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STABILITY RESULT FOR ELLIPTIC INVERSE PERIODIC COEFFICIENT
PROBLEM BY PARTIAL DIRICHLET-TO-NEUMANN MAP

MOURAD CHOULLI, YAVAR KIAN, ERIC SOCCORSI

ABSTRACT. We study the inverse problem of identifying a periodic potential perturbation of the Dirichlet
Laplacian acting in an infinite cylindrical domain, whose cross section is assumed to be bounded. We prove
log-log stable determination of the potential with respect to the partial Dirichlet-to-Neumann map, where
the Neumann data is taken on slightly more than half of the boundary of the domain.

1. INTRODUCTION

Let Q := R x w, where w is a bounded domain of R? which contains the origin, with C2-boundary.
Throughout the entire text we denote the generic point € Q by & = (x1,2’), where 21 € R and 2’ :=
(x2,23) € w. Given V € L*°(Q), real-valued and 1-periodic w.r.t. z1, i.e.

V(zy+1,2") = V(x1,2), 2’ €w, 71 €R, (1.1)
we consider the following boundary value problem (abbreviated as BVP):
(—A+V)y = 0, inQ,
v = f, onI:=090.
Since I' = R x Qw, the outward unit vector v normal to I" reads
v(zy,2') = (0,0 (2)), x = (x1,2") €T,

where v/ is the outer unit normal vector of dw. Therefore, for notational simplicity, we shall refer to v for
both exterior unit vectors normal to dw and to I'. Next for £ € S* := {y € R?; |y| = 1} fixed, we introduce
the &-illuminated (resp., {-shadowed) face of dw, as

Owe = {x € dw; - v(z) <0} (resp., &ug' ={z €0w; £ v(z)>=0}). (1.3)

(1.2)

Here and in the remaining part of this text, we denote by x -y := Z§:1 x;y; the Euclidian scalar product of
any two vectors x := (z1,...,2;) and y := (y1,...,yx) of R¥, for k € N*, and we put |z| := (z - z)V/2.

Set G := R x G’, where G’ is an arbitrary closed neighborhood of (‘3wg in Qw. In the present paper we
seek stability in the determination of V from the knowledge of the partial Dirichlet-to-Neumann (DN) map

Ay i f=0vq, (1.4)

where 0,v(z) := Vou(z) - v(z) is the normal derivative of the solution v to (1.2), computed at = € T.
Otherwise stated we aim for recovering the 1-periodic electric perturbation V of the Dirichlet Laplacian in
the waveguide €2, by probing the system with voltage f at the boundary and measuring the current d,u on
the sub-part G of I'. From a physics viewpoint, this amounts to estimating the impurity potential perturbing
the guided propagation in periodic media such as crystals.

1.1. A short bibliography. Inverse coefficient problems in elliptic partial differential equations such as

the celebrated Calderén problem have attracted many attention in recent years. In [SU], one of the first

mathematical papers dealing with this problem, Sylvester and Uhlmann showed in dimension n > 3 that

the full DN map (both the input and the output are taken on the whole boundary of the domain) uniquely

determines a smooth conductivity coefficient. The case of C' conductivities or Lipschitz conductivities

sufficiently close to the identity, is treated by [HT]. The identifiability of an unknown coefficient from
1
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partial knowledge of the DN map was first proved in [BU]. Assuming that the voltage (i.e. the Dirichlet
data) is prescribed everywhere, Bukhgeim and Uhlmann claimed unique determination of the conductivity
even when the current measurement (i.e. the Neumann data) is taken on slightly more than half of the
boundary. Kenig, Sjostrand and Uhlmann improved this result in [KSU] by taking both the Dirichlet and
the Neumann observations on a neighborhood of, respectively, the back and the front face illuminated by
a point light-source lying outside of the convex hull of the domain. Identification for the corresponding
two-dimensional inverse problem was treated by Bukhgeim in [B] with the full data, and by Imanuvilov,
Uhlmann and Yamamoto in [TUY1, IUY2] with partial data.

The stability issue for n > 3 was first addressed in [Al] by Alessandrini, who established a log-type
stability estimate for the conductivity from the full DN map. Later on, in [HW], Heck and Wang proved
a log-log-type stability estimate with respect to the partial DN map of [BU]. More recently, in [T], Tzou
showed that both the magnetic field and the electric potential depend stably on the DN map, even when the
Neumann boundary measurement is taken only on a subset that is slightly larger than half of the boundary.
In [CDR1, CDR2], Caro, Dos Santos Ferreira and Ruiz derived a log-log stability estimate for the electric
potential from the partial DN map of [KSU]. Notice that the derivation of the stability estimate of [CDRI]
when the domain of observation is illuminated by a point at infinity, was revisited and simplified in [CKS1].
For the stability issue in the two-dimensional case we refer to [BIY, NSa, Sal.

All the above mentioned results were obtained in a bounded domain. It turns out that there is only a small
number of mathematical papers dealing with inverse boundary measurements problems in an unbounded
domain. Several of them are concerned with the slab geometry. This is precisely the case of [Tk, SW], where
embedded objects are identified in an infinite slab. In [LU], Li and Uhlmann proved that the compactly
supported electric potential of the stationnary Schrédinger operator can be determined uniquely, when the
Dirichlet and Neumann data are given either on the different boundary hyperplanes of the slab or on the
same hyperplane. This result was generalized to the case of a magnetic Schrodinger operator in [KLU].
Let us mention that inverse boundary value problems in an infinite slab were addressed by Yang in [Y] for
bi-harmonic operators. Recently, several stability results were derived in [CS, Ki, KPS1, KPS2, BKS] for
non compactly supported coefficients inverse problems in an infinite waveguide with a bounded cross section.
More specifically, we refer to [KKS, CKS] for the analysis of inverse problems in the framework of a periodic
cylindrical domain examined in this paper.

1.2. Notations and admissible potentials. In this subsection we introduce some basic notations used
throughout the section and define the set of admissible potentials under consideration in this paper.

Let Y be either w, dw or G'. For r and s in R, we denote by H™*(RxY') the set H"(R; H*(Y')). Evidently
we write H"*(Q) (resp., H"*(T'), H"*(G)) instead of H"*(Rxw) (resp., H"*(Rxdw), H"*(RxG")). Although
this notation is reminiscent of the one used by Lions and Magenes in [LM1] for anisotropic Sobolev spaces
H"™(R; L?(Y)) N L*(R; H*(Y)), it is worth noticing that they do not coincide with H™*(R x Y), unless we
have r = s = 0. Next, it is easy to see for each r > 0 and s > 0 that H~""*(R x Y) is canonically identified
with the space dual to Hy*(R x Y), with respect to the pivot space H*O(R x V) = L?(R x Y). Here we
have set Hy*(R x Y) := H"(R; H§(Y)), where H5(Y') denotes the closure of C§°(Y) in the topology of the
Sobolev space H*(Y).

Further, X; and X, being two Hilbert spaces, we denote by B(X7, X2) the class of bounded operators
T: X1 — X2.

Let us now introduce the set of admissible unknown potentials. To this end we denote by C,, the Poincaré
constant associated with w, i.e. the largest of those constants ¢ > 0 such that the Poincaré inequality

IV'ull 12wy 2 ellull ), u € Ho(w), (1.5)
holds. Here V' stands for the gradient with respect to 2’ = (29, x3). Otherwise stated, we have

C,, := sup{c > 0 satisfying (1.5)}. (1.6)
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For M_ € (0,C,,) and M € [M_,+00), we define the set of admissible unknown potentials as
Yo(My) :={V € L=(;R) satisfying (1.1), [|[V||z=@) < My and [[max(0, =V )|[pe@) < M_}.  (1.7)

Notice that the constraint || max(0, —V)|[z~q) < M_, imposed on admissible potentials V' in 7, (M),
guarantees that the perturbation by V of the Dirichlet Laplacian in €2, is boundedly invertible in L?((2),
with norm not greater than (C,, — M_)~1. This condition could actually be weakened by only requiring that
the distance of the spectrum of this operator to zero, be positive. Nevertheless, since the above mentioned
condition on V is more explicit than this latter, we stick with the definition (1.7) in the remaining part of
this text.

1.3. Statement of the main result. Prior to stating the main result of this article we first examine in
Proposition 1.1 below, the well-posedness of the BVP (1.2) in the space Ha () := {u € L*(Q); Au € L*(Q)}
endowed with the norm

2 2 2
[ull 7, ) = llullz2q) + 1AUl72(q)

for suitable non-homogeneous Dirichlet boundary data f. Second, we rigorously define the DN map Ay
expressed in (1.4) and describe its main properties.

As a preamble, we introduce the two following trace maps by adapting the derivation of [LM1, Section
2, Theorem 6.5]. Namely, since C5°(§2) := {ulﬁ’ u € C§°(R?)} is dense in Ha(f2), by Lemma 2.1 below, we
extend the mapping -

Tou := ujr (resp., Tiu := dyujr), u € C5°(€2),

into a continuous function 7g : Ha () — H~2"2(T') (resp., Ti : Ha(Q) — H~22(T")). We refer to Lemma
2.2 and its proof, for more details.
Next we consider the space

H(T) :=ToHA () = {Tou; u € Ha(Q)},

and notice from Lemma 2.3 that 7y is bijective from B := {u € L?*(Q); Au = 0} onto #(T). Therefore,
with reference to [BU, NSJ, we put

— —1 _ —1
where 7, ' denotes the operator inverse to Ty : B — ().
We have the following existence and uniqueness result for the BVP (1.2).
Proposition 1.1. Pick V € ¥,(My), where M_ € (0,C,,) and My € [M_,+00) are fized.
(i) Then, for any f € (T, there exists a unique solution v € L*() to (1.2), such that the estimate
ol 22y < C Ul ey » (1.9)
holds for some constant C' > 0 depending only on w and M.
(i) The DN map Ay : f +— Tiv|g is a bounded operator from F(I') into H273(G).
(i) Moreover, for each W € ¥,,(ML.), the operator Ay — Aw is bounded from 5 (T) into L*(G).

Put Q= (0,1) x w. In view of Proposition 1.1, we now state the main result of this paper.

Theorem 1.2. Given M_ € (0,C,,) and M, € [M_,+0c0), let V; € ¥,(Mx) for j =1,2. Then, there exist
two constants C > 0 and v, € (0,1), both of them depending only on w, My and G', such that the estimate

Vi~ Vall g1y < C® (Av, — Aual). (1.10)
holds for
v ify 29",
®(y) == (Inflny)=" if v € (0,7%), (1.11)
0 ifv=0.

Here ||[Ay, — Ay, || denotes the norm of Av, — Ay, in B(s2(T), L*(G)).
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The statement of Theorem 1.2 remains valid for any periodic potential V' € L>°(Q), provided 0 is in the
resolvent set of Ay, the self-adjoint realization in L?(2) of the Dirichlet Laplacian —A + V. In this case, the
multiplicative constants C' and ~,, appearing in (1.10)-(1.11), depend on (the inverse of) the distance d > 0,
between 0 and the spectrum of Ay. In the particular case where V' € ¥, (M), with M_ € (0,C,), we have
d > C, — M_, and the implicit condition d > 0 imposed on V', can be replaced by the explicit one on the
negative part of the potential, i.e. || max(0, =V)|| o) < M_.

1.4. Outline. The remaining part of the paper is organized as follows. Section 2 contains the proof of Propo-
sition 1.1. In Section 3, we decompose (1.2) with the aid of the Floquet-Bloch-Gel'fand (FBG) transform,
into a family of BVP with quasi-periodic boundary conditions,

(-A+V)y = 0, inQ,

v = g, onl:= (0,1) X Ow, 112
v(l,-) —ev(0,:) = 0, inw, (1.12)
g 0(1,-) —€0,,v(0,-) = 0, inuw,

indexed by the real parameter 6 € [0,27). Here g stands for the FBG transform of f, computed at . We
study the direct problem associated with (1.12) and reformulate the inverse problem under consideration as
to whether the unknown function V' may be stably determined from the partial DN map associated with
(1.12), for any arbitrary 6 € [0,27). We state in Theorem 3.3 that the answer is positive and establish that
this claim entails Theorem 1.2. There are two key ingredients in the proof of Theorem 3.3. The first one
is a sufficiently rich set of suitable complex geometric optics (CGO) solutions to (1.12), built in Section 4.
The second one is a specifically designed Carleman estimate for quasi-periodic Laplace operators, derived in
Section 5. Finally, the proof of Theorem 3.3 is displayed in Section 6.

Let us now briefly comment on the strategy of the proof of Theorems 1.2 and 3.3. Our approach is similar
to the one of [HW] as it combines CGO solutions to the quasi-periodic Laplace equation in Q) with a suitable
Carleman estimate. Nevertheless, in contrast to [CDR1, CDR2], the Carleman estimate of [KSU, Proposition
3.2] is not adapted to the framework of this paper. This is due to the quasi-periodic boundary conditions
imposed on the CGO solutions employed in the context of inverse periodic coefficients problems. Therefore,
in view of taking the Neumann measurements on GG only, we shall rather use the Carleman estimate with
linear weights introduced in [BU]J.

2. PrROOF OF PROPOSITION 1.1

In this section we prove the claim of Proposition 1.1. As a preliminary we introduce in Subsection 2.1 the
trace operators 7T;, j = 0,1, and establish some useful properties that are needed for the proof of Proposition
1.1, which can be found in Subsection 2.2.

2.1. The trace operators. The rigorous definition of the trace operators 7;, 7 = 0,1, boils down to the
coming lemma. Such a density result is rather classical for bounded domains (see e.g. [LM1, Section 2,
Theorem 6.4]), but it has to be justified here since 2 is infinitely extended in the z; direction.

Lemma 2.1. The space C§°(Q) is dense in HA(Q).
Proof. Let f € HA(Q)', the space of linear continuous forms on Ha (), satisfy
<f, w>HA(Q)’,HA(Q) = 0, w e C«go(ﬁ) (213)

In order to establish the claim of Lemma 2.1, it is enough to show that f is identically zero.
To do that we put 7: u € HA(Q) — (u, Au) € L?(Q2)?, notice that Ha () is isometrically isomorphic to
the closed subspace Y := 3(Ha(Q)) of L?(Q)?, and introduce the following linear continuous form g on Y:

(g,v)yry = <f:]_1U>HA(Q)’,HA(Q)a veY.
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Here and henceforth, Y’ denotes the space dual to Y and (-, )y~ y stands for the duality pairing between Y’
and Y. Since g can be extended by Hahn Banach theorem to a linear continuous form § on L?(2)?2, we may
find (g1,92) € L?(2)? such that

(fou) Ha) Ha@) = (F, 0w L2(0)2 = (91, U) 12 () + (92, Au) 2(), u € HA(), (2.14)

according to Riesz representation theorem. Upon extending g; and ge by zero outside €2, we deduce from
(2.14) that

/ (1 + goAw)dx = 0, w € C°(R3),
R3
whence
—Ags = g1 in R3. (2.15)
Since g1 € L?(Q2), then (2.15) yields that go € H?(Q2) by the classical elliptic regularity property. Further,

as go vanishes in R? \ Q, we get that go € HZ(Q), the closure of C§°(€2) in the topology of the second-order
Sobolev space H?(f2). As a consequence we have

(92, Au)r2(0) = (Ag2, u)2(0) = —(91,u) L2(0), u € HA(R),
by (2.15). In view of (2.14) this entails that f = 0, hence the result. O

Armed with Lemma 2.1, we now define the trace maps 7T;, j = 0,1, on the space Ha (), in the following
manner.

Lemma 2.2. The mapping w € C§°(2) — wjpq (resp., w € C§ () — dywjpq) can be extended over HA ()
to a bounded operator To : HA(Q) — H~273(T) (resp., Tr : HA(Q) — H~232(I)).
Proof. Tt is well known that u € C°°(@) — (u|aw, O, U5,,) extends continuously to a bounded operator from
H?(w) onto H?(dw) x H?(Aw), so there exists L : H2 (dw) x H?(dw) — H%(w), linear and bounded, such
that

L(hl,hg)‘aw = hl, 81,L(h1, h2)|8w = hg, (hl,hg) S H%(&u) X H%((‘)w)

Let us define the operator £ : H22 (I') x #22 (') — H2(Q), by setting for a.e. (z1,2) € 9,
L(hy,ha)(@r,a') = L (ha(x1,-), ha(r,-)) (&), (ha,h2) € HPE(D) x H23(T).
Using that || f]|%2q) = S o ||8’9j1]”||2L2(R7H2,,€(w))7 it is easy to see that £ is bounded, and we check for every
(hy,hy) € H23(T') x H>2(T) that
L(h1,h2)jon = b1, OyL(h1, he)pq = he.
For h € H22(T'), we put w := £(0, h) in such a way that w € H2(Q) satisfies

wion =0, dywjen = h and [[wl|gaq) < CllAll, 25 (2.16)

2()’
the constant C' > 0 being independent of h. Next, for notational simplicity, we denote by Tov the trace v|oq

of any function v € C§°(Q2). Then, applying Green formula twice with respect to 2’ € w, and integrating by
parts with respect to z1 over R, we find that

/ (Tov)hdo (z) = (v, Aw) r2(q) — (Av,w)r2(0), v € C(Q).
o0
Therefore, we get | [,,(Tov)hdo(z)| < 2 [Vl 7, () lwll g2 () Py Cauchy-Schwarz inequality, and hence

|(Tov, ) | <20 ol e 121

WA b s
with the help of (2.16). Since h is arbitrary in H22 (I), this entails that

7601l 3 oy < 2C Noll sy v € G,
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which together with Lemma 2.1, proves that 7y can be extended over Ha(2) to a bounded operator into
H-2-3(T).
To prove the second part of the claim, we pick g € H22(I') and set w := £(g,0), so we have w € H2({)

and

wioa = g, Buwjpg = 0 and ||w|| g2y < C ”9”7-12’ (2.17)

iy
for some constant C' > 0 that is independent of w. Next we denote by Tiv the trace 9,vjsq of any v € CF° Q)
on 0. Then, arguing as before, we find that the following estimate

<7—1U’g>H_2’_%(F),’H2’%(F) < 20 ||U||HA(Q) H‘gHH2’%(F) )

holds uniformly in g € H22(I') and v € C§°(Q). This and Lemma 2.1 yield that 7; is extendable to a linear
bounded operator from Ha () into H‘Q’_%(F). O

We end this subsection by establishing the following result which was required by (1.8) to define the
topology of the space 52 (T).
Lemma 2.3. Ty is bijective from B = {u € L*(Q); Au =0} onto H~2~2(T).
Proof. Given u and v in B obeying Tou = Tgv, we see that w := u — v satisfies the system
—Aw = 0, in €,
{ w = 0, onI. (2.18)
Therefore we have w = 0, by uniqueness (see e.g. [KPS2, Lemma 2.4]) of the solution to (2.18), proving that
To is injective on B.
Further, we know from the definition of S#(T") that for any f € 5 (T), there exists u € Ha(f2) such
that Tou = f. Next, since Au € L%(Q), then the BVP
—Av = Au, in{,
v = 0, on I,
admits a unique solution v € H2(2) N H}(Q). Now, it is apparent that w = u + v € L%*(Q) satisfies Aw =0
and Tow = Tou + Tov = f. O

2.2. Completion of the proof. Firstly, we introduce Ay, the self-adjoint operator in L?(£2), generated by
the closed quadratic form

ur aylu] == /(|Vu(x)|2 + V(2)|u(z)|*)dz, v € D(ay) = Hy (Q).
Q
We recall from [CKS, Lemma 2.2] that Ay acts as —A + V on its domain D(Ay) = HI(Q) N H(Q).
Moreover, since V' € ¥, (M) we have
av(u] = (Cy, — M—)”UH%%Q)v u € Hy(9),

by (1.6)-(1.5), hence Ay is boundedly invertible in L?(£2) and

_ 1
1AV (2 () < i (2.19)

In order to establish the first statement of Proposition 1.1, i.e. (i), we notice that v is solution to (1.2)
if and only if u :=v — 76_1f solves the system

(-A+V)u = —VTy'f inQ,
{ u = 0 onI. (2.20)
Since VTy ' f € L?(Q) and Ay is boundedly invertible in L?(2), then u := —A'V7; ' f is the unique

solution to (2.20). As a consequence we have

Hu||L2(Q) < My HA;/IHB(LZ’(Q)) H,ﬁ;lfHL?(Q) ‘ (2.21)
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Evidently v := u+7; " f is the unique solution to (1.2), and (1.9) follows readily from this, (1.8), (2.19) and
(2.21).

We turn now to proving (ii)-(iii). For f € 52(T") fixed, we still denote by v the solution to (1.2) associated
with f. Since v € L?(Q2) and Av = Vv € L?(Q) it holds true that v € HA(Q) and that

||UH§{A(Q) = HU||2L2(Q) + ||VU||2L2(Q) <1+ Mi) ||UHi2(Q) :
From the continuity of 77 : Ha(Q) — #~2~2(I), it then follows that

2 2
ITs0l gy < Q4 MDITIE ooy [0l

This and (1.9) yield that the DN map Ay is bounded from #(T) into H~2~3(G).
Let us now establish (iii). We denote by w the solution to (1.2) where W is substituted for V', and notice
that u := v — w is solution to the BVP

{(A+V)u = W-=V)w inQ

u = 0 onT.
Since (W — V)w € L*(Q2) and 0 is in the resolvent set of Ay, we have
u= Ay (W - V)w, (2.22)

whence u € D(Ay) = H2(Q) N HL(Q). As the usual norm in H?((2) is equivalent to the one associated with
the domain of Ay, by [CKS, Lemma 2.2], we have

oy < € (vl ooy + el 2o )
for some constant C' > 0, depending only on w and M. This, (2.19) and (2.22) yield that

_ 1
ull 2y < C (L + 1A sz () (W = Vw2 (q) < 2M4C <1 + H) lwll 120 - (2.23)

Bearing in mind that ||w|[z2q) < ¢||f]lo2r), by (1.9), and using the continuity of the trace operator u —
dyuyr from H?(Q) into L*(T'), we deduce from (2.23) that

HauUHm(F) <C ||“||H2(Q) <C ||f||32”(1‘) )

where C' is another positive constant depending only on w and My. Now, the desired result follows from
this and the identity d,ujq = Tiujg = Thivje — Tiwig = (Av — Aw) f.

3. FIBER DECOMPOSITION

In this section we decompose (1.2) into the family of BVP (1.12) indexed by 6 € [0, 27). This is by means
of the FBG transform, introduced in Subsection 3.1, which decomposes the operator Ay . In Subsection 3.2
we examine the direct problem associated with (1.12) for each 6 € [0,27) and study the corresponding DN
map Ay,g. Finally, in Subsection 3.3 we reformulate the inverse problem under consideration as to whether
V' can be stably retrieved from partial knowledge of Ay 9. We state in Theorem 3.3 that this is actually the

case provided the Neumann data are measured on G := (0,1) x G.

3.1. FBG transform and fiber decomposition of Ay . Let Y be either w or dw. The main tool for the
analysis of 1-periodic waveguides R x Y is the partial FBG transform defined for every f € C°(R x Y) as

Uy Dor,y) = 3 e f(ay + k), (21,9) ER XY, 0 € [0,2m). (3.24)

kEZ
For notational simplicity, we systematically drop the Y in Uy and write U instead of Uy . In view of [RS2,
Section XIII.16], the above operator can be extended to a unitary operator, still denoted by U, from L?(RxY)

onto the Hilbert space defined as the direct integral sum f(f om) L2((0,1) x Y)%. Since 2 = (0,1) x w (resp.,
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I = (0,1) x dw), then U maps L*(Q) onto f(?%)
Y = ow).

Let V € L*>(;R) satisfy (1.1). Since V is l-periodic with respect to x1, the operator Ay defined in
Section 1, is decomposed by U. To make this claim more precise, we first introduce the following functional
spaces. For 0 € [0, 27) fixed, we put with reference to [CKS, Section 6.1],

Lz((vl)% if Y = w, (resp., L?(0N2) onto f(? o) Lz(f‘)% if

. L 1 1
H;((0,1) xY) := {u € H*((0,1) x Y); &2 u(l,-) — €9l u(0,) =0, j<s-— 2} if s > 2

and
Hy((0,1) xY) := H*((0,1) x Y) if s € {07 ;} .

Evidently, we shall write H3($) (resp., H;(T")) instead of Hj((0,1) x Y) for Y = w (resp., Y = dw).
Next we introduce the operator

Avg = —=A+V, D(Av,) :=UD(Ay) = H;(Q) N L*(0, 1; Hy(w)),
self-adjoint in LZ(Q). Then, taking into account that
Up)g(x1 +1,2") = e (UY)g(x1,2), 21 €R, 2’ €w, € [0,27),

and that
aan 8m(uw)9 ) .
= 7 =1,2 2 2
(uax;n> ax;n 7.7 ) 337m€N79€[07 71')’ (3 5)
we find that (UAv )y = Av,g(U1)g for any ¢ € D(Ay), i.e.
®
UAY U = / Amﬁ. (3.26)
(0,27) 27

Having seen this we turn now to analysing the direct problem associated with (1.12).

3.2. Analysis of the fibered problems. For 6 € [0,7) and n € NU {oo}, we set
Cy ([0,1] x @) := {u e C™([0,1] x@); 03 u(l,-) —e“d? u(0,-) =0 for all j € N such that j < n}.
A slight modification of the proof of [LM1, Section 2, Theorem 6.4] shows that C*° ([0,1] x @) is dlense in
HA(Q) = {u € L*(); Au e L*(2)} endowed with the norm [ull g, (2 = (Hu”iz(ﬂ) + ||Au||2LQ(Q))§.
Lemma 3.1. For j =0 and j =1, each of the two following mappings
w92 u(0,-) and u— 9 u(l,-), ue C™([0,1] x @),
can be extended to a bounded operator from Ha(Q) into H™2(w).

Proof. Let us prove the claim for u — 9,,u(0,-), the three other cases being treated in the same way. To
this purpose we consider a function x € C§°(R) satisfying x(x1) = 1 for x; € [-1/3,1/3], x(z1) € [0,1] for
x1 € (1/3,2/3) and x(z1) = 0 for z; € [2/3,4/3]. We pick g € H3(w), the closure of C§°(w) in H?(w), put
v(z1,2’) = x(x1)g(z’), and then notice that

v==0,0=0o0nT, 8,v(0,") =v(1,:) = dp,v(1,-) = 0 and v(0,-) = g in w. (3.27)
Moreover, there exists a positive constant C' = C(w, x) such that we have
1ol 2y < € lgll g - (3.28)
For all u € C*°([0,1] x @), we deduce from (3.27) and the Green formula that
(02,u(0,-), 9) 2(w) = (U, Av)g — (Au, v)g.
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This and (3.28) yield
<8x1u(0a ')a g>H*2(w),H§(w) <2 HUHHA(Q) ||U||H2(Q) <C ||u||HA(Q) Hg||H2(w) .

Therefore, since C* ([0, 1] x @) is dense in Ha (£2), we may extend the mapping u — 9, u(0, -) to a continuous
map from Ha () into H2(w). O

With reference to Lemma 3.1, we introduce the following closed subset of Ha (€2):
Hap(Q) == {u € HA(Q); 9 u(l,-) — €31 u(0,-) =0 on w for j = 0,1}.

Notice for further use that

. < df
UHA(Q) = Hao() 5, (3.29)
(0,27) ™
and that Ha ¢(€2) N C*> ([0,1] x @) C H2(2). Moreover, since H2(€) is continuously embedded in Ha ¢(£2)

v ~

and that C5° ([0,1] x @) is dense in HZ((2), then the space Cg° ([0,1] x @) is dense in Ha () as well.
Therefore, by reasoning in the same way as in the proof of Lemma 2.2, we extend the mapping w €
C5° ([0,1] x W) = wyp (resp., w € C5° ([0, 1] x W) — dyw)y) to a bounded operator

UK HAyo(Q) — ’;‘-[(;2(07 1;H_%(8w)) (resp., 1,6 : HA’Q(Q) — ’H;Q(O, l;H_%(aw))).

Here we denote by Hj(0,1; X), where s € R and X is a Banach space for the norm ||-|| -, the set of functions

te(0,1)— pt) := Zwkei(“%k” with (o) € X7 satisfying Z(l + k%)* ||<p;€||§( < 0.
kEZ kEZ

1
Endowed with the norm Hap||7_[§(071;x) = (Zkez(l + k%)* ||<PkH§() * H3(0,1; X) is a Banach space. Notice

that if X’ is the dual space of X, then H, (0, 1; X’) is the space dual to H}(0, 1; X).
Let us next introduce the set

Hy(D) == {Toou; u € Hag(Q)}.

Arguing as in the derivation of Lemma 2.3, we check that 7 ¢ is a bijection from By := {u € HA’Q(Q); Au =
0} onto 7 (I"). Put

(3.30)

Toof|

R — —1 =
1ty = [T 7]y = |76 oy

where '76791 denotes the operator inverse to Ty : By — %%(f)

We may now establish the following technical result, which is inspired by Proposition 1.1.
Proposition 3.2. Pick 0 € [0,27) and assume that the conditions of Proposition 1.1 are satisfied. Then the
three following statements are true.

(i) For any f € #4(T), there exists a unique solution v € Ha () to (1.12), satisfying
ol 2y < C 1 gyt (331)

for some positive constant C = C(w, My.), independent of 0.
i) The DN map Avyg : f — Tieu s, where we recall that G = 0,1) x G', is a bounded operator from
, O
H(T) into Hy%(0,1; H-3(Q")).
(itt) For every W € ¥,(Mx), the operator Ay,g — Aw,g is bounded from (1) into LA(G).
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Proof. To prove (i) we use the fact that v is solution to (1.12) if and only if the function v := v — 767_91f
satisfies the BVP 5
(~A+V)u = —VT5f, inQ,
u = 0 onT
) ’ ’ 3.32
u(1,-) — e"u(0, ) in w. (3:32)
Oz, u(1,-) — €9, u(0,") = 0, in w.
Due to (3.26) we know from [RS2, Theorem XIIL.98] that o(Ayg) C o(Ay). Hence 0 ¢ o(Ay,) and (3.32)
admits a unique solution u = —A‘7719V767791f as V7BT91f € L2(£2). As a consequence v = (I — A‘7719V)76T91f is
the unique solution to the BVP (1.12) and (3.31) follows readily from this, (3.30) and the estimate

1
1
HAV.,GHB(LQ(Q)) < m’

I
o

arising from (1.5)-(1.6) and the fact that the operator Ay g is generated by the following quadratic form:
w s ayplu] = /Q (IVu(@)? + V(@) |u(@)?) dr, u € D(av) == HYQ) N30, Hi(w)).  (3.33)
The rest of the proof follows the same lines as the derivation of (ii)-(iii) in Proposition 1.1. O
For further reference, we now establish for every 6 € [0, 27) that the estimate

170.6ull g, 7y < Cllull gy > v € Hao(82), (3.34)

holds for some constant C' > 0 depending only on w. Indeed, for each u € Ha (€2), where 6 € [0,27) is
fixed, put f :=Toeu € %(f‘) and let v := 76T91f € By. Evidently w := v — u satisfies

—Aw = Au, inQ,

w = 0, on f‘,
w(l, ) —ePw(0,-) = 0, in w.
Op,w(l,-) — €0, w(0,) = 0, inw,

hence w = Aj pAu. Since Ag g is bounded from below by the Poincaré constant C,, > 0 defined in (1.6), in
virtue of (3.33), it holds true that [|wl| 2 ) < Cujl||Au||L2(Q). Therefore we have

1y = N0l L2y < Nl pagey + lwll gy < (14 C5H) (||UHL2(Q) + ||Au||L2(Q)) )
which yields (3.34).

3.3. Linking up (1.2) with (1.12). Let Y be either w or dw, and let s € R} and k € N. In light of (3.25)
we extend U to a unitary operator from H**(R x Y) onto the Hilbert space f(? o) HE(0,1; HS(Y))%. Next,
for f € H7%5(R x Y), we define U f by setting

@ de

<Z/ff, g> = <fau719>7.[—k.—s(ny))%lgaS(RXy) for all g € /(O ) )Hg(oa 1; Hg(Y))ﬂ

Here (.,.) denotes the duality pairing between f(ég om) HyH (0,1, H5(Y)) 2 and f(f 2m) HEO, L Hy(Y)) L,
and we recall that HE*(R x V) = H*(R; H3(Y)), where H§(Y) is the closure of C§°(Y) in the topology of
H*(Y). Tt is clear that the above defined operator I is unitary from H~%~*(R x Y') onto the Hilbert space
f(f’%) Hy " (0,1; H=*(Y))4. Moreover, for every f € Cg°(R;C®(Y)) and g € f(?%) HE0,1; Hy (V)L we
have
<L{f, g> = <Uf, g>L2((07271')%;7-[’;(0,1;H5(Y)) = <fa uilg>L2(R><Y)7

and hence (Uf,g) = (f,U’lgm,k,,s(ny)ng,s(ny), which shows that the above definition of U is more
general than the one of Subsection 3.1.
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For j = 0,1, it is apparent that (UT;u)g = T;0(Uu)g for all u € C§°(Q) and 6 € [0,27). Since the
operators 7; : Ha(Q) — H~2703)(D) and T : Hap(Q) — H;2(0,1; H-0+3)(dw)) are bounded, we
deduce from (3.29) and the density of C§°(Q) in Ha () that UT,U~! = f(% am) 7}79%. This entails that

v

uxT) = f(%,zﬂ) (1) Moreover, arguing as in the proof of [CKS, Proposition 3.1], we find for any

f € () that u is the Ha(2)-solution to (1.2) if and only if each function (Uu)g € Ha 9(12), for a.e.
6 € [0,27), satisfies (1.12) where (U f)g is substituted for g. This is provided V € L*>°(Q;R) verifies (1.1) in
such a way that (3.26) holds. Consequently we have:

S5}
uAvu—lz/ A d9
(

T (3.35)
0,27) 27

Let V}, j = 1,2, be the two potentials introduced in Theorem 1.2. Then, in light of (3.35) and (iii) in
Propositions 1.1 and 3.2, we have

[Av: = Avs llB(oe ), L2()) = you A0 — Avaoll g, (1), 2 () (3.36)

2T

from [Di, Section II.2, Proposition 2]. As the function ®, given by (1.11), is non decreasing, then Theorem
1.2 follows readily from (3.36) and the following statement whose proof is given in Section 6.

Theorem 3.3. Under the conditions of Theorem 1.2, the following estimate
Vi = Vallg-1 () < Co® ([|Avi0 — Avsoll) (3.37)

holds for every 6 € [0,2w). Here Cy is a positive constant depending only on T, w, G' and possibly on 6, ®
is defined by (1.11), and ||Av,.0 — Av,.0|| denotes the usual norm of Av, o — Av, ¢ in B(54(1), L*(G)).

Remark 3.4. Notice from (3.36)-(3.37) and the non decreasing behavior of ® on [0, +00), that the multi-
plicative constant C' appearing in the right hand side of the stability estimate (1.10), reads

C:= inf C(Cy,
0e0,2m)

and hence is independent of 6.

4. COMPLEX GEOMETRIC OPTICS SOLUTIONS

In this section we aim for building CGO solutions to the system

(=A+V)u = 0, inQ,
U(L ) - eieu(oa ) = 07 in w, (438)
O, u(1,-) — €9, u(0,:) = 0, inw,

associated with V € L°(€;R) and 6 € [0,27). Namely, given a sufficiently large 7 > 0, we seek solutions of
the form

w(x) = (14 w(x))es®, z e, (4.39)
to (4.38), where ¢ € i(6 4 277Z) x C? is chosen in such a way that Ae$'* = 0 for every z € , and w € H3(Q)
satisfies the estimate

[w]l oy < CT574, 5 € 00,2, (4.40)
for some positive constant C, independent of 7.

To do that we proceed as follows. We pick k € Z and for £ € S we choose € R? \ {0} such that
n-&=20. For r > 0, we set

(0 + 27 ([r] + 1)) (1, —2wk#) . if k is even,
+

0= 0k, 7, 0) =
(k,m,7,0) (6+2m (] + 3)) (L—2rki), if ks odd,

(4.41)
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in such a way that ¢ (27k,n) = ¢’ - £ = 0, where we used the notation ¢ = (¢1,¢') € R x R2. Here [r] stands
for the integer part of r, that is the unique integer fulfilling [r] < r < [r] + 1. Next, we introduce

2
= 7(k,n,7,0) := \/“Zl' + w2k2 + |0, (4.42)
and notice that
2k 2mk
27r1"<7'§|(7r2’77)|+4ﬂ'(1"+1)<1+||7r||>. (4.43)
n
Then, putting
o= (z’wk,—Tngig) il and ¢ = ( ik, € — 22) il (4.44)
it is easy to check for j = 1,2, that we have
¢ —‘rg = ’i(27‘(k,’f]) and (- ¢; =T3¢ - RG =0, with ¢; € 2(9 + QWZ) x C? for 7 =12 (445)

Further, we argue as in the derivation of [CKS, Proposition 4.1 and Lemma 4.2], and obtain the following:

Lemma 4.1. Fiz V € L™(Q). Let 0 € [0 27), k € Z, and let £ € S*. Pickn € R? \ {0} such that &-n=0.
Then we may find 19 > 1 and w € 7—[2( ) fulfilling (4.40), such that for every T > g, the function u given
by (4.39) with ¢ = (1, where (1 is defined in (4.44), is solution to the system (4.38).

We recall from Subsection 3.3 that the space H2(€) appearing in Lemma 4.1 denotes the set {u €
H2(), u(1,) —u(0,-) = dpu(l,) — dz,u(0,-) =0 in w}.

5. A CARLEMAN ESTIMATE FOR THE QUASI-PERIODIC LAPLACE OPERATOR IN Q

In this section we derive a Carleman estimate for the Laplace operator in Q) with quasi-periodic boundary
conditions. We proceed by adapting the Carleman inequality of [BU, Lemma 2.1] to z;-quasi-periodic
functions on ).

Proposition 5.1. Let £ € S! and pick a, b in R, with a < b, in such a way that we have
wcC{r eR? ¢ -2’ € (a,b)}.
Put d:=b—a. Then for all 0 € [0 2m) and all 7 > 0, the estimate

—réa’

—||e ullFa ) +27lle”TE (€ 1) 20,2,

L2(52)

+2re e € o] 20,

T

< e Aul? (5.46)

L2($) L2(f7)

holds for every u € C3 ([0,1] x @) satisfying up = 0. Here we used the notations Féi = (0,1) x (‘)wéi.
Proof. The operator e e AeTé decomposes into the sum Pi + P, + P_, with
Pl:=0; =A'+7%and P_:=27¢ -V,

1’
where the symbol A’ (resp., V') stands for the Laplace (resp., gradient) operator with respect to z’ € w.
Thus we get upon setting v(z) := e~ 76 u(z) that

e e

L2(S) U||L2 ()
_ 1 /
= W(PL+ P+ Pl
= ||(P—i1- + Pl ) ||L2(Q + ||P—U||L2 Q) + 29‘{<P_~1_’U, P—U>L2(Q) + 2m<P—,|-v7P—U>L2(Q)a
and hence
||P_'U||L2 @ T 29‘{<P_’~_1},P_U>L2(Q) < e ™ Au||L2(Q) 2%<P_i1_v,P_v>L2(Q). (5.47)
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On the other hand, since v is quasi-periodic with respect to 1 € (0,1), we find upon integrating by parts
that

%(P}FU,PJOLQ(Q) = —7'/0 /wv’ (|0g,0(2)|? €)da' day = —T/f 0, v(@)|* € - v(z)do(z) = 0. (5.48)

Here we used the fact, arising from the homogeneous boundary data V)p = 0, that 0., v vanishes on I.

Next, as the function w := v(x1,-) € C?(w) satisfies wp, = 0 for a.e. 1 € (0,1), we deduce from the
following Carleman estimate

872 2 —27¢-a /
ﬁ”w”m(w)ﬁLQT ; e §-v(ah)
which is borrowed from [BU, Lemma 2.1], that

8 2 ’ ’
e e e 27 [T () Dyl o)) dow)
ow

< IP-v(@n, ) ey + 2R(PLo(e, ), P-v(@1,-)) 2 (w)-

2
do(a') < | Pow|3ay) + 208(Pfw, P-w)ra(a),

¢ m'w(x/)

Thus, by integrating both sides of the above inequality with respect to z; € (0, 1), we get that

872 e g 2
= lle sxuummmf/r 2762 ¢y (a) (D ule) P do(x) < [|P-vl2 ) + 2R(Ph0, Pv) oy (5.49)
Finally, putting (5.47)—(5.49) together and recalling (1.3), we end up getting (5.46). O

Let us now perturb the Laplacian in (5.46) by the multiplier by V € L°°(€2). Since
A <2 (1= + V) + VI oy Il

we find through elementary computations that

4T —ré&a’ —ré&a 1
(5 = IV Iy ) B a2y + 7l (€ Ouulaes

—T1&- —7r&-a’ 1
< e (A VYul gy + TlleTE € v Ol

As a consequence we have obtained the:

Corollary 5.2. For M >0, let V € L*(Q) satisfy (1.1) and ||V||p~) < M. Then, under the conditions
of Proposition 5.1, we have

2T —r&x —r&x 1
e a2 g+ Tl (€ ) 0l

—T —7&2’ 1
¢ leiens V)l + 7lle 6 € vFOul
provided T > 11 := M(d/2)%.
Notice from the density of {u € C2 ([0,1] x @), up =0} in {u € H2(Q), up = 0} that the Carleman

estimate of Corollary 5.2 remains valid for all u € H2({2) such that up = 0.

6. PROOF OF THEOREM 3.3

In this section we prove the stability estimate (3.37). To this purpose we set for a.e. z € (0,1) x R?,

S (V-W)(2) ifzeQ
Ve ={ G TR« )

and start by establishing several technical results that are useful for the proof of (3.37).
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Since we aim for proving the stability estimate (1.10) with the aid of (3.37), we recall from Remark 3.4
that we may completely leave aside the question of how the constant Cy involved in (3.37) depends on 6.
Therefore we shall not specify the possible dependence with respect to 6 of the various constants appearing
in this section.

6.1. Preliminary estimate. Bearing in mind that G’ is a closed neighborhood of dw, = {z € dw; & -
v(z) < 0}, we pick € > 0 so small that

veeSh (lE—&l<e)= ({r€dw; €-v(z)<elC @), (6.50)

and we establish the following technical result with the help of the CGO solutions introduced in Section 4
and the Carleman estimate derived in Section 5.

Lemma 6.1. Let € be as in (6.50). Then we may find 71 > 0 such that the estimate

1 2
. / 1 /
/ / V(Il,l‘/)eil(z‘ﬂmﬂrn'm )dl‘ldl‘/ < C < + BC T ||AV279 - AV179||2> s (651)
R2 JO T

holds for all =1y, € € {z € SY; |z — &| < e}, n € R?2\ {0} satisfying €-n =0, and k € Z. Here T > 1 is
defined by (4.41)-(4.42), and the positive constants C and C' depend only on w, My, € and &.

Proof. We first introduce the sets

6w;6 = {z € 0w; {-v(z) > e} and Qw; _ = {z € Ow; §-v(z) <el, (6.52)
and we establish the orthogonality identity (6.58) below, with the aid of the CGO solutions of Lemma 4.1.
To this end we choose r sufficiently large, namely r > r; := max(1 4+ 79, 71), where 79 (resp., 71) is the

constant introduced in Lemma 4.1 (resp., Corollary 5.2), in such a way that we have

2
r= \/ WE s w2k 4 G ko, 07 > max(, ). (6.53)
by (4.41)-(4.42). Next, for j = 1,2, we define ¢; as in (4.44) and we denote by
uj(@) = (1+w;(2))es ", w e, (6.54)

the H2(€2)-solution to (4.38) associated with V' = V;, which is given by Lemma 4.1. For further reference
we recall that w; satisfies the condition (4.40) with s = 1, entailing that

||wj||H1(Q) <, (6.55)
for some constant C' = C(w, M;) > 0. Next, if v; satisfies the system
(_A + ‘/1)@1 = 0, in Qv
v = 76,0“27 on I, 6.56
n() - 0) = 0 onw (6:36)
Oz, v1(1,) — €?9,,v1(0,-) = 0, on w,
then it is easy to check that the function u := vy — us is solution to the following BVP:
(~A+V)u = Vuy, inQ,
u = 0 onT
, ’ ’ 6.57
u(l,-) —eu(0,) = 0, on w, (6.57)
O, u(1,-) — €9, u(0,:) = 0, on w.

Moreover, as Vuy € L2(€2) and 0 belongs to the resolvent set of Ay, g, then u = A;1179Vu2 € H3(Q). Further,

bearing in mind that (—A +V;)uy = 0 in €, from the first line of (4.38) with V = V4, we deduce from (6.57)
and the Green formula that

/Vuzmdx = [(—A—i— Wi )uurde = /(8yu)mda(x).
o) O P
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In view of (6.52), this can be equivalently rewritten as
/ Vugturdr = / (Opu)urdo(z) + / (Oyu)urdo(z), (6.58)
o i e
£,e &,e

where f‘éfs :=(0,1) x 3‘*’?5- With reference to (6.54), we deduce from (6.55) and the continuity of the trace
from H'(£2) into L2(I"), that
<

< Clle7m¢® Aull ot ), (6.59)

/f“i (Oyu)urdo(z) (Byu)e™ 6 (1 4 wl(x))‘ do(z")dzy

§,e

where C' is another positive constant depending only on w and M. Moreover, we have
_ . ’ _ . ! l _ . ’
‘5”6 T auuHiz(fgrE) < ||6 e (€ . V)Qauulliz(fzs) < ||€ e (5 a u”[ﬁ(r‘* )

from the very definition of 8&)2:5 and the imbedding awg . C 8&)2_. Therefore, applying the Carleman estimate
of Corollary 5.2 to the H2({2)-solution u of (6.57), which is permitted since 7 > 71, we get that

relle " iy, < O (1T (A4 Vil + 7l € v 0l )
—r&a’ —r&x 1
< O (He ¢ VUQHQLQ(Q) +T||e 3 ‘5 V|2ayu||iz(f£)> . (6.60)
Next, as e 7% Vug(2) = e 6% Vel @ (1 4 wy(z)) = e_i(”kxﬁ%_e'”)V(l + wo(z)) for a.e. z € Q, from

(4.44) and (6.54), we have |e= "¢ Vug(z)| = [V (2)||1 4 wa(x)| by (4.41), so it follows from (6.55) that
Vg |2y < My (lw| + C). (6.61)

[Che
Further, bearing in mind that dw; C dw,_ and |- v[ <1 on Qw, _, we get that
—7&-x’ i —7&-a’
||€ 3 |§ . y|26yU||L2(f€—) < ||6 3 8yu||Lz(f;E),
which, together with (6.60)-(6.61), yield the estimate
C (1 /
—7&-’ —T€-x 2
|| 0 ’LLHLQ F+ B) < — (7_ + ||6 auU|L2(f;E)> )

where C' = C'(w, My) > 0. From this and (6.58)-(6.59), it follows that

/ Vusuidx
Q

the positive constant C' depending this time on My and G'.
On the other hand, with reference to (4.44)-(4.45) and (6.54), we find through direct calculation that

/Vugmdx:/ e_i(zﬂkml“"z/)‘/(xl,J;’)dmldm"—|—/R(J:)dm, (6.63)
Q (0,1) xR2 QO

1
1 / 2
- —1€-x 2 B
<C (T + e ayuIILQ(F§E)> : (6.62)

where

R(x) := e~ t@mkzitna)y/ () (wg(m) + w1 (z) + wa(x)wq (x)) , o= (z1,2') € Q.

Since ||wj||L2((2)a for j = 1,2, is bounded (up to some multiplicative constant) from above by 7
o0 (4.40), we obtain that

/QR(x)dx

1 .
, according

1 -
< My ([w]? (llwill g2y + w2l oy ) + lwrll 2o lwell oy ) < CT71
(22) (22 () (22)
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where C' is independent of 7. It follows from this and (6.62)-(6.63) that

/ e BTtV (2)da| < 0( S A >)
(0,1)xR2 £.c

1 Co T 2
< C(T—i-e ayu||L2(fw)). (6.64)

where ¢, := max{|z/|;2’ € @} and C = C(w, My,G’) > 0. Finally, upon recalling that u = v; — ug, where
vy is solution to (6.56) and uo satisfies (4.38) with V' = Va, we see that

du= (Avy0 — Avi o) f, [ ="Toeus.
Since Jw; . C G, by (6.50), we have ||8yu||L2(f;5) < [Avao = Avioll I To.ouzll 4, 7y, and hence

7

1Ovullpe o ) < CliAvase = Avioll luzllpry ) < CTe™ T [[Ava0 = Avio
by (3.34) and (4.40), the constant C' > 0 depending only on w, My and G’. This and (6.64) entail (6.51). O

6.2. Two technical results. Prior to completing the derivation of Theorem 1.2 we collect two technical
results that are needed in the remaining part of proof.
The first statement, which makes use of the following notation

D, := {2’ € R?% |2'| < s}, s € (0,+00),
is borrowed from [V, Theorem 1] and [AE, Theorem 3].

Lemma 6.2. For R >0, let f: Dy C R? — C be real analytic and satisfy the condition

B!
(R’

Then for any E C D with positive Lebesgue measure, we may find two constants N = N(o,|E|,R) >0
and v =v(p,|E|,R) € (0,1), such that we have:

1£1| oo Dy < N £l 2

Let us denote by 4 the Fourier transform with respect to 2’ € R2 of u, i.e.

1 —
—/ u(z)e M da’, n € R2.
2 R2

Je >0, o€ (0,1], VB € N?

i(n) ==
Then the second result is as follows.

Lemma 6.3. There exists C' > 0 such that the estimate

IG -2 ((01)xz2) < C||D_(1+ (R, )*) "G : (6.65)
keZ L2(R2)
holds for every G € L?((0,1) x R?), with Gi(z fo (w1, )e 2™k 1dy o' € R?, k € Z.
Proof. Let C be any positive constant, satlsfylng
1
Z(1+ |(ka')|2)2wk < O||w||H1((O,1)><R2)’ (666)
kez

L2(R?)
for all w € H}((0,1) x R?). Since G € L?((0,1) x R?), we have

(G, w) g-1((0,1)xR2), 11 ((0,1)x&2) = (G> W) L2((0,1)xR2) :/ (Z Gr(n ) dn,

keZ
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by Plancherel formula. It follows from this and (6.66) that

<C

Yok, )*) "2 G

keZ

||1UHH1((071)XR2) )
L2(R2)

entailing (6.65). O

(G, w) 5-1((0,1)xR2),HL((0,1) xE2)

6.3. Completion of the proof. Let us express £, € Sy as £ = (cos ayg, sin «g), where ag is uniquely defined
in [0, 27), and for £ > 0 satisfying (6.50), pick a1 € (0, 7) such that

{(cosa,sina); a € (ag — ar,ap + 1)} C {z €S |2 —&| < e} (6.67)
Next, for p > 0 fixed, and for all € R? and k € Z, we introduce

1

Hy(n) = uk(pn) = —/ vp(2)e ™1 do with vy (2 / V(zy, ' )e 2k gy, (6.68)
R2

2T

Since vy, is supported in @ and 0 € w by assumption, the function Hy, is analytic in R?, and we get through

o8

elementary computations that 27 [0 Hx(n)| < Vel £ ) plPl < |w|% lvrllz2 () AP oIl for each B € N2,

where we recall from Subsection 6.1 that ¢, = max{[2'|, 2’ € w}. As [Jvgl[p2(,) < [Vl 20y < My \w|% from
the Plancherel theorem, and pl®l < |3|le”, this entails that

0 m () < M2l eneltt 9, g e e

Thus, applying Lemma 6.2 with f = Hy, R =c,'+1,c= M, |w|e?/(27), 0 = (Rey,) ™' = (1+¢,) 7t € (0,1],
and

E = {t(—sina,cosa); a € (g — a1, a0 + 1), t € [0,min(1, R/2))}, (6.69)
we find that

1k e gy < OO 1 Hi L (i (6.70)

where C' = C(w, My,G") > 0 and v = v(w, M1, G") € (0,1). Moreover, in view of (6.67)-(6.69), Lemma 6.1
tells us that the estimate (6.51) holds uniformly inn € E, i.e. HH;CHiOQ(E) <C (7'_1 + €7 | Avy0 — AV1’9||2),
provided r > r;. It follows from this and (6.70) that

G < et (L4 e ava = Avial®) )l <py 73 (6.71)
The next step is to apply Lemma 6.3 with G = V: With reference to (6.68), we obtain that

+oo
Vi < €[ 3 @ lbnP) e
k=—0o0

< 0 [ a1 ) Ptk (672)

where p:= Y, 6,. Putting B, := {(k,n) € R3, |(k,n)| < p} we now examine the two integrals [, (1 +
P

|(ksm)| ) (3 () Pdp(k)dn and [, 5 (1 + |(k,m)[*) " Gk (n)
treated, as we have

2du(k)dn separately. The last one, is easily

1

Lo, A 0P P < 5 [P duian < S [ P dutiran,

and hence

1 M?
/ (1 + | (e, m)*) |90 () [P dpa(k)dn < 7/ |V (21, 2)dayda’ < el My =, (6.73)
R3\ B, P~ J(0,1)xR2 P
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by Parseval-Plancherel theorem. We turn now to studying the first integral. To this end we notice upon
setting C, := R x Dy, where we recall that Dy,, = {n € R?%; || <1/p}, that

/ (L4 () [2) |6 () Pdnd (k)
B,NC,

/C 1)y < /| (D@(n) ) <

kEZ

Z\UH

kEZ

(6.74)

L>(D1,,)
Moreover, since each vy, for k € Z, is supported in w by (6.68), we have

_ 1 le

ok (n)|? < anknil(w) S ||Uk||L2(w)v n e R?,

which entails

Rt < 21 lel M3 o?
S 1RO < oy (S Mol ) € 4os WV IBaey € “as nE R

kEZ keZ
upon applying the Parseval formula and the dominated convergence theorem. Putting this together with
(6.74), we obtain that
M2 uf?

47 p?

/B [P ) ) < (6.75)

Further, if (k,n) € B, N (R3\ C,), then there exists a positive constant C' such that 7(k,n,0,7) € (r,Cpr]
for all p > 1 and r > ry, according to (4.43). As a consequence we have

-~ —v 1 r !
[F(m)f* < Ce? ) < + ¢ Ava Avl,elf) cr 27, (k) € BN (RA\C,),
by (6.71), and hence

- o (1 \ v
/B IV |Gy ) ")~ G0 () Pdpa(k)d < Cp e <T+ecf'2 IAv, 6 —AV1,9|2> ,r>71, (6.76)
n P

upon eventually substituting C' for some suitable algebraic expression of C.
Therefore, putting (6.72)-(6.73) and (6.75)-(6.76) together, we find for all p > 1 and r > r; that

1
2 1 v 1 2, Y\ v
||V||13—1((o,1)><R2) < C<p +pler- )(+6CP ||AV2,0AV1,0||2>>
< c(pf% +pre2(5-1)pm1 4 pRe2e(5 7100 Ay, 4 AV1,9|\2). (6.77)

Here we substituted C' = C(w, M4, F',v) > 0 for 25 C in the last line. Thus, taking r := pveQP( 1) in
(6.77), with p > p1, in such a way that r > r; and pre 20(3-1) -1 = = p~ %, we obtain that

IVIg-1(0,1)xr2) < C (lf% + P%GQ’J(%A) exp (CP(H%)@QP(%A)) [Avy.0 — Avy ol ) ’ (6.78)

Let C’ > 0 be so large that p* e20(5-1) exp (Cp(%%)e%(%*l)) < exp (eclp> for every p > p1. Notice that
C’ depends only on C' and v, hence on w, M} and G’. Then (6.78) entails that

IVl (0ayxpz) < € (7% +exp (e )||Av2,e—Av1,e||2)2,p>pl. (6.79)

Set v* := exp (—60/”1) € (0,1). If v := [|Av,.0 — Avy 0]l € (0,7*], we find upon taking p = & In(|lnv|) >
n (6.79), that

S

)*) ? (In[lnry]) "% (6.80)

2
IVl < VI 0.nxe2) < € (€% +4(n



STABILITY RESULT FOR ELLIPTIC INVERSE PERIODIC COEFFICIENT PROBLEM 19

2
Further, since sup, ¢ (o, (C” o ~(ln [In 'y|) " is just another positive constant depending only on w, M and
G’', we end up getting from (6.80) that

V-1 < Clm )~ v € (0,77, (6.81)

Finally, as ||V -1 () < CllV | oo () < (CMy /")y for v > +*, where C' > 0 is a constant depending only
on w, we deduce (3.37) from this and (6.81).
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