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Abstract Explicit generators for high order (r > 1) scalar and vector finite element
spaces generally used in numerical electromagnetism are presented and classical de-
grees of freedom, the so-called moments, revisited. Properties of these generators on
simplicial meshes are investigated and a general technique to restore duality between
moments and generators is proposed. Algebraic and exponential optimal hA- and r-
error rates are numerically validated for high order edge elements on the problem of

Maxwell’s eigenvalues in a square domain.
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1 Introduction

When applying the finite element (FE) method to a given problem arising in science
and engineering, one writes the weak formulation of the problem to be discretized,
defines the suitable discrete FE space on a mesh covering the computational domain,
and selects the algorithm to solve the final algebraic system in an efficient way [22]. For
electromagnetic problems, one considers Maxwell’s equations, which contain differential
operators £ acting on scalar and vector fields such as the gradient, the curl and the

divergence. To write the variational formulation of such equations, one introduces a
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suitable functional space Hy = {u € L2, Lu € L?} for each of these operators. These

spaces are linked by the operators to form a complex, that is, one defines the diagram

grad curl
Hg'r'ad chrl Hdiv

operators is 0. To define a correct discretization of the variational problem, one has to

div

L2 where the composition of two consecutive

consider not only subspaces W;{ of H,,,,; but also subspaces W}? of Hyrad, W;% of Hy;y
and W,? of L?, also forming for each h a complex for the same operators, being h > 0
the maximal diameter of the elements constituting a mesh 7}, over the computational
domain, say (2. It is also important to relate the two complexes by projections onto

these subspaces, in order to form a diagram

grad curl div 2
ngad > ch'r'l Hdi'u L

Hﬁl H}ll Hﬁl Hﬁl

grad 1
Wy Wy —=>= W}/ Wy

that commutes, that is one can follow the arrows along any path between two spaces
and obtain the same operator between these two spaces.

The construction of the generic FE subspace W}, is done according to classical
steps [10], [26]. One introduces first the triple (K, P, ¥) where K is the kind of brick
(triangle or tetrahedron in this case) contained in the mesh 73, over 2, P is a finite-
dimensional vector space defined on K and X is a set of real-valued linear functionals
oi, called degrees of freedom (dofs), acting on P with the property of determining
uniquely any element z of P once the values o;(z) are known. One then defines the
FE subspace as W}f’r ={ueHg, ug € P,VK € Tn }, where the integer r denotes the
maximal polynomial degree of u|x (resp. of the components of u|K) for scalar (resp.
vector) fields u € H, and the integer p refers to the geometrical dimension involved
to define the dofs for u|x at the lowest degree. Note that Wf’r respects globally, on
the whole domain, the smoothness requirements of the underlying functional space H.
associated with the boundary value problem to be approximated, and P is a suitable
approximation of H, locally, in each element K.

FE subspaces W,?’T C Hypqa, and W;:”T C L2, are well documented in the literature,
sets of basis functions of arbitrary order r on tetrahedra are explicitly detailed in books
[27], [17]. The vector space P consists of scalar piece-wise polynomials, chosen in such
a way that the approximated function is either continuous, for W,?,T (with » > 1), or
discontinuous, for W}?,w across the inter-element boundaries. The subspaces W}?’r and
Wi?,r are discussed in the present work for sake of completeness, as they are part of
the complex.

FE subspaces Wﬁ’r C Heyypy and W;%’,, C Hy;, exist thanks to the celebrated pio-
neering works described in [19] and [5], at the origin of a huge literature on the same
subject. They are characterized by a space P consisting of vectors with polynomial
components, chosen in such a way that the approximated field has inter-element con-

tinuity requirements (or conformity conditions) more complicated than before. The



subspace W;%’T (resp. W,%T) requires that the tangential (resp. normal) component of
the FE approximation is continuous. These conditions are weaker than those associ-
ated with the space W}?J, but their realization can be nevertheless problematic. A first
difficulty at the programming level is related to the complexity of generating element
basis functions for W}%,r and W,%’T when r > 1. For example, the space W}}’r is spanned
by vector fields with incomplete or trimmed polynomials of degree < r as components:
this means that some of the top-degree monomials are removed to satisfy some con-
straints. Most of the existing literature is instead about the new (second family of)
FEs defined in [20]. Indeed, the definition of P is simpler, as P is now a set of vectors
with complete polynomials of degree < r as components (see for example [28], [1] and
[13]). A second difficulty is due to the fact that dofs are not of Lagrange type. The
functionals o; involve integrals along a curve or across a surface, with orientation to
make things more complicated. For the lower degree, dofs are circulations or fluxes of
the considered field, but for higher orders, when r > 1, dofs are moments, that are
integrals over sub-simplices s of the vector z (or of a component of it) against some
test functions using some measure defined over s.

In this work, we consider the set of basis functions for the high order case recently
defined in [25], [9] and show how this choice simplifies the difficulties encountered
with generators and dofs for these spaces. In Section 2, we review the construction of
generators for the spaces W,]f P =0,1,2,3, in a tetrahedron, for the lower order case,
that is » = 1 when p < 3 aI,ld r = 0 for p = 3. We then face the high order case in
Section 3, with the definition of small simplices and subspace generators. In Section 4
the definition of classical dofs by moments is presented and revisited in terms of the new
generators. How to re-establish duality between dofs and generators is commented in
Section 5. This section ends with a number of Examples that detail dofs, generators and
the duality coefficients, for fields in W,I;T for some values of p, r and the ambient space
dimension d, providing a useful indication in view of the implementation. Numerical
evidence on a classical problem of the properties for the considered generators for high
order edge element spaces W,%’T is given in Section 6 and some concluding remarks are

set in Section 7.

2 FE subspaces Wfl’r for the lower polynomial order

In this section, some notations are introduced together with basic concepts about
interpolating scalar and vector fields on simplicial meshes.

Let £2 C R? be a bounded domain with piecewise smooth boundary I". We consider
a simplicial mesh of {2, that is a tessellation of {2 by tetrahedra, subject to the condition
that any two of them may intersect along a common face, edge or node, but in no
other way. We denote by NV, &, F, T (resp. N, E, F, T) the sets (resp. the cardinality

of the sets) of simplices of dimension 0 to 3 (nodes, edges, faces, and tetrahedra,



Fig. 1 The oriented tetrahedron v = {n1,n2,ns3,ns} with oriented p-faces, 0 < p < 3 (left).
The boundary of the face fi = {ni,n3,n2} is 9(f1) = —e1 — es + eg. It can be identified with
the vector (—1,0,0,0,—1,1) collecting the coefficients in front of each edge, first line of the
incidence matrix R for v. The (inner) orientation of entities based on the global numbering of
the vertices defining the entity (right). Here, it is assumed that the vertex ni with the lowest
global numbering is singled out as ‘origin’ vertex for local vectors vi, va, vs.

resp.) thus obtained, and by 7, the mesh itself, with & > 0 standing for the maximal
diameter of the tetrahedra of 7. Note that if a simplex s belongs to the mesh 7y,
all simplices that form the boundary of s also belong to 7,; each simplex appears
only once in 73. Labels n, e, f,v are used for nodes (0-simplices), edges (1-simplices),
etc. The placement of the mesh stands for the function from N to £2, giving for each
node n; its position x; in 2. The tetrahedron v = {n1,n2,n3,n4} is defined as the
nondegenerate convex envelope of four points ny, no, ng, ng in R3, where nondegenerate
means (x2 — X1) X (x3 — x1) - (x4 — x1) different from zero, with x; the position of
n; in R3. Similarly, a p-simplex s, 0 < p < 3, is the nondegenerate convex envelope
of p+ 1 geometrically distinct points n1,...,np41. The points n1,...,np41 are called
vertices of s, and p is the dimension of the p-simplex s, which we shall denote s =
{n1,...,npy1}. Any (p—1)-simplex that is a subset of {n1,...,np41} is called (p—1)-
face of s.

Besides the list of nodes and of their positions, the mesh data structure also contains
incidence matrices, saying which node belongs to which edge, which edge bounds which
face, etc., and there is a notion of (inner) orientation of the simplices to consider. In
short, an edge, face, etc., is not only a two-node, three-node, etc., subset of A/, but such
a set plus an orientation of the simplex it subtends. For example, e = {n;,n;}, where
we assume that n; < m; for simplicity at the implementation step, denotes the edge
that connects the global vertices n; and nj, oriented in such a way that the tangent
vector goes from the vertex m; to the vertex n;. If e = {n;,n;}, the edge {n;,n;}
is referred to as —e. One introduces the so-called incidence numbers e n; = —1,
ae,nj =1, and 8e,n, = 0 for nodes ny other than n; and n;. They form a rectangular
matrix G = (Bem), with E rows and N columns, which describes how edges connect
to nodes. Faces are also oriented, not merely a collection of 3 nodes. For example,
f = {ns,n;,nL}, where we assume that n; < n; < ny, for simplicity, is the face with
the three vertices n;, nj, ny, oriented such that the vectors x; — x;, x; — x;, form
a reference frame in the plane supporting f. An (inner) orientation of f induces an

orientation of its boundary and, with respect to this induced orientation, an edge runs



along or not. One introduces the incidence number ¢ ., as +1 if e runs along the
boundary of f, —1 otherwise, and 0 if e is not one of the edges of f. They form a
rectangular matrix R = (9y,), with F rows and E columns. A matrix D = (9, ),
indexed over 7 and F, is similarly defined: 8, y = £1 if face f bounds tetrahedron v,
the sign depending on whether the orientations of f and of the boundary of v match
or not. This makes sense only after the tetrahedron v itself has been oriented, and
the convention will be that if v = {n;,n;,ng,n;}, the vectors x; — x;, x;, — x;, and
X — X4, in this order, define a positive frame. So, the incidence number 8, ¢ = 1 (resp.
—1) if the normal of the oriented face f is outward (resp. inward). Implicitly, we have
been orienting all nodes the same way, (+1) up to now. By looking at Fig. 1, the three

incidence matrices are

0-11 0
0 10-1 -1 000-1 1
G- 0 01-1 7 R — -1-110 0 O 7 D=(1—11 —1).
-1 00 1 0 011 0-1
-1 10 0 0 101-1 0
-1 01 0

The well-known property of incidence matrices is here recalled.

Proposition 1 DR =0 and RG = 0.

Proof Let e € £ and v € T. Then, by definition of matrix product, (DR)y,e =
Zfe]—‘ 0,707 c. The only nonzero terms are for faces f that both contain the edge e
and bound the volume v, which means that e is an edge of v. There are exactly two
faces f and g of v sharing the edge e. If 8y, = 8, ¢, then their boundaries are oriented
in such a way that e must run along one and counter the other, so 8g,e = =8y ., and
the sum is zero. If 8y, = —8, f, the opposite happens, that is 84, = 9y ., with the

same final result. The proof of RG = 0 is similar.

To make more compact the layout of a formula, the node n = n; can be denoted
as e —n when e = {n;,n;}. The same node becomes f — e when e = {n;,n;} and
f={ni,nj,n} orv— f when v = {n;,n;,n;,nq} and f = {ns,nj,ng}.

We now assign a function or a vector field to all simplices of the mesh. For each
node n € N, we denote by D, the cluster of tetrahedra in 7 which have a vertex at

n. With the node n € N, we associate the continuous, piecewise affine function w"

defined as
n {An(x), x € Dy,
w'(x) =

0, otherwise,

where Ap(x) is the barycentric or volume coordinate of x with respect to n computed
in the tetrahedron of Dy, containing x. By construction, Dy, coincides with the support

of w"™ and ), -\ w"(x) = 1, for all x € Dy. Let us denote Py (v) the vector space



of first order polynomials defined in v: it is generated by the functions w', with n a
vertex of v. One has the nodal FE (K, P, X)) for the approximation of scalar fields in
v with K = v, P =P1(v), ¥ = {on : 2 — 2(xn), n a vertex of v}. Then, W}(L{1 =
span{w”, n € N'} and its functions are continuous over 2. The interpolation operator
H,? Y0 ¢ Hyrad — W,g’l associates a function z € Y with its decomposition on the
w™ defined as ITpz(x) = >onen on(z)w™ (x), for all x € £2.

Next, with the edge e = {n;,n;}, one associates the vector field
W= An, Vn, — A, Vg,

It can be shown (see, e.g., Proposition 2 in [8]) that the w®, varying e among the
edges of v, generate the vector space R(v) = {w € R3 w(x) =a xx+b,ab e
]R3}. One has the edge FE (K, P, X)) for the approximation of vector fields in v with
K=v,P=RW), Y ={ce:2~ Tilfez'te’ e an edge of v}, where te = x; — x;
for e = {n;,n;}. One has Wf},l = span{w®, e € £} and its vectors have tangential
component continuous across the inter-element faces. The interpolation operator I1 }11 :
Y! ¢ Hewri(2) — Wl%,l assigns to a vector z € Y its decomposition on the w®,
defined as I1}z(x) = Y ece Oe(z)we(x), for all x € £2.

Similarly, with the face f = {n;,n;,ny}, one associates the vector field
w! = 2(An; VAn; X VAny, + An; VAn, X VAn; + A, VAn, X VAg,).

It can be shown (see [8], Proposition 2) that the w/, varying f among the faces of v,
generate the vector space D(v) = {w € R?, w(x) = a+bx, a € R?, b € R}. One has
the face FE (K, P, X)) for the approximation of vector fields in v with K = v, P = D(v),
Y={op:z+ ﬁffz ‘ny, f aface of v}, where ny = (x; — x;) x (x —x;)/2 for
f = {ni,nj,n}. One has Wil = span{wf, f € F} and its vectors have normal
component continuous across the inter-element faces. The interpolation operator I }21 :
Y? ¢ Hyin (2) — W}%,l associates a vector z € Y? with its decomposition on the
w/ defined as Tz(x) = Zfe]—' af(z)wf(x)7 for all x € 2. For suitable spaces Y?,
p=0,1,2 and d = 3, see [12].

Last, with the volume v, one associates the scalar field defined as

1
wv(x):{lv7 X Ewv,

0, otherwise,

where [v] = [ 1. One has the volume FE (K, P, X) for the approximation of scalar fields
in v with K =v, P =Py(v), ¥ ={ov: 2+ fv z}. Then, W}iO = span{w”, v € T}
and its functions are discontinuous across the inter-element faces. The interpolation
operator ITp : L?(2) — W,io associates a function z € L2(§2) with its decomposition
on the w" defined as ITj2(x) = 3, 7 0w (2)w" (x), for all x € 2.

As pointed out in [6], the generators of FE subspace W}ZZ’T, p=0,1,2,3, correspond

to constructs in algebraic topology known as Whitney forms [30] (see [8] for a short



presentation). The key aspect of Whitney forms is that they are, at the same time, a tool
to describe manifolds of dimension p by p-chains (formal weighted sum of geometrical
objects of dimension p) and fields defined on these manifolds by p-cochains (applications
which assign a real number to p-chains). The geometrical approach together with all
associated notions (manifolds/chains and their operators, forms/cochains and their
operators, ...) yields an explicit expression of the basis vectors for the vector space P
and makes it possible to fully understand why the expression of these vectors is that
one and not another. The following recursive definition of Whitney p-forms in a simplex

v of lower degree has been firstly stated in [7].

Definition 1 For p = 0, we set w™ = Ay, for all O-simplices n € A. For any integer
0 < p < 3, where 3 is the ambient dimension in §2, the Whitney p-form w® associated

with the p-simplex s of a mesh 7, in 2 is

w® = Z as,a/\sfadwa (1)

oe{(p—1)—simplices}

where 05 5 is the incidence matrix entry linking o to s, w? is the (p—1)-form associated
with o, and d is the exterior derivative operator from (p — 1)-forms to p-forms (which
is related to the boundary operator @ from p-chains to (p — 1)-chains by the Stokes
theorem®: fS dw = fas w, for all p-chains S and (p — 1)-forms w).

The expression of the scalar and vector generators for the FE spaces introduced so
far can be recovered starting from Definition 1. For Wi%,l (v) it is sufficient to replace the
exterior derivative operator d by the gradient operator V. So, for the edge e = {l, m},
the identity w® = ZnEN Oen Ae—ndw” gives w® = N dw™ — )\mdwl, thus the vector
function w® = X\;V Ay — A V. For functions in W;il (v) and W;io(v), some additional

properties are necessary, namely:

(i) dod =0 (related to the fact that 9 o @ = 0);
(ii) d(aw) = daAw+adw, being « a scalar field, w a form and A the exterior product
between forms (see [3] for more details);
(i) *u Atz = %(u x z), where 'u denotes a 1-form, u a 2-form and x is the cross

product between ordinary vectors.

For Wg,l(v), let us consider the tetrahedron v = {k,l, m,n} and its face f = {l, m,n}.
For all the oriented edges e of v that do not constitute the boundary of f, the quantities
9. are 0 whereas for e = {I,m} or {m, n} or {n,l} we have 8 . = 1. In this case, wl =
e e Ap—edw® yields w! = Apd(Ndw™ — Andw') + Nd(Amdw™ — Apdw™) +

L For u € Hgyrqa(£2), Stokes theorem reads: [j(Vu)-tp = w(xn,p) — w(xn, ), for any

oriented curve I' C {2 starting at xp ending at Xn,,, with unit tangent vector tr. For

s
u € Heyr (£2), Stokes theorem reads: fS(VXu)-nS = fas u-tyg, for any oriented surface S C {2
of boundary 85, with outer unit normal ng and unit tangent vector tgs. For u € Hg;, (£2),
Stokes theorem reads: fV V-u= fav u - nyy, for any oriented volume V C (2 of boundary

0V, with outer unit normal ngy .



Amd(Andw! — A\;dw™). Then, using (i) and (ii), we get, for instance, d(\dw™) =
A ddw™ +dX\ Adw™ = d\; AdAm (being w™ = A ). We thus obtain wf = (AndX; A
dAm + N dAm A dAn + AmdAn A dX\p). Finally, using (iii) and replacing d by V, we get
wl = 200 VA X VAm 4+ NVAm X VAn 4+ A VAn x V), ie., the vector function
associated with f. For W,::’)O(v), one gets w' =1/|v|.

On the basis of the recursive formula, it is easy to see that
0 1 1 2 . 2 3
grad(Wp, 1) C W, 1, curl(Wh, 1) C Wi 1, div(Wy 1) C Wi o-

It can also be shown that the value of w" is equal to 1 at x, and 0 at x,, for all
m € N, m # n, the circulation of w® along the edge e is 1 and 0 along ¢’ € £, ¢/ # e,
the flux of w/ across the face fis1and 0 across f’ € F, f' # f, the integral of w over
the tetrahedron v is 1 and 0 over v’ € T, v’ # v. This means that the basis functions
are in duality with the selected dofs. Another way to state the property of duality is by
introducing the matrices of weights, that are square matrices VP, one for each value
of p=10,1,2,3, with entries defined as

(Vo)lj = wnj (xi)7 ni?”j €N7 7‘7] € {17 "'7N}7
(V1) = ﬁ LWt eivej €&, i,j€{l,.,E}
(V2)1J2|T11|ff7 WfJ ‘ng, fl?fj E]:, i,j€{17...7F},
(V3)ij = [, w', v,v; €T, 4,5 €{l,..,T}

When duality holds for a value of p, the corresponding matrix of weights is the identity.
As a consequence of duality and Stokes theorem, if one sets, for example, z = V¢, where

© = nen P(xn)w™ is an element of Wi?,l’ then z € W,;l is expressed as Y ¢ 2eW®,

ecf
with ze = @(x;)—@(x;) if e = {n;,n;}. Now, let (z¢) be the vector of length E collecting
the circulations ze of z along the edges e € £, and (pn) the vector of length N collecting
the values ¢(xr) of ¢ at the nodes n € N. Then, (z¢) = G(¢n) where G is the edge-
to-node incidence matrix, which thus appears as a discrete analogue of the gradient
operator. Similarly, the face-to-edge (resp. volume-to-face) incidence matrix R (resp.
D) appears as a discrete analogue of the curl (resp. divergence) operator. Note that
duality is generally lost when we move to higher order. In the following, we show that,
with the high order generators defined in [25] and field moments as dofs in the style of

those presented in [19], the generator/dof duality is easy to restore.

3 The small p-simplices and Whitney forms of higher degree

Definitions of higher order Whitney forms, that is for » > 1, were firstly presented in
[15], [16], and more recently in [3]. An explicit expression for edge FE basis vectors
on simplices in terms of affine coordinates has been given in [14]. Despite this, the
application of the higher order Whitney forms has not spread out. This makes think

that the expression of these forms is not easy to handle.



Fig. 2 For d = 3 and r = 3, the edges connecting the points of T5(v) (left), the holes in thick
line (center), the small d-simplices in the exploded configuration (right). The small 0-simplices
are nothing else than the nodes of T3(v). Starting from the nodes of T5(v), we may construct
60 small edges, 40 small faces, 10 small tetrahedra.

Adopting a geometrical approach to define higher order Whitney forms we have
to construct a finer description of p-chains in the volume v, 0 < p < d, where d is
the ambient space dimension. This procedure is classically used to define higher order
nodal FEs for scalar fields [10]: it goes through the introduction of the principal lattice

of order r > 1 in the volume v C R?. Tt consists in the set of points

Tr(v):{xev, Aj(x) € {0, l, %, e (T;D, 1}, 1§j§d+1}.

r

We recall that (the proof is by recurrence on d) the cardinality of T5-(v) is equal to
the dimension of P (v), the space of real-valued polynomials defined in Rd, restricted
to the volume v, of degree < r. The functionals o; : z — 2(x;), with x; € Tr(v), are
classically taken as dofs for functions in P (v).

Here, since we deal also with fields whose physical meaning is specified by circula-
tions along curves or fluxes across surfaces or densities in volumes, we need to define
dofs accordingly, even when we consider a high order approximation of those fields. We
have thus to create a sort of principal lattice of edges, faces and volumes in v for r > 1.
This is realized by connecting the points of T (v) with planes parallel to the faces of v,
(as in Fig. 2, left). One thus obtains a partition of v including d-simplices homothetic
to v (the so-called “small” d-simplices, visible in Fig. 2 right) and other objects (the
“holes”, the objects with thick boundary in Fig. 2, center) that can only be octahedra
and reversed tetrahedra when v is a tetrahedron. Any p-simplex, 0 < p < d, belonging
to the boundary of a small d-simplex is called small p-simplex.

To formalize the construction defined right above, we need to introduce multi-index
notations. Let k, boldface, be the array (k1,...,kqy1) of d + 1 integers k; > 0, and
denote by k its weight Zfill k;. The set of multi-indices k with d + 1 components and
of weight k is denoted Z(d + 1, k). We may now state the following definition.

Definition 2 Let us consider the principal lattice 77 (v) of order r > 1 in the simplex

v = {n1,...,ng4+1}. The small simplex {k, s}, with k € Z(d+ 1,r — 1), is a p-simplex



10

parallel and 1/r-homothetic to the (big) p-face s of v, with vertices in Tr(v). It belongs
to the boundary of (if 0 < p < d) or coincides with (if p = d) the small tetrahedron

whose barycenter g has barycentric coordinates

(a1 +K5)
(@) = ST

The barycenters of the small tetrahedra for a degree r > 1 are used to localize

1<j<d+1.

the small p-simplices. As an example, referring to Fig. 2, left and right, where v =

{n1,n2,n3,n4}, one has:

— the small simplex {(1,1,0,0),v} is the small tetrahedron (it has the same dimension
as the simplex in the curled brackets, here v) in the bottom layer, middle position
and touching the edge {n,na2}. Indeed, for the vector (1, 1,0,0)" the barycenter g
of this small tetrahedron verifies

(@)= 550 Mm@ =155 () =15 Anle) = 15

— the small simplex {(0,1,0,1), f = {ni,n2,n4}} is the small face parallel to f

belonging to the small tetrahedron in the middle layer, touching the edge {n2,n4}.

The barycenter g of this latter small tetrahedron verifies

1 1 1 1 1 1
An (8) = 12 An, (8 +5, Ang(g) = 12 Ang(8) = — + 33

) =133 T 1273
— the small simplex {(0,0,2,0),e = {n3,nq}} is the small edge parallel to e belonging
to the small tetrahedron in the bottom layer, corner position and touching the edge
{n3,n4}. The barycenter g of this latter small tetrahedron verifies
An, (8) = %7 Any (8) = %27 Any(8) = %""_;7 An,(8) = T12
The complex of small simplices is not created in the reality, it is drawn to help to

visualize the high order construction. In the following, we adopt the
Definition 3 Given k € Z(d + 1, k), we set AKX = Hfl;rll (Ans )P

Homogeneous polynomials of degree k in barycentric coordinates are in one-to-
one correspondence with polynomials of degree < k in Cartesian coordinates. For this
reason, we can say that Pp(v) = span(Ak)kez(d+17k) on each volume v. We recall
that dim(Py(v)) = (k:d). It will occur, when revisiting dofs for scalar and vector
fields, that we adopt a “simplification” of Definition 3, as detailed here below. Let
s ={n1,...,np 41} be a p/-simplex, 0 < p’ < d, and let ks € Z(p’ + 1, k') be a multi-
index of weight k’. We thus introduce the notation

p'+1
A =TT Ou) . (2)

i=1
For the same reason as before, we can say that Py (s) = span(Aks )k.€Z(p/+1,k) ON €ach
p'-simplex s. Finally, the definition of possible generators for Ws)r(v) in a tetrahedron

v is the one firstly introduced in [25], that we recall here below.
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Definition 4 Whitney p-forms of high orderr =k +1for 0 <p <2, r=Fk forp=3
(where k > 0) in a volume v are the AXw?®, for all pairs {k, s}, with k € Z(d + 1,k)
and s a p-simplex. The w® are the Whitney p-forms on s of polynomial degree 1 for
0<p<2, and 0 for p = 3, as stated in Definition 1.

The generators of W}ZL)’T(’U) are indexed on the basis of the small simplices {k, s}
introduced right above. Thanks to Definition 4, if one makes the list of the small sim-
plices for given k and p, this immediately and explicitly yields the list of all generators
of W}I;’r(v), withr =k +1for 0 <p <2 r =k for p=3. Whitney p-forms of higher
polynomial degree r in v are thus easy to generate. For instance, if 0 < p < 2, for
second order spaces in v, say W}I:Q(v), consider all the products \; w®, where n; € N
and w® € Wf;)l(v). For third or(,ier spaces in v, say W;ZB(U), consider all the prod-
ucts A\jAj w®, where n;,n; € N and w® € Wf;l(v)7 etc. We may thus write that
W,’;T(v) =P _1(v)® Wf;l(v), r>1if0<p<2 and Wﬁr(v) =Prv) ® W}Z;O(v),
r > 0if p = 3. Then, in the scalar/vector formalism, one has to replace, in each product
Mw?® | the form w® by its scalar/vector field, as explained in Section 2, after Definition
1. Elements in W}’;’r enjoy the same conformity properties as those in W}f’l since they
are defined as products between an element in W}IZ ; and the continuous function )\k,
k € Z(d + 1, k). However, the products Aew® gener’ate the spaces W;;T, but don’t ac-
tually constitute a basis as they are not all linearly independent. This result is stated

in [25], Proposition 3.5, that we recall here.

Proposition 2 For any edge e, face f, and tetrahedron v, we have, respectively,

Z Ben Ae—nw" =0, Zaf’e Af—e w® =0, Z Oy f vy w! =0. (3)

neN ecé fer
Proof For the edge e = {n;,n;}, we have (8e,n;) = —1, (9e,n;) = 1 and 0 otherwise.
Therefore, we get —)\nj An; + An; )\nj = 0, for the definition of w™. To prove the second
identity, we replace w® by its expression given in (1) and we get > _ O Af_w® =
Zme Af—ere—n Of c Oen dw™ = 0 since (84,6)(Be,n) = 0 and, for a fixed n vertex of
[y Ap—eAe—n is the same for all e in df. The third identity can be proved similarly,
thanks to the fact that (8, f)(8f.) = 0.

Due to relations (3), there exists a combination with nonzero coefficients of the
forms \€w®, with k € Z(d+1,1) and s a p-simplex being 0 < p < 3, that gives zero.
Iterating on the weight k£ of the multi-index k, we have the linear dependency of the
high order generators. Thanks to Proposition 2, one knows which are the redundant
generators. Moreover, these can be easily eliminated from the list of the generators to
come up with a basis for Wf’r as explained in the Examples presented in Section 5.

We now have a look at possible dofs for fields in W,}:’TA Different sets of unisolvent
dofs exist for high order elements: in [24,25] we have analyzed those associated with
the small-simplices. Here, we analyze separately for each value of 0 < p < 3, and in a

vector formalism, the ones referred to as moments (see Def. 6 and 7 in [19] for p = 1, 2).
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4 High order moments for fields in Wf:r('v)

We start with a scalar function z € W;?J,(v), for r > 1. Instead of the classical dofs,
namely the functionals o; : z — z(x;), with x; a node of Tr(v), we adopt new dofs, as
suggested in [18]. This definition is more appropriate to see that the relevant functional
spaces (Hgpqq(v), Heyr1(v), Hygo (v) and L?(v)) and their discrete counterparts W}f)r(v)
are related in the famous commutative diagram by suitable (continuous, discrete and

interpolation) operators.

Definition 5 The dofs for a scalar function z € Wi?,r (v), for r > 1, are the functionals

on:z+— z(n) VneN (4)
Oe: 2+ ﬁfezu Vu€Pr_oe), Vel (5)
af:zHﬁffzq VqeP._3(f), VfeF (6)
O'UZZf—)ﬁva’LU Vw e Pr_yg(v). (7)

The first thing to remark is that in Definition 5 if r < 4, dofs given by (7) are not
used. This is implicitly stated by the fact that it is not possible to define the elements
of P,_4(v) when r < 4, namely polynomials with negative degree. For the same reason,
if r < 3, dofs given by (6) and (7) are not used. If » < 2, dofs given by (5), (6) and
(7) are not used. Note how the polynomials given in Definition 3, together with the
simplification stated in (2), make it easier the computation of dofs (5)-(7). Indeed, we
may replace u € Pr_a(e) in (5) by )\le‘e with ke € Z(p' + 1,7 — 2), with p’ = 1 as we
are on the edge e. Similarly, we may take as ¢ € P,_3(f) in (6) the polynomial )\l;f
with ky € Z(p' + 1,7 — 3), with p’ = 2 as we are on the face f. And for w € Pp_4(v)
we may consider the MK of Definition 3 with k € Z(3+1,r —4). We note that

4+ 6 dim(Pr_2(e)) + 4 dim(Pr_3(f)) + dim(Pr_4(v))
= %(r +3)(r+2)(r +1) = dim(P,(v))
is the total number of dofs. Dofs (4)-(7) are W,?)T(v)—unisolvent, for any r > 1, as
proved in [18], Section 5.6 (recall that ng’r(v) is a discrete space for Hgpqq(v))-

Let us move on with the well-known cases p = 1 and p = 2 that we recall in

Definitions 6 and 7, respectively2 .

Definition 6 The dofs for a vector function w € W,%,T(v), for r > 1, are the functionals

Oc: W ﬁfe(w-te)u VuePr_i(e), Ve € E(v) (8)
Uf:w»—>|—)10|ff(w><nf)-q vqe (Pr_o(f)? VfeF) (9)
ov W i [, Wz Vz € (P,_3(v)® (10)

with te (resp. ny) the vector of length |e| (resp. 1), tangent to e (resp. normal to f).

2 Some simple formula which are involved in the definition of dofs. For the tetrahedron v =
{n1,n2,n3,n4}, one has |v| = 4fv A4; for the face f = {n1,n2,n3}, one has |f| = 3|v||VA4l;
for the edge e = {n1,n2}, one has |e| = 6[v||VA3 x V4|, and 6]v|(VA1 X VA2) - VA3 = 1.
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In Section 1.2 of [19] it is proved that dofs (8)-(10) are W,%’T(v)—unisolvent, for any
r > 1. The space W,;T(v) is indeed a discrete counterpart of Heypi(v).

Proposition 3 Let us consider a vector w € Wﬁyr(v) forr > 1. Its moments on faces

given by (9) are equivalent to

of W ﬁ ff(W “tri)a, YgePr_o(f), Vfe F(v),
ts; two independent sides of f, i =1,2. (11)
Proof Any vector q € (P,_o(f))? for the face f = {n;, nj,n;} (with n; < n; <n;) can
be written as a linear combination of the two independent vectors

k k
q1 = )\ff (tf,1 X nf) and qo = /\ff (th2 X nf) (12)

with t¢1 = x; — x4, tg2 = x; — x; two sides defining the face f (as in Fig. 1, right),
ny its normal, k a multi-integer of Z(3,r — 2) and )\l;f defined in simplification (2) of
Definition 3. We use the vector identity

(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c)
to see that

k
(W X nf) -q1 = (W X nf) . )\ff(tﬁl X Ilf)

= N (W tg)(ngng) = (weng)(ng -tg)]

k k
=X [(w - t.)(1) — (wonp)(0)] = A (wtp)
and similarly with q2. The proof ends as P,_o(f) = span()\l;f)kez(gvr_m.

Proposition 4 Let us consider a vector w € Wi%,r (v) for r > 1. Its moments in the

volume given by (10) are equivalent to
Oy @ W ﬁ fv(w ) t'u,i) q, Vg€ Pr—3(v)7
ty,; three independent sides of v, i =1,2,3. (13)

Proof Any vector q € (P,_3(v))? for the volume v = {ny,n2,n3,n4} can be written

as a linear combination of the three independent vectors
k k k
a1 = Ay ty 1, a2 =Ayty2, and qz=Aty3 (14)

where t, ¢y = x¢41 — X1, for £ = 1,2,3, k a multi-integer of Z(3 4 1,r — 3) and 2K
defined in Definition 3. In the definition of the q;, the part )\5 allows to specify the
polynomial degree » — 3 and the polynomial variables (barycentric coordinates w.r.t.

vertices of v), whereas the (constant) t, , determine the vector nature.
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Definition 7 The dofs for a vector function w € W,%’r(v)7 for r > 1, are the functionals

of W ﬁff(w.nf)q VqeP._1(f), VfeEFw) (15)
Ov W ‘%' J,w-z vz e (Pr_2(v))? (16)

with ny the vector of length |f|, normal to the face f.

We refer to Section 1.3 of [19] for a proof that dofs (15)-(16) are Wir(v)-unisolvent,
for any » > 1. We recall that Wi,.(v) is a discrete counterpart of Hg;, (v).

Proposition 5 Let us consider a vector w € W,%T(v) for v > 1. Its moments on the

faces f of v given by (15) are equivalent to

3Jv]
/1

opiw e /f(w-wv_m, VgePi(f), YfEF@W). ()

Proof Let us assume that f = {n1,n2,n3} and v = {n1,n2,n3,nq} (thusv—f = {n4}),
we know that 1/|V 4] is the height of v with respect to f and that V4 has the same
direction as ny. This yields ny = (3|v|)VA4. Note that we may replace ¢ € Pr_1(f)

by )\'l;f with ky € Z(p' + 1,7 — 1), being p’ = 2.

Proposition 6 Let us consider a vector w € W,i,. (v) for r > 1. Its moments in the

volume given by (16) are equivalent to

Oy W ﬁ L,(w-tyi)a, VgeP._(v),
ty,; three independent sides of v, i =1,2,3. (18)
Proof Same proof as the one of Proposition 4, with g € P._2(v).
Definition 8 The dofs for a scalar function w € W,::”T(v), for » > 0, are
oy iw [ wz Vz € Pr(v). (19)

We recall that W,ir(v) is a discrete counterpart of L2 (v). Here is a proof that dofs
(19) are W§7r(v)—unisolvent, for any r > 0.

Proposition 7 Dofs (19) are WS,T(v)—umsolvent, for any r > 0.

Proof We recall that Wi?,r (v) is a finite-dimensional subspace of L2 (v). Let us denote by
{&;}j=1,m a basis of W,‘:’7T(U), where m = dim(W}?;T(v)). We define ¥ = {0, j = 1,m}
the set composed of the following linear forms o : W}ir(”) —R

Uj:w»—>/w£j, Vj=1m.
v

These forms are the ones defined in (19): we have indeed replaced z € Pr(v) by a
function &;, as, by construction (Definition 4, for p = 3) the set {£;}j—1,m spans Pr(v).
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Therefore, card(X) = m = dim(Pr(v)). Let u € W,?m(v) be such that o;(u) = 0, for
all 7 = 1,m. Writing u = 27:1 ci&j, c; € R, we get

m

/Uu2_icj/ugj =Y cjoj(u) =0

j=1 7Y j=1

This yields v = 0 in v.

5 Restoring duality between generators and dofs

Polynomial fitting of a scalar function f at N = r 4+ 1 points x; of a real interval
I in terms of the canonical basis {xifl}izl’wN of Pr(I) reads f(z) =~ Irf(z) =
Zilil a;z' ™t with fy, := f(z) = Irf(z)). The coefficients a; are entries of a, solution
of the Vandermonde linear system Va = f where V},; = x?l. Adopting a basis {t;} for
IP;-(I) (different from the canonical one) and cardinal (or Lagrange) functions ¢;(x) €

IP;-(I) defined by ¢; () = dy; to represent f, we have

o)~ Zugw] Z Fedr(x

Combining these conditions yields the transformations

2

Vu=f and v;(z Z ok (z

where V' is the generalized Vandermonde matrix with entries V;; = 9;(x;). Therefore,
or(z) = Z;V=1 ckj¥; (), where ¢ = (cx1, cra, - cpn)t is the k-th column of VL

The methodology to construct cardinal functions in W}IZ’T is the same as the one
used in the scalar case. The generalized Vandermonde matrix to consider is VP, with
entries (VP);; = o4(w;), for 4,j = 1,m, where m = dim(Wf;T) for a chosen 0 < p <d
and r > 1. The {w;} are a linearly independent subset of the generators given in
Definition 4 and the o; are the moments for fields in W}fr. With high order methods,
it is usual to have dofs not in duality with the basis func7ti0ns, as both sets are chosen
in order to optimize some physical or computational criteria. Here, for » > 1, the
matrix V? is non-singular but different from the identity. Duality can however be re-
established by considering suitable linear combinations of the original generators. We
wish to find coefficients cj,; that give new basis functions wy, = Z;nzl CriWji, k=1m,
such that o;(W;) = ;5. Let us consider a field z € W (v), then

m m
z = E QW4 = E ﬂkwk
J=1 k=1
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for two uniquely defined vectors o = (), 8 = (8;) in R™. By linearity, we obtain
m m
> ajoi(wy) =Y Broi(Wi) =Bi,  Vi=1,m,
j=1 k=1

that is VPa = B3. The identity 8;, = E;nzl ng aj yields

m m m m m
Z ajo = Z(Z szaj) Wk = Z O‘j(z VZ] \Xlk)
j=1 k=1 j=1 j=1 k=1
By identification, we have that
m m
Wj = szj V~Vk = Z(Vp)g’k:‘?vk-
k=1 k=1
It thus results that the coefficients cy; to express the new basis functions wy as a
linear combination of the generators w; are the entries of the k-th column of (V? )L
The interpolation operator H}szr from, respectively, YO ¢ Hyrqa(v) for p = 0,
Y c Heyri(v) for p =1, Y? C Hy;, (v) for p = 2 and L2(v) for p = 3, to W,’;T reads
UZ’TZ(X) =Y " ¢iwi(x), with z and @; being scalar or vector functions, accordingly.
Thanks to duality, the unknown coefficient ¢; associated with the i-th basis function
w; is exactly the value o;(z), resulting from the application of o; on z. We refer to [25]
to see that the commutativity of the diagram involving the functional and the discrete
spaces holds in the high order case. Some nice properties characterize the square matrix

VP of size m which depends on the values of p, r and d.

Property 1 The entries of VP can be computed (on the paper) by combinatorial formula

and do not depend on the metric of the simplex v for which they are calculated.

Dofs are normalized. As an example, for p = 1, the o;(w;) are integrals of terms
as /\kV)\m - te (where A¥ has to be intended as explained in Def. 3, involving the
barycentric coordinates appearing in w; and in the polynomial of the moment o;, and
te stands also for tf;,t, ;). It can be shown that VAp, - te = —1 (resp. +1) if, w.r.t.
the orientation of e, n; is the first (resp. second) endpoint of e, and 0 if n; is not an
endpoint of e; the only terms that remain in the integral are of the type )\k, therefore
0;(w;) can be calculated using the well-known formula (see for instance [23] for a

proof): For any multi-index k € Z(p' + 1, k) and p’-simplex s, p’ > 0, we have
1
H/)\i( = (p)! (k1!k2!...k:p/+1!)/(p/ + k),
S

with )\ls‘ as in (2). This value is clearly independent of the metric of s. The independence
from the metric of the p’-face s of v for which they are calculated means that the entries
of VP can be computed once on a generic volume v and are valid in any other volume
v’ different from v, up to a suitable orientation of the edges and choice of independent
sides in v’. For a quicker and precise calculation, high order quadrature formula [29)

can also be used.
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Property 2 The matriz VP is block triangular (p < 3).

The matrix VP can be written in a block lower triangular form, if dofs, indexing the
rows ¢, and generators, indexing the columns j, are suitably numbered. On the one
hand, dofs can be ordered block-wisely, depending on the dimension p’ of their support
(domain of integration), from the lowest allowed (p’ = p) to the highest one (which
depends also on the degree 7). On the other hand, the set B of generators Mew s (with
s a p-simplex) for W,f’r stated in Definition 4 can be listed, in each volume, as follows:
case (1), those with the barycentric coordinates in A< and w® all associated with all
the vertices of s; case (£), 2 < £ < £, with the upper bound ¢ which depends on 7 and
is limited by the value (d+ 1 — p), those with the barycentric coordinates in M and w*
all associated with all the vertices of a (p + £ — 1)-simplex whose boundary contains s.

Let us denote by p the maximal dimension, allowed by the considered r, of the
domain of integration in the definition of dofs for W,f)r (v). The order we adopt to list
the generators in B thus yields, in each volume, subsets By, p < g < p < d, such
that functions in By are characterized by moments (dofs) equal to 0 on p’-simplices
with p’ < g. Namely, the order we adopt to list the generators in B follows the order
dictated by increasing the dimension of the support of dofs, which is exactly the one
we use to list dofs into blocks. We thus may use a unique array of integers to list (thus
to order) both dofs and generators. Following this order, the matrix VP with entries

(VP);; = 04(w;) is block triangular.
Property 3 Matriz VP is computationally cheap to invert.

Lagrange interpolation on uniformly distributed points is not stable w.r.t the order.
This fact occurs in the present construction since the generators are indexed on the
basis of the FE principal lattice of order r and yields to ill-conditioned matrices V.
In the present case, the blocks on the diagonal of VP are Toeplitz matrices of size,
say, mp > 1, thus invertible in O(mg) operations. Moreover, the matrix VP has a

block-structure that can be defined recursivelyg, depending on d, p and r, as it can

3 Let us consider the square matrices A,,, m > 0, defined recursively as follows:

Ap-1 O
AozA7 Am:(Bml Cm>7 mzl,

where the rectangular matrices By, and the square matrices C,,, m > 1, have entries and
sizes which vary with m. The construction of the square matrix VP of size dim(Wf’T(v)), for
a suitable ordering of the dofs o3 (and thus of the generators w;) depending on d, p and , is
similar, in terms of structure, to that of the matrix A,,. In VP, the starting matrix A is block
diagonal, with diagonal blocks of size m; that are Toeplitz matrices. The difference with A,
is that in the matrix VP, for a fixed p < 3 and d, when we pass from r (m) tor +1 (m+ 1),
we do not have exactly the block A,,_1 but a modified one, say Amfl, with different entries
and larger size. To see this fact, just compare, for example, the matrices V! one would have
for r = 1 and for r = 2 when d = 2. If » = 1, then V! is the identity matrix of size 3 (in
this case, mp = 1). If 7 = 2, the matrix V! is given in Example 2: we may remark that the
block-diagonal part of V! has now size 6 (here, mj = 2) with entries no more equal to 1.
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be seen from the Examples 1,2,3 below. Its inverse can also be computed recursively4.
Moreover, due to the independence of V? from the metric in v, the inverse (Vp)71 has

to be computed only once for all the mesh volumes.
Property 4 The entries of the matrix (Vp)_1 are integer numbers.

This is related to the meaning of the entries of (VP )_1, to the considered generators,
relying on linear combinations of products )\I‘V)\i7 with k a multi-index and A; a
barycentric coordinate, and to the considered moments, integrals over entire simplices
of dimension 0 < p’ < d (with dofs on small-simplices, the entries of (VP)™1 are
not integers, indeed small-simplices are portions of mesh (big) simplices). We recall
the double aspect of Whitney forms, with the considered generators as proxies: the
weights (dofs, here moments) of Whitney forms that allow to represent a p-manifold as
a p-chain (linear combination of p-simplices) are the same as the weights that represent
a p-form by a p-cochain. We are thus looking for the coefficients of linear combinations
of generators, thus of linear combinations of p’-simplices, that make moments on them
be in duality with generators. In other words, we look for p’-chains built on entire p'-
simplices of the volume, not portions of them, such that moments on them applied to
field generators, give 1 or 0. The coefficients in these p’-chains are the entries of (Vp)fl.
Property (iv) is one of the most interesting aspects of the present construction.

In the following examples, we detail dofs and generators for fields in W,’;’T together

with the matrix V? and its inverse for some values of d, p and r.

Ezample 1 [d=2,p=0, r = 2]
Let us consider a face f = {ni,n2,n3}. Dofs {03} for fields z € W,?Q (f) are defined
by relying on Definition 5 and read

{o1(2) = 2(n1), o02(2) = 2(n2), 03(2) = 2z(n3),
4

_ 1 -1 =
o4(2) = Teiz] f€12 7 05(2) = Tezs] f623 z  o6(2) = le1a] fels z}

with t;j = xj —x; and |eij| = |tij| the Riemann measure of the side with vertices ni,
nj. With the set of dofs we may associate a listing array, here [1 1; 2 2; 3 3; 1 2;
2 3; 1 3], if we adopt indices [i i] to refer to oi, i = 1,3, and [1 j] to indicate
the dof involving the integral on the side e;j. The generators {wj} of W}?’z(f) can be
listed by relying on the listing array of dofs: indeed, they are

{w1 =M1, w2 = XX, w3 =2A3)3,
w4 = AA2, w5 =A2A3, we = A1)z},

4 The inverse (A;,)~ L, m > 0, can be defined recursively as follows:

-1 _ — -1 _ (Am—1)71 0
(A ' =A™, (Am) ! = (—(Cm)le(Am_l)l (Cm)1>, m> 1.

The computation of (VP)~1 is algorithmically similar to that of (A,,)~1.
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where Aj stands for Ap;. The matrices (VO and (V)1 read

6 0020 2 1 0 0 0 0 O
06 0220 01 0 0 0 O
11006022 _ 0 0 1 0 0 O

(Vo) =< (V0=
61000100 —-2-2 0 6 0 O
000010 0-2-2 0 6 O
000O0O0T1 -2 0-2 0 0 6

Ezample 2 [d=2,p=1,r =2]
Let us consider a face f = {n1,n2,n3}. Dofs {0} for fields z € W,;Q(f) are defined
by relying on Definition 6 and Proposition 3 for face dofs, with tj2 = x9 — x3 and

t13 = x3 — x1 playing the role of “two independent sides” on that face, and read

{o1(2) = o5 [, (2 t12)A1, 02(2) = 1 [, (2 t12)he,
03(2) = 157 o, (2t ou(@) = o [, (2 t13) s,
05(2) = 11 o, (2 t23)X2,  06(2) = 1 [ (2 t23)As,
07(z):ﬁffz-t127 Ug(z):ﬁffz~t13}.

Right above, |e;j| (resp. |f|) stands for the Riemann measure of the side (resp. face)
with vertices ni, nj (resp. n1, no, n3). With the set of dofs we may associate the
listing array [1 1 2; 21 2; 1 13; 313;223;323;312; 21 3], if we
adopt indices [i i j] (resp. [j i jl) for the dof involving the integral of (.)A\;i (resp.
(.)Aj) on the side eij, and [1 j 1] to indicate the dof involving the integral of z - tj1
on f. The generators {w;} of Wﬁ)2(f) can be listed by relying on the listing array of
dofs: indeed, they are

{wy = )\1w127 wo = )\2w127 w3 = )\1w137 Wy = )\3w137

3 23 12 13
, W =A3wW™, wy=A3w“, wg=Xw "}

w5 = )\2W2
Note that, by following the listing array of dofs, we do not consider the generator
)\1W23, which is indeed redundant, in the sens of Proposition 2, if considered together
with w7 and wg. The matrices (V1)! and (V1)™! read

420000 31 4-2 0 0 0 0 0 0
2 40000 3 2 -2 4 000 0 0 0
004200 1 3 00 4-2 0 0 0 0

(wiy— L]0 02400 231 Gy | 00240000

2|0 000 4 2-1 2 00 00 4-2 0 0
0000 2 4-2 1 00 0 0-2 4 0 0
0000O0GO0 2 1 —4-2 2-2 2 4 8-4
00 000O0GO0 1 2 2-2-4-2-4-2-4 8

Example 3 [d=3,p=2,r =2]
Let us consider the volume v = {nj,na,n3,na}. Dofs {03} for fields in z € W;%’Q(v)
are defined by relying on Definition 7 and Propositions 5, 6, resp., for face and volume
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dofs, and read

{7102) = (7507 Jpaga (22 VM) e, 02(2) = 1757 Sy, (2 A1) Ny
o3(2) = \?z‘:il ff234 z- VA1) Mg, o4(z) = \;szﬂ ff134 z-VI22) A1,
o5(2) = \?1‘;}4‘1\ ff134(z “VA2) A3, o6(z) = |f1|;|1| ff134 z-VA2) A4,
o1(2) = |;1|§4\ ff124 2 VAs) A1, o8(2) = (o [1,, (2 Vs) Ao,
09(2) = i1 Jriaa (2 V23) a10(2) = o [y, (2 V) A,
o11(z) = \;1‘2;\ ff123 (2-V24) Az, o12(2) = |?1|;)3| fflzg z- V) Az,
o13(z) = W [,z ti2, o14(z) = ‘17‘ [,z tis, o15(z) = ﬁ [zt }.

The value | fij1| (resp. |v|) denotes the Riemann measure of the face (resp. volume) with
vertices ni, nj, n1 (resp. ni, na, n3, ng). With the set of dofs we may associate the list-
imgarray [2 2 3 4; 323 4; 4234; 1134; 3134;4134;1124;2
124;4124;1123;2123;3123;1234;2134; 3124]ifwe
adopt indices [1 1 j 1] (resp. [j 1 j 11 or [1 i j 1]) for the dof involving the inte-
gral of (.\)A; (resp. (.)Aj or (.)A1) on the face fij1, and [i j 1 m] to indicate the dofs
involving the integral on v. The generators {w;} of WEQ (v) can be listed by relying

on the listing array of dofs: indeed, they are

{wi=2w? wy=Nw? wy=\w

w4 = /\1w134, w5 = A3w134, wg = /\4w1
Wy = )\1w124, wg = /\2w1247 W9 = AW
Wi = )\1w123, w1l = )\2w123, Wig = A3W
w13 = /\1W234, Wig4 = /\2W134, W15 = A3W

234
34
24
b
123
b
124}

Note that, by following the listing array of dofs, we do not consider the generator
Aaw'23 which is indeed redundant, in the sens of Proposition 2, if considered together
with w13, wis and wis. The matrices (V2)! and (V2)~! read

-0 -5 =5 0 0 0O 0O O O O 0 0 6 12 —6
-5-10 -5 0 0 0O O O O O 0 0 6 6 6

-5 -5—-10 0 0 0 O 0 O 0 0 0 12 6 0

0 0 010 5 5 0 0 0 0 0 0 —6 24-30

0 0 0 5 10 5 0 0 0 0 0 0 —6 24-36

0 0 0 5 5 10 0 0 0 0 0 0-12 24-30

) 0 0 0 0 0 0-10 -5 -5 0 0 0 6 6-30

(V2)t—ﬁ 0 0 0 0 0 0 -5-10-5 0 0 0 6 12-36],

0 0 0 0 0 0 -5-5-10 0 0 0 12 6-30

0 0 0 0 0 0 0 0 010 5 5 24 —6 0

0 0 0 0 0 0 0O O 0 5 10 5 24-12 6

0O 0 0 0 0 0 0 0 0O 5 5 10 24 —6 —6

0O 0 0 0 0 0O 0O 0 0 0 0 0 6 6 0

0O 0 0 0 0 0O 0O 0 0 0 0 0 —6 18—24

0 0 0 0 0 0O 0O 0O 0 0 0 0 6 6-—24
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-18 6 6 0 0 0O O O O O O O O 0 O
6-18 6 0 0 0O O O O O O O 0O 0 O
6 6-18 0 0 0 0O O O O O O 0O 0 O
0 0 018 -6 -6 0 0 0 0 0 O 0 0 O
0 0 0-6 18 -6 0 0 0 0 0 O 0 0 O
0 0 0-6-6 18 0 0 0 0 0 O 0 0 O
0 0 0 0 0 0-18 6 6 0 0 0 0 0 O
(Vv3)~1l = 0 0 0 0 O O 6-18 6 0 0 0 0 0 O
00 0 0 0 0 6 6-18 0 0 0 0 0 O
00 0 0 0O 0 0O O O 18 -6 -6 0 0 O
00 0 0 0 0 0O O O -6 18 —6 0 0 0
00 0 0 0 0 0 0 O —-6-6 18 0 0 0
6 6 12 -6 0 6 —6 0 6-12 —6 —6 10 10 5
6 0 -6 -6 -6-12 0 6 —6 6 12 6 —5 5 0
0 -6 6 0-6 6 6 6 12 —6 —6-12 5 —5—5

Ezample 4 [d=3,p=3,r=1]
Let us consider the volume v = {n1,n2,n3,na}. Dofs {03} for fields z € W,f”l(v) are
defined by relying on Definition 8, and read

{o1(2) = [, 221, o02(2) = [, 2ha, 03(2) = [ 2X3, ou(z) = [ 2Ma}-
With the set of dofs we may associate the listing array [1 1 2 3 4; 2 1 2 3 4; 3
1234; 4123 4] if we adopt indices [i i j 1 m] (vesp., [j i j 1 m], [1 i j
1 ml, mi j 1 m]) to indicate the dof involving the integral of zA; (resp., zAj, zA1,
zAm) on the volume v. The generators {wj} of W,il(v) can be listed by relying on the

listing array of dofs: indeed, they are

{wy = Aw?, wy =Xw’, wz=Azw", ws=w"}.

The matrices (V3)! and (V3)~! read

2 1 1 1 16 —4 —4 —4
(Vg)t:i 1 2 1 1 (V1 = 4 16 —4 —4
201 1 2 1]’ —4 —4 16 —4

11 1 2 —4 —4 —4 16

6 Numerical results for high order edge elements

In this section, we test the performances of the proposed high order edge elements, by
solving a simple but delicate problem of the empty cavity resonator in two dimensions.
Given a bounded domain 2 € R? with connected boundary I', we seek scalars w? and

non-trivial (i.e. not identically zero) electric fields u satisfying
V x (%V xu) —w?eu=0 in 2,
V.-(eu) =0 in £2, (20)
t-u=0 on I
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w? degree 1  degree 2 degree 3  degree 4

1.00 1.98 4.02 5.78 7.78
1.00 2.08 4.00 5.96 7.45
2.00 1.93 3.96 5.97 7.96
4.00 1.99 3.87 5.90 7.97
4.00 1.97 3.87 5.91 7.97
5.00 1.97 3.87 5.87 7.93
5.00 1.88 3.92 5.94 7.95
8.00 1.36 3.85 5.89 7.91
9.00 1.98 2.59 5.82 7.93
9.00 2.02 3.86 5.86 7.95

Table 1 Computed h-convergence rates for the edge element discretization of polynomial
degree r = 1,2, 3,4 of problem (21).

with € and p the electric permittivity and the magnetic permeability, respectively,
assumed to be real scalar functions satisfying 0 < ex < e < € and 0 < px < pu < p*
almost everywhere on (2. As stated in [4], the variational formulation of problem (20)

reads:

find pairs (w?,u) € R x Heyrt,0(£2), (w?,u) # (0,0), such that : (21)
fQ%quva:oﬂeru-v, Vv € Heyri0(£2),
where Heypi0(£2) = {u € Heyp(£2), t- ur = 0}. Note that both w? and u are
unknowns, as is usual for eigenvalue problems. The discrete problem associated with
(21) is obtained by choosing v € W}, a finite-dimensional subspace of Hcy0(£2).
Here, Wy, = {vp € Heur1,0(92), (Vh)|» € W;i,q(v), Yv € T}, with Wé,r(v) the space
generated by the functions given in Definition 4 (p = 1, » > 1). The considered domain
and parameters are £2 = [0,7]% and € = p = 1. In this case it is easy to find the exact
eigenvalues of problem (20), which are given by 0 # w? = nz—l—mQ7 withn,m=20,1,....
Numerical computations for the Maxwell eigenvalues are based on the use of the routine
DGEGYV of the Lapack library.
The h-convergence analysis for the Maxwell eigenvalue problem is done by a sim-

plicial finite element code based on Whitney edge elements of polynomial degree r =
™ m™ T

120 9°6J"
Table 1 contains the computed rates of the h-convergence curves of the error |w2 — wi|

1,2, 3, 4. We choose structured regular meshes of four different sizes: h € {1%7

for the first ten eigenvalues when edge elements of different polynomial degree r are
used. Convergence with a rate O(h2r) is observed, in agreement with the theoretical
result of Theorems 4.4 and 5.4 in [4]. Fig. 3 and 4 show the log-plots of the error
|w? — w?| as a function of the mesh size h.

We now turn to the r-convergence analysis for the Maxwell eigenvalue problem.
The question is whether or not we achieve exponential convergence when computing

Maxwell eigenvalues w?. That is to say, a bound for the relative error dependent on
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9
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Fig. 3 h-convergence for the error for the first (left) and second (right) order edge element
approximation for Dirichlet boundary conditions.

error

Fig. 4 h-convergence for the error for the third (left) and fourth (right) order edge element
approximation for Dirichlet boundary conditions.

relative error
relative error

Ndof"? Ndof'

Fig. 5 r-convergence for the relative error for the Maxwell eigenvalues on the second mesh
plotted with Ndof!/? (left) and Ndof!/3 (right).

the number of degrees of freedom (Ndof) is given by

_ lw? — ]

5 < C exp(—bNdof?), (22)

w2
where the positive constants C, o and b are independent of Ndof. Estimate (22) was
established in [2] for the discretized electric field on two-dimensional polygonal domains

where o = 1/2 when the solution is smooth and o = 1/3 when the solution is singular
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(see also [11] for a large variety of numerical tests). In the computation of Maxwell
eigenvalues for the considered case, numerical results by the proposed method show an
exponential rate of convergence with respect to the approximation polynomial degree
r. We report in (23) the computed values for the constant « appearing in the bound
(22) when the approximated Maxwell eigenvalues wj, are computed by the proposed

edge elements of degree r = 1,2, 3,4 on the second mesh (h = 5):

w2 1. 1. 2. 4. 4. 5 5 8 9. 9

23
a 0.46 0.74 0.67 0.23 0.23 0.32 0.72 0.73 0.37 0.30 (23)

These values are obtained by means of the so-called Golden Section Search in One
Dimension algorithm [21] applied to minimize over a real interval the quadratic func-
tion F(a) = Zle((é)T — Ce b (Ndofr)™y2 " where (), (resp. Ndof,) denotes the rel-
ative error on w? (resp. the corresponding Ndof) for the degree r of the edge ele-
ment approximation. Here we have (Ndofy,...,Ndofy) = (456, 1488, 3096, 5280). The
constants C' and b are computed depending on a by solving the rectangular system
log(0), = log(C)—b (Ndof )%, for r = 1,...,4. To confirm that exponential convergence
has been obtained, a semi-log scale of the relative error for the Maxwell eigenvalues,
obtained using r-refinement on the second mesh, is plotted in Fig. 5 against Ndof®.
We have chosen, for each eigenvalue wg, the theoretical « which is closer to the corre-
sponding computed one given in (23). For example, when considering the eigenvalue 1,
the computed values 0.46 or 0.74 for « are closer to 1/2 than to 1/3. Similarly, for the
eigenvalues 2 (with 0.67), 5 (with 0.32 or 0.72) and 8 (with 0.73) we are closer to 1/2.
In a semi-log scale visualization, we observe that the curves for the eigenvalues 1,2, 5,8
(resp. 4,9) are straight lines as functions of Ndof!/2 (resp. Ndof!/ 3) for approxima-
tion degrees r > 0. The exponential convergence rate predicted by (22) has been thus
obtained.

7 Conclusions and acknowledgements

We have analyzed a friendly and effective way of defining generators and computing
dofs for high order simplicial FEs in computational electromagnetism, with a detailed
look at the first family of Nédélec in H,,,,; and H;,, . If generators are listed by using the
listing array built for dofs, we may avoid redundancies and end up with a basis of the
discrete space. We have shown how it is possible to find new basis functions in duality
with the considered dofs (moments), by considering suitable linear combinations (with
integer coefficients) of the proposed generators. Some examples are given in Section
5, where functions and dofs are listed explicitly. Two points are important. First, the
fact of working with scalar or vector fields expressed only in barycentric coordinates:
it allows to define quantities locally in each tetrahedron of the mesh and to easily solve
problems associated with the (inner) orientation of simplices, at the matrix/vector FE

assembling step. Second, the considered generators are associated with a geometrical
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construction (that of the small p-simplices in each mesh tetrahedron v), in the spirit
of Whitney forms: given one of the generators, we know immediately its “position”
in the field approximation and its support in the mesh. We have presented simple
numerical tests which aim at showing that the proposed basis functions can be used
in practice. Optimal error estimates on the computation of Maxwell eigenvalues for
a square domain are numerically proved. For more involved applications (L-shaped
domains, discontinuous coefficients, 3D concrete problems), the preconditioning issue
is under study. The first author is grateful to the French National Research Agency
(ANR) which finances her PhD in the framework of the project MEDIMAX, ANR-13-
MONU-0012. The second author warmly thanks the CASTOR team at INRIA Sophia-
Antipolis for the delegation in 2015, during which this work was completed, and is
grateful to Alexandre Ern for stimulating conversations on finite elements during his

visits to the Jean-Alexandre Dieudonné Laboratory in Nice.
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