utmost interest is the proof of Theorem 1 which

by setting p = 0) or that would not implement a robust estimate is not provided here, being
of little relevance. Indeed, a proper selection of ¢y to a large value or Cy with condition
number close to one would provide an arbitrarily large gain of shrinkage-based methods, while
an arbitrarily heavy-tailed choice of the 7; distribution would provide a huge performance gain
for robust methods. It is therefore not possible to compare such methods on fair grounds.

10



shall be the concern of most of the section and of Appendix Appendix A for the
proof of a key lemma.

Before delving into the core of the proofs, let us introduce a few nota-
tions that shall be used throughout the section. First recall from (Couillet
and McKay, 2013) that we can write, for each p € (max{0,1 — cy'}, 1],

éN(p):l— anZL il() +oly

where C(;)(p) = Cv(p) — (1 — p)l%

Now, we define

1—p
ap) = =)
-1
| N 1 1 Zjz;
di(p) = 27CG (D)2 = 2 | alp) = Stpln |z
vt = (kS 2
-1
- 1 1 1 < 225
d; —Sl zi=—z | alp)— e B Zi

Clearly by uniqueness of Cy and by the relation to é’(i) above, di(p),...,dn(p)
are uniquely defined by their n implicit equations. We shall also discard the
parameter p for readability whenever not needed.

8.1. Bilinear form equivalence

In this section, we prove Theorem 1. As shall become clear, the proof unfolds
similarly for each k € Z\ {0} and we can therefore restrict ourselves to a single
value for k. As Theorem 2 relies on kK = —1, for consistency, we take k = —1 from
now on. Thus, our objective is to prove that, for a,b € C with ||a|| = ||b]| =1,
and for any € > 0,

sup N'—¢ 25%0.

PER,

a*Cyt(p)b — a* Sy (p)b

For this, forgetting for some time the index p, first write

11 R
a*Cy'b—a*Sytb = a* Ot [ 2 [} zizt ) S5t 3
< Z N d; N )
= O s BN gy, (4)

nia N

In (Couillet and McKay, 2013), where it is shown that |Cx — S| =2 0 (that
is the spectral norm of the inner parenthesis in (3) vanishes), the core of the

11



proof was to show that maxi<;<y |d; — yn| 250 which, along with the conver-
gence of vy away from zero and the almost sure boundedness of |2 3" | z;27||
for all large N (from e.g. (Bai and Silverstein, 1998)), gives the result. A
thorough inspection of the proof in (Couillet and McKay, 2013) reveals that
maxi<i<n |d; — YN| 2% 0 may be improved into maxj<i<n N%’5|di — | 250
for any € > 0 but that this speed cannot be further improved beyond N 2. The
latter statement is rather intuitive since ~yy is essentially a sharp determinis-
tic approximation for % tr C’;,l while d; is a quadratic form on C'(;.)l; classical
random matrix results involving fluctuations of such quadratic forms, see e.g.
(Kammoun et al., 2009), indeed show that these fluctuations are of order N -3,
As a consequence, max<;<, N1 7¢|d; — yy| and thus N1’5||C'N — S'N|| are not
expected to vanish for small e.

This being said, when it comes to bilinear forms, for which we shall naturally
have N2~¢|a*Cytb — a*Syth| 22 0, seeing the difference in absolute values as
the n-term average (4), one may expect that the fluctuations of d; — vy are suf-
ficiently loosely dependent across ¢ to further increase the speed of convergence
from N2—¢ to N1 (which is the best one could expect from a law of large
numbers aspect if the d; — yn were truly independent). It turns out that this
intuition is correct.

Nonetheless, to proceed with the proof, it shall be quite involved to work
directly with (4) which involves the rather intractable terms d; (as the ran-
dom solutions to an implicit equation). As in (Couillet and McKay, 2013),
our approach will consist in first approximating d; by a much more tractable
quantity. Letting 5 be this approximation is however not good enough this
time since vy — d; is a non-obvious quantity of amplitude O(N ’%) which, due
to intractability, we shall not be able to average across i into a O(N 1) quan-
tity. Thus, we need a refined approximation of d; which we shall take to be d;
defined above. Intuitively, since d; is also a quadratic form closely related to
d;, we expect d; — d; to be of order O(N~1), which we shall indeed observe.
With this approximation in place, d; can be replaced by d; in (4), which now
becomes a more tractable random variable (as it involves no implicit equation)
that fluctuates around vy at the expected O(N 1) speed.

Let us then introduce the variable d; in (3) to obtain

a*CA'X,lb — a*S;,lb = a*C’Nl <Z

£ 4+ &.
We will now show that & = &1(p) and & = &3(p) vanish at the appropriate

speed and uniformly so on R.
Let us first progress in the derivation of & (p) from which we wish to discard

12



the explicit dependence on C'n. We have

=1
=a*Sy! gzn:giiwvz 25| Sth
N n P 7]2\] 179 N
v [ ax (Ji —WN)2 G—1
—a*Sy | = = 27 | Sy b
" <” ; Vardi N

£ €1+ &2 + &

The terms &2 and &3 exhibit products of two terms that are expected to be
of order O(N *%) and which are thus easily handled. As for £;1, it no longer
depends on Cy and is therefore a standard random variable which, although
involved, is technically tractable via standard random matrix methods. In order
to show that N1~ max{|¢12], &3]} =2 0 uniformly in p, we use the following
lemma.

Lemma 1. For any e > 0,

max sup N3~[di(p) — 1w (p)] 22 0
1<i<n PER,.

max sup N2~%|d;(p) — v (p)| = 0.
1<i<n PER,,

Note that, while the first result is a standard, easily established, random matrix
result, the second result is the aforementioned refinement of the core result in
the proof of (Couillet and McKay, 2013, Theorem 1).

PrROOF (PROOF OF LEMMA 1). We start by proving the first identity. From
(Couillet and McKay, 2013, p. 17) (taking w = —yypa~1t), we have, for each
p > 2 and for each 1 < k < n,

B [|du(o) — ()| ] = 0N %)

where the bound does not depend on p > max{0,1—1/c}+~. Let now max{0, 1—
l/e}+K=po <...<prm = 1be aregular sampling of R,; in [/n] intervals.

13



We then have, from Markov inequality and the union bound on n([v/n] + 1)
events, for C' > 0 given,

P max
1<k<n,0<i<[v/n

NE(p) - ()] > € ) < KNt

for some K > 0 only dependent on p and C. From the Borel Cantelli lemma,
we then have maxy, ; [N2¢(dp(pi) — v (pi))| =2 0 as long as —pe +3/2 < —1,
which is obtained for p > 5/(2¢). Using |yn(p) — v (p")| < Klp — p'| for
some constant K and each p,p’ € R, (see (Couillet and McKay, 2013, top of
Section 5.1)) and similarly maxi<g<p |dx(p) — di(p)| < Klp — p'| for all large
n a.s. (obtained by explicitly writing the difference and using the fact that
|z||2/IN is asymptotically bounded almost surely), we get

max sup N2 |d;(p) — n(p)| < max N2%|dy(pi) — v (pi)| + KN~*
1<i<n PER,. ki

a.s. O

The second result relies on revisiting the proof of (Couillet and McKay, 2013,
Theorem 1) incorporating the convergence speed on dy — ~vn. For convenience
and compatibility with similar derivations that appear later in the proof, we
slightly modify the original proof of (Couillet and McKay, 2013, Theorem 1).
We first define f;(p) = d;(p)/vn(p) and relabel the d;(p) in such a way that
filp) < ... < fu(p) (the ordering may then depend on p). Then, we have by
definition of d,,(p) = vn(p) fn(p)

-1
1, 1 2i%]
-1
1, 11 2%

where we used f,,(p) > fi(p) for each i. The above is now equivalent to

n 22w (o)

—1
w(p) < <a<p>12 +fn(p>pzN>

We now make the assumption that there exists 7 > 0 and a sequence {p(™} € R,
such that f,,(p(™) > 1+ N7~z infinitely often, which is equivalent to saying
dp(p™) > v (p™)(1+ N7~ 2) infinitely often (i.0.). Then, from these assump-
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tions and the above first convergence result

IN

-1

1 1 22 1

(n) g (n)y <4 (n) n—1

v (p"™) zn | a(p'™) E +pMA+ NN | 2,
N ( n = v (p™)

t

-1
1 1 (")) 2 27
W(p™M) — N5 z* <ZO‘(p)ZZZ +Q +NW—%)[N>

N7\ pmyn (p)
1 ap™)zzF -
a(p\™)ziz; (n)
x | — — Y+ p" N Zn. 5
<” Kzn v (p™) ) )

Now, by the first result of the lemma, letting 0 < & < 7, we have

dn(p) —n(p)| < N°7%

dn(p™) — w(p(”))‘ < max
PERK

for all large m a.s., so that, for these large n, czn(p(”)) < n(p™) + Ne—z,
Applying this inequality to the first right-end side term of (5) and using the
almost sure boundedness of the rightmost right-end side term entails

0< N°"2 — KN""3

for some K > 0 for all large n a.s. But, N¢/2=1/2 - KN"/2-1/2 < () for all large
N, which contradicts the inequality. Thus, our initial assumption is wrong
and therefore, for each n > 0, we have for all large n a.s., d,(p) < vn(p) +
N7=% uniformly on p € R,.. The same calculus can be performed for di(p) by
assuming that f1(p/(™) < 1 — N2 i.0. over some sequence p/™); by reverting
all inequalities in the derivation above, we similarly conclude by contradiction
that di(p) > yn(p) — N7=2 for all large n, uniformly so in R,.. Together, both
results finally lead, for each € > 0, to
o, sup N=== (di(p) — v (p))| =5 0

obtained by fixing €, taking 7 such that 0 < 1 < ¢, and using maxy, sup,, |dx(p) —
v (p)] < N"=2 for all large n a.s.

Thanks to Lemma 1, expressing CA’X,l(p) — Sy (p) as a function of d;(p) —
v~ (p) and using the (almost sure) boundedness of the various terms involved,
we finally get N'75¢15 2% 0 and N1=¢¢13 2% 0 uniformly on p.

It then remains to handle the more delicate term £;1, which can be further
expressed as

[0 2 1 nL * Gr—
& = —a*Sy' (n Z(dz _7N)2i2i> Sy'b

TN
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For that, we will resort to the following lemma, whose proof is postponed to
Appendix Appendix A.

Lemma 2. Let ¢ and d be random or deterministic vectors, independent of
21,7+, Zn, such that max (E[||c||*],E[||d||¥]) < K for some K > 0 and all integer
k. Then, for each integer p,

2p

E =0 (N~?)

1 e , A . 1 .
2 Y eyt Sat (arStn - )

i=1

By the Markov inequality and the union bound, similar to the proof of
Lemma 1, we get from Lemma 2 (with a = ¢ and d = b) that, for each n > 0
and for each integer p > 1,

P sup N'"fleu| > n) < KNPtz
pe{po<..<prym}

with K only function of n and py < ... < prm) a regular sampling of R,.
Taking p > 3/(2¢), we finally get from the Borel Cantelli lemma that

N175511 250

uniformly on {po,...,pr m1} and finally, using Lipschitz arguments as in the
proof of Lemma 1, uniformly on R,. Putting all results together, we finally
have

sup N'75[¢1(p)] == 0
PER,

which concludes the first part of the proof.

We now continue with &;(p). In order to prove N'=¢&y(p) =% 0 uniformly
on p € R, it is sufficient (thanks to the boundedness of the various terms
involved) to prove that

max sup |N'7¢ ((Z,(p) - di(p)> 23%0.

1<i<n PER,.

To obtain this result, we first need the following fundamental proposition.

Proposition 2. For any e > 0,

_ ~ 1 Z,va’." a.s.
max sup [N'7¢ | di(p) — —2; | a(p)— — + pln zk || = 0.
1<k<n pem, (®) N7 ( )”;di(m
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PROOF. By expanding the definition of dj, first observe that

-1

~ 1, 1 22
dk—ﬁzk Oéﬁz 1~

2,
itk U
—1
N —di [ 1%
=a— Z szk)zl = aﬁz J_J + pln 2k
YN Q4 j#k J

Similar to the derivation of {;, we now proceed to approximating d; in the central
denominator and each d; in the rightmost inverse matrix by the non-random
~vn. We obtain (from Lemma 1)

-1

~ 1, 1 Zi%]
dk_ﬁzk Oég; 7 +pln 2k

ZNZk (k)z, (yn — d)S zk+0(NE h

almost surely, for € > 0 and uniformly so on p.

The objective is then to show that the first right-hand side term is o( N°~1)
almost surely and that this holds uniformly on k& and p. This is achieved by
applying Lemma 2 with ¢ = d = z;. Indeed, Lemma 2 ensures that, for each
integer p,*

P
1 | .o _ _
L SO sn (550 0s - ) )| | =ow )
itk

From this lemma, applying Markov’s inequality, we have for each k,

1 1 .4 N 1 .-
1— * o—1 * a—1 * a—1 —
PN ; N RS 7S () 2 (Nzi St~ w) >0 | < KNP
for some K > 0 only dependent on 1 > 0. Applying the union bound on the
n(n+1) events for k =1,...,nand for p € {py, ..., pn }, regular n-discretization
of R, we then have

1 1 A . A 1 A
P [ maxN'~¢ EZNZZS( %Zizi S(k;2k< Z S(z,lk) ’VN(PJ)) >

k.j

< KN_pE+2.

4Note that Lemma 2 can strictly be applied here for n — 1 instead of n; but since 1/n —
1/(n — 1) = O(n=2), this does not affect the result.
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Taking p > 3/e, by the Borel Cantelli lemma the above convergence holds almost
surely, we finally get

-1

- 1 1 2 2F a.s.
max |[N'7¢ [ di(p;) — =25 | a(p;)— —2 iy zr || — 0.
hd N n ; di(pj)

Using the p-Lipschitz property (which holds almost surely so for all large n a.s.)
on both terms in the above difference concludes the proof of the proposition.

The crux of the proof for the convergence of & starts now. In a similar
manner as in the proof of Lemma 1, we define f;(p) = di(p)/d;i(p) and reorder
the indexes in such a way that fi(p) < ... < fn(p) (this ordering depending on

p). Then, by definition of d,,(p) = fi(p)di(p),

—1
1 1 1 228
< =z | alp)= — — + pl, Zn
N ( w(p) 1= dilp)

-1
N 1 2i%] ~
pias (a(P)nZ 70 + fn(p)p1n> Zn.

i<n

Assume now that, over some sequence {p™} € R,, fn(g(”)) > 1+ N71in-
finitely often for some 7 > 0 (or equivalently, d,,(p(™) > d,,(p™) + N"~1 i.0.).
Then we would have

dy, (P(n))

IN

-1
1 1 2 2F
* (n)y 2 i 1+ N1
N (a(p )n;nd,;(p(")) + " (1 + )zv> 2n

-1
- 1 1 a(p™)z; 2} 1
=dy(p™)y = N1t [ =T 22T (1 N DT

-1
1 a(p™)z; 2}
x | — ————" + ply Zn-

But, by Proposition 2, letting 0 < & < 7, we have, for all large n a.s.,

-1
1 1 22 -
o (n) ,2: e (n) (n) e—1

Zn | & = + I, zn <dy + N
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which, along with the uniform boundedness of the d; away from zero, leads to
du(p™) < dn(p™) + N1 = KN

for some K > 0. But, as N°! — KN"! < 0 for all large N, we obtain a
contradiction. Hence, for each ) > 0, we have for all large n a.s., dy, (p) < dn(p)+
N"=1 ymiformly on p € R,.. Proceeding similarly with d;(p), and exploiting
lim sup,, sup,, max; d;(p)] = O(1) a.s., we finally have, for each 0 < & < 1, that

a.s.

max sup }Nl_a (dk(p) — Jk(p)) -0

1<k<n PER,.

(for this, take an 7 such that 0 < n < ¢ and use maxy, sup, |dj (p)—dy(p)| < N1
for all large n a.s.).
Getting back to &, we now have

a* G (p) (oznp) Z di(é) - éi()ﬂ) ziz;“> S ()b -

N'FJea(p)] = N0

But, from the above result,

a(p) <~ dilp) —dip) .
w2 dde

di(p) — di(p)

Ni-¢ _
di.(p)dx(p)

a(p) o~ .

=1

uniformly so on p € R, which, along with the boundedness of ||C[], ISy I,
lall, and ||b]], finally gives N'=5& 2% 0 uniformly on p € R, as desired.

We have then proved that for each £ > 0,

sup ’Nl_g (a*é&l(p)b — a*S’;,l(p)b) 250
PER,
which proves Theorem 1 for K = —1. The generalization to arbitrary k is rather

immediate. Writing recursively C% — 8% = C&1(Cn —Sn)+ (CK 1 =551 Sy,
for positive k or C% —S% = C& (Sy —Cn) Sy +(Ch 1 =S5 1S5, (3) becomes
a finite sum of terms that can be treated almost exactly as in the proof. This
concludes the proof of Theorem 1.

8.2. Fluctuations of the GLRT detector

This section is devoted to the proof of Theorem 2, which shall fundamentally
rely on Theorem 1. The proof will be established in two steps. First, we shall
prove the convergence for each p € R, which we then generalize to the uniform
statement of the theorem.

Let us then fix p € R, for the moment. In anticipation of the eventual
replacement of Cyv(p) by Sy (p), we start by studying the fluctuations of the
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bilinear forms involved in Ty (p) but with Cy(p) replaced by S Sy(p) (note that

Tn(p) remains constant when scaling C N( ) by any constant, so that replacing
Cn(p) by Sy(p) instead of by SN( )+ % tr Sn(p) as one would expect comes
with no effect).

Our first goal is to show that the vector \/ﬁ(%[y*ﬁx,l(p)p], %[y*ﬁj_\fl (p)p]) is
asymptotically well approximated by a zero mean Gaussian vector with given
covariance matrix. To this end, let us denote A = [y p] € CV*2 and Qn =
Qn(p) = (IN+(1—p)m(—p)Cn)~L. Then, from (Chapon et al., 2012, Lemma 5.3)
(adapted to our current notations and normalizations), for any Hermitian B €
C%*2 and for any u € R,

E [exp (NNW BA* l:S'N(p)l - ;QN(p)] A> \ y]
—exp ok (Biyin) ) + O ) ©)

where we denote by E[-]y] the conditional expectation with respect to the ran-
dom vector y and where

em(—p)*(1 - p)* tr (ABA*Cn Q3 (p))”
0% (1= em(=p)2(1 - p)? % r C2,Q% (p))

Also, we have from classical central limit results on Gaussian random vari-
ables

A% (B;y;p) &

[exp ( VNutrB [A* QN (p)A — FND} = exp (—;uZA’Z( )) +O(N )

where
- A1[1u~cNQN 0 }
N P p*QN( )
B2 1 2\Bal?
AR (Bip) & 20 L Rk () + P22 Qi)

Besides, the O(N~2) terms in the right-hand side of (6) remains O(N ™) under
expectation over y (for this, see the proof of (Chapon et al., 2012, Lemma 5.3)).
Altogether, we then have

E [exp (zx/ﬁutrB [A*SX,I(B)A - FND]
1 1 1
— |exp (52 0%(Bin) ) | o (52 AR (B:p) ) + OOV ),
Note now that

A*CNQN( )A TN—>0
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where

a [ trCRQ%(p) 0 ]
L | N N N\
T [ 0 P CnQ% (p)p

so that, by dominated convergence, we obtain
E [exp (Z\/ﬁutrB {A*S;\[l(g)A — FND}
1
~exp (—2u2 A(B:p) + A&%(B;m]) +o(1)

where we defined

) o em(=p)*(1L-p)?tr (BTy)?
AN(B7p) - 82 (1 _ cm(—ﬁ)z(l — £)2% tr CJQVQ?V(B)) '

By a generalized Lévy’s continuity theorem argument (see e.g. (Hachem
et al., 2008, Proposition 6)) and the Cramer-Wold device, we conclude that

VN ("8 (0)y.Rly" Sy (0)p), Sly" S (p]) = Zi = 0p(1)

where Zy is a Gaussian random vector with mean and covariance matrix pre-
A—1
scribed by the above approximation of v N tr BA*Sy A for each Hermitian B.
1 2z
In particular, taking B; € {{0 2} , [ o, 8}} to retrieve the asymptotic vari-
2

30
ances of \/N?R[y*ﬁx,l (p)p] and \/N%[y*ﬁg,l (p)p], respectively, gives
em(—p)*(1 — p)* 5 tr CR QX (p)

1
AQ B : = —_p*C 2 =
~(B1;p) 22" NON (PP n(—p)? (1 - PP F QR (p)

T,
AR(Bi;p) = 5,2 CnQY(p)p

and thus \/JV(ER[@/*SX,I (p)pl, %[y*ﬁg,l (p)p]) is asymptotically equivalent to a
Gaussian vector with zero mean and covariance matrix
1 P*CnQY (p)p

20?1 — em(—p)2(1 = p)? 4 tr CXQ% (p)

(AR(By;p) + AR (Bi;p) I Iy
We are now in position to apply Theorem 1. Reminding that Sy'(p)(p +
_ A1
ﬁﬁ) = Sy (p), we have by Theorem 1 for k = —1

SN(B)_l
1 1—p
Pt SN T=(-pe

A 250

Since almost sure convergence implies weak convergence, v N A*C’&l(p)A has
A1 ~
the same asymptotic fluctuations as VNA*Sy (p)A/(5 trSn(p)). Also, as
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T (p) remains identical when scaling C'5*(p) by + tr Sn(p), only the fluctua-

tions of VN A*S ;,1 (p)A are of interest, which were previously derived. We then
finally conclude by the delta method (or more directly by Slutsky’s lemma) that

N R |y Oy (p)p
A1 A1 N Alq _O-N(B)Z/:OP(]_)
y*Cn (Pyp*Cx (p)p | |y*Cy

for some Z’ ~ N(0, I3) and

0_2 (p) N 1 p*CNQ%\/(B)p
M 2p:Qu(p)p - £ trOnQn(p) - (1 — em(—p)2(1 — p)2 4 tr C2Q%(p))

It unfolds that, for v > 0,

P(mvi) > ) —ew (—2(,1%2@)) -0 ™

as desired.

The second step of the proof is to generalize (7) to uniform convergence
across p € R,. To this end, somewhat similar to above, we shall transfer the
distribution P(v/ NTn(p) > 7) to P(vNT x(p) > ) by exploiting the uniform
convergence of Theorem 1, where we defined

To(p) & y*SN(B)p‘
T e Saon/r S

and exploit a p-Lipschitz property of v NT y(p) to reduce the uniform conver-
gence over R, to a uniform convergence over finitely many values of p.
The p-Lipschitz property we shall need is as follows: for each € > 0

lim lim P| sup VN|Tn(p)—Tn(p")|>c]| =0. (8)
§—0 N—oo ’

PP ERy

lp—p'|<d

Let us prove this result. By Theorem 1, since almost sure convergence implies
convergence in distribution, we have

P (Sup VN |Tn(p) — Tn(p)| > 5) — 0.

PER,

Applying this result to (8) induces that it is sufficient to prove (8) for T 5 (p) in
place of T (p). Let n > 0 small and A} £ {Jp € .’R,i,y*Sg,l(B)yp*S;(B)p <
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n}. Developing the difference T (p) — T (p’) and isolating the denominator
according to its belonging to A%, or not, we may write

P sup VNI|Iy(p)—Tn(p)|>¢
p.p' ER,
lp—p'|<é

PAL)+P| sup VNVi(p,p)>en
PP ERy,
lo—p'|<8

p)p‘ \/ y*SJ_vl(p’)y\/ Sy (0)p
) p‘ \/y*SN )y\/p*SJQl(B)p

From classical random matrix results, P(A%) — 0 for a sufficiently small
choice of 7. To prove that lims limsup,, P(sup|,_,|<s VNVx(p,p') > en) =0,
it is then sufficient to show that

where

Vn(p.p') 2 |y*S

limlimsup P | sup VN|y"Sy(p) 'p—y"Sn(p) "ol > | =0 (9)
6—0 n 0,0 ER = -
lp—p'|<8
for any &’ > 0 and similarly for y*Sy(p)~'y — y* Sy (p/) "'y and p*Sy(p)~'p —
p*S ~ ()7 Ip. Let us prove (9), the other two results following essentially the
same line of arguments. For this, by (Kallenberg, 2002, Corollary 16.9) (see also
(Billingsley, 1968, Theorem 12.3)), it is sufficient to prove, say

il

*Sn(p) "t —y* Sn(p) p”

sup sup < Q.
, | _ /|2
pp/ER T p=r
p#p’

But then, remarking that
VNy* Sn(p)"'p =y Sn(p) " 'p
:(B/_B)\/Ny*SN( (IN_Zzz ) p —1p

this reduces to showing that

Ny Sx(p)” (INZ% )sz ) 1p

2

sup supE < 00.

PP ER, T
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Conditioning first on z1, ..., z,, this further reduces to showing

SN( (IN—X:ZZ )SN,O )~p

2

sup supkE < 00.

psp ER, M

But this is yet another standard random matrix result, obtained e.g., by noticing

that
2 Lo 2
S Iv— 23 o) 8 —|Iv == 2z
‘N( (N ZZ ) Sn(p)'p N n;zz

which remains of uniformly finite expectation (left norm is vector Euclidean
norm, right norm is matrix spectral norm). This completes the proof of (8).

Getting back to our original problem, let us now take € > 0 arbitrary, p; <
. < pk be a regular sampling of R,;, and 6 = 1/K. Then by (7), K being
fixed, for all n > ng(e),

e =

Also, from (8), for small enough 4,

max
1<k<K

P N|T -T
Zax P | s VN[Tn(p) = Tv(ow)] > ¢

.
lp—pr|<d

<P| sup VN[Tn(p) —Tn(p)l > ¢
.0 ER,
lp—p'|<8

<e€

for all large n > n{(e,{) > no(e) where ¢ > 0 is also taken arbitrarily small.
Thus we have, for each p € R,; and for n > ng(e, ()

P (TN<p> > ]N) <P (Tw» > “iﬁ‘vo) + P (VTN (p) ~ T (p0)] > 7€)

<P (TN(pZ-) > 7(1\/]%0) +e

for i < K the unique index such that |p— p;| < 6 and where the inequality holds
uniformly on p € R,. Similarly, reversing the roles of p and p;,

P (TN(p) > JN) >p (TN(pi) S 7(1\/%0) _
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As a consequence, by (10), for n > n{(e, (), uniformly on p € R,

(1= ) son( L)
)

p (TN(P) > \/%> > exp (

which, by continuity of the exponential and of p — ox(p),? letting ¢ and & small
enough (up to growing ng(e, ¢)), leads to

[\3

20%(pi)

2

P (VTN () > ) e (- ) < 3

'y 202.(p)

PER

for all n > ng(e, ¢), which completes the proof.

3.8. Around empirical estimates

This section is dedicated to the proof of Proposition 1 and Corollary 1.
We start by showing that 6% (1) is well defined. It is easy to observe that the
ratio defining 6% (p) converges to an undetermined form (zero over zero) as p 1 1.

Applying I'Hospital’s rule to the ratio, using the differentiation d%ﬁj_vl (p) =
—SJ_V (p)(In — 137, 2;27) and the limit Sj_vl(g) — In as p 11, we end up with

i) » S i 2)p,
- 2§5tr (; dic ZZZ:)

Letting € > 0 arbitrary, since p*% > zizip—p*Cnp 2%, % t
as n — oo, we immediately have, by continuity of both o3 (p) and 6% (p),

sup |63 (p) —oRk(p)| <e
pe(l—k,1]

for all large n almost surely. From now on, it then suffices to prove Proposition 1
on the complementary set R’ = [k + min{0,1 — ¢~ 1},1 — «]. For this, we first
recall the following results borrowed from (Couillet and McKay, 2013):

sup
PERK

Cn(p) _5
%tr(i'N(p) Sw(e)

Also, for z € C\ RY, defining

. 1 n
A *
Sy(z) =1 _B)ﬁ Zzzzz —zln
i—1

5Note that it is unnecessary to ensure liminfy ox(p) > 0 as the exponential would tend
to zero anyhow in this scenario.
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so in particular S =S , for all p € R), we have, with € a compact
( 2N 2N p
set of C\ R* and any mteger k,

dk 1 ~A—1 1 —1 a.s.

up | Zr A v P8y () - o (= v+ = pma(:)08]) g 1550
dk a1 — a.s.

sup | Sy @ =97 (=2 [Iv + (1= pmn(ICN]) " p} |+ 0

where my(z) is defined as the unique solution with positive (resp. negative)
imaginary part if $[z] > 0 (resp. S[z] < 0) or unique positive solution if z < 0
of

my(z) = (—z + c/ e (1(1—_;);)7;51N(Z)’/N(dt)> -1

(this follows directly from (Silverstein and Bai, 1995)).
This expression of my(z) can be more rewritten under the more convenient
form

- 1—c VN(dt)
ma(2) = z + c/ —z—2(1 = p)tmpy(2)
1-c 1 _
= N (—Z [IN + (]. —B)mN(Z)CN]) !
so that, from the above relations
1-— CN 1 A—1 1 A a.s,
psélgi mpy(—p) < ; —l—cNNtrCN (p) NtrCN(p)> =0
|/ wy(d) 1= pxCRN )k On(o)| e
pex, |J) 14+ (1 —p)mn(—p)t (1 —p)mn(—p)

Differentiating along z the first defining identity of my(z), we also recall that

/ _ mN( )
(Z) mn(2)2(1—p)2t2vn(dt)
f (1-(1-p)tmn(—p))?

Now, remark that

which (by analyticity) is uniformly well approximated by

difz [p* (—z [IN +(1- B)mN(z)CN])_lp}

Z==p
= %P*QN@P - %(1 — p)my(—p)p*CnQ% (p)p
TN 3, (— p)p* O @ ()
= N (- P h u Rl

26



(recall that Qn(p) = (In + (1 — B)mN(—B)CN)fl). We then conclude
P*CnQ (p)p
sup 5 T 5
pex |1 —emn(=p)*(1 = p)* 5 trQy(p)

P Cit(p)p - & trCn(p) — pp*CR2(p)p - (% tr ON(p)>2
(1= p)mn(—p)?

a.s, O

Putting all results together, we obtain the expected result.

It now remains to prove Corollary 1. This is easily performed thanks to
Theorem 2 and Proposition 1. From these, we indeed have the three relations

205 (P

P (\/NTN([)}‘V) > ’y) — exp (72)> 250

p (\/NTN(p}“\,) > 7) — exp ( 72)> -0

203,(p3,

2 2
Y Yy a.s.
exp| -5~ | —exp|—5—=) —0

where we denoted p% any element in the argmin over p of P(vNTy(p) > 7)
(and B}k\r its associated value through the mapping p + p) and o*? the minimum

of on(p) (i.e. the minimizer for exp(—#ip))). Note that the first two relations
N

rely fundamentally on the uniform convergence sup ¢, |P (\/N Tn(p) > 'y> _

exp (—7%/(20%(p))) | == 0. By definition of p} and o3?, we also have

exp (—@) < min ¢ exp —2772% , exp —2772
20% QJN(BN) 20N(37v)
P (VNTx(pi) > 7) < P (VNT(py) > 7).
Putting things together then gives
P (VNT(3y) > 7) = P (VNTx (o) > 7) 20

which is the expected result.

Appendix A. Proof of Lemma 2

This section is devoted to the proof of the key Lemma 2. The proof relies on
an appropriate decomposition of the quantity under study as a sum of martin-
gale differences. Before delving into the core of the proofs, we introduce some
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notations along with some of the key-lemmas that will be extensively used in
this section.

In this section, E; will denote the conditional expectation with respect to
the o— field F; generated by the vectors (z¢,1 < ¢ < j). By convention, Eg = E.

Useful lemmas. We shall review two key lemmas that will be extensively used,
namely the generalized Holder inequality as well as an instance of Jensen’s
inequality.

Lemma 3 (Jensen Inequality, (Boyd and Vandenberghe, 2004)). LetJ
be a discrete set of elements of {1,...,n} with finite cardinality denoted by |J|.

Let (6;),cq be a sequence of complex scalars indexed by the set J. Then, for any
p=1,

S

ie€J

P n
<[Py el
i=1

Lemma 4 (Generalized Hélder inequality,(Karoui, 2008)). Let X, -+, X
be k complex random variables with finite moments of order k. Then,

k k 1
:
HXi] <TI(e[x'])"
i=1 i=1
It remains to introduce the Burkholder inequalities on which the proof relies.

Lemma 5 (Burkhélder inequality (Burkholder, 1973)). Let (Xj),_, be
a sequence of complex martingale differences sequence. For every p > 1, there
exists K, dependent only on p such that:

> X
k=1

E

2p

E < Ky maxE [|Xk|2”} .

Letting Xy = (Ex — Ex—1) 25 Arzr where Ay is independent of z, and noting
that E [|Xk|2p} <E [||Ak||§fo], with || Allg,, 2 vir A4, we get in particular.

Lemma 6 (Burkhdlder inequality for quadratic forms). Letzy,- - ,z, €
CN*1 be n independent random vectors with mean 0 and covariance Cn. Let
(Aj)?:1 be a sequence of N x N random matrices where for all j, A; is inde-
pendent of z;. Define X; as

Xj = (Ej — Ejfl) Z;-(Aij = Z;-(EJ'AJ‘ZJ‘ — trEj,lCNAj.
Then,
2p
n
E|[YX| | < K lCn [, maxE [ 4,Cn ]

j=1
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Preliminaries.. We start the proof by some preliminary results.

Lemma 7. Let zy,--- , 2, be as in Assumption 1. Let ¢ € CN*! be independent
of z1,-++ ,2n and such that El||c|* is bounded uniformly in N for all order k.
Then, for any integer p, there exists K, such that

5|

zf.g']}lc‘p} <E [

2550 ] < K

PROOF. The first inequality can be obtained from the following decomposition:
6—1
61, Sy #

a(p) 1. x4—1,,
L+ S @ w4 Sa) %

P
2

while the second follows by noticing that E |2/¢|” < E (¢*Cnc)2.

Using the same kind of calculations, we can also control the order of magnitude
of some interesting quantities.

Lemma 8. The following statements hold true:

1. Denote by A; ; the quantity:

A= %zjg(_zlj)zj — %tr C’NS(;}],).
Then, for any p > 2.
E|A; ;[P =0(n™%).
2. Leti and j be two distinct integers from {1,--- ,n}. Then,

2581 z‘p =0(n?)
) Rt ‘

3. Let z; € CN*! be as in Assumption 1 and A be a N x N random matric
independent of z; and having a bounded spectral norm. Then,

E|zf Az|" = O(nP).

4. Let j € {1,---,n} and i and k two distinct integers different from j.
Then:

wxa—1 -1  |P
B 20855 SGr| =0m

(NS

).
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PRrROOF. Item 1) and 3) are standard results that are a by-product of (Bai
and Silverstein, 2009, Lemma B.26), while Item 2) can be easily obtained from
Lemma 7. As for item 4), it follows by first decomposing S(_ilj) and S’(_jlk) as:

1 1al)  SainnHSam

i) = St ~ 1 alp) g1
NP1+ S S o

1
S 1 S*l _ l (p) S(ljk)zzz Szﬂk)
(3.k) — T (i.4:k) a(p) o—1
nn(p) 1 n mv(p) % (i.3.k)

S

The above relations serve to better control the dependencies of S 71. and S 71

on zj and z;. Plugging the above decompositions on z; S(z ) S G k)zk, we obtaln

o* H—2
GG g ot alp) Zi Suk) 65 g k) P
(4,9)7(4,k)"F (4,5,k) alp) _x&—1
NP1+ T S

* O—2 * Q—
1 alp) 28w i% S

1 _ap) 1
nn(p) 1+ EE LS S(w 2

* H—2 *Oo—1
1 ( a(p) )2 Z‘Swmzkzkswmziz‘Smmzk
1 1 alp) +o-1
wie) (1 + ﬁw Sw’f ) (1 T ZS(M k)i

The control of these four terms follows from a direct application of item 2) and
3) along with possibly the use of the generalized Holder inequality in Lemma 4.

Core of the proof.. With these preliminaries results at hand, we are now in
position to get into the core of the proof. Let Sy be given by

1 . . A 1 A
BN = - ZC*SleiZi SNld (NZZ S(i)lzi - 'VN(p)) :

i=1

Decompose Sy as

N

%Z ZZZ S 1d<1 tTCNS N(P))

£ B+ B2

1 & * Q— * Q— 1 * §— 1 G—
By =" Zc Sy'ziziSy'd (zi Sz — I CNS(i)l>
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The control of B 2 follows from a direct application of Lemma 3 and Lemma 4,
that is

2p—1 1
2 n
B[1Byal”] < T DB
=1

2p—1 1
n
<ty (e

i=1

2p 2p

N

C*S;,lzi

“ 2p
z;‘S;,ld}

6p>; (E

By standard results from random matrix theory (e.g. (Najim and Yao, 2013,
Prop. 7.1)), we know that

1 A
N tr CNS(i)l — 'YN(P)

* &—1
'Sy zi

N 1 .
253 p) (E’NtrCNS(_i)l

6p
1 N _
E‘NtrCNS(Z.)l - (p)| =0n"%)
Hence, by Lemma 7, we finally get:
E|Bx2l” = O(n~?).

While the control of 8y 2 requires only the manipulation of conventional moment
bounds due to the rapid convergence of % tr CNS(;)l — vn(p), the analysis of
Bn.1 is more intricate since
P
2

1, 1 . .
E NziS(i)lzi—NtrC’NS(i)l =0(n"%)

a convergence rate which seems insufficient at the onset. The averaging occur-
ring in S 2 shall play the role of improving this rate. To control 5,1, one needs
to resort to advanced tools based on Burkholder inequalities. First, decompose
B, as

BN :ENJ +E [Bn1] -

As in Lemma 8, define A; £ %Z*S(;)lzi - %tr C’NS’(;)I. Using the relation

7

31

—n(p)

.

Wl



we get
n * &—1 * &—1
1 "S5y iz Sy d
E[Bn1] = NZ

(1+ 1 a(p) *S )2

n n (p) Fi

n «G—1_ +G&—1
"y 7z Sy d

¢S a5 an? (24 (24 ) (3280 + L wensy)))

wip) | N & (1+ 224 ey ) (1+ 21 *S()er

N (p) n i

£ BN11+ BN

Since E [w* Aw (w*Bw — tr B)] = Etr AB when w is standard complex Gaussian
vector and A, B random matrices independent of w, we have

1 CNS 1CNS 1dc S 1
E[ﬁN,l,l] = mE tr ( )2 = O(’I’L_l).
1+ 1 tI‘CNS

As for Bn,1,2, we have for some K > 0, again by Lemma 8

K& A\ 1 a1 1
gn;(E ) (E z;smld’) (E\Ai\s)

alp) 1 . O 1
X E‘2+ ( *S()zz trCNS(_i)l) :O(%).

We therefore have

’YN(P)

* d—1
c S(i) Z

|5N71,2

|E [Bn1][*? = O(n=2P).

o o
Let’s turn to the control of By ;. For that, we decompose By ; as a sum of
martingale differences as

=Y (B;—E; 1) Bna

Jj=1

The control of E { 3

P
7 ] requires the convergence rate of two kinds of mar-

tingale differences:

e Sum of martingale differences with a quadratic form representation of the
form

n
E leAzj

j=1
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For these terms, from Lemma 6, it will be sufficient to show that max; E||A; H%fo =
O(n=3P) in order to obtain the required convergence rate.

Sum of martingale differences with more than one occurrence of z; and
z;. In this case, this sum is given by:

DE ~Eji) Y e

=1 i=1,i%j
where €; are small random quantities depending on 21, - - , 2,. According
to Lemma 5, we have
2p
n
(B —Ej1) > &l =0(n*)
j=1 i=1,i#j
provided that
2p
E Z gl =0(n7%).
i=1,i#j
The control of the above sum will rely on successively using Lemma 3 to
get
2p

E Z =r < n2p_1zn:E|Ei|2p

i=1,i£j i=1

and controlling max; E |5i|2p )

With this explanation at hand, we will now get into the core of the proofs.
We first have

n

2 1 - * — *
Bni= Z(E] - Ej_l)ﬁ ZC Syt zizrdA,

j=1 i=1
= Z(E] —E;_1)c SNIZJZJ dA;
j=1
n 1 n
+ (E; —E;_1) Z c SlelZZ dA,;
j=1 i=1,i%£j
= Wii+ Z Wi
j=1 j=1

In order to prove that E ’E?:1 W»,l‘ = O(n=?P), it is sufficient to show

E|W;1| = O(n~)
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a statement which holds true since, by Lemma 4

2 K o 2p
E|Wal” < B e85z

<K<E
<=

= 0(n%).

N 2p
z;S;[ld‘ A%

6p % 6p % 1
1zj ) (E z]*gg,ld‘ ) (EA?”)3

We now consider the more involved term Z;-lzl W; 2. Using the relation

* N—
'Sy

a(p)

=g - 22
@O yn(p)n 14 20

CQ>

to let the independent S(_])l and z; variables appear, we write

n

- _ - 1 * d—1 *o—1 1 * &—1 1 H—1
ZW]‘72 = Z(EJ - Ej_l)ﬁ Z C S(J) ZiZ; S(J)d <NZZ S(z) Zi — Ntr CNS(i)

i=1 i=Lij

n * Q—1
1 c S(])ZJ JS ZiZ 'S ; d 1 4y 1 A1
v (p) n2 ) 1+ 120 egol, N7 Sw s Ty TONS)
J=1 i=1,i#j n N (p) <37 (0) I
n 1 nooe*Sl 22} S 2525 S d 1 )
- (B —Ej) a(f)) 2 > " 1 a(p)j) *] (N 28G5 2 — A CNS(;;)
J=1 NP i=ligj Lt ”’YN(P 'S(j %
n 2 n
1 523 Pt 2i2] xS 1y Z; *8=1d
3 E By alp) \© 1 Z O *06) 5% °6) :S .
; wp)) n? 1 alp) @
j=1 i=1,i#j (1 + S(J)Z])

N (p)
£ x1+ X2+ X3+ Xa

Next, we will sequentially control x;,i=1,---

Control of x1.. Using the relation

S(w)zjz St

(U

& a—1 a(p) 1
S0 =% T alo) 5]

(i)

nyn(p J)

the quantity x1 can be decomposed as

zS

2
cS zzzsld ‘
(4)

(i.5) %

N _p_p el 1
Xl—z (E; Ejfl)yN(p)nQN

j=1 i=1,i#j 1+ n'm(p) ;S (i.4) %
n n 1
a(p) 1 "85 5% S(J)dz S(m)CNS(mZJ
JrZ,y (p)(Eﬂ'*Eﬂ'—l)n2N Z 1 alp) G~
=1 N i=1,ij nw(p) %R, J)ZJ
A
=X1,1 +X1,2
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where we used the fact that for r; random quantity independent of z;, (E; —
E;_1)(r;) = 0. We will begin by controlling x1,1. To handle the quadratic forms
in the denominator, we further develop x1,1 as

. 2
" n *S ) Zi%i S d 2 S
a(p) 1 ¢ g Z])
Xl 1 — — (E - E 1)
; " (p) n2Ni:;#j 141 a(p) )OS
2
n n * o—1 s O—11 _x&—1 .
+Z(E —-E;_1) ( ote) >2 1 ‘ S(])ZZZI S(j) Zi S(i,g)’z] A
. J - n2N 1 a(p) A1 1 a(p) _x
j=1 fYN(p) i=1,i#j (1 + E'YN(I)) tr CNS(’L,j)) (1 —+ E’yN(p) Z] S
n n
= Zval + ZXJ 2
Jj=1 j=1

To control Z?:l X1, we resort to Lemma 6. Indeed, X;; can be written as

Xj1= o) (Ej —Ej-1)2jA;z
where A; is given by
n 1
A = 1 Z ¢ S(])ZZZ S(J)d S 1 S 1
I T 2N — (i.4) %1% P (i,5)"
K i= 12#J1+nw(p)t rCy S(w
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According to Lemma 6, it is sufficient to prove that E|[|A; ||Fro = O(n=?P).
Expanding E || 4; HFm, we indeed get

Sl

227 S dd* S 2215 e

K 215G A@,nzi ")
E 4l < —E DY
0 = pbp = <1+ oc(é?) 1 trCNS ) (1+ 1 oc(P) tr CNS(J k))
) p
z; xS ‘

c*S( 2% S(J) d’

(zJ)ZZ

i#]
—1 —1
‘ Sz
Zk (3,k)(4,5) "
nGP ZZ (1+ a(p) 1

iz (1 A CNS(”)) (1+ 1000l by On S )

n’YN

* 1
K "S5y 22 S5y 4 Sy 277 S e

Knp~1
<
< nﬁp
2(p— 1)

(2,5)°"

cS

*Sl‘

() %%

‘c S ) Zi% *S 1d‘ ‘ G k)ZkaS( o ‘

7] k#]
k#i

2p
1 a-1
2k S
Knp~1
S nﬁp Z (

1
6p> 3
i#]

Kn2-1) vall a1
DD (E ‘zksu,k)s(i,j)zi

zS

(u)zz

* &—1 6p %
5554

1
5p> 5

D
bS]
N———
w0l

S

l (
(i, J)zl
i#j k#j

1
10p\ 5
)
ki
5p\ 5 5N & 1
1 5p 5p\ 5 5p\ 5
( 2 Sd ) ( 45557 ) ( %Sime )

= 0(n=%).

As for X1, we can show that E|X;1|* = O(n=37). Indeed, we have

Kn?r—1 gp\
E|X;o|? < Zﬁp Z(E 12 ) ( 287 ld‘ ) (E

i#]
= O(n%).

The Burkhélder inequality shows that this rate of convergence of the moment

of X;1 and X o is suflicient to finally ensure that E |X1’1\2p = O(n=?P).

Al

* O — * &d—1
S %5)%

16p % s %
) (E|Ai,j| p)
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We study next xi,2. First, decompose x12 as

n (p) ¢ lesz

CNS
(4) (4,9)
x12= >y (B — 1)

JZ:; b 2NZ v (p) 1+ 1ot oS!

n N (p) (4.9)
1
—Z 1 Z a(p) c S ) Zi%i S dA ij% S(”)CNS(”
J 1 2N
EN Y+ Vi
j=1 j=1

Z ) (14 ”‘<f) L8k ) (1+ 22 wron 3L )
The quantities > 7, Yj1 and -7, Yjo are differences of martingales whose
controls follow the same procedure as above. While Z;l:l Y} 1 can be controlled

using Lemma 6, the convergence of Z?Zl Y; o is faster due to the term A, ;.
Details are thus omitted.

Control of x2.. The control of x2 cannot be exactly dealt with using the same
procedure As for x1, one works out s by substituting lz}-‘ S(_j)lzj by its approx-

imate ;- tr C’NS( D and using the decomposition of S as a function of S(_llj) to
get

S

22} *S zzz;‘S’,ld (iz*Sfl, 2 — %trCNS(;}jQ

_ Ol(p)) zn:(Ej _ Ejfl)% Z

w(p) = Pt 14120 ¢ oys-!
i#j

n N (p) (@)
where we easily obtain that E[|e]*] = O(n~2P). We omit the details of this
step, since the calculations are the same as those used for the control of x;.
The control of the Frobenius norm of the underlying matrices using the same
techniques as above does not yield the required convergence rate. We will thus
pursue a different approach. Precisely, we write yo as

alp)
X2 = — (E,_E._I)T,+€
A0 S
with
1 *
o 1c¢ S(j)szJS(J)Z D;Z; S(j)d
J— 2 —
" L+ Ly S
where Z; = [z1,--+,%j_1,%j41, - ,2n) and Dj is a diagonal matrix with diag-

onal elements: [D;], . = 4, ;. Hence, by Lemma 5

o—1 *
S(J)ZDZ

(e

E|T;*" < —E S

1
<n4p<E

(J)ZJ
C*Sflz-rp
(5) I

37

(J)

[N

1
4p) 2

Z;S(;)

+e€



p
2

Since D; is independent of z;, applying the inequality E
we finally get

P S E( *CNU)

K 3
2P o 1 1 g
BIT[T < = (E o 1SlONS 2D, Z: 5, ‘ )
1 2p\ 2
K Al Zr S’ CNS(J) .
= & B8, 2D, 02D, 2;8)d

@ K
< 3<EHDZ S ldH )
n°P

Z; S(J)CNS(J)Z

where (a) follows since —~

is bounded. In order to prove that

E[|T; |*P] = O(n=?"), it suffices to check that E] HD Z* dH is uniformly
bounded in N. Expanding this quantity, we indeed get

2p
) 4p n 1 ~ 2 R 9
* o—1 _ _ -1 * Gg—1
B|Diz;850d| " =E Z}( 2187k NtrCNS(i)j)) 21851
i+
2p—1 4p a—1 %
< pP- ZE < (”)zl — trCNS(” ) z; S(j)d

*o—1 8p %
5554

8p %
2 1 —1 G—1
< nP~ Z ( ( (”)zl trCNS(i’j)) ) (

= O(1).

The control of y3 is similar to that of o, while that of x4 follows immediately
by using sequentially Lemma 3 along with the generalized Holder inequality in
Lemma 4. This completes the proof.
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