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ON THE RITT PROPERTY AND WEAK TYPE MAXIMAL
INEQUALITIES FOR CONVOLUTION POWERS ON /(Y(Z)

CHRISTOPHE CUNY

ABSTRACT. In this paper we study the behaviour of convolution powers of probability
measures y on Z, such that (u(n))nen is completely monotone or such that v is centered
with a second moment. In particular we exhibit many new examples of probability
measures on Z having the so called Ritt property and whose convolution powers satisfy
weak type maximal inequalities in ¢1(Z).

MSC 2010 subject classification: 47A35, 37A99; Secondary: 60B15

1. INTRODUCTION

Let © be a probability on Z. Given an invertible bi-measurable transformation 7 on a
measure space (S,S,\) we define a positive contraction of every LP(A), 1 < p < oo, by
setting

Pur)(f) =) u(k)for*  VfeL(m).
keZ
Several authors, see for instance [4], [5], [22], [6], [16], [3], [20], [26], [24], [23] or [7],
studied the almost everywhere behaviour of the iterates of p(7), i.e. of (u*"(7))n>1, acting
on LP(N), 1 <p < oc.

When p > 1, the almost everywhere behaviour has been characterized thanks to the so
called bounded angular ratio property, introduced in [6] and which is equivalent to the so
called Ritt property on ¢*(Z), p > 1. Let us recall the definition of those properties.

Definition 1.1. Let p be a probability measure on Z. We say that p is strictly aperiodic
if |(8)] < 1 for every 6 € (0,2m). We say that u has bounded angular ratio (BAR) if
moreover

(1) sup w<oo.

oe(02m) 1 — [(0)]
The strict aperiodicity is equivalent to the fact that the support of p is not contained
in a coset of a proper subgroup of Z. In particular, it holds whenever the support of u
contains two consecutive integers.

I am very grateful to Alexander Gomilko and, more particularly, to Yuri Tomilov who both noticed
several inaccuracies in a previous version. The paper substantially benefited from our discussions.
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2 CHRISTOPHE CUNY

Definition 1.2. We say that a probability measure p on Z is Ritt on (P(Z), for some

p>1,if

*(n+1)H€P(Z) < 00.

sup nf|p™" — p
n>1
When p = 1 we say simply that p is Ritt, because then, it is Ritt on all ¢"(Z), r > 1.
Denote by R the set of Ritt probability measures on 7.

A version of the next Theorem may be found for instance in Cohen, Cuny and Lin [7,
Theorem 4.3]. Their Theorem 4.3 is not formulated exactly as below but the proof of
Theorem 1.1 may be done similarly. The equivalence the item (vi) with the other items
follow from their Proposition 6.4. In all the paper we use the notation N :={0,1,2...}.

Theorem 1.1. Let p be a strictly aperiodic probability on Z. The following are equivalent:
i) p has BAR;

it) There exist p > 1 and C, > 0 such that for every invertible bi-measurable trans-
formation T on a measure space (S,S,\),

(2) Isup [(Bu(m))" Flllpr < Coll fllon VI € L7V

(13i) There exists p > 1 such that for every invertible bi-measurable transformation T on
a probability space (S, S, \) and every f € LP(X), ((Pu(7))" f)nen converges A-a.e.
(iv) There exist p > 1 and C, > 0 such that

) I sup | (BB 1 ey < Collflloy S € (2,

where R is the right shift on Z;
v) There exists p > 1 such that p is Ritt on (P(Z).
(vi) There exists p > 1 such that for every m € N, there exists Cy,,, > 0 such that

Fsupn™|(1 = B)™ (Pu(R))" fl ller@) < Conpllf vy f € E(2),

Actually, if any of the above properties holds, then the conclusion of (i), (i), (iv) or
(v) holds for all p > 1.

The proof of the above theorem follows from recent works of Le Merdy and Xu, [17]
and [18], who studied positive Ritt contractions T" of LP(S,S, m) (p being fixed). Recall
that a contraction T on a Banach space X is Ritt if sup,cyn||T" — T ||x < oo, which
is compatible with our definition 1.2 which just says that the operator of convolution by
w is Ritt on X = (P(Z).

Le Merdy and Xu proved that any positive Ritt contraction satisfies maximal inequali-
ties in spirit of (2). They also obtained square function estimates, oscillation inequalities
and variation inequalities. See also [7] for related results.

In this paper we are concerned with the case when p = 1, and we address the following
two questions.
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- Question 1: For what probability measures p on Z does one have a weak type
(1,1)-maximal inequality:

*1 C
(4) #%GZ:QQW «fl> Ay < Slfle@  vA=0.

More generally, given m € N, does there exist C,, > 0 such that (with the convention
(0o — 1) = o)

@)ig*#%éz1Sgﬂ”mm*wm—mm%f%ﬂZA}SGMHMM) Vf e l(Z).
- Question 2: For what probability measures p on Z does one have the Ritt property
in (1(Z):

(6) Sg}l)nHu*” — M*(n+1)|lgl(z) < 00.

Notice that if p satisfies (4) then, by the Marcinkiewicz interpolation theorem (between
weak L' and L>), it does satisfy (2), hence p has BAR. Notice also that if p satisfies (6)
then, by Theorem 1.1 has also BAR. Hence, the questions we intend to answer are: what
extra conditions, in addition to the BAR property, are sufficient to have (4), (5) or (6) ?

Let us discuss the known results concerning those questions, before presenting our
results. As far as we know, when m > 1, (5) has not been investigated before.

The simplest examples of probability measures having BAR are the symmetric ones.
Bellow, Jones and Rosenblatt [6] proved that if p is symmetric such that (u(n)),>o is non
increasing then (4) holds. We do not know whether (6) holds as well, in this case, but we
provide sufficient conditions in Section 5.

Another case where (4) holds is when Y, , k*u(k) < oo (p has a second moment)
and ), , ku(k) = 0. This has been proved by Bellow and Calderén [3]. Again the
Ritt property is not known in that case. The proof of Bellow and Calderén is based
on general intermediary results that have been extended recently by Wedrychowicz [26].
Wedrychowicz proved that (4) holds for centered probability measures (hence with a first
moment) having BAR and satisfying some extra conditions. Examples without second
moment are presented in [26].

Several examples of probabilities having the Ritt property in £*(Z) may be found in
Dungey [10], see sections 4 and 5 there.

Let us now present our results. As mentionned above, the method of Bellow and
Calderon is fairly general. Actually, if one follows carefully their paper, one realizes that
the following definition comes somewhat naturally into play.

Definition 1.3. We say that a probability measure 1 on Z satisfies the hypothesis (H) if fu
is twice continuously differentiable on [—m, 7] —{0} and if there exists an even and contin-
uous function ¥ on [—m, 7], vanishing at 0 and continuously differentiable on [—m,w|—{0},
and some constants ¢, C' > 0 such that for every 6 € (0, 7|

(1) [a(0)] <1 —c(6);
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(i2) |0 (0)] < Cp(0);
(ii1) |i'(0)] < C'(0);
(iv) 0"(0)] < Cy'(6).

Let us denote by H the set of probability measures satisfying hypothesis (H).

The relevance of the hypothesis (H) lies in the following, where we also give stability
properties of H as well as of R. We say that a set of probability measures on Z is stable
by symmetrization if whenever p = (u(n)),ez belongs to that set so does i = (u(—n))nez.

Theorem 1.2.

(1) The set H is conver and stable by convolution and by symmetrization.

(17) The set R is convex and stable by convolution and by symmetrization.

(i13) Let € H. Then, p satisfies (4).

(iv) Let p € HN'R. Then, for every m € N, there ezists Cy,, > 0 such that p satisfies

(5).

Theorem 1.2 follows from several results: item (i) follows from Proposition 2.4, item
(77) may be proved as Proposition 3.10, items (7i7) and (iv) follow from Proposition 2.3.

Then, our goal is to provide many examples of elements of H N'R.

Our first examples are the ones already considered by Bellow and Calderén, in particular
the fact that p as in the next theorem satisfies (4) is not new, while the Ritt property is
new. The proof of Theorem 1.3 is done in Section 2.3.

Theorem 1.3. Let p be a centered and strictly aperiodic probability measure on Z with
finite second moment. Then p € HNR.

Then, we shall consider probability measures i, such that (14(n)),>o is completely mono-
tone (see the next section for the definition). In this context we are able to characterize

the BAR property. The idea of considering completely monotone sequences was motivated
by Gomilko-Haase-Tomilov [12] and Cohen-Cuny-Lin [7].

Theorem 1.4. Let i be a probability measure on Z supported on N, such that (j1(n))nen
15 completely monotone. Then

(1) p has BAR if and only if there exists C' > 0 such that

(7) > ku(k) <CnY p(k)  Wn=1.

k>n

(i¢) Assume that o has BAR. Let o be a probability measure on Z such that )", ., n*o(n) <
o0o. Then, pxo € HNR and for every a € (0,1] ap+ (1 —a)o € HNR. In
particular (take o = &y), p € HN'R.

Remarks. Notice that we do not assume o to be centered. The conclusion of item (i7)
actually holds for o such that ¢ is twice continuously differentiable on [—7, 7] — {0} with
6" and 0 — 05"(6) bounded. Moreover, see Proposition 3.10, it is possible to relax the
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conditions on & if one is only concerned with the Ritt Property. We were not able to
provide a perturbation result in the spirit of Theorem 1.5.

Item (i) follows from Propositions 3.3 and 3.5. Item (i¢) is proved in sections 3.2 and
3.3.

The proof of the Ritt property in Theorem 1.4 is based on a recent of Gomilko and
Tomilov [14]. The fact that when p has BAR 6; * p is Ritt has been proven by Gomilko
and Tomilov [15], see their Theorem 7.1. Their proof is also based on [14].

Theorem 1.5. Let u be a centered probability measure on Z supported on {—1}UZ, such
that (pu(n))nen is completely monotone. Then

(1) p has BAR if and only if there exists C' > 0 such that

(8) ny ku(k) < czn: Ku(k)  Yn>1.

k>n

(17) Assume that p has BAR. Let o be a centered probability measure on Z, such that
there exists ¢ > 0 such that Y, _,n*lo(n) — cu(n)] < co. Then, 0 € HNR. In
particular (take c =1 and o =p), p € HN'R.

Moreover (see section 5), we also study symmetric probability measures with completely
monotone coefficients.

In the above theorems, we obtain weak type maximal inequalities in ¢*(Z). Of course,
by mean of transference principles (see e.g. [2] or [25, page 164], one may derive similar
results for the operator P,(7) in the spirit of (2) as well as some almost everywhere
convergence results. We leave that "standard” task to the reader.

The paper is organized as follows. In Section 2, we prove Theorem 1.2 and prove the
Ritt property under a slightly stronger assumption than hypothesis (H). In section 3, we
consider probability measures as in Theorem 1.4 and prove Theorem 1.4 In section 4, we
consider probability measures as in Theorem 1.5 and prove Theorem 1.5. In section 5 we
consider symmetric probability measures. Finally, in section 6 we discuss several open
questions on the topic.

Before going to the proofs, we would like to mention that the above theorems provide
new situations to which the results of Cuny and Lin [9] apply, see examples 1 and 2 there.

2. GENERAL CRITERIA FOR MAXIMAL INEQUALITIES AND FOR THE RITT PROPERTY

In this section we give general conditions ensuring weak type maximal inequalities
associated with sequences of probabilities on Z and conditions ensuring the Ritt property.

In the case of weak type maximal inequalities, the obtained conditions are derived from
slight modifications of known results, see e.g. [3] and [26].
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2.1. Sufficient conditions for weak type maximal inequalities. We start with the
following result of Bellow and Calderén [3], see also Zo [28] for a related result. Actually,
Bellow and Calderéon considered only the case of probability measures, but their proof
extends to the situation below.

Theorem 2.1 (Bellow-Calderén). Let (0,,)nen be a sequence of finite signed measures on
Z such that sup,cy ||onlln < 00. Assume that there exists C' > 0 such that k,{ € Z with
0<2lk] <,
k
9) lon(k+€) —0,(0)] < Cg_2 Vn € N.
Then, there exists C' > 0 such that for every f € (1(Z),
C/

sup#{k € Z : sup |oy * f(k)| 2 A} < [ fller-

A>0 neN
In order to apply Theorem 2.1 we shall need the following version of Corollary 3.4 of

3]-

Lemma 2.2. Let (0,).en be a sequence of finite signed measures, such that for every
n € N, 6, is twice continuously differentiable on R — 2nwZ. If moreover

(10) sup/ 1667 (0)|df < o,
neN J—x
and
(11) lim 66(0)=0 VneN,
050,040

then (9) holds.

Remark. It follows from (10) (and the continuity of &,, at 0) that the limit in (11) exists,
hence condition (11) is just that the limit is 0.

Proof. For every k € Z—{0}, we have 0,,(k) = [7_6,(0)e *?df. Let m > ¢ > 0. Perform-
ing two integration by parts as in [3] to evaluate [ 6,(0)e™*?df and [~ 6,(0)e*0dp,
using our assumptions and letting € — 0, we see that

™ _ —ik6
an(k:):/ &g(e)lk—ide.

Then, we conclude as in [3]. O

Proposition 2.3. Let p be a probability measure on 7 satisfying hypothesis (H). Then,
for every m € N,

(12) supn™ [ 611" (1 = )")'(6)1d0 < oc.

and

om0 (1= ") (0) =0 V€N,
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In particular, there exists C' > 0 such that for every f € (*(Z),
(13) sup \#{k € Z : Slilfl'u*n*f(kﬂ > <CIflle -

A>0
If moreover u is Ritt then, for every m > 1, there exists C,, > 0 such that for every
feti(z),
(14) sup \#H{k € Z = supn™ | x (09 — )" x f(k)| = A} < Cull fler -

A>0 n>1

Remarks. The proposition is related to Theorem 2.10 of Wedrychowicz [26]. Notice that,
by (ii), v is non-negative and by (7i7) it is non-decreasing. We shall see in proposition
2.5 that if there exists C' > 0 such that for every 6 € (0, 7], ¥(0) < CO¢/(0), then p is
automatically Ritt.
Proof. If o = g the result is trivial. Hence we assume that p # &y. In particular, by
(1), 1 cannot vanish in a neighbourghood of 0, hence is positive on (0,7]. Then || < 1
on (0, 7] (hence p is strictly aperiodic).

We have, on (0, 7.
(15) ™ (" (1= @)™ < oA E P = AT A 2™ g

A" A THAL = Al ™ AL = AT mm = e a2 P - g

Using (i) and the fact that ¢ is continuous with ¢ (0) = 0, there exist n > 0 and ¢ > 0,
such that for every 6 € [0, 7],
(16) |1(8)] < o=
Since, supyep, -1 [2(0)| < 1, taking ¢ smaller if necessary, we may assume that (16) holds
for every 6 € [0, 7].

Using (i77) and that v is continuous at 0, we see that ¢' and i’ are in L', hence that

(17) 11— a0) <v(6) Vo e (0,7,

Combining (16) and (26) with (i7), (#i7) and (iv) (taking care with the cases m = 0 and
m = 1), we see that there exists C},, > 0 such that for every 6 € (0, 7] and every n € N,
10(7")"(8)] < Con (n*0"™(8) + 0™ (8) + (m — 1)y~ (6))e =20 iy (6)

Using that the integrand below is even and the change of variable u = (n — 2)y(0), we
see that

sup [ 1611371~ 1)) 0)]do

nEN —T
< Cm/ (™ +u™ 4+ (m— Du™ e M du < oo,
0

and (12) holds.

The fact that (11) holds follows from item (i7), using that ¢ is continuous at 0, with
¥(0) = 0, and that £ is bounded.
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Let m € N and set 0, = 0, := 0" (6o — p)*™ for every n € N.

It follows from Theorem 2.1 and Lemma 2.2, that (13) holds.
When m > 1, it follows from Theorem 2.1 and Lemma 2.2, that (14) holds provided
that

(18) sup ||onm|lez) < oo
neN

When m = 1, (18) is just the definition of the Ritt property.
Let m > 2, write n = m{f + k, with / € Nand 0 < k <m — 1. We have

In™ 1™ % (80 — )™ llerzy < m™ (€ + D™ * (8o — w1 Pzy -
and the latter is bounded uniformly with respect to ¢ € N, since pu is Ritt. 0

To conclude this subsection we shall study stability properties of set of probabilities
satisfying the weak type maximal inequalities.

It is well-known, see e.g. Proposition 3.2 of [10], that the set of Ritt probability measures
on Z is convex and stable by convolution. Actually, [10] deals with probability measures
supported by N, but the proof is the same.

Let p > 1. It is not difficult to see that the set of probability measures p on 7Z, such
that there exists C), > 0 such that (3) holds is also convex and stable by convolution.

However it is unclear (and probably not true) whether the set of probability measures
w on Z satisfying (14) for every m € N (or for some m € N) is also convex and stable by
convolution. Nevertheless, we have the following.

Proposition 2.4. Let iy and po be probability measures satisfying hypothesis (H). Let
€ (0,1). Then, fi1, 1 * po and apy + (1 — a)pe satisfy hypothesis (H).

Remark. Recall that fi; is the probability measure defined by fi;(n) = pi(—n) for every
n € 7.
Proof. The fact that ji; satisfies hypothesis (H) is obvious.

Let v, ¢;, C; be the terms associated with y; (¢ € {0,1}) such that the items (i) — (iv)
of hypothesis (H) be satisfied.

Define p := pq * o and 1 := ¢111 + co1by. Let 6 € (0, 7]. We have

|1(0)] = |1 (0)] |f12(0)] < 1 —1p(0) + creathr(0)102().

Since 1 and 1y are continuous with ¢1(0) = 15(0) = 0, there exist ¢ € (0,1) and
n € (0,7) such that c1ca1h1(0)102(0) < (1 — ¢)1(0) for every 6 € (0,7n).

Hence, || <1 — cp on (0,m). Arguing as in the previous proof, we see that taking ¢
smaller if necessary, the inequality holds on (0, 7] either.

Using that ' = i fio + fi1 ft,, we infer that items (i7) and (iii) of hypothesis (H) hold.
We have 1" = i fio + 2[4} i, + f11/15. Hence, for every 6 € (0, 7]
04" (0)] < Crip1(0) + 2C131(0) Cory(0) + Carly(0)

and we see that item (iv) holds, since 1 is bounded.
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Let « € (0,1). Let o := apg + (1 —a)us. One can see that items (7) — (7v) of hypothesis
(H) hold with ¢ := aty; + (1 — a ). 0

2.2. A sufficient condition for the Ritt property. In this subsection we derive a
condition ensuring that a probability measure is Ritt. This condition will be used for cen-
tered probability measure with either a second moment, or a first moment and completly
monotone coefficients. For non centered probability measure another argument will be
needed.

We start with a general result.

Proposition 2.5. Let (0,,)nen be a sequence of finite signed measures on Z, such that for

every n € N, 7, is twice differentiable on R — 2nZ. Assume moreover the following
() sup,en f:r %d@ < 00;
(i1) SUDers |7 157, (6)1d6 < o;
(4i1) Sup,en f:r 6] 167(0)|d6 < oo .
Then, sup,ey ||on|le(z) < 0o.

Proof. We first notice that, by (i),

sup |0, (0)] < sup/ |6,(0)]df < oo

neN neN —T

Let k € Z —{0}. We have

on(k) = / ' 6, (0)e”*0dp

—T

w/|k| , ,
_ / 6 (0)e—Mdp + / G(0)e % df
—/|k] [—mm]=[—7/|kl,7 /K]

Integrating by part and using that &, is 27-periodic, we have

[ o o 2 g . T D = (/D)

(=) [/ Il /] (=] [/l /] —ik —ik

and

/ &;(@e"_’“@ g — _/ 67’{(9)6_M i+ Inl=m/ K] = o (/IK])
(=] — [/l ] —ik (=]~ [/ /1] —k? —k?

Now,

w/|k| ‘ T T | A
Z|/ &n(é)e2k9d9|§/ RO 1d9g2ﬁ/ |0’|‘0<|0)|d9,

k[>1 7 —7/IKl - 1<[k|</|0] o

—1k6

and
g © A 1 HAE
> mO o< [ mel Y g=o [ s,

kj>1 V=mal=l=n/lkl/lkl] - k|>/|6|
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Hence, it remains to show that sup,ey 451 W < 00 and SUPen D k> %ﬁ <
0.

Let f,(0) := 06,(0), for every 6 € R — 27Z. Then f, is differentiable on R — 27Z and,
by (i) and (i1), 6/, € L*([0,2n]), f € L'(][0,27]). Hence, 6, and f, can be continuously
extended to R with f,,(0) = 0. Then, for every k > 1,

w/k w/k w/k
Fowml=| [ el < [ ioa@las+ [ olo@)las.
0 0
Dealing similarly with £ < —1 we infer that

op(m m/k
Z'” /Rl Z/ |d9+/ 0]67,(0)|do)

k|>1 k>1 w/k —7/k

§7r/ |U7|‘9(|0)|d9+7r/ & (6)|d6,

which is bounded uniformly with respect to n.

Proceeding as above with g,(0) := 6267 (0) in place of f,(#) we see that, by (i7) and

(122), SUPpen Dk 51 M(kﬂ < 0. O

Let p be a probability measure on Z. We say that p satisfies hypothesis (I:I) if it
satisfies hypothesis (H) with a function v such that there exists D > 0 such that for
every 6 € (0,7,

(19) W(0) < DOY'(9).

Proposition 2.6. Let p be a probability measure on Z satisfying hypothesis (ﬁ) Then
(0 )nen = (n(u*™ — ), ey satisfies to items (i), (i1) and (iii) of Proposition 2.5.
In particular, sup,,cy n||w™ — || pz) < oo, i.e. p is Ritt.

Proof. By Proposition 2.3 we already know that (ii) holds. It follows from the proof of
Proposition 2.3 and from (19) that there exist C, ¢ > 0 such that for every 6 € (0, 7],

6(0)]/0 < Cne= " ®(0) /0 < CDne” "4/ (6)
67,(0)] < Cne= 4/ (8) (ny(8) + 1) .

then, we conclude as in the proof of Proposition 2.3. 0

We now provide a sufficient condition on sequence of finite signed measure on Z to be
bounded in ¢*(Z), that will be needed in the sequel.

Proposition 2.7. Let (0,)nen be a sequence of finite signed measures on Z such that for
every n € N, &, is continuously differentiable on [—m, 7] — {0}. Assume that

(3) 5P [, [5u(O)]dB < 00;

(#1) suppen ‘szﬂ df < .
Then, sup,ey ||on|le(z) < 0o.
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Proof. Let n > 1. Let k£ € Z. We have
(20) nulh) = [ (o) as.
and if k£ # 0,

T e—ikQ
(21) onlk) = / ,6) b

Using (20), we infer that >, 1<, [on (k)] < (2n + 1) ST 16.(0)|d6. Using (21), Cauchy-
Schwarz and Parseval, we infer that

(Yol < ([ wopa) 3 5 < [ o

|k|>n - |k|>n

Then, we conclude thanks to (i) and (iz). O

2.3. Centered probability measures with a second moment. It is known, see [3],
that a centered and strictly aperiodic probability measure p on Z with a second moment
satisfies (13). As an application of the previous subsections we add here that p is moreover
Ritt and satisfies (14). Indeed, we shall prove Theorem 1.3.

By Proposition 2.3 and Proposition 2.6, it suffices to prove that a centered and strictly
aperiodic probability measure p with a second moment satisfies condition (H) for some
function .

We shall take 1(6) = 62, for every 6 € [—m, w|. Then 1 satisfies (19) hence we just have
to prove that p satisfies (H).

Since ;1 has a second moment and is centered, it is twice continuously differentiable on
[—7, m] and we have

. o ~ 2 — ~1
pdim (1= Reju(6))/6% = i"(0)/2> 0,

and
. ~ 2
9_1%)%1#0 Im 1(0))/6° =0.

It follows that item (i) of hypothesis (H) is satisfied for € close enough to 0. Then, taking
¢ smaller if necessary, it holds on (0, 7| by strict aperiodicity.

Using again that p has a second moment and is centered we see that for every 6 €
[—m, 7], |(0)] < ||A"||e|@]- Hence items (i) and (éiz) of hypothesis (H) hold. Similarly,
item (iv) holds.

3. PROBABILITY MEASURES WITHOUT FIRST MOMENT

In this section as well as in sections 4 and 5, we shall consider probability measures p
on Z such that (u(n)),en is completely monotone sequence. Let us recall some definition
and facts.
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Definition 3.1. Let A be the operator defined for every sequence (t,)nen of real numbers,
by (Atp)neny = (tn — tat1)nen. We say that a sequence (t,)n>0 is completely monotone if
for every m > 0 (with the convention A° = Id, (A™t,),>0 is non-negative.

Definition 3.2. We say that an infinitely differentiable function f : [s,4+00) — [0, +00)
is completely monotone, if for every m >0, (—1)™fm > 0.

The following characterization of completely monotone sequences is due to Hausdorff
and may be found in Widder [27], p.108.

Proposition 3.1 (Hausdorff). A sequence (i, )nen s completely monotone if and only if
there exists a finite positive measure v on [0, 1], such that p,, = fol t"v(dt for everyn € N.

A way to generate completely monotone sequences is the following, see [27], Theorem
11d, p. 158.

Proposition 3.2. Let f be a completely monotone function. Then (f(n + 1))nen s a
completely monotone sequence.

Definition 3.3. We say that a probability measure p on Z is CM if it is supported on N
and if there exists a finite (positive) measure v on [0, 1], such that

(22) /01 vdt)

1—-1¢

and

(23) pu(n) = /01 t"v(dt) Vn € N.

To emphasize the measure v we shall say that v is a CM probability measure on Z with
representative measure v.

Notice that for p as above, u(n) > 0 for every n € N, hence p is strictly aperiodic.

3.1. Characterization of the BAR property. We first give an equivalent formulation
of the BAR property that will be more convenient in the sequel.

Definition 3.4. We say that a subset of C is a Stolz region if it is the convexr hull of 1
and a circle centered at 0, with radius 0 < r < 1.

It is known that g is strictly aperiodic and has BAR if and only if the range of { is
included in a Stolz region.

TAll along the paper (for esthetical reasons) we shall adopt the convention f: pdv = f[a b pdv. Hence,
for non-negative ¢ we will have [ pdy < f; @dv + [, pdv with equality if v({b}) =0
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If 11 is strictly aperiodic, for every € € (0, ), i([e, 2m —¢]) is included in a disk centered
at 0 with radius strictly smaller than 1. Hence, a strictly aperiodic 4 has BAR if and
only if

24 SUp ——= o < 00.
(24) bouD T Re (0))]

We shall consider the following condition on v: there exists L > 0 such that for every
z €[0,1),

(25) /Of‘ . _t 7 v(dt) < ; fg;/x : t_ ; v(dt).

v(dt
(=2

Notice that this condition implies that fol
+00, i.e. u does not have first moment.

= 400 or, equivalently, that ) _na, =

Proposition 3.3. Let p be a CM probability measure on Z with representative measure
v. Then, p has BAR if and only if there exists L > 0 such that v satisfies (25). Moreover,
then

1 —Re(0)

We deduce the following corollary, in the spirit of Theorem 4.1 of Dungey [10].

Corollary 3.4. Let o be a CM probability measure on Z with representative measure v
satisfying (25) for some L > 0. Let T be a probability measure on Z such that there exists

¢ > 0 such that
Znh(n) —ap(n)| < co.

nez

Then, T has BAR.

Throughout the paper we will make use of the following easy inequalities.

92
|sinf| < |60| 1—C080§5 Vo e R,

(92

|sinf| > 2|0|/7 1—COSQEZ Vo e [-1,1].
Proof of Proposition 3.3. Assume first that v satisfies (25). Since v is not null, the
support of 1 is N and g is strictly aperiodic.

Hence, we just have to prove that there exists K > 0, such that
(27) Ima(0)] < K(1-Rep(d) VO € [-m ]

We have, for every 0 € [—m, 7], ji(0) = fol ly_(f;)e -

Notice that |1 — te?|? = 1+ 2 — 2tcosf = (1 — )% + 2t(1 — cos ) and that
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1 (1—te ™), (1—1t)?+2t(1 —cosf) — (1 —t)(1 —tcosb)
1—t |1—tew|2)_ (1 —t)|1 — tei|?
t(1 — cos )
(1—1t)|1 —te??|?”

Re(

Hence, using (22), we have

! t(1 — cos )
(28) 1= Reji(f) _/0 =D = 02+ 21 —cosg)) )
Moreover,
R L tsing ! tsin 0
(29) tm () = | my(dt):/o s -

Since, f1 is continuous and 1 — Re ji vanishes only at 0, on [—, 7], it is enough to prove
(27) for 0 € [—1/2,1/2]. Moreover, (27) is clear for # = 0. So, let § € [-1/2,1/2] — {0}.

Let us first estimate 1 — Re fi(f). Using that (1 —#)* +2t(1 — cosf) < (1 —#)*> + 62 <
2max((1 — t)?,6?), we obtain

1-16] — COS !
(30) 1~ Reji(6) > %/0 t(il_—t)f)y(dt) + %/He' (i

Now, we estimate Im 1. We have,

! t| sin 0| ! to?
/1_|9| 107 1 211 — cosg) V(%) = /1_9 A=D1 =0 1 211 —cosg)) V%)

! t(1 — cos ) e
S 4/1—|9 (1 - t)((l — t)2 + 2t(1 — COS Q)) V(dt) S 4<1 R ,u(6’)) .

Now, using our assumption on v and (30), we obtain

10| : 1-10] 4 o
/ t| sin 6| o(dt) < / t| sin 6| o(dt)
0 (1 —1)2+2t(1 — cos ) 0 (1—1)2
L [t
S -
101 Jijp 1 — 1
and we see that (27) holds.

v(dt) < 8L(1 — Re ji(6)).

Let us prove the converse. Assume that (27) holds.
Let S > 1 be fixed for the moment. Let 6 € [—1/25,1/25] — {0}.
Using that |1 — te|> < (1 + 1/5?)(1 — t)?, whenever 0 <t < 1 — S|6|, we see that

1-S516] v 2 2
oy [ < i) < o - Rea),
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Now, we see that
1—cos® [5° tu(dt) L tu(dt)
l—Reﬂ(G))g—/ —+/ :
S1el Jo (1=t Jige 1-t
Hence, taking S large enough and using (31), we infer that there exists D > 0 such

that
/1—5“9 v(dt) _ D L tu(dt)
0 (L=1) 7 0] Ji_gjg 1Lt~

which prove that (25) holds O

It remains to prove (26). Using (25), we see that

1 — Re(0) 1—C089/1 t 1—(:089/1_'9' t

> dt) > ——— ——v(dt
o = o o0 E T Sy aep e e

hence the result.

OJ
Proof of Corollary 3.4. By assumption and Proposition 3.3, there exists K > 0 such
that >, -, n|[7(n) —au(n)| < K and for every 6 € [—m, 7], [Im (2(0))] < K(1 —Re (fi(0)).

Let us prove that 7 is strictly aperiodic. If 7 were not strictly aperiodic, there would
exists £ > 2 and 0 < k </ — 1, such that the support of 7 would be contained in £k + (Z.
In particular 7(k + 1 4 ¢m) = 0 for every m € Z. Hence, ), |m|u(k + 14 {m) < oo
and (using that (u(n)),>1 is non increasing) p must have a first moment, contradicting
(25) (see the remark after (25)).

We first prove that there exists C' > 0 such that for every 6 € [—7, 7],
(32) Re(1—17(6)) > Cl0].

Since 7 is strictly aperiodic, it is enough to prove the result for small enough 6’s. By
Proposition 3.3, there exists ¢ € (0,7), such that for every 6 € [-4,0], |0 < a(l —
Re (j1(0))/2K. Then, using that 1 — cosu < |u| for every u € R,

6] < (1= Re (7(0))/2K + 5 Z 17(n) — ap(n)|(1 — cos(nd))
n>1
< (1—Re(7(8))/2K +10]/2,
and (32) follows.
Let 6 € [—m, 7). We have, using that |sinu| < u for every u € R,

[lm (#(0))] < allm (4(0)] + Y _ I7(n) — ap(n)| [ sin(nf)| < aK (1 - Re (i(6)) + K|0|
n>1
< K(1—-Re(7 +Z|T ) —ap(n)| |(1 — cos(nd)| + K|6|
n>1

< K(1—Re(7(0)) +2K10] < K(1 +20)(1 — Re (7()),
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and the corollary is proved. O

From a pratical point of view it is better to have a condition on (p(n))nez. Indeed we
may consider completely monotone sequences given thanks to Proposition 3.2, in which
case, we do not know v.

Proposition 3.5. Let p be a CM probability measure on Z with representative measure
v. Then, v satisfies (25) if and only if there exists D > 0, such that for everyn > 1,

(33) > ku(k) <Dny (k).

k>n

Proof. Assume (25). Let n > 1. We have

n 1-1/n 1 1
;ku(k) g/o (1_tt)zu(dt)—l—n/l ! u(dt) < (1+L)n/ !

fl/nl_ 1,1/n1—t

v(dt).

Using that 3, u(k) = 01 L2 v(dt) and that (1—1/n)" — ™!, we see that (33) holds.

n—o0

Assume now that (33) holds.
Let A > 1 be a positive integer fixed for the moment. Let n > 2.

Let 1 <m <mn—1 be an integer and let ¢t € [1 — 1/m,1 — 1/(m + 1)]. Using that the
sequence ((1—1/k)%71);>; decreases to 1/e, we obtain that (with the convention 0° = 1)

An m—1
L tm(m+1) t
k> — m-1 > > :
S ktF >t (k+1)(1—1/m)" " > e 2 =T
k=1 k=0
Hence,
1-1/n " An 1
/ | sv(dt) < ez ku(k) < eDAn Z (k) = eDAn/ Z thu(dt).
0 (1-1) k=1 k> An 0 k>An

Now notice that for ¢t € [0,1 — 1/n],

1 1 1
th—1 < E(k+DtF 1 < <
Z = A2p2 Z (k+1) = AZn2(1—1)3 — A2n(1—t)2’

k>An k>An
and that for t € [1 —1/n,1], 7,0 4, "1 < 1/(1 —1).
Hence, taking A large enough we infer that (25) holds. O

3.2. Hypothesis (H) for CM probability measures. We shall prove that the condi-
tions imposed in the previous subsection guarantee hypothesis (H).

Proposition 3.6. Let p be a CM probability measure on Z satisfying (33). Then, p
satisfies hypothesis (H).
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Proof. To check the conditions (i) — (iv) of hypothesis (H) with a suitable function
we must first estimate i and its derivatives.

Let us first compute the derivatives of fi. Recall that for every 6 € [—7, 7],

o 1 t(1 — cosf)
1 —Ref(0) = /0 (L—1)((1 — )2+ 2t(1 — cos b))

1 ftu(d) 1! (1—1)
_5/0 1—t _5/0 (1—t)2+2t(1—cosé’)y<dt)’

v(dt)

and

T (6 / |1t—8111?e?9|2 dt) = /01 e f;tl(i ~eos) V)

Hence, for every 6 € [~ 7] — {0},
(34) Re i :—81119/ T +12t_(1t)_ T s v(dr)
(35) Re (0) = — cos 0 /0 ((1_021(127;1’5)_ s
+2 sin29/01 T ifl%_(f)_ ) v(dt)
(36) fm f1(0) = /01 TEE fgfg ~ o) 4
- /01 (1- t)ff;i@_ sty

(37) fm f17(0) = /01 i _t)2_+tzszisl<l19— cos gy V(4

! 8t% sin 6 cos 6 ! 43 sin® 0
— 5 v(dt) + s v(dt).
o ((1—1¢)2+2t(1 — cosb)) o ((1—1¢)2+42t(1 — cosb))

Define, for 0 € [—7, 7],

G el 3 b p(at)
(38) ¢(9)_/0 (1—t)(1—t+t|¢9\)y(dt>_1_/o (1—t+16])

Hence, for every 6 € (0, 7],

(39) w’(9)=/0 %
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Notice that, for every 6 € (0,1/2],

0 (0 tvdt) 1 [P tu(dt) =0 ty(dt) Yoy(dt)
I A e RS T e ST ELY M e R s

)
ay [ D[ <o <o [ 2 v,

Claim 1. There ezists C > 0, such that for every 0 € [0, 7],
1 —Rep(f) > Cy(0).
Proof. It suffices to prove the claim for 6 € (0,1/2]. Using (30), (25) and (40) we have
! t 1
1 —Reju(0d 2/ v(dt) > ———(0),

and the claim follows. OJ
Claim 2. There ezists C > 0, such that for every 6 € (0, 7], |/ (0)] < Cy'(6).

Proof. Again, we only consider the case when 6 € (0,1/2]. We deal separately with the
real and imaginary part of p/. We have, using (34) and (41)

=0 ty(dt) 2

1
|Re i/ (0)] < 29/ TEE + 5 /1_0 t(1 —t)v(dt) <8Y'(9),

IN

Similarly,

[fm #/(0)] < /01_6 ((1 —tt (1—1t)* > <1 —10089 * (1 —2;9028 9)2> /119 t(dt)

< C/(0).

Claim 3. There exists C > 0, such that for every 6 € (0, ], |61/ (0)] < C(0) .
Proof. Combine Claim 2 and (41). O

Claim 4. There exists C > 0, such that for every 6 € (0, 7], |6p"(0)] < Cy'(9).
Proof. We assume that 6 € (0,1/2]. By (35) and (41), we have

[Re 2" (0)] < /01_9 <(1 itt)?) + (14i9i)5> v(dt)

2 | /1 ¢ V(dt)+4—02>/1v_9t(1—t)y(dt) < Cy'(6)/0.

+(1—C0892 ol —t (1 — cosf)?
Similar computations based on (34) and (41) yields

[Im "(0)| < Cv'(6)/6 .
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Then, items i), (ii7) and (iv) of Proposition 2.3 follows from the combination of the
claims 2, 3 and 4.

Let us prove item (i) of Proposition 2.3. Let 6§ € [0,1/2]. Recall that |Im a(6)| <
C(1 —Rej(0)). Hence,

|@(0)]* = [Tm (0)]* + 1 = 2(1 — Re u(0)) + (1 — Re ju(0))”
1= (1=Rep(0)(2—(C+1)(1—Rep(0)))

Since (1 — Re ju(0)) PRV 0, using Claim 1, we infer that for 6 small enough
—

A(O)F < 1= Cu(0).
Hence (i) holds for, say, 6 € [0,7], with  small enough. Since supyep, . [1(0)] < 1, wee
see that (7) holds for every 6 € [0, 7], taking ¢ smaller if necessary.

0

Corollary 3.7. Let u be a CM probability measure on Z. Let o be a probability measure
on Z such that ¢ is twice continuously differentiable on [—m, 7| —{0} and such that 6’ and
0 — 06"(0) are bounded. Then, o * u satisfies hypothesis (H). Moreover, if 1 satisfies

hypothesis (H), so does o * .

Remark. The assumptions on v holds, for instance, as soon as Y, _, n*o(n) < oc.

Proof. Let ¢ be the function defined in (38). Since fol (’I(flf))z = 400, one easily infers from

(39) that liminfy_,09=09'(f) = +o0. In particular, there exists K > 0 such that for every
0 € (0,7], ¥/ () > K and, consequently, /() > K6. Then, the fact that o * p satisfies

hypothesis (H), with the same function v as i, may be proved exactly as Proposition 2.4.

Since we use the same function v for o % g and p, then o * u satisfies hypothesis (H) as
soon as j does. O

Corollary 3.8. Let 7 be a probability measure on Z. Assume that there exists a CM
probability measure p and ¢ > 0 such that -, n*|T(n) — cu(n)| < oo. Then, T satisfies

hypothesis (H). If moreover u satisfies hypothesis (H), so does T.

Remark. It follows from the proof that we only need that & be twice continuously
differentiable on [—m, 7] — {0} and that 7" and 6 — 67"(#) be bounded.

Proof. Define a signed measure by setting o := 7 — cu. Then, & is twice continuously
differentiable on [—7, 7], (0) = 1 —c¢ and there exists C' > 0 such that for every 6 € [0, 7],
|6(6) — (1 — ¢)] < CH. Then, the proof may be finished using the same arguments as in
the proof of Corollary 3.7. 0

3.3. The Ritt property on ¢'(Z). In this section, we finish the proof of Theorem 1.4.
We first prove the Ritt property of CM probability measures, which corresponds to the
case where o = §.

Let i be a probability measure on Z. Notice that the fact u is Ritt is equivalent to the
fact that
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supn|[my — 7 o (z) < o0,
n>1

where 7, stands for the operator of convolution by f.

Let I' be the open unit disk in the complex plane. By Theorem 1.5 of Dungey, u is
Ritt if and only if the spectrum o(7,) of 7, is contained in I' U {1} and the semi-group
(e7*I=),5 is bounded analytic. The fact that (e */=™)),5¢ is bounded analytic means
that

sup ([l ) + ¢ = D)~z < o0.
>

Remark. Notice that Theorem 1.5 of Dungey is valid for probabilities supported on N.

Proposition 3.9. Let p be a CM probability measure on Z with representative measure
v satisfying (25). Then, p is Ritt.

We already saw that v satisfies (25) if and only if x4 has BAR. The fact that a CM
probability measure on Z having BAR is Ritt has been proved very recently (see their
Theorem 7.1) by Gomilko and Tomilov [15] as a consequence of another very recent result
of their own [14].

The latter paper deals with subordination semi-groups hence is written in a continuous
setting.

For reader’s convenience we explain below how to derive Proposition 3.9 from the work
[14].

First of all, by Theorem 2.1 of Dungey [10], we have o(m,) C p([—m,7]) C I'U {1},
where the latter inclusion follows from the fact that u has BAR. Hence, Proposition 3.9
will be proved if we can prove that (e~*/=™#)),5, is bounded analytic.

Definition 3.5. An infinitely differentiable function f : (0,+00) — [0,400) is called a
Bernstein function if ' is completely monotone. If lim, o+ f(x) exists and if f admits
an holomorphic extension to {z € C : Imz > 0}, such that Im f(z) > 0, then f is called
complete Bernstein.

boud) _pted) b vd) o ppen is non-

For every x > 0, define x(z) := 1 — [/ = = Jo 55 0 Toiis:
decreasing, with x(0) = 0, hence it is non-negative. It is not hard to see that it is infinitely
differentiable and that x’ is completely monotone, hence y is a Bernstein function and

one can easily see that it is actually a complete Bernstein function.

Since x is Bernstein, it is well known (see e.g. Theorem 1.2.4 of [11]) that there exists
a convolution semi-group (o):>o (of probability measures on [0, 00)), such that for every
x > 0, and every t > 0,

/ e Yoy (dy) = e X@
0
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Following Dungey [10, p. 1734}, we consider the Poisson semi-group (Fs)s>¢ acting by
convolution on ¢!(N), and defined by

k
P, = e 300=01) — o3 Z %&g Vs > 0.

k>0

Consider now the associated subordinated semi-group (Q:)s>o defined by
Qt = / Ps O't(dS) Vit Z 0.
0
Let ¢ > 0. Then, @ is a probability measure on N, whose generating function is given

(on [0, 1]) by
x> / oi(ds) = e~ x(-z)

Let G, denote the generating function of f, i.e.

0= utmar = [ 1),

n>0

for every x € [0,1]. Then, for every ¢ > 0, the generating function of the probability
e -1 — gt Ek>0 t !k is given by

thGE

—t B —t(1—-G,)
ot 30— 06,

k>0

In particular, we see that the semi-groups (e=*/="#)),5 and (Q;)>o coincide. Hence, to
prove that (e7t/=™)),5, is bounded analytic, it is enough to prove that any subordinated
semi-group associated with (o;);>0 is bounded analytic (see the introduction of [14] for
more details). To prove the latter point, since x is complete Bernstein, by Corollary 7.10
of [14], it is enough to prove that y sends the half-plane {z € C : Rez > 0} to a sector
{z € C : |Imz| < CRez}, for some C' > 0.

Let z = a + ib such that a > 0 and |z|*> = a® 4+ b* < 1/4. We have, using (25)

I ) =1b dt
= [ )

Lot
(dt)+W/1 " tv(dt) < K Hle_lty(dt).

12|

<plf

On the other hand,

! at(1 —t) + |z|*t? ! Bl
R = dt) > — _u(dt
X6 = | T e 2 L
Y
>

~10 i 1—t

v(dt).
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This gives the desired bound when |z|*> < 1/4.
Assume now that |2|* > 1/4. In particular, we have 4|z| > 2. Hence,

IIm x(2)| < /(4|Z)1 iu(dt) + Izl /1 t~1u(dt)
~Jo (1—1) 212 Jq

Afz[) !

2, 1
S}l/o (1(_dtt))2—|—4/0 v(dt) < oco.

Moreover, using that the integrand below is non decreasing with respect to |z|, we have

|Z|2t2

Rex(z) 2 /0 2(1— 1) (1 — )2 + 12]22) v(di)

1 [t 12
> Z dt) > 0
_8/0 A=t >0

which finishes the proof. O

Proposition 3.10. Let p be a CM probability measure on 7Z with representative mea-
sure v satisfying (25). Let o be a probability measure on Z such that & is continuously
differentiable on [—m,m| — {0} and such that 6’ is bounded on [—m, 7] — {0}. Then,

(42) sugnH((So —0)* M < 0.

ne
In particular, o % (1 is Ritt and for every a € (0,1], ap+ (1 — a)o is Ritt.
Proof. To prove (42), we check that (o,)nen = (n(dg — o) * p1*" ) en satisfies items (i)
and (i7) of Proposition 2.7.

By assumption there exists L > 0 such that |6'| < L and it follows that |[1—a&(0)| < L6
for every 0 € [—m, .

Let ¢ be the function given in (38). Recall that there exists K > 0 such that for

every 0 € [—m,m| — {0}, ¥(0) > K0 and ¢'(§) > K. Hence, for every n € N and every
0 € [_ﬂ-a ﬂ-] o {O},

o (0)] < T w01 (0)((6))"

Hence, arguing as in the proof of Proposition 2.6, we see that (o, )nen satisfies item (i) in
Proposition 2.7.

For every 6 € [—m, ] — {0}, we have
03,(0) = —nd’(0)i™(0) +n*(1 — 6(0)i (0) 4" (0) -
Then, we infer that
2412
W(0)|"](0) + =0 O (0| (9)

Hence, arguing as in the proof of Proposition 2.6, we see that (o, ),en satisfies item (i7)
in Proposition 2.7.

o2n2l?
6 0) < =
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It remains to prove the second part of the Proposition.
Let n > 1. We have
(G0 — 0% 1) # (0% )™ = 0™ s [(Jg — ) = ™) + [(80 — &) 5 =™ D] s 0™,
which proves that o * p is Ritt.
Let @ € (0,1] and n > 1, and 7 := ap + (1 — a)o. We have

(0 —T) 7" =
n n ak(l — a)n—k " B -
> () etk + 1) — ) % 4 (1= @)k + )0 — 0) % | 70,
k=0 +
Hence,
(n+D)[[(do = 7) % 7|2 < = Xn: D) gyt < o
0 f=_ 2 E <C,
and we see that 7 is Ritt. 0

3.4. Examples. To exhibit examples we will make use of Proposition 3.2. Hence we shall
first exhibit completely monotone functions.

Lemma 3.11 (Miller-Samko [21]). Let f,g : (0,+00) — (0,+00) be infinitely differen-
tiable functions functions such that ¢’ is completely monotone.

(1) If f is completely monotone then f o g is completely monotone either;
(13) If f" is completely monotone then (f o g)' is completely monotone either.

Proof. Item (i) is just Theorem 2 of [21]. Let us prove item (i7). We have (f o g) =
flog x ¢ By (i), f' o g is completely monotone. Then, (f o g)" is completely monotone
by Theorem 1 of [21]. O

Define by induction Li(z) = L(z) := log(1 + =) and Lgyi(x) = L(Lx(z)) for every
x > 0.

Corollary 3.12. For every integer k > 1 and every real numbers ay, ..., a5 € [0,4+00)
and « € [0,400) the function given by

foz,al ..... ak(x) - YV Z O,

18 completely monotone.

Proof. Obviously,  — x~* is completely monotone. By (i) of the previous lemma Ly

admits a completely monotone derivative and then L, “* is completely monotone by (7).

The fact that fua,.. q, is also completely monotone then follows from Theorem 1 of [21].
O

Example 1. Let ;1 be a probability measure supported on N such that p(n) = c¢fa .0, (n+
1) for every n € N, where oy, ..., ap € [0,+00), a € (1,2) and ¢ is a normalizing constant

.....
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ensuring that we have a probability. Then, u € HN'R Of course one may take « = 1 and
a1 > 1, and so on... But for a = 2, 1 does not even have BAR.

It is more difficult to produce examples allowing negative ajs. One way to handle the
difficulty is to proceed as in the proof of Proposition 5.11 of [8].

Example 2. Our next example is a basic example of Ritt probability measures already
considered by Dungey [10] and Gomilko and Tomilov [15]. Let v € (0,1). We have a power
series expansion 1 — (1 —t)Y = >, a,(y)t", 0 <t < 1. Notice that > ., a,(y) =1 and
an(y) > 0 for every n > 1. Define two probability measures 7 and p by setting for every
n €N, u(n) = ayp1(y) = 7(n+ 1). so that 7 = d; % . Then, see for instance example
3.10a of [15], 7 is a CM probability measure which has BAR. In particular, 7 € HNR
and p € HN'R.

4. PROBABILITY MEASURES WITH A FIRST MOMENT

When p has a first moment, a necessary condition for the BAR property is that p be
centered, i.e. ) _,nu(n) =0, see Proposition 1.9 of [6].

Hence we cannot consider probability measures p supported by N anymore. We shall
consider the following situation.

Definition 4.1. We say that a probability measure p on Z is CCM if it is supported on
{=1} UN and if there exists a finite positive measure v on [0, 1], such that

boudt)
|
p(n) == /01 t"v(dt) Vn e N;

B Yy(dt)y [t tw(de)
=[5 e

It is not hard to see that p is indeed a probability measure and that it is centered.

and

4.1. Characterization of the BAR property. Let © be a CCM probability measure
on 7 with representative measure v.

For every 0 € [—m, ], we have
(0> B /1 1 — 9t + 2t287i9 _ t2ef2i9
Jo (1 =0)2((1 —1)2 +2t(1 — cosh))

f v(dt).

In particular,

(43)  1—Rei() = (1 — cosf) /O =T St(_lt;tf;st?i —aay ).
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and
t2

(44) Im 1(0) = 2sinf (1 — COS@)/O (= 02((1 = 1) + 2(1 —cos 0))

Consider the following condition on v: there exists L > 0, such that for every x € [0, 1),

1 U tu(dt) T tu(dt)
(4) 1—x/x (1—t)2§L/0 =13

Notice that if fol ('I(jf))s < 00 (i.e. p has a moment of order 2), condition (45) is auto-

matically satisfied.

v(dt)

Proposition 4.1. Let y be a CCM probability measure on Z with representative measure
v. Then, i has BAR if and only if there exists L > 0 such that v satisfies (45).

Proof. Assume (45). Let us prove that u satisfies (24). As noticed previously, it is
enough to consider 6 € [—1/2,1/2]. We have

=k U tu(dt)
Im 1(0)] < C 93/ v(dt) + 16 .
@< c(lor [ G+ | 5)
Using that 1 —tcosf > 1 —t, we see that
- o (1 tu(dt)
1 —Re(8) > CH?
Re i(0) > C /0 Tk

and (24) holds, by (45).
Let us prove that if 4 has BAR, then (45) holds. There exists C' > 0 such that for
every 0 € [—1/2,1/2],

(46) [Im /i(6)| < C(1 = Re u(6)) .
Let 6 € [-1/2,1/2] and « € (0,1]. We have

R 10| L tw(dt)

i) 2 g | e
It is not hard to prove that there exists C\,, D > 0 such that
1 —tcost < Cu(l—1t) Vit e [0,1— alf]];
1 —tcosf < Dald| vVt e (1 —«alf|,1].
Hence, using (46), we infer that
; 0] : /1 tv(dt) < C(Ca|9|2 /1—|9| tv(dt) + aff) 1 tv(dt) ) ‘
(1+a?) Ji—ag (1 —1)? o (-1 1—ale) (1 —1)?

Taking o« = 1/(8C') gives the desired result. O

As before, we shall now characterize the BAR property in terms of the coefficients of
L.
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Proposition 4.2. Let i be a CCM probability measure on Z with representative measure
v. Then, v satisfies (45) if and only if there exists L > 0 such that

(47) ny ku(k) < Li Ku(k)  VYneN.
k=1

k>n

Proof. Assume (45). Let n > 2, we have

1=1/n tu(dt
DITOES M WA ORE I 4,
1/n -

k>n k>n 1

L=n gu(dt)
§(1+L)/0 =

Now, for every 1 </ <n—1andeveryt e[l —1/¢,1—1/({+1)], we have >_,_, k** >
tZizl k*e=' > Ct/(1 —t)3, where we used that (1 —1/m)™! decreases to e~!. Hence,
(47) holds.

Assume that (47) holds. Let v € (0,1] and n > 2. For every ¢ € [1 — 1/n, 1], since
v < 1, we have

Z kit = Z(k + n)tFtm > t(1—1/n)" S t(2e)~1

N2 S (1_p2
= = (1—1) (1—1)
Hence
U tu(dt) 2 Le &
n/ d 5 _2enZk,u i eZkQM(k:)
1-1/n <1 __t k>yn ] k=1
2nLe = (dt U tw(de
S (/ ( )3 + ['7”]2/ ( )) 7
[vn] 0 (1-1) 1-1/n -t
and we conclude by taking v small enough O

Theorem 4.3. Let o be a CCM probability measure on Z with representative measure v.
Assume that (u(n))nen satisfies (47). Then, u is Ritt and for every m € N, there exists
Cyn > 0 such that for every f € (1(Z),

sup Aft{k € Z 2 sup ™| ™ x (0o — p)™ x f(R)[ = A} < Conl[ flr -

A>0 n>1

Proof. It suffices to check that u satisfies hypothesis (H) and to apply Propositions 2.3
and 2.5.

To check the conditions we must estimate & and its derivatives.
Define

e [ tv(dt)  tu(dt) V(1 — t)v(dt)
(48) Vo) =0 /0 A0+ 1-1 _/0 [
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Then,

(49) (6) = 20 /0 :

Hence for every 6 € [0,1/2], we have

0> (70 tw(dt) 1 [P tw(dl) , [0 tu(dt) U tu(dt)
0 3 gemta), T Ot [ g T
(d

9/19’51”_‘125 1/i {1 — u(dt) < /(6 <29/19t” §+93/1 £ — t)w(dt)

In particular, using (45), we see that (19) holds.
Let us compute the derivatives of fi. We shall not give the full details here. Using (43),
we infer that

Y1 —tcosh ! 1 —tcosf
1— [ = - .
Re /1(0) /0 =1 v(dt) /0 (-2 121 Cose)u(dt),

t(1 — t)w(dt)
1—t)2+62)2

~l . ' t2
(51) Re /() = 2sinf(1 — cos 8)/0 (1—1)2((1 — )2+ 2¢(1 — cos b))

: ! 2t(1 — tcosb)
—|—s1n9/0 (1 —1¢)2+ 2t(1 — cos 6))2V(dt)

g2
——s1n9/ v(dt) 81n9/ t1 —t') v(dt);
(1—1t)2 (1—1t)? —|—2t(1—cos€))

v(dt)

and

1 t(1—1t?)

= t)QV(dt) — cos@/o (1 —1¢)2 4+ 2t(1 — cosh))?
. 9 ! t2(1 — t2>

+4 sin 9/0 (1 —1¢)2+2t(1 — cosh))3

(52)  Rei’(6) = —cosd /O v(dt)

v(dt).
Using (44), we infer that

. ot e t
Im f1(6) = sm@/o my(dt) - st/O 107 7 281 — cos H)V(dt) ;

(53) Im i'(0) = 2 cos O(1 — cos 9)/0 (R t)s TG —— 9))V(dt)

Loy L212 — (14 t?) cosd ‘
:cosé’/o —(1_t)zu(dt)+/0 T S )

and
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(54) Tm 9/‘ u(dr) + g/ t+ ) v(dt)
—sin sin
(1—1)? (1 —1)2 4 2t(1 — cosf))?
1 9 2 _ 1 2
451119/ t(2t* — t(1 4 t%) cos0) (dr)

o (1 —1)2+2t(1 —cosh))3
We now derive the necessary estimates on i and its derivatives.
Using (43), we infer that

Claim 5. There exists C > 0 such that 1 — Re i(0) > C6? 0 (1 tt —t=v(dt), for every
6 € (0,1/2].

Using (51), we infer that

Claim 6. There exists C' > 0 such that [Re i/ (0)] < CO [~ isv(dt) + & [,y tv
for every 6 € (0,1/2].

Using (53), we infer that
Claim 7. There exists C' > 0 such that |Im ()| < CO? [ 55w (dt)+C f1 o v (dt),
for every 6 € (0,1/2].

Using (52), we infer that
Claim 8. There exists C' > 0 such that |Re i"(0)] < C’fol aev(dt) f1 ot
t)v(dt, for every 6 € (0,1/2].

Notice that there exists a > 0 such that for every ¢ € [0, 1] and every 0 € (0,1/2],

12t — (14 t*) cos 0)| = t|(1 + t*)(1 — cos ) — (1 — t)?| < amax(6?, (1 —t)?).
Combining this estimate with (54), we infer that

Claim 9. There exists C > 0 such that |Im 1" (0)] < C6 fol = t41/ (dt) + 53 fl ot
for every 6 € (0,1/2].

We already saw that (19) holds. Let us prove that items (i) — (iv) of Proposition 2.3
hold.
Item
Item
Item
Item

i) follows from Claim 5 and (45) (see the proof of Theorem 3.6.

it) follows from Claims 6 and 7 combined with (45) and (50).

i17) follows from item (ii) combined with (19).

iv) follows from Claims 8 and 9 combined with (45) and (50). O

P e

Proposition 4.4. Let 7 be a centered probability measure on Z such that ), |n|T(n) <
00. Assume moreover that there exists a CCM probability measure u satisfying (47) and
that there exists a > 0 such that Y~ _,n?/7(n) —ap(n)| < co. Then the conclusion of
Theorem 4.3 holds for T.
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Proof. We shall assume that > _, n?7(n) = oo, otherwise, the result holds by Theorem
1.3. In particular we must have > _,n?u(n) = oo and by (48) and (49)

(55) liminf¢(0)/6* = +00 and liminfy'()/0 = +oo (0 — 0).
0€(0,n) 0€(0,n)

It follows from the proof of Theorem 4.3 that there exists an even function ¢ continuous
on [—7, m] and continuously differentiable on (0, 7], with ¢/(0) = 0 such that p and v satisfy
the item (i) — (iv) of hypothesis (H), for some C, ¢ > 0.

Since 7 = (7 — av) + afi is clearly twice differentiable on (0, 7], the proposition will be
proved if we can show that the items (i) — (iv) of hypothesis (H) hold with 7 in place of
1 with the same v, but for possibly different C, ¢ > 0.

We already saw that 7 must be strictly aperiodic. Hence |i| < 1 on (0, 7]. In particular,
to prove item (7) it suffices to consider 6 € (0, 7] for some small enough 7 > 0.
For every 6 € (0, 7], we have

#0) => (r(n) —apn))(e™ = 1)+ [L—a+a)_ pn)e™] = x(0) + ¢(6).
Using that Y, , n®|7(n) — ap(n)| < oo and that Y~ n(r(n) —ap(n)) = 0, we see that

limg0.0.0 x(0) /6% = x"(0) exists. In particular, limg_,0,90 x(6)/1(0) = 0.
Now, we have

10(0)]* = (1—a+aRe f1(0))*+a*(Im /1(0))* = 1—2a(1—Re fi(0))+a?(1—Re 1(6))?+a*(Im 1(6))?.

Hence, using Claim 5, we infer that there exists n > 0 such that for every 6 € (0,7),
17(0)] <1 —dv(0), for some § > 0.

The proofs of item (i7) — (i47) are similar (but simpler) hence we leave them to the
reader. O

Example 3. Let o € (2,400) and ay,...,a; > 0. Let p be a probability on Z such that

----------

n € N.

5. SYMMETRIC PROBABILITY MEASURES

In this section we consider symmetric probability measures. If p is symmetric (i.e.
f = ), then [ is real valued, hence has BAR. It is known that if moreover (u(n))nen is
non-increasing then (13) holds. However we are not aware of any result concerning the
Ritt property or (14) with m > 1.

We shall again investigate the situation where we have completely monotone coefficients.
To be more precise we consider the following situation.
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Definition 5.1. We say that a probability measure p on Z. is SCM if it is symmetric and
if there exists a finite positive measure on [0,1] such that

/0 1ity(dt):1/2 : M(0)=2/0 v(dt);

pu(n) = /01 t"v(dt) Vn > 1.

Let 1 be an SCM probability measure on Z with repesentative measure v. Define
another measure on Z, supported on N, by setting

1 (0) = 2 / o (d);

1
pi(n) = 2/ t"v(dt) Vn > 1.
0

Then 4 is a probability measure, (p1(n))nen is completely monotone and p = (i +
i1). In particular, it follows from Proposition 2.4 and Theorem 3.6, that u satisfies
hypothesis (H) as soon as p satisfies (33). The fact that p is Ritt when it satisfies (33)
may be proved similarly (but more easily).

We could use a similar argument based on Theorem 4.3. However, doing so, we would
miss some symmetric probability measures satisfying hypothesis (H).

Let us explain how to be more precise. Let p be a SCM probability measure.

It follows from previous computations that, for every 6 € R,

! t(1 — cos0)
1—4(0)=1—-Re(0) =
(o) ¢ ju(6) /0 (1 — ) (1 — )2+ 2t(1 — cosb))
Consider the following condition on v: there exists L > 0 such that for every x € [0, 1),

t

(56) / . ity(dt) < L(1-2z) /0”” my(di) :

This condition can be proved to be equivalent to the following one: there exists D > 0
such that for every n > 1,

(57) n? Y u(k) < LY Ku(k).

k>n

v(dt).

One can prove that if (56) holds, then pu satisfies hypothesis (H) with ¢ given by

“(0) :02/0 (1_t>(1t_t+|el)2y(dt) V6 € [, 7] — {0}

Notice that ¢/(6) = 26 fol my(dt), for every 6 € (0, 7].

Then, one can prove that a SCM probability measure satisfying (57) is Ritt and satisfies
(14) for every m € N and some C,, > 0.
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In particular, we have the following.

Theorem 5.1. Let p be a SCM probability measure such that (u(n))nen satisfies either
(33) or (57). Then, p is Ritt and satisfies (14) for every m € N and some C,,, > 0.

Example 4. Let a > 1 and aq,...,a; > 0. Let p be a symmetric probability measure
defined by 1(0) = 2¢fa.m...a,(1) and for every n > 1 p(n) = ¢fa.ay...a,(n + 1), where ¢
is a normalizing sequence ensuring that u is a probability. Then, u is a SCM probability
measure for which the above theorem apply.

6. DISCUSSION AND OPEN QUESTIONS

- Most of the examples of (strictly aperiodic) probability measures on Z that have BAR
are known to be Ritt. We do not believe that the BAR property and the Ritt property
are equivalent, but one has to find a counterexample. This problem was also formulated
by Dungey [10] (see his remarks page 1729).

- One may wonder whether, in the symmetric case, the condition ”(u(n))nen is non-
increasing” is sufficient for the Ritt property or for weak type maximal inequalities (5),
since it is sufficient for the weak type maximal inequality (4). At least, for a SCM

probability measure on Z, can one remove the conditions (33) and (57) from Theorem 5.1
?

- Let p be a probability measure on Z. Let f € ¢?(Z), p > 1. Consider the square

1/2
function defined by s,(f)(k) := (Z@l n((pm—p )« f(k))2> . Assume that p has

BAR. When p > 1, it follows from the work of Le Merdy and Xu [17] that there exists
C, > 0 such that for every f € (P(Z), ||s.(f)ll, < Cpllfllp, 1-e. s(f) satifies a strong p —p
inequality. A natural question is whether s(f) satisfies a weak 1 — 1 inequality.
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