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UNIFORMLY ACCURATE TIME-SPLITTING METHODS FOR THE
SEMICLASSICAL LINEAR SCHRODINGER EQUATION

PHILIPPE CHARTIER!, Loic LE TREUST? AND FLORIAN MEHATS®*

Abstract. This article is devoted to the construction of numerical methods which remain insensitive
to the smallness of the semiclassical parameter for the linear Schrédinger equation in the semiclassical
limit. We specifically analyse the convergence behavior of the first-order splitting. Our main result is a
proof of uniform accuracy. We illustrate the properties of our methods with simulations.
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1. INTRODUCTION

We are concerned here with the uniformly accurate numerical approximation of the solution ¥¢ : R, xR? — C,
d > 1, of the linear Schrodinger equation in its semiclassical limit

2
i£0,T° = —%A\I}E + VU (1.1)
where V is a smooth potential which does not depend on time. The initial datum is assumed to be of the form

UE(0,-) = Ag(1)e"0 /e with || Ag||2(ray = L. (1.2)

Note that the L?-norm, the energy and the momentum of ¥¢(0, -), namely

Mass: ||\Ifa(t7')||i2(Rd)7 (13)
Energy: / (2[VT5 (1, 2) > + VIO (¢, 2)|?) dar, (1.4)
Rd
Momentum: eIm [ e(t, 2)VP(¢, x)dx, (1.5)
R

are all preserved by the flow of (1.1), whenever ¥¢(0,-) € H'(R%).
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Owing to its numerous occurrences in a vast number of domains of applications in physics, equation (1.1) has
been widely studied (see for instance [27,32] and the references therein). In the semiclassical regime where the
rescaled Planck constant € is small, its asymptotic study allows for an appropriate description of the observables
of ¥¢ through the laws of hydrodynamics. We refer to [12] for a detailed presentation of the semiclassical analysis
and to [25] for a review of both theoretical and numerical issues.

Let us also mention that we do not consider the case where the initial datas are Gaussian wave packets for
which efficient schemes have already been developed [21-23].

1.1. Motivation

Generally speaking, numerical methods for equation (1.1) exhibit an error of size AtP/e" + Ax?/e®, where
At and Ax are the time and space steps and p, q,r, s strictly positive numbers. For time-splitting methods
for instance, the error on the wave function behaves like Az/e + At?/e [5,17]. Even if we content ourselves
with observables!, the error of a splitting method of Bao et al. [5] grows like Az/e + AtP. Now, achieving a
fixed accuracy for varying values of ¢ requires to keep both ratios At/e"/? and Az /e%/9 constant, and becomes
prohibitively costly when € — 0. Our aim, in this article, is thus to develop new numerical schemes that are
Uniformly Accurate (UA) w.r.t. €, i.e. whose accuracy does not deteriorate for vanishing . In other words,
schemes for which 7, s = 0. This seems highly desirable as all available methods with the exception of [9], namely
finite difference methods [1,16,26,35], splitting methods [8,17,18,29,31,34], asymptotic splitting methods [3,4],
relaxation schemes [7] and symplectic methods [33] fail to be UA.

It is the belief of the authors that, prior to the construction of UA-schemes, it is necessary to reformulate
(1.1) as in [9] and we now describe how this can be done.

1.2. Reformulation of the problem

In the spirit of the Wenizel-Kramers-Brillouin (WKB) techniques, we decompose W€ as the product of a
slowly varying amplitude and a fast oscillating factor?

WE(L,-) = A5(t,)ets B/, (1.7)

From this point onwards, various choices are possible, depending on whether A° is complex or not®: taking
A® € C leads to the following system [12]

S€ 2
8,5° + |V2 E v, (1.82)
A e AA®
OuA® + VS VAT + T-AS* = Z’ST (1.8b)

IThese authors performed extensive numerical tests in both linear and nonlinear cases [5,6].
2Considering the WKB-ansatz (1.7) transforms the invariants (1.3) into respectively

||A€||§2<Rd>, /Rd (|eVA® +iA°VS®|? + V|A®|*) dz and Im/RdF(sVAE +iA°VS®) da. (1.6)

3The Madelung transform [30] relates the semiclassical limit of (1.1) to hydrodynamic equations

W () = V/pe(t,)et (/e

and amounts to choosing A® € Ry . However, this formulation leads to both analytical and numerical difficulties in the presence of
vacuum, 4.e. whenever p® vanishes [14,15).
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with S%(0,-) = So(-) and A°(0,-) = Ap(-). Under appropriate smoothness assumptions, (A4%,5¢) € C x R
converges when € — 0 to the solution (A%, SY) of

SO 2
0:8° + % +V=0, (1.9a)
AO
0 A +vSY.vA° + 7ASO =0. (1.9b)

Notice that (p,v) = (JA°|?, V.S?) is then solution of the Euler system

ov+v-Vo+VV =0, (1.10a)
Orp + div(pv) = 0. (1.10b)

Now, an important drawback of (1.8) stems from the formation of caustics in finite time [12]: the solution
of (1.8) may indeed cease to be smooth even though ¥¢ is globally well-defined for ¢ > 0. In order to obtain
global existence for € > 0, Besse, Carles and Mhats [9] suggested an alternative formulation by introducing an
asymptotically-vanishing viscosity term in the eikonal equation (1.8a). Therein, system (1.8) is replaced by

12
0:5° + @ +V =e2AS°, (1.11a)
Af ie AAS

O A*+VS®-VA® + ?ASE =

— e A°AS® (1.11b)

where S¢(0,z) = So(z), A%(0,z) = Ag(z) and where z € R?. Let us emphasize that both (1.8) and (1.11) are
equivalent to (1.1) in the following sense: as long as the solution (5S¢, A%) of (1.8) (resp. (1.11)) is smooth, the
function W€ defined by (1.7) solves (1.1). The well-posedeness of (1.11) and the uniform control of the solutions
with respect to ¢ are stated in Theorem 2.1 below.

The main advantage of the WKB reformulation (1.11) over (1.1) is apparent: the semiclassical parameter
¢ does not give rise to singular perturbations?. Hence, it constitutes a good basis for the development of UA
schemes (at least prior to the appearance of caustics), as witnessed by the methods introduced later in this

paper.
1.3. Construction of the schemes

First and only (up to our knowledge) UA schemes are based on the formulation (1.11) introduced in [9].
Nevertheless, these schemes are still subject to CFL stability conditions and are of low order in time and space.
In this paper, we consider, in lieu of finite differences as in [9], time-splitting methods, for they enjoy the
following favorable features:

(i) they do not suffer from stability restrictions on the time step;
) they are easy to implement;
) they preserve exactly the L2-norm;
v) they can be adapted to semilinear Schrédinger equations;
) they can be composed to attain high-order of convergence in time while remaining spectrally convergent in
space.

4 The Cole-Hopf transformation ([20], Sect. 4.4.1)

SE
w® =exp ( — -1 1.12
p ( 252) (1.12)
transforms (1.11a) into dyw® — 2%2(11)‘5 +1) = e?2 Aw® for which the regularizing effect of the viscosity term becomes arguably more

apparent.
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Points (iv) and (v) will be addressed in a forthcoming work using complex time steps (see [10]), while, in this
paper, we introduce first and second order in time splitting-schemes and concentrate on the numerical analysis
of the first-order one for the sake of clarity.

System (1.11) is split into four pieces as follows:

First flow: We denote ¢ the approximate flow at time h € R of the system

2
0,8 + 'V;q' =0, (1.13a)
A IAA
OA+VS-VA+ TAS = ! — (1.13b)

The eikonal equation (1.13a) is solved by means of the method of characteristics, while equation (1.13b) is
dealt with by noticing that w = Aexp (i.5) satisfies the free Schrédinger equation 10w = —%Aw.

Second flow: We define ? as the exact flow at time h € R of the system

0yS = 0, (1.14a)

i(e—1)AA
DA — % (1.14b)
which is solved in the Fourier space.

Third flow: The third flow ¢3 is defined as the exact flow at time h € R of system
0SS = =V, (1.15a)
;A =0. (1.15b)
Fourth flow: The fourth flow ¢} is defined as the exact flow at time h € Ry of

oS = e*AS, (1.16a)
A = —icAAS. (1.16b)

Equation (1.16a) is solved in Fourier space and the solution of (1.16b) is simply obtained through the formula
A(h,-) = exp (—ie 1 (S(h,-) — 5(0,-))) A(0,-). Notice that ¢} can thus be viewed as a regularizing flow.
The first-order scheme that we consider for (1.11) is then the concatenation of all previous flows

Ph © @i © b © P (1.17)
while the second-order scheme is given by
<P11L/2 © @}21/2 ° 802/2 o 90;1; ° 90:;/2 © Sﬁi/Q ° (ID}L/Q' (1.18)

1.4. Main result

The main result of this paper is the following theorem: it states that ¢} o 2 o ¢3 o ¢} is uniformly accurate
w.r.t. the semi-classical parameter . The proper statement of the result uses the norm || - ||s on the set Xy =
H*+2(R?) x H*(RY) defined for s > 0 and u = (S, A) by

1/2
Jull, = (IS0 era ey + AR ey ) -
Theorem 1.1. Let s > d/2+ 1, emax > 0, ug € Xsyo and 0 < T < Tinax where

Tnax = sup{t > 0: 7 = ¢0(uo) € L([0,1]; Tys2)}
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and ¢S denotes the flow at time 7 of (1.11).
There exists C > 0 and hg > 0 such that the following error estimate holds true for any € € (0, emax], any
h €10, ho] and n € N satisfying nh < T':

1(eh 0 #h 0 @h 0 @)™ (1) = Do (wo) [l < Ch.
The constants C and hy do not depend on €.

Remark 1.2. The constant Ty, appearing in Theorem 1.1 is well-defined and positive since 7 +— ql)g exists
locally in time (see Thm. 2.1).

Remark 1.3. The numerical analysis performed for the proof of Theorem 1.1 can immediately be extended
after the caustics for Tryax < 7T and € > 0 since the solution of (1.11) (as the one of (1.1)) are global. Nevertheless,
the constants C' and hg appearing in the result will not be independent on € anymore. This point is illustrated
in Section 4.

Remark 1.4. The proof of Theorem 1.1 can be adapted to any time-splitting method of order 1 obtained after
permutation of the four flows in (1.17).

Our proof is reminiscent of two previous results related to, on the one hand, splitting schemes for equations
with Burgers nonlinearity [24] and on the other hand, splitting scheme for NLS in the semiclassical limit with
[13]. Nonetheless, due to the finite-time existence of both exact and approximate flows, and to the peculiarity of
the Lipschitz-type stability of the exact flows (see Lem. 2.3), our proof follows a different path. In particular, we
lean the approximate solutions on the exact one to ensure that they do not blow up. Besides, the application of
Lady Windermere’s fan argument is somehow hidden in an induction procedure. Finally, let us mention that, in
spite of the fact that we do not specifically address this case, it is our belief that this result can be extended to
Schrodinger equations with time dependent potentials, to the second-order scheme, to the Schrédinger equation
with a nonlinearity of Hartree-type and to the weakly nonlinear Schrédinger equation (see also [13], Rem. 4.5).

The paper is organized as follows. In Section 2, we first give a theorem of well-posedness of the Cauchy
problem for (1.11). Then Theorem 1.1 is proved using four technical lemmas. Section 3 is devoted to the proof
of these lemmas. We illustrate the properties of our methods in Section 4.

2. PREPARATIORY RESULTS AND PROOF OF THEOREM 1.1

2.1. Notations

Assume that ¢ € (0, emax] and s > d/2 + 1. For the sake of simplicity, we keep the notation of all the flows
independent of €. All the constants appearing in the proof depend on V but not on € > 0. We denote

P = PR O Py PR = PROPh
ert = o 0 i = @y, 0 9 0 @) 0 @,
N; is the possibly nonlinear operator related to goﬁl so that
Oneph, = Nigh,.

The quantities 9y, pp (u) and dapp (u) are the Fréchet derivatives of ¢ with respect to h and u. The commutator
of the nonlinear operators N; and N is given by

Wi Njl(u) = DNi(w) - Nj () — DN (u) - Ni(u).
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2.2. Existence, uniqueness and uniform boundedness results
The following theorem study some properties of the solutions of equations (1.11).
Theorem 2.1. Let epax >0, s >d/2+ 1 and ug € Xsio. The following two points are true.

(i) The quantity
Tinax = sup{t > 0: ¢°(up) € L>=([0,1]; Xsy2)} (2.1)

is well-defined and positive.
(ii) Let 0 < T < Tax. For all € € [0, emax], there exists a unique solution

¢°(uo) € C([0, T, Xy2)
of the systems of equations (1.11). Moreover, ¢°(ug) is bounded in
C([0,T], Xsy2)
uniformly in € € [0, Emax]-

The proof of Theorem 2.1 is given in Section 3.4.

2.3. The main lemmas

In this subsection, we present the main ingredients needed in the proof of Theorem 1.1. Their proof is
postponed to Section 3.

Lemma 2.2. Let M >0 and s > d/2+ 1. There exist hy = h1(M) > 0 such that for any e € (0,emax] and any
ug € Xy satisfying
[uolls < M,

we have that the solution ¢(up) of equation (1.11) is well-defined on [0, h1] and for all t € [0, hq]

[@¢(uo)l[s < 2M.
Lemma 2.3. Let M > 0 and s > d/2 + 1. There exist Co = Co(M) > 0 such that for any € € (0,emax), any
solutions ¢(u1) € L([0,T], Xs41) and ¢i(uz) € L=([0,T], Xs) of equation (1.11), satisfying for all t € [0,T]

[fr(ua)[s1 + llpe(u)lls < M
we have
[0¢(u1) = Ge(u2)lls < [lur — us||s exp(Cat).
Remark 2.4. Let us insist on the fact that in Lemma 2.3, we have to control ¢¢(uy) in X541 and ¢¢(uz) in X
to get Lipschitz-type stability in Y.
Lemma 2.5. Let M >0 and s > d/2+ 1. There exist hg = h3(M) > 0 and C3 = C3(M) > 0 such that for any
€ € (0, emax|, any ug € X satisfying ||uolls < M and any 0 <t < hs, we have
(a) llop?*(uo)lls < 8M.
(b) Furthermore, if ug € Xs12, then
%% (o) l|s+2 < exp (Cst) ([[uolls2 + tl|V[|sro+4) -
Lemma 2.6. Let M > 0 and s > d/2 + 1. There exist hy = ha(M) > 0 and Ky = K4(M) > 0 such that for
any € € (0, emax] and any ug € Xs1o satisfying
l[uolls42 < M,

we have for any t € [0, hy] that
[ pe(uo) — @i (uo)|ls < Kat?.



UNIFORMLY ACCURATE TIME-SPLITTING METHODS

2.4. Proof of Theorem 1.1

Let us denote
M (T) = sup{||¢; (uo)[[s : 0 <t < T}

fore >0and T > 0.

449

(2.2)

Let s > d/2+ 1, ¢ € (0,max), Uop € Yst2, n € N and h > 0 be such that nh < T < Tyax (see (2.1)). By

Theorem 2.1, there exist My, Msy1 and Mo independent of & € (0, mayx] such that for all € € (0, £max],

M; S MS7 MSE+1 S Ms+1 and M§+2 S Ms+2
(see (2.2)). We denote
C = C5(2Ms),
co = |[uo|lst2 exp (CT) + ||V||grs+4e”"C/C,
C' = Co(Mgy1 + 4My),
¢ = Ky(co)ac®T/C".
Assume that
O S h S Hlil’l (hg(CO), MS/E, h1(2Ms), h4(60)) .

Here, hy, Cs, hs, hy and K4 are defined in Lemmas 2.2, 2.3, 2.5 and 2.6.
We show by induction on 0 < k <n that
(1) (}234)k(ug) is well-defined, belongs to X o and
. e(k+1)hC _ ShC
16on™)" (uo)lls+2 < lluolls+2 exp (Ckh) + AV grors — 55— < 0,

’
oC/hk_q

(ii) llorn(uo) — (032*4)* (uo)lls < h2Ka(co) Sem=y < Ch,

and Theorem 1.1 follows then from point (ii) with k = n.

The induction hypothesis is true for & = 0. Let us assume points (i) and (ii) true for 0 < k <n — 1.

Lemma 2.5, point (i) and (2.3) ensure that
(@) (o)
is well-defined and belongs to Xs.o. By Point (ii) and (2.3), we have
1(0n* )" (o)lls < M + ldwn (o) — (@5***)* (uo)lls < 2M,.
By Lemma 2.5 and (2.3), we have
1R 52 < exp (Ch) (103" (uo)lls+2 + ~l[ VIl zro+4)
and point (i) ensures that

o(k+2)hC _ GhC

1@r ) stz < lluollst2 exp (C(k + 1)h) + WVl —ge—— < co-

By Lemma 2.2 and (2.3), b/ — ¢ o (¢}23*)*(up) is well-defined and satisfies for all 0 < A’ < h

llnr o (422" (uo)

| < 4D,

(2.3)
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By Lemma 2.3, we obtain that
[ @nir1) (w0) — dn 0 (23724 (o) |ls < llpnr(uo) — (4>**)* (uo) s exp(C'h).
By Lemma 2.6, point (i) and (2.3), we get

lon 0 (22*)* (o) — @32 0 (937*)* (wo) s < Kalco)h?,

so that

pnr1) (o) — (052215 (uo) s < Kalco)h® + [ ¢nr(uo) — (947**)* (o)l s exp(C'h).

By point (ii), we have then that

1234\k+1 <K n2 eCh(k+1)
1@n+1) (o) = (™)™ (uo)lls < Kalco)™ | —am—a— |-

Thus, points (i) and (ii) are true for k + 1.

3. PROOF OF THE MAIN LEMMAS

3.1. Auxiliary results

Let us denote by (-,-) the L? scalar product, for s > 0

AS = (1 _ A)s/27

IMiu =S8, Ilou = A, for u= (i)

and

(w1, ug), = (I, Hiug)
+ (AT VI ug, AT VITiug ) + Re (A*Touy, A*Tlous) .

(3.2)

We recall two points that will be of constant use in the following: the Sobolev space H®* C L is an algebra

for s > d/2 and the Kato-Ponce [28] inequality holds true:

Proposition 3.1. Let sg > d/2+ 1. There is ¢ > 0 such that for all f € H*(R?) and g € H*~}(R?)

[A*(fg) = FA*gllz < c(IVFllLellgllmeo—r + | Fllme0

gllze=).

The following lemmas will be used several times in our proof.

Lemma 3.2. Let so > d/2+1. There is C > 0 such that for all vy, v1 and R € L>([0, ho], H**(R%)9) satisfying

at’l)o + (’Ul . V)”Uo = R,
we have

OdllvollFreo < C (Ilvoll7reo

< CllvollZr+o

vleLoo + ||’UQHHs0 UIHHSO V’UO”LOO) —|—2 (ASU’U(),ASUR>

U1 ||H-<o + 2 <ASUU0, A0 R> .
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Proof. We have by integration by parts that

2
6t 7”120 !Hsg < SOU ASOat’Uo> <ASOUO7 ASO (Ul . V)’Uo> + <ASOU0, ASOR>
1

<5 [, 1Al diver + ol JIA®, (01 - D)ol + (A0, A R).

Proposition 3.1 ensures that

2
Vo s
R (o A Ty

’UlHHso V’U()”Loo) —+ <ASO’U0,ASOR> .

O

Lemma 3.3. Let sg > d/2 + 1. There exists C > 0 such that for all A € W1([0, ho], H*(R%)), v; €
L>=([0, ho, H*FH(R)?) and R € L>([0, ho], H**(R?)) satisfying

di
GtA—i—vl VA+A 1V’l)1

= R7
we have,

Al Allzreo < C (1Al Z5
< CllAllFo

|v1||wz.oe + [|A]| Es0 ‘U1||Hso+1||A||W1,oo) +2Re (AP A, A°°R)
"01 ||Hso+1 + 2Re <ASOA, ASOR> .

Proof. We have by integration by parts that

All%.
o, JAI%

o~ =Re(AA A" A) = —Re<ASOA< SV + le”l)ASOA>

— Re <A5°A, {A50,< . dlvvl)} >+Re (A*° A, A R)

252,

< CllAllm=o (Vv 2 IVA[ oo + [Jv1 ][ 20 [V Al o)
+ Cl[ Al =0 (| V(divvr)| Lo | Al grso—1 + || div vr ]| reo
+ Re (A% A, A R)

< C (|lAlF0

< C||AllFs0

< [|Afl =0

+Re(AA AVR).

Proposition 3.1 ensures that

A%
o Al

A=)

villwze + | Al oo o1l geo+r [| Al ) + Re (A0 A, A R)
U1 ||Hso+1 + Re <A50A, ASOR> .

3.2. Study of the equation (1.11)

Let us prove Lemma 2.2.

Proof. By the Cole-Hopf transform, we get that w® = exp ( ) 1 is the solution of

% S
= 2 € € € 0
Oyw® = e”Aw +2€2 (w®4+1), w*(0)=exp (—262) -1,
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Hence, global existence and uniqueness of the solution S® of (1.11a) for fixed ¢ € (0,&max, follows from
standard semi-group theory. The function v® = VS¢ solves

Opv° + (v° - V)of + VYV = 2 Av®.
Since s > d/2, Lemma 3.2 and an integration by parts ensure that

8t||va||%15+1 S CHUEH?{5+1 =+ <As+1’UE,As+1 (—VV + EQAU5)>

< ellv e + 10 arsa [Vl e

By (1.11a), we also have that

6 ||54€||%2 < SE €112 2
i < 152 (Ve + [1v7]124/2)

so that
OIS 72 < clVIlmes2 1% o2 + €l S% M| 7e42-

The global existence and the uniqueness of a solution A¢ of equation (1.11b) follows from the fact that
Ue = A% exp (15° /¢)
satisfies equation (1.1). By Lemma 3.3, recalling that s > d/2 + 1, we also have
Wl A%|3. < el A%[[3.1S° | srevs + Re (A® A%, A°R)
where R = % — 1€ A°AS® so that an integration by parts gives us

Oull A3 < cll A®|IZo 15 [l 1re+2

We obtain that
Al pe(uo) 12 < crllpe(uo) sVl a2 + calldr(uo)ll3

and
Oillpe(uo)lls < erl|Vilas+2 + calldi(uo)|l3-

We get then that

[lpe(uo)|ls < lVllers tan (t\/0102|V”H5+2 + arctan (M1 /02>)
c2 c1 [Vl gre+e

so that there is hy = hy (M) > 0 such that for all 0 <t < hy
e (uo)lls < 2M.

O

The following result will be used several times and in particular for the proof of the stability of equation
(1.11) in Lemma 2.3.
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Lemma 3.4. Let s9 > d/2+ 1. Let uy = (51, A1) be in L°([0,T], Xso41), ue = (S2,A42), (R1.s,R1.4) and
(Ra,5,Ra,4) be in L=([0,T], Xy, ). Assume moreover that for i =1,2

12
0cS; + \V§,| =R; g,
AS;

Then, we have

Ollur — uallZ, < ellur — uallZ) (Jullso+1 + lluallsy) +2 (ur — ug, Ry — Ra),,

where R; = (R; s, Ri a)7.

Proof. Let sg > d/2+ 1. Let us define v; = VS1, vo = VSo, w =v1 —ve, B=A; — Ay and u = uy — us.
We have that

0w = _('Ul : V)’Ul + (’Ug . V)UQ +V (les - R27s)
= _('U2 : V)w - (w . V)Ul +V (Rl,S — 3275)

and Lemma 3.2 ensures that
Bl wlFreorr < cllwlFagsa o2l goots +2 (AT 1w, AP FIR) .
where R = —(w - V)v1 + V (R1,5 — R2.5) . We also have that
[(w - V)oi]l ot < cllw][geo+r[|oa]l oo+
and
OcllwlFeoer < cllwlFreger (I1S1llaso+s + 182]l meorz) + 2 (AT w, ATV (Ry s — Ras)) -

We also have
01— $2) =~ (1 +v2) - w+ (Bus — Ros)
so that
0:181 = a7 < cllS1 = Sallzawlize (IS1llwree + [[Sallwroe) +2(S1 = Sz, Ris — Ra.s)
and then

3:)1S1 = Sollfeor2 < CllS1 = Sallipsarz (Sl moors + |1S2]l sre0+2)
+2(S1 — 82, Ri,s — Ros) + 2(A°TIV (S — S5) , ATV (R s — Ra 5))

Let us study B, we have

ASy

B+ VSy-VB+ B=R

where
div(w)

R=—-w VA4 - 5

A1+ (R1,a — Ra,4)
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Hence, we obtain by Lemma 3.3

3| Bl < cllBllzso l|S2llmoo+2 +2Re (A B, A* R)
< cl|Blfigso 12l oot + el Bllmso [lwl oo+ | A [l oo+
+2Re (A*°B,A* (Ry.4 — Ra,4))

and

Ollur —uz?) < cllur — a2 (Jullsorr + lluzllsy) +2 (ur — ug, Ry — Ra),,

The result follows. O
Let us study now the stability of equation (1.11) and prove Lemma 2.3.

Proof. Let s > d/2+1 and € € (0, emax]. Let us define for ¢ = 1,2

Ri,S =-—-V+ EQASZ',

AA;
Ri,A =1 B — ’Lz’;‘AlASz
We apply Lemma 3.4 with sg = s. We have by integrations by parts that

(S1—82,Ri.s — Rag) + (A°TIV (81 — S5) , ATV (R s — Ros)) <0,

and
Re (A® (A; — As) ,A* (R1a — Ra.a)) < c||Ar — Ag|| %4 ||S1 || ov2
+ A1 — Az|lm=||S1 — Sal preve || Azl 1+
so that
el pe(ur) — pe(ua)ll2 < cllur — w2l (1de(ua)llss1 + llde(uz)lls)
and the result follows. O

3.3. Study of the numerical flow 1234

The following lemma is inspired by the work of Holden et al. [24].

Lemma 3.5. Let so > d/2+1 and M > 0. There exists hs = hs(M) > 0 such that for any ug € Xs, satisfying
lluollsy < M and any 0 < t < hs, the following two points are true.

(i) We have that ||} (uo)ls, < 2M.
(ii) Let s1 > so. There is C5 = C5(M) > 0 such that if ug € X, , then

i (uo)lls, < exp (Cst) [luolls,

Proof. The existence of the solution S of (1.13a) follows for instance from the method of characteristics. Lemma
3.2 ensures that for s > d/2+ 1

OIVS|Fresr < VS Ferr [V(VS)llze < CIVS|IFa 1) [w2.ce-

We also have
O|IS|I72 < ellS@lL2 IV SE)174
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so that
OIS |Frs2 < CNSE3rsr2[1S@) lwz.oe-

The remaining of the proof follows exactly the same lines as the one of Lemma 2.2. By Lemma 3.3 and an
integration by parts, we have

O All7e < C (1A IS lws.e + [ All s |S] 2]l Allwr. )
< Cllgt (uo)lIZ 107 (wo) ws.oe .o
and

Otllpy (uo) 12 < Cllog (wo) 2 llpy (wo) w.e e
< Cller (uo)lI3.

Taking s = sg, we get that
M

s0o £ T
1—cMt
and there is hs = hs(M) > 0 such that for all ¢ € [0, hg]

i (uo) |

ez (wo)llsy < 2M.
We also obtain for s = s1 > so > d/2+ 1 and t € [0, ho] that
Dellpt (wo)1Z, < Cllgs (wo)llz, lles (wo)llso
< 2CM ||y (wo)II3, -
and the result follows from Gronwall’s Lemma. ]
We immediately get the following result for the second and the third flows.

Lemma 3.6. Let so > 0 and M > 0. There is hg = he(M) such that for any ug € Xy, satisfying ||uolls, < M
any 0 <t < hg, the following two points holds true.

() 117 (uo)llsy < M and ||} (uo)lls, < 2M,

(ii) Let s1 > 0. If moreover ug € X5, , then, we have

9% (uo)lls, < lluolls, and 19} (uo)lls, < lluolls, + ¢V grere.
The following lemma study the fourth flow.

Lemma 3.7. Let so > d/2+ 1 and M > 0. There exists hy = h7(M) > 0 such that for any ug € Xs, satisfying
lluollsy < M and any 0 < t < hy, the following two points holds true.

(i) llef (uo)lls, < 2M,
(ii) Let s1 > sg. There is C7 = C7(M) > 0 such that if ug € Xs,,

i (uo)lls, < exp (C7t) [luolls,

Proof. Let s > d/2 + 1. By integration by parts, we have 8;S(h)||%.,. <0 and

All%,.
o, 141 !H = Re (A®A, A° (—icAAS)) = Re (A®A, [A®, —icAS] A)
IV(AS)]| =1l ros + | AS ] 2= [[All =)
Sliwae + cll Allz 1 s} AlL -

< c|[Allms (
< c|l A%
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We obtain for s = sg that
Bl (o) 12, < cligt (uo) I3,
for s = 51 that
Al (uo)lI3, < cliwy (wo)lI2, [z (o)l s,

and the result follows from the arguments of the end of the proof of Lemma 3.5. ]
Taking sg = s and s; = sg + 2, we immediately get Lemma 2.5 combining Lemmas 3.5-3.7.

3.4. Proof of Theorem 2.1

Let M > 0. Lemma 2.2 ensures that there is hy = hq (M) > 0 such that for any € € (0, emax] and any ug € X512
satistying ||uo||s+2 < M, the solutions ¢t — ¢$(ug) of equation (1.11) are well-defined in L*°([0, k1], Xs42) and
uniformly bounded with respect to ¢.

Let €,¢’ € (0, Emax)s U0, Uy € Xsio such that |lugllsie < M and |Jup|sre < M. We define (5%, A%)T = ¢°(up),
(5%, 4%)T = 67 (up) and

Rig=-V+e2AS7, Ry = —V +&?AS%
€ e

— i A°ASE, RQVA:iE'AA — i AT ASE .

Rl,A =1
We apply Lemma 3.4 with sg = s, u1 = ¢*(up) and ug = o (up). We have by integrations by parts that

<Sf — 5 Ris— Rg,s> + <As+1v (56 - Ss/) ATV (Rys — Rz,s)>

< cle = &'[[1S° = S [l rov2 15[ 1o+,

and
Re <AS (AE - As’) JA* (Rya — R2,A)> < cle — €[} A5 — A || e || A% || prese
+ || A% — A% |3 15 [ prese + || A% 1 || A°
— A || e ||SF = S| o
+cle — '[[|A% — A% || e | A% e || SF | e
so that

Oull65 (o) — 65 (up) 12 < ellg5 (o) — 5 ()12 (1165 ()l + 1165 ()]s )
+ cle = &/[1197 (o) — 95 (1) 1195 (o) 42 + 1165 (o) 12).

Gronwall’s Lemma ensures that for all ¢ € [0, h4]

165 (w0) = 65 (wp)lls < C ([luo — upls + e — &) (3-3)

where )
C = C(I16° (wo) | o= ([0,h1], 2 12)5 195 (W) | oo (0,017, 5.)) > O

Thus, (¢§(uo))eo,n,) is a Cauchy sequence of & of L([0,h1], Zs). The limit ¢°(ug) is solution of (1.11)
with € = 0. Uniqueness follows from (3.3). We get immediately that Lemma 2.2 is also true for ¢ = 0 and
¢°(uo) € L®([0, h1], Ys2).

Let

Tinax = sup{t > 0: ¢°(ug) € L>([0,t]; Tyya)} > 0,
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then, for any 0 < T < Thax, ¢°(uo) € L®([0,T]; Zyy2). Let us define T = hy (2M9) (see Lem. 2.2 and (2.2)),
C =C(M2,,2M?) (see inequality (3.3)) and N the smallest n € N such that

nsz.

Let €9 > 0 be such that ¢ Z;\f:l C7 < M? and ¢ € (0,¢¢]. By inequality (3.3) and Lemma 2.2, we obtain by
induction on 0 < k < N that

k
16 (o)« < 1167 (uo)lls + 167 (u0) — § (o)« < M+ )y €7 < MJ < 2M7

j=1
for all ¢ € [0, kT]. Thus, ¢¢(uo) is well-defined on [0, T], belongs to L>([0,T]; ¥,) and

16° (wo) | o< 0,715, < 2M. (3-4)

Following the arguments of the proofs of Lemmas 3.5-3.7, we obtain that
Dello” (wo) 1242 < cll6F (uo)ll22l16% (wo) s + 6% (o) |2Vl roa.

Gronwall’s lemma ensures that there is C = C (M§) > 0 independent of € such that

165 (uo)lls-+2 < exp(tC) (tV o + [[uolls+2)

for all ¢ € [0, T]. Moreover, ¢°(ug) is well-defined in L°([0,T], Xs12) for any € € (0,emax]. Then, the same
arguments ensure that & € (0,emax] = ¢°(ug) is continuous in L>([0,7T7, ¥s) so that (¢°(uo))ee[0,cmae] 15
uniformly bounded in L>([0, 7], ¥s+2) and the result follows.

3.5. The local error estimates

The proof of Lemma 2.6 given in this section is inspired by Auzinger et al. [2], where the two flows case is
treated. The local error of scheme (1.17) is defined by

#(h,u) = 03 (u) — ¢n(u).

3.5.1. Main lemmas

Let us give the main ingredients that will be used in the proof of Lemma 2.6. The balls in X, are denoted
by
Bso (M) ={u € X+ [ulls, < M} (3.5)

for s > 0 and M > 0. The strategy to get estimates on Z(h,u) is to differentiate #Z with respect to h. Hence,
we will be in need of the following lemma whose proof is postponed to Appendix A.

Lemma 3.8. Let s > d/2+1 and M > 0. There exists hg = hg(M) > 0 such that the following two points hold
true.

(i) Let s1 > s. The functions

(h,u) € [0, hs]  (Bs(M) N Xy, 43) = p(u) € sy,
(h,u) € [0, hs] x (Bs(M) N Xy 42) = @5 (u) € sy,
(h,u) € [0, hs] x (Bs(M) N Xs,) = @ (u) € Ty,

are C'-applications.
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(ii) Let s3 > s and My > 0. There exists Cg = Cg(M, Mz) > 0 such that for any uw € Bs(M) N Bsy11(Ma),
h €0, hs] and any uo € Xs,, we have

102605, (w) - wolls, < exp (Csh) [luolls.
10260 (w) - wolls, < exp (Csh) [[uolls.
102605 (w) - wolls, < exp (Csh) [luolls.

and
| (w0, DN1(p () -uo),, | < Csluoll3,.
| (w0, DN2 (¢ (w)) - uo),, | < Csluoll2,.
| (uo, DN3 (¢, (w)) - uo) | < Cslluoll?,.
where (-,-),, is defined in (3.2) and By, (M) in (3.5).
The following lemma ensures that the object studied in the proof of Lemma 2.6 are well-defined.

Lemma 3.9. Let s > d/2+ 1 and M > 0. There is hg = ho(M) > 0 such that the following three points are
true. Let u € Ysi7 such that ||u|ls42 < M.

(i) We have for all h € [0, hy],
@22 (), o (u), it (u) and @), (u)
are well-defined, belong to L™ ([0, hol, Xs+7) and satisfy
max ([0 (w)[ls+2, 3" (W) 542, 1057 (W) [|s12) < 4M.

(ii) The application h € [0, hg] — Z(h,u) € X is differentiable,

O (hyu) = ZN 324 (w) = Nio(én(w) + 7 (h, ),

Z(0,u) = O.
where

(h,u) = (x12 + x13 + X14) (h, 0774 (u))
+ 02" (hy 034 (1)) - (X238 + x24) (hy 03 (u)
+ 0ap" (B, 037 (1)) - Dap? (hy 03 (1)) - Xaa (D, 0}, (w)

and xi5(h,v) = Baiph (v) - N (0) — Nj( () (see (2], Sect. 3).
(iii) Let v € Xsy7. We have,

Onxij(h,v) = DNi(0},(v)) - xij (hy v) + [N, N (04 (0))
Xij (0, ’U) =0.
The following lemma gives bounds on the commutators.

Lemma 3.10. Let s > d/2+ 1. There is C > 0 such that for any u € Xsio and any 1 <i < j <4, we have
IV NG (@)lls < CllullZya (1 + ullss2).

C does not depend on e € (0, Emax]-
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3.5.2. Proof of Lemma 2.6

Let s > d/2+1 and M > 0. Let us define hy = hy(M) = hg(M). Assume for the moment that u € X5, 7 and
|lu]|s+2 < M. By Lemmas 3.8-3.10 and Gronwall’s Lemma, there is C' = C(M) > 0 such that for any h € [0, hy]

Ixa2(h, 037 ()l + Ixa3(h, 03> (W)lls + [xaa(h, @37 ()5 < Ch,
Ix23 (P, 03" ())lls + l[x24(h, @3 ()5 < Ch
Ix34 (R, o ()5 < Ch.

Using again Lemmas 3.8 and 3.9, we obtain that
17 (h, u)|ls < Ch.

Let us define

Ris = —V+e*Alli¢p(u),

Ry s = =V + 2 Allig > (u) + 1.7 (h, u),
ie All U . AIl U

Ria= ;¢h( ) —i€ 1§h( )H2¢h(u)a

Ron = iSAHgQ;%L234(U) B Z,gAﬂlgo;lfS‘l(u)

23" (u) + M (h, )

where II; and II; are defined in (3.1). Then, Lemma 3.4 ensures that
Oellon (w) = o)1 < Cllop® (u) — on ()2 + Cller® (u) — dn(W)lls ]| (h, w)s.
Gronwall’s lemma ensures that there is Ky = K4(M) such that
lon?** (u) — én ()T < Kah?.

Let us insist on the fact that K4 and h4 only depend on M. Hence, using the fact that for all h € [0, hy], the
applications
u € Z]5-1-2 = ¢h(u) € Es

and

U € Ygio— 03234 (u) € T

are continuous (see Lem. 2.3 and the proof of Lem. 3.8), we get that

o3 (1) — dn(w) |3 < Kah?.
holds true for any u € Y15 such that ||u||s42 < M/2 and the result follows.

3.5.8. Proof of Lemma 3.9
Let u € X547 such that ||u||s+2 < M. Let us define

0 < hg = ho(M) := min (hs(4M), hg(2M), hz (M), hs(4M)) , (3.6)

where hs, hg, h7 and hg are defined by Lemmas 3.5, 3.6, 3.7 and 3.8.
Using these lemmas, we get that for all h € [0, hg],

r2 (u), 072 (u), ¥t (u) and @} (u)
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are well-defined, belong to L>°([0, ho|, Xs+7) and satisfy

max ([0 (w)[ls+2, 93" ()| s42, 1057 (1) [|s2) < 4M.
Define for ¢ =1,2,3,4, h > 0 and ug € Y52, the applications
9 (h,ug) = (h, @} (uo))" and Z(h,up) = uo.

By Lemma 3.8, we obtain that
h € [0, ho] — @323 (u) € By(8M)

is a Cl-application since ¢}234(u) = Z o ¥ 0 92 0 93 0 ¥4(h,u). We have that
Onol23 (1) = N1l (u) + Dol (0234 (u)) - Nap?¥ (u)

+ Oa05, (9774 (u) - Do (03 (w)) - Nsw (u)
+ Oa01, (0774 (u) - Do (03 (w)) - Do (o (w)) - Nap (w),

w

W

so that
3h90;11234( ) ./\/’901234( )+N2501234( )+N3<P1234( )+N4(P1234(U)
+ x12(h, 0374 (W) + x13(h, 072 (u)) + x14(h, 374 (u)
+ O20n (074 () -+ (x23(R, £ (1) + X4 (R, 03 (1))
+ 0203, (9774 (u) - D2 (03" (w)) - x3a (h, oy ().

Let us show the last point. We have for uo € X7 that
O (92p},(v) - uo) = DNi(4,(v)) - (B2}, (v) - o) ,
so that
Inxij(h,v) :DM‘(@‘(U)) B2}, (v) - N (v) = DN (], (v)) - Onipp, (v)
= DNi(#},(v)) - x5 (h, v) + NG, Nj) (), (0)).
3.5.4. Proof of Lemma 3.10

Let us consider

U= (i) and ug = (i?))

- —VS VS,
07\ -VS - VAg— ApaE — VS, - VA - AR 4 8 o

DN3(u) - ug = Noug = (i(&_ _2)A2Ac)> )
DN3(u) - ug = 0,
2AS
DNAL(U) s Ug = (—iE(AOEAS -lE)AAS())) ’
so that, [N, N3](u) = 0, [Na, N3](u) = 0, [N3, Ny](u) =0 and
[Nl,./\[g](u) = D/\/l(u) Ng(u) - DNQ(U) N1<u)

We have

_ie=1) 0
T2 \VAS-VA+ANE LY VoS VA + 8 ARYS )
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‘We obtain
[V N2 (W)l < Cllull?ps.

We also have
[N1,N4](u) = DN1(U) N4(u) — DN4(U) Nl(u)

B 62 22:1 V@kS . V@kS
"l e—e (VAS VA AATZS) — e A VS VS )

and
[Ny, Mol (W) |s < eCllull3 o (1 + [[ullsr) -
We also get
WNa, Nil(u) = DN (u) - Na(u) — DNy(u) - Na(u)
_ele—1) 0
- 9 AA2S +2VA-VAS |
so that

IV2, Na] (w)lls < eCllull?ys

and the result follows.

4. NUMERICAL EXPERIMENTS

In this part, we illustrate the behavior of the schemes (1.17) and (1.18) introduced in Section 1.3. We
restrict ourselves to the one-dimensional periodic setting in which the equations studied remain unchanged and
a Fourier spectral discretization can be used. Note that eikonal equation (1.13a) is solved using the method of
characteristics and an interpolation method based on a direct discrete Fourier series evaluation. Many other
methods are available to solve this equation. Let us mention in particular [11,19] where these questions are
discussed in the context of advection equations.

We consider the following initial data:

Ao(z) =sin(z), So(x) =sin(x)/2,

. 4.1
WE(0,-) = Ag(-)eto0)/e, (4.1)
and the potential
_ sin(x)
V() = 1+ cos(z)?
where z € T = R/2nZ, for which caustics appear numerically at time 7, = 0.8. In our simulations, the

semiclassical parameter € varies from 1 to 2710,

The numerical solutions (5S¢, A¢), resp. ¥¢, are compared to corresponding reference solutions (S&;, AS),
resp. W%, which, in the absence of analytical solutions, are respectively obtained thanks to our second order
splitting method (1.18) and thanks to a splitting scheme of order 4 for (1.1) (see [36]), with very small time and
space steps. More precisely, to compute (St ;, AS;), we have taken N, = 28 and h = 2*13Tf, and to compute
We ¢, in order to fit with the constraints on the time step and on the space step

h < eand Az < ¢,
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: —Tf=0
35f :Eigg 1|—Tft=03
3t TE=06 [ Tf = 0.6
1|—Tf=0.8

. —Tf=1

=
0 1 2 3 4 5 6
x T
(a) Evolution of the density |A%|? for ¢ = 274 (b) Evolution of the phase S¢ for e = 274,

FIGURE 1. Evolution of the density and of the phase.

the space interval [0, 27] is discretized with N, = 2'2 points and the time step is h = 2_13Tf.
The various errors that are represented in the figures below are defined as follows:

1 (T) — o (T) s |95, (T) — =(T)|
(T) = : (T) =
et (1) = = e D errue (T) RG]

and
1/2
err s 40y (T) = (”Sfef<T> — ST 22 + [ A5 (T) - AE<T>|%2) "
’ 1S5 (D172 + [ A5 (D172
where
N,—1 No—1
fullpr = Az > fugl, fullze = | Az Y ful?,
k=0 k=0
with p2,(T) = [0, (T)|? and p*(T) = |A*(T)[2.

We first study qualitatively the dynamics, in order to guess what is the time of appearance of the caustics.
Figure 1(a) and (b) represent the density |A°|? and the phase S¢ at times 7y = 0, 0.3, 0.6, 0.8, 1 for ¢ = 274,
The caustics appear around t = 0.8. At time t = 1, oscillations at other scales than those of the phase can be
observed in |A%|? whereas S¢ ceases to be smooth. These figures are obtained by using our scheme (1.18) with
N, =28 and N, = T¢/h = 29.

Let us now focus on the experiments performed with our first and second-order methods at time Ty = 0.2
before the caustics. We start with the first-order scheme (1.17). Figures 2 and 3 represent the errors on p® and
(S¢, A%) w.r.t. the time step h for a fixed N, = 27. Figures 4 and 5 represent the errors w.r.t. Ax for fixed
Ny =h/Ty = 213 All these figures illustrate the fact that our scheme is UA with respect to ¢, for the quadratic
observables as well as for the whole unknown (5S¢, A%) itself. Figures 2 and 3 show that (1.17) is uniformly of
order 1 in time, whereas Figures 4 and 5 show that the convergence is uniformly spectral in space.

Figures 6-9 illustrate the behavior of our second-order scheme (1.18) at Ty = 0.2: here again, it appears that,
before the caustics, our method is UA with an order 2 in time and with spectral in space accuracy.

Finally, let us explore the behavior of the splitting methods after caustics, by observing the error on the
density p®. Figures 10 and 11 present the same simulations as Figures 2 and 4, except that the final time is
now Ty =1, i.e. we illustrate the behaviors of scheme (1.18) after the caustics. In that case, it appears that our
methods are not UA, neither in &, nor in Az, with respect to . Notice that, although it is not UA any longer,
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— N; =512
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+Nt :16
+Nt =8
+Nt =4

Nt =2

10°

N, =128
N, =64

N, =32
——N, =16
. =8

e

10- W
8 g
2 B
€] &m 10
104} T
107 1072 107" 1073 102 107"
h €
(a) err,-(Ty =0.2) wr.t h, N, =28 (b) errpe(Ty =0.2) wrt e, N, =28
FIGURE 2. Error on the density p° for the splitting scheme (1.17) of order 1 before the caustics:
dependence on ¢ and on h.
8
g
=
107 1072 107" 1073 102 107!
h €
(a) err(se,ae)(Ty =0.2) wr.t h, Ny =28 (b) err(ge asy(Tf =0.2) wrte, N, =2°
FIGURE 3. Error on (5%, A°) for the splitting scheme (1.17) of order 1 before the caustics:
dependence on ¢ and on h.
10720 ¢ = 2—1‘0 /,/'f 102 T
—%—€ = 278 //
103 L € = 2*6 ’/'/ i 1073k
5 —x—€ = 274 5-5
= 4 € = 272 b -4
5107 14 10
= e=2"0 M
107° P | 108
1076k - . 106k . .
/26 /28 /2t /23 /22 1073 102 107
Az €

(a) err,e(Tf =0.2) wrt Az, Ny =215
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FIGURE 4. Error on the density p° for the splitting scheme (1.17) of order 1 before the caustics:

dependence on € and on Az.



464

P. CHARTIER ET AL.

L0 T N, =128
. N, =32
%N, =16
8 N, =8
5 10t
10°°
.’\,,
10-6 L ) : . 108 L . .
/2 /2 /2 /% /22 1078 1072 107! 10°
Ax €
(a) err(se as)(Ty =0.2) wrt Az, N, = 2% (b) err(se as)(Ty = 0.2) wrte, Ny =2
FIGURE 5. Error on (S5°¢, A%) for the splitting scheme (1.17) of order 1 before the caustics:
dependence on € and on Az.
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FIGURE 6. Error on the density p° for the splitting scheme (1.18) of order 2 before the caustics:
dependence on ¢ and on h.
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FIGURE 7. Error on (S¢, A¢) for the splitting scheme (1.18) of order 2 before the caustics:

dependence on ¢ and on h.
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FIGURE 8. Error on p° for the splitting scheme (1.18) of order 2 before the caustics: dependence
on € and on Az.
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FIGURE 9. Error on (5%, A%) for the splitting scheme (1.18) of order 2 before the caustics:
dependence on ¢ and on Azx.
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FIGURE 10. Error on p® for the splitting scheme (1.18) of order 2 after the caustics, dependence

on € and on h.
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FIGURE 11. Error on p® for the splitting scheme (1.18) of order 2 after the caustics, dependence
on € and on Az.

our scheme (1.18) still has second-order accuracy in time and spectral accuracy in space (with e-dependent
constants). Recall that the same scheme written on (1.8) would not be usable in the same situation, since S¢
ceases to be regular for € > 0, after the formation of caustics.

APPENDIX A. PrROOF OF LEMMA 3.8
A.1. Study of the differentiability of ¢!.

The proof of this lemma is divided in several steps. Let us fix s > d/2 + 1 and M > 0.

A.1.1. Notations

For any Banach spaces E and F, we denote Z(FE, F') the set of continuous linear maps between E and F'
endowed with the norm

llllze,ry = sup{l|i(z)||F, v € E, ||z|z <1}

where || - ||z and || - || are the norms of E and F.
Let us define for ug = (Sp, Ag)

the solution of

90}, = DN (g () - ©},

@(1) s Ug = Ug.

We denote I} = ¢} (u+ ug) — ¢}, (u) — O}, - ug,

s1 Sh
<Ph( ) A}L SDh( 0) A}l1

vh = VS vk =VSH ) =VS} wh =S} — S} — S} and BE = A} — A} — AL
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A.1.2. Definition of hg.
Lemma 3.5 ensures that for any u € Bs(2M), we have for h € [0, h5(2M)] that

i (w)lls < 4M. (A1)

We denote hg(M) = hs(2M).
Let s’ > s. If moreover, u € X, then we have

lon (@)l < exp (C5(2M)) [[ull - (A.2)

A.1.8. Continuity of ©'.

Let s > s, M' > 0 and uq,us € Bs(M) N Bgy1(M').
By (A.1) and (A.2), we obtain that ¢} (u1) and ¢} (u2) are well-defined on [0, hg] and satisfy

ok (un)llsr+1 + llon (u2)llsr+1 < 2exp (C5(2M)hs) M’

for all h € [0, hg]. By Lemma 3.4 and an integration by parts, we get that there exists C' = C(M, M') > 0 such
that for all h € [0, hg]
len(ur) = @ (u2)llsr < Cllur — uzllsr41- (A3)

Moreover, for fixed u € By(M) N By +1(M'), Lemma 3.5 ensures that h € [0, hs] — ¢}, (u) € Xy is continuous

so that
(h,u) € [0, hg] X Xy y1 — @r (u) € Do (A.4)

is also continuous.
A.1.4. Well-posedness, continuity and estimates on the norm for ©j .

Let sg > s, My > 0, u € Bs(M) N Bs,41(Mz) and ug € Xs,. We recall that the function O} - ug =: (§}L, g}l)T
satisfies

S} +VSE-VS) =0

gl

~ ~ . Al
oA} +VS} VA + T’LAS}L = -VS}.vA; - =k

~ 7~
7As,i + §AA,1L

and (9(1) - ug = up. The existence and uniqueness of §}L follows for instance from the method of characteristics.
We have
oy + (v - V) op = — (0 - V) vpy

and Lemma 3.2 with R = — (0} - V) v} gives us that
OnlTn o1 < ClORN oo 2 | Shll ez < ClTRN Fres e ll0h () g1

We also have B B B
MmlIShllZz < CUSHIL2 1Az | S llw o

so that B B
OnlISpllFres+2 < ClSplpearel0h (W)l 541

The existence and uniqueness of E}L follows from the fact that w; = g,ll exp (i5},) satisfies

~ 1 ~
10y, = —%@i - (vs; VA, + ?AS,&) exp (iS}) .
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Lemma 3.3 with R = —Vg,ll . VA,lL — AT#A:S} + %Ag,ll ensures that
Ol A} 32 < Cl1O}, - uoll2, [l (w)[|sy 1

so that
018y, - uoll, < ClIO4 - uoll, loh ()]s 11-

5 S
By (A.2) and Gronwall’s Lemma, there is Cs = Cs(M, M3) > 0 such that for any h € [0, hs],
185, - uolls, < exp (Csh) [Juolls,.-
Using directly the integrations by parts of the proof of Lemmas 3.2 and 3.3, we obtain actually that
| (w0, DN (03, (w)) w0y, | < CslluollZ,.
for all ug € Xs,.

A.1.5. Differentiability of ©".
By Lemma 3.5 and equations (1.13), the application

h € [0, hg] — @} (u) € Xy,

is differentiable in h for any u € Bs(M) N Xy, 4o.
Let us prove that ¢ is differentiable in u and that ©} is its derivative.

(A.5)

Let My > 0 and u, ug € Bs(M) N B, +2(M7). We have that u,u+ug € Bs(2M) N By, +2(2M7). By (A.1) and

(A.2), we obtain that for all h € [0, hsg],

loh (W)llsy+2 + lln (u + o) |5, +2 < dexp (C5(2M)h) M.
We have
WVwy, = —(vh +4) - V(Vwp) — (Vwp - V) vy — (04 - V) 0.
By Lemma 3.2, we obtain taking v; = v} + v} and
R=— (Yol -V)uh - (3 V) 5}
that

Ol Vwplfrere < ClIVWR e er (lallaea+r + [0k e +2 + gl e +2)
+ ClIVWp [l rovsr 1041771 +2-

Moreover, we have
1 - ~
Opwi = -5 (Vwp, - (U +vp,) + v - Vwp, + [04]%)
so that

OnllwpllFrer 2 <110}, - uoll2, 11
+ Cllwp s v2 (1 + ok (w)lls, + [lh (w + wo)lls,+1 + |04 - wolls, ) -
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We also have

A ~ ~ . Awt
DB}, = —VS, VB, — S — Vwy - V(A + A}) — (AL + Ay) ;"h
1 o~
20 _yg v - AhASh
and Lemma 3.3 ensures taking
~ A AB} ASl
R=-Vuw! V(AL + A}) — (AL + A)) ;"h +i=gh — V8L VA, - A=
that,
Ocl|Bhllzrer < 110% - uolls, 41
+CNLIE, (1 + llon(w + o) s, + llen(@llsy+1 + 16}, - uolls+1)
and

ONLhIIZ, <1164, - uolls, 1
+CITLIZ, (1 + llon(w + wo)llsy 1+ lon(Wllsy 41+ 10}, - wollsy+1) -

By (A.5) with so = s; + 1 and Gronwall’s Lemma, we get that there exists C = C'(M, M7) > 0 such that for
all h € [h, hs],
173 lls, < Clluollz, 41 < ClluollZ, 42

We proved that for any h € [0, hs]
@}L : BG(M) N Esl+2 - 251

is differentiable in Bs(M) N X5, 42.

A.1.6. Proof of point (3.8).
Let us prove that the application

(h,u) € [0, 5] X (Bo(M) N Zyy44) = o3 (u) € X,

is a C''-function.
Using equations (1.13) and (A.4), we get that

(h,u) € [0, hs] x (Bs(M) N Ty 43) = @ (1) € Ty, 42
is continuous so that the partial derivative
(h,u) € [0, hs] x (Bs(M) N Xy, 1.3) = O (u) = Nigj, (u) € Ty,
is also continuous. Let us study the continuity of
(hyu) = D2} (u).

Let uy,us € By(M)N By, 12(M;). We denote o} (u;) = (Sp*, Ay*) and 8aph (u;) - ug = (5,1;, Z,lll) fori=1,2.
We have

0, (50 = 517) + vyt v (511 = 81%) = —v (sp* - 512) - vS)?
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so that
on (VS =V82) + (Vsit-v) (VS - VS
=~ (V81 = v8?) V) (Vsit +5?)

- (V52 v) (vsp' - vsp?).

By Lemma 3.2 with v; = VSi’l and

R=—((vS)'-v8?)-v) (vsp'+5,?)
- (v5y2-v) (vsp' - vsi?),

which satisfies

IRl et < CISE = 83 lagersn (183 o + 11537

Hsl+3)

1,1 1,2 51,2
+C|S," = Sy gaa+s|S,

Hs1 +2
we obtain that

OV = VS0 < CVSH — VS2)

1,1 1,2
i (IS oo + 1832 sgea o)

+ CIIVS = VS 2 e sn 1S = Sp 2 | pron+5][SE2 | o +2-

Moreover, we have

31,1 31,2
atHSh _Sh ||%2
Sl §1,2 Sl 31,2 1,1 1,1 1,2 51,2
< OISy = S lee (I8! = Syl 1Sy lwnee + 1S3 = Sy 183 lw )
so that
xSy - 8y

Heve < O[Sy = 5,2 worts + 115y

e (IS

+ OIS = 502 e IS = S42

Hsl+3>

por+9]155 %)

Hsl+2.
We also have

AS!
2

Asyt-s)

o (A0 =A%) 1+ vt v (A - A7) + (b - 22)
e A AU e ‘%’2
S (S - 8e) vyt - A (50 52)

ALY A};Q)

~ VSV (At - a4 - ( . ASH2 4 %A (4 - 4).
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Using Lemma 3.3 with v; = VS}L’I and

11,2

R=-v(sp'=857) VA - ATffA (sit = si?)

_ v (3 - 5 vapt - A0 (B - 512)
AbL A,lf)

— VSV (Apt - Ay - ( 5

ASE A (A - A,
which satisfies
Re (A (A})' = 4)%) A"R)
< CIA" — Ayl
+ A — Ay
+O|A - A2

15 = Sy llen 2 143 prov o
150 = S a2 43 oo

AL = 432 [ 1832 o2

He1

Hs1
we obtain that

Ol (D25 (ur) — Doy (u2)) - uoll?,
< Ol (9203 (ur) — Do (u2)) - wollZ, ([leh (ua)lls;+1 + [|020), (u2) - uolls, +1)
+ C|| (8205, (ur) — Doy, (u2)) - wolls, |0h (wr) — @h (u2) |5, 411102605 (u2) - o s, 41-

Let us recall that uy,us € Bs(M) N B, +2(M7). By (A.2), (A.3) and (A.5) with so = s; and Gronwall’s
Lemma, we get that for all h € [0, hg],

u € By(M) N Ty 42+ Do (u) € L (s, 12, D)
is continuous. Hence, we obtain that
(h,u) € [0, hs] x (Bs(M) N X, 43) — (8290%(“)’81190}11(“)) € L( X143, Xs,) X X,

is continuous and the result follows.

A.2. Study of the differentiability of ¢? and 3.

Let u, ug € X,. Since N is linear, we have that
7, - uo = ¢i (uo),
©? is differentiable on X and for any h > 0,

02607 (u) - uolls = lleh (wo)lls = lluolls,
| (uo, DN (5 (w)) - uo) | < Clluoll?.

and the result follows. We easily prove that ¢? is differentiable, that for any h > 0, ©3 - ug = up, that
185, - wolls = 165 - uolls = |luolls-

and ‘
[ (DN3(9h(w) - X)), | < ClIxz,
for all x € Y.
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