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SPECTRAL SYNTHESIS IN DE BRANGES SPACES
ANTON BARANOV, YURII BELOV, ALEXANDER BORICHEV

ABSTRACT. We solve completely the spectral synthesis problem for reproducing kernels
in the de Branges spaces H(E). Namely, we describe the de Branges spaces H(E) such
that every complete and minimal system of reproducing kernels {ky}rea with complete
biorthogonal {gx}xea admits the spectral synthesis, i.e., f € Span{(f,gx)kx : A € A} for
any f in H(FE). Surprisingly, this property takes place only for two essentially different
classes of de Branges spaces: spaces with finite spectral measure and spaces which are
isomorphic to Fock-type spaces of entire functions. The first class goes back to de Branges
himself, while special cases of de Branges spaces of the second class appeared in the
literature only recently; we give a complete characterisation of this second class in terms
of the spectral data for H(FE).

1. INTRODUCTION AND MAIN RESULTS

1.1. De Branges spaces and systems of reproducing kernels. The de Branges spaces
of entire functions play a central role in various problems of spectral theory of second order
ordinary differential operators and of harmonic analysis. The basic theory of these spaces
was summarized by de Branges in [9]. For more recent developments of this theory and its
diverse applications see the works [I5] 24] 19, 17, 21]; by no means is this list complete.
The essence of the theory of de Branges spaces are their reproducing kernels.

Here, we study geometric properties of systems of reproducing kernels in the de Branges
spaces. Let us recall a few notions. A system of vectors {x,},en in a separable Hilbert
space H is said to be eract if it is both complete (i.e., Span{z,} = H) and minimal
(ie., Span{z, tnin, # H for any ng € N). Given an exact system there exists a unique
biorthogonal system {Z, },en which satisfies the relation (x,,,Z,) = 0m,. Thus, to every

element x € H we can associate its (formal) Fourier series
(1.1) x ~ Z(;U,:En)xn
neN

This correspondence is one-to-one whenever no « € H \ {0} generates zero series, that is

whenever the biorthogonal system {Z, },en is also complete. Such exact system is said to
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be a Markushevich basis (or M-basis). A very natural property is the possibility to recover

any vector x € H from its Fourier series:
x € Span{(x, T, )z, }.

If this holds, then the system {z,}.cn is called a strong Markushevich basis (strong M -
basis), a hereditarily complete system or one says that the system {z,} admits the spectral
synthesis, see the operator theory motivation below. An equivalent definition of a strong
M-basis is that for any partition N = N; U Ny, Ny NNy = (), of the index set N, the mixed
system

{$n}n€N1 U {jn}nENg

is complete in H. Furthermore, an M-basis which is not a strong M-basis is called a
nonhereditarily complete system.

In this paper we give a complete description of the de Branges spaces such that every
M-basis of reproducing kernels is strong. There are several motivations for this problem
(which essentially goes back to Nikolski):

e Strong M-bases of exponentials on an interval. This is a special case of the strong
M-basis problem for reproducing kernels since the Paley—Wiener space PW, =
FL*(—a,a) is a de Branges space and exponentials correspond to reproducing
kernels of PW, via the Fourier transform F, see [3].

e Spectral synthesis for a class of linear operators. Systems of reproducing kernels in
de Branges spaces appear (in an appropriate functional model) as eigenfunctions
of rank one perturbations of compact selfadjoint operators and the strong M-bases
of reproducing kernels correspond to the possibility of the spectral synthesis (see
[5] for more details).

o Applications to differential operators. Systems of reproducing kernels correspond
to eigenvectors of Schrodinger operators via the Weil-Titchmarsh transform (see,

e.g., [19]) or, more generally, of canonical systems of differential equations.

A class of nonhereditarily complete systems of reproducing kernels was constructed in [3].
If, on the contrary, any exact system of reproducing kernels with the complete biorthogonal
system in a de Branges space is a strong M-basis we say that this de Branges space has

strong M -basis property.

1.2. Description of de Branges spaces with strong M -basis property. Now we
state the main result of the paper. All necessary definitions from de Branges spaces theory

will be given in Section 2l Each de Branges space H(FE) is generated by some entire function
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E of the Hermite-Biehler class. On the other hand, the space H(F) can be identified with

the space H of all entire functions of the form

{a,} € 02,

where

e T = {t,}nen is an increasing sequence such that |¢,| — oo, |n| — 0o, N = Z or
Zy or Z_;

® L= [l is a positive measure on R satisfying > 4=

n t2+1
e A is an entire function with zero set 7' (all zeros are simple) which is real on R;

e the norm of F is defined as || F||x = [[{an}]e-

< 00;

For the details of this identification see Section 2l We will call the pair (T, u) the spectral
data for the space H(E). For a special class of de Branges spaces (regular spaces) which
appear in the de Branges inverse spectral theorem, p is the spectral measure of the operator
associated with the canonical system.

It should be noted that this point of view on de Branges spaces was used in [7, 6], where
a more general model of spaces of entire functions with Riesz bases of reproducing kernels
was developed.

In what follows we will always assume for simplicity that 0 ¢ 7. We will need the

following two conditions on the sequence T

Definition. We will say that the sequence T is

e lacunary (or Hadamard lacunary) if

tn+1 |tn|

lim inf > 1.
tn—00

> 1, lim inf

n tn——00 ‘tn+1‘

Equivalently, this means that for some ¢ > 0 we have d,, := t, 11 — t,, > 6|t,|.
e power separated if there exist ¢, N > 0 such that

dp = tpp1 — tn > clta| 7.

The absence of strong M-basis property was previously known only for some special
examples of de Branges spaces (including the Paley-Wiener space). It was shown in [3]
that if 7" is power separated and d,, = o(|t,|), |n| — oo, then one can choose p, such that
the corresponding de Branges space H(FE) does not have strong M-basis property. We are
now in position to give a complete characterisation of such de Branges spaces in terms of

their spectral data.
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Theorem 1.1. Let H(E) be a de Branges space with the spectral data (T, ). Then H(E)
has the strong M -basis property if and only if one of the following conditions holds:

(i) 22, pn < 00;

(ii) The sequence {t,} is lacunary and, for some C' > 0 and any n,

(1.2) S omrtt Y %gcﬂn.
| k

tr]<|tn| [tx]>[tn

Thus, there exist two distinct classes of de Branges spaces with strong M-basis property.
It seems that there are deep reasons for this property which are essentially different in these

two cases:

e For the case ), < 0o there exists an operator theory explanation. Passing to
the model of rank one perturbations of selfadjoint operators [5] we find ourselves
in the case of weak perturbations in the sense of Macaev. It is known that this
class of perturbations is more regular than the general rank one perturbations.

e Perturbations of the form (2] are, on contrary, large, but the spectrum is la-
cunary. It turns out that in this case de Branges space coincides (as a set with

equivalence of norms) with a Fock-type space.

Note also that in the case (ii) any exact system of reproducing kernels in H(FE) is
automatically an M-basis (see [2, Theorem 1.2]), whereas in the case (i) there always exist
exact systems of reproducing kernels with incomplete biorthogonal system (see [2, Theorem
1.1] or Proposition [@.).

1.3. De Branges spaces with strong )M -basis property and Fock-type spaces. Let
¢ :[0,00) — (0,00) be a measurable function. With each ¢ we associate a radial Fock-type

space (or a Bargmann—Fock space)

Fo = {F entire : ||F||_2F¢ = /(C |f(2))Pe=?U=Ddm(2) < oo}

Here m stands for the area Lebesgue measure. The classical Fock space corresponds to
o(r) = mr?.

It is known that some Fock-type spaces with slowly growing ¢ (e.g., ¢(r) = (logr)?,
v € (1,2]) have Riesz bases of reproducing kernels corresponding to real points and, thus,
can be realized as de Branges spaces with equivalence of norms [§] (whereas the classical
Fock space has no Riesz bases of reproducing kernels). Surprisingly, it turns out that the
class of de Branges spaces which can be realized as Fock-type spaces coincides exactly with

the class of de Branges spaces with strong M-basis property from Theorem [L1], (ii).
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Theorem 1.2. Let H(E) be a de Branges space with the spectral data (T, ). Then the

following conditions are equivalent:

(i) There exists a Fock-type space F,, such that H(E) = F,;
(i) The operator Ry : f(2) = f(e2) is a bounded invertible operator in H(E) for all
(some) 0 € (0,7);
(iii) The sequence T is lacunary and condition (L2) holds.

Let us also mention here an important characteristic property of de Branges spaces: each
Hilbert space of entire functions possessing two orthogonal bases of reproducing kernels is

a de Branges space [6].

1.4. Nonhereditarily complete systems with infinite defect. Assume that for some
de Branges space H(F) strong M-basis property fails. In view of the applications to the
spectral synthesis of linear operators, it is an important problem to determine whether the
codimension of every mixed system of reproducing kernels and their biorthogonals is finite
or infinite.

Let {kx}rea be an exact system of reproducing kernels with a complete biorthogonal
system {gx}rea (see Subsection B for the definition of gy). For a partition A = A; U Ay,
define the defect of the corresponding mixed system as

def (A1, Az) == dim ({gx}aren, U {kx}rens) ™

We also put
def(A) = Sup{def(Al, AQ) A= A1 U AQ},

def (H(E)) = sup{def(A) : {kx}rea is M-Dbasis}.

It turns out that one can construct examples of M-bases of reproducing kernels with large

or even infinite defect.

Theorem 1.3. Let H(E) be a de Branges space with the spectral data (T, @), Y, fin = 00.

1. If for some N € N there exists a subsequence t,, of T such that Y, t2N"?p,, < oo,

then def(H(E)) > N (moreover, there exist an M-basis of reproducing kernels {ky}rea in
H(E) such that def (A1, Ay) = N for some partition A = A; U As).

2. Let T be a power separated sequence. Then the following are equivalent:
(i) def (H(E)) = oo;
(ii) inf, pn)ta|Y = 0 for any N > 0.
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This theorem gives, for a wide class of spectral data, a necessary and sufficient condition
for the existence of M-bases of reproducing kernels with arbitrarily large defects. Its proof

does not provide, however, an example of an M-basis with infinite defect def(Aq, As).

Theorem 1.4. For any increasing sequence T = {t,} with |t,| — oo, |n| — oo, there
exists a measure p such that the de Branges space with the spectral data (T, ) contains
an M-basis of reproducing kernels {kx}xea such that def (A1, Ay) = oo for some partition
A=A UA,.

1.5. Spectral theory of rank one perturbations of selfadjoint operators. A con-
tinuous operator £ in a Banach (or a Fréchet) space is said to admit the spectral synthesis
(in the sense of Wermer) if any L-invariant closed linear subspace M is spanned by the
root vectors it contains. Wermer [25] showed that any compact normal operator admits the
spectral synthesis. Neither normality nor compactness alone is sufficient. The first example
of a compact operator £ such that both £ and £* have complete sets of eigenvectors, but
L admits no spectral synthesis was given by Hamburger [13], who constructed a compact
operator with a complete set of eigenvectors, whose restriction to an invariant subspace is a
nonzero Volterra operator. Further examples of operators which do not admit the spectral
synthesis were obtained by Nikolski [22] and Markus [20]. In particular, it was shown in
[20, Theorem 4.1] that a compact operator admits the spectral synthesis if and only if its
root vectors form a strong M-basis.

In [5] a functional model is constructed for rank one perturbations of compact self-
adjoint operators (see [5] for an extensive survey of similar models). Let A be a compact
self-adjoint operator in a Hilbert space H such that Ker A = 0 and the spectrum of A is
simple. For a,b € H,let L = A+ a®b, where (a®b)x = (z,b)a. Any such perturbation is
unitarily equivalent to a certain model operator acting in a de Branges space H(FE). The
model operator (unbounded, defined on some appropriate domain which is dense in H(E))
is given by

TFEF =zF — cp(G,

where G is an entire function such that G ¢ H(E), but G/(- — X) € H(E) when G(\) = 0.
Here cp is some constant depending on F' (see [5, Theorem 4.4] or [4, Section 4] for
details). Conversely, any pair (E, G) as above corresponds to some rank one perturbation
of a compact self-adjoint operator whose spectrum is the zero set of the function F + E*,
where E*(z) = E(%). Clearly, eigenvectors of T are of the form gy = G/(- — \), where
G(X\) = 0, i.e., they are elements of the system biorthogonal to a system of reproducing
kernels in H(FE) (the corresponding reproducing kernels are eigenvectors of the adjoint

operator 7).
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Combining Theorems [L.3] and [L.4] with the above model we obtain a series of striking
examples: any compact self-adjoint operator can be turned by a rank one perturbation into
an operator for which the spectral synthesis fails up to a finite or even an infinite defect.

Denote by £(L) the set of eigenvetors of the operator L.

Theorem 1.5. For any compact self-adjoint operator A (in some Hilbert space H) with
simple spectrum and trivial kernel there exists a rank one perturbation L of A with real
spectrum such that both E(L) and E(L*) are complete in H, but L does not admit the
spectral synthesis. Moreover, for any N € N U {oo}, the rank one perturbation may be
chosen so that for some L-invariant subspace M we have

dim (M © span{&(L) N M}) = N.

Indeed, let A be a compact self-adjoint operator with simple spectrum {s,}, s, # 0. Put
T =A{t,}, t, = 1/s,. By Theorems and [[.4] one can construct a measure pt = Y /1,0,
such that the de Branges space H(F) with the spectral data (7', i) contains a complete and
minimal system of reproducing kernels {k)} »ca with the generating function G, which is not
a strong M-basis. Moreover, we can achieve that def (A1, As) = N for some system of the
form {ga}aca, U {kr}aren,. By the functional model, there exists a rank one perturbation
L of A whose eigenvectors may be identified (via a unitary equivalence) with {gy}aea-
Clearly, M = {ky : A\ € Ay}t is an L-invariant subspace, and gy € M for A € A;, but the
complement of {gy}rea, in M is of dimension N.

1.6. Strong M-bases in the general setting. It is not a completely trivial problem
to produce a nonhereditarily complete system in a separable Hilbert space. First explicit
examples of M-bases which are not strong were constructed by Markus [20] in 1970. Later,
Nikolski, Dovbysh and Sudakov studied in detail the structure of nonhereditarily complete
systems in a Hilbert space and produced many further examples. One more series of
examples was constructed by Larson and Wogen [18], Azoff and Shehada [I] and Katavolos,
Lambrou, and Papadakis [16]. These systems are obtained by an application of a three-
diagonal matrix to the standard orthonormal basis in ¢2.

Clearly, the property of being a strong M-basis is necessary for the existence of a linear
summation method for the Fourier series (ILI)). It is far from being sufficient. E.g., one
may deduce from the results of an interesting paper [16] that there are strong M-bases
with the following property: there exist two vectors h; and hs in H such that one cannot
approximate h; by a linear combination of (hy,Z,)x, and hy by a linear combination of

(ha, T)x, with the same coefficients.
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Organization of the paper. The paper is organized as follows. Main Theorem [L.1] is
proved in SectionsBHZl A detailed outline of the proof is given in Subsection 3.2 Theorem
about de Branges spaces coinciding with Fock-type spaces is proved in Section [§
Examples of M-bases of kernels with large defects are constructed in Section [Q

Notations. Throughout this paper the notation U(x) < V(z) (or, equivalently, V (z) 2
U(z)) means that there is a constant C' such that U(x) < CV/(z) holds for all x in the set
in question, which may be a Hilbert space, a set of complex numbers, or a suitable index
set. We write U(x) < V(z) if both U(x) < V(z) and V(z) < U(z). We write u,, < v,
(usually in the context of sequences) if u,, = o(v,) as n — oo. For an entire function F' we
denote by Zr the set of its zeros. For a finite set Y we denote by #Y the number of its

elements.

Acknowledgements. The authors are grateful to Dmitry Yakubovich for many useful
remarks and to Mikhail Sodin for his constructive comments that helped to improve the

presentation of the paper.

2. PRELIMINARIES ON DE BRANGES SPACES AND CLARK MEASURES

2.1. De Branges spaces. An entire function E is said to be in the Hermite—Biehler class
if

E(:)| > |B'(2),  2€C.,
where E*(z) = E(Z). With any such function we associate the de Branges space H(E)
which consists of all entire functions F' such that F'//FE and F*/FE restricted to C, belong
to the Hardy space H? = H?(C,). The inner product in H(E) is given by

F()G(t)
(F, G)E:/RWdt.

The reproducing kernel of the de Branges space H(E) corresponding to the point w € C
is given by

E(w)E(z) — E*(w)E*(2) _ A(w)B(z) — B(w)A(2)
2mi(w — 2) m(z —w)
where the entire functions A and B are defined by A = EJFQE*, B = E*zzE , so that A and
B arerealon R and F = A —iB.

There exists an equivalent axiomatic description of de Branges spaces [9, Theorem 23]:

any reproducing kernel Hilbert space of entire functions H such that the mapping F' — F™*

Z—w

preserves the norm in H and the mapping F' +— 2=2F(z) is an isometry in H whenever
w e C\R, F(w) =0, is of the form H(F) for some F in the Hermite-Biehler class.
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From now on we restrict ourselves to the case when E has no real zeros and, correspond-
ingly, H(E) has no common zeros in the complex plane.

The space H(F) is essentially defined (up to a canonical isomorphism) by the function
©pr = E*/E which is inner in C; and meromorphic in C: the mapping F' — F/E is a
unitary operator from H(E) onto the subspace K¢, = H?>© OgH? of the Hardy space H>
known as a model subspace.

However, it is often useful to think about de Branges spaces not in terms of the zeros of
E, but in terms of the zeros of A (or B) and some associated measure supported by Z4.
It is a crucial property of de Branges spaces that there exists a family of orthogonal bases
of reproducing kernels corresponding to real points [9, Theorem 22]. Namely, for any o €
T = {z € C: |z| = 1} consider the set T, of points t,, € R such that Og(t,,) = a. Then
the system of reproducing kernels {k;, .} is an orthogonal basis for H(E) for each o € T
except, may be, one (« is an exceptional value if and only if £, := («F — E*)/2 € H(E)).

The points ¢,, may be also obtained via the so-called phase function for E. For an
Hermite—Biehler function F there exists a smooth increasing function ¢ (called the phase
function of F) such that E(t)e'¥® € R, t € R (equivalently, 2¢ is a branch of the argument
of ©f on R). Clearly, ¢ is uniquely defined up to a constant «l, [ € Z. Then t,, are the
solutions of the equation ¢(t,,) = %arga + mn. Note that t,, may exist for all n € Z,
for n € [ny,00) or for n € (—oo,ngy|, where ny, ny € Z. The case where there is only
finite number of solutions t,, corresponds to finite-dimensional de Branges spaces where
the strong M-basis problem is trivial.

Thus, for all & € T except the possible exceptional value, the system {EQTSL} is an

z—

orthogonal basis in H(FE) and any function F' € H(F) admits the expansion

1/2
Qplla,n
P(z) = Ba(2) ) 2ben,

n

where {a,} € ¢ and p,,, = WQ‘}E“—(Z)H:. Also, by 21)),

z—ta,n

E.(z) ) T

-, = _71{; an —
y— ta,n E(ta7n> ta,n(’z)? ILL )

(recall that ||k:||% = |E(t)>¢'(t) /7, t € R).

Let pia = Y, fandt, .- We call the elements of the family (7, 1) (excluding the possible
exceptional value of «) the spectral data for the de Branges space H(E). In what follows
it will be often convenient to pass from one data (i.e., orthogonal basis of reproducing

kernels) to another; this method played also a crucial role in [3].
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2.2. An alternative approach to de Branges spaces. In what follows we will always
assume that A ¢ H(E) (in other words, (T-1,u—1) is a spectral data for H(F)). Let
T =T_1 = {t,} be the zero set of A, that is, the set {t: Og(t) = —1}. Then {%} is an
orthogonal basis in H(FE) and any function F' € H(F) admits the expansion

1/2

(2.2) F(z) = A(z) Y T

22—t

n

where )7 A4ms < oo and [[{an}|le = |[F|lz/m < oo. Conversely, this expansion may

be taken as a definition of the de Branges space. Starting from any increasing sequence

Hn
n 241

we may consider the space of all entire functions of the form (2.2)) with the norm || F|| =

T = {ty}nen, |ta] = 00 as [n| — oo, and a measure p = ) u,0,, satisfying > < 00

7|[{an}||z. Here A can be taken to be any entire function with simple zeros which is real on

R and whose zero set coincides with 7T". Then the corresponding space of entire functions

E+E*
2

is a de Branges space H(F) for some E with = A. The corresponding function B

will be given by

B(z) 1 1 tn
2.3 - - - n»
(23) A(z) T+7Tzn:<tn—z t%+1)'u

where r is some real number.

In [7] a more general model for reproducing kernel Hilbert spaces of entire functions
with a Riesz basis of reproducing kernels was developed. Let H be a reproducing kernel
Hilbert space of entire functions such that in ‘H there exists a Riesz basis of reproducing
kernels {kf },,.ew and such that H is closed under division by zeros: if F' € H and
F(w) = 0, w € C, then % € H. Then there exists a positive sequence p, such that

>om \w:\++1 < oo and an entire function A (which has only simple zeros exactly on W) such

that # coincides with the space of the entire functions of the form F(z) = A(z) >, %
and | Flly < [[{an} e

The structure of such spaces is determined by the data (W, u), and does not depend
on the choice of A. If A} = AS for a nonvanishing entire function S, then the mapping
F — SF is an isomorphism of the corresponding space. Therefore, it makes sense to
consider the space of meromorphic functions (the Cauchy transform)

zZ— Wy,

il 2
WOV = {12) = 30 22 (0} € 2 oy = 7lHonle

De Branges spaces correspond to the case when all w,, are real.
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2.3. Remarks on Clark measures. Recall that all spectral data (T,, i,) may be ob-
tained as follows: let u, be the measure from the Herglotz representation
E(z) + E*(2) y [ dpa(t)

Re & +
€ = Pa _ )
aB(z) — B (z) PV T L Te— 2

where z = x + iy, po, > 0. Then pu, is an atomic measure supported by the zero set T,
of the function o — E*. Measures u, are often called Clark measures after the seminal
paper [10] though in the de Branges space context they were introduced much earlier by
de Branges himself.

Let us mention some well-known properties of the measures p,:

1. The system {k;}icr, is an orthogonal basis in H(E) for all & € T except, possibly,
one; « is an exceptional value if an only if p, > 0 (or, equivalently, &' — E* € H(E)) (see
[9, Problem 89)).

2. o ({t}) = 27|0%#)| 7t = |E(#)?||k:||5°, t € T, whence the embedding of E~'H(E)
into L?(f1,) is a unitary operator (only a co-isometry for the exceptional value of «).

3. If there exists an exceptional value of «, then pg(R) < oo for any g € T, f # «
(indeed, the function (a £ — E*)/E is a nonzero constant on T and belongs to L*(pg)).

4. If pp(R) < oo for some 5 € T, then there exists an exceptional value a such that
oF — E* € H(E). Indeed, set E = BE = A —iB. If A ¢ H(E) = H(E), then B/A —
S e/ (- —t,) = ¢ € R, with (t,) = 24, (ttn) = pp and hence, (1 +ic)/(1 —ic)E — (E)* €

The masses of the Clark measures are determined by the equality |©] = 2¢’ and,

therefore, the estimates of the derivatives of meromorphic inner functions are of importance
here. Since 2A = E(1 + ©p) and 2iB = E(Og — 1), it follows from equation (2.3]) that

) L, 1 1
HH;W(tH -

a formula which proves to be useful in what follows.

—2

(24) |01 =

Z 24in
L’ te R’
— (t, —1)°

3. PLAN OF THE PROOF OF THEOREM [I.]]

In this section we discuss the first step of the proof (reduction of the strong M-basis

problem to a system of interpolation equations) and give a detailed outline of the proof.
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3.1. Reduction to an interpolation problem. We will use the following criterion for
being a strong M-basis: Let {x, }nen be an M-basis in a Hilbert space H. Then {x,}nen
is a strong M-basis if and only if for any h, h € H such that (h,x,) - (ZTy, iL) =0 we have
(h,h) = 0 (see, e.g., [16]). Indeed, it is an obvious reformulation of the definition of a
strong M-basis that for any partition N = N; U Ny, Span{z, : n € N1} = {Z, : n € No}*+.
The condition (h,x,) - (Z,,h) = 0 means that for some partition N = N; U N, we have
he{r,:ne N} and h € {&, : n € No}*, whence (h, h) = 0. The converse implication
is analogous.

We will apply this criterion to an M-basis of reproducing kernels {k)} ca. Recall that its
W}’ where G is the so-called generating function
of the set A, that is, an entire function with simple zeros whose zero set coincides with
A, G ¢ H(F) (moreover, HG € H(FE) for an entire function H implies that H = 0), but
gx =< € H(E) for any A € A. In what follows we will always omit the normalizing factor
G’(\) and say that {g,} is the system biorthogonal to {k)}. Then the system {kj}rca is
a strong M-basis if and only if any two vectors h, h such that

biorthogonal system is given by {

(3.1) (h,ky) - (ga, k) =0, A€ A,

are orthogonal, (h, h) = 0.
Without loss of generality (passing if necessary to some other spectral data (T, i,)) we

can assume that A NT = (). Then we rewrite condition (B.I]). Consider the expansions of
kg (2) _ (=D"m?  AG)
[ktnlle ™ z—tn’

ke, (2) i 2
)= an(—1)" - —= = Az , a,} € 0%,
SECU R A0 T T )

the vectors h, h with respect to the de Branges orthonormal basis

kt ) b_M}/Q
—wa K ||12 i =A(z)) - = {b,} € 2.
tn n Z—1ln

Then (h, h) = 72 >, Gnby. Equation (BI) means that there exists a partition A = A; UAs,
A1 N Ay = 0, such that (g, i~z) =0 for A € Ay and (h,k)) = 0 for A € Ay. The second of
these equalities means simply that h(\) = 0, A € Ay, while the first one may be rewritten

G(z) 7\ _ 2 bG(tn)
(Z_)\,h>_ ZA/( )1/2<tn_A>_o, A€ AL

Hence, we have a system of interpolation equations

3:2) A Y e = G(S0),

as
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_1)2

(3.3) AN _Lt = G(2)5a(2),
where G, G5 are some entire functions with simple zeros and zero sets Ay, Ay respectively,
such that G = G1G9, while S; and Sy are some entire functions. Since G is the generating
function of an exact system of reproducing kernels, we have G/G* = B;/B, for some
Blaschke products By, By. Next, we can assume that G1/G%, Gy/G% are also chosen to be
the ratios of two Blaschke products.

It should be mentioned that the above argument includes the case when the biorthogonal
system { g }xea is incomplete: in this case we take Gy = G and G5 = 1, and equation (3.3])
becomes trivial.

Thus, we have proved the following proposition.

Proposition 3.1. Let H(E) be a de Branges space. Then H(E) does not have strong
M -basis property if and only if there exists an M-basis {kx}rea of reproducing kernels in
H(E) with the generating function G such that for some partition A = A{UAy, AyNAs =0,
and for some spectral data (T, p) for H(E) such that Ay N'T = 0, there exist sequences
{a,}, {bn} € €% such that Y, @,b, # 0 and equations [B.2)-(B3) are satisfied for some

entire functions Sy and Ss.

Comparing the values at the points ¢, in (3.2)—(3.3]) we obtain the following important
relation: if S = 5155 then

(3.4) S(t,) = A'(t,)Tubn.

Remark 3.2. 1. It is worth mentioning that if we want to find an M-basis of reproducing
kernels which is not strong, then it is sufficient to find two non-orthogonal sequences
{a,} and {b,} which satisfy [B2)-(B3)). On the other hand, it is clear from the above
construction that if a function h is orthogonal to the system {gx}xea, U {kx}ren,, then

equations (B.2)—([B.3)) are satisfied with {a,} = {b,}.

2. If {kx}aea is an M-basis, then the mixed system { gy faca, U{k)}ren, is always complete
in the case when A; or Ay is a finite set. So we need to consider only the partitions into
infinite subsets. Furthermore, if the system {gy}aea, U{kx}ren, is incomplete, then, under
some mild conditions on H(F), there is a strong asymmetry between the two sets: A;
should be a small (sparse) part of A (see [3, Theorems 1.2, 1.5]).

The following remark shows that in Proposition 3.1l we can always fix some spectral data

(T, 1) and consider only systems {kj}rea with Ay NT = 0.
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Remark 3.3. Assume that {kj},ca is an M-basis which is not strong. Then, perturbing

slightly the sequence A;, we may construct a new sequence A; with Ay N7 = () such that

{1k} aei,un, 18 an M-basis, but the system {gx}y ez, U {ka}aca, is not complete in H(E).
Indeed, let Ay = {Aj} and let A} ¢ T be a perturbation of A} so small that 1/2 <

- : : -

11 i :_—)\’1 < 2 for any n. It is easy to see that for sufficiently small perturbations the
nTA;
. . e AL

equation (B.2) is stable under multiplication by []; i >\1

Gl(Z)Sl(Z) HZ_)\l _Z th th_j\;
A(2) 2=\ 2 A n) ty) it — Aj
Thus, we have an equation of the form B32) with G4(z) = G1(2) [ j il in place of G
and with the same {b,} and S, whence {gx},ci, U {kr}rea, is not Complete in H(E). At
the same time, it is easy to show that sufficiently small perturbations preserve the property
to be an M-basis.

3.2. Outline of the proof. In Section Ml the sufficiency of (i) or (ii) for the strong M-
basis property is proved. As mentioned above, we need to show that equations (3.2)—(B3)
do not have a nontrivial solution {a,} = {b,}. While case (i) follows essentially from
comparing of the asymptotics along the imaginary axis, in case (ii) a subtler argument on
the asymptotics of the zeros of h and §' is used.

The proof of the converse statement is more involved. It splits into four cases which will
be treated separately:

(I) inf,, pt, = 0 and ) p,, = 00;

(IT) inf,, p, > 0, and there exists a subsequence ny such that d,, = o(|t,,|), & — oo, and
dny, 2 |tn, |7V for some N > 0;

(IIT) inf,, i, > 0, and there exists a subsequence ny, such that d,, = o(|t,, |™) for any

N > 0as k — oc;

(IV) inf,, g, > 0, inf,, |t -
to the estimate (L.2]) holds:

,unk:0< Z m+tik Z %), k — oo.

[t21<] .| lt1]>ltn, |
k k

> 0, and there exists a subsequence n; such that the converse

The proof for the case (I) is given in Section B One of its ingredients is the following
result from [2, Theorem 1.1]: if >, < oo, then the de Branges space with the spectral
data (T, p) contains an exact system of reproducing kernel with incomplete biorthogonal

system. Some extension of this result (with a simplified proof) is given in Section
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Another ingredient is the following observation which says roughly that the strong M-
basis property for a de Branges space implies the same property for all spaces constructed
from a part of its spectral data. This observation will be also useful in the proofs of other

cases.

Proposition 3.4. Let H(FE) be a de Branges space with the spectral data (T,u) and
Youbn = 00. Let T° C T, let p° = plro, and let H(E®), E° = A° — iB°, be the de
Branges space constructed from the spectral data (T°,u°). If there exists an exact sys-
tem of reproducing kernels {k$ }aeae in H(E®) which is not a strong M-basis and whose

generating function G° satisfies
(3.5) Go(iy) 2 YA (y)], Jyl = oo,

for some N > 0, then there exists an M-basis of reproducing kernels in H(E) which is not

a strong M -basis.

It should be emphasized that in the statement of Proposition B.4] the system {k$}aeao
can have incomplete biorthogonal system (this version will be used in the proof of Case I)
or can be an M-basis but not a strong one.

The proofs for the cases (II)-(IV) consist of two steps. At the first step (Section [@]),
in each of these cases we construct two real sequences {a,} and {b,} with the following

properties:

(a) {an} € 0, {ba} € 01, an # 0, by, # 0;
(b) >, anb, > 0;
(c) the entire functions h and S defined by

h(z) anuiﬂ S(z) by,
(36) Alz) Z z—t, Alz) Z z—t,

n n

have infinitely many common real zeros {s;} such that dist(sy,T) = |si|~™, for some
N > 0.

(d) the function h satisfies |h(iy)| = |y|~}|A(iy)| (note that this estimate is trivially
satisfied if a,, > 0 for every n).

Existence of common zeros is the crucial part of the proof. Once such sequences are
constructed, we obtain an M-basis of reproducing kernels in H(E) which is not strong
by a certain perturbation argument. This method was suggested in [3]. The following

proposition (whose proof is given in Section [7) completes the proof of Theorem [Tl
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Proposition 3.5. Let H(FE) be a de Branges space with the spectral data (T, i) such that
> Hn = 00, and assume that there exist two sequences {a,} and {b,} satisfying (a)—(d).
Then there exists an M-basis of reproducing kernels {ky} in H(E) which is not a strong
M -basis and such that its generating function G satisfies |G (iy)| = |y|=™|A(iy)| for some
N > 0.

4. SUFFICIENCY OF (i) AND (ii) IN THEOREM [L]

In this section we will show that each of the conditions (i) and (ii) implies that any
M-basis in the corresponding de Branges space is a strong M-basis. The proofs of these
two cases will be essentially different.

Assume that H(E) does not have strong M-basis property. Then, by Proposition B.1]
there exist a partition A = A; U Ay and a nonzero sequence {a,} € % such that for some
entire functions S; and Sy equations ([B.2)—(B.3]) hold with b, = a,.

Consider the product of the equations (3.2)—(B.3]),

2 Qn, 711/2 anG(t,)
By (B.4), we have S(t,,) = A'(t,)|a,|* and hence
(4.2) 58 =R+ an”

z—1,
n

where R is an entire function.

4.1. ()= Strong M-basis Property. The series
Z A(ty)(z —ty)

converges since {%} € (? and {,ul/Q} € (2. Let Ay be an arbitrary zero of G. From
Hn n)ln

inclusion % € H(FE) we deduce that

G(2) G(tn)
4.3 = —_—.
) A = 2 W )
Then we may rewrite (4.1 as

0 et = - (T amern) (002 2E)
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Assume first that ¢ = 0 in (£3). Let us show that in this case the system {gj}aea is
orthogonal to a function By € H(FE),

k
1/2 tn
Z” el

Indeed,

(G( ) ZA, t_A) =0, AeA,

and hence the system {g,} is not complete. Thus ¢ # 0.

It is a standard fact that if ) 1Lf";|n‘ < oo, then the Cauchy transform > % is a

function of Smirnov class (that is, a ratio g/h of two bounded analytic functions, where

h is outer) both in the upper half-plane C, and in the lower half-plane C_ (see, e.g., [14]
Part II, Chapter 1, Section 5]). We conclude that S/A and, hence, R is in the Smirnov
class both in C, and C_. By M.G. Krein’s theorem (see, e.g., [I4, Part II, Chapter 1]) R
is of zero exponential type. The left-hand side of (4.4]) tends to zero along the imaginary
axis. So, R = 0. Now we again use the fact that ), < oo to see that

Qp Un _
S B oy, ] — oo

— 1y — th
By (£2) and [{3)) we have 1 < [(G/A)(iy)], ly|™* < |(S/A)(iy)]. On the other hand,
a,G(t,,
Sl ), e
o A () (1Y — )

that contradicts to equation ([f4)), since the right-hand side is < |y|™!, while the left-hand
side is o(|y|™Y), |y| — oo.

4.2. (ii)= Strong M-basis Property. The proof consists of three steps.

Step 1. As in the previous proof, we prove first (using a different argument) that R =0
in (L2). Let 2¢ be a smooth increasing branch of the argument of O on R (the phase
function for E, see Subsection 2.1]). By (2.4)), the derivative ¢’ is bounded on R.

By [3, Lemma 5.1], R is at most a polynomial. If R is not identically zero, then it
follows from (4.2) that the zeros s, of S satisfy dist(s,,T) — 0, |s,| — co. Note, however,
that the zeros of Sy do not depend on the choice of the spectral data. So for any other
spectral data (T, ji) we have dist(s,,T) — 0, |s,| — co. However, since ¢’ is bounded on
R, we have dist(T,T) > 0 (recall that T = {© = —1} and T = {© = a} for some o € T,
a # —1). We conclude that R = 0.

Step 2. The function S vanishes only at the zeros of > |a,|?/(- — t,), and hence has
only real zeros. Note also that |S(iy)| = |y|~*|A(iy)|. If Sy has only finite number of real
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zeros, then |Sy(iy)| = |y| | A(iy)| for some N > 0. This means that G is a polynomial

(the case excluded by Remark B.2)).
Thus, the Cauchy transforms ) Tt ?n

for n in some infinite set N'. We W111 assume that sn —> 00.

Step 3. We have

S (tn—la tn)

|ax|” |an|? |ax|”

)
) ity il Dy
tL<tn

The first sum is greater than € + for some C' > 0. The last sum is o(f,, D). So, lanl® > %,

where A, =t,, — s, l.e.,, A, < ‘“"‘ I On the other hand,

— 2 —
Qg [ k/ + an,un/

Sn_tk Sn_tn

= 0.

k#n
Furthermore,
i 1/2 1 1/2 ,u1/2
k n
2. 7’f S t—( > uk) Nan}le 5 B,
77/ n
‘tk|§tn7k‘7én ‘tk|<tn
d
" iy 1 e\ ol
k k k n
> e Y s (X g) Touble 52
[ti|>tn [tk \>t [ti|>tn
1/2
We conclude that ‘G"W" < “" . On the other hand, 22— < L™ 4nq g0 L <1 for
tn \ \ ~ Ay lan| ~

infinitely many mdlces n. We come to a contradiction.

5. EXAMPLES OF M-BASES WHICH ARE NOT STRONG: CASE I.

5.1. Proof of Proposition3.4. Let {k}cao be an exact system of reproducing kernels in
H(E°) which is not a strong M-basis and let G° be its generating function. By Proposition
B and Remark 3.3] there exists a partition A° = A U A$ such that A N7T° =@ and

G9(2)83(2) 0o G (tn)
A(z) Z gl 2 (A2) (8) (2 — t)

G(2)S5(2) = aaml
Ao(z) Z z—1,

(5.1)

tn€T°

for some sequences {a%}, {b} € £ and some entire functions Sy and S5. Here we do not
exclude the case when the system {g3}icae is incomplete in H(E°). In this case G} = G
and G5 =
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Let H(E) be a de Branges space with the spectral data (7, ). Then E = A—iB, where
Z,4 =T, and we can write A = A°A with Z;= T=T \ T°. Define a,, = ag, t, € T°, and
an = 0, t, € T, and define b, analogously. Then, multiplying equations GI) by A and

using the fact that A'(t,) = (A°) (t,)A(t,), t, € T°, we get

G3(2)S5(2)A(2) b,G°(t,) Alt,)
A(2) B t; WA () (2 — 1)

G3(2)A(2)S5(z) T’
A(z) =2

(2 z—t,

Put Gy = GS, Gy = GSA, G = G1G,, and A = A°UT. Then equations (E2) are of
the form (B2)-(B3) for the partition A; = AS and Ay = A3U T of A. Hence the system
{9rhren, U {kx}ren, is incomplete.

It remains to show that the system {kj}ica is an M-basis in H(E). If {kr}aea is
incomplete, then there exists an entire function H such that GH = G°AH € H(E).

Hence, we have

(5.2)

tn€T

) el
ERARH(E) = A Y

where {c,} € ¢ and ¢, = 0 when t, € T. Dividing by A we have G°(2)H(z) =
1/2
A°(2) D24 ero c;f?i , whence G°H € H(E®), a contradiction with completeness of {£S }cne.

It is also clear from the above that G/(- —\) € H(E) for any A € A, so G is the generating

function of an exact system of reproducing kernels in H(FE).

Now assume that the biorthogonal system {gj}aea is incomplete in H(FE). Let (U,v),
U = {u,}, be the spectral data for H(E) corresponding to the function E, = («E — E*)/2
for some o € T, « # —1. By the remarks in Subsection 23] since A ¢ H(FE) and pu(R) = oo,
there is no exceptional value a and, thus, v(R) = oc.

By the arguments from Subsection Bl (or from [2, Section 2]), there exists a sequence

{c,} € £% and a nonzero entire function V' such that

G()V(z) cnG(un)
(53) TEG) ZaACAICEE

Comparing the residues, we see that V(u,) = vn V2, andso V € L?*(v). The function
E,/A is in the Smirnov class in C; and C_ and |A(iy)/Ea(iy)| = |y|™' (note that Zo =

(I)f@}g) Since |G°(iy)| 2 |y|~~|A°(iy)|, we have

|G iy)| = |G°(iy) Aliy)| Z 1yl AGy)| Z [y Ealiy)].
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By Krein’s theorem we conclude that V' is a polynomial. Since V' € L?*(v) and v(R) = oo,
we have V = 0. UJ

Remark 5.1. It follows from the proof of Proposition 3.4 that the dimension of the orthog-
onal complement to the system {g3 }xeas U{A3 aeag in H(E®) coincides with the dimension
of the orthogonal complement to {gx}xea, U {kxr}rea, in H(F). Indeed, there is a one-to-
one correspondence between sequences a; = b9 satisfying (B.I)) and sequences a, = b,

satisfying (5.2).

Remark 5.2. Note that the condition |G°(iy)| = |y|~™|A°(iy)| was used only to prove the
completeness of the system biorthogonal to {ky}rea. Both equations (B2)—(B3]) for some
partition of A and the completeness of {kj}rea follow without this assumption.

5.2. (I)== H(F) does not have Strong M-Basis Property. Since lim inf},|_,o tn, = 0,
we may choose a subsequence T° = {t,,, } such that >, p,, < oo, and let H(E°) be the de
Branges space with the spectral data (7°, u°), pu° = p|re (thus p°(R) < 00).

By Theorem 1.1 in [2] and its proof, there exists an exact system of reproducing kernels
{kS }rene in H(E®) whose generating function G° satisfies |G°(iy)| 2 |y|~!|A°(iy)| and such
that its biorthogonal system {g5}xeao is incomplete in H(E°). For a simplified proof of
this (and slightly more general) statement see Proposition Then by Proposition [3.4]
there exists an M-basis of reproducing kernels in H(F) which is not a strong M-basis. [

6. CAsgs II, III AND IV: CONSTRUCTION OF COMMON ZEROS.

As it was explained in Subsection B.] we need to construct sequences {a,}, {b,} € (2
(or, which is the same, two vectors h, iz) and a generating function G of an M-basis of
reproducing kernels such that equations (B.2)-(B.3) hold and 3" a,b, = (h1, ha) # 0.

By Proposition 3.4 it suffices to construct such example for any restriction p° = pu
T° C T, with additional restriction (3.5).

In this section we will make the first step and construct, in each of the cases (II)—(IV)

T°,

sequences {a,}, {b,} satisfying conditions (a)—(d) from Subsection B.21 with T replaced by
some N C T. In each of the cases, the existence of common zeros is proved by a certain

fixed point argument.

6.1. Case (II). Without loss of generality, we assume that 7 is a positive sequence. Pass-

ing to a subsequence, assume that |t, | < d,, < |t,, |k7% and ¢, ., > 2t,,.

Nk+1
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Put N' = {n,} U {ny, + 1}. Let s; € (tn,,tn,.,) be such that

,u1/2 ,ul/Q
ng _ Fng+l I _ _
AL = #27 ANl Ap = tn41 — Sk
We want to choose the coefficients (ay)nens (bn)nen in such a way that the Cauchy trans-
forms
1/2
S 2
z—t, z—t,

neN
vanish at the points s. We assume that g, 11 > pn, (otherwise, the construction should

be modified in an obvious way). Put

Tk 1
Qp,, = ﬁ’ App+1 = ﬁa
1/2
b = ,uné i — AL _ I
e T 1/2 L2 ATE2’ metl T

The numbers 7, g € (1/2,3/2) will be our free parameters. We have a system of equations

1/2 1/2 1/2
TkHny Mnk+1 Qan fb
— + > =0
k k

k2Al k2AT Sp—tn
n#ng,ni+1
Al
Te . 2k L Gk, 1 anbn
k2 ATK? Agc k2 k2AT + Z Sp—tn 0.
n#ng,ng+1

Let £ > 0 be a small number to be fixed later on. Since ké% — 00, we can start with
T
the sequence {t,, } so sparse that

1/2 1/2
Z Nn{ "‘,Un{ﬂ < ¢
= |sk — tn,| 7 kPd,,

Furthermore, we can rewrite our system as

AT k2 T"Ml/2 “1/2+1
M n;
Tk T E : T o =1,

“né-kl iZh 72 (s tnj) 72 (s tnj-H)

/2 )
Tk_Qk‘FAszlZ(A 1/2Juj + % ):O

7k \ I (st 7 (sk—tnj+1)
The unperturbed system
e =1,
Tk —qr =0
has a unique solution r, = g, = 1. On the other hand,

1/2 1/2

AZI{ZQ Z( Hon; + Fon41 ) < e
M2 Plse = tn,| — Plsk —tnal/ ™
Honp+1 £k n; n;
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and
1/2
1 U 1
Akt ( TR )se
j#k gt M%iﬂsk — tn, | [ = tnj1]

uniformly with respect to r;,¢; € (1/2,3/2). This means that for sufficiently small ¢, our
system has a unique solution 74, g, € (1/2,3/2).

Since a,, and b,, are positive, conditions (a), (b) and (d) are clearly satisfied. It remains to
notice that 1 < p, < 2 (recall that Y p,t,? < 00). Since d,,, > clt,, |~ for some ¢, N > 0,

we have sy —t,, = s; " ', the same is true for t,,, ;1 — s, whence dist(sg, T) > |s,| V1. O

6.2. Case (III). The previous proof works as soon as we have a subsequence of intervals
dp, with d,, = o(|t,,|) and d,, = |t,,|™" for some N > 0. The problem is with the case
where all short intervals are in fact extremely (super-polynomially) short. In this case we
cannot put the common zero in this interval if we want to have a separation condition
dist(sg, T') 2 |sk| ™. Therefore, we will choose the common zero outside this interval and
so a, and b, cannot be taken positive for all n.

By Proposition 3.4l we can rarify our sequence T'. So, without loss of generality, assume
>

2tp,+1. Moreover, let ¢, grow super-exponentially, namely, let krﬁtnj < ety, when 7 < k for

that there exists a sequence of indices {ny} such that p,, =1, d,, < |t,, | and ¢

Tk+1

some € > (0. Assume additionally that p,, < pi,,+1. Then we construct common zeros sy,
at the points ¢, — 1 (if p5,, > ftn, +1, then the points ¢, +1 + 1 should be taken as common

zeros). Put

1/2

_ Tk _ 1 Hny
a’nk — k2 ank—f—l — T k212 (dnk + 1)7
(6.1) /2 S
b, =t Loy = I
Ny “1/2 ] k2 n,+1 k2"
np+

We choose ag = by = 10. Set N' = {0} U {nx} U{ng + 1}. We have a system of equations

an,u111/2 o anbn _0
Z t _Zsk—tn_ ’

S —
neN ok n neN

and try to find a solution (ry, gx) of this system such that ry, ¢x € (1/2,3/2). Rewrite our
system using (G.1)):

1/2 1/2
a it 1/2 1 1/2 ajp
E: —l—z—’%/ﬁnk + gzl + E —— =0

sp—t Sp—t
1<n, I>np+1
arb, T ﬂi/Q QL ﬂi/Q arb
191 k k k 191 P
)i I vl D DR il
I<ny Fng+1 Prg+1 >+l
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or, equivalently,

1/2 1/2 1/2
1 Hnj dn +1) aolly
Tk = L+ -4 Ml/Q (Z 7% sk— tn E 32 s tnj+1 + sk—to
(6.2) a2 7
_ k4‘u"§c+1 / 4; d" +1) aobo
Tk — qkx = 1/2 Z AE ( ; _ZJ ( . )+sk7t0
ny, j;ék P41 Sk —tn; J#k Hn +1 Sk—tn;+1

where all the sums should be thought of as small perturbations of the block linear system
re = 1, 1. — qr = 0. The terms with [ = 0 can be made arbitrary small by passing to

k
sufficiently sparse {n;} since w? = o(t,). In addition we can assume that ——2—

/2
27%e min; .y, P,

Next we want to estimate coefficients at r; in the first equation in ([62). If j < k then

1/2 1/2
K T - k2! _ ke, £
M}L{CQ |5k — tnj| ~ Sk ~ tnk ~ k’4
If 7 > k then
1/2 1/2 1/2
W Tl © tny

Analogous estimates hold for coefficients at r; and ¢; in the second equation in (6.2)) and for

1/2
k2 1y (dny+1)
the sum P Ej;ék 32 Sk—tn;41

. Thus, if we define Ay; as the coefficient at r; in the first
equation in (6.2) and By; and Cy; as the coefficients at r; and g; in the second equation
in (6.2), then we have >, ;i |Axj| + [Brj| + |Cij| < €. The unperturbed system has
the solution 7, = g, = 1. Hence, for sufficiently small ¢ we can find the solutions of the
perturbed system 74, g, € (1/2,3/2). As a consequence, Y\ anb, > 0.

It remains to show that the function h satisfies property (d). This is a nontrivial matter

since now a,, change the sign.

Proof of (d). By the construction of a,, and a,,+; we have

#1/2 aml/ #1/2
1/2 n n
Dy = a’nk'un{e + ank‘HM"{ﬁl k;; (rk —-1- dnk) - Zl#nk ng+1 Sy —l t k‘k dn

Choosing the sequence t,, sufficiently sparse we can make the value of Dy, as small as we
wish (uniformly for all values of r, and ¢ € (1/2,3/2). Thus, the series >, Dj, converges
absolutely and its sum can be made as small as we wish. Thus, we can assume that

(63) aoﬂ(l)/Q + Z Dy > 0.
k
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We have
/2

. 1 1/2 1/2
h<Zy> _ Qolg + Z < ank/in{€ + ank+1ﬂn{€+1)

1/2

/ 1/2
ey Dk a'nk—l—l,unk-i-l (tnk+1 - tnk)
=200 1% +

1wy — to Wy =t (Y = 1) (Y — o)

k

Since dy,, = tn,+1 — tn, < |tn, |7 and py, 41 S tik, we conclude that

1/2
an n tn - tn 1
Z »k+1,u o >k+1 v = O<_2>, ly| = oo,
(Zy - tnkJrl)(Zy - tnk+1) Yy
and so, by G3), [h(iy)| 2 [yI~'|A(iy)]- H

6.3. Case (IV). Without loss of generality we assume that 7" is a positive lacunary se-
quence. We know that (L2) does not hold. Consider the case when there exists a subse-
quence of indices {n;} such that >, <ny, 2 in,- We choose rapidly increasing sequences
of indices {ny} and {my} such that

np—1

(6.4) Np_1 < My < Ny, Z > kﬁunk.

l:mk

Put

/2 ng—1 -1/2 1 1
ap = py - Zﬂp T my <1 <np—1, Uy, = 75

p=mg

Set N' = Ug[my, ng]. We can start with {n;}, {ms} increasing so fast that

1/2 1SS 12 an,urlz/2 1
65 > awm :0<E'<ZM) ) 2. t :O(ktnk>’ b= oo

n<mp,neN l=my, n>ng, n€EN
1/2
Let s; be the unique root of ) % in (¢,,-1,tn,). Then
a M1/2 ni—1 al,ul/Q ,Ul/2 a ,Ul/2
TR SR D
n<mk,n6/\/ Sk~ tn l=my, Sk tl k: (Sk o tnk) n>nk,n€/\/ 5k~ tn
From this we conclude that A, =1t,, — s satisfies the estimate
1/2 ng—1 ni—1 1/2
:unk 1 1/2 1 1 + 0(1)
6.7 > — a + o< ) = , k — oo.
( ) k2Ank - tnk lz llul ktnk ktnk lz i
=my =my

Using (6.4) we obtain that A,, = o(t,, ), and applying (6.0) again and the estimate

=my

o ~1/2
inf,, ff—" > 0 we get the estimate reverse to (6.7). Hence, A,, < B (Zl"’“l ,ul) “th,-
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anbn
z—tn

It remains to find a positive sequence {b,}nen € ¢ such that Y., vanishes at the
points s,. We fix small positive b,, n ¢ Ny = {ni}, so that EnEN\No b, < oo. The

parameters b,, should satisfy the system of equations

—a, b Q. by a.b
6.8 Mk Mk E v E nmo— .
( ) Ank + - Sk — tn. + S — f}n
j#k J neN\No

Put u;, = k:2Ank ZneN\No S‘Zf’f and rewrite our system as

1
bn~ = Uk.

b, — k2A,, -
¥ ¥ jQ(Sk - tnj) !

i#k

Let us show that {uz} € £%. Indeed, 3=\, S‘Z'f’; < - and
n nk

k2A, e (= T
\Uk\ﬁika/iné ' Zm SE'

t
"k l:mk

Next consider the coefficients at b,,. If j > k, then ¢,,, > 55, > k*A,,. On the other hand,

. . k;QATLk 1
if 7 < k, then Fr=—. L

So, we can assume that

1 1
E BPA, Y < ——.
Y
p ol (sk —tn,) 100

This means that we can find a summable solution {b,, } of equations (6.8)). Clearly, {a,}
and {b,} satisfy conditions (a)—(d).

The case when there exists a sequence of indices {ny} such that p,, = o(t2 >, f—lgl),
k — oo, can be treated analogously.

7. PROOF OF PROPOSITION

First, note that any function F' € H(FE) is of the form F(z) = A(z) > a”“}/g, where

n z—tn
a = {a,} € (*, whence

F(iy) e Y2
7.1 < = .
r.) | < les), 50 = (X gt
Now let the functions h and S in (3.6]) have infinitely many common zeros {s;} which
admit power-type separation from T, dist(sy,T) = |sg|™™ for some N > 0. We will
factorize h and S as h = G555 and S = 5155, where S5 is a product over some subsequence

of common zeros, and then will construct GGy as a small perturbation of S,.
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Let us construct zeros s of Sy and 5 = s;_1+ 0, of G; inductively. Assume that s; = §q,
S, 89, ..., Sk_1, Sk—1 are already constructed. Choose s; (a common zero of h and S) so
large that if we define d; by

then
Sk = Sgp_1 + 5k > 10851 and s > 108;,.

This is possible since 5(y) — 0, |y| — oo, but, at the same time, 8(y) = |y| ™'

Now define
S =] (1— i) Ci(2) :1;[ <1 - i)

k
and G = G1Go. It is clear that |Sy(iy)| < |G1(iy)| S |ySa(iy)|, |yl — oc.
Assume first that G € H(E) + zH(E). We need to show that G is a generating function
of an exact system (in particular, G ¢ H(E)) and that

Gi(2)51(2) _ buGn)
(7.2) Alz) zn: prl 2A () (2 — t,)

An obvious estimate of infinite products shows that

‘Gl(isk)

k
- Smo_ 1/2
SQ(iSk) - H 3 - 816(6(8/?))

m=1 "™

by the construction of d;. By the property (d) from Subsection B2l |Gy(iy)Sa(iy)| =
|h(iy)| Z |y~ A(iy)|. Hence,

G(']/Sl{;) G1(23k) ‘ GQ(ZSk)SQ(ZSk) M _ 2
'A(isk) Sa(isy) ' A(isg) Sy (isy) = (B(sk)) ",

whence G ¢ H(F). Furthermore, |G (iy)| = |h(iy)G1(iy)|/|S2(iy)| = |y|~'|A(iy)|, whence

G is the generating system of some exact system of kernels. The completeness of the

1

~
—~

biorthogonal system { g }acz. follows by the same arguments as in the proof of Proposition
B4l If (U,v) are some other spectral data for H(FE) and V is the entire function from
(53), then V is at most polynomial whenever |G (iy)| = |y| V| A(iy)]. Thus V = 0, since
V € L*(v) and v(R) = oo by the discussion in Subsection 2.3

To get (Z.2) note first that

_ Gi@)5(z) buG(tn)
H(z) = A(2) Z A (2 — )

n
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is an entire function, since the residues at the points ¢,, coincide. Both summands are in
the Smirnov class in C; and C_. Also |G (iy)S1(iy)| < |yS(iy)| < |A(iy)|, while the sum
in the last formula at z = iy is o(1), |y| = co. By Krein’s theorem we conclude that H is

of zero exponential type and, finally, a constant. However,
’Gl (ZSk)Sl (Zsk) - ’ S(lsk) . Gl(lsk)

and hence H = 0.
Now assume that G does not belong to H(E) + zH(E). Recall that dist(sy, T) 2 |si| ™
for some N > 0. Then a simple estimate |Gy (t)/S2(¢)| < [t|? dist (¢, {sx})~" implies that

A(tn) G (tn)|
|S2(tn)|

S(B(sp)? =0, s — oo,

G (tn)| = S [h(ta)I([ta] + 1),

whence

Gt 2
{(|tn| + 1)N+2E<tn>} € L*(p).

Thus choosing m zeros 3y,...,8,, of G; and setting P, (z) = (2 — 51)...(2 — §,) we
conclude by [9, Theorem 26] that G/P,, € H(E) when m is sufficiently large. Take the
smallest m such that G/P,, ¢ H(E), but G/Ppi1 € H(E). Then G = G/P,, = G:G1/P,,
will be the required generating function satisfying (C.2) with G1/P,, in place of G;. The
completeness of {ky} ez and of its biorthogonal family follow from the fact that |G(iy)| =
lyl7" Ay, [yl — oo O

8. DE BRANGES SPACES WITH STRONG M-BASIS PROPERTY AS FOCK-TYPE SPACES

In this section we prove Theorem The implication (i)==-(ii) is obvious.

8.1. Implication (ii)==-(iii). We will use the invertibility of R, /. For other values of 6
the proof is analogous. We know that A(iz) € H(E). So, iT" = {it, } satisfies the Blaschke
condition Y, (1 + |t,|)~! < oco. Moreover, {ky}acir is a Riesz basis of reproducing kernels
in H(E) and hence in the corresponding model space. Therefore, i7" is lacunary in both
half-planes C, and C_ (see, e.g., [23, Lemma D.4.4.2]).

We may assume that A(z) =[], (1 — #) and |¢,| > 2. Furthermore,

tn
(DN =S
e\ T, A (t) 2|t — o2

71_2

s =

A(z
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Next we estimate 20 ¢, e [2K 2K+1);
2

A(ty)
=20t ]

14k

1— ity /1,
1—tp/t,

'A(itk)

2
> |12
A'(ty) 44

~

because sup,.o #{t, : 2° < |t,] < 2°'} < o0
From (81) we get

R P L R o NN U
o ™A gty — ity |2 2

k t k
g PR

1 1 :
50, 2= 2 2ty >ltm| e Now we make use of an elementary lemma from [7]:

Lemma 8.1. ([7, Lemma 5.9]) Let {c,} be a sequence of positive numbers.

(i) If there is a constant C such that 22;11 cm < Ccy, for n > 1, then there is a
positive constant § such that c,,/c, > ¢29(m=n) whenever m > n.

(ii) If there is a constant C' such that Y " .\ cm < Cey, for every positive integer n,
then there is a positive constant & such that ¢, /c, < c2790m=1) whenever m > n.

Applying Lemma R we conclude that p,, < C27%™m="y m > n, for some small § > 0.

Analogously, £my < C279(m=n) fn. ) > p. This gives us condition (L2).

[t [tn]??

8.2. Implication (iii)==-(i). For simplicity we will assume that {¢,} is a one-sided pos-
itive sequence. Put

le{z:\z|§ 1—5 2}, Qn:{z:%<|z\§%}.

For z € Q,, we can estimate A(z):

|2 [ =t
A = o
k:ltk n

Let € be a sufficiently small positive number. Put
o(r) =2log |A(ir)| +1og pn, 7 € Up[(1 — &)ty, (1 + &)ty

and define ¢(r) = oo for other values of r.

The polynomials are dense in the Fock spaces. Since they belong to H(E), we need only
to verify that || F|| 2 < ||Fllp, F € H(E), with v = e~?(*Ddm(z). First we check that v
is a Carleson measure for H(E), that is, || F||;2q) S || F|le, F € H(E). We normalize our

measure to pass to an equivalent problem for the space H (T, i) from [7] (see also Subsection
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22): v4(z) = |A(2)|?v. We conclude from [7, Theorem 1.1] that v, is a Carleson measure

for H(T, ). Indeed,
|t \2 / dvg(z) 1
vy(Q), = —.
) =5 S EL

The sequences ‘& and » grow exponentially and we obtain the result.
q 2 and 1, g p y

For the readers convenience we repeat the arguments from [7] here. Let f(z) =
A(2) anit 1o an arbitrary function from H(E), ||f|3g = 72>, lan[>. We have

n z—tn

to verify that [ |f(2)[*e #(dm(z) <3, |an|?. First,

/22
| /dvd ( ) > ( \ak\uk)
—— | adyglz ag + |a, +1/d
/Qn;z_tk @5 [ (i) + o Z
1 g1
5—(Z\ak|uk)+|an\2 (ol )
Hn k<n k>n
Hence,
—o(lz a
/|f )2e 0D dm (2 Z/ Zkﬁktk dyd(z)

<\ 12\ 2 th |ak|ﬂk
sz(zmm )+z|an| +zm(z )

k<n k>n

Next we show that the first summand is bounded by Cllal|? (the estimate for the last

summand can be proved analogously). Indeed, Holder’s inequality gives us that

S (Claw?) < 3 0 (S o) (T ) £ Xt Z“m < Jal®

n T k<n n k<n <n n>k M

Next we verify that v is a reverse Carleson measure for H(FE), that is, | F|[2¢) 2 || F||&.
F € H(E). We need to prove that [ |f(2)[*e #(dm(z) 2 3, |a,>. Put D, = {z :
etn/2 < |z —t,| < et,}. We use the inequalities

9 1/2 2
/ ) Pe A Ddm(z) 2 & / SO B n2)
D, n W z— 1
> - a —C Lt dm(z

.t 'an'Q-—(Z'ak'ﬂ“) ()]

k<n
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Here the constant C' depends only on the lacunarity constant inf,¢,.;/t,. Summing

2
up these estimates and using the estimates from above for i(zkn || NIIC/Q) and

Zn Hn (Zk>n Iaktzllc/Q)Q we get
/ ()2 Ddm(z) > 3 / F()Pe D dm(z)
C — /D,
I S

If € is sufficiently small, we obtain the result.

Finally, we may redefine p(r) for r ¢ U,[(1 — €)t,, (1 + €)t,] to be finite, but very large,
and still have the comparability of the norms. O

9. M-BASES OF REPRODUCING KERNELS WITH INFINITE DEFECT

In this section we prove Theorems [[.3] and [[.4 It should be emphasized that the con-
struction of M-bases which are not strong in Theorem [I.T] is done in the reverse order:
first we produce a vector in H(F) with some special properties and then we construct the
corresponding system A. This method does not answer the question about the size of the
possible defect of a given nonhereditarily complete system.

We will need the following Proposition which slightly extends (and whose proof simplifies
the proof of) [2, Theorem 1.1].

Proposition 9.1. Let H(FE) be a de Branges space with the spectral data (T, p) and let
S 2N2p, < oo for some N € N. Then there exists an exact system {kx}xea of reproduc-
ing kernels in H(E) such that its generating function G satisfies |G (iy)| 2 |y|~N|A(iy)],
its biorthogonal system is incomplete and dim {gy : A € A}* = N.

Proof. Recall that every function f € H(E) has the expansion f(z) = A(z))_, %,
{e,} € 2. Since Y, 28721, < oo, the mappings ¢i(f) = Y., thuy/®, 0 < 0 < N, are

bounded linear functionals on H(F). Furthermore,

o(f)=0, 1=0,1,...,N —1<= lim yl+1f( ):0, 1=0,1,...,N —1.
yotoo” A(iy)

Let {a,} € ¢ be such that {a,t,} & ?, > ast, /> =0forl=0,1,...N—1, anty >0

for all except a finite number of n and either the series > a,tY u}/ ? diverges to +oo or it
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converges and ) antﬁy,u,ll/2 # 0. Put

ot ,u1/2
G(z) = A(2) E Zit
Then we have
G(iy) o G(iy)
! N
) 1=0,1,...N—1, liminf )—,)>0.
y%+ooy A(iy) |;\n—l>fioy A(iy)

Since {a,} € (%, but {a,t,} ¢ (2, the function G does not belong to H(E), but gx(z) =
G(z)
z—A
we may assume that all zeros of G are simple and put A = Z; (note that ANT = ( if

€ H(E). Without loss of generality (changing slightly the coefficients a,, if necessary)

a, # 0). By construction we have ¢;(gy) = limy 100 /' igzg =0,0=0,1,...N —1, for any

A € A. The functionals ¢ clearly are linearly independent, whence dim {gy : A € A} > N.
On the other hand, the set of functions f(z) = A(z) angs! , {a,} € ¢, which are

n z—tn

orthogonal to {gx}ea is parametrized by entire functions S such that

G(2)S(z) a,G(t,)
Az) zn: PP A (2 — t)

(see Subsection Bl or [2 Section 2]). Since S is of zero exponential type (for the generating
function of an exact system of reproducing kernels the functions G/E and G*/FE are in
the Smirnov class in C.) and [S(iy)| = o(|A(iy)/G(iy)|), |y| — oo, we conclude that S a
polynomial of degree at most N — 1. Hence, dim {g, : A € A}* < N. O

Proof of Theorem[L3. 1. Let T° = {t,, }, p° =
de Branges space. By Proposition there exists an exact system of reproducing kernels

1o, and let H(E®) be the corresponding

{kS }rene in H(E°) whose generating function G° satisfies |G°(iy)| 2 |y|~™|A°(iy)| for some
N. Then, by Proposition [3.4] there exists an M-basis of reproducing kernels in H(FE) which
is not a strong M-basis. By Remark [B.1 the defect of the partition A = A° U T (where
T =T\ T°) is of dimension exactly N.

2. If T is power separated, then |t,| = |n|? for some p > 0. Hence, (ii) implies that for
some sequence of indices {n;} and for every N € N we have ), ti];[ 2y, < 00, and the
implication (ii)==(i) is already contained in Statement 1.

To prove the converse, assume that p, = |t,|™* for some M > 0. By (2.4]), the space
H(E) is of tempered growth. Then by [3, Theorem 5.3] there exists M = M (N) such that
for any exact system of reproducing kernels {kj} ea and for any partition A = A U Ay,

A1 N Ay = 0 one has def (A, Ay) < M. O
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In the proof of Theorem [[.4] we use the following technical lemma. As usual, for a
sequence I', we denote by nr its counting function: nr(r) = #{y € I : |y| < r}. For an

entire function f we write ny in place of nz(y).

Lemma 9.2. Let I' be a lacunary sequence on R and let f be an entire function of zero
exponential type such that

9.1) /OR ”f“)dr:o(/oR nF(T)dr), R—

r r

and f € £>2(T"). Then f is a constant.

Proof. Let I' = {x, }nen and z,41/x, > €¥ > 1, n > 1. Passing to a subsequence, we can
assume that z,.1/z, > €% x; > €? and (@.J)) is still valid. Set

Q= {z:e™ <o <V} pu=#(2N),

and
N = {k:z 1: Ze‘"pHn > 1}U{k:2 2 Pr—1 + Dk + Dit1 >O}.
n>1

Finally, let

2z

Ulx) = /Oe nrrfr)d'r’ = /0293 nr(e®) ds.

Since np(r) — oo, r — 00, and #(I' N Q) < 1, we have z = o(U(z)), z — 0.
Given x € TN Qy, k ¢ N, we have for some ¢ < 0o

- o2k p2(k+1)
son= W p-2)= 10 () T ()
€2y " |2n |<e2(k=1) “n |z |>e2(k+2) "
> exp [#{zn s za] < eQ(k_l)} — Ze_("_l)pk+n] — 00, T — 0.

n>1

(We use here that 1 — a® > exp(—a) for 0 < a < 1/e). Thus, the set '\ UpeaQ is finite.
Hence,

np(e2F) < #{1:2< 1<k, py+p +pi >0}
HH#{I1<I<E D> e "pn > 11+ 0(1)

n>1
< ny(e*) +ny (e2<k+1)) +ny k+2 Z Z "Diyn +O(1)
1<i<k n>1
S 3’[’L 2(k+2 + Z 2(k+n+1) —n) + O(l), E— oo,

n>1
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Set

2z

V(z) = /0 nf—mdr = /02r ns(e®)ds + O(1), T — 00.

”
By the hypothesis, V(z) = o(U(x)), x — oo. Then, integrating the previous inequality, we
get

Uk)<3V(E+2)+> e"V(k+n+1)+0(1), k- oo.

n>1
Since nr(r) < 2 Inr for large r, we have
2(k+n)
Ulk+n)=U(k)+ / nr(e") dr < U(k) + (2k + n)n.
2%k

Since for any € > 0 we have V(k+n) < eU(k+n) for sufficiently large k, we conclude that
U(k) <4eU(k) + cek + O(1), k — oo,

for an absolute constant c. Recall that ¢ is an arbitrary positive number and k& = o(U (k)),
k — oo. Thus, we come to a contradiction. O

Proof of Theorem[1.4} We split the sequence T into three disjoint parts T = T° UT! U T?
with the following properties:

(i) Both TY and T are positive lacunary sequences.
(ii) [%”, 2tn} NT! = ( for any t, € T°, and [%", 2tn} NT° = for any t, € T".
Additionally assume that

(iii) nro(r) = o(npi(r)), 1 — 0.

The proof will consist of several steps. We will successively define the measure p on the
sets 79 T" and T2

Step 1. Construction of a complete system of reproducing kernels with in-
complete biorthogonal of infinite defect. To define the measure p on T°, we may
apply to T° the following result proved in [5, Theorem 4.2] (see the beginning of the proof
of Theorem 4.2 in [5], where a reformulation in terms of the systems of reproducing kernels
is given):

For any increasing sequence T° C R there exists a measure p° = > i e By, such that
the de Branges space H(E®), E° = A® — iB°, with the spectral data (T°, u°) contains an

exact system of reproducing kernels with the generating function G°, whose biorthogonal

system has infinite-dimensional orthogonal complement.
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In [5, Theorem 4.2] it is essential that the space H(E°) had some additional properties,
and its proof is rather involved. Below (Step 2) we present an explicit construction of u°
and G° using a simplified version of the construction from [5, Theorem 4.2].

It follows both from the construction in [5] and from our arguments in Step 2 that
fn < 1, t, € T°, and, furthermore, that
A%(z)
G(2)
for some entire function W of zero exponential type and with real zeros, such that ny (r) =
o(ngo(r)), r — oo (see [B inequality (4.4)]).

9.2)

scz|w<z>\('z'2“)2, ¢R

|Im z|

Step 2. An explicit construction of p° and G°. Let A° be the canonical product
of zero genus with the zero set 7°. Then we may choose a zero genus canonical product D

with lacunary real zeros such that Zp N T° = (), for any N > 0,
[D(ta)| S [t (A ()], ta €T,
and |D(iy)| < |y|=V|A%(iy)| on one hand, and
|A%(2)/D(2)| S W (2)],  dist(2,2p) > 1,

where W is an entire function satisfying ny (r) = o(ngo(r)), r — oo, on the other hand.
Put

0 0 t,D(t,
GO(z) = A%2) t;() ol (tn)<(z)_ = zD(z), zeC,
by = PP o

b (A ()]
and define the de Branges space H(E?), E° = A° — iB°  with the spectral data (T°, u°),
p® = (u,). Then it is easy to see that G° ¢ H(EV), ¢) = G°/(-—)\) € H(E®), A € A°, where
A is the zero set of G°. Furthermore, dim {¢% : A € A°}+ = oo because for the bounded
functionals ¥;(f) = limy 100 '™ f(iy) /A (iy), L > O (see the proof of Proposition 0.T]), on
H(E®) we have ¢;(g}) = 0, A € A, by the choice of the function D.

It remains to prove that G is the generating function of a complete system of reproducing
kernels in H(E). If it is not the case, then there exists an entire function H such that
HG" € H(E"). Hence, H is of zero exponential type, its growth is majorized by that of
A%/D away from the zeros of A° and D, and, thus, by the growth of the entire function
W, ie., ng(r) = O(nw(r)) = o(nro(r)), r — oco. Finally,

LD HG)E _ ~ BIHE)E
D G [ Pt

t,€T0 t,€T0
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whence, H(t,) — 0, t, € T°, n — oo. Applying Lemma tol =7T% and f = H we
conclude that H = 0.

Step 3. Defining the measure p on T!. Let ' be defined on T by pu,, = 1, t, € T*.
Consider the de Branges space H(E) with the spectral data (T°UT", u° + pu'). Let (T, 1)
be some other spectral data for H(F) sufficiently close to (T°U T, u® + p'). We claim
that

a(ftn — Lty +1) 21, t, €T
Indeed, let t,, € T*. It follows from simple estimates of the derivative of the inner function
@ﬁ based on formula ([2.4) that [©7:(t)| < 1, [t — t,] < 2. Hence, if the spectral data
(T, 1) correspond to some « sufficiently close to —1 (recall that we assume canonically
that (70U T", u® + ') correspond to o = —1), then there exists a point £, € T in the
interval [t, — 1,t, + 1] such that |0’ (f,)] < 1.

Step 4. Defining the measure 1 on 72. We can choose the spectral data (T, fi) in
Step 3 so that additionally TNT? = §. Now we take u, for ¢, € T2 to be very small positive
numbers. Namely, if we denote by H(FE') the de Branges space with the spectral data (T, p)
and by ©f the corresponding inner function, we need to choose i, for ¢,, € T? so small that
for some other spectral data (U, v) for H(E) there exists a point u,, € [t, —1,%,+1]NU with
|©%(uy,)| < 1. This is clearly possible since adding to u a small point mass at some point
x perturbs very slightly the solutions of the equation Og(t) = 8 € T and the derivative
|©% ()| outside a small neighborhood of x.

Thus, we have constructed a de Branges space H(F) with the spectral data (T, 1) such
that for some other spectral data (U,v) for H(FE) we have v([t, —2,t, +2]) = 1, t, € T*
(recall that v({u,}) = 27/|0(u,)| < 1). If E = A —iB, then we can write A = A°A'A?
where A°, A! are canonical products of zero genus with the zero sets 7° and T, respectively,

and A? is some entire functions with the zero set T2.

Step 5. Construction of the set A. By construction, the space H(E") contains
an exact system of reproducing kernels {k}ycpo with the generating function G® whose
biorthogonal system has infinite-dimensional orthogonal complement, and, thus, there ex-
ists an infinite-dimensional subspace of vectors a’ = {a’} € ¢? such that

G9(2)S(z) 3 alGO(t,) S9(z) 3 Sl
1/2

A2 S (A () (2 -t AR 2 —ty

tn,€T0

for some entire functions SY and S9 depending on a”. Multiplying these equations by A A?
as in the proof of Proposition B.4] we conclude that the system {ky}reriurz U {ga}reno has
an infinite-dimensional orthogonal complement in H(E). Put A = AUT ' UT?. Tt is clear
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that the system {kj}rea is an exact system of reproducing kernels in H(E) (see Remark
B£.2) and G = GYAl A? is its generating function.

Step 6. Completeness of the biorthogonal system. It remains to show that the
system {G/(- — A)}rea biorthogonal to {kj}ea is complete in H(E). We cannot apply
> 1yl 4%(iy)| for some
N > 0 (it is a crucial property of the construction in [5] or in Step 2 that G°/A° decreases

Proposition 3.4 since we do not have the condition |G°(iy)

super-polynomially along the imaginary axis). We apply another argument from [5].

Let (U,v), U = {u,}, be the spectral data for H(E) constructed above. They correspond
to the function F, = aFE — E* for some a € T, a # —1. By the arguments from Subsection
B the system {G/(- — A)}aea is incomplete in H(FE) if and only if there exists a sequence

{c,} € £% and a nonzero entire function V' such that

Y

G(2)V(z) Z cnG(uy)
Eo(2) U,IL/QE[X(un)(z — Up)

where V (u,) = vn ¢, and V € L*(v). Since

G_@ A ve,

E, A E, A" Op—oa
and A°/GO satisfies ([@.2), we conclude that |V (2)] < (|z] + 1)N|W(2)|/|Im 2|M, for some
M, N > 0. Here we used the fact that 1 — |©g(z)] > (1 + |2|*)'Im 2, 2 € C,. Now it
follows from standard estimates based on the Jensen formula (see, e.g., [5l Section 4] for

details) that the counting function ny satisfies

/OR ”Vr(r)dr = o(/OR ”Wr(r)dr), R — .

Since nyw (r) = o(ngo(r)) and T° is lacunary, we conclude, using (iii), that ny(r) =

o(ngi(r)), r — oo.

Also, since V € L*(v) and v([t, — 2,1, +2]) 2 1, t, € T", we have infy, o, 4o |V] < 1.
Thus, by Lemma 02, V' is a constant, and, finally, V' = 0, since v(R) = oo. This proves
the completeness of the biorthogonal system. O
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