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Functional versions of Lp—afﬁne surface area and

entropy inequalities. *

U. Caglar, M. Fradelizif O. Guédon! J. Lehec,
C. Schiitt and E. M. Werner *

Abstract

In contemporary convex geometry, the rapidly developing L,-Brunn-Minkowski
theory is a modern analogue of the classical Brunn-Minkowski theory. A central
notion of this theory is the L,-affine surface area of convex bodies. Here, we intro-
duce a functional analogue of this concept, for log-concave and s-concave functions.
We show that the new analytic notion is a generalization of the original L,-affine
surface area. We prove duality relations and affine isoperimetric inequalities for log-
concave and s-concave functions. This leads to a new inverse log-Sobolev inequality
for s-concave densities.

1 Introduction.

In recent years, functional versions of several isoperimetric type inequalities from convex
geometry have been established [15, 25, 32, 35, 36, 46]. A natural extension of convex-
ity theory is the study of log-concave functions. One of the most important discoveries
in these recent investigations in this direction is the functional version of the famous
Blaschke-Santalé inequality [3, 7, 20, 28]. Another important inequality from convex ge-
ometry is the affine isoperimetric inequality [8, 40, 42]. In [4], Artstein-Avidan, Klartag,
Schiitt and Werner obtained the functional form of this inequality for log-concave func-
tions which turned out to be a reverse log-Sobolev inequality.

In this paper, we define analytic versions of several important geometric invariants
and obtain new inequalities. For example, we introduce a functional analogue of L,-
affine surface area and establish an analytic inequality corresponding to the L, affine
isoperimetric inequality. The L-affine surface area, a notion of the L,-Brunn-Minkwoski
theory, is an extension of affine surface area, the case p = 1, to all other p € R. It was
first introduced for p > 1 by Lutwak in the groundbreaking paper [33] and extended
later in [39] and [47] to all other p. For a convex body K in R™ with the origin in its
interior and real p # —n, it is, if the integral exists, defined as

ki (x) 7
asy(K) = e duc(@), (1)
OK (x, Nk (z)) "+
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where OK is the boundary of K, Nk (z) is the outer unit normal vector at x € 9K and
ki (x) is the (generalized) Gauss curvature in « € K. The Ly-affine surface area and
its related inequalities play a major role in convex and differential geometry [2, 22, 24,
30, 31, 34, 43, 45, 47, 48, 50, 51, 52]. Therefore, it is desirable to have functional versions
of this notion available. We provide exactly that and introduce a functional version of
L,-affine surface area for s-concave and log-concave functions.

In Theorem 2, we establish a duality relation for the analytic L,-affine surface area
of log-concave functions and deduce in Corollary 3 corresponding L,-affine isoperimetric
inequalities. Those are the counterparts to the ones that hold for convex bodies. In fact,
we show that the L,-affine isoperimetric inequalities for convex bodies can be obtained
from the ones for log-concave functions. This is explained in Section 3.3.

Finally, we generalize the notion of L,-affine surface area to s-concave functions for
s > 0. We establish in Theorem 4 a duality relation which enables us to prove the
corresponding L,-affine inequalities and a reverse log-Sobolev inequality for s-concave
functions.

The characterization of equality in the reverse log-Sobolev inequality of [4] had re-
mained open in [4]. We start our paper by providing this equality characterization, along
with a simple and short proof of the reverse log-Sobolev inequality of [4].

2 Equality characterization in the reverse log-Sobolev
inequality.

We start by giving a short proof of the reverse log-Sobolev inequality for log concave
functions due to Artstein, Klartag, Schiitt and Werner [4]. We first recall the usual log-
Sobolev inequality. Let ~, be the standard Gaussian measure on R™. The log-Sobolev
inequality, due to Gross [23] (see also [17, 49]), asserts that for every probability measure
1 on R™ that is absolutely continuous with respect to Lebesgue measure,

1
H(M"Yn)gil(/’”’}/n)v

where H and I denote the relative entropy and Fisher information, respectively,

) L7 ()
H = log(~=)du I ) = Viog [ -
(e | vn) /R g<d% 1 (| vn) ) e\ &

and || is the Euclidean norm. It is well known (see for instance [6]) that this inequality
can be slightly improved to

2
dp

H(ulvn)S%Jr

n I(p | ) — C(w)
X 2 MY N>7 (2)

log(l +
n

where
Cw = [ o du—n

is the gap between the second moment of p and that of the Gaussian. The usual log-
Sobolev inequality is recovered from (2), using the inequality log(1 + z) < x. Inequal-
ity (2) can be written in a more concise way. Put ¢ = —log(du/dx) and let

Cp)

S() = | bdu=—Hu|dw) = =Hlu | 7m) + == + 3 log(2me)



be the Shannon entropy of . Then S(v,) = 5 log(27e) so that

1 1 7) ~ S8 = 53) - ().

Moreover one has
Tt 9) = [ o= V0@ Pdu =0 +n+ [ (V@ 2, Vi) du

Hence inequality (2) is equivalent to

2 =2 [ {2, V(@) d + fon |w<x>2du) |

n

2 (1)~ (1)) < nlog <

If e=% is C? on R™ and if lim,, 4o 7;e”% = 0 and lim,, 40, g—ie_@” =0foralll1<i<
n, then [o, (z, Vip(z))dp = n and [, [V (2)|*dp = [g. A dp so that inequality (2) is

equivalent to
2 AYd
2 (St -~ 5() < mlog (12228, ®

where A is the Laplacian.

Recall that a measure p with density e~ with respect to the Lebesgue measure is
called log-concave if 1): R™ — RU{+o0} is a convex function. For such a convex function
1 we define €2y, to be the interior of the convex domain of 1, that is

Qy = int ({z € R",¢(z) < +o0}).

In this paper, we always consider convex functions v such that €, # 0. We will use the
classical Legendre transform of 1,

Y (y) = sgp(<rc,y> — (). (4)

In the general case, when 1 is neither smooth nor strictly convex, the gradient of 1,
denoted by V1, exists almost everywhere by Rademacher’s theorem (see, e.g., [10]), and
a theorem of Alexandrov [1] and Busemann and Feller [11] guarantees the existence of
the Hessian, denoted by V21, almost everywhere in ;. Recall also that

V() + 9" (y) = (2, y)

for every z,y € R™, with equality if and only if x is in the domain of ¢ and y € 9¢(x),
the sub differential of ¢ at x. In particular

P (Vip(2) = (2, Vi(z)) —P(x), ae inQy. (5)

More information about duality transforms of convex functions can be found in [37, 41,
44].

For log-concave measures the following reverse form of inequality (3) holds.

Theorem 1. Let pu be a log-concave probability measure on R™ with density e=% with
respect to the Lebesque measure. Then

[ to(den(v20) die < 2 (S(3) - (). (6)

Equality holds if and only if p is Gaussian (with arbitrary mean and positive definite
covariance matriz).



Inequality (6) is due to Artstein-Avidan, Klartag, Schiitt and Werner [4] under ad-
ditional smoothness assumptions. The equality conditions were also left open.

In the following we give a new simple and short proof of inequality (6) which allows
for a complete characterization of the equality cases. Our proof is based on the functional
form of the Blaschke-Santal$ inequality [3, 7, 20, 28]. Let f, g be non-negative integrable
functions on R" satisfying

f@)g(y) <e @Y, Va,yeR™

If f has its barycenter at 0, that is fRn zf(x)dx = 0, then

(/nfdx) X (/ngdx) < (2m)". (7)

There is equality if and only if there exists a positive definite matrix A and C' > 0 such
that, a.e. in R™,
e— (A7 yy) /2

_ —(Az,x)/2 —
fla) = Cetamaz, gy = T

Proof of Theorem 1. Without loss of generality, we may assume that the function v is
lower semi-continuous. Both terms of the inequality are invariant under translations of
the measure p, so we can assume that p has its barycenter at 0. Then by the functional
Santalé inequality above

/ V" d < (2m)". (8)

Let 2y, 2y be the interiors of the domains of 1) and ¢*, respectively. If ¢ is C%-smooth
and strictly convex, then the map Vi: Qy — €y« is smooth and bijective. So by the
change of variable formula,

/ e~V (W) dy :/
n Q

As noted above, in the general case, the gradient Vi) and the Hessian V21 of 1 exist
almost everywhere in €, so that the right hand side of (9) is still well defined. Although
it is clear (take t(x) = |z| in R) that this equality may fail in general, a result of
McCann [37, Corollary 4.3 and Proposition A.1] shows that

6—¢*(y) dy = / e—w*(vw(w))det(v2w(x)) dz. (9)
Qy

P

/ e~ (V@) det (V2 (z)) da = / e VW) gy, (10)
Qw X’J"*

where X, is the set of vectors of {2+ at which V?1* exists and is invertible. Together
with (8) we get

eV (VY@ det(V24(z)) do < (2m)™.
Qy

By (5), the previous inequality thus becomes

/ e~ @ VY@@ dot (V2eh(z)) do < (2m)",
Q'd’



which can be rewritten as
/ e~ @ VY@)+20@) qet(V2h () dp < (27)". (11)

Taking the logarithm and using Jensen’s inequality (recall that p is assumed to be a
probability measure) we obtain

- /n (2, V() dp + 28 (p) + /Rn log(det(V?%)) dpu < nlog(2m).

We will need some version of the Gauss-Green (or Stokes) formula and refer to [14]
as a general reference and for recent results on this subject. Let v be the vector flow
v(z) = e~ ¥z By the convexity and lower semi-continuity of v, v is continuous and
locally Lispchitz on Qy, the closure of Q. Assume first that €, is bounded. Then by
the Gauss-Green formula [16, 18], we have

/ div(v(x))dx :/ <’U(l’),NQw(.T)>dO'Qw,
QUJ 897/,
where Nq,, (z) is an exterior normal to the convex set Q at the point  and oq, is the
Hausdorff measure restricted to 0€2y,. Hence

/H<I7V¢($)>du=/9 (z, Vb (z))e ¥ dg

= / div(z)e @ dx — / (z, Na, (x))e*w(w)dagw.
Q"J) 8Qw
This formula also holds true for an unbounded domain €, by a simple truncation argu-
ment and by the fast decay of log-concave integrable functions. Since €2 is convex, the
barycenter 0 of p is in Q. Thus (z, No,(2)) > 0 for every x € 98 and div(z) = n
hence

/ (o, V() dp < .

This finishes the proof of the inequality. Let us move on to the equality case. It is easily
checked that there is equality in Theorem 1 for Gaussian measures. On the other hand,
the above proof shows that if there is equality in (6), then there must be equality in (8).
Thus, by the equality case of the functional Santal6 inequality, p is Gaussian. O

3 A functional L,-affine surface area.

3.1 General theorems.

We first give a definition that generalizes the notion of L,-affine surface area of convex
bodies to a functional setting. Generalizations of a different nature were given in [12]
and [13].

Definition 1. For measurable Fi, F5: R — (0,400), A € R and a convex function
Y R™ = RU {400}, let Xy, be the set of points of Qy at which its Hessian V21 in the
sense of Alexandrov is defined and invertible. We define

asr(Fi P = [ (B@)) (e Vo) - v@)) (4t Vo) do. (12)



Since det(VZy(z)) = 0 outside Xy, the integral may be taken on €, for A > 0.
Definition 1 is motivated by two important facts. First, we prove that for a particular
choice of Fy, F» and v it coincides with the usual L,-affine surface area of a convex
body. This is the content of Theorem 3. Second, in the case of log-concave functions,
for Fy(t) = Fy(t) = et the functional affine surface area as;(Fy, F»,1) becomes

asl(FlvFQaw) :/

T et p(a)dn = [ eV VU det Pu(a)da
Xy

Qy
and is of particular interest. This is discussed in Subsection 3.2.

Our main result is the duality formula of Theorem 2. A special case is the identity
(10) which was the starting point of the short proof of the reverse log-Sobolev inequality
presented in Section 2.

Notice also that for any linear invertible map A on R™, one has
asx(Fy, Fa,p 0 A) = |det A|**tasy(Fy, Fa, 1), (13)

which corresponds to an SL(n) invariance with a degree of homogeneity of (2A—1). This
is easily checked using V(¢ 0 A) = A'V 4,9 and VZ(¢p o A) = A'V? Y A.

We shall use Corollary 4.3 and Proposition A.1 of [37], where McCann showed a
general change of variable formula, namely for every Borel function f: R™ — R,

; F(V(2))det V() de = f(y)dy. (14)

Xy

The same holds true for every integrable function f : R™ — R. Identity (14) is obvious
when 1) satisfies some regularity assumptions, like C2. It suffices to make the change of
variable y = Vi (z). However, the proofs are more delicate in a general setting.

Theorem 2. Let A € R, let Fy, Fo: R — Ry and let ¢ : R™ — R U {+o0} be convex. If
A <0 or A > 1, assume moreover that F10v >0 on Xy and Foo¢* >0 on Xy-. Then

aSA(Fl,F2,¢) - aSl—A(F27F1;¢*)-

Proof. Without loss of generality, we can assume that 1) is lower semi-continuous so that

¢ = (¢")". By (5),
asx(Fy, Fa, ¢) = /X (F1 o 9p(2))' A (F2 0 9" (Vi (2)))* (det V() da.

By Proposition A.1 in [37],
z= V' oVi(r) and V*(Vi(z)) = (V(x) ™", Vo e Xy,
so that asy(F1, F», ) is equal to

/X (Fi ot o Vi (Vi(2)))' 7 (F 0 9 (Vih(2))) N (det V24" (Vi () A det V24 () da.
Using (14), we obtain
asx(F1, P, ) = /X (Frogo Ve (y) ™ (Fy 0 9" (y) N (det V20" () dy.

Since (¢*)* = 1, we conclude the proof using (5) with ¢* instead of . O



Corollary 1. The function A — log(asx(F1, Fa, 1)) is convex on R. Moreover,

1-X A
Ve [0,1], CLS)\(Fl,FQ,Qﬁ) S </ Flot/}> (/ FQO'I/J*>
Xy Xy

FEquality holds trivially if A\ =0 and A = 1. If F1 o9 > 0 on Xy and Foo¢* > 0 on
Xy=, then

1-x A
VA E[0,1], as\(F1,Fa,7) > </ F101/1> (/ onlff*) .
X, X s

Proof. The convexity of A — log(asy(F1, Fa, 1)) is a consequence of Holder’s inequality.
For the inequalities we use Holder’s inequality and also the duality relation of Theorem
2 with A = ]., G,Sl(FhFQ,’t/J) = GS()(FQ,Fl,’l/J*) = wa* FQ O’l/}*. O

We define the non-increasing function F': R — R} by

F(t) = sup /Fi(t1)Fa(t2). (15)

t1+to
—a 2t

Notice that if F; = F3 is a log-concave, non-increasing function then F = F} = Fb.

Corollary 2. Let F1,F>: R — Ry and let ¢ : R® — RU {+o00} be a convex function.
For z € R", let ¢,(x) = (x4 z). Then there exists z € R™ such that

ax 1-2A
VA e [0,1], (J,S)\(Fl,FQ,@/JZ) < </ F (|$2|2> dl‘) </X Fi O’L/})
" ¥

Equality holds trivially if A\ = 0. If Fy o1 >0 on Xy and Fyo¢™ > 0 on Xy« then

) o 1-2A
VA <0, asx(F1, Fo,1.) > </ F(|x2|) dl’) (/ F101/1>
n Xw

If F is decreasing, A # 0 and wa Fy o # 0, then there is equality in each of these

inequalities if and only if there exists ¢ € Ry, a € R and a positive definite matriz A
such that, for every x € R™ and t > 0,

F(t
Y. (x) = (Az,z) +a, Fi(t+a)=cF(t) and Fy(t—a)= ( )
c
Remark. Notice that if ¥ is even then one may choose z = 0. Moreover, the inequality
of Corollary 2, together with the duality relation of Theorem 2, yields another inequality
which is stronger as the one of Corollary 2, when A € [3,1]. Indeed, by Theorem 2 and
Corollary 2, we have for all A € [0,1] that

2 2(1-X)
asx(Fr, Fy, ) = asy_x(Fa, F,0%) < (/ F ('“;') dx) (/X

22—1
Fy oqb*dx) . (16)

"
"



IfXe|
that

,1], we can now apply the functional Blaschke-Santalé inequality (20) and get

5 2 1-2x
asy(Fy, Fp, 1) < (/n F <|a:2|) da:) </X b ozbdx) ,

which is the inequality of Corollary 2. Thus, for A € [1,1], (16) is as strong as the

2
inequality of Corollary 2.

1
2

Proof. We recall a general form of the functional Blaschke-Santalé inequality [20, 29].
Let f be a non-negative integrable function on R™. There exists zg € R™ such that for
every measurable p : R,y — R, and every g : R” — R, satisfying

flzo+2)g9(y) < (PP ((z,1))) (17)

for every z,y € R™ with (z,y) > 0, we have

/” fdx/n gdr < (/Rn p(|x|2)da:>2. (18)

If f is even, a result of Ball [7] asserts that one may choose zy = 0. Moreover, if there
exists g satisfying (17) and equality holds in (18), then there exists ¢ > 0 and a positive
definite matrix 7', such that for every z € R",

fleo+a) =ep(ITal?) and gly) = - p (IT"'af?). (19)

For z € R™, let us denote 9F = (¢,)*. Since F is non-increasing, we have by (4), for
every x,y, z € R™ such that (x,y) > 0,

zﬂm@mw@@»sﬁ(%“fﬂ“”>gﬁ(@jﬁ.

By the functional Blaschke-Santal6 inequality there exists zy € R™ such that

(o) (o)< (Lr(5) ).

Applying Corollary 1 to v,,, we deduce that for A € [0, 1],

(L) (L =)
(e () )" (f.7e)

For A < 0 we deduce from (20) that

IN

asx(F, Fa,z,)

1-2X

IN



and we conclude by using the second part of Corollary 1.

In order to characterize the equality case, we suppose that [ X Fy o # 0 which
means that the expressions in the inequality are not identically zero. For A # 0, if there
is equality in one of the inequalities of Corollary 2, it follows from the proof that we have
equality in the functional Blaschke-Santalé inequality. Thus by (19), there exists ¢ > 0
and an invertible linear map 7', such that for every x € R™,

2 —1,.12
Flowzo(m:cF(Txl) and FQO@O(@:iF(w 1 )

2 2
Let us define p(z) = ¢(T 'z + 20). Then we have

jz/? |z

Flopa)=cF <2> and Fo¢*(z) = %F (2) . (21)

Hence

F ('3522> = /Fiop(x)Fyop*(z) <F <W> <F <|"”2|2> :

Since F' is decreasing, we deduce that ¢(z) + ¢*(z) = |z|%. It is a classical fact that
this implies that ¢(x) = |z|?/2 + a. See for example the argument given in the proof
of Theorem 8 in [20]. Defining A = T*T/2, we get that 1., (x) = (Az,z) + a, for every
x € R™. From (21) we deduce that for every ¢ > 0,

Fi(t+a)=cF(t) and Fy(t—a)= %F(t)

Thus all stated conditions are proved. Reciprocally, if these conditions are fulfilled, a
simple computation shows that there is equality. O

3.2 Application for log-concave functions.

We define F; and F> on R by Fy(t) = Fo(t) = e~" . Then F(t) = e as well and we use
the simplified notation

asx(¥) = asx(e”" e " ) = / ePA= D@ =M@ VU @) (et V2(x)) " da. (22)
Xy

As before, we can replace Xy by €, for A > 0. Observe that for the Euclidean norm |- |,
asx <|2|2> =(2m)% . (23)

We call a real valued map ® on the set of convex functions ¢ a valuation (see e.g., [4]),

if

1 (Y1) + P(Y2) = P(max(th1,1h2)) + P(min(th, 12)),

provided min(¢1,2) is convex. Then it is not difficult to see (see e.g., [12]) that as) is
a valuation and that it is homogeneous of degree (2A — 1)n, since, by (13), for any linear
invertible map A on R™ and all convex v

asx(Y o A) = |detA|**Lasy(v).



For convex bodies with the origin in their interiors, such upper semi-continuous valua-
tions were characterized as L,-affine surface areas in [30] and [31] which motivated us
to call asy () the Ly-affine surface area of ¢. This is further justified by Theorem 3 of
the next section (where we also recall the definition of L,-affine surface area for convex
bodies), and by the identity (31) of Section 4.

From Theorem 2 and Corollary 1 we get that A — log (asx(¢)) is convex and that
VA €R, asx(¥) = asi—A(¥"). (24)

The following isoperimetric inequalities are a direct consequence of Corollary 2 and a
result of [28] which states that the Santalé point zp in the functional Blaschke-Santalé
inequality (7) can be taken equal to 0 when fR” re Y@ dr =0 or fR" re V" @ dy =0,

Corollary 3. Let ¢ : R™ — RU{+00} be a convex function such that fR” re Y@ dg =0
or fRn ze ¥ @ dy = 0. Then

1-2x
YA€ [0,1], asx(v) < (2m)™ (/X €_¢> ,

1-2)
VA € (—00,0], asx(¥) > (2m)™ (/X e_¢> .

Equality holds in both inequalities for A # 0, if and only if there exists a € R and a
positive definite matriz A such that ¢ (z) = (Az,x) + a, for every x € R™.

Remark. (i) To emphasize the isoperimetric character of these inequalities, note that
with (23), the inequalities are equivalent to

—p 1—-2A
e, 20 < ( b m)
asy (—) Jgne =

2

VA <0, as,\(w)) > ( wa e )12>\.

asx (% Jan et
(i) It follows from Corollary 8 and the functional Blaschke Santald inequality that
VA€ [0,1/2), asy(@)asi(¥”) < (2m)"

~

¥

and

There are several other direct consequences of Corollary 3 that should be noticed.
As observed already, we have for every A > 0,

P

Since e ¥ < [, e % we deduce from Corollary 3 that for any A € (0,1/2],
Xy R
\ 1-2X
/ (A=Y (2) =Xz, Vi (x)) (det v2¢($)) dr < (zﬂ)m </ ew) ) (25)
QU) n

10



This inequality also holds trivially for A = 0. Moreover, by Theorem 2, we know
that asx(v) = asi—a(¢*). Since the inequalities of Corollary 3 are also valid when
Jgn e @dz = 0, we deduce from (25) that if A € [1/2,1],

/ CA-DY@ ATV (dot V24p() da = asa ()
Qy

221
= asy_x(¢*) < (2m)"(=Y (/ e_w*) .

By the functional Blaschke-Santalé inequality (see (20)), we know that [, e™¥ [o, e™%" <
(2m)™ and we conclude that for all A € [1/2,1],

1-2)
/ ePA=DYE@)-AMa, V(@) (det VQ’(/J(Z‘)))\ dr < (2m)™ </ e_w) .
Qy

For A < 0 or A > 1, an important case concerns C? strictly convex functions . In such
a situation X, = {2y and Xy» = y+ and we deduce from Corollary 2 that for all A < 0,

1-2X
/ e(PADY(@) =Xz, V(@) (det Vzw(z))A dx > (2m)™ </ Gw) .
Qw n
For all A > 1, we go back to Corollary 1 and deduce that

1-X A
/ oA D)U(@) =Mz, Vi (2)) (detvzw(z))/\dx—aS,\(w)Z(/ ew> (/ e¢*) .
Qﬂ) n n

By the asymptotic functional reverse Santalé inequality [21] (see also [27] in the even
case), there exists a constant ¢ > 0 such that fRn eV fRn e > o, Therefore, for all
A>1,

1-2)
/ (A=Y (2) =Mz, Vi (2)) (det ng(x))’\ dz > ¢ (/ ew) .
Qw n

Thus, we have proved the following:

Corollary 4. Let ¢ : R™ — RU{+4o00} be a convex function such that fRn ze Y@ dy =0
or fpnxe™ @dx = 0. Then

1-2)
VA € [0,1], / ePADY@) =M@V (det V24(2)) dar < (27)™ ( / ew> .
Qy n
Moreover, if 1 € C%(Qy) is strictly convez, then
\ 1-2)
VA < 07/ e(CA=1)P(z) =Xz, Vi (z)) (det V21/)($)) dx > (27T)n/\ (/ e—w)
Qy n
and there exists an absolute constant ¢ > 0 such that

1—-2X
YA > 17/ (A=Y (z) =Xz, Vi (x)) (det V2’(/)($)))\dx > (/ e—¢> )
Qy "

These are the complete analogues of the L,-affine surface area inequalities from [33,
26, 47] which will be discussed in more detail in the next subsection.
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3.3 The case of convex bodies.

We continue to study the case Fy(t) = F»(t) = e~*. Additionally, we consider the case of
2-homogeneous proper convex functions 1, that is 1(A\x) = A2 (z) for any A € Ry and
x € R™. Such functions v are necessarily (and this is obviously sufficient) of the form
P(x) = ||x||% /2 for a certain convex body K with 0 in its interior. Here, || - || is the
gauge function of the convex body K,

|||k = min{a >0: z € aK} = m%{x(m,m = hgo(x).
yeK®
Differentiating with respect to A at A =1, we get

(z, Vip(z)) = 2 (x).

Thus, for 2-homogeneous functions 1, formula (22) further simplifies to
asy(v) = / (det Vzw(a:)))\ e V@ dy. (26)
Xu,

The following theorem indicates why we call asy (1)) the Ly-affine surface area of 1. First
we recall that for p € R, p # —n, the L,-affine surface area of a convex body K in R"
with the origin in its interior is defined [26, 33, 47] by

as,(K) = ST (). (27)
K (2, Nic(2)) 5

Here, Nk (x) is the outer unit normal at € K, uk is the usual surface area measure
on 0K and ki (z) is the Gauss curvature at x. We denote by (0K)4 the points of 9K
where the Gauss curvature is strictly positive.

Theorem 3. Let K be a convex body in R™ containing the origin in its interior. For
any p >0, let \= £~ Then

n+p”’
- 1% (2m)2
= K).
“S*< 2 n|Bp| asp(K)

Moreover, if (OK)4 has full measure in 0K, then the same relation holds true for every
p# —n.

Remark. For all p, as,(BY) = n|B%|. Therefore, together with (23), Theorem 3 can
be rewritten as 2
@A ( 2K> _ asp(K)

asy (%) asy(By)

Proof. We will use formula (26) for ¢ = % By a result of Hug [26, Theorem 2.2], the
function v is twice differentiable at almost every point of 0K and we have that

KK ()

det (V29 (x)) = N (), 27T

12



Note in particular that X, coincides with the the radial extension of the points of 0K
where the Gauss curvature is strictly positive, namely (0K);. Now we integrate in
polar coordinates with respect to the normalized cone measure o of K. Thus, if we
write x = rf, with § € 9K, then dz = n|K|r" 'drdok (). We also use that the map
x — det V2¢(z) is 0-homogeneous. Therefore we obtain from (26),

. 2 +w 77'2
asy <|”K> = n|K|/ rleT dr/ (detvzd’(‘g))/\ dor(6)
2 0 (0K)+

s 2 @)\
|Bg| (6K)+(<NK(.”L'),$>”+1> do (0).

The relation between the normalized cone measure o and the Hausdorff measure pg
on 0K is given by

— (2m)

(&, Nk (2))dpur ()

Thus, with A = %,
n+p
By _emty (s y
as — = — M) x’NK . dILLK .
< 2 n|By| Jox), \(z, Nk(z)) "+t { (x)) ()
(27)%
= K
n|B£L| CLSp( )7
when A € [0,1) or when (0K)4 is of full measure in K. O

Let us conclude this section with several observations. First, observe that

=113 n
/e_ 2de=25F(1+g)\K|.

Combining this with Theorem 3 and Corollary 3, we recover the L-affine isoperimetric
inequalities for convex bodies. Namely, for a convex body K with the origin in its
interior, we have for A € [0, 1), which corresponds to p € [0,00) (A and p are related by

= nip)’

a%m><<m>wp
asp(B3) ~ \1B3l)

with equality if and only if K is an ellipsoid. For A € (—o0,0], which corresponds to
p € (—n, 0], we use Corollary 4 and get that for any (72+ convex body K, i.e., 0K is C?
with strictly positive Gauss curvature everywhere,

wmo><K|ﬂ5
| b

asp(By) — \|BY

with equality if and only if K is an ellipsoid. If A > 1, which corresponds to p € [—00, —n),

then -
oo (1E)F  ontr)
|B3| ~ asy(BY)

13



where c is a universal constant. For p > 1 these inequalities were proved by Lutwak [33]
and for all other p by Werner and Ye [53].

Second, the functional definition asy (%) and asy,(K) may differ for p < 0. Indeed,
if 0K \ (0K )4 has positive measure then as,(K) = 400 while it can happen that the
corresponding functional definition is finite. A simple example is the convex hull of the
point (—ep) with the half unit sphere {3 2? = 1,z; > 0}.

Note that (%) = ”'H2K°, where K° = {y € R" : (x,y) < 1Vz € K} is the polar

body of K. Thus the functional duality relation (24) implies the identity

e R ass (1R _ - I
) A 9 = asS1—) 9 .

Together with Theorem 3 and for A = p/(n+ p), we recover the classical duality relation

asp(K) = as%(Ko)

for any p > 0. Moreover, this is also valid for any p # —n when (0K), has full measure
in K. This duality relation was proved in [26] for p > 0 and for all p # —n in [53],
under additional regularity assumption when p < 0.

4 The L,-affine surface area for s-concave functions.

The purpose of this section is to generalize Definition 1, the functional version of L,-
affine surface area, to the context of s-concave functions for s > 0. One possibility is
to consider Fy(t) = Fy(t) = FO(t) = (1 — st)i/s, where a, = max{a,0}. Since F(*) is
log-concave and non-increasing, one has according to (15), F = F () and when s — 0, it
recovers the previous case of F(t) = e~*. However, when v is convex, F ot and F o ¢*
do not satisfy a nice duality relation. Therefore, instead of the Legendre duality, we use
a different duality transform coming from the natural duality for s-concave functions
studied in [3, 38].

4.1 The s-concave duality.

We need some additional notation to explain the definition. Let s € (0,+00) and f :
R™ — R. Following Borell [9], we say that f is s-concave if for every A € [0,1] and all
2 and y such that f(z) > 0 and f(y) > 0,

F( =Nz +2) = (L= NS (@) + M @))""

Since s > 0, one may equivalently assume that f* is concave on its support. For the
construction of the duality, we assume that f is upper semi-continuous, f(0) > 0 and
that f is bounded. We denote this class of functions by Conv(R™). Let S; be the
convex set {x : f(x) > 0}. We define the (s)-Legendre dual of f (see [3, 38]) as

1/s

fiow) = jnf ﬂ—?&)ym

14



Equivalently one may define a function 3 on S by

1)

”(/}($) y TE Sfa (28)

extend it by continuity to the closure of Sy and by +oco outside the closure of Sy. We
associate with it a new dual function 7/’?3) defined by

¢(*S)(Z/) = sup <£C,y> — 1/’(“”)

€Sy 1- Sw(x) (29)

where y € Sf&) = %S‘JE = {Z:Vx € Sy, (x,2) < 1}. Since f is s-concave, upper semi-
continuous, v is convex, lower semi-continuous. And f > 0 on Sy, hence w(*s) is well
defined. The (s)-Legendre dual of f is now given by

o N 1/s
f(s) (y) = (1 - Sw(s) (y)> ) Vy € Sf(os>a

where Sf(o‘) ={y:1- sULy) (y) > 0}. We extend it by continuity at the boundary and by
0 outside the closure of .S e It is done in such a way that f(os) is upper semi-continuous.

Since f € Conv! (R™) then [ € Conv! (R™). Tt is not difficult to see that as for the
Legendre transform, (f(os))?s) = f or equivalently that (w(*s))fs) = .

There is an implicit equation between the classical Legendre function * and the
(s)-Legendre function @[J(*S) given by

Yy € Sge s (1 - S@b(*s)(y)) (1 + s¢” (W)) =1 (30)

Our definition of the L) affine surface area of an s-concave function is the following.

Definition 2. For any s > 0, let f be an s-concave function and v be the convex function
associated with it by (28). For any X\ € R, let

= dz.
1+ns

% 1 (1- sw(m))(%_l)(l—k) (detVQw(x))’\
asy’ (¥) 1
A /Xw (1 + S(<J?7 V’(/)(g;» _ w(x))))\(n+g+1)_1

Note that asg\s) does not correspond to Definition 1 for particular functions F; and
F5. As in the log-concave case, we call asg\s) the Ly-affine surface area of an s-concave
function f. This is motivated by two reasons. As in Theorem 2 , we prove in Theorem
4 a satisfactory duality relation, from which we deduce a reverse log-Sobolev inequality
for s-concave measures. Moreover, in the case s = 1/k > 0 where k is an integer, this
functional affine surface area corresponds to an L,-affine surface area of a convex body
associated with f in dimension n + k. Indeed, as in [3], this convex body K,(f) in R 3
is given by

xT

K(f) = {(w) R xRE: S e Sy bl < (})}

15



The Lj-affine surface area of f is a multiple of the L,-affine surface area of K,(f) with
A
p=(+3) =5
S K?
szvoli_, (52*1)

Identity (31) follows from Proposition 5 in [12].
Finally, we note that, as it is the case for log-concave functions, the Ly-affine surface area
for s-concave functions is also invariant under the action of SL(n) and is homogeneous.

Theorem 4. Let f € Conv! (R"™) with associated convex function v. Let A € R then

Proof. Let us start with the case when f is sufficiently smooth, say v is twice continuously
differentiable with strictly positive definite Hessian on €. Then X, = €, and

dz. (32)

- 1 / (1 — sp() 70 (detv2yp(a)
 14mns Q, (

asy’ () = 1
W 1+ s((z, Vib(a) — op(a)) (1)~

A simple computation shows that the supremum in (29) is attained at the point z € Sy
such that

1 —s(x,y) B .
= 1T s0) Vip(z) = (1= s¥(;) () V().
From (30), we have
! =1+ sy*( Y ) =1+ stp*(Vip(x)). (33)

Therefore, we have that the supremum in (29) is attained at the point = € Sy, that is,

o) = S,
if and only if
Vi(z) Vi(z)

YT 1 s (Vo) 1+ s(Vo(a),a) — o(x)

We define the change of variable

Vi(z)
1+ s((Vip(z), ) — (z))

A straightforward computation shows that

= Ty(x). (34)

U S (VR T
0Ty = ey (4 Tr e ) Ve
Since
det (Id T )t w(x)) = T ve@) & VD

16



we see that the Jacobian of Ty, at x is given by

1- 5¢($) 2
dy = |det d, Ty | dx = 7 detV=y(z) d. 35
v =Tl = S — vy Y ) ()

As the duality (¢7,))7,) = ¢ holds, we see that Ty, o Ty, = Id and Ty, = o Ty, = Id from
which it is easy to deduce that for y = Ty (),

det (d,T}y) det (dyT%) ~ 1 (36)

We now make the change of variable y = Ty (z) in formula (32). From (33) and the fact
that (1/){8))(*3) = 1), we have

1 1
=00, ) 1= sb(a)

Combining this with (35) and (36), we obtain

= 1+s((Vi(z),2) —¢(z)) and =1+ s((V(o (W), y) = ¥((¥)-

det V2 (z) L~ 50y ) " det V2t (y) = 1. (37)
1+ s((Vor, (v),9) — ¥7,, () )

Consequently, with y = Ty (z),

A—1

ool (DN (42
) (45) :/ﬂ (1= sy(x)) (det V() et d, T, | dr

1+ <
() oy L+ 5((@, Vola)) — (a)))O DD
(n4+2)(1=X)+(A=1)(n+1)+2 —1
_ / (1 - 3¢Z(S)(y)) (
B Q

o) (1 +5((y, Vi, (1) — ¥, (v)

5 1—-X
detV2ust, (y) )
)(n+2)(17)\)+(%71)(17/\)71

dy

) (aet w207, ()
)(n+1+§)(1—>\)71

dy

- [ (1- st )"
Pt (14 sy, Vg, () = 67, ()
= (1 + ns) asl )\(w(s )-

This concludes the proof in the smooth case.

For the general case, we need several observations. By (5), we have a.e. in €y,

(1+s((z, Vi (2)) = (2))) = 1+ 597 (Vip(2)).

Therefore, we can use a result of Mc Cann [37], see (14), to get

)dx

ns) ast? (=) 0 (e
A ”w_/)w <1+sw< P ()

1_
s

/ (1 — sy (Va*(2)) 57O (detw2gp(2)) '
X, (L sy () ()
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We want to make the change of variable z = T(y) = Observe that T is an

y
T, 0"
injective map on Q. . Indeed, let y; and yz so that T(y1) = T(y2), that is

Y1 _ Y2
1- S@bzs)(yl) 1- 5¢(*8) (y2)

From (30), we deduce that 1 — sw(*s)(yl) =1- sw(*s)(yg) hence we have y; = y2. From

(30), our change of variable z = T'(y) is equivalent to y = . Therefore, a similar

z
1+s9*(2)
computation to (35) gives a.e. in Qye s

L+ s(7)* (V7, (9)
(L= sy, )"

|det d,T| = (39)

Similarly to proposition A.1 in [37], T maps Xw(*s) to Xy~ and the Alexandrov derivatives
satisfy

1- sw@) (v)
T+ s(07,)) (VU

Since (¢{,))(s) = ¥, we deduce from (30) that

n+2
(y))) det V=7, (y) = detV=y™(2). (40)

* Ok xz _
Using (30) and the definition of T', we get that a.e. in Q-

Vip*(z)
1 —sy(Vi*(2))

which shows that for z = Ty,

= Vi, (), for z=Ty

1

1= s(VY(2) = +s(4f,)) (Vg ()

(41)

We have almost all the tools in hand to make the change of variable z = T'(y) in (38).
We compute

A

[0 s (Vi ()Y (deeviyr(2) T
X g

(1 sy ()N

by an approximation argument. This will be to ensure that T is a Lipschitz map so that
we can use the area formula, see Theorem 3.2.3 in [19]. We have for any y1,ys € Xd,(:),

|y1 - yQ‘ S‘y2| * *
Tyl—TyQS + * ¢S Y2 —¢3 Y1)l- 42
| ST, w0 T T o, () (= s, ) VW)~ Vi)l (42)
Since 1/}(5) is convex on Sf&> we deduce that for any ¢ € (0,1), it is Lipschitz (with a
Lipschitz constant depending on ¢) on the set of points in S 12 which are at distance

at least € from the boundary of S 1o Let us denote by ). the intersection of this set
with Xy. . Hence we integrate on z € T(Y.) N B(0,R) =: Xf#;R where B(0,R) is a
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Euclidean ball of radius R. And we will let € go to zero and R go to infinity. Let
X;Z*R = T’l(ij’*R), the set of y € Xy ~such that z = Ty for z € X582 We have

5
1— 31&(*8)(0) > 0 hence it is strictly positive on a neighborhood of the origin in S 1o, And
we deduce from the relation z = Ty = #?)(y) that for any y € X;’FZ, 1- sql)z‘s) (y)

is uniformly bounded from below by a positive constant. Since f € Conv! (R™) hence
fis) € Conv! (R") and 1 — 51, is bounded from above. Since z € B(0,R) and y =

z(l—sz/zz*s) (y)), we conclude that there exists R’ > 0 such that for any y € Xi";i, ly| < R
Moreover w(*s) is Lipschitz on X E’?R) . Hence we conclude from (42) that T is a Lipschitz
map on X z(*R;

We can apply the area formula, see Theorem 3.2.3 in [19] and make the change of
variable z = T'(y) in the following integral:

[ s (Vo () 0 (detvyr ()
XiE (1 sy ()N
We deduce from (39), (40), (41) that it is equal to

A
dz.

A(L-1

(1=sity )"
XE,R

S (14 sy, Vo, ) = 07, W)

) (detvzl/i(*s) (y)) )

) (n+142)(1-1)-1

dy.

Letting & going to zero and R going to infinity, we conclude from (38) that

1-X

(1 — 57/1?3)@))/\(%_1) (detvzdfs) (y))

(1+ ns) asf\s) (¥) = /X (nt1+1)(1-n—1 dy.
st (14 s(ly, Vo, () — vt @)
This finishes the proof of the duality relation in the general case. O

4.2 Consequences of the duality relation.

In this section, we assume that f satisfies more regularity assumptions: f is twice con-
tinuously differentiable on Sy, its Hessian is non zero on Sy, lim, a5, f* (z) =0 and the
origin belongs to the interior of Sy. With these assumptions, X, = S¢ and Xyp, = Sf(c;)

and we remark that the definition of asf\s)(w) implies that

a5t (1) = [ J)de and as\™ (1) = /S 12 (w)dy. (43)
s s
Indeed,
w0 = o [ 0= s T (1 s(Vela).a) (@) da
1 o (1- @2 L 2)dw
- /Sff()<1 o ) d Sff( )da, (44)
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where the last equality follows from Stokes formula and the fact that lim, a5, f*(x) = 0.
The second relation follows from the duality relation proved in Theorem 4.

In a way similar to the proof of Corollary 1 and Theorem 1, it is possible to de-
duce from Theorem 4 some isoperimetric inequalities and a general reverse log-Sobolev
inequality in the s-concave setting.

Proposition 1. Let f be an s-concave function which satisfies the regularity assumptions
stated at the beginning of Section 4.2 and let i be its associated convex function. Then

vA€[0,1], asi(v) < (/ fdx) (/ fs)d;v>;
weon ez ([ ra) ([ )

Proof. We use Holder’s inequality and (43) to prove the first inequality:

S [(/n(l_sw(@)i_l (1= st(z) + sz, Vi (2))) d:c)lA

1+ ns
/ det V21 (z) i ]
R (1 — syp(z) + s(z, V¢(x)>)n+§

(L) (L)

Similarly, one can prove the second inequality. O

The next theorem establishes the reverse log-Sobolev inequality for s-concave func-
tions. There, we put

dr

dn = (1= @) ) (L4 s(Vel@),@) - v(@) T

If [on f(x)dz = 1, then by (44), p is a probability measure on R”. We let S(u) =
J —log ( ) dyu be the Shannon entropy of u.
Theorem 5. Let f be an s-concave function which satisfies the regularity assumptions

stated at the beginning of Section 4.2 and let 1) be its associated convex function. Assume
moreover that f is even and that [g, f(x)dz =1. Then

[ tog (et (V20i@)) die < [ 10g (114 s((, To@) ~ @) ) o = S

) " (1+ns) (DA + £))°
Hg((s) (C(1 42+ £))° ) ()

n

There is equality if and only if there is a positive definite matriz A such that f(x) =

n

1 o 1 -1
Co (1 — S |Ax|2) - ) where Co = (%) ’ (%‘%%)) ’
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Remark. Since S(v,) = log(2me)?, the right hand side of inequality (45) tends to
2[S(vn) — S(u)] for s — 0 and we recover the inequality of Theorem 1.

Proof. The proof follows the line of the proof of Theorem 1 presented in Section 2. By
definition (29) of ¢, we have for all z € Sy and for all y € %SJ? that

1 1 1
s s s

f@)foy) = (1 =s(x))s (1 - s97y(y)* < (1 —sz,y) .

We let p(t) = (1 — st)_% As f =0 outside Sy and f¢,) = 0 outside %S;, the functions f

and f(,) satisfy the assumption (17) with zo = 0 because f is even. It follows from (18)
that

() (. ) = (o) = (0

By Theorem 4, we have f]R" f(os)dx = asés)(z/;(*s)) = as(ls) () which means that

dx

. 1 detV2y(x)
dr =
ot =t | (1+ sl V(@) — () )
1 detV2y(x) dx

= du(x).
1+mns /Xw (1+3(<x,V¢(m)>—w(x)))(’ﬁ%) dp(z) p(x)

Since fR,L fdx =1, p is a probability measure and we get from Jensen’s inequality

log (/ f(os)dac> > S(u) —log(1 4+ ns) +/ log (detV?v) du
Rfl n

[ o (1 st Vi) - ) )

Therefore, with (46) and as [, fdr =1,

[ tog (et (v0) du < [ tog (14 s Fta)) — 6)*) = S(a)

P+ )’ )

n 2
(1+35+35))

n

™

+log(1 + ns) + log (()n r

S

If equality holds in (45), then, in particular, equality holds in the Blaschke-Santald
inequality (46). It was proved in [20] that this happens if and only if, in our situation,
1

f(x) =co (1 -5 \Aa:|2) %, for a positive definite matrix A and where ¢ is chosen such
that fRn fdx = 1. On the other hand, it is easy to see that equality holds in (45), when
1

flx)=c (1 -5 \Am|2) ﬂ, for a positive definite matrix A and a positive constant c¢. [
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