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Highlights 

 Instrumented indentation is performed on various metals and alloys. 
 Frame compliance of the instrument is taking into account for accurate measurements. 
 A new relationship between the elastic recovery energy to the total work-of-indentation ratio and the 

applied load to the square of the contact stiffness ratio is proposed. 
 A proportionality factor has been found by both finite elements method and inverse analysis for the 

material presenting an intermediate mechanical behavior. 
 The values of elastic modulus obtained from the new relationship are in a very good agreement with the 

theoretical values given in literature. 
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Abstract 

Elastic modulus of a large variety of materials: low-carbon steel, rolled and rapid prototyping stainless 

steels, aluminum, brass, beta tricalcium phosphate (β-TCP) bioceramic and the TiB2-60% B4C 

composite ceramic were determined by Vickers instrumented indentation tests. A relationship the 

ratio of elastic recovery energy to total work-of-indentation and the product of the maximum applied 

load and the square of the contact stiffness is proposed to assess the elastic modulus of materials. A 

proportionality factor  defining pile-up or sink-in behavior has been validated by both the Finite 

Element (FE) analysis and inverse method for a material presenting an intermediate mechanical 

behavior. Values obtained for elastic modulus agree satisfactorily with theoretical values found in 

literature. The main advantage of the proposed relationship in the determination of the elastic 

modulus is that it does not require the computation of the contact area between the indenter and the 

material which is often at the origin of uncertainties.  

Keywords 

Work-of-indentation; Elastic modulus; Finite Elements analysis method. 

 

1. Introduction. 

Instrumented indentation technique is widely used for the determination of the mechanical 

properties of materials for which many methodologies exist to assess all these properties. From a 

load-displacement curve (Zeng and Chiu, 2001), two distinct methods for calculating hardness and 

elastic modulus can be applied, i.e. the conventional method and work-of-indentation method. From 

a general point of view, the conventional method allows the computation of the hardness from the 

maximum load and a representative contact area between the indenter and the material (Collin et 

al., 2008; Alcala et al., 2000; Bartier et al., 2010) while the elastic modulus is determined from the 
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analysis of the unloading part of the load-displacement curve (Bulychev et al., 1975 ; Loubet et al., 

1984; Doerner and Nix, 1986). The work-of-indentation method bases the mechanical properties 

determination on the energy required to create a unit volume of deformation (Sakai et al., 1993; 

Malzbender et al., 2005). The hardness is then defined by the ratio between the total or plastic work-

of-indentation and the total or the residual impression volume obtained after the complete 

withdrawal of the indenter, while the elastic modulus depends on the hardness to elastic recovery 

energy ratio. Both deformation modes around the indent can occur for Vickers indentation of 

materials. In some cases, there is an upward extrusion of displaced material (pile-up mode). In the 

other situations, there is a tendency for the material to be depressed around the indentation (sink-in 

mode). These phenomena depend on the elastic modulus to the yield stress ratio and on the strain 

hardening exponent of the indented material (Alcala et al., 2000), on the friction coefficient (Mata et 

al., 2004) and on the residual stress into the material (Bolshakov et al., 1996). Usually, the 

conventional method necessitates the knowledge of the deformation mode around the indent as well 

as the contact area between the indenter and the material which must be well-defined for a precise 

determination of the properties. Indeed, the definition of the contact depth is connected to the 

deformation mode, i.e. the methodology of Oliver and Pharr (1992) must be applied when the sink-in 

mode of deformation is observed whereas the methodology of Loubet et al. (1993) is adequate when 

pile-up is formed. Moreover in the two cases, the influence of the tip defect must be taken into 

account for the computation of the contact area. For that, different calibration functions have been 

developed for which their accuracy depends on the scale of measurement. For example, the relation 

of Loubet et al. (1993) that consists in adding the length of the truncated indenter tip to the contact 

depth is applicable for indenter displacements higher than approximately 100 - 200 nm depending on 

the magnitude of the tip defect. On the other hand, the complex polynomial function proposed by 

Oliver and Pharr (1992) which is without any doubt the most precise function is commonly applied in 

nanoindentation with the continuous stiffness measurement mode. An alternative function has been 

proposed by Chicot et al. (2014) to be relevant from 10 nm in-depth with only one fitting parameter 

which is the truncated tip defect length. 

The objective of this paper is to propose an alternative method based on the work-of-indentation 

which does not require the computation of the contact area when the deformation mode around the 

indenter is known. To validate the proposed methodology, instrumented microindentation tests 

using a Vickers indenter were performed on several materials presenting different mechanical 

behaviors: low-carbon steel, rolled and rapid prototyping stainless steels, aluminum, brass, beta 
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tricalcium phosphate (β-TCP) bioceramic and the TiB2-60% B4C composite ceramic. 

 

2. Theoretical background. 

2.1.   Conventional method. 

The general definition of the hardness, H, is the ratio between the maximum load, Pm, and a 

representative area of the contact between the indenter and the material, A:  

A
P

H m             (1) 

Where A can be denoted by AR when considering the true contact area and AC when it 

designates the projected one in the plane of the indented surface.  

 

The reduced elastic modulus ER is calculated from the slope of the unloading part of a load-depth 

curve, 1/C, and the contact area AC by applying the methodology developed by Oliver and Pharr 

(1992) as follows: 

CfT
R

A
1

CC
11

2
E          (2)  

Where β is a corrective factor introduced by Bulychev et al. (1975). A three dimension analysis 

of Vickers indentation performed on various materials ranging a large area of mechanical 

properties (yield stress, work hardening exponent and modulus of elasticity) leads to a value of 

β close to 1.05. γ is a factor depending on the Poisson’s ratio introduced by Hay et al. (1999) to 

consider the elastic radial displacement neglected in the formulation of Sneddon. CT is the total 

compliance taking into account both the compliance of the tested sample and the compliance 

of the load frame of the instrument, Cf. ER includes both the indenter parameters (Ei, i) and  the 

investigated material parameters (E, ) in the following relation: 

i

2
i

2

R E
1

E
1

E
1

          (3) 

 

It can be noted from Eq. (1) and Eq. (2) that for a precise determination of hardness and elastic 

modulus parameters, the contact area must be accurately determined. This is achievable from 

numerical and experimental approaches (Hay et al., 1999). To take into account the influence of the 

tip defect and for indenter displacement higher than a value approximately around 100 - 200 nm, the 

model of Loubet et al. (1993) and confirmed by Troyon and Huang (2006) is consistent enough. 



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

5 
 

Compared to the contact area calculated for a perfect indenter tip, this model only consists in adding 

the length of the truncated indenter tip to the contact indenter displacement: 

2
bcC hh56.24A           (4) 

Where hc is the contact depth and hb the truncation length of the tip defect.  

 

In nanoindentation when using the continuous stiffness measurement mode, Oliver and Pharr (1992) 

suggest the use of the following complex area function: 

128/1
c8

4/1
c3

2/1
c2

1
c1

2
cC hC...hChChCh56.24A     (5) 

Where C1 through C8 are constant fitting parameters. 

 

The leading term describes a perfect pyramidal indenter which can be sometimes also considered as a 

free parameter; the others describe deviations from the conical geometry due to the bluntness of the 

indenter tip. To reduce the number of constants and to provide them a physical meaning, numerous 

contact area functions have been proposed based on polynomials of second degree depending on the 

contact depth (Chicot et al., 2014). To avoid the introduction of fitting parameters or to reduce them, 

Chicot et al. (2014) proposed the following relation: 

22/3

b

c
bcC h

h
2exp1hh56.24A        (6) 

Where hb can be determined by regression analysis of the experimental data or estimated from 

microscopic observations at very high magnifications. 

 

Additionally to take into account the deformation mode around the indent, i.e. the sink-in 

deformation mode or the pile-up deformation mode, the contact depth can be calculated using the 

methodology of Oliver and Pharr (1992) or the methodology of Loubet et al. (1993), respectively. 

According to the methodology, the contact depth is expressed as follows: 

- For sink-in,  Tmmc CP75.0hh         (7a) 

- For pile-up, Tmmc CPh2.1h         (7b) 

Where hm is the maximum indentation depth and Pm the maximum indentation load. CT is the 

total compliance equals to the reciprocal slope of the unloading part of the load-depth curve. 

 

To identify the mode of deformation around the indent, Yetna et al. (2015) have proposed a criterion 
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based on the residual indenter depth to maximum indentation displacement ratio. When this ratio is 

lower than 0.83, the sink-in mode is predominant whereas the pile-up deformation mode occurs 

when this ratio is higher than this limit value of 0.83. 

As a conclusion for obtaining consistent values for the mechanical properties, a rigorous methodology 

must be followed since it is necessary to take into account the frame compliance of the instrument, 

the bluntness of the indenter tip and the deformation mode around the indent because these 

parameters can affect in a great extent the computation of the mechanical properties. Indeed, Alcala 

et al. (2000) mentioned that errors up to 30 % can be introduced in the computation of the contact 

area if the deformation mode is not taken into account. Moreover, when the compliance term is not 

introduced in Eq. (2), the elastic modulus varies as a function of the contact area. If the compliance 

term is considered as a constant value in nanoindentation, this term has been found dependent on 

the indentation conditions in microindentation. Consequently, it must be absolutely determined for 

each series of indentation tests in this range of micro-loads (Chicot et al., 2011). However, even if 

corrections have been carefully made in order to take into account the bluntness of the indenter tip 

(Hochstetter et al., 1999) and the frame compliance (Oliver and Pharr, 2004), the mechanical 

properties can slightly differ in comparison to the theoretical values due to the modes of deformation 

(O’Neil, 1951) which affects the calculation of the contact area. This has motivated this study on the 

determination of the elastic modulus from the work-of-indentation in order to circumvent the 

problems mentioned here-above. 

 

2.2   Work-of-indentation. 

Considering the energetic approach, Stillwell and Tabor (1961) express the hardness as the work-of-

indentation divided by the impression volume. Sakai (1993) specifies this definition accordingly to the 

mechanical behavior of the material. For rigid plastic materials, this is the total hardness, HT, which is 

defined by the total energy, UT, divided by the total volume of the impression, VT. For elastic/plastic 

materials, the author suggested the computation of a plastic hardness, HP, which is defined as the 

plastic work-of-indentation, UP, and the residual impression volume, VP, ratio obtained after the 

complete withdrawal of the indenter. Figure 1 schematically represents the regions of the total work-

of-indentation and the elastic energy on a load-depth curve considered in the calculations. 
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Figure 1.  Identification of the plastic and elastic work-of-indentation on a load-displacement curve 

obtained from instrumented indentation test. 

 

On a load-displacement curve (Fig. 1), a power-law is usually applied for representing the loading and 

the unloading paths (Zeng and Chiu, 2001). The general relationships are respectively given by: 

n
L hBP            (8a) 

m
rU hhDP            (8b) 

Where PL and PU relate to the force of the loading and unloading paths, respectively. B, D, n, m 

and hr are fitting parameters. 

 

Based on these equations, the total work-of-indentation, UT, caused by the indenter in deforming the 

material, is calculated from the whole area under the loading path of a load-displacement curve. UT is 

then defined by the following relation: 

 1n
m

h

0
n

T h
1n

BdhhBU m          (9) 

 

For the computation of the plastic hardness, the plastic work-of-indentation UP is calculated from the 

areal difference between the total work-of-indentation, UT, and the elastic recovery energy, UE, 

corresponding to the area located under the unloading path of the load-displacement curve: 

1m
rm

1n
m

h

h
m

rTETp hh
1m

Dh
1n

BdhhhDUUUU m

r
  (10) 
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For rigid plastic materials, VT is equivalent to the volume of a cone calculated at the maximum 

indentation depth. The half-angle of the equivalent conical indenter for a Vickers indenter is θ = 

70.3°. Thus, VT can be calculated by: 

 3
m

2m
T htan

33
hA

V          (11) 

 

For the computation of the plastic volume VP, Sakai (1993) simply suggested that VP and VT are 

directly proportional to the residual depth, hr, to the maximum depth, hm, ratio as follows: 

 TP VV , with 
m

r
h
h

         (12) 

 

In order to take into account simultaneously the influence of the deformation mode around the 

indent and the influence of the tip defect into the calculation of VT, Tan (2006) proposed to modify 

Eq. (11) by introducing the contact area model of Malzbender et al. (2000), i.e. the truncated length 

of the rounded indenter tip, hb, is added to the indenter displacement, and the maximum depth is 

replaced by the contact indentation depth defined by Oliver and Pharr (1992) or Loubet et al. (1993) 

according to the mode of deformation, sink-in or pile-up, respectively: 

3
bc

2
T hhtan

3
V          (13) 

 

Based on numerical simulations realized between the elastic recovery energy to the total work-of-

indentation ratio and the hardness to the reduced elastic modulus ratio, numerous studies 

(Malzbender, 2005 ; Alkorta et al., 2006 ; Yang et al., 2008 ; Chen and Bull, 2009 ; Yang et al., 2010) 

propose the following linear relationship: 

RT

P

T

E
E
H

U
U

1
U
U

          (14) 

 

The proportionality factor  has been reported as a single value of around 5.0 independently of the 

work-hardening behavior from indentation when it is performed with a conical indenter having a 

half-included angle of 70.3° (Malzbender, 2005 ; Alkorta et al., 2006 ; Yang et al., 2008 ; Chen and 

Bull, 2009 ; Yang et al., 2010). However, FEM (finite element method) achieved by Choi et al. (2004) 

show that  depends on the value of the ratio (UE/UT) as it is clearly visible in Fig. 2. 
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Figure 2.  Relation between UE/UT and H/ER in finite elements analysis (Choi et al., 2004). 

 

It is observed in Figure 2 that the parameter  is equal to 5.17 when (UE/UT) is higher than 

approximately 0.25 whereas it is equal to 7.30 for values of (UE/UT) lower than 0.15. Choi et al. (2004) 

add that this change of the value of  is related to the competitive phenomenon between pile-up 

formation and elastic deflection of the materials.  equals 7.30 when pile-up occurs and it equals 

5.17 for the sink-in deformation mode. Nevertheless, Figure 2 shows no experimental data in the 

middle region, i.e. when (UE/UT) is between 0.15 and 0.25, consequently no information is given to 

estimate the value of  between 7.30 and 5.17. 

 

On the other hand, it is clear that the computation of the reduced modulus from Eq. (14) greatly 

depends on the accuracy of the parameter . Moreover, no clear definition is given about the 

hardness that must be used in this calculation. This is an important point because, for example, Tan 

(2006) found a difference between the hardnesses HT or HP deduced from the work-of-indentation 

and the hardness HIT calculated by the methodology of Oliver and Pharr (1992) with an amplitude 

which seems to be dependent on the mechanical properties of the material. The present work 

proposes to implement a similar approach in order to compare the reduced modulus calculated from 

Eq. (14) to the literature one when the classical hardness, HIT, and the plastic hardness, HP, are 

considered. The plastic hardness HP relates the plastic volume directly proportional to the impression 

volume, VT, proposed by Tan (2006) and the ratio between the residual indentation depth hr and the 

total depth at the maximum load hm as follows: 
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m

r3
bc

2
P

h
h

hh
3

tan

U
HP         (15) 

 

To avoid any confusion in the rest of this work, the reduced modulus in Eq. (14) is denoted as EIT 

when the hardness considered is HIT whilst it is denoted EP when considering HP. 

 

3. Experiments and simulations process. 

3.1   Experiments. 

Instrumented indentation tests have been performed using the CSM2–107 microhardness tester. 

Seven materials presenting different behavior: low-carbon steel, aluminum, brass, beta tricalcium 

phosphate (β-TCP) bioceramic, stainless steel (SS) and rapid prototyping stainless steel (RPSS) and 

ceramic composite TiB2-60% B4C have been tested. The manufacturing conditions and additional 

details on these materials can be found in (Yetna et al., 2015). Vickers indenter was used for each 

sample analysis with maximum loads ranging from 50 mN to 15 N. At least 20 tests were performed in 

this range. In addition, a dwell-time of 15 s was imposed at the maximum applied load according to 

the standard CSM test procedure. Loading and unloading rates (in mN/min) have been set up at twice 

the value of the maximum applied load according to Quinn et al. (2002). The tip defect of the 

indenter was evaluated using the HITACHI field emission scanning electron microscope of type S-4300 

SE/N. The measurement of the tip defect gave 150 nm for the Vickers indenter (Chicot et al., 2013). 

The compliance term of the instrument was determined for each series of indentation test and 

afterwards introduced into the indentation data for obtaining accurate values of the mechanical 

properties. 

 

3.2   Finite Elements Analysis. 

An axisymmetric two-dimensional finite-element model was constructed to simulate the indentation 

response of elastoplastic rapid prototyping stainless steel (RPSS) using the commercial software 

ABAQUS (2003). The material properties used in the simulation have been identified by inverse 

analysis method described in the following section. A total of 9178 nodes and 8876 axisymmetric 

linear quadrilateral elements of type CAX4R were used. A fine mesh near the contact region becoming 

gradually coarser further from the contact region was designed to ensure numerical accuracy (Fig. 3). 

The simulation was performed under friction contact conditions (μ = 0.1) using the large strain 
elastic–plastic feature of the ABAQUS finite element code. The constitutive model of the indented 



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

11 
 

material was taken to follow the well-known J2-associated flow theory with rate-independent 
deformation and isotropic hardening. Yielding occurs according to the Von Mises’s criterion and the 
stress–strain relationship follows the piecewise linear/power-law: 

1

Y

n n n
Y Y

E if

E if          (16) 

Where  is the total strain, is the stress, E is the Young modulus, Y is the yield stress and n is the 
strain hardening exponent. 
 

 
Figure 3.  Finite Element model for Vickers instrumented indentation simulation. 

 

The indenter was modeled as a non-rigid cone of a semi-vertical angle 70.3° with properties 1141 GPa 

and 0.07 for the elastic modulus and Poisson’s ratio, respectively. As it was mentioned previously, the 

indenter tip presents a tip defect hb of 150 nm. Therefore, the cone tip has been modeled as a 

smoothed tip by a sphere of radius, R equals to 4215 nm. A displacement was imposed on the 

indenter, causing it to be pushed into the surface of the material to 2248.2 nm maximum depth to 

simulate the indentation process. The loading and unloading curves were obtained directly from the 

ABAQUS output of the total reaction force in the normal direction on the non-rigid indenter as a 

function of the vertical top indenter displacement. Real contact area was obtained directly from 

ABAQUS output after the unloading step. 

 

3.3   Inverse analysis technique 
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For identifying the work hardening law of the RPSS material, the mode FRONTIER software has been 

used for the inverse analysis calculation. This technique consists in the use of a cost functional to 

quantify the difference between the finite element simulation and the experimental measurements 

in order to find out the required parameters. The proposed method is divided into three stages. First 

the experiment is performed and then modeled by the finite element method using initial mechanical 

values of σy and n which were randomly chosen for the material model (Fig. 4). The initial mechanical 

parameters are implemented in the finite element model using user subroutine UHARD. The simplex 

minimization algorithm is used in order to minimize the difference between the experimental curve 

and the numerical one. The identification problem consists in determining σy and n. Finally, material 

parameters are determined when the minimized value of the cost functional is reached.  

 

 

Figure 4.  Schema of the inverse analysis technique applied to the instrumented indentation test. 

 

The cost functional is written in the following form: 

mh

0
2

numref
m

m
1 dhFF

h
1

R
h

E         (17) 

Where h is indenter displacement, hm is the maximum penetration, Fref is the experimental load 

obtained for the tested material and Fnum is the numerical load obtained with the FE code. 

The calculation stops when one of the convergence criteria is reached. The convergence criterion of 

the inverse analysis calculation is the value of the variation of the cost functional. Whenever this last 

value is lower than 10-8 N2, the calculation stops and it is considered that the computation has 

converged to an optimal solution. 
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4. Results and discussion. 

4.1   Experimental results. 

The load-indenter displacement curves using a Vickers indenter obtained for the aluminum 6061-T6 

are shown in Figure 5 as an example. Note that the same reproducibility during the loading are 

obtained for each tested sample. 

 

 
Figure 5.  Loading-unloading curves obtained from instrumented indentation test using a Vickers 

indenter for aluminum 6061-T6. 

 

The two methodologies of Oliver and Pharr (1992) related to sink-in effect and Loubet et al. (1993) 

for pile-up phenomenon have been applied to the same sets of measurement. The contact area is 

calculated using Eq. (4) and Eqs. (7a and 7b) according to the mode of deformation around the 

indent. The corrective factor  has been calculated for each material. Since the compliance term has 

not a fixed value, the total compliance is plotted versus the inverse of the square root of the contact 

area to determine this term. Indeed accordingly to Eq. (2), a linear representation must be obtained 

between the total compliance and the reciprocal square root of the contact area: 

CR
fT

A
1

E
11

2
CC          (18)  

 

Consequently a linear regression is applied to the experimental data for determining Cf which is the 
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intercept at the origin of the straight line. Note that the reduced modulus is determined from the 

slope of this straight line (Fig. 6). 

From Figure 6, it is perceived that Cf has the same value whatever the use of the relationship due to 

Oliver and Pharr (Cf = 0.042) or due to Loubet et al. (Cf = 0.043). The same result is observed for all the 

tested materials. However as it was expected the value of Cf differs from each set of the tested 

materials. The obtained values which are collected in Table 1 are afterwards introduced in Eq. (2) for 

calculating the reduced modulus. 

 

 
Figure 6.  Contact stiffness of brass in function of the inverse of square root of the contact area for 

Vickers indenter (a, b) indenter following (a) the methodologies of Oliver and Pharr (1992) 

and (b) Loubet et al. (1993). 

 
Table 1. Frame-compliance, Cf in μm/N, the elastic recovery energy to the total work-of-

indentation ratio ,UE/UT , mean values of the depth ratio, ∆, and the deformation mode for 

the tested materials under Vickers instrumented indentation test. 

Materials Cf (μm/N) Mode of 
deformation UE/UT ∆ 

Low-carbon steel 0.003 ± 0.006 Pile-up 0.05  0.02 0.94 ± 0.02 
Brass 0.04 ± 0.015 Pile-up 0.11  0.02 0.90 ± 0.03 

Aluminum 0.2 ± 0.01 Pile-up 0.10  0.01 0.90 ± 0.02 
Stainless Steel 0.49 ± 0.02 Pile-up 0.11  0.02 0.88 ± 0.02 

RPSS 0.12 ± 0.01 --- 0.17  0.02 0.83 ± 0.02 
β-TCP 0.26 ± 0.03 Sink-in 0.47  0.05 0.72 ± 0.01 

TiB2-60% B4C 0.11 ± 0.01 Sink-in 0.52  0.04 0.44 ± 0.1 
 



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

15 
 

In a previous investigation, the authors determined the deformation mode by using a depth criterion 

Δ representing the ratio of the final depth to the corrected maximum indentation depth (Yetna et al., 

2015). It was found that ∆ is greater than 0.83 for materials having only the pile-up deformation 

mode while it is lower than 0.83 for the ones with sink-in and it was suggested that when neither pile-

up nor sink-in are dominant in the deformation mode, ∆ equal to 0.83 could then be considered as a 

criterion to precise the limiting situation between a governing sink–in and a predominant pile-up. A 

summary of the values of  obtained for Vickers indenter are presented in Table 1.  

Following this methodology, it is possible to distinguish the deformation mode as it is indicated in 

Table 1. The knowledge of the deformation mode allows to select the adequate methodology for 

calculating the hardness and the elastic modulus, i.e. the methodology of Oliver and Pharr (1992) for 

sink-in and the methodology of Loubet et al. (1993) for pile-up. In order to compare with the results 

obtained by applying the methodology of Choi et al. (2004), the elastic recovery energy to the total 

work-of-indentation ratio (UE/UT) has been calculated and given in Table 1. As it can be seen, when 

the ratio UE/UT is lower than 0.15, the deformation mode is pile-up whereas for higher values than 

0.25, it is sink-in. This result agrees with the results presented in Fig. 2 due to Choi et al. (2004) and, 

more largely, with the results obtained for Vickers indentation of common materials. Indeed, sink-in is 

commonly observed for high values of (UE/UT) ratio. Contrarily, except for few materials like 

annealed pure metals, pile-up is commonly observed for low values of (UE/UT) ratio. Consequently, it 

can be reasonably assumed that the parameter  mentioned in Eq. (14) takes the value of 7.30 for the 

aluminum, brass, low-carbon steel and the rolled stainless steel samples and the value of 5.17 for the 

two ceramics. In contrast, for the rapid prototyping stainless steel (RPSS) for which no predominant 

deformation mode were observed, it is not possible to select one value compared to the other, i.e. 

5.17 or 7.3, and this is why in the following, it is suggested the use of these two coefficients. 

The elastic reduced modulus of the tested materials is then calculated by applying Eq. (14) 

considering the hardness HIT (by the methodology of Oliver and Pharr) and the plastic hardness HP 

(by work-of-indentation). Table 2 gives the contact hardness HIT and the reduced modulus EIT when 

applying the methodology of Oliver and Pharr and the plastic hardness HP and the elastic modulus EP 

by work-of-indentation. For information, Table 2 also collects the values of the Poisson’s ratio and 

the reduced modulus, ERTh calculated from Eq. (3) using the standard elastic modulus value of the 

tested materials. 
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Table 2.  Contact hardness HIT and reduced modulus EIT, plastic hardness HP and reduced modulus 

EP for the tested materials. The theoretical values of ERth are given for comparison 

(http://www.engineeringtoolbox.com/young-modulus-d_417.html; Yetna et al., 2015; 

Chicot et al., 2013). 

Methodology Oliver and Pharr Work-of-indentation 
 

ERTh 
(GPa) Materials EIT (GPa) HIT (GPa) EP (GPa) HP (GPa) 

Low-carbon steel 192 1.3  207 1.4  0.30  184 
Brass 74 1.2  49 0.8  0.33 102 

Aluminum 96 1.3  88 1.2  0.34 73 
Stainless Steel 207 2.8  192 2.6  0.30 192 
RPSS (  = 7.30) 236 5.5  253 5.9  0.30 165 
RPSS (  = 5.17) 167 5.5  179 5.9  0.30 165 

β-TCP 90 8  191 17  0.30 152 
TiB2-60% B4C 447 45  596 60  0.24 358 

 

From Table 2, it is noted that the elastic modulus is different when it is considered the contact 

hardness HIT with the methodology of Oliver and Pharr or the plastic hardness HP using the work-of-

indentation approach and also it slightly differs from the theoretical values of the elastic modulus. It 

is thought that this discrepancy comes from the definition of the hardness and the influence of the 

tip defect on the computation of the plastic hardness as it is demonstrated in (Chicot et al., 2015). To 

avoid this mismatch in the determination of the elastic modulus, it is suggested expressing the elastic 

energy to total work-of-indentation ratio only as a function of the elastic modulus. 

 

4.2   An improved relation for computing reduced modulus. 

It was mentioned above that the relationship between the elastic recovery energy to the total work-

of-indentation ratio and the hardness to reduced modulus ratio was based on numerical simulations 

under the assumption of perfectly rigid indenter and instrument. From the combination of Eq. (1) and 

Eq. (2), it can be possible to express the hardness as a function of the reduced modulus, the 

maximum applied load and of the two compliance terms, CT and Cf, related to the whole indentation 

system and the instrument frame, respectively, as follows: 

2
R

2
fTmax

22
ECCP

4
H                  (19) 

 

The relationship (19) is very interesting since it allows the computation of the hardness without the 

determination of the contact area which often requires the calibration of the indentation test in order 

to take into account the influence of the tip defect. By introducing Eq. (19) into Eq. (14), the ratio 
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(UE/UT) is expressed only as a function of the reduced modulus and some parameters which can be 

easily deduced from the analysis of the unloading part of a load-depth curve. Finally, it is obtained the 

following equation: 

R
2

fTmax

22

T

P

T

E ECCP
4

U
U

1
U
U

       (20)  

Where  is equal to 1.05.  is only Poisson’s coefficient dependent (Hay et al., 1999).  is equal 

to 5.17 when (UE/UT) is higher than 0.25 and equals to 7.3 when (UE/UT) is lower than 0.15. 

 

For the rapid prototyping stainless steel (RPSS) for which no predominant deformation has been 

observed and for which (UE/UT) is close to the limit value of 0.2, the value of  is undetermined 

according to (Choi et al., 2004). In order to circumvent any arbitrary choice, the microindentation of 

the RPSS material is simulated for determining the exact value of . The material properties used in 

the simulation have been identified by inverse analysis method described in the previous section. 

Table 3 collects the yield stress, Y, and the work-hardening exponent, n, which have been 

determined from an inverse analysis while elastic modulus E and Poisson’s ratio  was taken from the 

literature (Yetna et al., 2015). 
 

Table 3. Mechanical properties of the rapid prototyping stainless steel (RPSS) used in the finite 

elements method analysis, i.e. the elastic modulus E, the Poisson’s ratio , the yield stress 

Y and the work hardening exponent n. 

Material 
Elastic modulus 

E (GPa) 
Poisson’s ratio 

 
Yield stress 

Y (MPa) 
Work-hardening 

Exponent n 
Rapid prototyping stainless steel 175 0.3 540 0.39 

Figure 7 shows the comparison between the experimental load-depth curve and the simulated 

response deduced from finite element simulation obtained for the rapid prototyping stainless steel.  
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Figure 7.  Comparison between the results obtained from the FEM analysis and from the 

experimental analysis of indentation performed on the rapid prototyping stainless steel. 

 

A good agreement was found between the predictive curve by FEM analysis and the experimental 

data. From the load-depth curve obtained numerically, the ratio (UE/UT) and (HIT/EIT) was calculated. 

The results obtained have been resumed in Table 4.  A value of 6.6 was found for the ratio between 

(UE/UT) and (HIT/ER) thus confirming the theory since this value is clearly located between 5.17 and 

7.3. 

 

Table 4.  Reduced elastic modulus, hardness, elastic recovery energy, total work-of-indentation and 

numerical value of the proportionality factor  obtained for the Rapid Prototyping 

Stainless Steel. 

 
Material ER (GPa) HIT (GPa) HIT/ER UE (nJ) UT (nJ) UE/ UT  

Rapid prototyping 
stainless steel 165 5.25 0.032 97 460 0.21 6.6 

 

Finally, Eq. (20) is applied to compute the reduced modulus and afterwards the elastic modulus of the 

tested materials using Eq. (2). Table 5 collects the values of the Poisson’s ratio which is used to 

calculate the corrective coefficient introduced by Hay et al. (1999). The experimental data of the 

elastic recovery energy to the total work-of-indentation ratio (UE/UT) and the product of the 
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maximum applied load and the compliance term (CT-Cf)² are also shown. Finally the coefficient  is 

given according to the value of the ratio (UE/UT) compared to the limit value of 0.2 and the 

deformation mode, that is to say 7.30 when (UE/UT) is lower than 0.15 and 5.17 when (UE/UT) is 

higher than 0.25. Moreover, since the rapid prototyping stainless steel (RPSS) has a critical value 

close to this limit value, the calculated value of the elastic modulus is given for the three different 

conditions of , i.e. 7.3, 5.17 and 6.6 found by finite elements simulation. 

 

Table 5.  Poisson’s ratio , Hay’s corrective factor , elastic to total work ratio (UE/UT), maximum 

load multiplied by the compliance term Pm.(CT-Cf)², factor , elastic modulus calculated 

from Eq. (20) and the theoretical one for the tested materials. 

 

Materials   (UE/UT) Pm.(CT-Cf)² 
(10-6 GPa-1)  

EW 
(GPa) 

Eth. 
(GPa) 

Low-carbon steel 0.30 1.067 0.05  0.02 23 7.30 203 200 
Brass 0.33 1.059 0.11  0.02 90 7.30 104 100 

Aluminum 0.34 1.056 0.10  0.01 120 7.30 69 69 
Stainless Steel 0.30 1.067 0.11  0.02 51 7.30 201 200 

RPSS 0.30 1.097 0.17  0.02 96 7.30 149 175 
RPSS 0.30 1.097 0.17  0.02 96 6.60 168 175 
RPSS 0.30 1.097 0.17  0.02 96 5.17 224 175 
β-TCP 0.30 1.067 0.47  0.05 471 5.17 123 160 

TiB2-60% B4C 0.24 1.076 0.52  0.04 172 5.17 494 490 
 

It is observed that from Eqs. (20) and (2) allow the determination of the values for the elastic 

modulus which are in a very good agreement with the values found in literature. For the rapid 

prototyping stainless steel, it has been considered the three values for  since its value of the ratio 

(UE/UT) is close to the limit value of 0.2. As it was expected, the best result is given for the 

intermediate value of  which has been validated by the Finite Element (FE) simulation. However, it 

was observed a relatively great difference between the elastic modulus determined from Eqs. (20) 

and (2) and the theoretical value for the β-TCP bioceramic. This result can be due to the formation of 

cracks which appear along the diagonals of the indent due to the brittleness of this type of material. 

Figure 8 confirms the existence of cracks in the extension of the diagonals of the indent and the 

chipping along the edges of the indent. 
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Figure 8. Cracks along the diagonals and chipping close to the edges of the indent resulting from 

the Vickers indentation load of 5 N applied into the β-TCP bioceramic (Tricoteaux et al., 

2011). 

 

In addition, according to Table 6 it was found that the elastic modulus thus determined from 

Eqs. (20) and (2) seems to be more accurate than the values found in Yetna et al. (2015) when both 

Oliver and Pharr (1992) and Loubet et al. (1993) methodologies were applied respectively when sink-

in and pile-up mode of deformation occurs. 

 

Table 6.  Elastic modulus calculated from Eqs. (20) and (2), using the methodologies of Oliver and 

Pharr (1992) and Loubet et al. (1993), compared to the theoretical values for the tested 

materials. 

Materials Low-carbon steel Brass Aluminum SS RPSS β-TCP TiB2-60% B4C 

Loubet et al. (1993) 208 92 81 212 157 147 481 

Oliver and Pharr (1992) 257 111 99 258 190 154 514 

Eqs. (20) and (2) 203 104 69 201 168 123 494 

Theoretical values 200 100 69 200 175 160 490 
 

5. Conclusions 

Vickers instrumented indentation tests have been performed on a large variety of materials 

presenting different mechanical behaviors in terms of elastic modulus to hardness ratio and in terms 

of deformation mode (pile-up or sink-in mode). For the determination of the elastic modulus, we 

suggest the application of a relationship where the knowledge of the contact area is not required for 
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the computation. The proposed relationship only takes into account the ratio of elastic recovery 

energy to the total work-of-indentation as well as the maximum load and the total compliance 

corrected with the frame compliance. For the studied materials, the values obtained for elastic 

modulus with the proposed relationship were satisfactory except for the material which began to 

cracking during the indentation process and the results are comparable with the values determined 

by the methodologies of Oliver and Pharr (1992) or Loubet et al. (1993). Concerning the material 

presenting cracks, part of the work-of-indentation is used to create and propagate new surfaces 

owing the cracks along the diagonals of the indent. Consequently, this part of energy is consumed by 

the initiation and propagation of the cracks and then it influences the computation of the elastic 

recovery energy to total work-of-indentation ratio. In addition, the value of the proportionality factor 

of 7.30 for low ratio of energies and 5.17 for higher values was validated and a value of 6.6 was been 

found by a finite elements method analysis for an intermediate value of the ratio of energies between 

0.15 and 0.25. 
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Table 1. Frame-compliance, Cf in μm/N, the elastic recovery energy to the total work-of-

indentation ratio ,UE/UT , mean values of the depth ratio, ∆, and the deformation mode 

for the tested materials under Vickers instrumented indentation test. 

 

Table 2. Contact hardness HIT and reduced modulus EIT, plastic hardness HP and reduced modulus 

EP for the tested materials. The theoretical values of ERth are given for comparison 

(http://www.engineeringtoolbox.com/young-modulus-d_417.html; Yetna et al., 2015; 

Chicot et al., 2013). 

 

Table 3. Mechanical properties of the rapid prototyping stainless steel (RPSS) used in the finite 

elements method analysis, i.e. the elastic modulus E, the Poisson’s ratio , the yield stress 

Y and the work hardening exponent n. 

Table 4. Reduced elastic modulus, hardness, elastic recovery energy, total work-of-indentation and 

numerical value of the proportionality factor  obtained for the Rapid Prototyping 

Stainless Steel. 

 

Table 5. Poisson’s ratio , Hay’s corrective factor , elastic to total work ratio (UE/UT), maximum 

load multiplied by the compliance term Pm.(CT-Cf)², factor , elastic modulus calculated 

from Eq. (20) and the theoretical one for the tested materials. 

 

Table 6. Elastic modulus calculated from Eqs. (20) and (2), using the methodologies of Oliver and 

Pharr (1992) and Loubet et al. (1993), compared to the theoretical values for the tested 

materials. 

 

Table 1. 

Materials Cf (μm/N) 
Mode of 

deformation 
UE/UT ∆ 

Low-carbon steel 0.003 ± 0.006 Pile-up 0.05  0.02 0.94 ± 0.02 
Brass 0.04 ± 0.015 Pile-up 0.11  0.02 0.90 ± 0.03 

Aluminum 0.2 ± 0.01 Pile-up 0.10  0.01 0.90 ± 0.02 
Stainless Steel 0.49 ± 0.02 Pile-up 0.11  0.02 0.88 ± 0.02 

RPSS 0.12 ± 0.01 --- 0.17  0.02 0.83 ± 0.02 
β-TCP 0.26 ± 0.03 Sink-in 0.47  0.05 0.72 ± 0.01 

TiB2-60% B4C 0.11 ± 0.01 Sink-in 0.52  0.04 0.44 ± 0.1 
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Table 2.  

Methodology Oliver and Pharr Work-of-indentation 
 

ERTh 
(GPa) Materials EIT (GPa) HIT (GPa) EP (GPa) HP (GPa) 

Low-carbon steel 192 1.3  207 1.4  0.30  184 
Brass 74 1.2  49 0.8  0.33 102 

Aluminum 96 1.3  88 1.2  0.34 73 
Stainless Steel 207 2.8  192 2.6  0.30 192 
RPSS (  = 7.30) 236 5.5  253 5.9  0.30 165 
RPSS (  = 5.17) 167 5.5  179 5.9  0.30 165 

β-TCP 90 8  191 17  0.30 152 
TiB2-60% B4C 447 45  596 60  0.24 358 

 

Table 3. 

Material 
Elastic modulus 

E (GPa) 
Poisson’s ratio 

 
Yield stress 

Y (MPa) 
Work-hardening 

Exponent n 

Rapid prototyping 
stainless steel 175 0.3 540 0.39 

 

Table 4. 

Material ER (GPa) HIT (GPa) HIT/ER UE (nJ) UT (nJ) UE/ UT  
Rapid prototyping 

stainless steel 165 5.25 0.032 97 460 0.21 6.6 

 
Table 5. 

Materials   (UE/UT) 
Pm.(CT-Cf)² 
(10-6 GPa-1) 

 
EW 

(GPa) 
Eth. 

(GPa) 
Low-carbon steel 0.30 1.067 0.05  0.02 23 7.30 203 200 

Brass 0.33 1.059 0.11  0.02 90 7.30 104 100 
Aluminum 0.34 1.056 0.10  0.01 120 7.30 69 69 

Stainless Steel 0.30 1.067 0.11  0.02 51 7.30 201 200 
RPSS 0.30 1.097 0.17  0.02 96 7.30 149 175 
RPSS 0.30 1.097 0.17  0.02 96 6.60 168 175 
RPSS 0.30 1.097 0.17  0.02 96 5.17 224 175 
β-TCP 0.30 1.067 0.47  0.05 471 5.17 123 160 

TiB2-60% B4C 0.24 1.076 0.52  0.04 172 5.17 494 490 
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Table 6. 

 
 

 

Materials Low-carbon steel Brass Aluminum SS RPSS β-TCP TiB2-60% B4C 

Loubet et al. (1993) 208 92 81 212 157 147 481 

Oliver and Pharr (1992) 257 111 99 258 190 154 514 

Eqs. (20) and (2) 203 104 69 201 168 123 494 

Theoretical values 200 100 69 200 175 160 490 


