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Abstract

We prove a deviation bound for the maximum of partial sums of functions of a-dependent
sequences as defined in [2]. As a consequence, we extend the Rosenthal inequality of Rio
[16] for a-mixing sequences in the sense of Rosenblatt [18] to the larger class of a-dependent
sequences. Starting from the deviation inequality, we obtain upper bounds for large deviations
and an Holderian invariance principle for the Donsker line. We illustrate our results through the
example of intermittent maps of the interval, which are not a-mixing in the sense of Rosenblatt.

1 Introduction

For stationary a-mixing sequences in the sense of Rosenblatt (see [18]) a Fuk-Nagaev type
inequality has been proved by Rio (see Theorem 6.2 in [16]). This deviation inequality is very
powerful and enables one to prove optimal results for the deviation of partial sums and a sharp
Rosenthal type inequality (see Corollary 6.3 in [16]). The proof uses a blocking technique and
the coupling property of a-mixing coefficients.

Rio’s inequality has been extended to a larger class of dependent sequences in [5]. In that paper,
the authors noticed that one can use a dependency coefficient 7(n) whose definition is perfectly
adapted to the coupling property, in the spirit of Riischendorf [19]. The Fuk-Nagaev inequality
for 7-dependent sequences applies to many non-mixing sequences in the sense of Rosenblatt,
such as contracting Markov chains or causal functions of infinite sequences of independent and
identically distributed (i.i.d.) random variables.

However, although the property of 7-dependency is much less restrictive than a-mixing, it
appears to be not well adapted to most of the usual dynamical systems. The main reason is
that, to prove the Fuk-Nagaev inequality wia blocking 4+ coupling, one needs to control the
dependency between the whole past and the whole future of the sequence. To the best of our
knowledge, this can be done only for a very restricted class of dynamical systems (see Example
4 of Section 7.2 in [0]).

In the present paper, we prove a deviation bound for the maximum of partial sums of functions
of stationary a-dependent sequences as defined in [2]. More precisely, if X = (X} );ez is a strictly



stationary sequence of real-valued random variables, our deviation inequality (see Proposition
5.1) is expressed in terms of a coefficient o x(n) which only controls the dependency between
the past (before time 0) and any variable of the form 1y,<; x;<s where i, j > n. Note that this
coefficient can be exactly computed for the Markov chains associated to the intermittent maps
introduced in [2] (see Subsection 4.1). We shall also describe precisely the class of observables
f(X;) to which our results apply (in particular, this class contains the functions f which are
piecewise monotonic on open intervals with a finite number of branches, under an appropriate
control of the tail of f(X)).

The proof of our deviation inequality still uses a blocking argument, but the coupling part is
now replaced by a martingale approximation followed by an application of the Rosenthal-type
inequality proved in [I4]. The resulting inequality is not of the same kind as the usual Fuk-
Nagaev inequality, but it seems to perform as well in most of the applications. For instance,
it provides a full extension of the Rosenthal inequality of Rio [1(] to the larger class of a-
dependent sequences (see our Theorem 3.1). We also use it to obtain upper bounds for large
deviations and an Holderian invariance principle for the Donsker line. Concerning the Hoélderian
invariance principle, we follow the approach of Giraudo [8], who recently obtained very precise
results for mixing sequences (a-mixing in the sense of Rosenblatt, 7-dependency and p-mixing)
by applying sharp deviation inequalities for the maximum of partial sums.

The paper is organized as follows. In Section 2, we give the notations and definitions which
will be used all along the paper. In Section 3, we present the main consequences of our devia-
tion inequalities: moment bounds in Subsection 3.1, large deviation bounds in Subsection 3.2,
Holderian invariance principles in Subsection 3.3. The application of these results to intermit-
tent maps are given in Section 4.1. In Section 5 our main deviation inequality is stated and
proved. Finally, the proofs of the results of Section 3 are gathered in Section 6.

2 Definitions and notations

Let us start with the notation a,(x) < b, (x), which means that there exists a positive constant
C not depending on n nor x such that a,(z) < Cb,(x), for all positive integers n and all real x.

2.1 Stationary sequences and dependency coefficients

Let (22,.A,P) be a probability space, and T : 2 — Q be a bijective bi-measurable transformation
preserving the probability P. Let Fy be a sub-o-algebra of A satisfying Fo € T~ (Fp).

Let Yy be an Fp-measurable and integrable real-valued random variable with distribution Py;.
Define the stationary sequence Y = (Y;);ez by Y; = Yy o T

Let us now define the dependency coefficients of the sequence (Y;);cz as in [2]. These coefficients
are less restrictive than the usual mixing coefficients of Rosenblatt [15].

Definition 2.1. For any integrable random variable Z, let Z(0) = Z — E(Z). For any random
variable V = (V1,--- ,V;) with values in R¥ and any o-algebra F, let

k k
aF V)= s |E([]Ay<,)®F | ~E [ [Ty<)®
e = joi 1



For the stationary sequence Y = (Y;);ez, let

apy(0) =1/2 and a4 y(n) = max  sup  «a(Fo,(Yi,...,Y;)) for n > 0. (2.1)
’ ’ 1<i<k n<i1<...<g;

Note that o y(n) is then simply given by

a1y (n) = sup IE (1y, <z|Fo) — F(@)|; » (2.2)
re

where F' is the distribution function of Py;.
All the results of the paper involve only the coefficients o x (n) and ag x(n).

2.2 Quantile functions and piecewise monotonic spaces

In this subsection, we describe the functions spaces to which our results apply. Contrary to
the usual mixing case, any function of a stationary a-dependent sequence Y = (Y;);cz is not
necessarily a-dependent (meaning that its dependency coefficients do no necessarily tend to
zero). Hence, we need to impose some constraints on the observables.

The first thing to notice is that, if f is monotonic on some open interval and 0 elsewhere, and
if X = (f(Y;))iez, then for any positive integer k,

ozhx(n) < 2kak,y(n) .

As a consequence, if one can prove a deviation inequality for ), _;Y; with an upper bound
involving the coefficients (v (n))n>0 then it also holds for > ;_; f(Y;), where f is monotonic
on a single interval. In this case, the deviation inequality can be extended by linearity to convex
combinations of such functions. Such classes are described in Definition 2.3 below.

First, we need a uniform control on the tail of our test functions by a given tail function H.

Definition 2.2. A function H from R* to [0, 1] is a tail function if it is non-increasing, right-
continuous and converges to zero at infinity. The quantile function Q = H™' is the generalized
inverse of the tail function H: foru € [0,1], Q(u) =inf{t > 0: H(t) < u} (with the convention
that inf{Q} = oc). For p > 1, we say that Q belongs to LP if fol QP (u)du < 0.

The function spaces are then defined as follows:

Definition 2.3. If ji is a probability measure on R and Q = H=' is an integrable quantile
function, let Mon(Q, u) be the set of functions g which are monotonic on some_open interval
of R and null elsewhere and such that u(|g| > t) < H(t) for any t € RY. Let F(Q,u) be the
closure in L' (i) of the set of functions which can be written as Zle ag fe, where 25:1 lag| <1

and f; belongs to 1\71\0?1(62,,11).

Note that a function belonging to F (Q, ) is allowed to blow up at an infinite number of points.
Note also that any function f with bounded variation (BV) such that |f| < M; and ||df|| < Ma
belongs to the class F(Q, u) for any p and the quantile function Q = M; + 2M, (here ||df|
denotes the variation norm of the signed measure df). Moreover, if a function f is piecewise
monotonic with N branches, then it belongs to F (Q, 1) for the quantile function Q = H~! and
H(t) = u(|f| > t/N). Finally, let us emphasize that there is no requirement on the modulus of
continuity for functions in F (Q, ).



3 Main results for a-dependent sequences

In Proposition 5.1 given in Section 5, we give a general deviation inequality for a-dependent
sequences. In this section, we present some striking applications of this inequality.

We shall use the following notations: for u € [0,1] and k € N*, let

a,;%((u) =min{g € N : a3 y(¢) <u} = Z Lucay v (n) (3.1)
n=0

Note that a1y (n) < asy(n), and consequently o]y < a; -

3.1 Moment inequalities

Our first result is the following Rosenthal-type inequality for the maximum of partial sums of
a-dependent sequences for all powers p > 2.

Theorem 3.1. Let p > 2 and let Q be a quantile function in LP. Let Y = (Y;)iez, where
Yi=Ypo T'. Denote by Py, the distribution of Yy. Let X; = f(Yi) —E(f(Y;)), where f belongs
to F(Q, Py,) and let Sy, =Y p_y Xi. Then

P 1 p/2 1
max |Sk| ) < nP/? (/0 (a7 v (u) A n)QZ(u)du> + n/o (og%((u) An)PLQP(u)du. (3.2)

)

Remark 3.1. Note that Inequality (3.2) can be written as follows:

D " n—1 Oél,Y(k) ) p/2 n—1 ) (XQ’Y(]C)
P p— P
121135{”'5’“' p<<n kzo/o Q*(u)du +nkzo(k+1) /0 QP(u)du. (3.3)

Remark 3.2. Inequality (3.2) is an extension of Rio’s inequality for a-mixing sequences (see
Theorem 6.3 in [10]) to the larger class of a-dependent sequences as defined in (2.1) (with k = 2
for the index of the dependency). Note that Rio’s inequality cannot be applied to the class of
GPM maps described in Subsection 4.1, because the associated Markov chains of such maps are
not a-mixing in the sense of Rosenblatt. Note also that Inequality (3.3) implies in particular
that if p > 2 and

ag v (k) P
Z(k + 1)p/2_1/ QP (u)du < 0o, then max |Sy||| < nP/?.
0 1<k<n
k>0 P
We refer to Section 6.4 in Rio [17] for other possible consequences of Inequality (3.2) (see in
particular Corollary 6.1 in Rio [17]).
3.2 Large deviation inequalities
In this section, we give some upper bounds for the quantity
1
IP’(— max |Sk| 2x> .
n 1<k<n
We shall use the notation
R(u) = ag’%{(u)Q(u) , foruel0,1]. (3.4)



Theorem 3.2. Let Q be a quantile function in L', and let Y;, f, X; and S, be as in Theorem
3.1.

1. Assume that, for p > 2,

1
Supxpl/ Q(u)1R(u)ysadu < co. (3.5)
x>0 0
Then, for p>2, any a € (p—1,p) and any x > 0,
1 1 1
v <E [k 15l 2 a:) < gzt (36)
Forp=2, anya € (1,2), any c € (0,1) and any x > 0,
1 1 1
- > S —— .
P <n 1r§nl?§Xn 9| = x) < nacga(lte) + nx? (3.7)
2. Assume that, for p > 2,
1
/ (ag (w)P1QP(u)du < co. (3.8)
0 b
Then, for any a € (p— 1,p) and any x > 0,
1 1 1
p—2 — > [ T
gn v <n [k 15l 2 m) ST (39)
n

Remark 3.3. We consider here the case where p € (1,2). Let @ be a quantile function in L',
and let Y;, f, X; and S,, be as in Theorem 3.1. Following the proof of Theorem 3.2 and using
Proposition 1 in [3] instead of Inequality (5.1), one can prove that:

1. If (3.5) holds, then for any = > 0,

1
P <— max |Sg| > x> < — . (3.10)
n 1<k<n nP—Llgp
2. If (3.8) holds, then for any = > 0,
1 1
anﬁl[” (— max |Sg| > x> < —. (3.11)
n 1<k<n xP
n>0
We refer to Subsection 4.2 in [2] to see how to apply Proposition 1 in [3] to a-dependent

sequences. Note that in the case p € (1,2), the conditions (3.5) and (3.8) can be slightly

weakened by replacing o,y (u) by ajy (u) in the definition of R(u).

Remark 3.4. Since 2 1,5, < (R(u))P~!, we see that the condition (3.8) is stronger than
(3.5). Note also that (3.8) is equivalent to

[e.e]

CVQ’Y(]C)
> (k+ 1)?2/ QP (u)du < .
0

k=0
From (3.6), (3.7) and (3.10), it follows that, for any = > 0 and any p > 1,

P(max |Sk| > nw) :O< 1_1> .
1<k<n np

From (3.9) and (3.11), it follows that, for any = > 0 and any p > 1,

1
P (éﬂéigxn |Sk| > nw) =0 <nl’—1> . (3.12)




Remark 3.5. Let m be a non-negative integer. As usual, the stationary sequence X is m-
dependent if o(X;,7 < 0) is independent of o(X;,i > m + 1), and m = 0 corresponds to the
case of i.i.d random variables. If X is a stationary m-dependent sequence of centered random
variables, we infer from Theorem 3.2 (resp. Remark 3.3) that (3.6)-(3.7) (resp. (3.10)) holds
for p > 2 (resp. for p € (1,2)) as soon as

su%xpflE(]Xollmobm) < 00. (3.13)
r>

Since p > 1, It is easy to see that (3.13) is equivalent to

sup 2P(| Xo| > x) < o0,
x>0

meaning that Xy has a weak moment of order p. In the same way, (3.9) (resp. (3.11)) holds
for p > 2 (resp. for p € (1,2)) as soon as E(|Xo|’) < co. In particular, if E(|Xo|P) < oo for
p > 1, then (3.12) holds. Now, according to Proposition 2.6 in [11], the estimate (3.12) cannot
be essentially improved in the i.i.d. case.

3.3 Holderian invariance principles

Let Y;, f, X; and S, be as in Theorem 3.1, and define

Wh(t) = %SW} + WXW}H.
From [2] we know that, if
/1 ai%{(u)Qz(u)du < 00, (3.14)
then the process {W,(t),t € [0, 1]}Oconverges in distribution in the space C([0,1],] - |loc) of
continuous bounded function on [0, 1] to ¢ W, where W is a standard Brownian motion and
0% = Var(Xo) +2) _ Cov(Xo, X}) . (3.15)
k>0

For 8 € (0,1], let Hz([0,1]) be the Banach space of 5-Hélder functions from [0, 1] — R, endowed
with the norm

[fls = F(O)] + ws(f,1)

£ () = f(s)]
wa(f,x) = sup e e
6( ) s,t€[0,1],[t—s|<=z ’t - S’ﬁ
We denote by 7—[%([0, 1]) the subspace of Hz([0, 1]) of all functions f such that lim, o wg(f,x) =

0. It is well known (see [1]) that 7-[%([0, 1]) is a closed subspace of Hg([0,1]), so that it is a
Banach space (for the norm | -|g), and that it is separable (whereas H3([0,1]) is not).

where

Since the sample paths of the Brownian motion are S-Hélder continuous for any 8 < 1/2, we
may consider W as a random variable taking values in 7-[%([0, 1]), B < 1/2. Tt is therefore
natural to look for sufficient conditions ensuring that the convergence of {W,,(¢),t € [0,1]} to
oW takes place in the space Hg([O, 1]).

In the case of strong mixing sequences in the sense of Rosenblatt, Giraudo [3] recently proved
such an invariance principle under a sharp condition expressed in terms of moments of the
random variables and strong mixing rates. As we shall see, Giraudo’s result can be extended
to a-dependent sequences.



Theorem 3.3. Let ) be an integrable quantile function, and let Y;, f, X; and S, be as in
Theorem 3.1. Assume that, for p > 2,

1
lim mp_l/o Q(u)1Rr)>zdu =0, (3.16)

T—00

where R is defined in (3.4). Let 6 = (1/2)—(1/p). Then the process {W,(t),t € [0,1]} converges
in distribution in HI([0,1]) to oW, where W is a standard Brownian motion and o* is defined
in (3.15).

Remark 3.6. In his paper [3], Giraudo obtains also sharp results for 7-dependent and p-mixing
sequences. In a second paper [9], he also proves Holderian invariance principles for other classes
of stationary sequences via martingale approximations.

Remark 3.7. Applying Markov’s inequality at order p — 1, we see that the condition (3.8)
implies (3.16). In the stationary m-dependent case, we infer from Theorem 3.3 that the process
{W,(t),t € [0,1]} converges in distribution in H$([0,1]) to W as soon as

lim 2”"E(|Xo|1|x>2) = 0. (3.17)

T—00

Since p > 1, It is easy to see (see Remark 2.3 in [3]) that (3.17) is equivalent to
lim zPP(|Xo| > x) =0. (3.18)
T—00

Note that, in the i.i.d. case, the condition (3.18) is necessary and sufficient for the invariance
principle in H3([0,1]) (see [15]).

4 Application to intermittent maps

4.1 Intermittent maps

Let us first recall the definition of the generalized Pomeau-Manneville maps introduced in [2].

Definition 4.1. A map 6 : [0,1] — [0,1] is a generalized Pomeau-Manneville map (or GPM
map) of parameter v € (0,1) if there exist 0 = yp < y1 < -+ < yq = 1 such that, writing

Iy = (Yks Yrv1)s
1. The restriction of 8 to I; admits a C' extension (k) to 1.
2. For k > 1, 0, is C? on I, and lé?zk)] > 1.

3. 0(g) is C* on (0, y1], with 0oy(x) > 1 for z € (0,y1], 0()(0) = 1 and 6 (x) ~ ez when
x — 0, for some ¢ > 0.

4. 60 is topologically transitive.

The third condition ensures that 0 is a neutral fixed point of 6, with 8(z) = x + /27 (1+0o(1))
when x — 0. The fourth condition is necessary to avoid situations where there are several
absolutely continuous invariant measures, or where the neutral fixed point does not belong to
the support of the absolutely continuous invariant measure.



Figure 1: The graph of a GPM map, with d =4

The following well known example of GPM map with only two branches has been introduced
by Liverani, Saussol and Vaienti [12]:

1+2727) ifzxe|0,1/2
oy {02 iz e W
2r — 1 if z € [1/2,1].
As quoted in [2], a GPM map 6 admits a unique invariant absolutely continuous (with respect

to the Lebesgue measure) probability v with density h. Moreover, it is ergodic, has full support,
and z7h(z) is bounded above and below by positive constants.

We shall apply the results of Sections 3.1, 3.2 and 3.3 to the partial sums

Sulf) =D (fo b —v(f) (4.2)

k=1

where 0 is a GPM map, and f belongs to the space F (Q, v) for some integrable quantile function
Q.

To do this, we shall make use of the results of [2]. It is proved in that paper that there exists a
stationary Markov chain Y = (Y;);cz such that, on the probability space ([0, 1], ), the random
vector (6,62,...,0") is distributed as (Y, Yp_1,...,Y1).

In particular, on ([0, 1], v), the partial sum S, (f) defined in (4.2) is distributed as > __; X; with
X; = f(Y;) — v(f). Moreover, since

max |Sk(f)| is distributed as  max
1<k<n 1<k<n

we easily derive that, for any = > 0,

V(max 15(f)] 23:) §P<2 max : 2:6) . (4.3)

1<k<n

From Proposition 1.17 (and the comments right after) in [2], we know that for any positive
integer k, there exist two positive constants C' and D such that, for any n > 0,
< () < ¢
A (e



This control of the coefficients oy, y(n) (for k& = 2), together with Inequality (4.3) and the
control v(|f| > t) < H(t), are all we need to apply the results of Sections 3.1, 3.2 and 3.3 to
the partial sums S, (f).

4.2 Moment bounds for intermittent maps

In this subsection, we shall prove moment inequalities for maxj<g<y, [Sk(f)| when f € F(Q,v)
and Q(u) < u~? for b€ [0,1).

In particular, our results apply to the two simple examples:
1. If f is positive and non increasing on (0, 1), with
C
f(z) < — mnear 0, for some C' >0 and s € [0,1 — ), (4.4)
x
then f belongs to F(Q,v) with Q(u) < w5/~ (meaning that b = s/(1 —~)).

2. If f is positive and non increasing on (0, 1), with

C
(1 —z)°

flz) < near 1, for some C' > 0 and s € [0, 1), (4.5)

then f belongs to F(Q,v) with Q(u) < u~* (meaning that b = s).

e Assume first that p > 2 and b € [0,1/p) in such a way that fol QP (u)du < oo for p > 2. From
(4.3) and Theorem 3.1, we infer that, for any f in F(Q,v),

v {np/z if b < (2-7(p+2)/(2p(1 — 7)) (4.6)

@?é(n 1Sk(F)] » ey +O=DA=PD/Y if b > (2 — y(p +2))/(2p(1 — 7).

e Assume now that p =2 and b € [0,1/2) in such a way that fol Q?(u)du < co. From (4.3) and
Theorem 3.1, we infer that, for any f in ]—N"(Q, v),

2 n if b < (1-27)/(2(1 7))
< 4§ nln(n) ifb=(1-2v)/(2(1 — 7)) (4.7)
2 nGrHO=DA=2)/7 i b > (1= 29)/(2(1 — 7).

max |Sk(f)]

1<k<n

e Assume now that p € (1,2) and b € [0,1/p) in such a way that fol QP (u)du < oo for p < 2.

Applying Remark 8 in [3] (see section 4.2 in [2] for its application to a-dependent sequences)
the following upper bounds hold.

b |7 if b < (1—pv)/(p(1—7))
< q nln(n) if b= (1-py)/(p(1 — 7))
P nPrO=DA=P)/Yif b > (1 —py)/(p(1 — 7).

max [Sk(f)|

1<k<n

Moreover, if b = (1 — pvy)/(p(1 — 7)), Proposition 1 in [3] gives the upper bound

v (s 1540 2 0 ) < 2. (48)

1<k<n



Remark 4.2. When f is a bounded variation function (which corresponds to the case b = 0) all
the rates above are given in Theorem 4.5 of [1], and these rates are optimal (see the discussion
in Section 4.4 of [1]).

Remark 4.3. Let us consider the case where f satisfies (4.4) (in which case b = s/(1 —7)).
In that case, if s = (1 — 2v)/2, the upper bound (4.7) gives that

2
S 1 .
ax |Si(f)] ,<n n(n)
This upper bound is in accordance with a result by Gouézel [10]. He proved that, if f is exactly

of the form f(z) = 2=(=27/2 and @ is the LSV map defined by (4.1), then S, (f)/+/nIn(n)

converges in distribution to a non-degenerate Gaussian random variable.

Now, if s = (1 — py)/p, the upper bound (4.8) holds. This is also in accordance with a result
by Gouézel [10]. He proved that, if f is exactly of the form f(x) = z=(=7")/P and 6 is the LSV
map defined by (4.1), then for any positive real x,

lim v (ﬁ 1S(f)] > m) _P(Z,| > x),

n—oo

where Z), is a p-stable random variable such that lim,_,oc 2PP(|Z,| > z) = ¢ > 0.

4.3 Large deviations for intermittent maps

Let f in F(Q,v) with Q(u) < u~" for some b € [0,1).
e Assume first that v+ b(1 —v) < 1/2, and let p = 1/(y +b(1 —)). Applying Inequality (3.6),
we get that, for any a € (p — 1,p) and any z > 0,

1
np—lgp’

1 1
1/(— max [Sk(f)] 233) L ——-+
nex

n 1<k<n

e Assume now that v+b(1—~) = 1/2. Applying Inequality (3.7) we get that, for any a € (1,2),
any ¢ € (0,1) and any z > 0,

1 1 1
v (g max |54(/)] > ) € gl T gt

e Assume now that v+ b(1 —~v) € (1/2,1), and let p =1/(v+b(1 —~)). Applying (4.8), we get
that, for any = > 0,

I/(l max |Sk(f)| 2:6) < !

n 1<k<n nP—1lpp”

Remark 4.4. Let b € [0,1) and p = 1/(y 4+ b(1 — 7)). From the preceeding upper bounds, we
infer that there exists a function fj , from R to R* such that for any z > 0,

v (l max |Si(f)| > x) < fb%fxl). (4.9)

n 1<k<n n

Moreover sup,... 2? fy () < oo for any € > 0.

10



Remark 4.5. When f is a bounded variation function (which corresponds to the case b = 0),
we obtain from (4.9) that, for any = > 0,

v <l max |Sk(f)| > x) < M. (4.10)

n 1<k<n nd="/v

Note that the upper bound (4.10) (with S,(f) instead of the maximum) has been already
obtained by Melbourne ([13], Example 1.6) when 6 is the LSV map defined by (4.1) and f
is Holder continuous (as a consequence of a very general result on slowly mixing dynamical
system). In that case, the bound is optimal (see again Example 1.6 in [13]).

4.4 Holderian invariance principles for intermittent maps

Assume now that f belongs to F(Q,v) for some Q such that Q(u) < ule(u), where b € (0,1)
and ¢ is a bounded function such that e(u) — 0 as u — 0.

In particular, our results apply to the two simple examples:

1. If f is positive and non increasing on (0, 1), with

e(x)

f(z) < near 0, for some s € [0,1 —7), (4.11)

xS
then the assumption on @ is satisfied with b = s/(1 — 7).
2. If f is positive and non increasing on (0, 1), with

e(1—x)

flz) < L near 1, for some s € [0, 1), (4.12)

then the assumption on @ is satisfied with b = s.

Let then
L (nt — [nt)

Assume that v + b(1 — ) < 1/2, and let § = (1/2) —~v — b(1 — ). Applying Theorem 3.3,
we infer that, on the probabilty space ([0,1],v), the process {W,(f,t),t € [0,1]} converges in
distribution in HY([0,1]) to o(f)W, where W is a standard Brownian motion and

W (f,t) = fognt+t,

() = v ((F = v +2 3 v ((F v foTH) .

k>0

Remark 4.6. When f is a bounded variation function and v < 1/2, we infer that the process
{Wy(f,t),t €[0,1]} converges in distribution in H}([0,1]) to o(f)W, for any § < 1/2 — 1.

5 A deviation inequality for the maximum of partial sums

Recall first that the functions a3 and a5 have been defined in (3.1). Our key deviation
inequality for a-dependent sequences is given below.
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Proposition 5.1. Let Y = (Y;)icz, where Y; = Yy o T'. Denote by Py, the distribution of Yo,
and let Q be a quantile function in L. Let X; = f(Y;)—E(f(Y:)), where f belongs to F(Q, Py,).
Given a positive integer n, define

Ry (u) = <a2_%((u) A n> Q(u), forwuel0,1]

and
Ln(z) = R, Y(z) = inf {u € [0,1] : Ry(u) <z}, forxz>0.

Let S, =Y p_ 1 Xi. Foranyx >0, >2, €lr—2,7] and

1
@) =n [ ek An@ s,

the following deviation bound holds

@) [ I
]P’(max X >m> <<7+—/O Q(u)du + 1+WQ/ RO2(u)Q(u)du

1<k< X

n

1

Remark 5.2. The quantity s2(z) can be bounded as follows:

n—1

o,y (k)
s2(x) < 8% = nZ/ Q*(u)du. (5.2)
k=00

Proof of Proposition 5.1 In all the proof, we shall use the following notation: for any non-
negative random variable V', let Qy be the generalized inverse of the tail function x — P(V > x).

We shall first prove Proposition 5.1 for X; = S>0 | ayfo(Yi) =0, a/E(fo(Y;)), with f, belonging
to Mon(Q, Py,) and S5 as| < 1. Let

v = Ly(xz) and M = Q(v). (5.3)

Since apy(0) = 1/2, it follows that v € [0,1/2]. Note first that if v = 1/2, then by using
Markov’s inequality, we derive

2
P max |81l > @) < ZEerr ;m\ZEmYk ”Zm\/ Qi)

/Q du<—/1/2 _dn (x)Q(u)du,

T Jo
which then proves the proposition in case where v = 1/2.

Therefore, we can assume in the rest of the proof that v < 1/2. We then set gar(y) = (yA M)V
(—M) where M is defined in (5.3), and, for any ¢ € Z and any ¢ > 1, we define

Y/ =gmo fo(Yi) —E(gar o fo(Yi)) and Y]y, = fu(Vi) = E(fo(Y2)) — Y,

Then, for any i € Z, we set

L
X/ => aY/, and X/=X;-X].

12



Let ¢ = min{k € N : ap vy (k) < v} An where v in defined in (5.3). Since R,, is right-continuous
and non-increasing, we have R, (L,(w)) < w for any w, hence

gM = R, (v) = R, (Ly(z)) < x. (5.4)

Assume first that ¢ = n. Bounding X by 2M, we obtain maxi<g<y, |Sk| < 2¢M + >, |X}].
Taking into account (5.4) this gives

1 n
> < . "
P (180 2 80) < o > B

Writing par(z) = (Jx| — M) 4, we have

ZE|X| <22|az|zE om (fe(Yr))) -
=

But Qg 1) < Q)rvi) Lo, < Q1o Consequently

Ln ()
ZE|X| <zz|ag|z/ Q1w (1 du<2n/ Q(u du<2n/ Qu)du, (5.5)
(=1

where for the last inequality we have used that u < v <= Q(v) < Q(u). We derive that

Ly ()
P < max |Sk| > 8x> < 2/ Q(uw)du,
T Jo

1<k<n

which proves the result in case where ¢ = n.

From now on, we assume that ¢ < n. Therefore ¢ = min{k € N : asy(k) < v} and then
a2v(q) < v. Recall also that since v is assumed to be strictly less than 1/2 then ¢ > 1. For
any integer ¢, define the random variables

-
k=(i—1)q+1
Consider now the o-algebras G; = F;; and define the variables U; as follows:
Usi—1 = Uzi—1 — E(U2i—1/Ga(;_1)-1) and  Us; = Us; — E(Usi|Goi—1)) -
The following inequality is then valid
[n/q]

J
21022' 1<2]m?i<n/q ZUQZ 1 +Z|U U|+Z|X

(See the proof of Inequality (2.2) in [2]). Using (5.5) and (5.4), it follows that
> w)

J
>z | +P
> <1<2] 1<[n/q] Z;

B n Ly (x)
P> 10Tl = n . (5
+ 2 U, —Ui| >z | + . /0 Q(u)du. (5.6)

max. |Sk| <2¢gM + max
1<k 2<25<[n/q]

ZJ:U

]P’(max |Sk| >8x> SIP’( max
1<k<n 2<25<[n/q]



Using Markov’s inequality and stationarity, we get

[n/dq] [n/Q]
Z‘U Uil = <—ZHEUV ol ZHEX!%Hl-
i=q+1
Now, setting A = sign{E(X/|Fo)},
IE(X]|Fo)lli = E((A—-EA)X ZazE A—EA)(gm o fo(Yi) —Egn o fo(Y7))) -

/=1

Applying Theorem 1.1 in [16], and using the fact that Q|q,,07,(v;)|(u) < Q(u), we derive that

2a(A,gnofe(Yi))
(A~ EA)(gar o fu(¥5) ~ Egas 0 Fi(¥)) <2 [ Quydu,
0
where, for any real-valued random variables A, B,
a(A,B) = sup |Cov(la<s, 1p<t)| .
(s,t)ER2?
Since for all i > ¢,
(A, gm0 fo(Yi)) <2a(AY;) <o,y (i) < agy (i),
we derive
. gy (1)
|E(X]|Fo)||, < 4/0 Q(u)du, (5.7)
which implies
[n/q]
4 az v (q) 4 Ln(x)
Z Ul - U > x| < ?”/ Qu)du < ?" Q(u)du . (5.8)
0 0

Next, by using Markov’s inequality,

1
Uyl >z | <=
Céﬁmd§32 —x>—xr

Note that (UQZ')Z'GZ (resp. (Uzz‘—l)z‘ez) is a stationary sequence of martingale differences with
respect to the filtration (Go;)icz (resp. (Gai—1)iez). By using the Rosenthal inequality given in
[11] (see their Theorem 6), we get

T

J
max Z Uy (5.9)
=1

2<2j<[n/q] |

T

[n/d) k 2\ 6\ ¥
1 -
1/r 1/r
0| = s i | 8 e (35 0) /
B r/2

where § = min(1,1/(r — 2)). Since (Us;)scz is a stationary sequence of martingale differences
with respect to the filtration (Ga;)icz,

(s20) ) - So(ez)
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Moreover,

Eo (U3) < Eo (U3) -

Therefore
E\? k k
Eo (Z 2i> Z IEo (Us) —E (Us;) llrj2 + > _E (Us;)
i=1 g 0=l i=1
By stationarity
k q
> E(Us) =klIS;|5, with )= X].
i=1 i=1
Moreover ~
02|, < 2l1sl,
It follows that
i N S L/, B r/(20)
2B |2 0| <hsilr+ () I+ D Phe | 510

where N
Dig = Z HEO (UZZZ) -k (UZZZ) Hr/2 :
i=1
Notice that

2iq
1B (UF) ~E U, p < D0 IEo(XGX0) —ECGXD,
7 k—(2i71)q+1
2iq

Z > laclam! [Eo(YYi ) = EQT X m)l, s -

¢m=1j k=(2i—1)g+1

Now setting
2-1 .
Z = [Bo(Y] Vi 1) — BOV Vi) sin {Bo (V] YL 1) — B(Y] Y 1)}
we get

[ Eo(Y} Y7 m) — L)1 = E(Z (Bo(Y} Y ) — BV 1))
—E((Z - E(2)Y]Yim) -

From Proposition A.1 and Lemma A.1 in [7], noticing that Q|y,of,(v;)(v) < M, we derive

a/2
B (2~ BZ)Yim) <20 [ Qz(uiu
with & := a(Z, ga o fi(Y}), 90 © fm(Ys)), where for real-valued random variables Z, B, V,

AZBY)= s [E(lz<—P(Z < 9)(ne~P(B < )){lve ~ BV <w)].

15



Applying Hélder’s inequality,

r—2)/r
/ Quz(w)du < (&/2" (/ QL ) — (@D | Zl )

Since
r/2—1

||Z||7"/(7"—2) = HEO(}/}/,ZYIcl,m) - E(ij/,EYk/,m)Hr/z )

we then derive
[Eo(YS Y ) = EQF Yl < 203 (a/2)*"

Now, for all j, k > (2i — 1)q + 1,
a <4a(Z, fo(Y;), fo(Yr)) < 202,y ((20 —q) +1).

So, overall, using the fact that 3¢, |as| < 1 and that oy ((2i — q) + 1) < asy(ig + 1), we get

Dpg <2* QMZZ% (ig +1).
i=1

Let n = (8 — 2)/r and recall that r —2 < § < r. Since n < (r — 2)/r, applying Hélder’s
inequality, we then get

2/r
Dkq<<q2M2k n+(r—2)/ <215/2 1042Y(Zq+1)> )
=1

Since 2§/r > —én + 0(r — 2)/r (indeed —n + (r —2)/r = (r — 8)/r and r — < 2), it follows
that

[n/q] 1 [n/q] 26/r
Z L1+26/r Dg, (qM Z 52 1Oé2 Y(Zq + 1)
k=1 1=1

But, since 2 < a1 (u) <= agv(z) >wu and azy(q) < v (since ¢ < n),

[n/4] [n/d]

Z Zﬂ/2 a2y ZQ+ 1 Z P12 1/ u<a2,Y(iq+1)du
i=1

v 7/
S/O Ziﬁ/z_lli Lozl (u ydu < g~ 5/2/0 (ai%{(u)/\n)ﬁﬂdu.
=1

So, overall,

[n/q] 1 ; 25/
Z REST Dk < (qM)QéquzS/r (/0 (ai%((u) A n)5/2du> ’
k=

which implies that

/g r/(29) i}
" - pd n r —B/2—1 -1 8/2
D —(gM du .
qx” kzl f1+26/r k,q < " (q ) q /0 (OZQ’Y(U) AN TL) U

16



Using the fact that » — /2 —1 > 0 (since 8 < r and r > 2) and (5.4), we infer that
(qM)"q=B/2=1 < g7=B2=1QB/2+1 (1), Moreover, u < v <= Q(v) < Q(u). Therefore

nfal r/(20) .
- pd n ~1 8/2B/2+1
= ;k1+26/ervq <<336/2+1/0 (agy (u) An)"=Q (u)du . (5.11)
We prove now that
Sl < 2 /L”(m)c)( Jdu+ s / Ry/*(u)Q(u)d (5.12)
A A WA @) " w)ku)da . :

Using the stationarity and applying Theorem 2.5(a) in [16], we get

L q L k—1 1/2
150 < 3 el |[S2¥| <3 lerl { 27 ma v, D Eo() (5.9
(=1 i=1 r (=1 - =0 r/2
Setting
k—1 r/2=1 k—1
Wok = Yo, ZEO(Y&) sign § Y, ZEO(Y]'/,z)
i=0 =0
we get
k—1 /2 ko k—1
Yoo ZEo( 0) = Z E (WorYo [Eo(Y],)) = ZE (WorYo e —E(WorYg )9 o fe(Yj)) -
=0 rj2 §=0 j=0

From Proposition A.1 and Lemma A.1 in [7], noticing that Q|g,,07,(v;)|(v) < Q(uVv), we derive

a2
E (WoYg, — E(WorYqe))gum o fe(Y;)) < 4/0 Qwy vy, | (W) Q(u V v)du

&/2
< /O Qv o (W@ V v)du,
where

= S [E((Lwwg vy <o = P(WouYoe < 8)(Lgyop,(vi)<e — Ploar o fo(Y)) < 1))

Now, for any j > 0,

a < 2( 2;11;2 {E((1W0,kY0”Z§s_P(WO,kYO/,€ < 8)) (s, < —P(fe(Y;) <1))| <201y (j) < 200 v () -
s,t)e

It follows that

k—1 r/2 k=1 .1
Yoo Z Eo(Y7,) <38 Z /0 Lucas v () Qo o (W) Q* (u V v)du..
i=0 rj2 =0
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Notice that Y¥~ 1,<q, y (j) = @5y (1) A k. Applying Holder’s inequality, we then get
k=1 1
2 /0 Lucas v () @Wo | (WQ* (uV v)du
=0

1 2/r (r—=2)/r
< ([ @bt nnrmay ) ([ o)

1 2/r k—1
< ( /O (ay% (u )Ak)T/QQ”(uVU)du> ve, S EolY
=0

So, overall,

2/r

<38 (/Ol(aw( ) AK)2QT (u v v)du)

r/2

k—1
Yg0 > Eo(Yiy)
=0

Taking into account this bound in (5.13) and using the fact that S5~ |az| < 1, we derive

1
15117 < (16rq)"/? /O (a5 () A @)"/2Q" (uV v)du.

Since a, Y( u) A q = qlocy<y + (a;%{(u) A n)ly<y<i, the above upper bound gives

v 1
liE < Q)™ /O Qudu+ 2 @M [ (g nn) QA wdu,

v
which proves (5.12) by taking into account (5.4).
We show now that

X

/2 o [Ln(@) r/2
pra THS/HQ <z s (x) + —/ Q(u)du ) (5.14)
0

By stationarity

E(S,)? = 3 (¢ — iDE(XX],).

li|<q

Now, by Inequality (2.5) in [2],
a1,y ([il) )
E(XoX[;) < 4/ Q°(uVv)du,
0

so that

aq Y(z

1
S/ <8q2/ u\/v)du—8q/( L) Aq)Q*(u Vv v)du.
Recall that v = L, (z) and that ¢Q(v) < x, by (5.4). Using in addition the fact that ai%( < ai%(,

we get
1

Ly(z)
E(S)? < 8¢ / (@) A Qe+ 8z /O Q(u)du,

18



=

which proves (5.14).
Starting from (5.9) and taking into account (5.10), (5.11), (5.12) and (5.14), we get

J
P max
<2S2j§[n/q} Z

i=1

Us;

x” x

r Ly (z) Ly ()
> x) <y ﬁ/ Qu)du + 7 / R/ (u)Q(u)du
0 T 0

1
n T
+W/Ln(x) R?(w)Q(u)du. (5.15)

Note that, to deal with the second term on right hand in (5.14), we have used the fact if

n

Ly ()
—/ Q(u)du > 1
0

x

then the bound (5.15) is trivial, and otherwise

Ln(a) r/2 Ln(a)
(g / @(u)du> <2 [ Q.

Obviously the upper bound (5.15) is also valid for the quantity

J
P Ugiy1| > .
<1S2]I£?§["/Q] ; e _x)

Together with (5.6) and (5.8) this completes the proof of the proposition for ¢ < n.

The proposition is proved for any variable X; = f(Y;) — E(f(Y;)) with f = S & agfs and
fe € Mon(Q, Py,), >_ |ag| < 1. Let us explain how it can be extended to F(Q, Py,).

Let f € F(Q,Py,). By definition of F(Q, Py,), there exists f; = S arnger with gg
belonging to Mon(Q, Py,) and Y&, |agz| < 1, and such that f, converges in L'(Py,) to f. Tt
follows that X; ;, = fr.(Y;) —E(f1(Y;)) converges in L! to X; as L tends to infinity. Extracting a
subsequence if necessary, one may also assume that the convergence holds almost surely. Hence,
for any fixed n, Sp, = > p_; X converges almost surely and in L' to S,,.

Let Z,, = maxj<k<p |Sk|. By Beppo-Levi,

P ( max |Sg| > x) = klim P(Z,>z+k ). (5.16)
—00

1<k<n

Let hy, be a continuous function from R to [0, 1], such that hy(t) = 1ift > z+k~1 and hy(t) = 0
if t <. Let Z, 1, = maxi<g<p |Sk,r|. By Fatou’s lemma,

P(Z, >z +k) <E(h(Zy)) < liLmianE(hk(ZmL)) <liminfP(Z, > z) . (5.17)
— 00

L—o0

Now, we have just proved that P (Z, > x) satisfies the upper bound (5.1), uniformly in L.
From (5.16) and (5.17), we infer that P(max; <<y |Sk| > x) satisfies also (5.1), which completes
the proof of Proposition 5.1.
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6 Proofs of the results of Section 3

6.1 Preparatory material
Lemma 6.1. Let p > 1. Assume that (3.5) holds and let b € (0,p — 1) and ¢ > p —1. Then

1 1 1
supxp_l_b/ Rb(u)Q(u)lR(u)>xdu < oo, and supm/O R (u)Q(u)1 gyy<gdu < oo.

x>0 0 x>0 T

Lemma 6.2. Let p > 1. Assume that (3.16) holds and let b € (0,p — 1) and ¢ > p — 1. Then

1 1 1
lim xplb/ Rb(u)Q(u)lR(u)>xdu =0, and lim 7/ R (u)Q(u)1gyy<zdu = 0.
0

z—00 0 z—o00 pc—p+1

Proof. Let Z be a random variable with values in (0, 1), whose distribution has density

u— Qu) = 71@(10 )
fo Q(u)du
Then Condition (3.5) is equivalent to
sg%xp*IP(R(Z) > 1x) < 00 (6.1)
and Condition (3.16) is equivalent to
lim 2P 'P(R(Z) > z) = 0. (6.2)

T—00

In the same way, the first statements of Lemmas 6.1 and 6.2 read respectively

supzP 1 7PE ((R(Z))blR(Z)>m) <oo, and lim 2P~ '7°E ((R(Z))blR(Z)>m) =0. (6.3)

x>0 T—00

Applying Fubini’s theorem, one easily sees that

E <(R(Z))b1R(Z)>x> = 2P(R(Z) > z) + b / T WB(R(Z) > ) du. (6.4)

T

Now, (6.1) combined with (6.4) implies the first part of (6.3), and (6.2) combined with (6.4)
implies the second part of (6.3). This concludes the proofs of the first statements of Lemmas
6.1 and 6.2.

To prove the second statements of Lemmas 6.1 and 6.2, we first note that they are respectively
equivalent to

1 . , 1 .

Applying Fubini’s theorem, one easily sees that
E (R(2))1pz)<z) = c/ uIP(u < R(Z) < x)du < c/ uIP(R(Z) > u)du.  (6.6)
0 0

Now, (6.1) combined with (6.6) implies the first part of (6.5), and (6.2) combined with (6.6)
implies the second part of (6.5). This concludes the proofs of of Lemmas 6.1 and 6.2.
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6.2 Proof of Theorem 3.1

To prove (3.2), it suffices to write

p 00 00
:p/ A < max |Sg| > x) dx < sfﬂ—p/ 2P P ( max |Sk| > :c> dz,
P 0 Sn

max | S|

1<k<n 1<k<n 1<k<n

and to apply Inequality (5.1) with r —2 < 8 < 2p — 2 < r < 2p to bound the last integral. The
result follows by applying Fubini’s theorem.

6.3 Proof of Theorem 3.2

We apply Proposition 5.1 with /2 =a € (p — 1,p) and f € (r — 2,2p — 2).

Proof of Item 1. We start by proving (3.6). Recall that s2 has been defined in (5.2) and that
s2(z) < s2. We have that

a1,y (1)

52 < C(a,Q)n, with C(a,Q) :Z/O Q?(u)du . (6.7)
=0

Since p > 2, the condition (3.5) implies that C'(a, Q) < oo. Inequality (5.1) and Remark 5.2
yield

1
P (ﬁ 1121]3<x |Sk| > $> < ax2a / Q ]-R(u >nzdU

- - B/2
+n5/2x1+5/2/0 R (w)Q(u)1r(w)>nedu
1 ! r/2
+ e || B0 k. (69

From (3.5), we infer that

np— lxp

/ Q lR(u >m:du <

To handle the two last terms on right hand in (6.8), we apply Lemma 6.1. We then infer that

1 ! 1
- - B/2 - -
B2l B/2 /O RY (U)Q(u)lR(u)>mﬁdu < np—Lpp’

1 LA 1
W/o R/ () Q1)1 gy <nadu K vl
and (3.6) follows.

The proof of (3.7) is almost identical. The only difference is about the first term on right hand
n (6.8). This first term is equal to (nx)~2?s2%(nx), and for ¢ € (0, 1), one has

2a(nx)

(nx)2a — nax2a

( / Q(u)R(u) R (u)1 R(u)gmdu>a _

Since p = 2, it follows that [ Q(u)R(u)du < oo, and finally

524 (nx) 1

( )2a nacqya(l+c) ’
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completing the proof of (3.7).

Proof of Item 2. We start from (6.8). Since the series with terms n?~2 and n?=2-(8/2) are
divergent, we obtain by summing in n,

o —
nP—2

1 1
| @ttt < % [ (@5 @)y Qi

n=1

and
o0

np—2 1 -
Znﬁ/leJrﬁ/?/o RO ()Q(u W1R@w)>nadt < _/ O‘2Y (w)P~ QP (u)du
n=1

Since the series with term n?~2-("/2) converges, we obtain by summing in n,

o0 -2

nP 1 1 1
A r/2 L 1
> e ) R s < 5 [0z ()~ @

The proof of Item 2 is now complete.

6.4 Proof of Theorem 3.3

Since p > 2, the condition (3.16) implies (3.14), and the process {W,(t),¢ € [0, 1]} converges in
distribution in the space C([0,1], ]| - [loc) to oW. It remains to prove the tightness in HJ([0, 1]).
We start from the tightness criterion given in [3]: the process {W,,(t),t € [0,1]} is tight in
#H9([0,1]) as soon as, for any € > 0,

[log(nm)]
hm limsupn Z —IP’( max |S;| > 28 1/p> =0, (6.9)

—0 pooco 1<i<2k

where log is the binary logarithm. Applying Proposition 5.1 with s, as in (6.7), r € (2p—2, 2p),
and 8 € (r — 2,2p — 2), we get that

1<i<2k

[log( nn} 4
n Z ( max |S;| > e2"n 1/P> <> ILi(nm), (6.10)

i=1
with
1 [log(nm)]
Li(n,n) < T Z ok(r—p)/p
k=1
(u)lR(u)>62k5n1/P du,
°° n(2p—2-8)/2p /2
13(7%?7) 2k5(2+6 /2 / R 1R(u)>z—:2’€5n1/pdu
k::l

> (2p—2-7)/2p

1
La(n,m) < Z W/o RT/Q(U)Q(“)lR(u>§e2k5nl/Pd“-

Clearly I1(n,n) < n"=P)/P and consequently

lim lim sup I;(n,n) = 0. (6.11)

=0 nooo
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Now

1
I(n,n) < n®=1/P / Q(u)LR(u)y>entivdu,
0

and it follows from (3.16) that

li_>m Ir(n,n) =0. (6.12)
In the same way
1
I3(n,n) < n(2p25)/2p/ R5/2(u)Q(u)1R(u)>m1/pdu. (6.13)
0

Applying Lemma 6.2 with b = 3/2, it follows from (6.13) that

nangO Is(n,n) =0. (6.14)

To control I4(n,n), we first note that, by Lemma 6.2 with ¢ = r/2,

n(2p—2—7")/2p 1 "2 1
okd(247)/2 /0 R (U)Q(u)lR(u)geQMnl/pdu < W )

and

o p@r=2-m)/2p 1 /2
A, e /0 R (w)Q(u) L geuy<earsnt/pd = 0.

Hence, by the dominated convergence theorem,

nangO Iy(n,n) =0. (6.15)

Finally, the tightness follows from (6.9), (6.10), (6.11), (6.12), (6.14) and (6.15). This completes
the proof of Theorem 3.3.
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