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Numerical solution of a contact problem with unilateral
constraint and history-dependent penetration

Mikael Barboteu - Weimin Han - Mircea Sofonea

Abstract A numerical method is presented for a mathematical model which describes the frictionless contact
between a viscoplastic body and an obstacle, the so-called foundation. The process is quasistatic, and the contact
is modeled with normal compliance and unilateral constraint, in such a way that the stiffness coefficient depends
on the history of the penetration. A solution algorithm is discussed and implemented. Numerical simulation results
are reported, illustrating the mechanical behavior related to the contact condition.

Keywords Augmented Lagrangian method - Finite element scheme - History-dependent stiffness coefficient -
Normal compliance - Numerical simulations - Unilateral constraint

1 Introduction

Contact phenomena involving deformable bodies lead to nonsmooth, nonlinear mathematical problems. Analysis
of the problems, including existence and uniqueness results, is carried out in a large number of works, see for
instance [1-4] and the references therein. Numerical analysis of the problems, including error estimation for discrete
schemes and numerical simulations, can be found in [5-9]. The state-of-the-art in the field, including applications
in engineering, could be found in the recent special issue [10].

In this paper, we provide the numerical solution of a frictionless contact problem for viscoplastic materials. It
models the quasistatic contact of a body with an obstacle made of a hard material covered with a thin layer of soft
material, in the framework of the small deformation theory. The challenging feature of the problem is mainly caused
by the forms of the constitutive law and the boundary condition on the contact surface. We describe the constitutive
law of the material by a rate-type relation of the form

o=C8e&m)+G(o,em)), (1.1)
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known as a viscoplastic constitutive law. Here, u represents the displacement vector, o denotes the stress tensor,
and e(u) is the linearized strain tensor. The symbols £ and G represent an elasticity tensor and a viscoplastic
constitutive function, respectively. The dot above a variable represents the derivative of that variable with respect to
the time, i.e., f = df/dr. Constitutive laws of the form (1.1) have been used in various papers in order to model the
properties of real materials like metals, rocks, soils, and various polymers. Examples and mechanical interpretations
can be found in [11,12] and the references therein. For the contact, we assume it is frictionless and is modeled
with normal compliance and unilateral constraint. This condition was introduced in [13] and then used in a large
number of papers, see the references in [14]. Unlike the Signorini condition which expresses the requirement of
nondeformability of the obstacle, the normal compliance condition with unilateral constraint allows the penetration
of the obstacle. The latter is described by a surface property parameter, the stiffness coefficient. The novelty of the
model we consider in this paper is that the stiffness coefficient is allowed to depend on the history of the penetration.

Analysis of various quasistatic frictionless and frictional contact problems for such kind of materials was carried
out in various works, see for instance [2,4,15-18]. The book [2] deals with both the variational and numerical
analyses of the problems; there, existence and uniqueness results are presented, semi-discrete and fully discrete
schemes for various contact models are studied, error estimates are obtained, and convergence results are proved.
The book [4] describes various contact models and their variational formulations. It also provides unique solvability
results and representative proofs. For the problem considered in [17], the contact is described with the Signorini con-
dition in a form with a zero gap function; there, an evolutionary mixed variational formulation of the corresponding
contact problem is derived, and the unique solvability of the model is shown by using arguments on saddle points
theory, Lagrange multipliers, and fixed point. In contrast, in the papers [15, 16], the contact is modeled with normal
compliance and unilateral constraint. There, various existence, uniqueness, and convergence results are obtained,
by using different functional methods. Also, numerical results are reported on two-dimensional test problems. The
contact model in [15,16] was extended in [18], by considering the case when the stiffness coefficient depends on
the history of the penetration. There, variational analysis of the problem, including its unique weak solvability, is
provided. The proof is based on arguments of history-dependent variational inequalities.

The current paper is devoted to the numerical solution of the contact model introduced in [18] and is structured
as follows. In Sect. 2, we first describe the mechanical problem together with the physical motivation which lead to
this contact model, and then we list the assumptions on the data, state the variational formulation of the problem,
and recall the existence and uniqueness result obtained in [18]. We complete it by recalling a particular case of
the convergence result obtained in [ 18], which expresses the continuous dependence of the solution with respect to
the stiffness coefficient. In Sect. 3, we describe the numerical method used to solve the problem, including details
on a related hybrid variational formulation. In Sect. 4, we present numerical simulation results on a model two-
dimensional problem, illustrating the mechanical behavior related to the contact condition, including the convergence
result in Sect. 2. Some concluding remarks are given in Sect. 5.

2 The model

In this section, we present the mathematical model of contact we are interested in, together with some results in its
analysis, obtained in [18].

The physical setting is the following. A viscoplastic body occupies, in its reference configuration, a bounded
domain Q c R? (d = 2, 3). The boundary 3 = T of  is assumed to be Lipschitz continuous. We denote by
v = (v;) the unit outward normal, defined almost everywhere on I', and by x = (x;) a typical point in 2 U I". Here
and below, the indices i, j, k, and [ run between 1 and d, and unless stated otherwise, the summation convention
over repeated indices is used. We use the symbol S? for the space of second-order symmetric tensors on R?; the
inner products and norms on R¢ and S¢ are defined by

u-v=uv;, ||v||=(v~v)1/2 Vu,veR?,

0T =0T, Izl = (x-7)'/? Vo,7 e,



The boundary I' is partitioned into three disjoint measurable parts I'1, I'2, and I'3, such that meas (I'y) > 0, and
we denote that [0, T'] be the time interval of interest with some 7 > 0. The body is clamped on I'{ x (0, T), is
submitted to the action of body forces, and surface tractions on €2 x (0, 7') and I'; x (0, T'), respectively, and is in
contact with a deformable foundation on I'3 x (0, T'). As a result, its mechanical state evolves, and the evolution is
governed by the following mathematical model.

Problem P Find a displacement fieldu : Q x [0, T] — R4 and a stress field o :  x [0, T] — S such that

¢ =Ee@)+G(a,em) in Qx(0,T), 2.1)
Dive +f; =0 in Q x (0,7), (2.2)
u=0 onI'y x (0,7), (2.3)
ov=f, onIy x(0,7), 2.4)
uy, < g, oy +KEwy)pu,) <0,

(s — ©)(0 + KE@)payy =0 O T3 OD: (23)
o; =0 onI'3 x (0,7), (2.6)
u(0) = ug, o(0) =0y in Q. Q2.7)

Let us comment on the equations and boundary conditions in (2.1)—(2.7) in which, for simplicity, we do not
indicate explicitly the dependence of various functions on the variables x or 7. Also, here and below we use the
index v and t to denote the normal and tangential components of vectors and tensors, respectively.

Equation (2.1) represents the viscoplastic constitutive law of the material, already introduced in Sect. 1. Equation
(2.2) is the equilibrium equation in which f; represents the density of body forces; we use it here since the process
is assumed to be quasistatic. In (2.1)—(2.2) and below, € and Div are the deformation and the divergence operators,
respectively, defined by

1
e(u) = (&), &jm) = E(“i,j +uji), Dive = (0;j;),

where an index that follows a comma represents the partial derivative with respect to the corresponding component
of the spatial variable, e.g., u; ; = du;/dx;. Conditions (2.3) and (2.4) are the displacement and traction boundary
conditions, respectively, with f, being the density of surface tractions. Condition (2.6) shows that the tangential
stress on the contact surface vanishes, corresponding to a frictionless contact. In (2.7), ug and o are the initial
displacement and the initial stress field, respectively.

We turn to the contact condition (2.5). First, the penetration is limited by a maximal depth g > 0. In other words,
at any time ¢, the normal displacement on the contact surface u,, (¢) satisfies the inequality:

uy(t) < g. (2.8)
Next, we assume that the normal stress has an additive decomposition of the form:

on(t) =P (1) + o R(1). (2.9)
The part o2 (¢) satisfies a normal compliance contact condition:

—0,0 (1) = Kp(uy(0)). (2.10)
Here p is a given nonnegative function which vanishes for negative arguments, and K represents the stiffness
coefficient of the foundation. The normal compliance contact condition was used in many publications, see, e.g.,

[19-22] and references therein. The part (TUR () of the normal stress satisfies the Signorini unilateral condition:

of)y <0, oft)w,(t)—g) =0. @2.11)



We combine (2.9) and (2.10) to see that
o (1) = 0u(1) + Kp(uy (1)). 2.12)

Then, we substitute equality (2.12) in (2.11) and use (2.8), to obtain the condition:
uy(t) < g, ou(t) + Kp(uy(1) <0, (uy(t) — g)(00(1) + Kp(u, (1)) = 0. (2.13)

This condition can be naturally interpreted as follows: the foundation is made of a hard material covered by a thin
layer of a softer material with thickness g; the soft material has an elastic behavior, i.e., it is deformable and allows
penetration; the contact with this layer is modeled with normal compliance; the hard material is perfectly rigid,
and, therefore, it does not allow penetration; the contact with this material is modeled using the Signorini contact
condition. To conclude, condition (2.13) models a foundation which has a rigid-elastic behavior: its elastic behavior
is given by the layer of the soft material, while its rigid behavior is given by the hard material.

Now, consider the more complicated situation where the stiffness coefficient can depend on the accumulation of
penetration, denoted as &(u,):

K = K(&(uy) (@), (2.14)
where
t
swmo=/unnw,rﬂaﬂ, 2.15)
0

where uj is the positive part of u,. Combining (2.13) and (2.14) leads to the contact condition (2.5). Note that the
dependence K = K (£(u,)(¢)) allows us to take into account the variation of the elastic modulus of the thin layer,
as the cycles of contact and separation proceed and, therefore, it models the hardening or softening phenomenon.
Practical examples of surface hardening or softening abound in industry and various engineering settings, see, €.g.,
[23].

To proceed with a variational formulation of the contact problem P, we need some function spaces. We use the
standard notation for Sobolev and Lebesgue spaces associated to 2 and I'. In addition, let

V= {u = (u;): u; € HI(Q), u; =0 a.e.on Fl},
0 ={o=(0ij): 0ij=0ji € LZ(Q)}7
01 ={0 € Q: Dive € L*()"}.
These are real Hilbert spaces endowed with the canonical inner products:
(u,v)y =/ e(u) - €(v) dx,
Q
(0,7)9 :/ o -tdx,
Q

(0,7)0, :/a~tdx+/Diva-Divrdx.
Q Q

The associated norms on these spaces are denoted by || - [|v, || - | g, and || - || o, , respectively. Recall that completeness
of the space (V, || - ||v) follows from the assumption meas(I';) > 0, which allows the use of Korn’s inequality.
For an element v € V, we still write v for the trace of v, and we denote by v, and v, the normal and tangential
components of v, respectively, on I" given by v, = v-v, v, = v — v, v. Also, for a regular stress function o, we use
the notations o, and o, respectively, for the normal and the tangential traces, i.e., 0, = (ov)-vando; = ov—o,v.



For every Banach space (X, || - ||x), we use the notation C ([0, T']; X) for the space of continuous functions
defined on [0, 7'] with values on X. It is known that C ([0, T']; X) is a real Banach space with the norm:

v . = max v(t .
lvllcqo, ;%) max, lv@®)lx

Moreover, for a subset K C X, we still use the symbol C ([0, T']; K) for the set of continuous functions defined on
[0, T'] with values in K.

In the study of the mechanical problem (2.1)—(2.7), we assume that the elasticity tensor £, the constitutive function
G, the stiffness coefficient function K, and the normal compliance function p satisfy the following conditions:

(@) € = Eijr) : xS — s
®) Eijrt = Eij = Ejin € LX(Q), 1 <1, j, k1 <d. (2.16)
(c) There exists mg > 0 such that E7 - T > mg||z||* forall T € S¢, a.e. in Q.
@) G: xS xs?— s,
(b) There exists Lg > 0 such that |G(x, 01, £1) — G(x, 02, €2)|| < Lg (llo1 — o2l + lle1 — e21)
forall o1, 02, 61,62 € $4, ae.x € Q. (2.17)
(c) The mapping x — G(x, o, €) is measurable on 2, for all ¢, ¢ € S¢.
(d) The mapping x — G(x, 0, 0) belongs to Q.
[(a) K : T3 x Ry — Ry
(b) There exists Lx > O such that |K(x,r) — K(x, )| < Lg|ri —r|
forall r;, r» € R4, a.e.x € I's. (2.18)
(c) The mapping x — K (x, r) is measurable on '3, for all € R .
(d) The mapping x — K (x, 0) belongs to L>(I'3).
[((a) p: T3 xR —> R,.
(b) There exists L, > 0 such that [p(x, 1) — p(x,72)| < Lplr1 — 2]
forall ri, r» € R, a.e.x € I's.

. . 2.1
(c) The mapping x — p(x, r) is measurable on I'3, for all r € R. 2.19)
(@ (px,r1) — px,r2))(r1 —r2) >0 Vr,r €R, ae.x €I3.
(e) p(x,r) =0 forallr <0, a.e.x € I'z.
For the body forces and tractions densities, we assume
fo € CUO, TL; LX(@Y), f2 € C(0, TI; L*(T2))). (2.20)
For the initial data, we assume
upeV, ape Q. (2.21)
Next, we introduce the set of admissible displacements defined by
U:{veV:vvggoan}. (2.22)
Moreover, we define the functions ¢ : R — Rand f : [0, T] — V by the equalities:
A
q(x,s) :/ px,r)ydr VreR, ae.xel}3, (2.23)
0
@), v)y = /fo(t) cvdx+ | fo(t)-vda VYveV,tel0,T]. (2.24)
Q I



Assume now that (u, o) are sufficiently regular functions which satisfy (2.1)—(2.7), and let ¢ > 0 be given. We
integrate Eq. (2.1) and make use of the initial conditions (2.7) to obtain

t
o(t) =Ee(t)) +/ G(o(s), eu(s)))ds + o9 — Ee(ugp). (2.25)
0

Then, we use integration by parts, the equilibrium equation (2.2), the boundary conditions (2.3)—(2.6), and notation
(2.23), (2.24) to see that

(0(1), e(v) — eu(r)))o +/r K (&) () (g (1) — quy(@)))da = (f(1), v —u())y VveV. (2.26)
3

Finally, we note that the first inequality in (2.5) combined with the definition (2.22) implies that
u(t) e U. (2.27)

We gather (2.25)—(2.27) together to obtain the following variational formulation of Problem P.
Problem Py Find a displacement field u : [0, T] — U and a stress field o : [0, T] — Q such that

t
o (1) =Ee(u()) +/ G(o(s), e(u(s))) ds + o9 — Ee(up), (2.28)
0

(0(2), e(v) —eu(1)))g +/r K&y () (q(oy(1) — quv(@®))da = (f(1), v —u())y YveU, (2.29)
3

forallt € [0, T].
The unique solvability of Problem Py is given by the following result, proved in [18].

Theorem 2.1 Assume (2.16)—(2.21). Then Problem Py has a unique solution. Moreover; the solution satisfies
ueC(0, T U), o€C(0,T]; Q). (2.30)

We assume in what follows that (2.16)—(2.21) hold, and we denote by (u, o) the solution of Problem Py stated
in Theorem 2.1. For each p > 0, let K, be a perturbation of the function K which satisfies the condition (2.18)
with a positive constant L. Consider the following perturbation of Problem Py .

Problem P‘p, Find a displacement field u, : [0, T] — U and a stress field o, : [0, T] — QO such that
t
0, (1) = Ee(uy (1) + /0 G(0p(5), &ty () ds + 00 — Ee(uo), 2.31)

(0p(1), e(v) — e(uy(1))) o +/r Ky (§ (1) (1)) (q (01 (1)) — q(upy (1)) da = (f (1), v —u,(1))y Vv eU,
3
(2.32)

forallt € [0, T].

It follows from Theorem 2.1 that, for each p > 0, Problem 736 has unique solutions: (u,,0,) and u, €
C(0,T];U),0, € C(I0, T]; Q1). In addition, we have the following result, as a consequence of Theorem 5.1 in
[18].

Corollary 2.2 Assume that there exists a function G : Ry — Ry such that

(2.33)

(@) |Ky(r) — K(r)| < G(p) Yrel0,gT], foreach p > 0.
b)G(p) — 0 as p— 0.



Then the solution (u,, 0,,) of Problem ’P"; converges to the solution (u, o) of Problem Py :
u,—u in C(0,T};V), o,—>0c in C(0,T]; Q1) as p— 0. (2.34)

Note that Corollary 2.2 states that the weak solution of the viscoplastic contact problem P depends continuously
on the stiffness coefficient.

3 Numerical solution

In this section, we discuss the numerical solution of Problem P. To this end, we use arguments similar to those used
in [15,24,25], based on an adapted combination of the penalty method and the augmented Lagrangian method for
the numerical treatment of the specific contact condition (2.5). The starting point of our method is an alternative
variational formulation of Problem P by considering a Lagrange multiplier associated with the normal contact
stress. Then, an augmented Lagrangian method is naturally used to solve the resulting alternative hybrid variational
problem.

3.1 A hybrid variational formulation

In order to derive the hybrid variational problem, we introduce a trace space X, = {v,|r; : v € V}. We denote
by X, the dual of X, and let (-, -) x;,,x, be the duality pairing. Introduce an operator K : X, — X ., and a function
Z:X,— (—00,4+00] by

Kluy, vo)x; x, = [ KE@y)puy)vyda Yuy, v, € Xy,
I3

Z(uy) =/ Ig_(uy, —g)da Yu, € X,,
I3

where Ip_ represents the indicator function of the set R_ = (—o0, 0].
We note that, for all ¢ € (0, T), the contact condition (2.5) is equivalent to the subdifferential inclusion:

—0y (1) € 0L (uy|r; (1)) + Kuylry (1) in X, (3.1)

where 07 denotes the subdifferential of 7 in the sense of the convex analysis. Inclusion (3.1) allows us to supplement
the unknowns of the problem with an additional one, the so-called Lagrange multiplier. This leads to the following
hybrid variational formulation of the contact problem P.

Problem 75\/ Find a displacement field u : [0, T] — V, a stress field o : [0, T] — Q and a Lagrange multiplier
Xy 0 [0, T] — X/, such that

t
o (1) = Ee(u(r)) +/ G(o(s), e(u(s))) ds + a9 — Ee(uo), (3.2)
0
(@(0), () o — (@), vuir, ) x;) x, = F@), v)v YveV, (3.3)
—hy(t) € 0Z(uy|r; (1)) + Kuy|rs (1) (3.4

forallt € [0, T].

Note that Problem ﬁv represents an alternative to the variational Problem Py, and is formulated in terms of
three unknown fields.



3.2 Numerical approximation

To describe the numerical method for the hybrid variational Problem Py, we first introduce some preparatory
material. We use a finite element method for the spatial discretization of the domain €2 and a uniform discretization
of the time interval [0, 7]. Assume that  is a polyhedral domain, and we denote by {7”} a regular family of
triangular finite element partitions of © that are compatible with the boundary decomposition: I' = T; UT, U T3.
Here and below, & represents the spatial discretization parameter. In the numerical examples presented in the
next section, we approach the space V by the finite dimensional space of continuous piecewise affine functions,
denoted V". The space Q is approximated by the finite element space of piecewise constants, denoted Q. For
the discretization of the Lagrange multiplier A, we consider a discrete space Y‘f’ cX,N L?(I'3). For the time
discretization, we use evenly spaced nodes t, = nk, 0 < n < N, where N > 0 is an integer and k = % is the
time step size. For a continuous function v(#) with values in a function space, we write v; = v(¢;) for0 < j < N.
Details about the discretization step can be found in [9,26,27].

We now describe the numerical solution of the hybrid variational Problem Py. The numerical treatment of the
condition (3.4) is based on a combination of the penalty method for the normal compliance contact with an adapted
augmented Lagrangian argument for the unilateral condition. To develop the Lagrangian approach, we need to
introduce additional fictitious nodes for the Lagrange multiplier in the initial mesh. The introduction of these nodes
leads to specific contact elements in relation to the geometrical discretization of the interface I'3. For the numerical
examples in the next section, we consider a “node-to-rigid” contact element, which is composed of one node of I'3
and one Lagrange multiplier node. Details on this construction can be found in [15,24,25,28]. Then, the numerical
approximation of Problem Py leads at each time step n to the solution of a system of nonlinear equations of the
form:

R(u,A) = G(u) + F(u, L) =0, (3.5)

where the operator G comes from the discretization of the elastic terms of the alternative variational Problem Py
and the operator F comes from the discretization of contact terms. In the nonlinear system (3.5), the unknowns are
the generalized discrete displacement field u = {u’ lN:fZ,lt € R4N f&, and the Lagrange multiplier generalized vector
A=A };V:r [ € Rd'Ng in which N/, and N{fg are the total number of nodes issued from the discretization of 2 and
I'3, respectively. Here u’ represents the value of the function " at the i-th node of 7", and A’ denotes the value of
the function A" at the i-th node of the discretized contact interface. In addition, é(u) € Rd'Nt':»t X Rd'N#3 represents

~ h
the generalized elastic term and is defined by G(u) = (G(w), 0, Nl ), where 0, N is the zero element of R? T3
3 3

and the term G (u) € RYN ot is given by the equality:

. Nh
(G@) - 0) g, = (0" e@g = (F.0")y Vo= ()1, Vo' eV,

where o is related to u” by the discrete constitutive law (3.2). The contact operator F (u, ) in equation (3.5) is

related to the contact condition, (3.4). It is defined by

F@) @),

Y /F3 ((klﬁ +r(uy - g))+v) v da

—1
+/ —(kh — ()»/3 + r(ufﬁ — g))+v) . yh da
rs F
+ / K (G0, i) p o (™l yw - v'da
I3

N d-N . .. .
foru,v € RI-Na, A, y € RT3, u' v" e vh and A", yh € Y,fl, where r is a positive penalty coefficient, and

XE represents the characteristic function of the set E. In contrast to the problem studied in [15], here we have



to consider the discretization of the history-dependent term & (x(0,¢) (uf})uﬁ) and, to this end, we used an implicit
rectangular method by approximating & (r)(z,) with > k (r4);.

The nonlinear system (3.5) is solved by a generalized Newton method. The pair # = (u,A) is computed
simultaneously by using the following linearized iterative scheme:

Fori =0,...,
Solve (K; + T;)Au;+1 = —R(u;)
Wip) = + Attj1q, (3.6)

until convergence.

At each Newton iteration of index i, the linear symmetric system (3.7) is solved by using a conjugate gradient
method with efficient preconditioners, in order to overcome the poor conditioning of the system matrix due to the
contact terms. For instance, we use an ILU preconditioner based on an Element-By-Element procedure, see [29]
for details. The coefficient matrix of the linear system (3.7) is the sum of an elastic stiffness matrix K; and a contact
tangent matrix T;. Note that K; = Dj; G (u) represents the differential of the functions G with respect to the variable
u, and T; € 9;F (u;) represents the generalized Jacobian of F at &;. Due to the fact that the measure of the set of
the points in which the function F is nondifferentiable is zero, T; is reduced to a single-valued classical Jacobian
matrix. In the case of the “node-to-rigid” contact element composed of one elastic node of I'3 and one contact
Lagrange multiplier node, the elementary contact tangent matrix T{¢ takes the form:

pec — (TMAN) M
P M lvm-n)

Here I is the 2 x 2 identity matrix, N and M are 2 x 2 block matrices which are defined according to the contact
state:

_ |0 if u, <0,
" |ufv@ DuKE) + KEv Y if0<u, <g,
and
M:[O ifuy <g,
vQv ifu,>g,

where 0 is the 2 x 2 zero matrix, and u ® v represents the tensor product of two vectors # and v, defined by
(M ® v);m = ujvy inwhichl,m =1, ..., d. The global contact tangent matrix T; is obtained by a finite element

assembly procedure from all the contact elements T{ ,1<j< N#S.

4 Numerical simulations

The aim of this section is to present some results of numerical simulations. We pay particular attention to the
mechanical interpretation of the contact condition (2.5). We complete them with two parametric studies which

illustrate the dependence of the numerical solution with respect to the stiffness coefficient and the numerical
discretization parameters.

4.1 The physical setting

A representative academic example of compression of a ball against a foundation is considered. Due to the symmetry
of the problem, we only need to consider the physical setting depicted in Fig. 1. There,

Q= {(xl,xz) eR?: x; >0, xlz—f—(xz— H? < l},



Fig. 1 Physical setting: f,
compression of a half-ball
against a foundation

layer of
asperities

Iy = {0} x [0, 2],
D= {(nx) eR*: x>0, x2> 1, x7 + (2 — D* = 1},

P3={Gnx) eR*: x>0, x2 <1, x}+ (2 — D> =1}

The domain €2 represents the cross section of a three-dimensional deformable body subject to the action of tractions
in such a way that a plane stress hypothesis is valid. The horizontal component of the displacement field vanishes
on I'1 and vertical tractions act on I';. No body forces are assumed to act on the body during the process. The body
is in frictionless contact with an obstacle on the part I'3 of its boundary. For the discretization in Fig. 1, we use
30,808 elements with 128 elements containing sides on the contact boundary.

We assume that the mechanical response of the ball is purely elastic, i.e., we model the material’s behavior with
a constitutive law of the form (1.1) in which the function G vanishes. In addition, we assume that the material
is homogeneous and isotropic. We denote by E and « the Young modulus and the Poisson ratio of the material,
respectively, and use §;; for the Kronecker symbol. Then, the elasticity tensor £ is given by

Ex

E
—(13))8i; + —1ii, 1<i,j<2, 4.1
(1+K)(1—2K)(t”) ij Tij =] 4.1)

)i = T e

where the summation convention is used. For the numerical experiments, we use the following data:
E =1000N/m?, « =0.3,
fo=(0,00)N/m?, f, =(—1000 x ,0)N/m on T,
Py =ry, K@ =c,(1+ag)f where §0)(t) =D _ k()i
¢, =100N/m?, «=20, B==+1, g=02m,
T=1.1s, N=11, k=0.1.

We note that for § = 1 the function § — K (&) is increasing and, therefore, the stiffness coefficient increases
with the history of the penetration. This behavior models the hardening process of the foundation. In contrast, for
B = —1, the function & — K (§) is decreasing, and, therefore, the stiffness coefficient decreases with the history
of the penetration. This behavior models the softening process of the foundation.
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t=0.2s t=0.5s

(Normal compliance and unilateral constraint with increasing history—dependent stif"fne%

wr

t=0.8s t=1.1s

Fig. 2 Evolution of deformed meshes and contact interfaces forces in the case f = 1

4.2 Mechanical interpretation of the contact model

Our numerical simulation results are depicted in Figs. 2—7. Below we provide some comments on these results,
with emphasis on their mechanical interpretations.

First, in Fig. 2, we show the deformed meshes and the contact interface forces with 8 = 1, at times ¢t = 0.2,
t =0.5s,t =0.8sand t = 1.1s. In Fig. 3, we show the deformed meshes and the contact interface forces at the
same moments of time, in the case where 8 = —1. A comparison of these figures reveals that, at each time moment,
the penetrations obtained with 8 = 1 are smaller than that with 8 = —1. This agrees with the fact that the case
B = 1 corresponds to a hardening of the layer of thickness g whereas § = —1 corresponds to a softening of the
layer.

Note that in Fig. 2, all the contact nodes are in the state of normal compliance, since the penetration does not
reach the limit g. In contrast, in Fig. 3, a large proportion of the contact nodes is in the state of unilateral contact;
there, the complete flattening of the asperities of size g = 0.2m is reached, due to the decreasing of the stiffness
coefficient. This behavior is confirmed in Fig. 4 in which the evolution of the stiffness coefficient is plotted at

11



t=0.2s t=0.5s

(Norma! compliance and unilateral constraint with decreasing history—dependent stiffne}s

t=0.8s t=1.1s

Fig. 3 Evolution of deformed meshes and contact interfaces forces in the case 8 = —1

each time increment of the process, for both cases of history dependence. We note that the coefficient grows from
100 N/m? to 323 N/m? for the case 8 = 1, while the coefficient decreases from 100 N/m? to 21 N/m? for the case
p=-—1

We now compare the contact condition (2.5) with two other contact conditions, found in the literature, which
can be obtained as limit cases of (2.5). The first one is a contact condition with normal compliance and unilateral
constraint, introduced in [13] and studied in [15,16]; it can be obtained from the condition (2.5) in the case where
K is a constant, and it models the contact with an elastic-rigid foundation, without hardening or softening. The
second one is the classical normal compliance condition introduced in [22] and studied, for instance, in [19-21];
this condition models the contact with an elastic foundation; it is characterized by the fact that the penetrations are
not limited, and it can be obtained from the contact condition (2.5) in the limit g — 0.

To perform our comparison, in the upper two graphs in Fig. 5, we plot the deformed configurations as well as
the contact interface forces corresponding to Problem Py at the final time# = 1.1s,inthecase § = 1 and 8 = —1.
In the lower two graphs, we plot the deformed configurations as well as the contact interface forces corresponding

12



Fig. 4 Evolution of the m—a Increasing history-dependent stiffness coefficient
hiStOI‘y— d epen dent stiffness A—a Decreasing history-dependent stiffness coefficient

coefficient during the time 350,00 B
process 300,00

250,00
200,00
150,00

100,00 ®

Stiffness coefficient

L

0’00 1 1 1 1 1 1 1 1 1
00 o1 02 03 04 05 06 07 08 09 1,0 1,1

Time (s)

Normal compliance, unilateral constraint Normal compliance, unilateral constraint
with increasing history—dependent stiffnefs  with decreasing history—dependent stiffngss

Normal compliance, unilateral constraint Normal compliance

Fig. 5 Deformed mesh and contact interface forces for Problem Py at t = 1.1 s for various cases of the contact condition (2.5)
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Fig. 6 Evolution of the penetration for various cases of contact Fig. 7 Evolution of the normal contact stress for various cases
conditions during the time process of contact conditions during the time process

to Problem Py witha = 0, g = 0.2m and o« = 0, g = 2000 m, respectively, which correspond to the contact
condition with normal compliance and unilateral constraint and the classical normal compliance contact condition,
respectively. Observe that the penetrations obtained in the case with increasing stiffness coefficient (the case § = 1)
are smaller than the penetrations obtained in the case where the stiffness coefficient is constant (the case of normal
compliance with unilateral constraint and the case of normal compliance). The penetrations obtained in the case
with decreasing stiffness coefficient (the case B = —1) are larger than that obtained in the case where the stiffness
coefficient is constant (the case of normal compliance with unilateral constraint and the case of normal compliance).
This behavior is, again, a consequence of the hardness and softness of the foundation. It is confirmed in Fig. 6, where
the penetrations and the normal contact stresses are plotted at each time increment of the process. The magnitude
of the corresponding normal stresses related these four cases of contact conditions, at each time increment of the
process, is plotted in Fig. 7.

4.3 Parametric studies

We now proceed with two parametric studies which highlight the behavior of the numerical solution of the contact
problem with respect to the stiffness coefficient, on one hand, and illustrate the numerical convergence of the discrete
scheme, on the other hand.

First, we present numerical evidence of the convergence result given in Corollary 2.2. To this end, we consider
the discrete solution (uﬁk , aﬁk ) of the perturbated Problem P\’; constructed with the perturbed stiffness coefficient
K,() = pcy(1+ aé)ﬂ , with p being a small positive parameter which converges to zero. We denote by (uﬁk, aﬁk)
the discrete solution of the contact Problem Py with K = 0. Obviously, the functions K, and K = 0 satisfy
condition (2.33); therefore, Corollary 2.2 applies. Also, note that for K = 0, the contact conditions (2.5) reduce to
the classical Signorini condition in a form with the gap g, which models the contact with a perfectly rigid foundation.
We denote by Py, this particular form of Problem 7P and stress that it describes a limit situation when the layer of
soft materials disintegrates by itself and does not offer resistance to penetration.

In Fig. 8, we plot the numerical estimations of the following difference:

hk hk hk hk
% — a1y + 1o — o)1

at the time r = 1.1s, for various values of the parameter p. We change p from 1 to 107°. We note that these
numerical estimations converge to zero when p tends to zero. This provides numerical evidence of the convergence
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result (2.34). This convergence is also illustrated in Fig. 9, in which we plot the deformed configurations as well
as the contact interface forces for four values of the parameter p. We note that for p = 1, all the contact nodes are
in the state of normal compliance, while for p = 0.01, almost all the contact nodes are in the state of unilateral
contact with a gap g = 0.2m.

Finally, we provide a parametric study with respect to the discretization parameters 4 and k in order to investigate
the numerical convergence order of the fully discrete scheme. To this end, we compute a sequence of numerical
solutions obtained by using uniform partitions of the time interval [0, T'] and quasi-uniform triangulations of the
domain 2. We start with the values 7 = 1/4 and k = 1/4 which are successively halved. The parameter & represents
the average size of a finite element of the mesh, and & is the time step. The numerical results reported in Figs. 1, 2,
3,4,5,6,and 7 correspond to & = 1/128 and k = 1/128. In addition, the numerical solution for # = 1/512 and
k = 1/512 is taken as the “true” solution u, and we presume that this discretization corresponds to a problem with
472,074 degrees of freedom and 470,252 elements. Then, we compute the numerical errors |ju — w |y atr = 1.1s
for several values of the discretization parameters 4 and k. The numerical results are presented in Fig. 10, where the
dependence of the error estimates on the sum 4 + k is plotted. We conclude from here that our numerical method
has a linear asymptotical convergence behavior with respect to the discretization parameters # and k. A rigorous
proof of this statement represents an open question which, clearly, deserves to be investigated in the future.

5 Discussion

Studies of contact problems related to modeling, mathematical analysis, numerical analysis, and numerical sim-
ulations have attracted steady attention from researchers in engineering and mathematics. This paper provides a
numerical study of a newly formulated model in contact mechanics. The model concerns frictionless contact for
viscoplastic materials. The process is quasistatic, and the contact is modeled with normal compliance and unilateral
constraint; the novelty of the model is due to the fact that the stiffness coefficient is allowed to depend on the history
of the penetration. The problem is highly nonlinear, and it is represented by a system of nonlinear, multivalued
equations. The main contribution of the paper is the introduction of an efficient numerical method to solve the
problem. Numerical results on some examples are reported to show the good performance of the method.

Further work along the lines of the subject of the paper are (a) a rigorous error analysis of the numerical
method, including convergence and error estimates; and (b) adaptive solution algorithms. These tasks are by no
means trivial, due to the form of the boundary integral term in the variational inequality of the system. To develop
adaptive solution algorithms, it is necessary to first derive a posteriori error estimate for the numerical method (cf.
[30-36] on a posteriori error analysis and adaptive solution algorithms for simpler models of elliptic or parabolic
variational inequalities). Success of the work on these two aspects will not only lead to more efficient and effective
numerical methods for solving the contact problem of this paper, but also be useful in numerically solving other
history-dependent contact problems.
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