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Abstract. A fully non-linear kinetic Boltzmann equation for anyons is studied in a periodic 1d
setting with large initial data. Strong L' solutions are obtained for the Cauchy problem. The main
results concern global existence, uniqueness and stabililty. We use the Bony functional, the two-
dimensional velocity frame specific for anyons, and an initial layer analysis that moves the solution
away from a critical value.

1 Anyons and the Boltzmann equation.

Let us first recall the definition of anyon. Consider the wave function (R, 0, r, ¢) for two identical
particles with center of mass coordinates (R, #) and relative coordinates (r, p). Exchanging them,
© — p + m, gives a phase factor 2™ for bosons and €™ for fermions. In three or more dimensions
those are all possibilities. Leinaas and Myrheim proved in 1977 [10], that in one and two dimensions
any phase factor is possible in the particle exchange. This became an important topic after the
first experimental confirmations in the early 1980-ies, and Frank Wilczek in analogy with the terms
bos(e)-ons and fermi-ons coined the name any-ons for the new quasi-particles with any phase.
Anyon quasi-particles with e.g. fractional electric charge, have since been observed in various types
of experiments.

By moving to a definition in terms of a generalized Pauli exclusion principle, Haldane [9] extended
this to a fractional exclusion statistics valid for any dimension, and coinciding with the anyon
definition in the one and two dimensional cases. Haldane statistics has also been realized for
neutral fermionic atoms at ultra-low temperatures in three dimensions [3]. Wu later derived [17]
occupation-number distributions for ideal gases under Haldane statistics by counting states under
the new fractional exclusion principle. From the number of quantum states of N identical particles
occupying G states being

(G+ N —1)! G!
— and —
NI(G—1)! NI(G = N)!
in the boson resp. fermion cases, he derived the interpolated number of quantum states for the
fractional exclusions to be
(G+ (N -1)(1—-a))!
N(G—aN—-(1-a)!’
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0<a<l (1.1)




He then obtained for ideal gases the equilibrium statistical distribution

1
w(ele=m/T) + o

, (1.2)

where € denotes particle energy,  chemical potential, 7' temperature, and the function w(() satisfies
w(Q)*(L+w(¢)' ™ = ¢ =T

In particular w(¢) = ¢ — 1 for & = 0 (bosons) and w(¢) = ¢ for @ = 1 (fermions).

In elastic pair collisions, the velocities (v, v,) before and (v, v}) after a collision are related by
v =v—n[v—-w)-n], v.=uv.+n[(v—uv)-n], nesL

This preserves mass, linear momentum, and energy in Boltzmann type collision operators. We shall
write f = f(v), f« = f(ve), [ = f(), f.= f(,). An important question for gases with
fractional exclusion statistics, is how to calculate their transport properties, in particular how the
Boltzmann equation

hf+v-vaf =Q(f)

gets modified. An answer was given by Bhaduri, Bhalerao, and Murthy [2] by generalizing to anyons
the filling factors F'(f) from the fermion and boson cases, F(f) = (1+nf), n = F1, and by inductive
reasoning obtaining as anyon filling factors

F(fy=0—-af)*0+1-a)f)'™ O0<a<l.

Namely, with a filling factor F(f) in the collision operator @, the entropy production term becomes

/Q(f) log F{f)dv ,

which for equilibrium implies

A R B |

F(f)E(f)  FO)F(f)

Using conservation laws and properties of the Cauchy equation, one concludes that in equilibrium
% is a Maxwellian. Inserting Wu'’s equilibrium (1.2) for f and taking the quotient Maxwellian as

e~ (e=1/T with € = |v — vg|> when the bulk velocity is vg, this gives
ele=m)/T

w(ele=m/Ty 4o

1
w(ele=m/T) + o

f= B = el =

In particular in the fermion and boson cases,

]_ 6(6_.“‘)/T
f:e(e_'“‘)/T—n’ F(f):e(e_u)/T_n7 n =71

This is consistent with taking an interpolation between the fermion and boson factors as general
filling factor, F(f) = (1 —af)*(1+ (1 —a)f)}™, 0 < a < 1. Tt gives the collision operator Q of [2]
for Haldane statistics,

QU (v) = / B(jo — vu,)[f' FLE()F L) — FAEG)E(f) dvsdeo (1.3)

RixSd-1



Here dw corresponds to the Lebesgue probability measure on the (d—1)-sphere. The collision kernel
B(z,w) in the variables (z,w) € IR? x S! is positive, locally integrable, and only depends on |z|
and |(z,w)|. It is discussed in [2] but, as common in quantum kinetic theory, without explicit bounds
on the kernel. We restrict to a bounded collision kernel truncated for small relative velocities and
grazing collisions. The precise assumptions on B are given in the beginning of Section 2.

The anyon Boltzmann equation for 0 < o < 1 retains important properties from the Fermi-Dirac
case. In the filling factor F(f) = (1—af)*(1+(1—a)f)!= 0 < a < 1, the factor (1 —af)® requires
the value of f not to exceed é This is formally preserved by the equation, since the gain term
vanishes for f = é, making the @-term (1.3) and the derivative left hand side of the Boltzmann
equation negative there. Positivity is formally preserved, since the derivative equals the positive
gain term for f = 0, where the loss term vanishes. F' is concave with maximum value one at f =0
for a > %, and maximum value (é —Di2e s 1at f = 041(1733 for a0 < % The collision operator
vanishes identically for the equilibrium distribution functions obtained by Wu.

The Boltzmann equation for the limiting cases, representing boson statistics (aw = 0) and fermion
statistics (o = 1), was introduced by Nordheim [15] in 1928. Here the quartic terms in the collision
integral cancel, which is used in the analysis. General existence results for the space-homogeneous
isotropic boson large data case were obtained in [12], followed by a number of other papers, e.g.
[7], [13], [8], [14], and for the space-dependent case near equilibrium in [16]. In the space-dependent
fermion case general existence results were obtained in [6], [11] and [14].

For 0 < a < 1 there are no cancellations in the collision term. Moreover, the Lipschitz continuity
of the collision term for o € {0,1}, is for 0 < o < 1 replaced by a weaker Holder continuity near
f= é The space-homogeneous initial value problem for the Boltzmann equation with Haldane
statistics is

daf

T =QU), F0.0) = folv). (1.4)
Because of the filling factor F', the range for the initial value fy should belong to [0, é], which
is also formally preserved by the equation. A good control of [ f(t,z,v)dv, which in the space-
homogeneous case is given by the mass conservation, can be used to keep f uniformly away from
i, and F(f) Lipschitz continuous. That was a basic observation behind the existence result for the

space-homogeneous anyon Boltzmann equation.

Proposition 1.1 [1] Consider the space-homogeneous equation (1.4) with velocities in IR, d > 2

and for hard potential kernels with

0 < B(z,0) < C|z|%|sinfcos 0L, (2,0) € Ry x [—g, g], (1.5)
where 0 < f<1,d>2 or 0< B8 <1,d=2. Let the initial value fy have finite mass and energy.
If0< fo < é and ess sup(1+ |v|®) fo < 00 for s =d— 1+ 3, then the initial value problem for (1.4)
has a strong solution in the space of functions continuous from t > 0 into L' N L>, which conserves
mass and enerqgy, and for tyg > 0 given, has

/ 268(d+1)+2
ess sup |v|® f(t,v) bounded, where s’:min{s,'B(er)Jr}.

veERY, t<tg

The proof implies stability; given a sequence of positive initial values ( fon)nen with

1
supess sup fon(v) < —,
n a



and converging in L' to fy, there is a subsequence of the solutions converging in L! to a solution
with initial value fo.

2 The main results.

The present paper considers the space-dependent anyon Boltzmann equation in a slab.
With

the kernel B(|v — v,|,w) will from now on be written B(|v — v.|,#) and be assumed measurable with

for some By > 0. It is also assumed for some ~,7’,cg > 0, that

B(|lv —vi|,0) =0 for |cos 0] <+, for 1 —|cosf| <+, and for |[v— vl <7, (2.2)
and that
/B(]v—v*\,ﬁ)d9203>0 for [v — .| > 7. (2.3)

The initial datum fy(z,v), periodic in z, is assumed to be a measurable function with values in
10, 1], and such that

(1 + |v*) fo(z,v) € L}([0,1] x R?), / sup fo(z,v)dv = cy < 0o, inf fo(x,v) >0, a.a.v € R%(2.4)
z€[0,1] z€[0,1]

With vy denoting the component of v in the z-direction, consider for functions periodic in «, the

initial value problem

Ouf (t, 2, v)+v10, f(t, ,0) = Q(f)(t, x,v),  f(0,2,v) = fo(z,v), (t,x,v) € Ry x [0,1] x R% (2.5)
The main results of the present paper are given in the following theorem.

Theorem 2.1
Assume (2.1)-(2.2)-(2.3). There exists a strong solution f € C([0,00[; L*([0, 1] x R?)) of (2.5) with
0< f(t,-)< é fort > 0. There is t,, > 0 such that for any T > t.,, there is ny > 0 so that
1
f(ta'v')ga_nTa te[tmvT]
The solution is unique and depends continuously in C([0,T]; L* ([0, 1] x R?)) on the initial L'-datum.
It conserves the mass, momentum and energy.

Remarks.

The above results seem to be new also in the fermion case where @ = 1. Indeed, whereas global
existence of weak solutions in the 3D fermionic case is proved in [11] and [14], we here prove the
global existence and the uniqueness of strong solutions in the 2D case.

This paper is restricted to the slab case, since the proof below uses an estimate for the Bony
functional only valid in one space dimension.



Due to the filling factor F'(f), the proof in an essential way depends on the two-dimensional velocity
frame, which corresponds to the anyon context. It does not extend to Haldane statistics in three or
higher velocity dimensions.

The approach in the paper can also be used to obtain regularity results.

The control of [ f(t,z,v)dv in the present space-dependent setting is non-trivial.

An entropy for (2.5) is

[ (Frogf 4 = Nlog1 = af)® = (= + NloglL+ (1 = )~ ) dod.

1l -«

The asymptotic behaviour of the solution when ¢ — oo is an interesting still open problem, as
is the behaviour of (2.5) beyond the anyon frame, i.e. for higher v-dimensions under Haldane statis-
tics. It seems likely that a close to equilibrium approach as in the classical case, could work with
fairly general kernels B for close to equilibrium initial values fy with some regularity and strong
decay conditions for large velocities. Any progress on the large data case in several space-dimensions
under Haldane statistics would be quite interesting.

The paper is organized as follows. The lack of Lipschitz continuity of F'(f) when f is in a neighbor-
hood of é requires some care. Since the gain term vanishes when f = é and the derivative becomes
negative there, f should start decreasing before reaching this value. The proof that this takes place
uniformly over phase-space and approximations, is based on a good control of [ f(¢,z,v)dv in the
integration of the gain and loss parts of (. That is a main topic in Section 3 together with the
study of a family of approximating equations with large velocity cut-off.

Section 4 starts with an initial value analysis, that shows that f(¢,-,-) < é — byt for some constant
b1 > 0 on an initial layer and that f remains far from é afterwards. This is crucial for handling the
Holder continuity of F(f) for values of f close to é, F(f) being Lipschitz continuous away from
é. Based on this control of the values of f, the well-posedness of the problem and the conservation

properties of the solution are proven.

3 Approximations and control of mass density.

The conditions (2.1)-(2.2)-(2.3) for the kernel B and (2.4) are assumed throughout this section. For
any j € N, denote by 1;, the cut-off function with

Yi(r)=0 ifr>j and o;(r)=1 ifr <y,
and set

X5 (V5 0,0, 05) = 5 (o] ([ve )5 ([0 5 (o))

Let the uniformly bounded function F} be defined on [0, 2] by
1—ay

(G+1—ayl

Fi(y) = 1+ (1—a)y)'™.



Denote by Q; (resp. Q;r, and Q; to be used later), the operator
QD) =+ [ Bllo = 0 030w (FELEVE (L) = F1EEVE (1) v,
(vesp. s gain past QF (£)(0) i= 1 [ Bllo 0.l 6) (0. .t/ 0D FLE(DE(f.) o,

™

1
and its loss part Q; (f)(v) := /B(\v — 0., 0)x; (v, v, 0", VL) f L F (F)Fj(fL)dvsdf).
T
For j € N, let a mollifier ¢; be defined by ¢;(z,v) = j3¢(jz, jv), where
© € C°(R?), support(p) C [0,1] x {v € R%;|v| <1}, ¢ >0, /np(a:,v)da:dv =1

Let fo; be the restriction to [0,1] x {v;|v] < j} of (min{fo, 1 — %}) * Qj.
The following lemma concerns a corresponding approximation of (2.5).

Lemma 3.1 For T > 0, there is a unique solution f; € C([0,T] x [0,1]; L*({v; [v] < j})) to

Oifi +v10:f; = Q;(f5),  fi(0,-,) = foj- (3.1)

There is n; > 0 such that f; takes its values in |0, 2 — nj].
The solution conserves mass, first v-moment and energy.

Proof of Lemma 3.1.
Let T > 0 be given. We shall first prove by contraction that for 77 > 0 and small enough, there is
a unique solution

5 € O(0, T3] x 0,15 L ({ws ol < J1) N {537 € [0, 2]}

0 (3.1). Let the map C be defined on periodic in z functions in

. 1
C([0,T] x [0,1]; L' ({w; [o] < j1) N {f: f € [0, ML
by C(f) = g, where g is the unique solution of the following linear differential equation

1+(1—a)f

) [ B s~ 2 [ B E R,
J

1
Org + 1109 = ;(1 — ag)(

9(07 "y ) = fO,j‘

It follows from the linearity of the previous partial differential equation that it has a unique periodic
solution g in C([0,T] x [0, 1]; L ({v; [v| < 5})). For f with values in [0, 2], g takes its values in ]0, 1].
Indeed, denoting by

gﬂ(t, z,v) = g(t,x + tvy, v),
it holds that

g (t . U) ( ) fo crf(ra:v)dr
1 + (1 - Oé)f 1-a gl el T : 7f; 5t (ryz,v)dr
77/ 1—ag +1—af) /BX]f f*FJ(f*)d”*d9> (s,z,v)e !

> fo,j(z,v)e” Jo C_Tf(T,x,v)d»,« >0,



and
(1-— ozg)ﬁ(t, z,v) = (1— af&j)(l', v)e” I 5§(r,:c,v)dr
t
il N
+a/ (g/BXjf*Fj(f’)F}'(fi)dv*d6> (s,x7v)e*f;0'§c(r,z,v)drds
T Jo

t
> (1 —afo,;)(z,v)e” Jo 55 (rv)dr > 0.

o= 1 [ BYOLE () E () do.ds,

~ ._O‘ 1+(1—Oé)f) 11—« .
- W(}H_af) /ijf FLFj(f+)dv.db.

C is a contraction on C([0,T1] x [0,1]; L*({v; [v| < j})) N {f; f € [0, 1]}, for T} > 0 small enough
only depending on j, since the derivative of the map Fj is bounded on [0, é] Let f; be its fixed
point, i.e. the solution of (3.1) on [0,7}]. The argument can be repeated and the solution can be

continued up to ¢t = T'. By Duhamel’s form for f; (resp. 1 — af;),

st
filto,v) > foy(mv)e P S 00 e [0,1], 2 € [0,1], o] < 4,

(resp.
_tat 4
(1 - afy)f(t,2.0) = (1 - afo;)(@,v)e 0 B0

1
jecj3T’

v

te0,7], € 0,1, fo < ).

Consequently, for some 7; > 0, there is a periodic in z solution f; € C([0,7]x [0, 1]; L*({v; [v] < j}))
to (3.1) with values in ]0, 2 — p;].
If there were another nonnegative local solution f; to (3.1), defined on [0,7"] for some T" €]0,T7,

then by the exponential form it would stay below é The difference f; — f; would for some constant
o satisfy

~ t ~ ~
/ () — F)(t 2, 0)|dado < e /0 (= (s, 2, 0)|dsdado, ¢ € 0,77, (f; — F)(0,2,0) =0,

implying that the difference would be identically zero on [0,7”]. Thus f; is the unique solution on
[0,T] to (3.1), and has its range contained in ]0, 2 — n;].
|

To go from anyon to boson BN we start from a fixed iv fy bdd by 2¢ with L € N (i.e. we shall
go through the rest of the paper under this extra hypothesis, already knowing the final existence
results from the anyon case for fixed «, in particular that the existence of f7* for all times is known).
We shall prove that there it a time 7" > 0 independent of j and 0 < a < 27F, so that the solutions
are bounded by 251 on [0, 7]. We then prove that the limit of the solutions f® when o — 0 solves
the corresponding bosonic BN problem. The proof is a rehash of the anyon proof from here on. In
the present sketch I just insert in red the changes in the old proofs.

Iterating the result from T on, it follow that the solution f, exists up to the first time 7T, when



limy 7 Sup(, ) fa(t) = 0o. The steps below with red comments added, should be perceived in
the setting just described. The old anyon paper lemmas are thereby sharpened to prove that the
constants only depend on mass, energy and L. We first study the case of a fixed j and a (small)
a. Up to Lemma 3.5 included, the time interval when the solution does not exceed 21, may be
a-dependent. Then we prove a new lemma, implying that this time interval can be chosen indepen-
dent of j and a.

The remaining part of this section is devoted to obtaining a uniform control with respect to j € N
of

/ sup f;j(t,x,v)dv.

t€[0,T7], z€[0,1]

It relies on the following four lemmas, where the first is an estimate of the Bony functionals,

1
= [ [l = vl Bsif B E () dvdo.dbds, 0.
0

Lemma 3.2
For T > 0 such that f(t) <28+ for 0 <t < T, it holds that

T
/Bj<t)dt§cg(1+T), jen,
0

with ¢, independent of j and (small) o, and only depending on [ fo(x,v)dzdv, [ |v|*fo(z,v)dzdv
and L.

Proof of Lemma 3.2.

Denote f; by f for simplicity. The proof is an extension of the classical one (cf [4], [5]), together
with the control of the filling factor when v € R?, as follows.

The integral over time of the momentum [ vy f(¢,0,v)dv (resp. the momentum flux
[v3f(t,0,v)dv ) is first controlled. Let 8 € C1([0,1]) be such that 3(0) = —1 and B(1) =
Multiply (3.1) by B(x) (resp. v18(z) ) and integrate over [0,¢] x [0,1] x R2. Tt gives

//UlfTOUdvdT— /5 foxvdmdv/ﬁ F(t, z,v)dzdv

N /O / B (x)vr f (7, v)dzdvdr),

( resp.

/Ot/vff(T’O’v)dvdT = ;(/ﬁ(x)vlfo(x,v)dxdv— /ﬁ(az)mf(t,x,v)dxdv

/ /ﬂ vif(r,x v)d:cdvdr))

Consequently, using the conservation of mass and energy of f,

|/Ot/v1f(7',(),v)dvd7'| + /Ot/’U%f(T, 0,v)dvdr < ¢(1+t). (3.2)



Here c is of magnitude of mass plus energy uniformly in «. Let
Z(t)= / (v1 — va) f(t, 2,0) f(t, y, vi)dedydvdu,.
<y
It results from

T'(t) = — /(vl —va1)2f(t, 2, 0) f(t, T, v, ) dedodu, + 2/1)*1(1)*1 —v1) f(t,0,vs) f(t, z,v)dzdvdv,,

and the conservations of the mass, momentum and energy of f that
t 1
/ / /(v1 — 0.1)2f (s, 2,0) f (s, 2, vs ) dvdv.dzds
0o Jo
< Q/fo(az,v)dxdv/|vl|f0(m,v)dv+2/f(t,:U,v)d:ndv/|v1|f(t,:n,v)dmdv
t
+ 2/ /v*l(v*l — 1) f(7,0,vs) f (7, x,v)dxdvdv.dT
0
< 2/f0(x,v)da:dv/(1 + [v]?) fo(z, v)dv + 2/f(t,:1:,v)dxdv/(1 + [v]?) f(t, z, v)dadv
t t
—|—2/ (/ 02, £(7,0,v.)dvy) dT/fo x,v)dzdv — 2 / (/v*lf(T,O,v*)dv*)dT/vlfo(x,v)dxdv
0

// frOvdvdrﬂ//vlfTOU)dvdry>

And so, by (3.2),

t 1
/ / /(m —va1)2f (1, 2,0) f (7, 2, v ) dzdvdvdr < c(1 +1t). (3.3)
0 JO
Denote by u; = [ fv }{ldv Recalling (2.1) it holds

t ol
/0 /0 /(m - u1)2ijff*F}(f')Fj(f,i)(s,:L‘,v,U*,O)dvdv*ddeds

= C/t/l /(Ul —u1)?f fi(s, z, v, v, )dvdv,dxds
/ / /Ul—v*1 [ fe(s, 2,0, v0)dvdv.dads

c(141). (3.4)
The new c also contains sup Fj(f')Fj(f. which is of magnitude bounded by 2% (so ¢ of magnitude

2L (mass+energy) and uniformly in j and . Multiply equation (3.1) for f by v?, integrate and use
that [v}Q;(f)dv = [(v1 —u1)?*Q;(f)dv and (3.4). It results

1 /t/(vl —u1)2Bx; f fLF;(f)Fy(fo)dvdv.dfdzds
T Jo

2 2 1 ! 2 / !
= /vlf(t,aj,v)d:vdv - /vlfo(x,v)dwdv + 7r/ /(vl —u1)*Bx; f [ F;(f)F;(f)dxdvdv,.dods
0
< C()(l + t),



where ¢y is a constant of magnitude 2L(rnass+cnergy).
After a change of variables the left hand side can be written

1/t/(7/1 - U1)2BXjff*Fj(f/)Fj(fi)dvdv*ded:vds
T Jo

t
-, / / (cr = m[(v =) - n])* B, f foF (') Fy(f) dvdv.dfdads,
T Jo

where ¢; = v1 — uq. And so,
t
[ [ it v w2 B 2.5, Fy £ dudv.dodods
t
<mco(l+1t) + 2/ /clnl[(v —v,) - n]|Bx; ffF(f)F5(f1)dvdv.dOdzds.
0

The term containing n?[(v — v ) - n]? is estimated from below. When n is replaced by an orthogonal
gn

(direct) unit vector n, v and v/, are shifted and the product f f. F;(f')F;(fi) is unchanged. In R?
the ratio between the sum of the integrand factors n?[(v —v.) - n]? +n?,[(v—v.)-n,]? and |v —v.|?,

is, outside of the angular cut-off (2.2), uniformly bounded from below by 7"2. Indeed, if §; denotes

the angle between ‘Z:Z*‘ and n,
*
v— v v—0 _ .
n? *on? 4+ 0% [——= - ny]? = cos® 6 cos® 0 + sin® 6 sin® 6,
1 11 1
o= o o= o]

> "% cos? 01 + /(2 —4') sin? 6,
>~2 A <|cos| <1—+, 6 €]0,2n].

This is where the condition v € R? is used.
That leads to the lower bound
[ [ it =) s £ vtz
> 72’2/;/ v — v |2Bx; f £ (f) Fy(f1)dvdv.dfdxds.
And so,
7 [ [ o= v P B £ vtz
<2mco(1+t) + 4/0t /(vl —up)ny[(v —vi) - ] Bx; f [ F (f)F;(fi)dvdv,.dOdzds
<2mep(1+t) + 4/(:/ (vl (v — 0*2)n1n2) Bx; [ f<Fj(f)Fj(fi)dvdv.dfdzds,
since
e = 0B £ E ) dvdu.dbd

= /ul(vg — vo)ninaX; Bf [ F (i f')Fj(fL)dvdv.dfdz = 0,

10



by an exchange of the variables v and v,. Moreover, exchanging first the variables v and v,

t
2/0 /Ul(UZ — vea)nina Bx; f [ F (f') Fj(f1)dvdv,.dfdzds
t
= /0 / (v1 — vs1) (2 — v2)nane B f f B (f) Fj (f1)dvdv.dfdzds
t
ng / / (v1 — va1) 202 Bx; £ £ Fj(f)F(f1)dvdv.dfdads
0

T / t / (v2 — va2)?n3Bx; f [ F (f)F;(f1)dvdv.dfdzds

_87“0 141) +// — 0,0)202Bx; £ fE5 (f)F3 (1) dvdv, dfdads.
"2

It follows that
t
/0 /|v — P Bx; ffFj (f) 5 (fl)dvdvadfdzds < cf(1 +t),

with ¢ uniformly in j and « of the same magnitude as ¢, only depending on [ fo(z,v)dzdv,
[1v]? fo(x, v)dzdv and L. This completes the proof of the lemma. ]

Lemma 3.3
Given T > 0 such that f(t) < 2L for 0 <t < T, the solution f; of (3.1) satisfies

/ sup f (t,z,v)drdv < ¢y + 4T, jEN,
t€[0,T)

where ¢, and ¢ are independent of T, j and (small) o, and only depend on [ fo(z,v)dzdv,
[ v fo(z,v)dzdv and L.

Proof of Lemma 3.3.
Denote f; by f for simplicity. Since

t
fu(t,:c,v):fo(a:,v)—i—/o Q;(f)(s,z + sv1,v)ds,

it holds that
sup fH(t, z,v) < fo(z,v) / Q+ )(t, & + tvy,v)dt. (3.5)
t€[0,T)

Integrating (3.5) with respect to (x,v) and using Lemma 3.2, gives

/ sup fﬁ(t:cvdxdv</f0xvdxdv+ / /BXJ
0<t<T
[t x4 to, ') f(t, @ + tor, v)) Fj (f) (¢, @ + tor, v) Fj(f) (¢, @ + tor, v,)dodv,.dfdzdt

/foznvd:vdv+/ /ijlv—v*|

Ftx, ) f(E z, 0l F ()t 2, 0) Fj(f)(¢, 2, ve) dvdv, dOdadt

< /fo(w,v)dxdv + co(1 ; ) — i +202T' .
i g

11



Lemma 3.4

Given T > 0 such that f(t) < 28F! for 0 <t < T, and §; > 0, there exist 6o > 0 and ty > 0
independent of j and o and only depending on [ fo(z,v)dzdv, [ |v|*fo(z,v)dzdv and L, such that
fort<T

sup / sup ff(s,x,v)dazdv <d, jeN
|

z0€[0,1] J |z—z0|<F2 t<s<t+to

Proof of Lemma 3.4.
Denote f; by f for simplicity. For s € [t,t + to] it holds,

t+to
fﬁ(S,l’,U):fﬁ(t—f—to,LE,U)— Qj(f)(T,JI+TU1,U)dT
st—‘rto
< it +to, x,0) + Q; (f)(7,x + Tv1,v)dr.
And so
t+to
sup  fH(s,x,v) < fH(t+ to, 2,v) + Q5 (f)(s, + sv1,v)ds.
t<s<t+to t

Integrating with respect to (x,v), using Lemma 3.2 and the bound % from above of f, gives

/ sup  fH(s,z,v)dzdv
|

r—x0| <2 t<s<t+to
< / fH(t + to, z,v)dazdy
|z—x0|<d2

1 t+to
—l—/ /ijfﬁ(s,x,v)f(s,x+svl,v*)Fj(f)(s,x—l—svl,v')Fj(f)(s,x—l—svl,vi)dvdv*dewds
t

s
t+to
< / fﬁ(t—i—to,x,v)dxdv—i——Q / Bxjlv — v > f* (s, 2,0) f (5, 2 + sv1, vs)
|z—x0|<02 A t [v—vs|>A
Fi(f)(s, 4 sv1,0")F(f)(s, z + sv1, v,)dvdv,dfdzds

t+to
492l / /| . Bx; (s, 2, 0) f (s, x + sv1, v, )dvdv,dfdzds
Jt VU | <

66(1 + to)

< / FA(t + to, z, v)dxdv + 2 + 2351\ / fo(x, v)dzdv
J|z—x0|<d2 .

=22 v Joaxav CO2 7)\2 C 0 Jo\ZT,v)axrav.
Depending on 47, suitably choosing A and then do2, A and then ?y, the lemma follows. ]

The previous lemmas imply for fixed j and « a bound for the v-integral of fj# only depending
on [ fo(z,v)dzdv, on [ |v|?fo(x,v)dzdv and on L as will now be proved.

12



Lemma 3.5
With T' defined as the mazimum time for which ]‘Ja < 28+ take T = min{1,T"}. The solution I3
of (3.1) satisfies

/ sup fo(t, z,v)do < ¢y,
(t,2)€[0,T]x[0,1]

where c1 only depends on [ fo(z,v)dzdv, [|v|*fo(z,v)dzdv and L.

Proof of Lemma 3.5.
Denote by E(z) the integer part of x € R, E(z) <z < E(x) + 1.
As in the proof of Lemma 3.3,

sup f(s,z,v) < fo(z,v) + /Q+ (s, + sv1,v)ds = fo(x,v)

s<t
t
+/ /ijf(s,x+svl,v')f(s,x—l—svl,v;)Fj(f)(s,x+Svl,v)Fj(f)(s,x—|—svl,v*)dv*d9ds
0
< folx,v) 4+ 2*F A, (3.6)

where

A= / /BXJ sup f#(1, x4 s(vy —v)), ") sup f7(r,x + s(v) — v'41),v.)dv.dbds.
T€[0,1] T€(0,t]

For 6 outside of the angular cutoff (2.2), let n be the unit vector in the direction v —v’, and n, the
orthogonal unit vector in the direction v — v,. With e; a unit vector in the z-direction,

1
max(|n - e1|,|ng -e1]) > 7

For d5 > 0 that will be fixed later, split A into Ay + As + A3 + A4, where

Ay = / / By; sup f#(r,x 4 s(vy —v)),v') sup f#(r,x+ s(vy —v's1),v))dv.dOds,
|n- 61\> S5 tlor—vy[>62 T€[0,¢] T€[0,t]

A = / / By; sup f#(r,x 4 s(vy —v}),v') sup f#(r,z+ s(vy — v's1),v))dv.dOds,
In-e1|> 5, thor —v} <62 T€[0,1] T€[0,t]

As = / / By; sup f#(r,x 4 s(vy —v}),v') sup f#(r,z+ s(vy —v's1),v))dv.dOds,
|ny - el\> = tlv1— vl [>62 T€[0,t] T€[0,t]

Ay = / / By; sup f#(r,x+ s(vy —v}),v') sup f#(r,2 + s(vy — v's1), vl)dv.dds.
[ny - el|> = tlu1—v] <62 T€[0,t] T7€[0,t]

In Ay and A, bound the factor sup, ¢ i,z 4 s(vy —vly),v.) by its supremum over x € [0, 1],
and make the change of variables

s =y =+ s(vg — ).

with Jacobian

&

~

Ds_ 1 _ 1 <
Dy~ Tor—uil ool [0 2=l — 1)



It holds that

A < / (| sup fH(ry)dy) s PEr X.ul)duds,
\ ye(z,z+t(vi—vy)) (

tlvy —v][>62 |U1 - Ul’

T€[0,¢] 7,X)€[0,t]x[0,1]
an
<Y Ba( [ sw fFepa) s X,
In- 61|> t|v1 v [<d2 ly—z|<d2 T€[0,¢] (m,X)€[0,t] x[0,1]

Then, performing the change of variables (v, vy, n) — (v', v}, —n),

/ sup Aidv
z€[0,1]

B .
S / i sup ( / sup f# (7’7 Y, ’U)dy> sup f# (T, X, ’U*)d’UClU*dH,
tlvr—v]|>62 ’1)1 Ul‘ z€[0,1] ye(z,x+t(v]—v1)) (1,X)

7€[0,4] €[0,1]x[0,1]
so that
/ sup Ajdv
z€[0,1]
B .
§/ 2N sup (/ sup f#(T,y,v)dy) sup 7 (r, X, v,)dvdv.df
tor—v; 562 [V1 = V1] ze[0,1] N Jye(@at B, —v1)+1)) r€[0,4] (7, X)€[0,8] x[0,1]
Bx; / !
:/ 7],|E(t(v1 —vl)—l-l)\(/ sup f#(T,y,v)dy) sup f#(T,X,v*)dvdv*dH
tor—v] [>85 [U1 — V1] 0 el (7,X)€[0,1] x[0,1]
1 1
< t(l—i—)/BXj(/ sup f7(7,y, v)dy) sup 7 (r, X, v,)dvdv.db
d2 0 ref0.d] (r,.X)€[0,£]x[0,1]

1
<Bo7rt(1—|—)/ sup f#(T,y,v)dydv/ sup 7 (r, X, v,)dv,.
02" ) refo, (r,.X)€[0,8]x[0,1]

Apply Lemma 3.3, so that

1
/ sup Ajdv < Bomt(1 + 5 =) (] +c’2)/ sup (1, X, vy)dv,. (3.7)
z€[0,1] (7, X)€[0,¢] x[0,1]
Moreover, performing the change of variables (v, v, n) — (vi,v', —n),
B 2
/ sup Asdv < OW\If sup (/ sup f#(T,y,v*)dydv*> / sup 7 (r, X, v)dv.
z€[0,1] YV zel0,]] ly—z|<d2 TE[0,t] (1,X)€[0,t]x[0,1]

Given §; = 447:\@, apply Lemma 3.4 with the corresponding d9 and ¢y, so that for ¢ < min{7" ¢},
1
/ sup Aodv < / sup 7 (r, X, v)dv. (3.8)
2€[0,1] 4 (r,x)el0,)x[0,1]

The terms A3 and Ay are treated similarly, with the change of variables s — y = z + s(v; — v;).
Using (3.7)-(3.8) and the corresponding bounds obtained for A3 and A4 leads to

/ sup f#(s,x,v)dv < 2/ sup fo(z,v)dv
(s,%)

,2)€[0,¢]x[0,1] z€[0,1]

1 i
+ 4Boymt(1+ —) (¢} + ) / sup f#(s,z,v)dv, t<min{T,to}.
02 (5,2)€[0,t] X[0,1]
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Hence

92
sup f# s,z,v)dv < 4/ sup fo(z,v)dv, t < min{ty,
[ nlin o0 i o) 10 8 B3 + (& + %)

.

Since to, | and ¢ only depend on [ fo(z,v)dzdv, [ |v|*fo(z,v)drdv and L, it follows that the
argument can be repeated up to ¢ = T with the number of steps uniformly bounded for all 7 and
(small) o. This completes the proof of the lemma. |

We shall next prove a new lemma making the previous T independent of j and a.

Remark.
Lemmas 3.2-3.5 also hold with essentially the same proofs, for strong solutions of (2.5) with locally
bounded energy.

The following two preliminary lemmas are needed for the control of large velocities.

Lemma 3.6
Given T > 0, the solution f; of (3.1) satisfies

1

/ / |v| sup fﬁ(t x,v)dvdr < < JjeN,
0 Jul>x  t€[0,T] /\

where cp only depends on T, [ fo(z,v)dzdv and [ |v|?fo(z,v)dzdv.

Proof of Lemma 3.6.
For convenience j is dropped from the notation f;. As in (3.5),

sup fH(t,x,v) < fola,v) / Q+ )(s,x + sv1,v)ds.
t€[0,T]

Integration with respect to (z,v) for |v| > A, gives

1 T
/ / |v] sup f (t,m,v)dvdm‘g// |v]f0(a:,v)dvd:1:—|—/ / By
[vo|>x  t€[0,T] [o]>A T Jo Jiusa

[v| f(s, 2+ svi, ') f(s, 2 + sv1, VL) F(f)(s, 2 + svi,v)F(f)(s, 7 + sv1, vy)dvdv,dfdads.

Here in the last integral, either [v| or |v}| is the largest and larger than % The two cases are

symmetric, and we discuss the case [v/| > |v]|. After a translation in z, the integrand is estimated
from above by

C|U’|f#($,,fl','7'l),) Sup f#(t,:L‘,U;)
(t,z)€[0,T]x[0,1]

The change of variables (v, v.,n) — (v/, v}, —n), the integration over

xR x [-3, 7]

(5,20, 0,0) € [0,7] x [0,1] x {v € R% o] > .

A
7

and Lemma 3.5 give the bound

T
S [rrrte e[ s ) < T R o
A\ Jo (t2)

,£)€[0,T]x[0,1]
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The lemma follows. ]

Lemma 3.7
Given T > 0, the solution f; of (3.1) satisfies

f o
sup fit,z,v)dv < —=, j €N,
/|v|>)\ (t.x)e0,1]x[0,1] 7 VA

where . only depends on T, [ fo(z,v)dzdv and [ |v|?fo(z,v)dzdv.

Proof of Lemma 3.7.
Take A > 2. As above,

/ sup At z,v)do < / sup fo(z,v)dv + cC, (3.9)
[v|>A (¢,x)€[0,T]x[0,1] [v|>X z€[0,1]
where
T
C= sup / /ijf#(s,m + s(vy — ), V) f# (s, + s(vy — vly), vl)dvdv.dfds.
|v|>\ z€[0,1] JO

For v/, v/, outside of the angular cutoff (2.2), let n be the unit vector in the direction v —v’, and n
the orthogonal unit vector in the direction v — v},. Let e; be a unit vector in the z-direction.
Split C as C' =), ., Ci, where O} (resp. Ca, C3) refers to integration with respect to (vs,6) on

1
{(0*79); n-ep > ﬁ? ‘U/‘ > ‘U;’}v

1 1 1
(resp. {(w0)im-er 2 /1= L W< P {(a)in-er € [y /1= 10 < ).

and analogously for C;, 4 < i < 6, with n replaced by n,. By symmetry, C;, 4 < i < 6 can be
treated as C;, 1 <7 < 3, so we only discuss the control of C;, 1 <7 < 3.

By the change of variables (v,v.,n) — (v',v}, —n), and noticing that |v’| > % in the domain of
integration of (1, it holds that

C < / sup / / BXJ #(s,x + s(v] —v1),0)f7 (5,24 s(V] — vs1), vs)dvdOdsdv
|v|> n-e1>

mGOI]

< / / / Byx; sup 7 (r, @ + s(v) —v1),0) sup 7 (7, X, v.)dv,.dfdsdv.
|’U|> a:E O 1] n- el>— T7€[0,T (7,X)€[0,T)x[0,1]

With the change of variables s — y = z + s(v] — v1),

B .
C1 < / sup / / _ 2N sup [ (1,9,v) sup 7 (r, X, v,)dydv,dfdv
|v|> n-ey y€(z,x+T(v]—v1)) |Ul 'Ul’ T

= 2€(0,1] €[0,T] (1,X)€[0,T]x[0,1]
— 1)
/ / vl v)) +1)| / Bx; sup f*(r,y,v) sup 7 (r, X, v,)dydv,dfdv.
|v|> — v1 T€[0,T) (1,X)€[0,T]x[0,1]
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Moreover,

V2

[E(T(W) —v) + DI < Tl —wn|+1< (T+ W)!vi — v,

where v and /' were defined in (2.2). Consequently,

1
C1 < (T + 1)/ / sup f#(r,y, v)dydv/ sup (7, X, v)dv,
|v|>iTe[0T] (1,X)€[0,T]x[0,1]

o(T + 1)
+ / / \vl sup f#(r,y,v )dydv/ sup  f(r, X, v.)dv..
|v|> (

T€[0,T) 7,X)€[0,71x[0,1]

By Lemma 3.5 and Lemma 3.6,

C

Cl S 2(T+ 1)CT61(T).

>

Moreover,

Co

IN

/ o
/
/|3 M Jou [l eer > /1= L V] — vi]

sup / sup f#(r Y, v) sup f#(T,X,v*)dydvdv*dO
y€(z,x+T (vy—v1))

z€(0,1] T€[0,7T (r,X)€[0,T]x[0,1]
< (T + 1)/ d9/ sup f7(r y,v)dydv/ sup 7 (1, X, vy)dv,
n-er> 7€[0,T] (r,X)e[0,T]x[0,1]
< (T +1)2ey(T),
7 )2ea(
by Lemma 3.3 and Lemma 3.5. Finally,
B .
C3§/ sup f#(T,X,’U)#
o> 25 <n e <L (RX)E.T]x[0,1] v — Va1
sup </ sup f7(r,y, v*)dy) dvdv.do
z€[0,1] y€(z,x+T(v] —vs1)) TE[0,T]

<c(T+ 1)\5\(/ sup f#(T, X,v)dv) (/ sup f#(T,y,v*)dydv*).

(7, X)€[0,T]x[0,1] |vs|> 25 T€[0,T]
By Lemmas 3.5 and 3.6,

C3 < T(T+ Dei(T)er.

The lemma follows.
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4 Proof of the main theorem.

This section is devoted to the proof of Theorem 2.1. It consists in four steps. In the first step, we
prove the existence of an initial layer [0, ,,], with ¢,, independent on j, where f]j-j(t, o) < é — bit.
In a second step, we prove the existence of a solution f to (2.5). In the third step, we prove
its uniqueness and the stability result stated in Theorem 2.1. Finally, the fourth step proves the
conservations of mass, momentum and energy of the solution.

First step: analysis of an initial layer.

Denote by

(1) = 1 [ Bl SE s, vi(f) = [ BGLE(E(f)dv.ds
so that
Q;(f) = E;(N)vi(f) = fvi(f)-

Consider
1
Vj(f])ﬁ(tvxa U) = ; /BXjf](t7x + tUl,U*)Fj(fj(t,.T + t’l)l,’l),))F’j(fj(t,fC + tUl, Ui))dv*d(g

With the angular cut-off (2.2), vs — v" and v, — v} are changes of variables. Indeed, if the polar
coordinates of v, — v are (74, @) and 6 is the angle between v, — v and n, then the polar coordinates
of v/ —wv (resp. v, —v) are (|r cos 8|, p+60) (vesp. (|r«sinf|, ¢ +0+ 7T)). It follows from the angular
cut-off (2.2), that the Jacobians gf)’; = \007189| (resp. B—Z;’: = \sir119|) are bounded. Using these changes
of variables and Lemma 3.5, for w outside the integration cut-off, the measure of the set

1
or f(t,x+tv,v,) > 5} (4.1)

N |

Z(j,t,w,v,w) = {/U*’ f(t’ T + tvl’ U/) >

is uniformly bounded with respect to (z,v,w), t < T, and j € N. Take jr so large that 7j2 is at least
eight times this uniform bound. Notice that here jr only depends on T and [(1+|v|?) fo(x, v)dzdv.
Using Duhamel’s form for the solution, one gets using (2.3) and Lemma 3.5 that

f]t'i(tvxav*) > Cle()(.’,U,’U*) > 07 ] > jT> t < T> (42)
with ¢;7 independent of j > jp. It follows from (4.2) and the third assumption in (2.4) that
vi(£i) (t,x,0) > cor >0, (t,a,0) € [0,T] x [0,1] x {v € R |v] < j}, (4.3)

uniformly with respect to j > jr, and with cop only depending on T' and fj.
Using again the v, — v’ change of variables together with Lemma 3.5, one obtains that for some
constant cgpr > 0,

Pt a,0) S csr, §2grn (Ha,w) €[0,T] x [0,1] x {v € R% o] < j}.
The functions defined on |0, é] by r — F’T(x) are uniformly bounded from above with respect to j
by

1—ax)®
m—)cao‘_li( xx),
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that is continuous and decreasing to zero at 2 = 1. Hence there is p €]0, £ [ such that

1 1 Fi(x
x € [— — p,—] implies L)S @l, J=ir-
a a T desr
Consequently, for j > jr,

it el —m] = Difit ) = (F-(f%ﬁ’? - %fM)(mxv) — St ,0)

< —*(a — M)CQT = —by. (4.4)

This gives a maximum time ¢t; = ﬁ for f]# to reach é — u from an initial value fo(z,v) e]é — Uy é]
On this time interval th;j < —by. If t1 > T, then at t =T the value of f]# is bounded from above
by é — 0T := é — p/ with 0 < ¢/ < p. Take t,, = min(¢1,7), and from now on u = t,,b1. For any
(x,v), if f;(0,z,v) < é — 1 were to reach é — p at (t,z,v) with t < t,,, then thf(t,a:,v) < —by,
which excludes such a possibility. It follows that f; < é — p everywhere for ¢ € [t,,,T], and that

fitz,v) < = —bit, for t € [0, 1. (4.5)

SERS

The previous estimates leading to the definition of t,, are independent of j > jr.

Second step: existence of a solution f to (2.5).

Using the initial layer and the results in Section 3, we shall prove for any T > 0 the convergence in
C([0,T); L([0, T] x R?)) of the sequence (f;) to a solution f of (2.5).

Let us prove that (f;) is a Cauchy sequence in L*([0,7] x [0,1] x R?) when j — oo.

We shall prove that given § > 0, there exists b > max{1, jr}, such that

sup /]gj(t,x,v)|dmdv <pB, j>b, (4.6)
t€[0,T)

where g; = f; — f,. The function g; satisfies the equation

019y + 01015 = = [ (G =) B(ST1FN B F3) = F5 i) B (55.) ) ot
b [XBULLL — R E ) () do.do
~ [ Bt~ B BEE S )dv.d

++ [Bhi, (Fj(fj*)(Fj(fj) — Ei() + B (Fi(fie) = F(fon)) ) doadt
b [0BRR (B0 E ) = B) + B E ) - F(f) )de.dd
— [ B (B EED - B + B E ) ~ Fi(5.) )dv.do
— o [ Bt (BUIEW) - B + BUDES) - Bf.))dodd. (18)
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Moreover, using Lemma 3.5
/ 06 = ) B I F D Fi32) + [ Fy (P (f},) ) dwdvdo.do
< c/ [i(t, z,v)dzdv

b
|’U|>ﬁ

< b% , by the conservation of energy of f;,
[ BI85 = i F )55 Ydodvdo.

< C</(t,x) sup f]q(t,x?v)var/ sup fg(tw,v)dv) /|(f]’.j — (¢, x,v)|dzdv

€[0,T]x[0,1] (t,x)€[0,T]x[0,1]

< [1f = £t . )l dd.
Next,

#
[ 0B (R E ) E5 () o 4)]) dedude,do

| _ 1

= [BAREL0 - )1+ 1= f) I +1=af ™ =

By Lemma 3.3 and Lemma 3.5, this integral restricted to the set where 1 — afy(¢, z,v)) < %, hence
where

+ 1 — afy)* dedvdv.db.

2a+1
b’

(1 - afb)’(:]l +1- Osz)o‘fl — (% 41— afb)o‘fl‘ <

is bounded by ;% for some constant ¢ > 0.

For the remaining domain of integration where 1 — afy(t, ,v)) > %, it holds
1 1
F. _F <1 = ay /(- 10471_ 1a71
’ ](fb) b(fb)‘—c( afb) ‘(](]—_afb)—i_ ) (b(l—Oéfb)+ ) |
_ 1 1 a—1ya—2 §
= C(j b)(l afp)® A where \ € [1, 2]
20~ e
S
And so,
o g c
\oB($453.F5 () [y () = Fo(fo)]) dadvdv.dd < -
Finally

#
[ B (RHEGIES) - E) o o)dododo,ds < e [1F5(5) - B o, o
Split the (x,v)-domain of integration of the latest integral into

Dy = {(QZ,U); (f]j.j(t,x,v),fbﬁ(t,:x,v)) € [07$ —/1,]2},
1 1

Dy := {(w,); (fi(t.2,0). fi(t,0,0)) € [~ — .~
- 1 1 1 4 1 1 1
Ds i={(@,v)i (f, )& v) € [ = p TIx (0, 0 =l or (f, fy)(t2,0)) €0, == pa] X [T = s 7l
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It holds that

/ \Fi(f;) — Fi(fo)l*(t, 2, v)dzdv < c(ap)®™ / |g§(t,x,v)]da:dv,
/ \Fj(f;) — Fi(fo)|* (¢, , v)dedv < ct™™ 1/ ]g] (t,z,v)|dzdv, by (4.5),
/ \Fj(f5) — Fi(fo)|* (¢, 2, v)dedv < c((ap)* '+t / ]gj (t,z,v)|dzdv.

The remaining terms to the right in (4.8) are of the same types as the ones just estimated. Conse-
quently,

d
dt/|g§.(t,x,v)|dxdv < b%+c(1+ta—l)(fygg(t,x,v)|dxdu). (4.9)

And so,

cT [
/|g§(t,m,v)|d1:dv < ( folz,v)dzdv + —) C(TJFTT),

lo|>b b

which tends to zero when b — +oo, uniformly w.r.t. j > b. This proves that (f;);en is a Cauchy
sequence in L1([0,T] x [0,1] x R?) and ends the proof of the existence of a solution f to (2.5).

Third step: uniqueness of the solution to (2.5) and stability results.

The previous line of arguments can be followed to obtain that the solution is unique. Namely,
assuming the existence of two solutions f; and fs to (2.5) with locally bounded energy, (4.5) holds
for both solutions . The difference g = f1 — fo satisfies

O+ vdhg = [ BULHL = BEIFEF()dods = - [ Blfifie = fofa) FUDF(f.)dv.dd
b [ BRA (PG (PG = F(82) + F(R) (F(f) = F(f2.)) ) doads
— > [ BRpa (FULEWD ~ F(5) + FU) (PUL) — F(f3.)) ) do.ds.

The first line in the r.h.s. of the former equation gives rise to ¢ [|f#(t, 2, v)|dzdv in the bound from

above of < 41g%(t, x,v)|dzdv, whereas the two last lines in the r.h.s of the former equation give rise
to the bound c(1+t*71) [1g%(t, z,v)|drdv. Consequently,

d
p7 /|gﬁ(t,x,v)|dazdv <c(1 +ta_1)/]gﬂ(t,x,v)|dxdv.
This implies that [|g*(¢,z,v)|dzdv is identically zero, since it is zero initially.

The proof of stability is similar.

Fourth step: conservations of mass, momentum and energy.

The conservation of mass and first momentum of f follows from the boundedness of the total energy.
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The energy is non-increasing by the construction of f. Energy conservation will follow if the energy

|2, it is enough to bound

is non-decreasing. Taking 1 = as approximation for |v

[t oeddo = [ Bo(§ LG~ ££PF(D) dzdedv,dd
from below by zero in the limit ¢ — 0. Similarly to [13],

[t o = o [ BILFGFE () + 0l = (o) = 6l ) dododv.ds

elvflv.?
(1 + €fo?)(1 + eva]?)

Y

dxdvdv,df.

[ BrrpGE)

The previous line, with the integral taken over a bounded set in (v,v,), converges to zero when
€ — 0. In integrating over |v|? + |v.|> > 2A? | there is symmetry between the subset of the domain
with |v]? > A? and the one with |v.|? > A\2. We discuss the first sub-domain, for which the integral
in the last line is bounded from below by

—c/]v*|2f(t,a:,v*)d$dv*/ B sup (s, z,v)dvdd
WI>A  (s,2)€[0,6]x[0,1]

> —c/ sup f#(s,z,v)dv.
[v|>X 0<(s,2)€[0,t] x[0,1]

It follows from Lemma 3.7 that the right hand side tends to zero when A — co. This implies that
the energy is non-decreasing, and bounded from below by its initial value. That completes the proof
of the theorem. ]

References

[1] L. ARKERYD, A quantum Boltzmann equation for Haldane statistics and hard forces; the
space-homogeneous initial value problem, Comm. Math. Phys., 298 (2010), pp. 573-583.

[2] R. K. BHADURI, R. S. BHALERO, M. V. MURTHY, Haldane exclusion statistics and the
Boltzmann equation, J. Stat. Phys., 82 (1996), pp. 1659-1668.

[3] R. K. BHADURI, M. V. MURTHY, M. BRACK, Fermionic ground state at unitarity and
Haldane exclusion statistics, J. Phys. B, 41 (2008), 115301.

[4] J.-M. BONY, Solutions globales bornées pour les modéles discrets de ’équation de Boltzmann,
en dimension 1 d’espace, Journées ”"Equations aux dérivées partielles 7, Exp. XVI, Ecole Poly-
tech., Palaiseau, pp. 1-10, 1987.

[5] C.CERCIGNANI, R. ILLNER, Global weak solutions of the Boltzmann equation in a slab with
diffusive boundary conditions, Arch Rat. Mech. Anal., 134 (1996), pp. 1-16.

22



[6]

[13]

[14]

[15]

J. DOLBEAULT, Kinetic models and quantum effects: a modified Boltzmann equation for
Fermi-Dirac particles, Arch. Rat. Mech. Anal., 127 (1994), pp. 101-131.

M. ESCOBEDO, S. MISCHLER, M. VALLE, Homogeneous Boltzmann equation in quantum
relativistic kinetic theory, Electronic J. Diff. Eqns., Monograph 04, 2003.

M. ESCOBEDO, J.L. VELAZQUEZ, Finite time blow-up and condensation for the bosonic
Nordheim equation, Invent. math., 200 (2015), pp. 761-847.

F. D. HALDANE, Fractional statistics in arbitrary dimensions: a generalization of the Pauli
principle, Phys. Rev. Lett., 67 (1991), pp. 937-940.

J. M. LEINAAS, J. MYRHEIM, On the theory of identical particles, Nuovo Cim. B, 37 nb 1
(1977), pp. 1-23.

P. L. LIONS, Compactness in Boltzmann’s equation via Fourier integral operators and appli-
cations I, 111, J. Math. Kyoto Univ., 34 (1994), pp. 391-427, pp. 539-584.

X. LU, A modified Boltzmann equation for Bose-FEinstein particles: isotropic solutions and
long time behaviour, J. Stat. Phys., 98 (2000), pp. 1335-1394.

X. LU, On isotropic distributional solutions to the Boltzmann equation for Bose-Finstein
particles, J. Stat. Phys., 116 (2004), pp. 1597-1649.

X. LU, On the Boltzmann equation for Fermi-Dirac particles with very soft potentials: global
existence of weak solutions, J. Differential Equations, 245 (2008), no. 7 pp. 1705-1761.

L. W. NORDHEIM, On the kinetic methods in the new statistics and its applications in the
electron theory of conductivity, Proc. Roy. Soc. London Ser. A, 119 (1928), pp. 689-698.

G. ROYAT, Ftude de l’équation d’Uehling-Uhlenbeck: existence de solutions proches de Planck-
iennes et étude numérique, PhD, Marseille 2010.

Y. S. WU, Statistical distribution for generalized ideal gas of fractional-statistics particles,
Phys. Rev. Lett., 73 (1994), pp. 922-925.

23



