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1 Introduction

In [9], J.-M. Coron and the first author (H. B.) have investigated the existence of multiple
S2-valued harmonic maps. In the process they were led to introduce a concept of topologi-
cal degree for maps f € H'(S?;S2). Note that such maps need not be continuous and thus
the standard degree (defined for continuous maps) is not well-defined. Instead they used
Kronecker’s formula

degf :][ det(Vf) (1.1)
§2

valid for f € C1(S$2;$2), and a density argument (C1(S2;$2) is dense in H1($2;52)) due to R.
Schoen and K. Uhlenbeck [16], to assert that degf, defined by (1.1), belongs to Z for every
f e H(S%;S?).

They also used the technique of “bubble insertion” which allows to modify the degree d1
of a given (smooth) map f : S? — S? by changing its values in a small disc Bg(xo). More
precisely (see [9] and [7]), for any € > 0 and ds € Z one can construct some g € H(S?;$?)
such that g = f outside B.(xg), degg = d9, and

/ IVg—VfIZSSnIdg—leo(l) ase—0 (1.2)
§2

(in fact [9] contains a more refined estimate in the spirit of Lemma 3.4 below). This kind
of argument serves as a major source of inspiration for several proofs in this paper. As we
are going to see, estimate (1.2) provides a useful upper bound for the Hausdorff distance
between homotopy classes in H1(S2;S$2).

Subsequently the first author and L. Nirenberg [13] (following a suggestion of L. Boutet
de Monvel and O. Gabber [5, Appendix]) developed a concept of topological degree for map
in VMO(SY;S$") which applies in particular to the (integer or fractional) Sobolev spaces
WeP(SN;SN) with

$s>0,1<p<ooandsp=N. (1.3)



This degree is stable with respect to strong convergence in BMO and coincides with the
usual degree when maps are smooth.

In the remaining cases, i.e., when sp < N, there is no natural notion of degree. Indeed,
one may construct a sequence of smooth maps f,, : S — S such that f,, — P (with Pe SV a
fixed point) in WP and degf,, — oo [4, Lemma 1.1]. Therefore, in what follows we make the
assumption (1.3).

Given any d € Z, consider the classes

Eq:={f eWP(SY;SV); degf = d}; (1.4)

these classes depend not only on d, but also on s and p, but in order to keep notation simple
we do not mention the dependence on s and p.

These classes are precisely the connected or path-connected components of W5P(SV;SV).
[This was proved in [13] in the VMO context, but the proof can be adapted to W*.] Moreover
if N =1 we have (see Section 2)

Eq = {f; f(2)=e""? 2%, with g € Ws’p(§1;[R)}. (1.5)

Our purpose is to investigate the usual distance and the Hausdorff distance (in W*?)
between the classes &;. For that matter we introduce the W*?-distance between two maps
f.g e WoP(SN;SN) by

dwse(f,8):=1f — glwsr, (1.6)

where for h € WSP(SN:RN*1) we let

|h|Ws,p = Hh—][ h‘
sN

and | |lwsr is any one of the standard norms on W%?. Let di # do and define the following
two quantities:

M

Ws.p

distws»(Eq,,64,) = inf inf dwso(f,g), 1.7)

febaq, g<éa,
and

Distws.»(Eq,,64,) := sup inf dws»(f,8). (1.8)
fEéadl gegdz

It is conceivable that
Distws.»(Eq,,64,) = Distws.r(Eq,,64,),Vd1,d2€Z, (1.9)

but we have not been able to prove this equality (see Open Problem 1 below). Therefore we
consider also the symmetric version of (1.8), which is nothing but the Hausdorff distance
between the two classes:

H —distws.»(Eq4,,64,) = max {DiSth,p (Eqy,64,), Distys.p (gdg,gdl)} . (1.10)

We should mention that even in cases where we know that (1.9) holds true, the qualita-
tive properties of the two quantities in (1.9) might be quite different. Consider for example
the classes &4,,64, in WL1(s!;S!) when 0 < di < ds. It is shown in Proposition 3.2 that
Disty11(&4,,84,) is attained by some f and g, while Disty11(&4,,84,) is not.
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It turns out that in general the analysis of the usual distance distys» is simpler than
that of Distws.», so we start with it. Note that we clearly have

distco(8q,,8q,) =2, Vd1 #da. (1.11)

Indeed, on the one hand we have ||f—gllco <2,V f, g, and on the other hand if || f —gllco < 2
tf+(1-t)g ‘e
ltf +(1-tg|’
[0,1].] By contrast, it was established in [13] that surprisingly, whens=1/2, p=2and N =1
one has distz12(&1,8p) = 0, and thus distyno(&E1,80) = 0. The usual distance distws.»(Eq,,84,)
in certain (non-fractional) Sobolev spaces was investigated in works by J. Rubinstein and
I. Shafrir [15], when s =1, p = N =1, and S. Levi and I. Shafrir [14], when s =1, p >N =
2. In particular, they obtained exact formulas for the distance (see [15, Remark 2.1], [14,
Theorem 3.4]) and tackled the question whether this distance is achieved (see [15, Theorem
1], [14, Theorem 3.4]). Another motivation comes from the forthcoming paper [12], where we
consider a natural notion of class in WH1(Q;S1) (with Q c RY) and determine the distance
between these classes. In particular, Theorem 4 is used in [12].

Throughout most of the paper we assume that N = 1. It is only in the last two sections
that we consider N = 2.

We pay special attention to the case where s = 1. In this case, we have several sharp
results when we take

then degf = degg. [This is obtained by considering the homotopy H; =

) 1/p
dwir(f,8)=1f —glwir = (/1 If—glp) . (1.12)
S

The following result was obtained in [15].

Theorem 0. Let 1 < p <oo. We have

disty1.,(8q,,Eq,) = 2VP VPN 1d, —dy|, Vd1,de € Z. (1.13)
In particular
disty11(Eq,,84,) =4|d1—d2l|, Vd1,d2 € Z. (1.14)

For the convenience of the reader, and also because it is used in the proof of Theorem 1,
the proof of Theorem 0 is presented in Sections 3 and 4.
In view of (1.13), it is natural to ask whether, given di # d9, the infimum

inf inf dyu(f,g)=2VP 1 WP=11g, _d,) (1.15)
febq, g<éa,

is achieved. The answer is given by the following result, proved in [15] when p = 2.
Theorem 1. Let d1,d2 € Z, d1 # da.

1. When p =1, the infimum in (1.15) is always achieved.

2. When 1< p <2, the infimum in (1.15) is achieved if and only if do = —d .

3. When p =2, the infimum in (1.15) is not achieved.



We now turn to the case s # 1. Here, we will only obtain the order of magnitude of
the distances distws.r, and thus our results are not sensitive to the choice of a specific dis-
tance among various equivalent ones. [However, we will occasionally obtain sharp results for
HY2(S1;S1) equipped with the Gagliardo distance defined below.] When 0 < s < 1 a standard
distance is associated with the Gagliardo W*” semi-norm

— - - p Vp
dwer(F.g) = (/ I[f(x) — g(x)] [{(y) gl dxdy| . (1.16)
sl /sl Ix — y| tsp

Theorem 2. We have

1. Let 1< p<oo. Then

disty1p»(Eq,,64,) =0, Vd1,d2 € Z. 1.17)

2. Let s>0and 1< p <oo be such that sp > 1. Then
C;,p |d1—dsl® < distws.p(Eq,,84,) < Cs,p |d1—dsal® (1.18)

for some constants Cs ,C »>0.

We next investigate the Hausdorff distance H — distys.» (still with N =1).
Theorem 3. We have
1. In Wby

Disty1,1(84,,84,) = 2nld1 —d2l, Ydi1,d2 € Z. (1.19)

2. If 1< p <oo, then

H — distyyup.p(Eqy,8a,) < Cpld1 —do|YP, Vd1,de € Z. (1.20)

3. If s>0and 1< p <ooare such that sp > 1, then

Distysr(Eq,,84,) = 00, Vd1,ds € Z such that dy # ds. (1.21)

We do not know whether (1.20) is optimal in the sense that for every 1 < p < co we have
Distyup.p(84,,8ay) = Clld1 —d2P, Vd1,d2 € Z, (1.22)

for some positive constant C;,. See Open Problem 2 below for a more general question. See
also Section 7 for some partial positive answers.

We now discuss similar questions when N = 2. We define distys» and H — distys» using
one of the usual W%? (semi-)norms.

For s=1, N =2, p = N, and for the semi-norm |f — gly1, = IVf — VgllLr, the exact value
of the W1? distance disty1,, between the classes &;, and &g4,, d1 # d2, has been computed
by S. Levi and I. Shafrir [14]. A striking fact is that this distance does not depend on d; and
dg, but only on p (and N).

We start with distys.».

Theorem 4. We have



1. IfN=1and 1< p <oo, then

distynip,p(Eq,,64,) =0, Vd1,d2 € Z. (1.23)

2. If[1<p<ooand s> N/p]or[p=1and s=N], there exist constants Cs,p,N,C;p N>0
such that

;,p,N < diSth,p(éDdl,gd2) < Cs,p,N, Vdi,dg €Z such that d1 # ds, (1.24)

(here N =2 is essential).

Remark 1.1. We do not know whether, under the assumptions of Theorem 4, item 2, it
is true that distws»(84,,84,) = C;’p ~» Vdi1,d2 € Z such that dy # dz, for some appropriate
choice of the W*? semi-norm. [Recall that the answer is positive when s =1 [14].]

We now turn to the Hausdorff distance.
Theorem 5. Let N = 1. We have

1. Foreveryl<p<oo

H — distyynip.p(Eay,84,) < Cpnldi —dolVP, Vdi,ds € Z. (1.25)

2. If s>0and 1< p <ooare such that sp > N, then

Distws.»(Eq,,64,) =00, Yd1,d2 € Z such that d1 # ds. (1.26)

We conclude with three questions.

Open Problem 1. Is it true that for every d1, do, N, s, p

Distws.»(64,,64,) = Distws.r(Eq,,Eq,)? (1.27)
(recall that Distws.r(&y,,84,) has been defined in (1.8)). Or even better:

Does Distws.»(84,,64,) depend only on |d; —d2| (and s, p,N)? (1.28)

There are several cases where we have an explicit formula for Distws»(£4,,64,) and in
all such cases (1.28) holds. See e.g. the proofs of Theorem 3, items I and 3, and Theorem
5, item 2. We may also ask questions similar to (1.28) for distws»r(64,,64,) and for H —
distws.n»(Eq,,64,) (assuming the answer to (1.28) is negative); again, the answer is positive in
many cases. A striking special case still open when N =1 is: does disty21(64,,84,) depend
only on |d1—d2|?

Open Problem 2. Is it true that for every N =1 and every 1 < p < oo, there exists some
C; n > 0 such that

Distywip.» (Ea,,Eay) = Cly yld1 —dal"P, Vd1,dg € 22 (1.29)

A weaker version of Open Problem 2 is obtained when we replace Distyn,,, by H —
dist WN'P-P (there will be no difference of course in case the answer to Open Problem 1 is
positive):



Open Problem 2. With the same assumptions as in Open Problem 2, is it true that
H — sty (8a,,8a,) = C)y yld1—dal"P, Vdy,dg € 27 (1.30)

The only case for which Open Problem 2 is settled is [N = 1, p = 1] (see Theorem 3, item
1). We emphasize three cases of special interest: 1. [N =1,p=2],2. [N =2,p =2] and 3.
[N =2,p =1]. In case I, the answer to Open Problem 2’ is positive (see Corollary 7.6). See
also Section 7 where further partial answers are presented.

Here is another natural open problem. Recall that for any f € WYP-P(SV;S$N) and any
sequence (f,) c WN'P-2(SN: SNy such that |f, — flwnwp — 0, we have deg f,, — degf. We also
know (Theorem 4, item 1) that there exist sequences (f5,), (g,) in WNP-P(SN;SN) such that
|fn — &nlwnp, — 0 but |degf, —degg,|=1, Vn.

Open Problem 3. Is it true that |deg f,,—deg g, | — 0 for any sequences (f3,), (g,,) in WVP-P(SN; sN)
such that

|fn—&nlwNws —0asn—oo
and
|frnlwniwe +|8nlwNp, remains bounded as n — oo?

Our paper is organized as follows. In Section 2 we recall some known properties of
WP (SV:SN). Sections 3-5 concern only the case N = 1, while Sections 6-7 deal with N > 1.
The proofs of Theorems 0 and 1 are presented in Sections 3 and 4. Theorem 2, item 1 and
Theorem 3, items 2-3, are special cases of, respectively, Theorem 4, item I and Theorem 5,
items 1-2; their proofs are presented in Section 6. Theorem 2, item 2 is established in Sec-
tion 5. The proof of Theorem 3, item I appears in Section 3. Theorems 4 and 5 belong to
Section 6. Partial solutions to the open problems are given in Section 7. A final Appendix
gathers various auxiliary results.
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2 Some standard properties of maps f:SY — SV

In this section, we alway assume that (1.3) holds.
Lemma 2.1. C®(S";SY) is dense in WSP(SV;SN).

When s =1, p =2, N =2, the above was proved in [16]. The argument there extends to
the general case.
When

[0<s—N/p<1llor[s—N/p=1and p>1], (2.1)
we can complement Lemma 2.1 as follows.

Lemma 2.2. Assume that (2.1) holds. Then every map f € WSP(SN;SN) can be approximated
by a sequence (f,,) < C®(SN;SN) such that every fy is constant near some point.

We note that condition (2.1) is equivalent to (1.3) + the non embedding WP # C1. The
non embedding is also necessary for the validity of the conclusion of Lemma 2.2. Indeed, a C!
function f, say on the real line, whose derivative does not vanish, cannot be approximated
in C! by a sequence (f,,) such that each f, is constant near some point.

The proof of Lemma 2.2 is postponed to the Appendix.

Theorem 2.3 ([13]). For 1 < p < oo, the degree of smooth maps f : S — SV is continuous
with respect to the WN'P-P convergence.

As a consequence, under assumption (1.3) the degree extends to maps in WN/P-P(SN.sN),
Moreover, if (f,) and f are in WN'P-P qnd |f, — flwwywp — 0, then degf, — degf.

This follows from the corresponding assertion for the BMO convergence [13] and the fact
that WN/P-» — BMO.

When N =1, an alternative equivalent definition of the degree can be obtained via lifting
[11, 10]. In this case, given f € WSP(S1;S1), it is always possible to write

0y _ (0) 5P (R:
fe”)=e""", VO eR, for some p € W, (R;R) (2.2)

(no condition on s and p [2]).



If, in addition, (1.3) holds, then the function ¢(- +2m) — ¢(-) is constant a.e. [2], and we
have

1
degf = g((ﬂ(' +27) — (). (2.3)

If instead of (1.3) we assume that either [sp > 1] or [s =1 and p = 1], then ¢ is continuous
and (2.3) becomes

1 1
degf = E(cp@ﬂ) - (0)) = %(qo(ﬂ) —p(=m)). (2.4)

Finally, we mention the formula

degf = %/glf/\f', vFewbisl;sh. (2.5)

3 Wb maps

Proof of Theorem 0 for p =1, and Theorem 1, item 1.

Step 1. Proof of “<” in (1.14)

With no loss of generality we may assume that d; > dg and d; > 0. Set d := d1—d9 and
L:=d+1. We define f(e'?):=e?® ¢ Ed;» g(e?) = ew® ¢ &q,, where @,y € Ww11((0,27)) are
defined as follows:

Lo, if 0 €[0,2d n/L)

p(0):= . ;
Ld30+2(d1-Ldg)m, if0€l2dn/L,2m)

and

L dist(0,2n Z/L), if0€[0,2d n/L)

0):=
v {(p(@)—Zdn, if 0 € [2d n/L,2 1)

(and thus on [0,2d n/L] the graph of v is a zigzag consisting of d triangles).
ForkeZ, 0<k<d-1,set

,_[2kn @htDT) _[(2k+1)n Qk +2)7
I T L e A A
Note that
LO—-2km, ifoel,

0) = :
ve) {2(k+1)n—L9, if 6 € J,

sothat g=f on I}, and g = f on ;. Hence

|f ,|_ 0, on I,
1= —-2(sing)¢’, ondJj

Therefore
. d-1
/ lf-gl=2) / (cos)(0)dO =4d =4(d1 —ds).
st k=0JJ}
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Step 2. Proof of “=” in (1.14)

We may assume that d := d1—d2 > 0. We prove that when f € &;, and g € &;, we have
f§1 |f —g| = 4d. The map f/g is onto (since its degree is d # 0), and thus with no loss of
generality we may assume that £(1) = g(1). Write f(e'?) = e!%® g(e*9), with ¢ € W1-1((0,27)).
We have ¢(27) — ¢(0) = 2d 7, and we may assume that ¢(0) = 0. Consider 0 = ¢y <79 <t; <
- <Tq_1<tq=2msuch that ¢(t;)=2nj, j=0,...,d,and ¢(7;) =27j+n, j=0,...,d — 1. Thus
the function w := |f — g| satisfies w(e'’/) = 0 and w(e'’/) = 2. Therefore, we have fgl lw| = 4d.
In order to conclude, it suffices to note the inequality |w| < |f — g| a.e. O]

We now turn to the properties of the Hausdorff distance in W1-1.

Proof of Theorem 3, item 1. Step 1. Proof of “<” in (1.19)
By symmetry, it suffices to prove that for every f € &4, and every € > 0 there exists some
8 € &4, satisfying

/llf—g|52ﬂ|d1—d2|+€- (3.1
s

By density of C®(S1;Sh) in W1(S1;S1) it suffices to prove (3.1) for smooth f. Moreover,
we may assume that f is constant near some point, say 1 (see Lemma 2.2). We may thus
write f(e'?) = e*©® 9 €[0,27], for some smooth ¢ satisfying ¢(27)—¢(0) = 27 d; and constant
near 0. For a small A >0 define y = ™ on [0,27] by

A (3.2)

2d .
() = p@)———0, ifoe[0,1]
@O)—-2dr, if 6 € (A,27]

(where d := dj — ds), and then set g(e'?) := ¥ ® ¢ &q,. Clearly,

A
/gllf'—g|=/0 (e —e'?)| =2|d| 7 = 27n|d1 — dal.

Step 2. Proof of

Disty1,1(84,,64,) 2 2m|d1 —dal, Vd1,d2 with 0 <d1 <da. (3.3)
Let f(z):=2% ¢ &q,. It suffices to prove that

If —8lwi1=2n(d2—d1), Vg E&y,.

By the triangle inequality, for any such g, we have

/|f—g|z/ [gl-1f1=
st sl

since Ifl =d; on S
Step 3. Proof of

/lg/\g"—27Td1:2ﬂ(|d2|—d1)=2ﬂ(d2—d1), (3.4)
s

Disty11(8q,,84,) 2 2m|d1 —dal, Vd1 20, Vdg € Z with dg < d. (3.5)

The case d; = 0 is trivial since we may take as above f(z):=z° =1 and apply (3.4).
We now turn to the case d; > 0 and do < d1 which is quite involved. Inequality (3.5) is a
direct consequence of the following



Lemma 3.1. Assume that d1 >0 and dg <di. Then for each & > 0 there exists f € g, such
that

/llf—glz(Zn—6)(d1—d2), Vge&y,. (3.6)
S

Proof. For large n (to be chosen later) let f,,(e’?) = e € &;,, with ¢, € W11((0,27)) defined
by setting ¢,(0) = 0 and

din, 0 €[2jn/n?),(2j + 1) w/n?]

. 2 . 2 ,jZO,l,..., 2_1- (37)
—-d1(n—-2), 0e€(2j+1)a/n*),(2j+2)n/n"]

@, (0)= {

Therefore, the graph of ¢, is a zigzag of n? triangles. Note that the average gradient of
¢, is d1, since

(2j+2)n/n? dl
/ <p;=2n¥,j:o,1,..., 2_1. (3.8)
2

j m/n?

Hence f02” @), =2mnd; (so indeed f, € &,). On the other hand, note that

(2j+2)n/n2) dy on
/ |(p;L|:2(n—1)nﬁ,j:O,l,...,n2—1 = / |(p;L|=2(n—1)ﬂd1,
2 0

j m/n?

ie., lim, oo llfnllL1(s1) = 00.

Consider now any g € &4, and write g(e) = e with v € WL1((0,2n)) satisfying y(2)—
w(0) = 2ndy. For convenience we extend both ¢, and v to all of R in such a way that the
extensions are continuous functions whose derivatives are 2r-periodic. Set ~ = f,, g € 5 with
d :=di—ds > 0. Hence, h(e’) = "9 with n:= ¢, —w. We can find d (closed) arcs on St,
I4,...,14, with disjoint interiors such that:

tj
I;= {e’H;HE[SJ,tj]}, h(ei)=h(e'/)=1 and / n' =2n, for j=1,...,d.
s

J

For small € > 0 define, for each j=1,...,d:

a’ = max{@ €lsj,t;l; h(e?) = e‘g} , B> = min{@ ela;,t;l; h(elf)) — ez(n—e)} ,
+ - 10 1(m+e) i . i 10 1(2m—¢) (3.9)
ot =max{0e(p;,t;]; he®) =9}, BT =min{0€lat,t;l;he?) =e @0,
Then, set I;—.L ={e";0¢€ [a;—.L,[iJJ—T]}. Using the equality
fn—g=e¥"—eV =2 sin(—(pn —1//) et ¥nty)2
2 b
we obtain
1F—gl? = 2(Pn =Y\, 1 2, o 2(Pn= VY )
n—&|° =cos —g (¢, —y¥)" +sin 5 (¢, +y)". (3.10)
Note that by the definition of I ;—’ we have
0)—y( 0)— w6
z=ee IJi. = ‘sin(%)' , 'cos (M) > sin(e/2). (3.11)

10



Combining (3.11) with (3.10) and (3.7) gives

. p:
/ |fn— &l Esin(e/Z)/ \/(¢;L_w/)2+((p;l+w/)2
I* a
J

S~

‘ (3.12)
. ﬁj I . +
> V2sin(e/2) [ lgp,| = V2sin(e/2)di(n - 21171,
at
J

where II;—.LI = ,6;—.' - af. If for one of the arcs I;—.L there holds
V2sin(e/2)d1(n - 2)|I7| > 27d,

then we clearly have f§1 If —g|>2nd by (3.12), and (3.6) follows. Therefore, we are left with
the case where

_ C .
L <=, j=1,....d, (3.13)
n

where co = co(d1,d2,€).

While in the previous case the lower bound followed from the fact that |¢/, | is large (i.e., of
the order of n), the argument under assumption (3.13) uses another property of ¢,,. Namely,
thanks to (3.8), the change of ¢, on an interval of length O(1/n) (like is the case for I;—.’) is
only of the order O(1/n). It follows that f, is “almost” a constant on the corresponding arc
and an important contribution to the BV norm of f,, — g comes from the change of the phase
¥ on the corresponding interval. The latter equals approximately 7 —2¢, and summing the
contributions from all the arcs yields the desired lower bound. The details are given below.

In the sequel we will denote by ¢ different constants depending on d1,d9 and ¢ alone. A
direct consequence of (3.8) that will play a key role in the sequel is the following:

V%
J

This implies that

< E, for every interval J c R with |J| < @. (3.14)
n n

c .
|fn(21) = fn(22)| < s V21,29 EI;TL, j=1,...,d.
Therefore, for each I ;-L there exists V;TL € S! such that
@) =vEl< S Vzel®, j=1,....d. (3.15)
i'=a J
By (3.15) we have

1—|g(z)—(fn(z)—v;—.L)| s%, VzeI;—.L,jzl,...,d. (3.16)

Fix an arc I%. By (3.16), we can define on [a¥, *] a W1-function v, = v, j ., determined
uniquely up to addition of an integer multiple of 27, by

ge) = (fule®)=v) = lg(e’®) = (fule’) = v)) eV @ (3.17)
From (3.15)—(3.17) we have

VO _ o1 ® < £ yg e lat, b1, (3.18)
n
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and
|g(ela)_fn(ele)| > |g(e19)_(fn(e19)—vji~)| |w;1(9)| = (1— %) |1,[/;L(9)| (319)

By (3.19), we have

+

g falz(1-=) /a e (1= =) B - wala. (3.20)

Ii +
J J

By (3.18), (3.20),(3.14) and (3.9), we obtain

o c N L, C c . +y C c
&= Fal = (1— ;) (B~ w(@=—= (1= —)in(F5)—n(@)l -~ = (1—;)(71—25). (3.21)

It
J

Summing (3.21) over the 2d arcs IJ_., I}“, j=1,...,d yields

6= fol = (1 - 5) ©@nd—4ed). (3.22)
n

I
J
4
Finally we choose € = 6/8 and n = ?n c(d1,dg,€) and deduce from (3.22) that (3.6) holds.

O

Step 4. Proof of (1.19) completed
Combining Steps 1, 2 and 3 we find that

Disty1,1(84,,64,) =2m|d1 —d2l, Vd1 20, VYda € Z,
which yields directly
Disty1,1(8q,,64,) =27m|d1 —d2l, Vd1€7Z, VYda € Z. ]

We close this section with some results concerning the attainability of Disty1,1(Eq,,84,).
For any d1 # d2 we may ask (question 1) whether there exists f € &4, such that

dwii(f,8q4,) = inf |f — glyr1 = Disty11(E4,,84,), (3.23)
8€byy

and in case the answer to question 1 is positive for some f € &;4,, we may ask (question 2)
whether the infimum inf,c¢ s |f — glw1 is actually a minimum, i.e., for some g € &g,,

|f —glwi1 =dwii(f,8Eq,) = Disty11(Eq,,84,) - (3.24)

There is a trivial case where the answer to both questions is affirmative, namely, when
0=d; #ds. Indeed, for f =1 and g(z) = z%2 we clearly have,

lf —glwi1 = /1 |g| = 2m|d2| = Disty1,1(E0,84,) .
S

The next proposition provides answers to these attainability questions, demonstrating dif-
ferent behaviors according to the sign of d1(ds —d1).

Proposition 3.2. We have
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1. If d1(d2 —d1) >0 then f € &g, satisfies (3.23) if and only if
di(f Af)=0 ae. inS'. (3.25)

Among all maps satisfying (3.23), some satisfy (3.24) and others do not.

2. If d1(d2 —d1) < 0 then for every f € &g, we have dy11(f,84,) < Disty11(€4,,84,), so
(3.23) is never satisfied.

The proof relies on several lemmas.

Lemma 3.3. Let d1,ds € Z be such that d1(d2 —d1) > 0. If f € &4, satisfies (3.25) then

/1|f—g|z2n|d1—d2|, Vg €8y, (3.26)
S

If the stronger condition

di(f Af)>0ae. in S, (3.27)
holds, then
/llf—g|>2ﬂ|d1—dzl, Vgeé&y,. (3.28)
S

Proof of Lemma 3.3. It suffices to consider the case 0 < d; < d2. Note that (3.25) is equiv-
alent to [ 1f]= 02”]” Af =2ndy, i.e., to f being a minimizer for [ [v’| over &g, ((4.3) for
p =1). Therefore the same computation as in (3.4) yields (3.26).

Next assume the stronger condition (3.27). Writing f(e'?) = e*?®@ with ¢ € W1-1((0,27)),
we then have ¢’ >0 a.e. in (0,27). Suppose by contradiction that for some g € &4, equality
holds in (3.26). Then (3.4) yields

i&-fl=1g1-1f], ae. in S'. (3.29)
Writing g(e‘g) = e with Ve W11((0,27)), the same computation as in (3.10), gives

(e’ - e”"’)'|2 = cos? (_(p ; W) (¢' =) +sin® (%) (¢ +y)2 (3.30)

Combining (3.29) with (3.30) leads to
. o(YV—9 I /2_-21//_(/) / "2
sin (—2 )(w ¢')? =sin (—2 )(w +¢')2. (3.31)

The equality (3.31) clearly implies that ¢’ = 0 a.e. on the set {f # g}. Since this set has
positive measure, we reached a contradiction to (3.27). O

Lemma 3.4. If d1(d2 —d1) <0 then for every f € &g, there exists g € &g, such that

/llf—g'|<2n|d1—d2|. (3.32)
S

The proof of Lemma 3.4 is quite involved. It is inspired by the work of H. Brezis and J.-M.
Coron (see [9, 7]) in a two-dimensional setting, where the importance of a strict inequality
like (3.32) was emphasized. The heart of the estimate is the following lemma.
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Lemma 3.5. Consider any f € &3, and a point { € SY, which is a Lebesgue point of f with
(f AF)Q) #0. Then for every do such that

(de—d1)-(F AP <0 (3.33)

there exists g € &g, satisfying (3.32).

Proof of Lemma 3.5. We may assume that condition (3.33) is satisfied by ¢ = 1. Write f(e'?) =
e'?® with ¢ € W-1((0,2n)) satisfying p(27)—¢(0) = 27d;. By assumption, 6y = 0 is a Lebesgue
point of ¢’ = f A f with ¢'(0) := @ # 0 and we have

1 0
lim — "—al=0. 3.34
Jm 6/0 o' — al ( )
Denote d = d1 —dg and note that, by (3.33), we have ad > 0. For each small £ > 0 set g =e'¥,
where ¢ = ¢ is defined by

w(e):{(p(B)—QdTEH, if 6 €[0, €]

0@ —2dn, if6ele,2n]

By (3.30), we have

. 2|d €
/ |g—f|=( | '”)/ h(9)do, (3.35)
st £ 0
where
1/2
o (dmB ep'(0) (e¢'(6))\?
- = |1+ 4sin? - ) )
h(@)=h.(0) +4sin ( - ){ 9dn +( 2d7t) (3.36)
Set F := ¢’ — a and write
(he @ =X, +Y.+Z,, (3.37)
where
2¢ea ca dnf 2eq dnf
= =1-""(1- —"|sin? =1-""si 2(—) 2 )
X, = X.(0) dﬂ( 2dn)sm ( - ) ——sin® | —— | +0(?), (3.38)
2¢F
Y, =Y.():= 25 (—1 + ﬂ) sin? (d’m) = O(eF), (3.39)
dn dn €
and
2172
Z,=7.6):= EF in? (@):O(EZFZ). (3.40)
(dm)? €

Since X, = 1/4 for small ¢, for such € we deduce from (3.37) that
he(0) < (X)V2 + Y| +(Z)V2. (3.41)

Integrating (3.41) over (0, €) and using (3.34), (3.39) and (3.40) yields
€ €
/ he(0)dO < / (X:(0)2d6 +o(e?). (3.42)
0 0
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From (3.38) we have

X2 = 1—%sin2 (@) +0(e?). (3.43)

Combining (3.35), (3.42) and (3.43) we obtain

. 2|d € dnf
g—fl<24m (5— ﬁ/ sin? (L) +o(82)) = 2ld|7 - elal +o(e),
sl dm /o €
so that (3.32) holds for sufficiently small ¢. O

Proof of Lemma 3.4. 1t suffices to consider the case where d; > 0, so by assumption do —d; <
0. Since [¢1(f A f)=2nd; >0, the set

A:={CeSY(isa Lebesgue point of f with (f A £)({) > 0},

has positive measure. Applying Lemma 3.5 to any point { € A we conclude that there exists
8 € &4, for which (3.32) holds. O

Proof of Proposition 3.2.

Step 1. Proof of item 1

Assume without loss of generality that 0 < d; < dga. Let f € &y, satisfy (3.25). By (3.26),
dwii(f,64,) = 2n(d2 — d1). Since Disty1,1(8y,,84,) = 2n(d2 — d1) (by (1.19)) we obtain that f
satisfies (3.23). On the other hand, for f € &4, for which (3.25) does not hold we conclude
from Lemma 3.5 that dy1.1(f,&84,) < Disty1,1(Eq,,84,) = 2n(d2 —d1), so (3.23) does not hold
for f.

For f € &4, satisfying condition (3.27) (we may take for example f({) =¢ 1) we get from
(3.28) that (3.24) is violated (although (3.23) holds). Finally to show that (3.24) occurs for
some f, choose ¢ € Wb1((0,27)) such that for some a € (0,27) we have:

(1) ¢’ =0 on [0,al.

(i1) p(0) = 0,¢(a) = 27d ;.
(iii) ¢ = 2nd; on [a,27].
Next define ¥ on [0,27] by:

0 .
ondy+2n(ds—di) —,  for 6 € (a,27]
21 —a

" {q;(e), for 6 €[0,a]
w =

Setting f(e’) = e*?® and g(e'?) = e¥® we clearly have f € &q, and g € &y,. Since [ satisfies
(3.25) we know that dy1.1(f,84,) = 2n(d2 — d1). But clearly also |f — gly11 =27 (d2 — d1).
Step 2. Proof of item 2

The result follows directly from Lemma 3.4 and (1.19). O

Remark 3.6. If d1 =0 and dg # 0 then for every non constant f € & we have dy1,1(f,8q,) <
Disty1,1(80,84,) = 27|d2|. This implies that a constant map is the only map for which (3.23)
holds. Indeed, since fgl(f A f) = 0, there are Lebesgue points of £ A f of both positive and
negative sign. Hence, for every do # 0 we can find a Lebesgue point for which (3.33) is
satisfied, and the result follows from Lemma 3.5.
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4 W?'? maps, with 1< p <oo

Proof of Theorem 0 when 1< p <oco. We first sketch the proof of the inequality “=” in (1.15).
Given any f € 64, and g€ &4,, set w:=f g€ &y, with d :=d1—dg. Let w := T ow € &; where,
asin [15, 12], T:S! — S! is defined by

T(e'?) = &' with ¢ = p(0) = 7sin(6/2), V0 € (-7, 7]. (4.1)

2
Noting that le? — 1| = —|el, we obtain as in [15, 12] (with 0; standing for the tangential
b3

derivative)

/|ar(f—g)|f’z/ |ar|f—g||f':/ |ar|f§—1||":/ |07 lw — 117
st st st st

(4.2)
2\P 2\P
= (—) / |0, WP = (—) inf lolP.
T sl ) veESy Jsl
The inequality “=” in (1.15) clearly follows from (4.2) and the next claim:
min 0P =2|d|P n. (4.3)

veESy Sl

To verify (4.3) we first associate to each v € §; a function v € WLP((-m,7);R) such that
v(e?) = e @ g e[—n,nl, with w(n)—w(—m) = 2d 7. We then have, invoking Hélder inequality,

(2|d| )P
/ [olP = / ly P
(2 »P-
whence the inequality “=” in (4.3). On the other hand, the function w(e'?) = e!%? clearly gives
equality in (4.3), completing the proof of (4.3). Note that w is the unique minimizer in (4.3),

up to rotations. The proof of the inequality “<” in (1.15) can be carried out using an explicit
construction, like the proofin [15] for p = 2. O

1d6

Next we turn to the question of attainment of the infimum in (1.15).

Proof of Theorem 1, items 2 and 3. The proof of the case p = 2 is identical to the one given in
[15] for p = 2, so we consider here only item 3 (i.e., we let 1 < p < 2).

Step 1. The infimum in (1.15) is achieved when ds = —d
Assume that dg = —d;. Let d := d1 —ds = 2d;. We saw above that w(e'?) = 'Y realizes the
minimum in (4.3). Consider S :=T"1:S! — S! (see (4.1)), given explicitly by

S(e) = e, with w(6) = 2arcsin(8/n), V0 € [, 7].
Although S is not Lipschitz, we do have w := S ow € WhP(S1;S1) (ie., w € &). Indeed, this
€ L?((1-6,1)), which holds since p < 2. Since d is even and w has degree
V1-—1¢2

d, there exists f € &y, satisfying w = f 2. Welet g:= ? € 844, so that w = f g. Note that f — g
takes only purely imaginary values, and therefore

amounts to

10:(f — &) =10:If —gll a.e. on S, (4.4)

For these particular f,g,w and w, we get, using (4.4) that all the inequalities in (4.2) are
actually equalities, and we see that the infimum in (1.15) is attained.
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Step 2. If the infimum in (1.15) is achieved, then do = —d

Assume that the infimum in (1.15) is achieved by two functions f € &3, and g € &g,. Set
d:=di—-do,w:=fgand w:=Tow. We then have w,w € §;. We may assume that d > 0.
From the fact that both inequalities in (4.2) must be equalities we deduce that

(1) w is a minimizer in (4.3)
and
(i1) (4.4) holds.

From (i) it follows that w(e'?) = eX90+C) for some constant C, and we may assume that C = 0.
Therefore,

w_l(l) = 127_1(1) = {1,w,w2,...,wd‘1}, with @ = 274

On the small arc I; between o’/ and w/*! we may write f —g = pe'¥ with p = |f —g| and
ye Wllo’f , and we have

10:(f — )12 = p% [y 1% + [p1%.

By (ii), 7 = 0 on I, so that vy is constant on I, say ¥ = a; on I;. The equality f —g = pe'®
on I; implies that g = 2= £ on I;, and therefore gng=—f A f on each I;. Since this is
true on each I, we finally conclude that do = —d;. O

5 W?%” maps, with sp>1

Proof of Theorem 2, item 2.
Step 1. Proof of “<” in (1.18)
Fix a smooth map A € &1 such that A(z) =1 when Re z <0.
Given dg, consider a smooth map g € &y, such that g(z) =1 when Re z = 0. Set f :=
hé1792 g€ &;.. Then

If —glwse S1d1—dal’. (5.1)

Indeed, estimate (5.1) is clear when s is an integer, since f — g = A% 792 — 1. The general
case follows via Gagliardo-Nirenberg.
Step 2. Proof of “>” in (1.18) when 0 <s <1
We rely on an argument similar to the one in Step 2 in the proof of Theorem 0 in Section
3. Assume that d := d; —dg > 0, and that f(1) = g(1). Write f(e'?) = e*?? g(e'?), with ¢ €
WP((0,27)) and ¢(0) =0. Let 0=ty <719 < - <Tq_1 < tq = 27 be such that (f —g)(e’’/)=0
and |(f — g)(e'"/)| = 2. By scaling and the hypotheses 0 <s <1 and sp > 1, we have

7(B) — h(@)| < (b —a) VP |hlwsiany, Ya<b, ¥heWP((a,b)). (5.2)
Applying (5.2) to h := (f—g)(e*¥) on (a,b) :=(¢;,7,), j =0,...,d—1, we obtain that \Rlwsrt,mm 2

Nz, - tj)s_l/p, and thus

R =R e = YR D T

the latter inequality following from Jensen’s inequality applied to the function x — 1/x5P~1,

x> 0.
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Step 3. Proof of “>” in (1.18) when s > 1
The key ingredient in Step 4 is the Gagliardo-Nirenberg type inequality

f lyos.om < Co s pl flosn IFI7E, Y5 >0, 1< p <oo such that (s,p) #(1,1), Y0 €(0,1). (5.3)

Let us note that, if f,g:S! — S! and degf # degg, then (by the argument leading to
(1.11))

If—glire =2. (5.4)
By (5.3) and (5.4), we find that for every s, p, 0 as in (5.3) we have
distyws.r(84,,84,) = Cy , [distyosro(Ba,, 841", Vd1,d2 € Z. (5.5)

If we take, in (5.5), 8 such that 6s < 1, we obtain Step 4 from Step 3. O

6 Maps f:SY -V

6.1 A useful construction

Throughout Section 6 we will make an extensive use of special smooth maps f : SV — SV,
N = 1. Such maps “live” on a small spherical cap, say Bg(o), where Br(0) is the geodesic ball
of radius R < 1 centered at some point o of SV, and are constant on S \ Br(o). Since the
construction is localized we may as well work first on a flat ball Br(0) centered at 0 in RY
and then we will transplant f to Bg(c), thereby producing a map £ : SY — S¥. On Br(0), the
map f is determined by a smooth function F :[0,R] — R and a smooth map A : SN~ — sVN-1,

For simplicity we start with the case N =2 since the case N =1 is somewhat “degenerate”
and will be discussed later.

Fix a smooth function F :[0,R] — R satisfying

F(r)=0 for r near 0. (6.1)
F(r)=Fkn for r near R, where k€ Z. (6.2)

We may now define f : Bg(0) — SN by
f(x) = (sin F(|x]) h(x/1x]), (= 1)N cos F(|x])). (6.3)

Note that f is well defined and smooth on Br(0) (by (6.1)) and that f is constant near
0BR(0) (by (6.2)). More precisely

N, if N iseven

0)=(0,0,...,0,(-1D)N) =
f£(0)=(0,0,...,0,(=1)") {S, £ N is odd

and

N, if N+kiseven

fi 0BR(0), =(0,0,...,0,(=1)" coskn) =C:= ;
or x near 0Br(0), f(x)=( (=1)" coskmn) {S, N 4B s odd

here N =(0,0,...,0,1) and S =(0,0,...0,—1) are the north pole and the south pole of SV. We
transport f into Br(0) ¢ S via a fixed orientation preserving diffeomorphism and extend it
by the value C on S \ Bg(0). In this way we have defined a smooth map f : SV — S¥.

For the purpose of Lemmas 6.1 and 6.2 below it suffices to assume that F :[0,R] — R is
merely continuous and satisfies F(0) =0, F(R) = kx, so that f : S — SV is a well-defined
continuous map.
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Lemma 6.1. Let k € {0,1}. We have
degf =k degh. (6.4)

Proof. We emphasize the fact that here we assume N = 2, although the conclusion still holds
when N =1 (see below).

It will be convenient to assume that F satisfies (6.1) and (6.2); the general case follows
by density.

The cases where k = 0 (respectively d = 0) are trivial via homotopy to F = 0 (respectively
h = C). With no loss of generality, we assume that d :=degh >0 and k£ = 1.

Since f is constant outside Bg(0), it suffices to determine the degree of f|,(s), and then
we may as well work on the flat ball Bz(0) < RY. We will work in the class of maps

CA(BR(0);S"):={g:Br(0)— S"; g = C on dBR(0)},

which have a well-defined degree (since they can be identified with maps in CO(SY;S)).

Step 1. Proof of (6.4) whend =1and k=1

This case can be reduced by homotopy to the case 2 =1d and F :[0,R] — [0, 7] is non decreas-
ing. In this case, for almost every s € SV the equation f(t) = s has exactly one solution t, and
f is orientation preserving at t. Thus degf = 1.

Step 2. Proof of (6.4) whend >1and k=1
Consider smooth maps A1,hks,...,hq: SV 1 — SV~1 of degree 1 which “live” in different re-
gions w1,...,wg of V71, in the sense that wjNwr =@ when j #k and hJ =(0,0,...,0,1) in
SN-I\w; Iz V J. We glue t these maps together and obtain a smooth map A : SV~1 — SN-1 of
degree d. Since h and A are homotopic within C®°(SY¥~1;$V-1), the map f and the - map f
corresponding to 4 (via (6.3)) are homotopic within C®°(B(0); SV). Thus degf = degf.

On the other hand, let f; be the map associated to 4 ; via (6.3). Set

Q;:={ry;yew;,0<r <R}

Note that the (2;’s are mutually disjoint.
If x € Br(0)\ Q;, then f;(x) € €, where

% :=1{(0,0,...,0,sin0, cos0); 0 e R} = SV

(since for such x we have h(x/|x]) = (0,0,...,0,1)). Similarly, if x € Bgr(0)\ U;Q;, then f(x) € €.
Since € has null measure in S¥ (here we use N = 2), we may find some value z € S¥ \ €
regular for f (and thus for each f;). For such z, we have

degf = Z sgnJacf(x):Z Z sgnJacf(x):Zdegfj:d
J

xef~1(z) J xef~H2)NQ;
the latter equality following from Step 1. O

The conclusion of Lemma 6.1 also holds for N = 1 and arbitrary %, but this requires a sep-
arate argument. When N = 1, we have SV ! =S° = {—1,1} and we have (modulo symmetry)
only two maps 4 : S? — S°, namely

hi(=1)=-1, hy(1)=1,
ho(=1)=1, ho(1)=1.

Then deghi1 =1 and deghso = 0.
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The associated maps fi, fo defined on Br(0) = (—R,R) with values in S! are

(sinF'(x), —cos F(x)), ifx>0
(—sinF(-x), —cosF(-x)), ifx<0’
(sinF'(x), —cos F(x)), ifx>0
(sinF(—x), —cosF(-x)), ifx<0’

fl(x):{

fz(x)Z{

Clearly f1 =e'%! and f2 = e'¥2, where

-m/2+F(x), ifx>0

pri)= {—n/Z _F(-), ifx<0’
) -n/2+F(x), ifx>0
x) = )
2 _/2+F(~x), ifx<0
Thus
1 OF (R
degf1 = — (py(R) - pr(-R)) = 2L _y,
27 27T
and

1
degf2 = Py (p2(R) — p2(—R)) = 0.

For the record, we call the attention of the reader to the following generalization of
Lemma 6.1

Lemma 6.2. For every k€ Z,

k degh, if N isodd
degf =14 degh, if Nisevenandkisodd . (6.5)

0, if N is even and k is even

Proof. Assume e.g. that & = 2. [The case k <0 is handled similarly and is left to the reader.]
As explained in the proof of Lemma 6.1, we may work in the class C%(ER(O);§N ).
We may assume via homotopy that F(r)=knr/R. Setrj=jR/k, j=0,...,k. Consider the
functions

0, ifr<rj
Fi(r):={F(r)-(j—-Dn, ifrjoi<sr<r;,j=1,...,k.
T, ifr=r;

Considgr also the maps f; corresponding to F'; via (6.3). Then f is obtained by gluing the
maps (—1) 71 f;. By Lemma 6.1, we have

degfj=degh, j=1,...,k. (6.6)
We next note that

_ d if NV is odd
for every g € COBR(0);SY), deg(-g)=1{ 26> 118000 6.7)
—degg, if N iseven
By (6.6) and (6.7), we have
k degh, if N is odd
degf =Y deg ((—1)J"1 fj) ={degh, ifNisevenandFkisodd . 0

J 0, if N is even and £ is even
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6.2 Proof of Theorem 4, item 2

Step 1. Proof of the lower bound in (1.24)
Since we assume that

[s>0and sp>N]or[s=N and p =1], (6.8)

the space W*? is embedded continuously in the space of continuous functions, and there
exists a constant Cy s , such that

L
SN

Step 1 is a direct consequence of the next lemma.

<CnNsplflwse, VfeWHP, (6.9)
Loo

Lemma 6.3. In all spaces WP satisfying (6.8) we have, for all f € Eq,, g € Eq,, d1 #do,

dws»r(f,8) = , (6.10)
CN,s,p
where Cy s p is the constant in (6.9).
Proof of Lemma 6.3. Recall (see (1.11)) that
If —gliLe =2. (6.11)
From (6.9) we have
H(f —g)—][ (f-8)| =Cngsplf —8lws», (6.12)
SN L
so that
2=\f-glL~<IAl+r, (6.13)
where A := fv(f —g) and r:= Cn s p|f — glws».
We may assume that A # 0, otherwise (6.10) is clear. From (6.12) we have
f(SNycsV + A +B,r). (6.14)

Clearly,

A —
—a] ¢SYN +A+B,r)if|A| > r,

and then f cannot be surjective — so that degf = 0. Similarly, we have degg = 0. This is
impossible since d; # d2, and therefore

|A|Sr=CN,s,p|f—g|Ws,p. (6.15)

Combining (6.13) and (6.15) yields 1< Cn s plf — glwsr. O
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Step 2. Proof of the upper bound in (1.24)
We will construct maps f € &4,, g € 4,, constant outside some small neighborhood Br(N) of
the north pole N =(0,0,...,0,1) of SV, satisfying (1.24). We will use the setting described in
Section 6.1.

We start with the case d; =d, do =0. Let A: SY™1 — S$V¥~1 he any smooth map of degree
d. [Here we use the assumption N = 2. If N =1, such an A does not exist when |d| = 2;
see the discussion in Section 6.1 concerning the case N = 1.] Let G :[0,R] — R be a smooth
function such that

0, ifr<R/4
G(r)=47n/2, ifR/3<r<2R/3.
0, ifBR/4A<r<R
Let F :[0,R] — R be defined by
F&%:{GQL if0sr<R/2
7—-G(r), ifR2<r<R

Clearly, F' and G satisfy assumptions (6.1) and (6.2).
We now define as in Section 6.1

f(x) = (sin F(lx) k(x/lx]), ()N cos F(lx])),
2(x) = (sin G(lx)) (/1)) (DY cos G(Jx1).
From Lemma 6.1 we have degf =d and degg = 0. Clearly
sinF(r)=sinG(r), Vre[0,R],
and thus

(0,0,...,0,2(-1)N cos F(|x])), ifR/2<|x|<R’

In the case where d; = d and dg = 0, the upper bound (1.24) follows from the fact that
f — g does not depend on d.

We next turn to the general case. Consider a map m € C®(RY;S") such that m(x) =N
when |x| > R/4 and degm = ds. Then, with d := d1—ds and with f and g as above, consider

flx)—glx)= {0’ if [x| <R/2

~ m(x), if|x|<R/4 N m(x), if|x|<R/4
f(x) = . s g(x) = . .
f(x), ifR/M4<|x|<R glx), ifR/M4<|x|<R
Then f € &q,, 8 € &4,, and f—-&=f-g, whence (1.24). O

6.3 Proof of Theorem 4, item I
Here N = 1. A key ingredient is the following

Lemma 6.4. There are two families of smooth maps fe,gc - SY — SV, defined for € small,

such that
fe(s) = ge(s) =N, Vs € B.u(S), (6.16)
fe(s)=8, Vse SV \B,1x(8), (6.17)
g2:(8) =N, Vse SV \ B,1x(8), (6.18)
degfe=1, (6.19)
degg. =0, (6.20)
|fe — gelwnmpsny—0as e—0, V1<p<oo. (6.21)
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Granted Lemma 6.4 we proceed with the

Proof of Theorem 4, item 1. Assume e.g. that d := d; —d2 > 0. We fix d distinct points
01,...,04 € SV. Note that f —S has support in B,12(8). Therefore, for sufficiently small
¢, we may glue d copies of f, centered at 01,...,04 € SN. We denote by f; the resulting

map. By construction f; —S is supported in the union of mutually disjoint balls B,12(0;),
i=1,...,d. From (6.19) we have

degf:=d. (6.22)
Next we consider a family of smooth maps 4, : S — S such that
degh.=dsy (6.23)
and
he(s)=N, Vse SV \Byg(a1). (6.24)

[The construction of 4. is totally standard.]
We glue A, to f. by inserting it in B.g(01) (here we use (6.16)). The resulting map is
denoted by f.. From (6.22) and (6.23) we have

degfe=d+dz=dj, (6.25)

so that fg €8q,.
We proceed similarly with g, using the same points o071,...,04 € S¥. We first obtain g,
such that, by (6.20),

degg.=0. (6.26)
We then glue &, to g, as above and obtain some g, such that, by (6.23) and (6.26),
deggg :0+d2 =d2, (6.27)

so that g, € &g,.
Clearly f. — g consists of d glued copies of f; — g.. Therefore

|/?:E _§8|WN/p,p <d|fe—gelwnmwp
and thus
distynipp (Eqy,E4,) < |f£ _§£|WN/M —0ase—0. O
We now turn to the

Proof of Lemma 6.4. Since the construction is localized on a small geodesic ball, we may as
well work on the flat ball Bg(0) centered at 0 in RY, with R > ¢1/2.
Fix a smooth nonincreasing function K : R — [0, 1] such that

1, ift<1/4
K(@t)= , : (6.28)
0, ift=3/4
Consider the family of radial functions H.(x) = H.(|x|): RN — [0,1] defined by
1 1 1
(—— 1n(n1/|x|)), if ] < 1
H.(x)=H/(|x|):= 4 2In2 Inl/e . (6.29)
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Here, € is a parameter such that
0<e<1/e? (6.30)
We also consider the radial functions F.(r) and G.(r) defined by

{n(l —K(rle)2, ifr<e
Fe(r):= , (6.31)
n(1-H.(r)2), ife<r<R

and

F.(r), ifr<e

) . (6.32)
n—-F.(r)=nH.r)2, ife<r<R

G(r):= {

Note that F; and G, are smooth (this is clear in the regions {r < €} and {r > 3e/4}).

Ee Ge
T T
T2 T w2

e/4 3e/4 € g R e/4 3e/4 e e R

Figure 1: Plots of F, and G, given by (6.31) and (6.32)

As in Section 6.1 set

folx) = (sian(|x|)|’;—|, -V cong(IxI)), Vx € Bg(0),
ge(x) = (sinGg(le)%,(—l)N cong(IxI)), Vx € BR(0).

It is clear (using Lemma 6.1) that (6.16)—(6.20) hold. Moreover,
T
fe@) - ge() = (0,0,...,0,2(-DV*! cos (5H5(|x|))), Vx € BR(0),
(since H.(r) =1 when r < € by (6.29)). Therefore

T
|fe — gelwnmp =2 ‘COS (EHE)

WN/p.p

Consider the function
R()=1-cos(ZK(r)), VreR.
2
Clearly K satisfies (6.28). Consider the function H, derived from K via (6.29), so that
H.(x)=1-cos (gHE(x)) , VxeRY,
and therefore
|fe — ZelwNipp@Ny =2 |I'~I5|WN/p,p(RN) —0ase—0

by (A.5) in Lemma A.1 (applied to K). O
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6.4 Proof of Theorem 5, item 1 (and of Theorem 3, item 2)
We rely on the following result, whose proof is postponed to the Appendix.

Lemma 6.5. Let N =1 and 1< p < oco. Fix a geodesic ball B< SV (of small radius). Then
there exists a map h: SN — SV (depending on d) such that

1. degh =d.
2. h=(0,0,...,0,1) outside B.
3. |hlynims < Cn pld[YP.

Granted Lemma 6.5, we proceed as follows. Let g € &y, be a smooth map such that g is
constant in a neighborhood of some closed ball B. Such maps are dense in &y,, and with no
loss of generality we assume that g =(0,0,...,0,1) near B. Let i be as in the above lemma,

, inSY\B
with d :=dj—dg, and set f = g ?n . Then clearly f € 4, and
h, inB
distyviwp(g,84,) <If — &lwnws <Cnpld1— do|YP. (6.33)
The validity of (6.33) for arbitrary g € &4, follows by density. O

6.5 Proof of Theorem 5, item 2 (and of Theorem 3, item 3)
This time the key construction is provided by the following

Lemma 6.6. Let N = 1. Fix dq € Z. Then there exists a sequence of smooth maps fn : SY — SV
(with sufficiently large n) such that:

1. degf, =di.
2. For every geodesic ball B < SY of radius 1/n, f,(B) =S".

Granted Lemma 6.6, we claim that the sequence (f},) satisfies

distywss (fn,84,) = Cl , v (1%, With Cl, v >0, (6.34)

for any 0 < a <1 such that W%? — C?%. Clearly, the desired result follows from (6.34).
In order to prove (6.34), we argue by contradiction. Then, possibly along a subsequence
still denoted f},, there exist maps g, € &, such that

|fn—&nlce =o0(n®) as n — oo; (6.35)

here, we consider the C% semi-norm

w;x,yggw,x?ﬁy},
lx — y[*

|flca := Sup{
By (6.11), for each n there exists a point s =s,, such that g,(s) = —f,(s). With no loss of
generality, we may assume that f,(s) =(0,...,0,1) and therefore g,(s) =(0,...,0,-1). Let A,
denote the last component of f,, — g, and let B,, denote the ball of radius 1/n centered at s.
By (6.35), we have h, =2-0(1) in B,,. On the other hand, Lemma 6.6, item 2, implies that
there exists some t € B, such that f,(t) =(0,...,0,—1). It follows that A, (t) < 0. This leads to
a contradiction for large n, and thus (6.34) is proved. a
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7 Some partial results towards Open Problems 2, 2’ and
3

7.1 Full answer to Open Problem 2’ when N=1o0or 2,1<p <2, and
d1ds=0

We start with the special cases [N =1, p =2] and [N =2, p = 2]. In this cases, we are able
to determine the exact value of Distys.»(€4,,84,) provided dg > d; = 0 (Propositions 7.1, 7.2
and their consequences in Proposition 7.3). This allows us to give a positive answer to Open
Problem 2" when N =2 and 1 < p <2 under the extra assumption that d;ds = 0 (Corollary
7.4).

Proposition 7.1. Assume that N =1 and do>d1=0. Let f(2) = 2% zeSl Then

If — 82, =2 4n° (da—d1), Y g € Eq,. (7.1)
Proof. We will use the Fourier decomposition of g € HV2(S1;S1), given by g(e?) = o ooln PR
Recall (see e.g. [8]) that the Gagliardo semi-norm (1.16) has a simple form

o0
812 =47 Y Inllanl? (7.2)
n=-—00
and that for every g € HY2(st:sh),
o0
degg= Y nlanl? (7.3)
n=-o00
o0
Y lan?=1. (7.4)

n=—oo

By (7.2) we have

1
o2\ ~8lipe = X Inllanl® +dilaa, =1 = 3 Inllanl* + d1(lag, = 17 - laq, )

ne”z neZ
n#dq
=Y Inllanl® +d1(1-2Reaq,) = ds—dj,
nez
by (7.3) and (7.4). O

Proposition 7.2. Assume that N =2 and dg > d; =20. Let f € &, be defined by f(s) =
g _1((5’7 (s))dl) where I :S? — C is the stereographic projection. Then

If —gl2 =8n(da—d1), Vg€ 8q,. (7.5)
Proof. Recall that f is a harmonic map and that

/ \VFI%=8ndy; (7.6)
§2

see e.g. [6] and the references therein. For any g € &4,, write

|f—g|§{1=/ |V(f—g>|2=/ IVf|2—2/ |Vg|2(g-f)+/ Vel?
S2? S2 S2 S2
> |Vg|2—/ IVfI2=/ IVgl|?—8nd; > 8n(ds—dy),
S2 S2 S2

by (7.6) and Kronecker’s formula (1.1). O
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Proposition 7.3. Let d1,ds € Z be such that de > d1 = 0.
1. When N =1 we have

Distz12(84,,&q,) = 4n?|d1 — da))V2. (7.7)

2. When N =2 we have
Disty1(&q,,84,) = 8m|d1 — da)V2. (7.8)

Proof. Formula (7.8) follows from (1.2) and (7.5).
On the other hand, (7.7) is a consequence of (7.1) and of the following one dimensional
version of (1.2):

Given € >0 and f € &4, there exists some g € §4,such that If—gliﬂ/2 <4n?|d1—dyl+e. (7.9)

~(1-6) )¢
Indeed, let 0 <6 <1 and set Ag(z) := (%) , with d :=d1—dg. Then hse &_q4,
— z_

and thus g5 := f hs € £4,. On the other hand, we clearly have hs — 1 a.e. as 6 — 0. We claim
that

85— 1205 = |hsl2s +0(1) as 6 — 0. (7.10)
Indeed, we start from the identity
(85 —x)—(gs — )y) = (hs(x) — D(f(x) = f(y)+ (hs(x) — hs(¥) f(y),
which leads to the inequalities
(g5 — )= (g5 — )W = |hs(x) = hs(¥)] = |hs(x) = 1] 1f (x)— f(y)l (7.11)
and
(g5 — %) = (g5 — )Y < |hs(x) = hs(y) +1hs(x) — 1| f(x) = F(P)I. (7.12)
By dominated convergence, we have

/ |ho(x) = 1P 1f (%) = F(IP
st./st lx — yI?
Formula (7.10) is a consequence of (7.11)—(7.13).

Finally, (7.9) follows from (7.10) and the fact that Ih(sllqu,2 =47?|d| [1, Corollary 3.2]. [

Corollary 7.4. Assumethat N=1o0r2, 1<p<2and dids=0. Then
H — distynip.» (84, 84,) = Chy y1dy — da| P (7.14)

=0(1)as 6 —0. (7.13)

for some constant C’ > 0.
p,
Proof. We may assume that do > d1 =0, and under this assumption we will prove that
Distyynip.r (6a,,Eay) = Cly y Id1 —dal P (7.15)

The case N =1, p =1 follows from Theorem 3, item 1.
The case where N =1, 1 < p <2 follows from (7.1) and the trivial inequality

e <If1y,, Il P, V1< p <2, Vf.

The case where N =2 and 1 < p < 2 follows from (7.5) and the Gagliardo-Nirenberg
inequality

2—
F2n < CoNIFI o, IF IS, Y F. O
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7.2 Full answer to Open Problem 2 when 1<p<N+1and d;d;<0

In this section we prove that the answer to Open Problem 2 is positive when N>1,1<p <
N +1 and d1dg < 0 (Proposition 7.5). This implies that the answer to Open Problem 2’ is
positive when N =1 or 2 and 1 < p <2 (Corollary 7.6). We end with a review of some simple
cases of special interest which are still open (see Remark 7.7).

Proposition 7.5. Let N=1and 1<p <N +1. Let d1,ds € Z be such that d1ds <0. We have
Distyywip.r (6a,,Eay) = Cly y ld1 —dal P (7.16)

Proof. We rely on the following estimate, valid when 1<p<N +1:

|degf —deggl < CpnIf gl P (IF 1Tk +1glim V), ¥, g e WNPP(SY;SN), (7.17)

(see Proposition 7.9 below).

Fix a canonical f; € &4, (for example f1(z) = 2% when N =1 or the map given by Lemma
6.5 for N = 1).
This f; satisfies

|f1lwnmps < Cp,N|d1|1/p- (7.18)

Therefore, with different constants C, y depending on p and N, but not on d; or dg, we
have

/(N+1 Np/(N+1
d1—dal <Cp v If1 - gl (Ida NN 4 g VYD)

WN/PyP WN/p,p
/(N+1) N/(N+1 Np/(N+1) Np/(N+1)

<CpNIf1=8l (|d1| N 11l ghmy 11— &l ) (7.19)
/(N +1) N/(N+1 Np/N+1)

<Cpnlfi—glio i (1di VN s f - g VRN v g € £,

Using (7.19) and the fact that |d1| < |d1—ds] (since d1ds < 0), we find that
f1—glwyws 2 C)) y1d1 ~ do|YP, Vg € 8y,
whence (7.16). O
Corollary 7.4 and Proposition 7.5 lead to the following
Corollary 7.6. Assume that N=1or 2and 1< p <2. Then
H —distyup.» (64,,8a;,) = Clyldy —dg|"P, Vd1,d2 € Z,
for some constant C}, > 0.

Remark 7.7. We mention here a few cases of special interest not covered by the results in
Section 7.1 and 7.2.

1. In view of Propositions 7.3, item 1, and Proposition 7.5, we know that when N =1 and
p =2 we have

Disty12(&q,,8q,) = C'ld1 — d2|V?, if either 0 < d; < dj or d1ds <0. (7.20)
We do not know whether (7.20) holds in the case where 0 <dg <d.
2. Let N =2 and p =2. We do not know whether the inequality
Dist1(&4,,84,) = C'|d1 — do|Y? (7.21)

(valid when 0 < d; < dg or dodi < 0 by Proposition 7.3, item 2, and Proposition 7.5),
still holds in the remaining cases. A more precise question is whether (7.21) holds with
Cl — (87'[)1/2.
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7.3 A very partial answer in the general case

Proposition 7.8. Let N =1 and 1 < p <oo. Then for every di € Z there exists some C ;) 4 such
that ’

Distyynip. (6a,,8ay) = Cly 4 1d1 —dal"?, Vdg € Z. (7.22)

Proof.

Step 1. Proof of (7.22) when d; =0
Since any constant map belongs to &y it suffices to show that

inf |glynips = Clldel"?, Vdy e Z. (7.23)
8€&qy

When p > N we rely on [3, Theorem 0.6]. The case p = N follows from Kronecker’s
formula (1.1), which leads to

Cilde™N < |glyin, Vg€ 8y (7.24)
The case 1 < p <N is a consequence of (7.24) and of the Gagliardo-Nirenberg inequality

/N 1-p/N /N
gl <Clglhy, , gl L™ =Clgiby, . Vg e WNPPSN;sN),

Step 2. Proof of (7.22) when d1 # 0
As in the proof of Proposition 7.5, we fix a canonical f] € &y, satisfying (7.18).
Next we claim that for every do € Z, do # d1,

inf |f1—g|WN/p,p =a(dy,d2)>0. (7.25)
8€byy

Indeed, we know from Theorem 2.3 that

inf |f1—g|WN/p,p = a(f1,d2) > 0. (7.26)

8€byy

But since f; is a canonical map in &, we obtain (7.25).
Write, with g € &4,,

\f1—&lwiwe = 18lwniwe = f1lynws = C), dolVP —C, Id1 1P, (7.27)

by (7.23) and (7.18). Clearly
1
Cpldal'? = Cpldl™P = - C} 1y~ dal'* (7.28)

provided |d2| is sufficiently large, say |do| = C(p,d1). Finally we apply (7.25) for all values of
do, |d2| < C(p,d1), do # d1, and we obtain

inf |f1—gly~ws 2Dpa, ld2 —dy"P (7.29)
8€&4y

with D, 4, >0, for every ds € Z, |d2| < C(p,d1). Combining (7.27)—(7.29) yields

) U
inf |f1—glwnms = C;) 4, ld1—da|"?, Vda€Z,
g€, ’

with C;’dl = min{(l/Z)Cl'u,Dp,dl} > 0. O
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7.4 A partial solution to Open Problem 3
Proposition 7.9. Assume that N=1and 1<p <N +1. Then

|degf —deggl < CpnIf —glé’éﬁfpl) (If I%/fpﬁﬂ) + Igll‘}f,ﬁ//g,\,’fl)) Y f,geWNPP(SN SN (7.30)

Note that Proposition 7.9 provides a positive answer to Open Problem 3 when N =1 and
l=p=sN+1.

Proof. Assuming the case p = N + 1 proved, the other cases follow via Gagliardo-Nirenberg,
with the exception of the case N =1, p = 1. However, in that special case estimate (7.30)
follows from Theorem 0. We may thus assume that p =N + 1.

Let F, G denote respectively the harmonic extension of f, g to the unit ball B of RV *1.
Then F,G e WIAL(B;RV*1) and (see e.g. [3])

degf = ][ JacF, degg = ][ JacQ. (7.31)
B B

Since for any square matrices A, B of size N +1 we have

N+1 . )
|det A —detB < C Y llco(4)—col/B)I (IAIN +11BI1Y), (7.32)
j=1

we find from (7.31) and (7.32) that
|deg f —deggl < C|F = Glyrnver (F I, vy + G v0)- (7.33)
Finally, we obtain (7.30) from (7.33) and the estimates

|Flwin+1 < Clf lyvavsna+ and |Glyine < Clglyva+na+1. O

Appendix. Proofs of some auxiliary results

Let K : R —[0,1] be a smooth non increasing function such that

1, ift<1/4

K@) = .
0, ift=3/4

Consider the family of radial functions H.(x) = H.(|x|): RN —[0,1], N = 1, defined by

1 1 Inl
K(—— ln(n /'x')), if |x] < 1
H.(x)=H.(|x]) := 4 2In2 Inl/e

b

and ¢ is a parameter such that 0 < € < 1/e2.
The following lemma collects some useful properties of H,.

Lemma A.1. The functions H, satisfy

H, is smooth on RN, Ve. (A1)
H.(r)=1,vV0=<r<g, Ve. (A.2)
H.(r)=0,Vr=e"2, ve. (A.3)
H.(r) is non increasing on (0, 00). (A4)
for every 1< p <00, |He(@)llynippv)— 0 as & — 0. (A.5)

for every 1< p <oo and every j =1,2,...,N, |lx; He(X)lly1npppny—0ase—0. (A.6)
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Lemma A.1 implies in particular that the W5P-capacity of a point in RV is zero when
sp <N and 1 < p <oo. The above construction is inspired by some standard techniques
related to capacity estimates.

Proof. Properties (A.2)—(A.4) are obvious. The smoothness of H; is clear (from its definition)
in the region {|x| < 1}. It is even clearer from (A.3) in the region {|x| > €2} and thus H e 18
smooth on RY since 2 < 1.

Consider the function f : RN — [0, 00] defined by

In(In1/|x|), if|x|<1/e
= ) A7
f) {O, if |x| = 1/e A7
We claim that
H.(x)=K(af(x)+ ), VxeRY, (A.8)
where
1 d In(In 1/¢).
@=—olng M4 he=7 21112nn €

Indeed, (A.8) is clear when |x| < 1/e. In the region |x| = 1/e we have H.(x) = 0 by (A.3)
(since 1/e = £1/2); on the other hand for such x we have K(« f(x)+ B:) =0 since B, = 3/4 (again
thanks to the property 1/e = £1/2).

For the proofs of (A.5) and (A.6) it is convenient to distinguish the cases N =1 and N = 2.

Case 1: N =1. We must show that
|H ¢ ()l yy1pp(R) — 0 as € — 0 (A.9)
and
|lx H e (%) |1+ 100y — 0 @s € — 0. (A.10)
We claim that
FeEWYPP(R), V1< p<oo. (A.11)

Clearly, it suffices to establish that

_ p
ff wdxdy<oo, V1< p<oo. (A.12)
O<y<x<el (x—y)
With the change of variables x =e ™%, y =e 57!, s> 1, ¢ > 0, inequality (A.12) amounts to
* [In(1 + ¢/s)]P 25t * [In(1 + ¢/s)IP
/ / P yp—— t)Z S“tdtds = g By ———————dtds <oo. (A.13)

In order to prove (A.13), we invoke the inequality In(1 + #/s) < ¢/s and the convergence of
> tP ) 1
m dt, respectlvely /1 S_p ds.
Next, we deduce from (A.8) that

He() = HIP _ |, If )= FOIP
lx —yl? h lx —yl?

the integrals

, Va,yeR. (A.14)
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Dominated convergence, (A.14) and (A.3) imply that

H -H p
|Helwvp.pw) = / bl ;(y)l dxdy—0ase—0.
RJR lx =yl

In view of (A.9), property (A.10) amounts to

|.’)CH£‘(3C)|W1/p,p(R) —0ase—0. (A15)
Clearly

K/

CH (1) = o 0T o (A.16)

In1/|x|
and thus

K/

CH (1) = o) TP (A.17)

of @)

(note that x H,(x) = 0 in the region |x| = 1/e, while f(x) = In(In1/|x|) in the region |x| < 1/e).
Hence we may write

xH(x)=Qc(af(x)+ B:), VXx€ER, (A.18)
where
Q:(t) =lal K(2) C K© VteR, (A.19)

et—Pla ~ Inlle etla’

and C is a universal constant. Clearly K'(¢)e~"® belongs to CX(R) and thus is Lipschitz. We
deduce from (A.11),(A.18) and (A.19) that

C
IxHé(X)lwl/p,p(R) < — Ilel/p,p(R) —0ase—0.

Inl/e
Case 2: N = 2. We must show that for every 1 < p < oo,
|1 H () lyyvip.p vy — 0 as € — 0 (A.20)
and
llx; VH )Nl yniwp@ny — 0 as € — 0. (A.21)
We claim that
I Hellyingyy < __Cc —0ase—0 (A.22)

(In 1/e)N-1/N

and
||Hg||WN,1(|RN) <Case—0. (A.23)

Assertion (A.20) with p > N (respectively p < N) follows from Gagliardo-Nirenberg, (A.22)
and ||H; |z~ =1 (respectively Gagliardo-Nirenberg, (A.22) and (A.23)).
For the verification of (A.22) and (A.23) note that

C 1
In1/e |x|*

for every multi-index y of length % :=|y| = 1, where

10 H(x)| < 1p.(x), VxeRY, (A.24)

M, = {xE[R{N;e < x| <81/2}.

Assertion (A.21) is proved in a similar manner using the fact that

C
lj VH Ol ooy < 17 D
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Proof of Lemma 6.5. We may as well work in a ball B in RY. We may assume d > 0. Fix d
points P1,...,Pq in B. Consider a smooth map 7T : RY — S¥ such that T'(x) = (1,0,...,0) when
|x| =1 and degT = 1. For large n, let

hx) T(n(x—Pj)), if|x—Pj|<1/n for some j
x) = )
(1,0,...,0), otherwise

Clearly, h satisfies properties 1 and 2. We claim that A also satisfies 3. Indeed, this is
clear for p =1 (by scaling). When N =2, the general case follows from Gagliardo-Nirenberg.

When N =1, item 3 still holds, but not the above argument, since we do not have Wh! —
WVPP when 1 < p < co. In order to establish item 3 in WYPP with 1 < p < oo, we fix a
small 6 > 0. Consider the intervals I1,...,I; of length 6 centered at Pq,...,P; and set I 5,1 :=
B\(I;uU---uUly). By straightforward calculations, we have, as n — oo:

/ |h(x) —h(y)IP _JCp+o(), ifl=sj=k=d (A.25)
1; )1, ly —x|1+AP)P o(1), otherwise ’ ’
this implies that |h|€V1/p,p =Cpd+o0(1) and completes the proof of the lemma when N =1. [

Proof of Lemma 6.6. We may assume that d{ = 0. Consider a maximal family (B;)1<;<s of
disjoint balls in SV of radius 1/(3n). For large n we have J = d;. Consider a smooth map
fn: SN — SY such that:

1. f,=(1,0,...,0) outside UB;.

2. degf, =1on each By,...,By

L
3. degf, =0 and f, is onto on each By, 1,...,B.

Then clearly f, has all the required properties. O
Finally, we present the

Proof of Lemma 2.2. We work on a ball B containing the origin, instead of $%, and when
the given point is the origin. It suffices to establish the conclusion of the lemma when f €
W?3P(B;R) is smooth in B and satisfies f(0) = 0. By the Sobolev embeddings, we may assume
that 1<p<ooand s=1+N/p.

Write f = Z;V: 1%;8j, with g; smooth. This is possible since f(0) = 0. Then

N
Opl(1—H)f ~fl=—H:0uf - Y x;0,H: g; — 0in WNPP as 5 —0; (A.26)

J=1

this follows from properties (A.5) and (A.6) of H, and from the fact that the multiplication
with a fixed smooth function is continuous in WVP-P,

Using (A.26), we immediately obtain that (1-H,)f — f in WI*VP:P a5 ¢ — 0. On the
other hand, (1 - H,)f vanishes near the origin. O
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