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SMALL BALL ESTIMATES FOR QUASI-NORMS
OMER FRIEDLAND, OHAD GILADI, AND OLIVIER GUEDON

ABSTRACT. This note contains two types of small ball estimates for random vectors in
finite dimensional spaces equipped with a quasi-norm. In the first part, we obtain bounds
for the small ball probability of random vactors under some smoothness assumptions on
their density functions. In the second part, we obtain Littlewood-Offord type estimates for
quasi-norms. This generalizes a result which was previously obtained in [FS07, [RV09].

1. INTRODUCTION

Let E = (R", || - ||) be an n-dimensional space equipped with a quasi-norm || - ||, and let X
be a random vector in E. The present note is concerned with small ball estimates of X, i.e.,
estimates of the form

P(IX] < 1) < (), (L1)
where ¢(t) — 0 as t — 0.

Estimates of the form (LI]) have been studied under different assumptions on £ and X. One
direction is the case when E = ¢4, i.e., when || - || = | - |2 is the Euclidean norm, and X is
assumed to be log-concave or, more generally, xk-concave. Recall that a log-concave vector is
a vector that satisfies that for every A, B C R" and every A € [0, 1],

P(X e M+ (1-NB) >P(X € A)*-P(X e B)' ™.
For such vectors it was shown in [Paol2] that
P(1X], < vat) < (€)Y,
and this result was later generalized in [AGL™12] to k-concave vectors.

Another direction which has been studied is the case when X is a gaussian vector, and || -|| is
a general norm. For example, in [LO05| it was shown that if X is a centered gaussian vector

and || - || is a norm on R™ with unit ball K such that its n-dimensional gaussian measure,
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denoted 7, (K), is less than 1/2, then
w2
P(IX] < 1) < (2) T (),

where w is the inradius of K. See also [LSO01] for an earlier survey of the subject.

Finally, let us mention that small ball estimates play a role in other problems, such as

invertibility of random matrices and convex geometry. See e.g. [RV09] and [PP13].

While the above results have a more geometric flavor, in the present note we will try to
present a more analytic approach. For a random vector X, let ¢x be its characteristic

function ,i.e.,

¢x(€) = Eexp (i(¢, X)).

Recall the following result:

Theorem 1.1. [FG11, Theorem 3.1] Assume that || - || is a quasi-norm on R™ with unit ball
K. Then

P <0 < K1 (5) [ Jox(@le (12)

Theorem [I.I] says that one can obtain small estimates by estimating the L; norm of the
characteristic function of the random vector. Moreover, one can consider a “smoothed”
version of Theorem [Tk consider instead of X the random vector X + tG, where G is a
standard gaussian vector in R™ which is independent of X. Since | - || is a quasi-norm on
R", there exists a constant C'x > 0 such that

o +yll < Cx(ll]l + lyll), =,y € R™. (1.3)
Therefore,
P(|X +tG|| < 2Ckt) > P(|X|| <t A |G|l < 1)
=P(IX[| <t) - P(IG|| < 1)
=P(|X] <t) - ya(K),

where 7, () is the n-dimensional gaussian measure. Thus, Theorem [[T] implies

p(Ix] < 1) < 2UX *ﬁ}'{f 20xt) e (ij) | loxwote)lde.




Using the independence of X and G,

P(IX] <) < W*(Qi

'Vn(K) ™
_ By it
- 5 [ Joxtele e (1.4

Inequality (L4) enables one to obtain small ball estimates in cases where (L2) cannot be

)n/ |6x ()] b (§)dS

applied. We use it for two different sets of examples. In the first set of examples we consider
continuous random vector under certain assumptions on their characteristic functions (which
are nothing but the Fourier transform of their density functions). This is discussed in Section

2l In the second set of examples, we consider random vectors X of the form

N
X = E a;aq,
i=1

where the a; are fixed vectors in R™ and the «;’s are i.i.d. random vectors that satisfy a
certain anti-concentration condition. This problems and its applications have been studied
by many authors, first in the one dimensional case (i.e., when n = 1) and later in the
multidimensional case. See [FS07, RV08, RV09, TV09al, TV09bl TV12, Ngul2, NVI13] and
the reference therein for more information on this subject. In the case F = £, the problem
of finding a small ball estimate have been previously considered in [FS07, RV09] and is
called a Littlewood-Offord type estimate. Here such an estimate is obtained for a general

quasi-norm. This is discussed in Section

Notation. In this note C, C’, etc. always denote absolute constants. || - || denotes a
quasi-norm with unit ball K. |- |2 denotes the euclidean norm on R". B(z,r) denotes the
closed ball around x with radius r with respect to the euclidean norm. ~,(-) denotes the

n-dimensional gaussian measure.

2. SMALL BALL ESTIMATES FOR CONTINUOUS RANDOM VECTORS

In this section we consider continuous random vectors, i.e., vectors with density function fx.
For such vectors we have

¢AQ=Epr&X»=/<W”hUMx=ﬂ&

We can rewrite (L4) in the following way:
_ t2el3

|K| I\ £ 5
PIXI < ) < o (et [ (i@l



This suggest that small ball estimates are related to weighted norms of fX which are in
turn known to be related to smoothness properties of fy. First, we consider vectors with

independent coordinates and later we prove small ball estimates in terms of Sobolev norms.

2.1. Distributions with independent coordinates. Let f € L;(R) and define
def 0o
I fllBve = sup {Z |f (@) = f (@) | - i C R}-

We say that f € BV(R) is || f||pv®) < co. It is known that [{]-|f F(é)] < | fllBvr)- Thus, if
f € BV(R)( Li(R) then

2 A
(1 < min (2, 17,0 (2.)
Using (2.I) we can prove the following theorem.
Theorem 2.1. Assume that X = (X1,...,X,,) is a random vector with independent coordi-
1
nates, such that fx, € BV(R). Let t < min {7} Then
1<j<n |1 fx; By

K e - et
P11 <) < 0k 6 TT s oveo tos (5= )|

7n J=1 tHfXjHBV(R)

where C'; is the constant from (L4).

Proof. Since fx, is a density function, || fx;||z,® = 1. Also, since fx, € BV(R), we get by

&I,
¢x; (§) < min <7||fx"||BV(R) : 1) :

€]
Thus,
2,2 _ 2,2
Ox, (€) e 7 de S/ d§+/ I llove -2 4
R E1<lfx, lave e>Ix lpve €]
_e2d€
o Ry . / 5%
et love L6
dg e
<2l fx;llBve) + 1 fx; BV + I fx; 1l Bv ®) e 2d§
ele(tlfx, v 1) €] el>1
1
< 4l fx, v + | fx, v log (W)
X; 1BV (R)
™ < (2.2
= || fx. || Bvw) log (7) . 2.2
ABVE EE A\t fx v
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Now, by the independence of the coordinates, we get

7 ‘ﬁc) Cxty [ ox(e g

(i)
P(XI<t) <

LT

= C t 10} 2 d¢
Tn (K K o X

22 ‘ n oA

z S (€ (f Moy log (7))
’Vn K ]1:[1 || XJHBV(R) tHfXjHBV(R)

O

Note that when X is isotropic and log-concave, then by a result from [Fra97], we have that
| fxlloo < € fx(0). If we assume in addition that X has independent coordinates, then we
also have fx(0) = []_, fx,(0) < C", and so we get

P (| X[ <t) < |K|fx (0) (et)" < |K[(Cet)".

2.2. Small ball estimates and Sobolev norm. Recall the definition of Sobolev norm: if
F is the Fourier transform on R", then

1130 = 1l = |77 (1 +162) ™ )

. 2.3
Lp(R™) 23)

Theorem 2.2. Assume that X is a random vector in R™. Assume that 1 < p < 2. Then

or eveEry quasit-norm . on w1 uni a 5
f ' R™ with unit ball K
K
PAIXI < 8 < CR LT fxllag - M(8.pn.t) (2.4
If pt? < 2, then
252 |sm D (25) T prE Y 2<n— g,
22——§ Sk 111/p 1 1/p g—zi B+ <9
M(B,p,n,t) < Q2% 2[S" VP (log (25 ) p2 - t7Y 0<fp<n—-f<2
1/p
s (log () en n—fp <0,
where p' = p/(p — 1). Otherwise, if pt> > 2, then
( 02 n;ﬁp 1/p
S <2e—1—s + (1%) T ("‘fp)) t" 2 < pt* <n—fp,
M(B,p,1,t) < 3 31/p|gn=1[1/pet55 gn n—fp<pt<n,
€ 2 % n
\|Sn—1|1/p <I%log< ;;f >>2pt n < pt2.

The main tool in the proof of Theorem is the following lemma.



Lemma 2.3. Let p € [1,2]. If pt* < 2 then

n—pBp
n—p 2 2
@+l e Pes (i) =
Ly (R?) n—Bp
|Sn 1| = log(};%) (%) Y n—2<fBp<n
log <p276) Bp>n
Otherwise, if pt> > 2 then
n—pBp
_pt? 0o\ 2 n—3
R L O R G S IR e 2
= P <0 3e n—fp < pt* <n,
ept? n/2
()" s

As part of the proof of Lemma 2.3 we need the following.

Proposition 2.4. Assume that x > o > 1. Then

o] 2a+1 a,—T
1 _ xr-e
/ roleTrdr < 22—
X

«

Proof. We have

/ r* e dr = e_””/ (u+z)* te " du
T 0

=e " {/ (u+ 2)* e du +/ (u+2)* e du| . (2.5)
0 T

Now,
x* (2% —1) < 2°‘x°“
o Q@

/ (u+2)* e du < / (u+ 2)* tdu =
0 0
For the second integral, since = + u < 2u we have

/ (u+x)* e "du < 20‘_1/ u* e du.

Altogether, we get in (2.5),

/ rolerdr < =2 — 4 20‘_16_9”/ r* e "dr.
X X

«

Since x > «a, we have, 27!e™® < 1/2, which completes the proof. OJ

We can now proceed to the proof of Lemma [2.3]



Proof of Lemma[Z:3. To estimate the norm, notice that (1 + |¢[2)™"? < min (1,1¢]77), and

so using polar coordinates

_ g2 ||P 2,2
H(1+|§|2) P2 -5 < |S" 1|/ "min (1,7 777) e "2 dr
Lp(R™)
Now,
oo pt2’l‘2 1 1 t22 o0 1 pt27‘2
/ T mm(l r p) e 2 dr:/ r"le dr+/ PP S gy
0 0 1
1 pt2r? 1 2 "*257’ & n—pBp
:/ r" e 2 dr + = — / r—=2 “le "dr.
0 2 \ pt pt2

(2.6)

Case 1: Assume pt? < 2. To bound the first term in (2.6]), use the assumption that pt? < 2

and the trivial bound
1 1 1
/ e dr < / "t dr = —. (2.7)
0 0 n

To bound the second term, note first that

[e'¢) 1
n=Bp_1 _ n—Bp_
/2r2lerdr:/2r21
pt2 pt2
2 2
: 2
Since pt* < 2,

n—RBp
1 1 21— (Iﬁ) ’ n
/ P e dr < /2 Pt gy = { P ( ? P (2.9)
pt? pt

B 5 log (%) Bp =mn,

and also

e_rdr—l—/ P ey, (2.8)
1

o0 n—pgp 1 n_—ﬁp - 1 < 07
/ P2 le T dr < 2 = (2.10)
1

Plugging (2.9) and (2.10) into (2.8]), we get
( n;ﬁp ”*2517 B
2 2 2 n—
n—pBp ((;z?) _1) + (IF) F( 2p) Bp<n_27

n—pBp
B o 2 2\ * _ 2 2 _
() [ < |75 ()7 1)+ () 2sen
pt<
2

12 e
g log (25) By =n,
) ) n;ﬁp ) n;ﬁp
= 1-— (W) + (W) Bp > n.




Now, if a > 1 then we have

aw—l' a®loga 0<xz <1,
<

z a”® x> 1.

Thus, when fp < n — 2 we have

When n — 2 < Bp < n we have

B 2 2 | 2e
A\ pt? ®\2)

Also, when Bp > n we use the fact that when 0 < a <1 and x > 0,

1—a* 1
S;lOg N )
x a

| 2e
— oo [ £
g ot?
Altogether,
n—pp
2 n—
n—pp (#) r ( 2517) 5]3 <n-— 27
2 ’ = Bl g < 2 = 2
i #T € or= (W) log<172> n—2<fBp<n,
log z%) Bp >n
Plugging this into (2.6) and using ([2.7)), we get
n—pp
2 n—
(%) " r(=5®) sp<n-2

pt2

n—@Bp n—pBp n—pp
2 2 2 2\ 2 —-p 2 2 — B
() ) Ge) ()< Ge) (e (5

n—pBp n—pBp n—pBp n—pp

2 2\ 2 e 2\ _ (2 2 | 2 N 2\ 2
[— J— [— [— O [— [—
n— fp \ \ pt? pt? — A\ pt? & pt? pt?

00 2 2
n—1__ - —pB\ —PEr n—pp
/0 T mln(l,rf”)e 2 dr < (2) 2 log<l%> n—2<fp<n

log (,%) Bp >n,



which completes the proof in the case pt? < 2.

Case 2: Assume pt? > 2. Assume also in this case that n > 2. To estimate the first term

in (2.6), we consider two different cases. If pt* > n, choose

and then

1 2 2 T0 2 2 1 2 2 7o 1 2 2
_ _ pttr _ _ ptor _ _ pttr® _ _ pt°r
/r" le=™2 dr:/ rle s dr+/ rlem "2 drﬁ/ r"ldr+/ re 2 dr
0 0 70 0 T0

n n/2 n/2
e 1 e 1 (n pt? 1 (n
< V4 —e T = (S log [ — +— (=
—n pt2€ n \ pt? 8\ pt2 \ pt?

Otherwise, if 2 < pt? < n, choose
rg=¢€ n.

Note that we have, say, ro > 1/3. Then, since 1 — e * < z,

27
/1 R N O G B _ptz e"2 ptP(1—1d)
0 ~—n  pt? pt? 2
2 2 pt2
< le—ptz + ]ie—% <9
. - <
For the first term in (Z6) we thus have (assuming that n > 2),
n/2
! 2,2 (i 0 <ept2>> t2>n
/ ol gr < i D8 pr=" (2.11)
0 2¢~iF pt? < n.
If n — Bp < 2 then
+2
= e 1 o _p? 2e T g2
PP dr< re” 2z dr = <e 7. (2.12)
1 1 pt?

Otherwise, if n — Bp > 2, then again we consider two different cases. If pt> < n — fp , we

have
n—LBp n—pBp

2 & n—pBp
/ r—=2 “le"dr
0

n—pBp

:%Q%)QP(TL;W). (2.13)




Otherwise, suppose that we still have n—p > 2, but now pt?> > n— 8p. Then by Proposition
2.4 we have

n—pBp n—pBp pt?

2 oo T2 e 2 n— 2
1(%) / PRl gy < 2T gagie nl (2.14)
2 \ pt nt? n — Bp

Altogether, combining (Z12)), (213 and (2I4), we obtain

n—B8p _ pt2

e 2% e T 2 <n—fp<pt?
1 2 2 & nfﬁp_l —r 9 n;ﬁp 8
2 \pt? ! L CAS <F) F(*5%) 2<pt?<n—pgp, (215
2 t
e T n—fBp <2< ptt

Plugging (2.10)) and (2.I5) into (2.6]) gives

/

26‘F + <pt2) 2 < pt* < n—fp,
2¢~ i 2<n—fp<pt*<n,
> e . _ n/2 e 2
/ r"min (1,777) e (p’gzl (’;f)) +2"F e 2<n—Bp<n<pt
0 2 2
2e~ % +e T n— Bp <2 < pt? <n,
n ept2 n/2 —ﬁ 2
<pt210 <T)> +e 2 n—pFAp <2<n<pts

In order to simplify the last expression, first notice that when n < pt?, we have

2 n/2
pt2 n

Also, we have that whenever pt> > n — 8p > 2, since we have that 1 —log2 > 1/4 we get

the following estimate,

ne +2

Hence, we conclude that,

2
() T 2smen
o0 27"2
/ 7™~ min (1 r p) e~ "2 dr < 36—% n— Bp < pt? < n,
0 .2 n/2
(u(=)” ase

We are now in a position to prove Theorem [2.2]

10



Proof of Theorem[2.2. we have,

. 22 8/2 » —gj2 _t3
Fe©le = de < || (1 +1¢P)™ fx H(l HEP) e
Rn LP/ (Rn) LP (Rn)
Since 1 < p <2, F: L, — L, is bounded with norm 1. Hence,
1+1e)" = Pl (e i)
| 1+ 1) fx . A+ £, e

< f—l( 1 2 6/2 ¢ )

< H (L+1£7)" fx L)

23)

= |fxllsp-
Altogether,

; _ 2l oy—B/2 _tE3
|fx@em 2 de < || (L4 1EP) e 2 1/ 15,5
" Lp(R™)
Now use Lemma 23] O
3. LITTLEWOOD-OFFORD TYPE ESTIMATES
Let aq,...,ax be (deterministic) vectors in R™, and denote by A the N X n matrix whose
rows are ay, ...,ay. Let dq,...,0y be i.i.d random variables for which there exists b € (0, 1)
such that
supP(|6; —z| <1)<1-0. (3.1)
zeR
Now, consider the random vector
N
k=1

As in [FS07, RV09], the small ball estimate of X involves the least common denominator of
the matrix A. Thus, for & > 0 and v € (0, 1), define

LCD, - (A) & inf {|6], : 6 € R”, dy (A8, Z") < min (v|Af)5,a)} . (3.3)
Theorem 3.1. Let X be defined as in ([3.2), and assume that the N x n matriz A satisfies

|AO|y > |0|2 for all 0 in R™. Assume also that t > %. Then

POXI <8 < - (%) ((#) +exp (_W)) |

where Ck is again the quasi-norm constant from ([L3)). In particular, for any p > 0,

P (|X], < tn'/?) <(C-Cp)" ((#)n + exp (—ba2)) ,

11



where C,, = min {2'/7~1,1}.

The first step of the proof is to estimate the small ball probability using the integer structure
of the vectors a;. To do that, for a given 8 € R", define

£(6) % inf §A9—m‘ . (3.4)
2

meZN

Lemma 3.2 (Small ball estimate in terms of integer structure). Let X be a random vector
as in [B.2) and let t > 0. Then

‘K‘ n / —4bf(0)2—|0)2/2
P(|X| <t) < Cr ) sup | e FO 029,
I <0 < - 05 (" s [
Proof. By (IL4]) we have
POX] <0 < Lo [ JoxoleFae
- _'Vn(K) K Rn * ‘
Setting 0 = t&,
21¢13 _lei3
e [ Jox(©le Hae= [ foxtomle ¥ as (3.5)
Rn Rn

Using the definition of X, and the independence of d1,...,dy, we have

lbx (/)] = Eexp (z <Z 5,-ai,9/t>> =[[Eexp (Z-(;k <akt, e)) 1]

Y

(52

where ¢ is an independent copy of d1,...,dy. In order to estimate the right side of (B.6]),

k=1

(3.6)

follow the conditioning argument that was used in [F'S07, [RV09]. Let ¢’ be an independent
2 =

copy of 6, and denote by & the symmetric random variable § — ¢§'. We have, |ps (£)
E cos (55). Using the inequality |z| < exp (— (1 — 2?) /2), which is valid for all z € R, we

obtain
163 (€)] < exp (— (1 = cos @5))) | (37)

2
By assumption (3.1)) it follows that P (|5 | > 1) > b. Therefore, by conditioning on §, we get
1~ Ecos (€0) 2P (18] 2 1) - E (1~ cos (¢9) |5 = 1) = b-E (1~ cos (¢3) |15 2 1).
By the fact that 1 — cosf > %92, for any |0 < w, we have for any 0 € R,

2 .
1 —cosf) > — min |0 — 2mm/?.
% MmeZ

12



Hence,
- 2b L= _
1 —Ecos (55) > = -E <g}érzl ‘55 — 27Tm}2“5} > 1) =8b- (mln ‘55 m‘ “5‘ > 1/2%)
Plugging this into (3.7]) gives
|0s(€)| < exp (-451@ (mé% €6 — mﬂ\cﬂ > 1/27r)) : (3.8)

Replacing the conditional expectation with supremum over all the possible values z > 1/27

and using Jensen’s inequality, we get

N
[ ool = [ ] o (”t—>) 1932 g

2

—1

(sx:) al , ,

< / exp (—419.1[4:( min <9’“’“>(5— 6] > 1/27r> — |9|§/2> do

n me
k=1
; 2
<E / exp( 4b min —AH m \9\%/2) do||é| > 1/27r]
n mEZ
< sup / exp (—4bf (0)* — |9|§/2) do.
z>1/2m JRn

Using ([B.5) the result follows. O

Define the set
def

T, = {0 € R": f(0) < s}.
The next step in the proof is to rewrite the integral that appears in Lemma in the

following way:

/ exp (465 (0)°) exp (—1613/2) b = /R n / gy S (40") ds s (—10f/2) 0

= (2m)""? /000 8bs exp (—4bs*) v (Ts) ds, (3.9)

which means that we have to bound ~,(T}). To do that, we start with the following covering
lemma.

Lemma 3.3 (Covering of Ty). Let « > 0 and v € (0,1). Assume thatt > ﬁ Assume
also that |AB|y > 10|y for all 0 € R™. If 0 < s < «/2, then there exist vectors {z;},c;r C R™
such that

T, C | JB(ai,r) and |z — xy|s > R Vi # 4, (3.10)

iel

13



where r — % and R = ¥". Moreover, for any j > 1,

z

card({i € [: jR< |zila< G+ 1R} <n2"(G+1)"". (3.11)

Proof. Let 0,,0, € T,. By ([B.4)), there exists py, p» € Z" such that

< s.

z
Z A0, —
: 1—P1

<s and ‘%Aﬁg—m

By the triangle inequality,
z
’;A(é’l —02) — (p1 —Pz)’ < 2s,

which means that dy (A7, Z") < 2s < a, where 7 = z (6; — 65) /t. By (B.3) this implies that
either
|T|2 > LCD, , (A),

or
a > 2s > dy (A7, Z") > min (7| AT, ) = y|ATls.
By the assumptions that |A7|s > |72 and LCD, ., (A) > y/n/t, we conclude that

NG 2st

either |91 — 92|2 Z — =R or |91 — 92|2 S — =IT.
z Yz

Hence, T can be covered by a union of euclidean balls of radius r whose centers are R-
separated, which proves (B.I0)). Next, for j > 1, let

M; def card ({1 € I : jR < |x;]o < (j + 1)R}).

To estimate M, use a well-known volumetric argument. Indeed, since {z;}ic; are R-
separated, we know that the Euclidean balls B (z;, R/2) are disjoint and contained in the
shell

{yeR": (j-1/2) R<|yl < (j +3/2) R}.
Hence, taking the volume,

M, (g) <R((+3/2)" (G- 1/2)") = R" (i +1/2)" ((” 2j1+1)n - (1 } 2j1+1)n) |

Since for every z € (0,1), we have (1+z)" — (1 — )" < 2nz (14 z)"", we conclude that

M; <n2"(j+1)""",

Using the covering lemma, we can now prove the required volume estimate.

14



Corollary 3.4. Let r and R be as in Lemmal3.3. If R > 2r, then

Cr\" 2Cts\"
n Ts <|—= - .
1) (R) (7\/5)
Proof. Let y € R", we have

1 =13
Yo (B (y,7)) = ——7% / e 2 d.
(2m) /2 ly—z|2<r

Since |z[3 + [z — y|3 = 3 (Jyl3 + 122 — yl3) > 3|yl3,

1 ly13 ly—=13
Tn (B (y,r)) < /26_?12/ €y2 ZdI.
(27T)n ly—z|2<r

Therefore, if [y[; > R > 2r,

2
(B ) < e (<12) B 0)| <

exp (—%) 1B(0,r)].

(2m)"? (2m)"?

Assume that s is such that r < R/2, i.e. 4ts < +/n, then by (B.10)

Yo (1) <) (Blair) <) > T (B (2i,7)) -

iel j=0 iel:jR<|zila<(j+1)R

Also, for j > 1, we have by (B.11))
card({i € I : jR < |zils < (j + 1) R}) < C"j" 1.
By B.12),

Hence

() < 3 B+ (C—)/y ow (L5 ) 1B 0.0

1B (0,7) ]| PN net J° R’
§W<1+C > exp(— < )) (3.13)

n—le—v2R2/8

The function v — v is decreasing for v > 2y/n/R. By comparing series with

integrals,

= 2 R? 2 " o
Zjn—l exp _] < \/ﬁ + / ,Un—le—UQR2/8dv
g R |

j=1
2 gz Cnt/2\"
:( éﬁ) + 7 /0 U 21_16_“du§< 7; ) )
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Since z > 1/2m, we have R < 2my/n, so that

oo 2 12 1/2\ ™
. I°R Cint/

1+C’"E j”lexp(— ))S( ) )
( j=1 8 R

Moreover, it is well-known that |B (0,7) | < Cpn~"/2r™ which implies by (3.13) that
Cr\" 2Cts\"
nw(Ts) < | — = .
»=(7) = (5)

We are now in a position to prove Theorem Bl

Proof of Theorem[31. By Lemma and ([B.9), to have a small ball estimate it is enough
to evaluate the integral

/ 8bs exp (—4bs?) vy, (Ty) ds.
0
We have,

/ 8bs exp (—4bs®) vy, (Ty) ds
0

oo

a/2
= / 8bs exp (—4b32) Yo (Ts) ds + / 8bs exp (—4b32) T (Ts) ds
0 o2
a/2
< / 8bs exp (—4682) Yo (Ts) ds + exp (—baz) .
0

Assume first that a < 2v4/n/t so that for any ¢ < a/2 we have R > 2r. By Corollary 3.4]

= ()"

and so

/OC/2 8bs exp (—4bs®) vy, (T;) ds < /OC/2 8bs exp (—4bs®) (201&5)" ds
0 R TVn

20t \" [ 2
S ]p [ === / Sn+le—4bs ds
<’Y\/ﬁ) 0
— (&) / e du
Woyn) Jo
C't )”
< .
- (7\/5

Assume otherwise that o > 2vy/n/t def ap. Then, as before,

00 ap/2
/ 8bs exp (—4bs?) vy, (T;) ds < / 8bs exp (—4bs?) vy, (T;) ds + exp (—bag) .
0 0
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For s < /2 we do exactly the same computation as in the first case and obtain

/ 8bs exp (—4652) T (Ts) dt < <£) + exp (—bag) .
0 b

In that case, we also have

exp (—bag) = exp (—4672n/t2) < (%) )

That concludes the fact that

/ exp (—4bf (9)2> exp (—16]3/2) d < <ﬁ) + exp (—ba?) .

Rn vb

Using Lemma [3.2] Theorem [B.1] follows. O
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