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ERGODIC THEOREMS WITH ARITHMETICAL WEIGHTS

CHRISTOPHE CUNY AND MICHEL WEBER

ABSTRACT. We prove that the divisor function d(n) counting the number of divisors of the
integer n, is a good weighting function for the pointwise ergodic theorem. For any measurable
dynamical system (X, A,v,7) and any f € LP(v), p > 1, the limit

1 n
lim —— Y d(k)f(r*z)
S i 2
exists v-almost everywhere. The proof is based on Bourgain’s method, namely the circle method
based on the shift model. Using more elementary ideas we also obtain similar results for other
arithmetical functions, like the 6(n) function counting the number of squarefree divisors of n
and the generalized Euler totient function Js(n) = 3_ 4, d°u(g), s > 0.

1. Introduction

Let (X, A, v, 7) be a measurable dynamical system. Birkhoff’s pointwise ergodic theorem states
that for any f € L'(v), the limit

N
Jim =% f(rn) = flx)
k=0
exists v-almost everywhere and in L'(v), and f = [ fdv if 7 is ergodic. This fundamental

result was the object of many generalizations or extensions. We are interested in this article
in extensions of weighted type, more particularly in extensions in which the weights are built
with standard arithmetical functions, typically the divisor function d(n), counting the number of
divisors of the integer n. This is the most standard example of multiplicative arithmetical function
(see the definition below), but the reason to focus on this particular type of weights lies on deeper
considerations. A first motivation lies in a recent result of Berkes, Miiller and Weber [2], Theorem
3. Recall a basic notion. We note throughout by a A b the greatest common divisor of the positive
integers a and b.

Definition 1.1. A function h : N — C is multiplicative (resp. additive) if for every m,n € N
with m An =1, h(mn) = h(m)h(n) (resp. h(mn) = h(m) + h(n)).

Theorem A. Let h be a non-negative multiplicative function and let H(n) =Y ;_; h(k), n > 1.
Assume that there are positive constants Cy,Cy,C3,Cy and a > 1 such that

() S b logp < G, (i) 3 VI8P o ity S h(p)logp > Gy for x> C.

p<z p,v>2 p p<z

Let X1,X5,... be i.i.d. integrable random variables. Then lim,, .o % Sor_y h(k) Xy =R X,

As a consequence, the weighted strong law of large numbers holds with h(n) = d(n) (and even
for h(n) = d(n')® with [ > 1 integer and real o > 0). Theorem A is obtained by showing that
the combinatorial criterium of Jamison, Orey and Pruitt [15] is satisfied under the above set of
conditions. Note the arithmetical nature of the assumptions made. Even in the particular case of
the divisor function, the proof goes through elaborated arithmetical analysis.

This work was partly carried out during the first author’s visit to Ben-Gurion University, supported by its
Center for Advanced Studies in Mathematics, and also during his invitation at the IRMA Institute, Strasbourg,
and during the second author’s visit at the Department of Mathematical Sciences, Trondheim, Norway.
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2 CHRISTOPHE CUNY AND MICHEL WEBER

Similar results are also obtained for complex valued additive functions (see also Berkes-Muélle-
Weber [3]. In particular, the conclusion of Theorem A holds when h(n) is either of the following:

{w(n) = Zp\n,pefP 1;
Qn) =3 npep P-

Our goal is to study whether the a.s. convergence in Theorem A still holds when X = f o 7F
(f € LP(v)) for either of the above mentionned choices of h as well as for other natural arithmetical
functions that we shall describe later.

Introduce the necessary notations. For a sequence (wy,)i>1 of real numbers (weights) such that
Wy =7, lwk| # 0 and W,, — oo, we define the weighted averages

1

T k
Al f .fﬂ;wkaT .

We are interested in their almost everywhere convergence.

We say that (wy)r>1 is a good weight for the dominated ergodic theorem in LP, p > 1, if there
exists C), > 0 such that for every (ergodic) dynamical system (X, A,v,7) and every f in LP,
sup | Zlgkgn wy.f o
n>1 Wn

We say that (wg)k>1 is a good weight for the weak dominated ergodic theorem in LP, p > 1, if
there exists Cj, > 0 such that for every (ergodic) dynamical system (X, A, v, 7) and every f in L?,

| Zlgkgn wyfo 7k|
Wy

(1.1)

|, <Gl

1
(1.2) (sup A7uf | sup >2}) "l
A>0 n>1
We also say that (wy)g>1 is a good weight for the pointwise ergodic theorem in L,, p > 1, if
for every (ergodic) dynamical system (X, A,v,7) and every f in LP, (3 cp<, wif © Tk)/Wn)n
converges v-a.s. Alternatively, when the weights are generated by an arithmetical function w, we
say that w is a good weighting function.

Before stating our results, let us introduce few arithmetical functions. We refer the reader for
instance to the classical book of Hardy and Wright [13] for an introduction to arithmetical functions
used here, and related results concerning their order of magnitude. For an easy introduction to
the Dirichlet convolution, we also refer to [19], which further contains many examples and results.
Using properties of the Dirichlet convolution, it will also follow that the above result remains true
for other arithmetical weights. Recall that the Mobius function p(n) is defined by

1 ifn=1,
(1.3) umy =40 it
(-DF ifn=p;...p.

Let A(n) := (=1)®( be the Liouville function. For every s € R, let o4(n) := >_d|n d° the function
sum of s-th powers of divisors. Let 6(n) be the multiplicative function counting the number
of squarefree divisors of n, and let Js(n) be the generalized Euler totient function. Recall that
O(k) = 2¢) and J,(n) = 2dpn d°p(g). The classical Euler totient function J(n) counting the
number of integers k less than n and such that K Amn =1 corresponds to the case s = 1.

Theorems 1.2 and 1.3 below are based on elementary arguments from ergodic theory combined
with results and /or arguments from number Theory, hence do not make use of Bourgain’s method.
For the proof of Theorem 1.2, see Theorem 3.8 and Corollary 2.4. For the proof of Theorem 1.3,
see Theorem 2.5 (and the remark after it). Let us notice that the conclusion of Theorem 1.2 has
been first obtained by El Abdalaoui, Kulag-Przymus, Lemanczyk and de la Rue [11] in the case
of 1 and by Rosenblatt and Wierdl [21] in the case of |p| (see remark 3.9 below).

Theorem 1.2. The functions u, A and |u|, the functions Js, s > 0, and the function os, s # 0
are good weighting functions for the dominated ergodic theorem in Ly, p > 1, the weak dominated
ergodic theorem in L' and the pointwise ergodic theorem.
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Theorem 1.3. The functions w and Q) are good weighting functions for both the dominated ergodic
theorem and the pointwise ergodic theorem in L,, p > 1.

In the next Theorem, the proof in the case of the divisor function d rely on Bourgain’s method.
Then, the result for the function 6 is derived from the one for d combined with one of our elementary
result. For the proofs, see Theorem 3.11 and Section 8.

Theorem 1.4. The divisor function d and the function 6 are good weighting functions for both
the dominated ergodic theorem and the pointwise ergodic theorem in L,, p > 1.

Remark 1.5. A natural question concerns the validity in L' of the last two theorems. We strongly
believe that Theorem 1.4 for instance, is no longer true in L', and further (basing us notably on
the negative L!-result for the ergodic theorem along the primes see LaVictoire [18]) that a proof
of this should be very difficult.

Our work follows the general principles of ergodic theory, which we briefly recall (see for instance
[25, Chapter 5]). Let 1 < p < co. By the Banach principle, the set

F={fe€LP(v): (A]f)n>1 converges v — almost everywhere}

is closed in LP(v), if and only if there exists a non-increasing function C: RT — R* with
limy 00 C(a) = 0, and such that for any o > 0 and any f € LP(v),

v{sup|A7f1 > al £} < Clo).

If 7 is ergodic and p > 1, by the continuity principle C(a) = O(a™?). The study thus amounts to
establishing a maximal inequality and to exhibit a dense subset of LP(v) for which the convergence
almost everywhere already holds.

The paper is organized as follows. In Section 2, we derive from the dominated and the point-
wise ergodic theorem (in LP, p > 1) several weighted ergodic theorems where the weights are
mainly additive arithmetical functions. We use a Theorem of Delange [9] and the Turdn-Kubilius
inequality (see e.g. [24]), as well as the result of Davenport and of Bateman and Chowla for the
case of the Mdbius and Liouville functions respectively.

In Section 3, we consider the following problem. Given a good weighting function a and another
arithmetical function b, we study the conditions under which the Dirichlet convoluted function a*b
is again a good weighting function. We recall that a b is defined by a * b(n) =3_,,, a(d)b(n/d).
After having first proved some lemmas a bit in the spirit of Wintner’s theorem, we obtain in
Proposition 3.4, a general condition showing a kind of conservation property for the dominated
ergodic theorem under the action of the Dirichlet convolution product. We next apply it and
show that the sum of s-powers of divisors of k, s # 0, the number of squarefree divisors of k,
the generalized Euler totient function and the modulus of Mobius function are good weighting
functions for the dominated ergodic theorem in L?, p > 1, and for the pointwise ergodic theorem
in LP, p > 1.

In section 4, Bourgain’s approach is briefly described, essentially the key steps are presented. In
section 5, several estimates concerning the divisor exponential sums D,,(z) = >, ., ,, d(k)e**™®
are proved, depending on the proximity of  to rationals with small or large denominators. We
proceed rather simply and will not for instance use Voronoi’s identity, nor need elaborated
estimates.

In the two next sections, we apply Bourgain’s approach. In Section 6, we use Fourier analysis to
establish maximal inequalities related to auxiliary kernels. In Section 7, we explain how to derive
good approximation results with suitable Fourier kernels to which we can apply the previous
maximal inequalities. Theorem 1.4 is proved in section 8.

2. Derivation Results from Birkhoff’s Theorem.

For a sequence (a,)n>1, define also A, := A,,/n. We have the following automatic dominated
ergodic theorems.
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Lemma 2.1. Let (an)n>1 be a sequence of non-negative numbers. Assume that there exists C > 0
and m > 1 such that for every n > 1, Y2} a* < CnAm*. Then, for every r > m/(m — 1),
(an)n>1 is good for the dominated ergodic theorem in L". Moreover, (an)n>1 is good for the weak
dominated ergodic theorem in L™/ (Mm=1).

Proof. Let (X, A,v,7) be a dynamical system and let f € L"(v), for some r € [m/(m — 1), +o0].
By Holder inequality, we have, with m’ :=m/(m — 1)

1> anfor*| < (Za?)l/m(Z\foT’ﬂm')l/W < Cl/snl/sAn(Z|foTk|m/)1/m'
k=1

k=1 k=1 k=1
1 — A /m
_ Cl/sAn (7 kim )
=~ |for|
k=1
The results follow from the dominated ergodic theorems for the usual ergodic averages. O

We now give a version of Lemma 2.1 corresponding to the case where m = oco.

Lemma 2.2. Let (ap)n>1 be a sequence of non-negative numbers. Assume that there exists C > 0
such that for every n > 1, maxi<p<n ar < CA,,. Then, for every r > 1, (ap)n>1 is good for
the dominated ergodic theorem in L". Moreover, (an)n>1 s good for the weak dominated ergodic
theorem in L'.

Remark 2.3. Lemmas 2.1 and 2.2 do not apply to the divisor function. To see it, first notice

that if ax = d(k) then A, ~ logn, whereas (see [13], Th. 317) limsup,, . bgfﬁ% = log 2.

Hence, Lemma 2.2 does not apply. Now, by Wilson [27, p. 242], for every integer m > 1,
S h_, d(k)™ ~ Cn(logn)?"~!) and Lemma 2.1 does not apply.

Proof. By assumption, for every f € L*(v), we have

ZakaT S%ZUOT
k=1

and the result follows. O

Corollary 2.4. Let (an)n>1 be a sequence of non-negative numbers. Assume that there exists
m > 1 such that

Z lag — Ap|™ = o(nflzl) .
k=1

Then, for every r > m/(m — 1), (an)n>1 is good for both the dominated and the pointwise ergodic
theorem in L". Moreover, (an)n>1 is good for both the weak dominated and the pointwise ergodic
theorem, in L™/ (m=1),

Proof. Using that aj* < 2™~ 1(A™ 4 |a, — A,|™), we see that there exists C' > 0 such that for
every n > 1>} ap" < C’nflnm, and Lemma 2.1 applies. By the Banach principle, we just have
to prove the pointwise convergence for bounded functions. Let (X, A, v, 7) be a dynamical system
and let f € L>*°(v). Let K > 0 be such that f < K v-a.s.

We have, by Holder

|Z ax — Ap)f ot < Kn'~ l/mZMk—A ™M™ = o(ndy),

k=1
and the result follows. O

Theorem 2.5. Let (g(n))n>1 be an additive function with values in N and such that g(p) =1 for
every prime number p. Assume moreover that there exists B > 0, such that for every v > 1 and
every prime number p,

(2.1) g(p”) < Brlogp.



ERGODIC THEOREMS WITH ARITHMETICAL WEIGHTS 5

Then (g(n))n>1 is a good weight for both the dominated and pointwise ergodic theorem in LP,
p> 1.

Remark 2.6. It follows from the proof that for every real number m > 1, (g(n)™),>1 is a good
weight for the dominated ergodic theorem in LP, p > 1. When m is an integer, it is also a good
weight for the pointwise ergodic theorem in LP, p > 1. The theorem applies in particular with

g(n) =w(n) and g(n) = Q(n).

Proof. Let us recall the following corollary of a deep result of Delange [9]. The corollary corre-
sponds to Theorem 2 (p. 132) with v = m and x = 1, provided that (9) in [9] be satisfied. We
shall check this below.

Theorem 2.7. Let (g(n))n>1 be as in Theorem 2.5. For every integer m > 1, we have
Z g(n)™ = z(loglog x)™ + O(z(loglog z)™ 1)) .
1<n<Lz
We see that the assumptions of Lemma 2.1 are satisfied for every integer m > 1. Hence we
have the dominated ergodic theorem.

Let us prove the pointwise convergence of the weighted averages. It suffices to prove the
convergence for bounded functions. Let (X, A, v, 7) be a dynamical system. Let f € L>°(v), with
|f] < A. We agree to denote here and in what follows loglog z = log(log(2 + z)), > 1. We have

N N N
(2.2) Z n)for" (loglogN)ZfOT”+Z(g(n)floglogN)fOT".
n=1 n=1 =

By Theorem 2.7 and Birkhoff’s ergodic theorem, % > <k<n o 7% converges v-a.s. To

conclude it suffices to prove that the second term in (2.2) converges v-a.s to 0.
By Cauchy-Schwarz’s inequality, we have

’ Z(g(n) —loglog N) f o 7'”| < A\/N(Z(g(n) — loglogN)Q)l/2

Using Theorem 2.7 with m = 1 and m = 2 and (g(n) — loglog N)? = g(n)? — 2g(n)loglog N +
(loglog N)?, we see that there exists C' > 0 such that

1> (g(n) —loglog N)f o 7| < CVN(Nloglog N)'/> = o( > g(k)),

1<n<N
and the proof is completed. O

Let us prove under (2.1) that the condition (9) of [9] is satisfied. We have to prove that there

9(p*)

exists p > 1 and ¢ < 1 such that } -, cp 55— < 00. Take 0 = 3/4 and p > 1 such that
v :=2(c — Blogp) > 1. Notice that

Z pg(P ) Z pﬁlogp ko 1 1 - 1 1
_ 2 = 71 2°
E>2 E>2 p 1-1/p7/ pr1-1/27/

and the desired result follows.
Theorem 2.8. Let g(n),>1 be an additive function such that

(3 SR )

pe<n pe<n

Then, (g(n)n>1 is good for both the dominated and the pointwise ergodic theorem in LP for every
p> 2.
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Proof. Recall the Turdn-Kubilius inequality [24] p. 302. There exists an absolute constant C such
that for any additive complex-valued arithmetic function f,

2l - 3 e 3 W ez
k=1

pe<n pe<n

Let y(n) = Zpagn #?,1). By Cauchy-Schwarz’s inequality, next Turdn-Kubilius inequality,

LS (o) —+m)| < 23 [ty - < € P> WL — o)
In particular, G(n) = 2 37 g(k) =
|

(n ) + H, where H = o(|]y(n)]). Writing H = h~y(n) with
|h] < 1/2,if n is large, we have |y(n)| < |G

~(n
< |G(n)|/(1—|h]) < 2|G(n)|, and by Minkowski’s inequality,

(L3 lotw - EmP)"” = olhm)) = o(1Gm).
k=1

We conclude by applying Corollary 2.4. O

The case of Mo6bius and Liouville functions. Here we consider the v-a.s. behaviour of the
sums Yoy, w(k)for* S U_  A(k)f o 7% where p is the Mébius function and A is the Liouville
function. Recall that the Liouville function \ is given by A(n) = (—1)%(""). We only treat the case
of the Mobius function, the arguments being quite identical for the Liouville function.

It is well-known (see e.g. Theorem 9 p. 46 of [24]) that >}, |u(k)| ~ %n. Hence, for both the
Mobius and the Liouville functions, when studying dominated and/or pointwise ergodic theorems,
it is enough to replace the normalizing function W (n) with n.

Let us recall the following result of Davenport [7] on the behaviour of the corresponding expo-
nential sums.

Proposition 2.9. For every h > 0 there exists Cj, > 0 such that

Chn
2171'kr < h
z€[ 511}12) 1/2] |Z | = (logn)"

Remark 2.10. According to Lemma 1 in Bateman and Chowla [1], an analogous estimate holds
for the Liouville function.

By the spectral theorem (see e.g. [25], Proposition 1.2.2), we easily deduce the following.
Corollary 2.11. For every h > 0, there exists Cy, > 0 such that for every f € L?(v)

H Z/.L f Tk“2 — (logn)th”Q

Notice that, trivially, for f € LP(v), 1 < p < oo, we have || >_;_, u(k)forF||, < n| f|,- Hence,
performing interpolation between L (v) and L?(v) on the one hand and between L?(v) and L>(v),
on the other hand, we easily derive the following.

Corollary 2.12. For every h > 0 and every p > 1, there exists Cpp > 0 such that or every

feLr(v)
k Chpn
(2.3) H}:u oy < —IIflp-

= (logn)*

It is mentionned by Sarnak [22] that Bourgain’s approach allows to prove that for every f €
L2(v), 130 u(k)f o — 0, v-as. In view of (2.3), one could wonder whether we have a
n—oo

rate in this v-a.s. convergence. We shall prove the following.
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Proposition 2.13. For every h > 0 and every p > 1 there exists Cp, > 0 such that for every
feLP(v),

| >k 1(R) f o T
3 = < .
H Zgli n/(logn)h Hp = Oh,p”pr

n

In particular, for every h > 0, M Sh_ (k) fork e 0.

Proof. Let p>1and h > 0. Let 0 < e < 19(1)1;-5-1}1)' Let A’ > h+1/e. Let f € LP(v). Denote

logn)" <
M = Moa() = P S ko7,
k=1
Denote also u,, := [e"s]. By Corollary 2.12, there exists C}/ ), such that, for every n > 1,

Cw P

1Mally < g my=r -

In particular, we see that
1
P P P
||ig1?|Mun|||p <Y M, Iz < ClfIBD (R
= n>1 n>1

and the latter series converges by our choice of h'. Now let n > 1 and u, < m < wu,41. Write
m = up + k. We have, writing °" ) = >3 + 3300,

Cnsh &R ,
|Mm| < [My, | + » Z |floT

n

T=Up+1
Hence,
Cneh "ol ]
max Myl < [My|+—— > |flor
un<mgu7n+1 Unp, i=w, +1
—Un
peh el ) 1/p
< s+ (2 (5 30 ler))

>1 i—gr

Now, using that w1 — ug = O(ug /1), we see that there exists C' > 0 such that

Ug41
; C
| 3 i1, < Sudile.
i=up+1 p
Hence
1 1/p
| sup (M |llp < | sup | M, [[lp + CIIfIIp(; m)
and the desired result follows since p(1 — (1 + h)) > 1. O

Corollary 2.14. The Moébius function p and the Liouville function \ both satisfy the weak dom-
inated ergodic theorem and the pointwise ergodic theorem in L'.

Proof. The weak dominated ergodic theorems are trivial. The pointwise ergodic theorems
then follow from the Banach principle (recalled in the introduction) and Proposition 2.13.

Remark 2.15. Corollary 2.14 has been proved by El Abdalaoui, Kulaga-Przymus, Lemanczyk
and De La Rue [11].
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3. Ergodic stability of the Dirichlet convolution.

Let us recall the following basic fact. Let a(n) and b(n) be two arithmetical functions with
summatory functions A(z) =3, ., a(n) and B(z) =3, ., b(n). Then

x x
S axbm) = Y amB(E) = 3 bmact).
n<z n<z n<zx
Recall that a function f : [0,400) — (0, +00) is slowly varying if for every K > 0,
lim f(Ke) =

We start with a lemma a bit in the spirit of Wintner’s theorem [29] p. 180, and that should be
known from specialists in number theory.

Lemma 3.1. Let a(n) be a non-negative arithmetic function such that A(x) ~ z*L(x) as x — oo,
for some a > 0 and some positive non-decreasing slowly varying function L. Let b(n) be an
arithmetic function such that )" - )l < 0. Then

1 _ N bm)
nh_)ngo mZb*a(lﬂ)_Z -

Remark 3.2. Note that the above lemma (as well as the next one) does not apply to the divisor
function. Indeed, d = I« I, and so one has to take & = 1 and b(n) = 1.

Proof. Denote c(k) = b+ a(k). Let M > 1 be an integer fixed for the moment. By assumption

=305 Pm) is well defined. Denote also s := > oM em),

‘x— 3 c(k)/A(n))g 3 %—W‘+|IM|+ 3 (0 A(n/0)/Aln).

1<k<n 1<e<M M<L<n

By assumption, for every 1 < ¢ < M, A(n/l)/A(n) — 1/£*. Since L is positive and non-
n—oo
decreasing, there exists C' > 0 such that,
A(x) < Cz®L(z) Vo >1,

(3.1) A/ < C”aif”)

Hence 3 4y e, [BOIA(n/0)/A(n) < CE5E5 ST (e, 1B(6)] /€%, and so
k b(¢
lim sup Z c(k) x’§|:17M|+C'Z|()|
>M

n—o00 1<k<n A(n) «

As the right-term tends to 0 when M tends to infinity, this proves the result. O

Lemma 3.3. Let a(n) be a non-negative arithmetic function such that A(z) ~ x®/(logx)?, as
|b(n)|(log n)”

x — 00, for some a, 8 > 0. Let b(n) be an arithmetic function such that )", -, e < 00.

Then

1 & ca =L b(m)
i A(n);b (k) W;l mo

Proof. We proceed as above, using the same notation. Let M > 1 be a an integer fixed for the
moment. We have

‘xi > c(k)‘ S ‘@7b(€)A(n/£)’+|xM‘

ey Lo A(n)

+ Y BOIAM/O/AMR) + Y (O] An/6)/An).

M<L<\/n Vn<e<n
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Now,
S BOIAM/O/An) < C D (o) /e,
M<esyn e>M
and
S bOIAM/O/AR) < (logn)® Y [bo)]/* — 0,
Vn<t<n >n
by a result analogous to the Kronecker lemma. Then we conclude as above. O

Proposition 3.4. Let a(n) be a non-negative arithmetic function such that A(zx) ~ x*L(x), as
x — 00, for some o > 0 and some non-decreasing slowly varying function L. Let b(n) be an
arithmetic function such that ), <, |b(n)|/n® < oo, >, <, b(n)/n* #0 and a*b(n) >0 for every
n>1. Letp>1. - -
(1) Assume that a(n) satisfies to the dominated ergodic theorem in LP. Then, axb(n) satisfies
to the dominated ergodic theorem either.
(ii) If moreover, a(n) satisfies to the pointwise ergodic theorem in LP then axb(n) satisfies to
the pointwise ergodic theorem either.

Remark 3.5. If A(z) ~ 2*/(logz)”, as x — oo, for some 8 > 0, then the conclusion of the the-
orem holds as soon as Y, -, [b(n)|(logn)? /n® < co and Y, <, b(n)/n® # 0. When the pointwise
ergodic theorem holds, the limit may be identified for the weigth a * b(n) whenever it is identified
for the weight a(n).

Proof. Let (X, A,v,7) be a dynamical system. Let f € LP(v). By Lemma 3.1, it suffices to prove
Y ichen (k) for®

a maximal inequality and the almost-everyhere convergence for ( o) )n>1, where, as
before, ¢(n) = a * b(n). N
Let us prove (7). Write
| 2 1<ken alk)f o 7]
Ag=A = == .
A T A
By assumption, there exists C' > 0 (independent on ¢ anf f) such that
(3.2) [Aellp.r < Cllfllpw -
Using (3.1), we see that
| Z1§kgn c(k)fo Tk| < Z1§e§n b(0)] Z1§kgn/e a(k)f o Tek|
A(n) - A(n)
21<o<n D) A(n/O) A, [b(¢)

3.3 < ="= <C
(33 : A(n) 2w

>1

[b(O)]

and we deduce the desired maximal inequality from (3.2) and the convergence of 3 0>1 e

Let us prove (ii). By assumption, there exist functions (f¢)¢>1, such that for every £ > 1,
((Zlgkgn a(k)f o T”“)/A(n))n converges v-a.s. (and in LP(v)) to fy. Moreover, | fell, < |1 fllp-
Hence, g := 2521 %f@ is well-defined in LP and v-a.s. Let us prove that

3 k) fort)/Am) — g v-as.

n—00
1<k<n

Let M > 1 be an integer, fixed for the moment. We have

Z c(k)fork = Z b(?) Z a(k)f ot

1<k<n 1<e<n 1<k<n/¢

dTobe) > alk)for™+ > b(0) Y a(k)for™

1<e<M 1<k<n/¢ M<t<n 1<k<n/t
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L = o0 f,. We h
et gy = ZQMH ~a fe. We have

D R R P oI

1<k<n 1<0<M 1<k<n/t

Homl+ D b)Y ak)for®.

M<e<n 1<k<n/t

Hence we infer that
. b(¢

(3.4) hmsup‘ Z c(k)f o) /A(n) — g‘ <|gm|+C Z %A[(f) — 0 v-a.s.,
N0 T <k<n >M M =00

and the result follows. O

Before giving examples, we would like to show that the previous result has a L1 (weak-L?')
version. Recall that f € LY if and only if

1£ll1,00 :==supAv({z € X : |f(x)] > A}) < 00.
A>0

The vector space L%’Oo equipped with || - ||1 00 s not a normed-space, but we have the following

estimate due to Stein and Weiss [23, Lemma 2.3]. The form stated here is quoted from [10, Lemma
4].

Lemma 3.6. Let (g,)nen be functions in LV°°(X, A,v). Assume that

> llgn

neN

1,00 108" (1/]Ignl1,00) < 0.

Then the series ) . gn converges v-a.s. to an element of LY (X, A,v). Moreover, writing
L= enllgnlli e and K =3, o 1202 10g(L/|gn]l1,00), we have,

H > on
neN

We say that (wg)k>1 is a good weight for the dominated ergodic theorem in L''°°, if there exists
C > 0 such that for every (ergodic) dynamical system (X, A, v, 7) and every f in LP,

_S2AK+2)L.

sup | Zlékén wef o H
n>1 Wi, 1,00

<Gl flhrco -

Proposition 3.7. Let a(n) be a non-negative arithmetic function such that A(n) ~ n*L(n) for
some a > 0 and some non-decreasing slowly varying function L. Let b(n) be an arithmetic function
such that y -, <, [b(n)]/n® log™ (n®/b(n)) < oo, > n>10(n)/n® # 0 and axb(n) > 0 for everyn > 1.

(i) Assume that a(n) satisfies to the dominated ergodic theorem in LY“*°. Then, a * b(n)
satisfies to the dominated ergodic theorem either.

(i) If moreover, a(n) satisfies to the pointwise ergodic theorem in LY'>° then a x b(n) satisfies
to the pointwise ergodic theorem either.

Proof. The proof of the maximal inequality follows from (3.3) and Lemma 3.6. Let us prove the
pointwise ergodic theorem. As in the proof of Proposition 3.4, (3.4) holds true. Now, the sequence
(gar)mr>1 from the proof (part (i2)) of Proposition 3.4, converges v-almost surely to 0. Moreover,
the non-increasing sequence ), ,, %Ag(f))MZl converges v-a.s. and its limit must be 0, since,
by Lemma 3.6 it converges in probability to 0. O

We derive from the previous ”elementary” considerations the following theorem. Let us em-
phasize that this theorem do not rely at all on Bourgain’s method.
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Theorem 3.8. The arithmetical functions

os(k) the sum of s-powers of divisors of k, s # 0,
(3.5) Js (k) the generalized Euler totient function, s > 0,
| (k)| where 1 is the Mébius function,

are good weighting functions for the dominated ergodic theorem in LP, p > 1, and for the weak
dominated ergodic theorem in L'. Moreover, they are good weighting functions for the pointwise
ergodic theorem in LP, p > 1.

Remark 3.9. The result concerning the weighting function |u| is known, and for a proof of both
the dominated and pointwise ergodic theorems, we refer to Exercise 6, Chapter III of [21].

Remark 3.10. We shall derive the dominated (and pointwise) ergodic theorems in the above
cases by means of Proposition 3.4. In particular, the limit in the pointwise ergodic theorems may
be identified. For the weights Js, s > 0 the limit is always the mean. For the weights o5, s # 0
and |u|, if moreover 7 is totally ergodic (i.e. all of its positive powers are ergodic), the limit is the
same as in Birkhoff’s ergodic theorem (i.e. the mean).

Finally, let us remark that it is possible to see that the dominated ergodic theorems follow in
a somewhat more direct way (than using Proposition 3.4) from Lemma 2.2 and Lemma 3.1 in the
following cases: |u|, Js for every s > 0 and oy for every |s| > 1. However, the pointwise ergodic
theorems (with identification of the limit) cannot be derived so easily.

Proof. (i) Denote for s € R and all integers n, ¢;(n) = n® and let I = ¢5. We have o5 = I x¢,. If
s < 0, using Birkhoff’s Theorem, we see that Proposition 3.4 applies well. Indeed take a(n) = 1,
b(n) = n*, a = 1. Obviously, > o, b(n)n~t =3 n 17l < oo and 3", -, b(n)n~t # 0. Thus
os(n) are good weights for the pointwise ergodic theorem in LP, p > 1 and good weights for the
dominated ergodic theorem in LP, p > 1. If s > 0, it is well-known (using Abel summation and
Birkhoff ergodic theorem) that for any f € LP(v), p > 1, n%* S pen kS fork f(x) converges almost
everywhere as n — oo. We apply Proposition 3.4 with a(n) = n®, b(n) = 1, @ = 1 + 5. This
shows that o4(n) are good weights for the pointwise ergodic theorem in LP, p > 1. They are also
good weights for the dominated ergodic theorem in LP, p > 1, since —| >, ., k*f o 7% f(z)| <

% Zkgn |for"f(z)].

(i) Recall that Js(n) = ¢ * u(n) = 324, d°u(7). The proof is very similar to the one of the
case os(n) = n®, s > 0. We use the fact that (k%), s € R, is a good weighting sequence and apply
Proposition 3.4 with a(n) = n®, b(n) = pu(n), « = 1 + s, noticing that > -, % = ﬁ # 0.

(iii) Let us now consider the arithmetical function |u|. Introduce the arithmetical functions

n = n = 2
5(n) = {1 , i) = {“(d) i

0 unless. 0 unless.

Recall the fundamental inversion formula § = I * . Writing n = gm?2, where ¢ is the product of
those prime factors of n with odd exponents, we first notice that

u(n)? = p(m?)? = 6(m) = Lx u(m) = S p(d) = 3 fi(w) = T ji(n)
d?|n uln
since d|m if and only if d?|n. The conclusion thus follows from Proposition 3.4 and Birkhoff’s

theorem since pu(n)? = T* fi(n) and 3, -, B o, O

n

The next theorem is a combination of our elementary results and Theorem 1.4. In particular,
it relies on Bourgain’s method and is not elementary.

Theorem 3.11. The arithmetical function 0 := |u| x 1 is a good weighting function for both the
dominated and the pointwise ergodic theorem in LP, p > 1.
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Proof. Since d =11,
O(n) = [u(d)| =D u(d)® = Txji(d) = TxTxi(n) = d* ji(n).
dn d|n

d|n

Moreover, 3 -, lﬂ(n")‘ < Ysinz <ooand Y o [‘51") = Y1 pn) ﬁ% # 0 . Then, the

result follows from Proposition 3.1 and Theorem 1.4. O

4. Sketch of Bourgain’s approach.

Before passing to the preparation of the proof of Theorem 1.2, it is necessary to briefly recall the
essential steps of Bourgain’s method. We refer ourselves to [6]. The basic reduction (Calderon’s
transference principle) to the shift model (Z, S), where Sz = {z¢41,¢ € Z}, z = {z¢,¢ € Z} can be
presented as follows. Let (X, a, i, 7) be a measurable dynamical system and let 1 < p < co. Let
J, N be positive integers with J > N. Let f € LP(u), x € X and define ¢ on Z by

o) = {f(zj) if0<j<J,

0 otherwise.

We note that
. 1
ATf(TJm):WZwk(Skw)(j), n<N,0<j<J-N.

Hence
n—1
N | s ; N |1 )
> osiplAn(a)l < Y slp|- Yo wiste()|
1 0<j<J—NT=11V'n T,

Assume that we have proved that

(4.1) < Collgller @45y

1 n—1
sup [ 70— > wiS*g(j))|
" k=0

n>1

o (2,dj)

for any g € ¢P(Z). Taking g = ¢ we deduce,
S swplApf(Ha)r <o Y |f( ).

0<j<g—N"=1 0<j<J

By integrating with respect to p, it follows that
N . ||1P .
> [stelazseril| <cp 3 Ireriy

0<j<J—N ™= 0<5<J

Since 7 is p-preserving, this finally leads to

|| sup | A7, f] Hp < @IS -
n>1

Consider the kernel K, : (P(Z) — ¢?(Z) defined by
n—1

1
k=0
By Fourier inversion formula, the maximal inequality on the shift model

| sup | K, f|Hp < Cllfllps
neN
is equivalent to

< 0
£ (Z,dj)

1__
sup |/ Ko (t) f(t)e* ™ dt|
0

neN
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The latter is obtained by first proving a maximal inequality relatively to another kernel L,,, whose
Fourier transform is close to that of K,, by using Fourier analysis, and next establishing an
approximation result of the type

(4.2) I — Lo <

>2
(logny "7

where b is some positive constant. In several situations (in particular, when w, = d,), in order to
deduce the maximal inequality for K,,, there is no loss to assume that f > 0 and to restrict n to
dyadic values (n = 2, k € N). The plain inequality

1/2
sup |f * Koe| < sup [ f  Lox| + (D [f # (Kor — L) [?) /
keN keN keN

implies since || f % (Kor — Lox|l2 < || Kor — Lok ||oo || f|2
1/2
H sup | f * K2’€|H2 < H sup|f*L2k\H2 + (Z [ K on — L2k||c2>o) / [l f1l2-
keN keN keN

Now let p > 1 and denote I, := {[p"] : n € N}. The convergence almost everywhere will result
from the inequality: for every p > 1 and every sequence (N;),;>1, with N, 11 > 2N;,

(43) S| sw s = A £ <o)
1<G<d U oye,

for J large depending on p. Consequently, once the reduction to the shift model operated, the
main steps in applying Bourgain’s approach are summarized in (4.2) and (4.3), see (7.12) and
Theorem 7.5. The next sections are devoted to the necessary preparatory steps for the application
of this method.

Remark 4.1 (Maximal shift inequality). It is well-known that for the Cesdro kernel k, :=
% Zz;é Ok}, for every p > 1, there exists Cj, > 0 such that

| sup |kn * gller < Cpllgller Vg € £P.
n>1

The proof goes as follows. The above maximal shift inequality writes (after variable change),

(4.4) Zsup %H‘ Zg(l)‘p <Cj Z lg(@)[P-
1=i

iez 9287 i€Z
It suffices to prove it for g > 0. Assume first that support(g) = Z_. Then the only sums playing
a role are those with ¢ < j < —1 and the left-term writes
1)

Z sup (5_7% Zg(—u))p.

6>1 l<y<sd u=-y

Applying Hardy and Littlewood maximal inequality ([12], Theorem 8, see also [14] Th. 326),

%) 1 7 » oS}
(4.5) Z max (3_7_ o Zal> < (pfl)p;ag (an > 0),

Jj=1 =1

shows that (4.4) is realized with C), = p/(p — 1). Now if support(g) = (—oo, M], we apply the
previous estimate to g(k) = g(k + M) whose support is Z_. To pass to the general case, we use
monotone convergence theorem (letting M tend to +o0), which is justified since g > 0.



14 CHRISTOPHE CUNY AND MICHEL WEBER

5. Divisors estimates.

Recall that the divisor function is defined by d(n) := #{1 < d < n : d|n}. For every z € [0, 1],

define 4
Dp(x) = > d(k)e** .
1<k<n
Then
Dn (.13) — Z eQikZﬂ'z -9 Z Z eQikZﬂ'z _ Z eQierrz
1<kl<n 1<k<y/n 1<t<n/k 1<k, <\/n
— Bn(x) _ Z o2iklnz

1<k 0</n
It is well-known that
(5'1) D, = Dn(O) :n(logn+2’y_ 1) +O(n1/3))7

where 7 is the Euler constant. Better estimates of the error term exist, but we shall not need them.
Several asymptotics for (D,,(x)), may be found in Jutila [17] when z is rational or in Wilton [28]
for general x under conditions on the continuous fractions expansion of x.

We shall need quantitative asymptotics according to the fact that x is close to rational numbers
with small or large denominators. In particular, it is unclear how to derive the results that we
need from the above mentionned papers.

Our estimates use very simple ideas and we do not make use of the Voronoi identity related to
the problem. Actually, we shall rather estimate D, (z).

Lemma 5.1. There exists C > 0, such that for every 1 <a < q withaANg=1, ora=0,qg=1,
and every n > 1, we have

(5.2) [Dn(a/a) = - (logn — 2logg + 2y~ 1) < C(vn + ) log(q + 1) .

Proof. The case a =0, ¢ = 1 follows from (5.1).

1. Assume first that ¢ < /n. We split the sum defining D, according to the fact that k is a
multiple of ¢ or not. We use the following obvious facts.

—If q|k, we have
Z e2ik€7ra/q _ [n/k]
1<¢<n/k
— If there exists 1 < s < ¢ — 1, such that £ = s mod ¢, we have

| Z eQikfﬂ-a/q| < 2'
1<6<n/k |1 — e?isma/d]

Now, there are [\/n/q] multiple of g less than y/n and for every 1 < s < ¢ — 1, there are at most
[v/n/q] integers smaller than /n and congruent to s mod g.
Notice that s — as is a bijection of Z/qZ — {0} and that there exists C' > 0, such that for every
1 S s S q— 17
2___ o Ca
|1 — e2ims’/a| = min(s’,q — §)
Hence, writing T, := {1 < k <\/n : k ¢ qZ},

|Z Z eQikéﬂa/q|S[\/ﬁ/q] Z %g@'\/ﬁlog(ﬁl)-

kel 1<t<n/k 1<s<gq/2

Recall (see for instance Tenenbaum [24] page 6) that there exists a universal constant C' > 0,
such that for every n > 1,

1 C
(5.3) ‘ Z E—logn—’ylgg,

1<m<n
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where v is Euler’s constant.

Then, using that |log(%) — log( [%}) < %, we infer that,

Du(a/g) = 2 > n/(mg)+0(Vnlog(q+1))
1<m<[Vi/d]
g(logn —2log q + 2v) + O(v/n) + O(v/nlog(q + 1)),

where the ”big O” are uniform in the parameters.
Similar computations give,

> T = o O(Vilog(a +1)).

1<k,t<\/n

2. Assume now that ¢ > y/n. We use a similar reasonning as above. In that case no integer k,
1 <k <+/n,is amultiple of g and {ak : 1 <k < /n} is a set of integers with distinct residues
modulo q.

Hence,
2 2q
|Dn(a/q)| < Z mﬁc Z mSCQIOg(Q+1)-
1<k<y/m 1<¢1<q/2
Similarly,

2 : e2ik‘€7r%

1<k < /n

< Cqlog(g+1).

Now, since ¢ > /n, we see that Z|logn — 2logg + 2y — 1] < Cqlog(q + 1), and the lemma is
proved. O

Now let (P,)n>1 and (Qn)n>1 be non-decreasing sequences of integers, such that for every
n>1,1<P, <@, <n.

Lemma 5.2. Let 1 <a<q< P, withaNg=1, ora=0,qg=1. Let x € [0,1] be such that
|z —a/q| <1/Q,,. There exists some universal constant C > 0 such that, for every n > 1,

1 ikm(z—a 2771710gq irtk(r—a
(5.4) Dn(x)*g Z log k e ja) _ 200 —1-logq) Z e2imk(z—a/q)

1<k<n q 1<k<n

n3/2logn n nP,logn )
Qn Q@n '

In particular, there exists C > 0, such that, for everyn > 1,

<c(

1 , ~ 3/2] P,1
(55) Dn(.'L') _ ogn Z tekT((I—a/q) S O(n + n ogn + n ogn ) )
q 1<k<n Qn Qn

Remark 5.3. The simpler estimate (5.5) will allow us to prove the oscillation inequality in L2 ().
IfK, = Di Z1§kgn d(k)dgry and k, = hl)jﬂ Z1gk§n 1k}, it will provide (upon suitable choice of
P,,Q,) the estimate

1 C
’Kn(m) — 61@‘”(1‘ — a/q)| < Togn’

It is also sufficient to prove the maximal inequality in LP(u) for 3/2 < p < 2. However, (5.4)
seems to be needed to prove the maximal inequality for 1 < p < 2.
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Proof. We have, writing R,, := %(logn —2logg+2y—1) and Ry =0,

Du(a) = Y dk)e¥™s = 3 d(k)etinke/ag2ink(e=a/)
1<k<n 1<k<n
= (d(k)ezmka/q _ (Rk _ Rk_l))eik(:rfa/q)
1<k<n
+ (Ry — Ry_1)emk@=a/a)
1<k<n
= T, +Up,.
Notice that
q(Rk, — R.—1) = klogk — (k—1)log(k—1)—2logq+2y—1

= logk—2logq+2y—2+0(1/k).
Hence,
qU, = Z log k e2imk(z—a/a) 4 2(y — 1 —logq) Z o2ink(z—a/q) | O(logn) .
1<k<n 1<k<n

To deal with T;, we use Abel summation by part. Recall that by Lemma 5.1, for every 1 < k < n,
|Di(a/q) — Ri| < CVk(logk 4 log(q + 1)). We have

T, = Z ((Dk(a/q) — Ry) — (Dk—-1(a/q) — Rk71))e2”k(w_a/‘”

1<k<n
— Z (Dk(a/q) _ Rk)ezmk(z—a/q)(l _ ezm(z—a/q)) + (Dn((l/q) _ Rn)e%ﬂ(n-‘rl)(z—a/q).
1<k<n
Hence,
C n3/2logn
Tl < [Dula/q) = Rul + =~ > |Dila/q) — Ri| < 25"
m1<k<n @n

Let us prove (5.5). Clearly, it suffices to handle the first term in (5.4). We have

1
Z log k 2imk(@=0/@) _ 10 Z e2i7rk(z—(l/(I)‘ < Z |log(k/n)| < n/ |log t|dt,

1<k<n 1<k<n 1<k<n 0

which finishes the proof. O

Lemma 5.4. Let x € [0,1] be such that for every 1 < q < P, and every 0 < a < q, |z —a/q| >
1/Qn. There exists some absolute constant C' > 0 such that

+/nlogn + Q,logn +

nlogn n? log n)
P, PQn /-

Proof. By the Dirichlet principle, there exists 1 < a < g with a A ¢ = 1, such that |z — a/q| <
1/(gQ») < 1/Q,. By assumption, we must have ¢ > P,,, hence we have

Da(@)| < €

|z —a/q| <

PnQn.

Then, using that |e?®k* — e2imka/a| < |1 — e2imk(e=0a/9)| < onk|x — a/q| < 27k/(P,Q.,), we infer
that
27

PTIQ’YL

To conclude, we use Lemma 5.1, noticing that ¢ > P,. O

~n?logn
<
E kd(k) <C 5.0

1<k<n "

|Dn(w) - Dn(a/Q)| <
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6. Maximal inequalities in £¢P

In this section we recall some results of Fourier analysis that may be found in [26], see also [5]
or [6] for related results.

In all that section, we denote by n : R — [0, 1] a (fixed) smooth function such that

1 if x €%, %]
(6.1) n(x) =<0 if z € R\[-1/2,1/2]
is C on [—1/2,1/2\[-1, %].

Further, (w,)n>1 will be a sequence of elements of ¢!(Z) such that for every p > 1, there exists
Cp(w) > 0 such that

(6.2) | sup [wn % gl |lerzy < Cp(w)llgllerzy Vg € P(Z).
nz

We follow here the approach of Wierdl [26]. However, as it has been noticed very recently by
Mirek and Trojan [20], there is a small gap in Wierdl’s argument (on should have ¢ instead of ¢
in the equation after #* page 331), hence we shall sketch some of the proofs. Our first lemma is
just equation (24) of Wierdl [26], which is independent from the gap.

Lemma 6.1. There exists M > 2 (depending solely on n) such that for every p > 1, there exists
Cp > 0 such that for every Q@ > 1 and every 1 < d < Q/M and every h € (P(Z) we have

CpCp(w)

iy < i Wl

1/2 =N o
sup / Wy, (x)n(Qx)h(x)ez”rd” dz‘

(6.3) ‘
n 1) 1/2

Our second lemma is the corrected version of Lemma 3’ of Wierdl [26]. The term d'~'/? does
not appear in Lemma 3’. Since we shall apply Lemma 6.2 for p close to 1, it will turn out that
this extra term will not be disturbing.

Lemma 6.2. There exists M > 2 (depending solely on n) such that for every p > 1, there exists
Cp > 0 such that for every Q > 1, every g € {P(Z),
1/2 o
| / @ (2)0(Q)g(m/d + 2)e2 ™I/ 442) |
1<m<d” —1/2

whenever 1 <d < Q/M.

< Cpcp(w)dl_l/p”gnép )

su
P P (Z,dj)

n

Proof. We proceed as in Wierdl [26]. We first assume that g has finite support, i.e. there exists
N > 0, such that g(k) = 0 whenever |k| > N. We have g(m/d+ z) = Z,iV:_Ng(k)e%k”(m/d*@.
Notice that >, ., ., €27 kT)m/d = 4 if d|(k + j) and 0 otherwise. Hence, for every z € [1/2,1/2]
and every j € Z, writing j = td 4+ r with 1 <t < d, we have

N
Z §(m/d + m>62i7rj(m/d+az) — Z g(k)e%ﬂ'(kJrj)x Z eQiﬂ'(k+j)m/d
1<m<d k=—N 1<m<d
— ng(sd _ j)e%wsdw
SEZ
_ deZiﬂ'tdm Z g(Sd - ,r)e2i7rsda:

SEL
Define ﬁd’r € (P(Z) (with finite support) by its Fourier transform:
?Ld’,,(ac) = dz g(sd — r)e*msde
SEZL
Then, using Lemma 6.1, we infer that

1/2 N
/ B (2)7(Qx)G(m/d + x)e¥ ™M/ d+e) gy b
1<m<d’ ~1/2

sup

n £v(Z,dj)
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‘ —1/2

1<r<d
CpCh(
5 Z [a, r”gp(z)
1<r<d

1/2 »

Wn, (JI)U(Q.T)/}\L(LT (ac)e%”dtjlc dx)

£p(Z,dt)

IN

By construction, [[ha,r |7z = d¥ 3 2sez 9(sd —r)P. Hence, 37 o, <y |harllfoz) = dPllgll7s z), and
the result follows. The case where g has no finite support may be deduced by approximation. [

Lemma 6.3. There exists M > 2 (depending solely on n) and C > 0 such that for every Q > 1,
every g € (?(7Z),

‘ 1<m<d
whenever 1 <d < Q/M.
Proof. We have

[ Bu@m@en i+ ajeminen ag

—1/2

< CCy(w)lgllen

su
P 02(Z,dj)

n

1/2
A= ‘SUP / B (2)0(Q)G(m /) d + )™ (m/d+a) dx’
"osmsatTl 2(2,dj)
1/2
ZSUP‘ Z / Wy (x)n(Qx)g(m/d + x)e 2imj(m/d+x) dx‘ .
jez ™ 1<m<d —-1/2

For 1 < r < d, define g, by
Ge(@) = 7 Glmjd+ w)errin/ate),
1<m<d
Splitting the previous series into d series according with the residue class of j mod d we see that
1/2 o 2
A=Y Ssw| [ Bu@n@og (e i
1<r<djez ™ /-1/2

Notice that 7(%-)7(Q-) = 17(Q-). By Lemma 6.1 applied with ﬁ(x) = n(%x)@n(x), we have, by
Parseval

1/2 N N vimid 2 02 1/2 Q N )
Sswp| [ @unQeg e | <2 [ Eag @,
jez ™ —1/2 —-1/2
Now,
Q ~ 2 2 Q d T 2imr(m— m’)/d
MEDG P = P(Gn) S gmd+ Dg T )
1<m,m’<d

2irr(m—m')/d

Hence, using that >, .., e is equal to 0 if m # m’ and to d if m = m/, we obtain

that
S e @P = (@ Y G i i Y e
1<r<d 1<m,m’<d 1<r<d
Q .
= () Y lam/a o).
1<m<d

Then, we infer that,

1/2
sz a Y [ wGoram/ds 0P

1<m<a’—1/2 2
1/2
=G Y [ oG m) e i

1<m<d
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But, if M > 2, the functions (n(%( —m/d)))1<i<q/m have disjoint supports. Hence,
A < Clgllz

and the proof is complete. O

For every s > 0, define 7, by
(6.4) ns(x) = n(4°Mz),
where M is a constant such that Lemma 6.1 and Lemma 6.3 apply.

Corollary 6.4. Let p > 1. For every € > 0, there exists Cp, > 0 such that for every s > 1 and
every 1 < q < 4° and every g € (P(Z),

1/2 o
| > G @t/ o) dal

1<a<qg,aNg=1 1/2
Ifp=2,

12
‘ Sup 3 / (2)5(afq + z)e2mi @/ a+o) dm’

n 1<a<q,ang=1 1/2
Proof. As we have for any functionon R, }°;_, F(£) = Dgin 2o 150%g F(%), it follows from Mobius

inversion formula that

(6.5) > Fla/g) =) ulg/d) > F(m/d).

1<a<q,ang=1 dlq 1<m<d

Let 1 < g < 2°. Recall that (see e.g. Tenenbaum [24] p. 83) there exists ¢ > 0 such that

Z u(d)| = 2490 < 2Tt — O(¢°),
dlq

< Cpcp(w)ql+671/p llgller-

su
P o (2,dj)

n

< CyC: © .
@) = 2C2(w)g" 9|2

where w(q) is the number of prime divisors of g.

We shall apply (6.5) with F(%) = [, &, (2)n(Qa)g(m/d + 2)e*™™/4+2) 4z We combine
it with Lemma 6.2 with @ = 4°M if p # 2 and Lemma 6.3 if p = 2. O

We shall now deal with families of sequences (wy,),>1 rather than with a single sequence. In
particular, ((11J7w)nzl)q>1 will be a family of elements of ¢}(Z), such that for every p > 1, there
exists C}, > 0 such that for every integer s > 1, there exists K, such that,

(6.6) | sup (Wnq * gl llerzy < CpKsllglleny Vg € P(Z) V25~ < g < 27

Corollary 6.5. There exists C > 0 such that for every s > 1, every g € (>(Z) and every family
((wnﬁq)nzl)zs,lqu of elements of ¢*(Z) satisfying (6.6), we have

1/2 o
> S [ G @lafa+ e dal

25-1<q<2s 1<a<g,aNg=1 1/2

sup
n

02(Z,dj)
< CK 2625 g2 .

Proof. For every s > 1, ns_1 = 1 on [—1/(M4%),1/(M4?)], hence ns_1ns = ns. Moreover the
functions {x — ns_1(x — a/q)}os—1<4<2s 1<a<q,ang=1 have disjoint supports.

Indeed, let s > 1,271 < g < 2%and 1 < a < ¢q. Let z € [0,1] be such that ns(z — a/q) > 0
Then, |z —a/q| < ﬁ and if 2°7! < ¢’ <2%and 1 < a' < ¢, we have

1 1 1
>

. —d > —a — |z - .
(6.7) o —d'/d| 2 la/q=d'/d| ~ e —a/dl =2 55 — 37 Z 5w
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Hence ns(z —a’/q’) = 0. In particular, writing

Znsl )9(),

1<a<q
we see that
a a. . .y a a. . -
S wngle = S)nsle— 2)g@)e® ™ = 3wy (@ — = )ns(z — =)Gg(x)e ™"
1<a<gang=1 q q 1<a<g,ang=1 9 9

Applying Corollary 6.4 and using that ||g,|le2 = [|g4]|2, we infer that

D HSUP‘ > /1/2 Wn,q(2)0s(2)G(a/q + x)e* @/ 1H) dm‘

25—1<g<2s n 1<a<g,aNng=1 2(Z.dj)
< CK2® Y gyl < CK2E2 (3" ggl5)"?
25—1§q<25 2@—1<q<2s
1/2
= orae (Y $ / [90) 01 (« — afg)de )
25-1<g<2s 1<a<q,aNg=1
< CK2672%||g)lpe
where we used the above mentionned disjointness. O

Corollary 6.6. Let p > 1. For every > 1/p, there exists Cp, 5 > 0 such that for every s > 1 and
every g € (P(Z),
(6.8)

> .. 2 (o @) a )04 ]

1<p<q,ang=1

| X sw < Cp K2 llglle

o (Z,dj
2e-1<g<as (Z.d5)

Remark 6.7. Notice that the sum is inside the norm that time.

Proof. Let s > 1. Consider the following sub-additive and bounded (by Corollaries 6.4 and 6.5)
operators on ¢"(Z), 1 <r < 2:

1/2
L= > sw| 3 / Brq ()5 ()G (a)q + 2)e> ™ /) g

2s—1<g<2s " 1<a<q,ang=1

Let 1 < p < 2 and chose any r € (1,p). Let A € (0,1) be the unique real number such that
1/p=Xr+(1-X)/2.

By the Marcinkiewicz interpolation theorem (see e.g. Zygmund [30, Th 4.6, Ch. XII, Vol. II)),
there exists Cp, > 0 such that

H]LSQHZP < Op TK825(2+5—1/r))\2(1—)\)(s+1/2)s ”g”” — Cp T25[1+5—1/T)A+(1—)\)s]2(1+>\)s/2 ”g”le )

Taking r close enough to 1, we may assume that 1 +¢ —1/r)A+ (1 — N)e < 3e.

Notice that A\ = Tg p; and that (1+X)/2 = ’;g__:)p — 1/p. The result follows since e may
r—

be taken arbitrary small. O

7. Approximation result

In this section, we explain how to derive from the estimates on exponential sums, good ap-
proximation results with suitable Fourier kernels to which we can apply the previous maximal
inequalities.
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7.1. We use the notation (6.1), (6.4). Let 0 < 7 < 1 be a parameter to be chosen later. Assume
that we have a collection (¢, ¢)n>1,g>0 of complex-valued 1-periodic functions on R such that
there exists C' > 0 such that for every = € [—1/2,1/2]

Y

nlz|

C .
(7.1) [Pn,q(7)] < mmm(l,

Let (Pp)n>1 and (Qn)n>1 be two non-decreasing sequences of integers. Assume that there exist
R, S > 1 such that for every n > 2,

S/t 2 n _
(7.2) P, > R(logn) and 16MP; < Q, < (log n)SO+1/7)
In particular,
(7.3) Qn > 16MP, > 16M R(logn)%/™ > (logn)“/" .

Denote

M(Pr,Qn) =M, :={z€0,1] : 30<a<qg<P, : |xr—a/q <1/Qn}.

Notice that, because of (7.2), if x € M,,, x # 0, there exist unique numbers a, (x) and g, (x) with
1 <ay, < ¢ and a, Ag, = 1 and such that |z —a,(z)/q.(z)| < 1/Q,. Let us also define a,,(0) =0
and ¢,(0) = 1.

Finally, define functions ¢, on [0,1] by

(74)  n(2) = tool@mo(@) +>. > > Ynglz—a/g)ns(z —a/q).

s=12:-1<g<2s 1<a<q,ahq=1
Notice that for any fixed s, the functions
z = ns(z — a/q), 271 <g<2, 1<a<gq, ang=1,

have disjoint supports. Hence, by (7.1) the series defining (¢,,)n>1 are uniformly convergent.

We shall need the following technical lemma, which is essentially due to Bourgain.

Lemma 7.1. Let (T,,)n>1 be complex-valued functions on [0,1], such that there exists C > 0 and
~v > 0 such that for every n > 2,

C
(7.5) Tn(x) = Vng, (T — an/qn)| < (logn)? Vo e M,
C
(7.6) |T ()| < (ogn)? va € [0, 11\M,, .

Then, there exists C > 0 such that for every n > 2 and every x € [0,1],

C

(7.7) I Tn(z) — pn(z)| < W .
Proof. 1. We start with the case where = € [0, 1]\M,,. By (7.6), it suffices to estimate |¢,|. By

assumption, min(z, 1 — z) > Qi Hence,

CcQ., C
<
[no(@)] < n = (log n)S(+1/7)"
By Dirichlet’s principle, there exists 1 < a < ¢ < @, with a A ¢ = 1 such that
1

o -2 <
q
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Let 1 <a <¢ witha'A¢ =1and a'/q # a/q. Then,if ¢ < M7 using (7.2) and (7.3), we
have

|x77" L, 1 :l(l,ip 1 S 1 (logn)®
¢ T a¢ qQn ¢'¢ Qn" " q(logn)¥m T Qu(logn)¥/T T n
Hence, when ¢’ < M,
C

a/
= DS Gy gy

So, using (7.4), we obtain

1 ¢ —sT —sT
lon(x)] < (log n) 501/ + [t q(x)| + Togn)® Z 27T 4+ C Z 2757

(logn logn) s:25<(logn)S/7 5:25>(logn)S/T
Now, since z € [0, 1]\M,, ¢ > P, and |ty 4(z)| < C/(qg+1)" = O((logn)®). Hence the lemma is
proved in that case.

2. Assume now that x € M,,. Suppose x # 0. By assumption, |z — an(z)/gn(z)] < 1/Q) and
qn(z) < P,. Hence, if s > 1, is such that 257! < g,,(z) < 2%, we have

SMP? 1 1
78 o= (o) a0 £ 1/Q0 = T <
In particular, ns(z — an(z)/qn(x)) = 1. If =0, no(0) = 1.
Let 1 <da' <¢ witha' A¢ =1and a’/¢ # a/q. Then, if ¢ < P,, using (7.2)

a’ 1 1 1 1 8M —1
T — > = 2> =5 = > ,
q Qn(‘r)q Qn Pn Qn Qn
and qu/(l‘ - %)| S (q/+1)7(81§g;;3(1+1/7) B by (72)

Finally, we obtain

C 8M —1
lon(z) — T ()| < + Z 277+ C Z 27TS

(logn) " (logn) #1772~ =,

which proves the lemma in that case. O

7.2. Let us assume from now that there exists a sequence (wp g)n>1,4>0 Of elements of ' such
that assumption (7.1) is satisfied with the choice

Yn,g = Wn,q n>1q>0.
Introduce the following assumption.
For every p > 1, there exists C, > 0 such that

C
(7.9) [sup [wng * glller < —Zllgller Vg e 7.
n>1 q

Proposition 7.2. Let (Kp)n>1 C £, with sup, > | Kpllg < co. Assume that T, := K, satisfies
(7.5) and (7.6), for some v > 1/2. Assume moreover that (7.9) holds. Then, for every p €

L+ Qjﬁ_nil(qs), 2], there exists Cp, > 0, such that

[[sup [Kan * glller < Cpllgller Vg € £7.
n>1
Remark 7.3. According to Section 4, Proposition 7.2 provides the maximal inequality for the
kernel K, and thereby in any measurable dynamical system.

For the proof, we will need the following Lemma. Let L, be the inverse Fourier transform of
n, which is made possible because of the introduction of the smooth function 7.



ERGODIC THEOREMS WITH ARITHMETICAL WEIGHTS 23
Lemma 7.4. For every p > 1/7, there exists C, > 0 such that for every g € (7,

(7.10) ||51§1) |9 % Lnlller < Cpllgllev -

Proof of Lemma 7.4. Let v > 1/7. We apply Corollary 6.6 (as 1, 4 = Wy,4) to obtain that for
every 0 > 1/r and every g € £",

1/2 o
H > sup 3 / e )§(a/q+x)e2mj(“/q+l)dx‘

2s—1<q<2s " 1<p<q,ang=1

L (Z,dj)
(7.11) < Cr 5277 gl -

We may chose § < 7, so that > - 2500-7) < 0o. Summing the estimates (7.11) over s > 1 we
infer that for every g € £,

12
Isup [ Lu(@)g@)e? ™ delerco) < Cllgloca.
n>1J-1/2

Taking inverse Fourier transform we see that Lemma 7.4 is true. O

Proof of Proposition 7.2. By Lemma 7.1, since (7.5) and (7.6) are satisfied, we see that (7.7) holds.
Hence, we have

P C
(7.12) [ K5 — Lnlloo < W Vn > 2.

Then, we infer that for every f € (?(Z),

c
e M lle@  vn=2.

(7.13) I1f * (K — Ly)|leezy < (log )

Let 2 > p > 1/7, be fixed for the moment. Since sup,,»; [[Knl[¢(z) < C, we see that for every
n > 1 and for every r > 1 and g € £"(Z) (using Young’s inequalities), || K, * g|l¢rz)y < Cllgller(z)-
Hence, by (7.13) and Lemma 7.4, we see that, for every n > 0 and every r > 1/7,

c
m”gﬂﬂ Vg € *(Z),
Vg € (*(Z)

IN

[Kan * g — Lan * glle2(z)
|

Let 1/7 < r < p. Interpolating, we deduce that there exists Cp, such that for every n > 0,

<

[ Kon % g — Lon * gl|¢r

C
< ni’,p lgllerzy Vg € P(Z),

25(p—r)
p(2—r)

Notice that

with o =

and 4 = min(vy, S).

_EZE(M_Q L, Al -1n) 41T -2
p P 2—r r—1/7 p(2—1/7)
Since p > % + 2;;7%, we may chose r close enough to 1/7, such that ¢ > 1/p. In particular for

that choice,

1/p
I sup |K2n 59— Lon % gl |v(zy < (Z | Kon % g — Lon *g||mz)) <Cprlglerw  Vger(Z).
n>0

O
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7.3. We now establish an estimate of the type (4.3) in order to prove the convergence almost
everywhere. Recall that for p > 1, we have noted I, = {[p"] : n € N}. Introduce the following
assumption:

For every p > 1 and every sequence (N;);>1, with Njy1 > 2Nj, there exists C > 0 such that,

C
(7.14) Y Il sup |(wng —wn,g) * 9l g < =gl Vg e L.
; Nj<N<Njig q
j>1 NEr,

Theorem 7.5. Let (K,)n,>1 C £'. Assume that T, := K, satisfies (7.5) and (7.6), for some
v > 1/2. Assume moreover that (7.14) holds. Then, for every p > 1 and every sequence (N;)j>1,
with Nj+1 > 2Nj,

J
(7.15) >

| sup (Kn = Kn,) * gl () = o(J) -
j=1

Nj<N<Nji1,Nel,

Remark 7.6. According to Section 4, the convergence almost everywhere now follows from The-
orem 7.9.

Proof. The proof follows closely the argument p. 220 in Bourgain [4]. Let p > 1. Let (N;)jen C I,
be an increasing sequence with N; 1 > 2N;. For every j € N, define a maximal operator by

M;f=M,,f = sup |f* Kn — f* Ky,| Vf € 3(Z).
N;j<N<N,;i1,N¢€l,

As in the previous proof we define L,, as the inverse Fourier transform of ¢,,. Notice that, for
every f € (*(Z),

M; < sup |f*Ln — f*Ln;|+2 sup |f*(Ly — Kn)|
N;<N<N;t1,N€l, N;j<N<Nj1,N€l,
= M;+2 sup |f*(Ln — Kn)|.
N;<N<N,i1,N€l,
Hence,

STAMfIE <A IMfIZ + D |f * (Ly — Kn)[?).

1<5<J 1<5<T Nel,

Using (7.12), we see that ||E[pn] - I?[pn]Hoo < %ng, with 4 = min(vy, S) > 1/2. Hence
SF Iy = Enle@ < If1f@ > 1Ly — Knl% < o0;
Nel, Nel,

Hence, it is enough to prove the theorem with (M;) in place of (M;). Let t = t(J) be an integer
to be chosen later. Define Ry through its Fourier transform, i.e.

Ry(z) = @no(@)mo(x)+ > > Y. @ngle—a/gns(z—a/q).
1<s<t 25-1<g<2s 1<a<q,ang=1

It follows from (7.11) that for every 1/2 < § < T,
| sup |f * (Ly — Ry)lllezzy < C207 7"
NeI,

In particular,

(7.16) YoUMfIE< > sup o |f xRy = fx Rl +CJ22077)

1<5<J 1<j<g NiSN<Nji1,N€l,

Define gs,2 by gs,2 (¥) = ns()f(z+ §) and go(x) = no() f(2). Then, using the change of variable
T — T+ %, for every k € Z, we have

2 ' 1/2 4
f+*Rn(k) = / f(m)RN(m)e—mwkx d:cz/ go(x)@N’O(x)e—mnkx du
-1/2 —1/2
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1/2

1 . ,
(7.17) YD DD D / Gors (@)D g ()27 oy

1<s<t 25-1<q<29 q 1<a<q,ang=1 —-1/2
Hence,
t
(7.18) |f*Ry— f*Ry,| < 2 mex,  max 95,2 % (wn — wn,)[(F) .
1<a<q
ang=1

Combining (7.16), (7.17), (7.18) and (7.14), we infer that

Z ”]Tjjfné < 02t||f||£2(z) + CJ22(6—7—)t’
1<5<J

which is o(J) if we chose for instance t(J) = [loglog J], and the theorem is proved. O

8. Proof of Theorem 1.4

Firstly, we prove the dominated ergodic theorem for the weights (dy,),>1. In this case, since D,,
does not grow too fast, it suffices to deal with positive functions and to prove a maximal inequality
along the dyadic integers.

For every n > 2 and every ¢ > 1, define

1 2(y—=1-1o
g = — S loghsy + 201180 5
qgnlogn 2= nlogn 1<k<n
and
A 1 ikx 2 Y~ 1- logq ikx
(8.1) Ui, q(x) =Wy g(x) = — Z log ke?F* 4+ % etk
My k< nlogn 1<k<n
Using the well-known estimate 2>, , . e**| < min(1, ﬁ) and Abel summation to deal

with the first term in (8.1), we see that (7.1) holds for any 7 € [0,1).

Recall that (see Remark 4.1) if ,, := 2 3>, _, ., 0k, then for every p > 1, there exists C), > 0
such that o

[sup [fn * gller < Cpligller Vg € £7.
n>1

Since —1— > i<k<n 08k 0k < Ky, we infer that (7.9) holds far any 7 € [0,1).

nlogn

Let S > 1. For every n > 2 define
P, = [(logn)>*|, Q. = [n/(logn)*].

Then, by (5.4) of Lemma 5.2 and by Lemma 5.4, we see that (7.5) and (7.6) holds for T, (x) :=
D, (z)/D,, with v = S.

Hence, by Proposition 7.2 and Calderon’s transference principle, we see that (d,,),>1 is a good
weight for the dominated ergodic theorem in LP for every p € [1/7+ 2_22/ ,2]. Since we may take
7 arbitrary close to 1 and S arbitrary large, the dominated ergodic theorem holds for every p > 1

as well.

Secondly, we shall prove an oscillation inequality in L2. The proof is exactly as above except
that we take wy 4 = qinzlgkgn 0k, that we make use (5.5) of Lemma 5.2 and that we apply

Theorem 7.5 (instead of Proposition 7.2). O
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9. Open Problems.
We conclude by listing some natural problems arising from this work.

Problem 9.1 (Extension to L°°). Does our main Theorem 1.4 remain true in L'? Same question
with Theorem 1.2 with the 6 function in place of the divisor function.

Problem 9.2 (Square function). Let N = {n;,j > 1} be an increasing sequence of positive
integers, and define for any f € L2,

1/2
)

() = (D147, (5 = A7, (DIB)

recalling that A, f := Win Sh_jwifor” When wy = d(k), is it true that
[Sn()ll2 < CON) || f]]2

for any f € L?? Is this further true for any increasing sequence of positive integers N?

Problem 9.3 (Spectral Regularization). Can one associate to V,,(0) = 5— > _, d(k)e*™? a
regularizing kernel Q(6,y) on [0,1)? so that for any f € L?, with spectral measure uy (relatively

to the operator T'f = f o 1), the new measure defined by

iy (dy) = ( / 1 Q(a,ym(do))dy

verifies L1
T T 12 « &
lazs - an 2 <ar{]—. -]}
for any integers m > n > 17 Such an inequality immediately provides a control on the square
function associated to these averages. So is the case for usual ergodic averages where the corre-
sponding oscillations functions can be controlled similarly. We refer to [25] Part I, Section 1.4
concerning this notion and the related results.

Problem 9.4 (Extensions to other arithmetical functions). Can one establish the validity of
Theorem 1.4 for other arithmetical functions? Examples can be function r(n) counting the number
of ways to write n as a sum of two squares, the Piltz divisor function di(n) counting the number
of ways to write n as a product of k factors (in the latter case we do not believe that it is
an easy task). In each of these cases, the validity (in L') of the strong law of large numbers was
recently established in [2]. One may also consider the same question for the multiplicative function

R(u) = #{(6,d) € N? : [d,d] = u}.

Acknowlegments: We thank an anonymous referee for the relevant reference indicated in Re-
mark 3.9, concerning the weighted ergodic theorem with weights |u(n)|, and for several valuable
suggestions.
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